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Abstract

In this note we prove mean convergence of Lagrange interpolation at the zeros of para-orthogonal
olynomials for measures on the unit circle which do not belong to Szegő’s class. When the measure is
n Szegő’s class, mean convergence of Lagrange interpolation is proved for functions in the disk algebra.
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icense (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

Mean convergence of Lagrange interpolation on zeros of orthogonal polynomials on the real
ine is a topic which has been extensively studied. Just to name a few works, let us recall the
oundational paper of Erdös and Turán [6], the trilogy [15–17] of Nevai, and also [1,14,20].

Marcinkiewicz [13] showed that there is a strong connection between mean convergence of
Lagrange interpolation and mean convergence of Fourier series.

Interpolation with nodes on the unit circle has been studied for functions in the disk algebra
A(D) (i.e., functions analytic in the unit disk D which are continuous in D), mostly using
nit roots or perturbations of these points (cf. [3,11,12,21]). Given a nontrivial finite positive
orel measure µ on the unit circle T, the algebraic polynomials are dense in L2(µ) if and
nly if log µ′

̸∈ L1(m), where m is the Lebesgue measure in T and µ′ is the Radon–Nikodym
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derivative of µ with respect to m. This is due to Szegő–Kolmogorov–Krein’s theorem (see for
xample [7, Chapter 1] or [9, Chapter 3]). Therefore, since functions in A(D) are a uniform
imit of algebraic polynomials in D, that could be one of the reasons to consider functions in
A(D).

In this note we are concerned with the mean convergence of Lagrange interpolation at
he zeros of para-orthogonal polynomials for measures on the unit circle. The zeros of para-
rthogonal polynomials are the nodes of the Szegő’s quadrature formula, which is the analogous
n the unit circle to Gaussian quadrature formula (cf. [2,4,5,8,10]). These zeros share several
roperties with zeros of orthogonal polynomials with respect to a measure on the real line.

Consider a nontrivial finite positive Borel measure µ on the unit circle, and let {wn}
∞

n=0 be
sequence of points in T. For each n, let Zn(wn) denote the n + 1 zeros of para-orthogonal

olynomial of degree n + 1 associated to wn and µ. It is well known that Zn(wn) ⊂ T. Given
function f defined in T, let Ln( f ) denote the nth Lagrange interpolation polynomial of f
ith respect to Zn(wn). We obtain mean convergence of Ln( f ) in two different settings.

heorem 1.1. Suppose that log µ′
̸∈ L1(m). If f ∈ C(T) then for all p ∈ (0, 2] we have

lim
n→∞

∥ f − Ln( f )∥p = 0.

An analogous result holds for all nontrivial finite positive measures if we consider Lagrange
nterpolation of functions in the disk algebra A(D).

Theorem 1.2. If f ∈ A(D) then for all p ∈ (0, 2] we have

lim
n→∞

∥ f − Ln( f )∥p = 0.

Recall that mean convergence implies the existence of a subsequence of {Ln( f )} which
onverges almost everywhere to f . This contrasts with [19], where Vértesi proved that for any
nfinite triangular array on the unit circle, there exists a function in A(D) such that the sequence

of its Lagrange interpolants diverge almost everywhere on the unit circle.
Our results delve into the close relationship between the zeros of orthogonal polynomials

on the real line and the zeros of para-orthogonal polynomials.
The paper is organized as follows. In Section 2 we recall some definitions and well known

facts about Lagrange interpolation. In Section 3 we prove both theorems above.

2. Lagrange interpolation

Let µ be a finite positive Borel measure on the unit circle T which is nontrivial i.e. its
support has infinitely many points, and consider the Hilbert space L2(µ) of µ-square-integrable
unctions with inner product

⟨ f, g⟩ :=

∫
T

f ḡ dµ,

nd associated norm1 when 1 ≤ p < ∞,

∥ f ∥p =

(∫
| f |

p dµ

)1/p

.

1 For 0 < p < 1 we also use the same notation.
2
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Let {ϕn}
∞

n=0 be the sequence of orthonormal polynomials with respect to µ with positive leading
oefficients; that is, these are polynomials of the form

ϕn(z) = κnzn
+ lower degree terms, κn > 0,

atisfying the orthonormality relations ⟨ϕn, ϕm⟩ = δnm for all n, m ≥ 0.
We denote by Πn the set of polynomials of degree less than or equal to n. The Christoffel

ernel is defined by

Kn(w, z) =

n∑
j=0

ϕ j (w)ϕ j (z).

he reproducing kernel property of Kn says that for every p ∈ Πn we have

⟨p, Kn(w, ·)⟩ =

∫
p(z)Kn(w, z) dµ(z) = p(w). (2.1)

y the Christoffel–Darboux formula (cf. [18, Theorem 11.4.2]),

Kn(w, z) =
ϕ∗

n+1(w)ϕ∗

n+1(z) − ϕn+1(w)ϕn+1(z)
1 − wz

, (2.2)

or 1 ̸= wz, where ϕ∗

n+1(z) := zn+1ϕn+1(1/z̄). Para-orthogonal polynomials are defined as

Bn+1(w, z) := (1 − wz)Kn(w, z) = ϕ∗

n+1(w)ϕ∗

n+1(z) − ϕn+1(w)ϕn+1(z).

hese polynomials were introduced in [10, Section 6].
For fixed n ∈ N and wn ∈ T, we denote by Zn(wn) the zeros of Bn+1(wn, ·). It is well

nown that these zeros are simple and lie on the unit circle (cf. [2,8,10]). Hence

Zn(wn) = {ζ0n, ζ1n, . . . , ζnn} ⊂ T.

learly, one of the zeros is wn .
Next, we recall a symmetry property concerning the zeros of para-orthogonal polynomials.

e include a short proof for an easy reading and to emphasize the connection with the formulas
bove.

emma 2.1 (See [8]). The identity

Kn(ζ jn, ζmn) = 0

olds for all j, m ∈ {0, 1, . . . , n} distinct. In particular, for all j, m ∈ {0, 1, . . . , n} we have

Zn(ζ jn) = Zn(ζmn).

roof. Take distinct indexes j, m. Since ζ jn, ζmn ∈ Zn(wn), we have

ϕn+1(ζ jn)
ϕ∗

n+1(ζ jn)
=

ϕ∗

n+1(w)

ϕn+1(w)
=

ϕn+1(ζmn)
ϕ∗

n+1(ζmn)

ince these quotients have modulus 1, we also know that

ϕn+1(ζ jn)
ϕ∗

n+1(ζ jn)
=

ϕ∗

n+1(ζ jn)

ϕn+1(ζ jn)
.

ence the statements follow using (2.2). □
3
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Now let us consider the polynomials

L jn(z) =
Kn(ζ jn, z)√
Kn(ζ jn, ζ jn)

, j = 0, 1, . . . , n.

The following well known result will be crucial in the proofs of our two theorems in Section 3.

Lemma 2.2 (See [8]). The polynomials {L jn}
n
j=0 form an orthonormal basis of Πn .

Proof. Using (2.1) and Lemma 2.1 we have∫
L jn Lmn dµ =

Kn(ζ jn, ζmn)√
Kn(ζ jn, ζ jn)

√
Kn(ζmn, ζmn)

= δ jm . □

Let µn be the measure associated to Zn(wn) given by

dµn =

n∑
j=0

dδζ jn

Kn(ζ jn, ζ jn)
. (2.3)

The Szegő quadrature (cf. [10]) is defined by

Qn( f ) :=

∫
f dµn =

n∑
j=0

f (ζ jn)
Kn(ζ jn, ζ jn)

.

Lemma 2.3 (See [8]). If p, q ∈ Πn then

Qn(pq̄) =

∫
pq̄ dµn =

∫
pq̄ dµ.

Proof. By definition of µn we have∫
pq̄ dµn =

n∑
j=0

p(ζ jn)√
Kn(ζ jn, ζ jn)

q(ζ jn)√
Kn(ζ jn, ζ jn)

.

sing (2.1) we get∫
pL jn dµ =

p(ζ jn)√
Kn(ζ jn, ζ jn)

.

ow the statement follows using Lemma 2.2. □

orollary 2.4 ([10]). If Λ is a Laurent polynomial of degree n in z and 1/z, then

Qn(Λ) =

∫
Λ dµn =

∫
Λ dµ.

roof. By the fundamental theorem of algebra there exist polynomials p and q in Πn such that
(z, 1/z) = p(z)q(z) for |z| = 1. Hence the statement follows directly from Lemma 2.3. □

orollary 2.5 ([10]). If f ∈ C(T) then

lim Qn( f ) =

∫
f dµ.
n→∞

4
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Proof. This follows immediately from the density in the uniform norm of Laurent polynomials
in C(T) and Corollary 2.4. □

Remark 2.6. Notice that taking p = q = 1 in Lemma 2.3 we get

µn(T) = µ(T) =: M < ∞. (2.4)

Let us denote the fundamental polynomials for Zn(wn) by

ℓ jn(z) =
Kn(ζ jn, z)

Kn(ζ jn, ζ jn)
, j = 0, 1, . . . , n.

hese are polynomials of degree n that satisfy

ℓ jn(ζkn) = δ jk . (2.5)

he n−th Lagrange interpolation polynomial with respect to Zn(wn) of a function f on T is
efined as

Ln( f )(z) :=

n∑
j=0

f (ζ jn)ℓ jn(z).

emark 2.7. Note that

ℓ jn
√

Kn(ζ jn, ζ jn) = L jn, j = 0, 1, . . . , n,

so due to Lemma 2.2 the fundamental polynomials form an orthogonal basis of Πn . Since
n∑

j=0

ℓ jn(z) = Ln(1) = 1

for all z ∈ T, we also have
n∑

j=0

ℓ jn
2

2 =

 n∑
j=0

ℓ jn

2

2

= µ(T) = M.

Lemma 2.8. For any function f :T → C we have

∥Ln( f )∥2
2 = Qn(| f |

2).

Proof. Using Lemma 2.3 we obtain

∥Ln( f )∥2
2 =

∫
|Ln( f )|2 dµ =

∫
|Ln( f )|2 dµn = Qn(| f |

2). □

. Proofs of Theorems 1.1 and 1.2

In this section we prove our two main results. So let us consider a nontrivial finite positive
orel measure µ on T, and fix a sequence of points {wn}

∞

n=0 in T. As in Section 2, for
ach n, let Zn(wn) denote the zeros of para-orthogonal polynomials associated to wn and
, and Ln( f ) denote the nth Lagrange interpolation polynomial with respect to Zn(wn) of a

unction f .
5
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Proof of Theorem 1.1. It is enough to consider the case p = 2. Indeed, once this case is
roved, the case 0 < p < 2 follows using Hölder’s inequality. So let us focus on p = 2.

Let f ∈ C(T). Fix ε > 0. Since log µ′
̸∈ L2(m), by the Szegő–Kolmogorov–Krein theorem

here exists a polynomial Π such that

∥ f − Π ∥
2
2 < ε. (3.1)

aking n larger than the degree of Π , we have

∥ f − Ln( f )∥2
2 ≤

(
∥ f − Π ∥2 + ∥Ln(Π − f )∥2

)2

≤ 2
(
∥ f − Π ∥

2
2 + ∥Ln(Π − f )∥2

2

)
.

hus, according to (3.1), Lemma 2.8, and Corollary 2.5, we get

lim sup
n→∞

∥ f − Ln( f )∥2
2 ≤ 4ε.

herefore ∥ f − Ln( f )∥2 converges to 0, as we wanted to prove. □

As an immediate consequence of the proof of Theorem 1.1, we obtain the following result.

orollary 3.1. We have

lim
n→∞

∥ f − Ln( f )∥2 = 0, ∀ f ∈ C(T), (3.2)

f and only if polynomials are dense in L2(µ).

roof. By the proof of Theorem 1.1 we have that if polynomials are dense in L2(µ) then (3.2)
olds. The other implication is obvious since the continuous functions are dense in L2(µ). □

roof of Theorem 1.2. As in the proof of Theorem 1.1, we just need to focus on the case
p = 2.

By Mergelyan’s theorem, functions in A(D) are a uniform limit of algebraic polynomials
in D. Thus, given f ∈ A(D), there exists a sequence of algebraic polynomials {Pn} such that

eg(Pn) ≤ n and

∥ f − Pn∥∞ = max
z∈T

| f (z) − Pn(z)| −→
n→∞

0.

Clearly, this implies

∥ f − Pn∥2 −→
n→∞

0.

Now, using that Ln is a projection on Πn and Remark 2.7 we have

∥Ln( f ) − Pn∥
2
2 = ∥Ln( f − Pn)∥2

2

=

 n∑
j=0

( f (ζ jn) − Pn(ζ jn))ℓ jn

2

2

=

n∑
j=0

( f (ζ jn) − Pn(ζ jn))ℓ jn
2

2

≤ M ∥ f − P ∥
2

n ∞

6
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Therefore

∥ f − Ln( f )∥2 ≤ ∥ f − Pn∥2 + ∥Ln( f ) − Pn∥2 −→
n→∞

0,

s we wanted to prove. □
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[9] U. Grenander, G. Szegő, Toeplitz Forms and their Applications, second ed., Chelsea Publishing Co., New
York, 1984, p. x+245.

[10] W.B. Jones, O. Njåstad, W.J. Thron, Moment theory, orthogonal polynomials, quadrature, and continued
fractions associated with the unit circle, Bull. Lond. Math. Soc. 21 (2) (1989) 113–152.

[11] D.S. Lubinsky, On mean convergence of Lagrange interpolation for general arrays, J. Approx. Theory 104
(2) (2000) 220–225.

[12] D.S. Lubinsky, On mean convergence of trigonometric interpolants, and their unit circle analogues, for general
arrays, Analysis (Munich) 22 (1) (2002) 97–107.

[13] J. Marcinkiewicz, Sur l’interpolation (I), Studia Math. 6 (1936) 1–17.
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