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Abstract

In this note we prove mean convergence of Lagrange interpolation at the zeros of para-orthogonal
polynomials for measures on the unit circle which do not belong to Szeg&’s class. When the measure is
in Szeg®’s class, mean convergence of Lagrange interpolation is proved for functions in the disk algebra.
© 2023 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY-NC-ND

license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

Mean convergence of Lagrange interpolation on zeros of orthogonal polynomials on the real
line is a topic which has been extensively studied. Just to name a few works, let us recall the
foundational paper of Erdos and Turan [6], the trilogy [15-17] of Nevai, and also [1,14,20].
Marcinkiewicz [13] showed that there is a strong connection between mean convergence of
Lagrange interpolation and mean convergence of Fourier series.

Interpolation with nodes on the unit circle has been studied for functions in the disk algebra
A(D) (i.e., functions analytic in the unit disk D which are continuous in D), mostly using
unit roots or perturbations of these points (cf. [3,11,12,21]). Given a nontrivial finite positive
Borel measure 1 on the unit circle T, the algebraic polynomials are dense in L2(u) if and
only if log i/ ¢ L'(m), where m is the Lebesgue measure in T and p’ is the Radon—-Nikodym
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derivative of p with respect to m. This is due to Szeg6—Kolmogorov—Krein’s theorem (see for
example [7, Chapter 1] or [9, Chapter 3]). Therefore, since functions in A(ﬁ) are a uniform
limit of algebraic polynomials in I, that could be one of the reasons to consider functions in
AD).

In this note we are concerned with the mean convergence of Lagrange interpolation at
the zeros of para-orthogonal polynomials for measures on the unit circle. The zeros of para-
orthogonal polynomials are the nodes of the Szeg6’s quadrature formula, which is the analogous
on the unit circle to Gaussian quadrature formula (cf. [2,4,5,8,10]). These zeros share several
properties with zeros of orthogonal polynomials with respect to a measure on the real line.

Consider a nontrivial finite positive Borel measure 1 on the unit circle, and let {w,}>2, be
a sequence of points in T. For each n, let Z,(w,) denote the n + 1 zeros of para-orthogonal
polynomial of degree n + 1 associated to w, and w. It is well known that Z,(w,) C T. Given
a function f defined in T, let L,(f) denote the nth Lagrange interpolation polynomial of f
with respect to Z,(w,). We obtain mean convergence of L,(f) in two different settings.

Theorem 1.1. Suppose that log ' & L'(m). If f € C(T) then for all p € (0,2] we have
lim || f — Lu(f)l, = 0.
n—o00
An analogous result holds for all nontrivial finite positive measures if we consider Lagrange

interpolation of functions in the disk algebra A(D).

Theorem 1.2. If f € A(D) then for all p € (0,2] we have
lim || f — L.(H)ll, =0.
n—o0o

Recall that mean convergence implies the existence of a subsequence of {L,(f)} which
converges almost everywhere to f. This contrasts with [19], where Vértesi proved that for any
infinite triangular array on the unit circle, there exists a function in A(DD) such that the sequence
of its Lagrange interpolants diverge almost everywhere on the unit circle.

Our results delve into the close relationship between the zeros of orthogonal polynomials
on the real line and the zeros of para-orthogonal polynomials.

The paper is organized as follows. In Section 2 we recall some definitions and well known
facts about Lagrange interpolation. In Section 3 we prove both theorems above.

2. Lagrange interpolation

Let u be a finite positive Borel measure on the unit circle T which is nontrivial i.e. its
support has infinitely many points, and consider the Hilbert space L?(1) of j-square-integrable
functions with inner product

(fog) = /T fedu,

and associated norm' when 1 < p < oo,

1/p
1Fll, = </|f|pdu> .

1 For 0 < p < 1 we also use the same notation.
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Let {,},2, be the sequence of orthonormal polynomials with respect to u with positive leading
coefficients; that is, these are polynomials of the form

©n(2) = K,2" + lower degree terms, k, > 0,

satisfying the orthonormality relations (@, @) = 8, for all n,m > 0.
We denote by I, the set of polynomials of degree less than or equal to n. The Christoffel
kernel is defined by

Ko(w,2) =Y ¢jw)p;(2).

Jj=0

The reproducing kernel property of K, says that for every p € II, we have
(p, Kn(w, -)) = /p(Z)Kn(va)dM(Z) = p(w). 2.1
By the Christoffel-Darboux formula (cf. [18, Theorem 11.4.2]),

i1 (W 1 (2) = Yu1 W)@y 41(2)

Ky(w,2) = — e

) 2.2)

for 1 # wz, where ¢, ,(z) = 7" 19,+1(1/Z). Para-orthogonal polynomials are defined as

Bur1(w, 2) = (1 = w2)Kn(w, 2) = ¢, (W), 11 (2) — @nt1(W)gn11(2).

These polynomials were introduced in [10, Section 6].
For fixed n € N and w, € T, we denote by Z,(w,) the zeros of B,.i(w,, -). It is well
known that these zeros are simple and lie on the unit circle (cf. [2,8,10]). Hence

Zﬂ(wn) = {é‘on? é-lrn RG] ;‘nn} C T.

Clearly, one of the zeros is wy,.

Next, we recall a symmetry property concerning the zeros of para-orthogonal polynomials.
We include a short proof for an easy reading and to emphasize the connection with the formulas
above.

Lemma 2.1 (See [8]). The identity
Kn(g-jnv Smn) = 0

holds for all j,m € {0, 1, ..., n} distinct. In particular, for all j,m € {0, 1, ..., n} we have
Zn(é‘jn) = Zn(é‘mn)

Proof. Take distinct indexes j, m. Since {jn, &un € Z,(w,), wWe have

(anrl(;jn) _ (p::.H(w) _ On41(Cmn)
i1 Cin)  @uprw) Oy Cnn)
Since these quotients have modulus 1, we also know that

(le—l(;jn) _ go:.H(é‘jn)
Cp1Cin)  @ui1(jn)
Hence the statements follow using (2.2). O
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Now let us consider the polynomials
K n (; jn» Z)

vV Kn(gjns ;jn)’

The following well known result will be crucial in the proofs of our two theorems in Section 3.

Lijn(z) = i=0.1,...,n.

Lemma 2.2 (See [8]). The polynomials {L;,}’;_, form an orthonormal basis of II,.

Proof. Using (2.1) and Lemma 2.1 we have
- Kn ins Smn
/ LT dy = G Goun)
\/Kn(é‘jn’ Cjn)\/Kn(Cmna §m11)

Let w, be the measure associated to Z,(w,) given by

" ds,,
du, = — 2.3
” jgo Kn({jnv {jn) ( )

The Szegd quadrature (cf. [10]) is defined by

0= [ £, = 3 e
=0 K, jns Sjn

= jm-

Lemma 2.3 (See [8]). If p,q € II, then

0.(p0) = [ pidu, = [ padn.
Proof. By definition of u, we have
- P(Ejn) q(&jn)
pqdp, =
f Z o VK Cins i) VK Gy $n)
Using (2.1) we get

/pL_du — p(é‘jn) .
" vV Kn(é‘jnv ;jn)

Now the statement follows using Lemma 2.2. [

Corollary 2.4 ([10]). If A is a Laurent polynomial of degree n in z and 1/z, then

0.(4) =/Adun =//1du.

Proof. By the fundamental theorem of algebra there exist polynomials p and ¢ in I, such that
Az, 1/2) = p(2)q(z) for |z| = 1. Hence the statement follows directly from Lemma 2.3. [

Corollary 2.5 ([10]). If f € C(T) then

lim 0,(f) = f fdp.
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Proof. This follows immediately from the density in the uniform norm of Laurent polynomials
in C(T) and Corollary 2.4. O

Remark 2.6. Notice that taking p = g = 1 in Lemma 2.3 we get
wn(T) = u(T) = M < oo. 2.4

Let us denote the fundamental polynomials for Z,(w,) by
Kn(§jna Z)
Kn(gjnv {jn) 7

These are polynomials of degree n that satisfy
Lin(Cin) = 8k (2.5)

The n—th Lagrange interpolation polynomial with respect to Z,(w,) of a function f on T is
defined as

Lin(z) = =0,1,...,n.

La()@) =Y FE&in)n(2).
j=0

Remark 2.7. Note that

Ejn\/Kn(é‘jnyé‘jn =Ljn, j=0,1,...,l’l,

so due to Lemma 2.2 the fundamental polynomials form an orthogonal basis of II,. Since
D lin(@) = Ly(1) =1
j=0

for all z € T, we also have

S lenls =X e
j=0 j=0

2
=pu(T) =M.
2

Lemma 2.8. For any function f:T — C we have

ILa(HI3 = Qull f17)-
Proof. Using Lemma 2.3 we obtain

||Ln<f)||§=/|Ln<f)|2du=f|Ln(f>|2dun = 0,(f». O

3. Proofs of Theorems 1.1 and 1.2

In this section we prove our two main results. So let us consider a nontrivial finite positive
Borel measure p on T, and fix a sequence of points {w,}52, in T. As in Section 2, for
each n, let Z,(w,) denote the zeros of para-orthogonal polynomials associated to w, and
w, and L,(f) denote the nth Lagrange interpolation polynomial with respect to Z,(w,) of a
function f.
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Proof of Theorem 1.1. It is enough to consider the case p = 2. Indeed, once this case is
proved, the case 0 < p < 2 follows using Holder’s inequality. So let us focus on p = 2.

Let f € C(T). Fix & > 0. Since log ' & L?(m), by the Szeg6—Kolmogorov—Krein theorem
there exists a polynomial I such that

If =115 <e. (ER))
Taking n larger than the degree of II, we have

2
If = LaCHI5 < (If = Il + ILa(IT = f)l)
<2(If = I3+ Lo = F)II3)
Thus, according to (3.1), Lemma 2.8, and Corollary 2.5, we get

limsup || f — Lo(f)I3 < 4e.

n—oo

Therefore || f — L, (f)|l, converges to 0, as we wanted to prove. [J

As an immediate consequence of the proof of Theorem 1.1, we obtain the following result.

Corollary 3.1. We have
Mm [[f = Ly(Pll2 =0, Vf e, (3.2)

if and only if polynomials are dense in L*(1).

Proof. By the proof of Theorem 1.1 we have that if polynomials are dense in L?(1) then (3.2)
holds. The other implication is obvious since the continuous functions are dense in L>(). O

Proof of Theorem 1.2. As in the proof of Theorem 1.1, we just need to focus on the case
p=2.

By Mergelyan’s theorem, functions in A(ID) are a uniform limit of algebraic polynomials
in D. Thus, given f € A(DD), there exists a sequence of algebraic polynomials {P,} such that
deg(P,) <n and

If = Pl = max|f(z) — Pu(z)] —> O.
zeT n—00
Clearly, this implies
If = Pull, — 0.
n—o00o

Now, using that L, is a projection on I, and Remark 2.7 we have

ILL(f) = Pall2 = IL.(f — P)I3
2

= Y@ - Pt
j=0 2

=3 (@) = PaCin) a3
j=0

<MI|f - Pl
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Therefore

If = Lu(Dly = IS = Bally + I1La(f) = Pally —> 0,

as we wanted to prove. [J
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