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Abstract

An extended Debye-Hiickel theory with fourth order gradient term is developed for
electrolyte solutions, namely the electric potential ¢(r) of the bulk electrolyte solution
can be described by VZp(r) = k2¢(r) + LéV‘lgp(r), where the parameters x and Lg
are chosen to reproduce the first two roots of the dielectric response function of the
bulk solution. Three boundary conditions for solving the electric potential problem are
proposed based upon the continuity conditions of involving functions at the dielectric
boundary, with which a boundary element method for the electric potential of a solute
with a general geometrical shape and charge distribution is derived. Solutions for
the electric potential of a spherical ion and a diatomic molecule are found and used to
calculate their electrostatic solvation energies. The validity of the theory is successfully
demonstrated when applied to binary as well as multi-component primitive models of

electrolyte solutions.

1 Introduction

Mean field theories for electrolyte solutions or ionic fluids in general have been widely used in
solvation and crystallization processes,!™ surface tension calculations®® and electron trans-
fer processes.? 2 A major challenge in the theory of electrolyte solutions is to answer how
an electrolyte solution is polarized by a charged solute. Nowadays it is well known that an
ion is perfectly screened by the electrolyte solution as indicated by the Debye-Hiickel (DH)
theory.'® The DH response equation for the electric potential ¢(r), which is also known as
linearized Poisson-Boltzmann equation, reads VZp(r) = k%p(r), where rp is the inverse

Debye length and V? the Laplacian. According to the DH theory, the electric potential of a
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point charge satisfies the Yukawa form as ¢(r) = . One important feature of the DH
theory is the existence of a boundary element method for a solute with general geometry
and charge distribution, which can reduce the original three dimensional electric potential

problem to a two dimensional electric potential problem on the molecular surface.'* ¢ Such



a property renders the DH theory especially useful for studying the electrostatic interaction
between complex biomolecules in an electrolyte solution.'™2° On the other hand, the lin-
earization of the Poisson-Boltzmann equation relies on the weak coupling assumption, hence
the application of DH theory is limited to dilute electrolyte solutions. 202!

There are various efforts to understand the screening effect of electrolyte solutions and
why the DH theory fails for concentrated electrolyte solutions. According to the rigorous
analysis from statistical mechanics, the electric potential of an ion undergoes a transition
from simple exponential decay to oscillatory decay as the electrostatic coupling of the solution
varies from weak to strong.?*?® Such an effect is known to originate from the competition
between the local packing effect and the long ranged Coulomb interaction.?%2® Kjellander
and coworkers developed a dressed ion theory based on a rigorous charge renormalization
process of the Poisson-Boltzmann equation, where the electric potential can be casted into
a DH-like form V?p(r) = [ B(|r — r'[)p(r')dr’ + Zp%(r), where B(r) is a local response
function of the bulk solution and p%(r) is an effective charge density of the solute.?3! Such

32,33

a result can also be obtained from the dispersion relations of Maxwell equations with a

microscopic model of electrolyte solutions. In the dilute limit, the dressed ion theory reduces
to the DH theory as p°(r) = ¢d(r) and B(r) = x?6(r). According to the asymptotic analysis,

the dressed ion theory leads to multi-Yukawa electric potentials for concentrated electrolyte
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solutions, namely, ¢(r) ~ >, , where ¢ is a renormalized charge, ¢ is an effective
dielectric constant. The decay parameters {k;} are determined by the roots of the bulk
dielectric function and become complex numbers in the strong coupling regime, hence the

oscillatory decaying potentials are naturally recovered. In practical applications, the decay

parameters of the electric potential in electrolyte solutions can be derived from the theory

29,34-37 38,39

of electrolyte solutions or measured from experiments, and hence can be used to
evaluate thermodynamic properties.
As a single Yukawa potential is the solution of the DH response equation, a multi-Yukawa

potential from rigorous analysis motivates us to build a multi-DH response theory for concen-



trated electrolyte solutions. In our previous work,3? the molecular DH theory is developed for
various models of electrolyte solutions, where the electric potential ¢(r) of an ion splits into
a linear combination of individual modes, i.e., p(r) = >, Bigi(r) and Vg, (r) = kig(r) in
bulk electrolyte solutions. The linear coefficients { B;} can be determined in a self-consistent
way to reproduce the dielectric response function of the pure solvent. Such a prescription has
been applied successfully to various ionic fluids.*?#* As the molecular DH theory is mainly
developed for spherical ions and it remains an open question to deal with solutes beyond
spherical geometry.

In this paper, we developed an extended Debye-Hiickel(EDH) theory which not only leads
to multi-Yukawa potential for spherical ions but can also be easily applied to solutes with
arbitrary geometry and charge distribution using boundary element method. Specifically,
a fourth order gradient term LéV"‘gp(T) is introduced to the dielectric response equation,
which will have two Debye screening lengths as a first step to a general solution with more
Debye screening lengths in a straight-forward manner. In order to uniquely determine the
electric potential, three boundary conditions are required and the corresponding boundary
element method is developed. Our theory leads to analytical electric potentials as well
as electrostatic solvation energies for a spherical ion and a diatomic molecule solute, and is
tested successfully against the mean spherical approximation (MSA) theory, the hyper-netted
chain (HNC) theory and molecular dynamics(MD) simulations of electrolyte solutions.

It should be emphasized that the goal of this work is not to develop a self-consistent theory
of electrolyte solutions, a worthwhile endeavor itself, but rather to extend the applicability
of the widely used boundary element method of electrostatics in biophysics to moderately
coupled electrolyte solutions.

This paper is organized as following: in section 2 the EDH theory of electrolyte solutions is
formulated. The excess thermodynamic properties for electrolyte solutions are also discussed.
In section 3 the EDH theory is applied to electrolyte solutions where direct comparisons with

MSA theory, HNC theory and MD simulations demonstrate the accuracy of our theory. Some



concluding remarks are given in section 4.

2  Theory

2.1 Model description of the primitive model of electrolyte solu-

tions

The restricted primitive model of an electrolyte solution is taken as a mixture of ions with
additive hard spheres where a point charge at the center immersed in a dielectric continuum.
Cations and anions of the solvent have the same diameter o and the same absolute charge
¢s- In the field of physical chemistry, the concept of solvent is widely used to represent
the polar species of the solutions. As the polar species are not considered explicitly in the
restricted primitive model, hereafter the electrolyte solution itself is taken as the solvent and
a tagged molecule is taken as a solute. Denote kg as the Boltzmann constant, 7" as the
temperature, n, as the total particle number density and €, as the dielectric constant of the
dielectric continuum, the reduced inverse temperature is g = k}%T? the Debye parameter is

A molecular solute with N sites is described by an interaction site model, where a site j
is a sphere with diameter o; and carries a point charge ¢; at point r;. €y is the volume of

the solute, (), is the volume outside the solute, and X is the molecular surface.

2.2  An extended Debye-Hiickel(EDH) dielectric response model

and boundary conditions

In general, the dielectric function of a solvent can have many Debye screening lengths, 233

but as a first step to develop a full theory of their dielectric response, we concentrate on the
two Debye screening lengths case, which is equivalent to a mixture of ions with quadrupole

response. > Let ¢(r) be the electric potential in a solute, where r € Qy; 1(r) be the electric



potential outside the solute, where r € 29, then we have

Vi) = - ), ren 1)

V2(r) = K% (r) + LHVH(r), r € (2)

where p(r) = Zjvzl q;0® (r — r;) is the bare charge density of the solute. & is an effective
Debye parameter and Lg is a length scale related to the quadruple effect. In the limit
Lg = 0, the dielectric response equation reduces to the conventional DH equation.

In order to determine the electric potential problem with fourth order gradient term, three
boundary conditions are needed. However, as there is no unique choice for these boundary

conditions different researchers used different recipes*®4°

with various physical arguments.
On the other hand, these boundary conditions can be stated mathematically using the con-
tinuity of functions across the boundary as pointed out in Stakgold’s book,®® which reflects

physical conservation laws. In general, there are four possible boundary conditions, which

are related to the continuity of ¢(r) , ags), V21(r), and %, where n is the outward unit

normal to ¥ at r. However, only three boundary conditions are necessary to determine the

electric potential problem due to the lack of fourth order gradient term inside the solute. In

our formulation, the continuity of ¥(r) , aﬁs) and (W;f(r) are used as boundary conditions.

Let rg be a point on the molecular surface ¥, then the boundary conditions read

lim (r) = lim 6(r), (3)
0 .0
fi 7 = i 5 W
. OV? . OV?
fimy S = i S ®)

The first two boundary conditions are the same as the ones widely used in the DH theory.
It is noted that Eq.(4) is valid for the interaction site model where no surface charge density

is present. If there is a surface charge o(rg) on the molecular surface, then the Eq.(4) should
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be modified as lim,_, . One may note that it is also possible

to replace Eq.(5) by the continuity of V2p(r) as the third boundary conditions. Note that
V?2)(r) is linearly related to the induced charge density which is known to be discontinuous
on the molecular surface due to the hard sphere interactions. Our numerical results also
show that the electrostatic energies for spherical ions from this route is not accurate. To

this end, the continuity of VZ¢(r) is not suggested as a good choice for the third boundary

condition.

2.3 Integral equations for the boundary element method

In this part we use Juffer et al’s prescription'* to formulate a boundary element method
for systems described by Eqs.(1) and (2). The main idea of boundary element method is to
reduce the original three-dimensional electric potential problem to a two-dimensional electric
potential problem on the molecular surface. In the following we only show the main results

and the details are presented in the Appendices.
— r—s ].—4:‘62[/2 2
Define F(r;s) = —Es‘rlfs| and P(r;s) = Y1, Oyl k1o = V0Fy - Q2 4

es|lr—s| ?

2 2
Cia = i’;;f’;g , where ki, ky are from the first two roots of the bulk solvent dielectric
2 1

function. The main working equations read

e _ ]g [m; 220 W)%} 4+ 3 4 F(ry;wo). (6)
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Eqgs.(6), (7) and (8) are linear integral equations for three variables 1 (ry), % and

V29(rg). When the third boundary condition Eq.(5) is replaced by other ones such as the

continuity of 8229) as in Ref.47 or the continuity of component @),,,, of the quadrupolarization

tensor Q as in Ref.45, it would be hard to find a set of closed linear equations for the three

functions 1 (ry), % and V21 (rg) due to the fact that it is nontrivial to expand %

or Q,, as a linear combination of ¥ (ry), %ﬁ') and V29 (rg). To this end, the boundary
conditions used in this study may be the simplest one that supports the boundary element

method.

O(ro

In general, the three functions v (ro), =5 ) and V24 (ry) can be solved numerically for

a solute with general geometry and charge distribution using similar methodology as the

conventional boundary element method. % When (1), 87’/’8(:0) and V21 (r) are determined,

one can use Eq.(27) and Eq.(29) of section 5 to evaluate the inside electric potential ¢(r_)

and the outside electric potential ¥ (r; ). ¢(r_) can be rewritten as

o) - § [F<r; e ) 200 ww%} 05+ aFlrir ) )

The induced potential gb;”d at the site j of the solute reads

r_—rj; mn

N
; . oY(r OF (r;r;
6" = lim [¢(r_> =Y aF (s r_>] - ]f [F(r; ) 200 ¢<r>%} 4s. (10)
i=1 z n
The excess electrostatic energy fu,. then can be evaluated as
N .
Bu, =3 Bogom. (11)
j=1

Note that the induced potential depends linearly on the solute charge, hence the electrostatic

part of the excess chemical potential B, equals to the excess electrostatic energy Su,,> i.e.,

Blte = Pue. (12)



2.4 A prescription to determine the parameters of the EDH di-

electric response model

As our current theory needs the input parameters x and L¢ from a pure solvent’s dielec-
tric function, it is assumed that this information is known from other sources such as
experiments or other theoretical calculations. For example, let €,(k) be the longitudinal
dielectric function of the pure solvent, the dielectric response function x(k) = 1 — —%=

can be evaluated using radial distribution functions g,;;(r) of the pure solvent, x(k)

4”152"5 (D imio @i + Ny > im0 Gi0iw;gi(K)], where gi;(k) = [ e®7Tg,;(r)dr is the three

dimensional Fourier transform of g;;(1), ¢12 = £¢s and 212 = % for a restricted primitive

model of electrolyte solutions.3* When y(k) of the pure solvent is used as input, one can fit

it to an empirical function x(k) = k4+(a1k2—a2)c§£(llfb)+a3 R Tas and then the poles k = ik,

can be determined by solving k* + (a1 k? — as) cos(kb) + a3 sin(kb) + ay = 0 numerically.?®

| Kk 1
_ L= ) ——— 13
TNREER TN\ B 13)

so that the bulk system can be approximately described by a response function using k2

and L¢ are chosen as

from Eq.(26). It is well known that k; 5 are two real numbers for weak electrostatic coupling
and become complex conjugate when the electrostatic coupling is strong. It is easy to check
that x and Lg defined via Eq.(13) are always real numbers. As will be shown in the next
subsection, such a choice could reproduce the same asymptotic electric potential as our
molecular DH theory with two Debye modes. 33

For a solute with a general geometrical shape and charge distribution, one can use Egs.(6),
(7) and (8) to find the electric potential on the surface and use Eq.(10) to find the induced
electric potential at each site and then the electrostatic energy is evaluated with Eq.(11).
Naturally, the electric potential problem can also be solved numerically by finite difference
using the corresponding differential equations, Eqs.(1) and (2), but our focus of this work is

on the development of the boundary element method using integral equations, which may



provide certain advantages for some problems.

When the electrostatic coupling is very strong, a large number of Debye lengths is neces-
sary to capture the dielectric response of an electrolyte solution,??33 the nonlinear response
may also play an important role,®! but our general strategy is to use multiple linear modes
and suitable linear coefficients to mimic the nonlinear effect. Although each mode is based on
linear response, the linear coefficients could carry information beyond linear response. Such
a strategy has been applied in our previous study on the property of electrolyte solutions.??
As long as the coefficient of each mode is properly determined, our theory can lead to a good
description of both the electrostatic energy and the induced charge density of the solvent
ions. To this end, a theory with multiple linear modes and refined linear coefficients could
at least partly capture the nonlinear effect. As our current EDH theory is a linear theory
which only use two Debye lengths, one can expect that our theory would fail for electrolyte
solutions with strong electrostatic coupling. One may also note other shortcomings of our
theory due to the simplicity of our dielectric response model, for example, the application
of our theory to various systems lead to results for B, that violate the Stillinger-Lovett
second moment condition or the electrostatic energy of the bulk system is less accurate than
some other theories of electrolyte solution.33:37:52

On the other hand, higher order gradient terms can be included in our model in a straight-
forward manner. For example, when terms such as VO (r) and V3 (r) are added to the
dielectric response model, the electric potential will be a combination of four Yukawa poten-
tials. As long as the extended Green’s theorems are used for the three dimensional integrals
such as [, dr[f(r)Vog(r) — g(r)VOf(r)] and [, dr[f(r)Vig(r) - g(r)V®f(r)], it would also
be possible to derive the corresponding integral equations for the boundary element method.
To this end, our study paves the way to extend the DH theory in a systematic way by adding

high order gradient terms to represent the existence of various length scales in the dielectric

response.

10



2.5  Electrostatic potential for a spherical ion: an example of

applications

As a demonstration of our current approach, let’s consider the electric potential problem
of a spherical ion, where analytical solution of the potential can be found. Assume that
the radius of the excluded sphere is a, and a point charge ¢ is located at the center of the
sphere. Due to the spherical symmetry, functions f(r) = ¢(r), ¥ (r), V2 (r) depend only on
the radius variable r = |r|, and the value of f(ry) on the spherical surface is a constant.
After some straightforward but lengthy calculations, one can find the solution of Eqgs.

(37), Eq.(38) and Eq.(39) . The final results read

oy=4 ok K (1)
T el BRIt he R R
—ki(r—a —ko(r—a
€s | (k3 — kD) (1 + kra)r (k2 — k3) (1 + koa)r

The interested readers could find more details in section 5.
It is also possible to solve the electric potential using the corresponding differential equa-

tions, Egs.(1) and (2) if the following test solution is used *°

¢(T):i+A,r<a (16)
€T
q Ble ki(r—a)
= — . 1
- ; Tk (17)

One may note that the functional form of the above test solutions depends on the property of
the Eq.(1) and Eq.(2) rather than the boundary conditions; but different boundary conditions

will lead to different set of A and By ,% " thus different solutions.

11



When the boundary conditions Eqgs.(3), (4)and (5) are used, one can find that

B
A=_1 . ZIZ , (18)
s 1212 + ha
k2
B =—2 _ 19
1 kf% —kf%’ ( )
k2
By=1-DBy = —+—. 20
2 1 k'% _kg ( )

It is easy to check that Eqgs.(14) and (15) are the same as Eqs.(16) and (17) if Egs.(18),
(19) and (20) are used. It should be noted that this solution has the same functional
form as our molecular Debye-Hiickel theory with two Debye modes,?? hence one may view
the EDH theory as a possible extension of our molecular DH theory with a different way
of determining the linear combination coefficients of various Debye modes. Due to the
simplicity of our dielectric response model, the coefficients of tagged solvent ions may not
satisfy some universal constraints such as the Stillinger-Lovett second condition. Specifically,

the Stilliger-Lovett condition leads to a constraint B;f(ki) + Baf(k2) = 1 with f(k;) =

K% 1+kios+k2o2 /24303 /6 33
k2 T+k;os J

from which a different B; o can be found. It will be interesting to
study possible boundary conditions which could lead to a self-consistent theory of the solvent
without violating such universal constraints.

Using Eq.(11), the electrostatic energy [u,. of the ion reads

Bq? Bk, B ik L+ (ki +k2)a

— BgA = — S .
Pue = by 2es At T ka 2¢; (ky + ko) (1+ ki) (1 + haa)

(21)

3 Results and Discussion

To demonstrate the validity of our EDH theory, we apply the theory to electrolyte solu-
tions with moderate electrostatic coupling. Specifically we test our theory against the mean
spherical approximation(MSA),? hyper-netted chain(HNC)approximation of electrolyte so-

lutions, and a diatomic solute in an electrolyte solution where the excess internal energy Su.

12



and the electrostatic part of the excess chemical potential S, are known. As we focus on the
electrostatic effect, we will only compare the electrostatic energy. It is shown that our EDH
model are capable of predicting the electrostatic energy accurately even if the electrostatic

coupling is moderate.

3.1 Tests against the mean spherical approximation of electrolyte

solutions

As the first test case, we consider the mean spherical approximation(MSA)?3 for primitive
models, which leads to analytical results for the dielectric function, excess energy and other
excess thermodynamic properties. MSA theory is used as input to evaluate the response
function x(k) and from which one can find k;2. As the electrostatic part of the excess
chemical potential (. equals to the electrostatic energy fu,. according to the MSA theory,
we will only show the results for the electrostatic energy.

Firstly, we consider the electrostatic energy of a pure solvent, namely a two-component
electrolyte solution with parameters ¢, = 1, ¢, = 1, 05, = 1 and 8 = 4. The Debye parameter
is evaluated as kp = \/%, where n, is the total particle number density. Within the
MSA theory, all the electrostatic contribution to the thermodynamic properties of the system
depends on the dimensionless reduced Debye parameter Kp = kpos. For 0.0002 < ng < 1.0,
we found 0.100 < Kp < 7.09. The electrostatic energies fu. of the solvent species as a
function of the Debye parameter K are shown in Fig.1. As one can see, EDH theory is in
very good agreement with the MSA theory as long as the electrostatic coupling is not too
strong, namely in the tested range of 0.1 < Kp < 7.0, the relative energy difference between
the EDH theory and MSA theory is less than 7 percent. As a comparison, the results from
conventional DH theory are also shown. DH is not reliable for electrolyte solutions with
strong electrostatic coupling, where the difference between the DH theory and MSA can be
as large as 26 percent for the system at Kp = 7.0.

Secondly, we tested the electrostatic energy pu,. for solutes with various sizes when the

13



electrostatic coupling is moderate. The solvent is a binary electrolyte with ¢; o = £1, €, = 1,
o012 = 1 and B8 = 4. The solute charge ¢ is fixed at ¢ = 1 and the solute-solvent size ratio
v = g2 is used as a control parameter. The radius of the excluded sphere of the solute ion
reads a = % For the test case with Kp = 2.0, it is found that k;» = 1.8870 £ 1.8876¢.
The electrostatic energies for 0.2 < < 10 are shown in Fig.2(a). In this case, the energy
difference between the EDH theory and MSA theory is about 1 to 4 percent, while the energy
difference between the DH theory and MSA theory is about 3 to 17 percent. For the test
case with Kp = 5.0, it is found that k; o = 1.1570 £ 3.1426¢. The electrostatic energies for
0.2 < v < 10 are shown in Fig.2(b). The energy difference between the EDH theory and
MSA theory is about 2 to 4 percent, while the energy difference between the DH theory and
MSA theory is about 5 to 34 percent. Thus one can see that our EDH theory works much
better than the DH theory when compared with the MSA theory. For other conditions where

the Debye parameter is not too large, similar results are found and are not shown here.

-3.0
0

Figure 1: Electrostatic energy [u. for pure solvents with various Kp. The results from MSA
are denoted by filled circles, while our EDH theory and the DH theory are denoted by hollow
diamonds and hollow stars. The lines are guides to the eye.

3.2 Test against HNC theory of electrolyte solutions

In this part we present the test of our theory against the HNC approximation, which is

known to yield very accurate thermodynamic properties of primitive models.?® The HNC

14
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(a) The reduced Debye parameter of the solvent is
Kp = 2.0.

0.0

-0.5
1.0 -
>
1.5F
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-3.0)
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-3.5¢
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(b) The reduced Debye parameter of the solvent is
Kp =5.0.

Figure 2: Electrostatic energy Su,. as a function of the solute-solvent size ratio v = 22 under
two solvent conditions. The results from MSA are denoted by filled circles, while our EDH
theory and DH theory are denoted by hollow diamonds and hollow stars. The lines are
guides to the eye.
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theory is used as input to evaluate the response function y(k) and from which one can find
k1. According to our previous study on the HNC theory,® the electrostatic part of the
excess chemical potential (. are in good agreement with the electrostatic energy fu., where
the typical energy difference is about 1 percent as long as the electrostatic coupling is not
too strong. So in the following we will not show the results for chemical potentials.

Firstly, we consider the electrostatic energy of a pure solvent. The parameters used for
a binary electrolyte solvent are gs =1, ¢, =1, 0, = 1, § = 2. We take the Debye parameter
as the control parameter. For 0.005 < n, < 0.8, it is found that 0.354 < Kp = kpo, <
4.484. The electrostatic energies fu, for the solvent species are shown in Fig.3. Again, good
agreement between our EDH theory and the HNC theory is found. The EDH theory differs
from the HNC theory by 6 percent and 9 percent at reduced Debye parameter Kp = 3.171
and Kp = 4.484, while the DH theory overestimates the electrostatic energy by about 21
percent and 28 percent at Kp = 3.171 and Kp = 4.484.

Secondly, we consider the electrostatic energy of a solute with tunable sizes. The solvent
parameters are fixed at ¢10 = £1, ¢, =1, f = 2, 012 = 0, = 1. The solute charge is fixed
at ¢ = 1 and the solute-solvent size ratio v = o2 is used as a control parameter. For the
test case with ny = 0.2 where Kp = 2.242, it is found that ko = 1.9679 + 2.1439:. The
electrostatic energies for 0.2 < v < 8 are shown in Fig.4(a). The energy difference between
the EDH theory and HNC theory is about 1 to 7 percent, while the energy difference between
the DH theory and HNC theory is about 5 to 21 percent. For the test case with ng = 0.7
where Kp = 4.194, it is found that k; o = 1.6040 & 3.3280:¢. The electrostatic energy for
0.2 < < 7 are shown in Fig.4(b). The energy difference between the EDH theory and HNC
theory is about 2 to 10 percent, while the energy difference between DH theory and HNC
theory is about 9 to 31 percent. Again, our EDH theory shows a significant improvement
over the DH theory. Our EDH theory is also tested for other conditions. As long as the
reduced Debye parameter Kp and the solvent-solute size ratio are not too large, the EDH

theory leads to satisfactory results compared with the HNC theory and is not shown. It is

16



worth to point out that Kp = 4.0 is equivalent to a 8.4M NaCl aqueous solution at room

temperature, where the solvent parameters used are o5 = 4.24, ¢, = 78.5, T = 300K.

-0.2
—eo— HNC

0.4} —— EDH
5° —— DH
=%

-0.6 -

-0.8

1.0 -

1.2 L L L L L L L L L
0.0 05 1.0 15 2.0 25 3.0 3.5 40 45
D

Figure 3: Excess electrostatic energies fu, for pure solvent with various Kp = kpo,. The
results from HNC are denoted by filled circles, while our EDH theory and DH theory are
denoted by hollow diamonds and hollow stars. The lines are guides to the eye.

3.3 Test against molecular dynamics simulations of electrolyte so-

lutions

In order to show that our theory is applicable to solutes beyond spherical geometry, we
consider the electrostatic energy of a diatomic solute in a binary electrolyte solution. Denote
t = 1,2 as the cation and anion species of the binary electrolyte solvent. The charges of
cations and anions are q; 2 = £ey with ¢y being the element charge, the temperature of the
system is T' = 300K, the permittivity of vacuum is ¢y, the relative dielectric constant of the
back ground is ¢, = 78, the total particle number density is n, = 0.007226A73. Such a system
is used to mimic a NaCl aqueous solution with salt concentration ¢y = 6.00 mol/L. The Debye
parameter of the solution is about £ = 0.805A!. The non-electrostatic interaction between
the solvent ions is a Lennard-Jones(LJ) potential uy(r) = 4e,[(2)"* — (22)%]. The solute is
a tagged diatomic molecule with two interaction sites denoted as j=3 and 4, where the

charges of two sites are chosen to be g3 and g4. The non-electrostatic interaction between

the solute site and solvent ions reads s (r) = 4ego[(22)'? — (%2)°]. The LJ parameters used
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0.0 T

(a) The reduced Debye parameter of the solvent is
Kp = 2.242.

0.0

(b) The reduced Debye parameter of the solvent is
Kp =4.194.

Figure 4: Electrostatic energies Su. as a function of the solute-solvent size ratio v = 2¢

Os

under two solvent conditions. The results from HNC are denoted by filled circles, while our

EDH theory and DH theory are denoted by hollow diamonds and hollow stars. The lines are
guides to the eye.
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are o, = 3.54 , e, =1 kJ/mol, oy, = 3.54 and e,,=1 kJ /mol.

Molecular dynamics (MD) simulations are performed using the DL — POLY program?®!
with an NVT ensemble consisting of 216 ions in a cubic box with length d = 31.0344A4. The
time step used in the simulation is At = 1.5fs. The electrostatic energies u, are calculated
using the Ewald summation from equilibrium configurations, where the typical numerical un-
certainty is below 0.04 kJ/mol for a total of 10° configuration. Using the radial distributions
from the simulations, the dielectric response function x(k) is calculated and then the first
two Debye parameters are found to be kj o = 0.5846 + 0.7673i. The WCA prescription ®**°

is used to find the effective radius a of an ion or site, where ujo(r) = us(r) + L2 is used to

coert
compute the effective radius of the ions. The effective ion radius is found to be a = 3.367A
and is also used as the effective radius for each site of the diatomic molecule. Using our EDH
theory, it is found that B; o = 0.5+ 0.1377: for the ions and then the electrostatic energy for
the solvent reads u, = —2.26 kJ/mol which differs from the MD result u. = —2.41 kJ/mol
by 6 percent, while the DH theory leads to u, = —1.93 kJ/mol which differs from the MD
results by 20 percent.

In order to find the electrostatic energy of the diatomic solute, a total of 212 ions and two
diatomic molecules are used for MD simulations. Two solutes have the same LJ potential
but with opposite charge numbers so that the simulation box is neutral. The site separation
distance R between site 3 and 4 in the diatomic solute is used as a control parameter. Each
site of the diatomic molecule is mapped to a charged hard sphere with radius a and then
the molecule is mapped to a union of charged hard spheres. In the case of large separations
with R > a, a diatomic molecule is mapped to a system consisting of two individual spheres
and then the electric potential could be solved with a two-center test solution.*’®7 In the
case of small separations with R < a, hard spheres of the molecule sites are fused and
then the diatomic molecules is dumbbell-shaped. As the diatomic solute have azimuthal

symmetry, the electric potential depends on the radial variable r and an angle variable 6.

When the site 3 is set at the origin, and the site 4 is set at » = R and # = 0, one can
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use the one-center test solution ¢(r,0) = £ + o~ T T SN, AuPy(cos ) and

W(r,0) = ZT]:[:O[Blnkn(klr)Pn (cos @)+ Bapky (kor) P, (cos 0)] to compute the electric potential,
where P,(x) is the Legendre Polynomial and k,(r) is the modified spherical Bessel function
of the third kind.*® When the three boundary conditions are used, a set of linear equation
for variables {A,,} , { By, } and {Bs,} can be derived and can be solved numerically. The test
solution method is also used to find the electric potential solution of the DH theory. In this
study we focus on the case of small separations with R < 34, where numerical calculation
shows that N = 9 leads to converged results. For the charge distribution ¢34 = ey, 0, the
results for u, in the range of 0.5A4 < R < 3A are shown in Fig.5(a). As one can see, the
electrostatic energy of the solute only has a weak dependence on the site separation distance
R. The energy difference between our EDH theory and the MD results is about 9 percent,
while the energy difference between the DH theory and the MD results is about 22 percent.
For the charge distribution ¢34 = eg, —e€p, the results for u. in the range of 0.54< R<3A
are shown in Fig.5(b). In this case the electrostatic energy of the solute has a much stronger
dependence on the site separation distance R. The energy difference between our EDH
theory and the MD results is about 20 percent, while the energy difference between the DH
theory and the MD results is more than 40 percent. In both cases one can see that our EDH

theory works much better than the DH theory when applied to the diatomic solutes.

4 Conclusions

In summary, an extended Debye-Hiickel theory with fourth order gradient term is developed
for electrolyte solutions, where appropriate three boundary conditions are introduced based
upon the continuity requirements of the involving functions at the boundary. The integral
equations for the boundary element method are also derived, so that our theory is applicable
to a solute with general geometrical shapes and charge distributions, but the numerical

implementation will be left for future work. The electric potential as well as the electrostatic
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Figure 5: Excess electrostatic energies u, for a diatomic molecule with various site separation
distance R. The results from MD are denoted by filled circles, while our EDH theory and
DH theory are denoted by hollow diamonds and hollow stars. The lines are guides to the
eye.
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energy are obtained for spherical ions and diatomic solutes where the validity of our theory
is successfully demonstrated for binary as well as multi-component models of electrolyte

solutions.
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5 Appendices

5.1 Derivation of the Integral equations for the boundary element

method

In this part we use Juffer et al's prescription'4 to formulate a boundary element method for

systems described by Egs.(1) and (2). For the Poisson equation

V2F(r:s) = — 6@ (r —s), (22)

€s
where §®)(r) is the Dirac delta function, one can find the Green function

F(r;s) = _ (23)

C&lr—s|
For a dielectric response equation with quadruple effect,

V2P(r;s) = k*P(r;s) + LéVA‘P(r; s) — —d®¥(r —s), (24)
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the Green function reads

e
P(r;s) = E _ 25
(I',S) Cl€s|I'—S|7 ( )
1=1,2
where the Debye parameters k; o and C 5 read
\/(1$1/1—4/12L22)/2 9 9
ki +k
kio = Cro=+——"12 26
1,2 o ; C12 [y (26)

Using these two Green functions F'(r;s) and P(r;s), the integral equations for the boundary
element method can be derived.

Denote r_ as a point inside the solute, r as a point outside the solute, ry as a point on the
molecular surface. Multiplying ¢(r_) with Eq.(22) and subtracting F(r;r_) times Eq.(1),
and using Green’s second theorem for scalar functions [, dr[f(r)V?g(r) — g(r)V?f(r)] =

$olf (r>ag_5:) - g(r)ag—g)]dS on the volume inside 3, one can find the following expression for
$(r_)H
00 OF(rr) Pl
¢u>>::7§[ﬁwnx>>—5;———¢uv——?;;—- CED SIS

In order to find the integral equation for v (r), we use an extended Green theorem for

scalar functions f(r) and g(r) ,

1020 g T as

—]{E [V2f(r)ag—§;) - Vzg(r)ag—g)] ds,

which can be viewed as generalized integration by parts.®® Multiplying ¢ (r,) with Eq.(24)

/(Mﬂwvwm—gmv%unz—f
22 = (28)

and subtracting P(r;r,) times Eq.(2) and use the extended Green theorem Eq.(28) on the
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volume outside X, one can find that

o) = § [P 250 4 un 220 s
i ?i I [P(r; r+)—w;€(r) _ vy 2P g«;m} ds (29)

+]£L§2 {VQP(I“;u)aIgS) - wm%} ds.

The integral equation for V29 (r) can also be found in a similar way. Multiplying V2% (r)
with Eq.(24) and subtracting V2P (r;r,) times Eq.(2) and use the Green theorem and the

extended Green theorem Eq.(28) on the volume outside 3, one can find that

K2 {zp(r)% . P(r;rJr)@gT(:)} ds

0 2 0 2 .
+ ji L [V2P(r;r+) Va;f(r) — vy L) ];S’“)] ds.

V() = §

(30)

In order to find a solution of the electric potential problem, we need to find the electric
potential on the molecular surface. Using the properties of single layer and double layer

integral,®® it is found that

o) = tim ofr) = f [F(rem) 250 - o) 25 s 4 3 () + 252,
- (31)
ot =t o) = § [P 200 4y 2200 s
+ 2 [ Plrr) 5 - v 2 s (32)
+£Lé [VzP(r;ro)—&gg) - ¢(r)—av ];(lr; ro)] ds + ¢(21°0),
VA (ro) = r}_iirio Vi (ry) = ]{ K [W(F)W — P(r; ro)agfj)} ds
2 I.E 2p(pp 20)(p (33)
+1g {V2P(r;ro)ava;f< I ARy ];7(1 ’ 0)} a5 + Y ?ﬁ; 0)
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As the boundary conditions Eqgs.(3),(4) and (5)reduce to

(ro) = ¢(ro), (34)
(1) _ dp(ro)
on — on (35)
OV21)(rg) B OV2¢p(rg) _
on  on 0 (36)
Egs.(31), (32) and (33) reduce to

U f e 2 w2 as S rr. @

20— f |-pr) 25 4 v 25 as
’ *P(r;r r;r (38)

- 2 [P o T gy 2O g,

VQQg(rO) :é {/@2 (w(r)—apg:bro) — P(r;r0>81§£r)> - Lzsz(r)W} ds. (39)

The above three equations are the main working equations for the boundary element
method. Once ¥(ry), % and V21 (ry) are determined with Eq.(37), Eq.(38) and Eq.(39),
one can use Eq.(27) and Eq.(29) to evaluate the inside electric potential ¢(r_) and the

outside electric potential ¥ (r,).

5.2  Derivation of the electric potential of a spherical ion

We show how to find the solution of Eq.(37), Eq.(38) and Eq.(39) given the solute is a spheri-

cal ion. Due to the spherical symmetry, we introduce ¥ (rg) = 1, 81%(;0) = hs, V2(rg) = us,

25



then Eqs.(37) , (38) and (39) reduce to

Vs _j{ F(r;ro) q
5 = P |Friro)hy @/)s o |45+ — (40)
Vs OP(r; 1)) OV2P(r; 1) OP(r; 1)
5 = —P(r;10)hs + ?/JST + Lé V2P(r;ro)hs — 1y o — U ds,
(41)
Us OP(r;ro) OV2P(r; o)
D) _j{ [ (% o P(r;ro)h5> — LéV%ST ds. (42)
Using 1y = § Flrixg)dS = a, o = § 280008 = —1 1y = § P(rsrg)ds = ¥, 25
L =4 aP(r;rO)ds = D 2 1j2k,i;la)e %la], I; = fVQP r;ro)dS = Zl:l,Q M’
Ii=¢ —WQP —dS =37, 1,2 i (ljgkéa)Eﬂkla], one can find that
e = q ki + ke + (K2 + k3 + kiko)a (13)
N a (ki + k2)(1 + k1a)(1 + kea)’
q
hs = ——, 44
€5a> (44)
27.2
Ug = g kle (45)

€g (k‘l + kg)(l + kla)(l + k’g&) '

Using Eqs.(43), (44) and (45), one can use Eqs.(27) and (29) to evaluate the electric
potential ¢(r) = ¢(r) and ¥ (r) = ¢(r). After some straightforward but tedious calculations,

the final results read

B B 2
A= e [1 RCE DGR k2a>1 ’ (46)
q k% e—kl(r—a) k,% e—kQ(r—a)
vin=q [(k% B G L g N k)] 47)
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