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INTRODUCTION

Inverse scattering models, of the type that are often used to invert eddy-
current data, are inherently nonlinear, because they involve the product of
two unknowns, the flaw conductivity, and the true electric field within the
flaw. Computational inverse models, therefore, often linearize the problem
by assuming that the electric field within the flaw is known a priori. 1In
this paper we describe how conjugate gradients might be applied to solve the
nonlinear problem. The model is developed for an anisotropic material such
as graphite epoxy, and is based on a method-of-moment discretization of two
coupled integral equationms.

THE NONLINEAR COUPLED INTEGRAL EQUATIONS

Let region 1, where the excitation source and sensors are located, be above
the slab, and region 2 be the slab, which contains the anomaly. Assume that
we measure the EMF’s; then the appropriate pair of coupled integral equations
is

EM) =EQ@® + [ G- T )dr

flaw
=B+ [ G -89 - Brar (1@
flaw
EMF(r) = /f I GBI (p|r!y . 5 () - E(7)dr'. (1)(b)

The superscripts on the Green’s functions denote their type, the first de-
noting the type of field (electric or magnetic), and the second the type of
current source (electric or magnetic), whereas the subscripts denote the re-
gions which are coupled by the Green’s function; the first subscript denotes
the region which contains the field point, and the second the region that con-
tains the source point. E© is the incident field that exists in the pres-
ence of the slab without the flaw. Finally, Cﬁfa is a row-vector that takes

the anomalous current density vector, Jﬁa), into the scalar EMF. From here on
we drop all subscripts that are related to regions 1 and 2.
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This system is nonlinear (or, more precisely, bilinear) because of the
presence of the product Er(“)(T’_.) - E(7'). We usually linearize the problem by
replacing E(7) in (1) (b) by E©X#), and then ignoring (1)(a).

To solve this system, we first discretize it in the usual way by means of
the method of moments, and then apply an iterative technique to the resulting

algebraic equations. One possible technique would start by replacing E in

(1)(®) by E®, and then solving for 7. This step uses measured data, and
is the ‘inverse’ phase of the problem.

Once we have an acceptable approximation to 5®), we substitute it into

(1) (a) and solve the resulting ‘direct problem’ for an improved version of F,
the electric field within the flawed region.

The result of the direct phase is then substituted into (1)(b) and the
second-level inverse problem is solved. The process is continued until the
error in the solution is of the order of the error in the measured data.

The process that we have just suggested may not be the most efficient way
to solve system (1). We will look at conjugate gradients, and see how to han-
dle the nonlinearity there.

DISCRETIZATION OF THE COUPLED SYSTEM: METHOD OF MOMENTS

The discretization of the coupled system of integral equations is done by
subdividing the region of space occupied by the anomaly into a regular grid of
(Ny+1)x(Ny+1)x(N,+1) cells, each of size ;X 0, X§,, and then expanding the
electric field and anomalous conductivity tensor using pulse functions defined
over the grid:

N, Ny N,
Eim;Pu(5 )Pm( )P( -), 2)

=0 m=0 j=0

and N., Ny N,
5)(r) = Gim ( 75 )P( -)- ®3)

1=0 m=0 j=0

The pulse function, P;(s), satisfies

oa_JL, it i<s<i+1;
Pi(s) = {0, otherwise. (4)

Note that the anomalous current density, which is given by the product of (2)
and (3), has exactly the same expansion in pulse functions as either (2) or
(3), except, of course, that the expansion coefficients are given by the term-
by-term product Fimj - Eimj.

We are going to use Galerkin’s variant of the method of moments to com-
plete the discretization. In Galerkin’s method, we ‘test’ the integral equa-
tions (1) with the same pulse functions that we used to expand the unknowns in
(2). For example, we form moments of (1)(a) by multiplying (1)(a) by
Pi(z/62)Pm(y/0y)Pi(2/6,))/6:6,6,, and then integrating over each cell. This yields
an algebraic system for E,,,.j:

N, Ny N,
El(:,)] Elm] Z Z EG(ee)(I—L m— M) 5’LMJ-ELMJ. (5)
L=0 M=0 J=0

In taking moments of (1)(b) we must keep in mind that the sensors lie in a
fixed z-plane above the workpiece. Hence, we multiply by only Pi(z/éz)Pn,(y/éy)
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and then integrate to get the algebraic system:

N, Ny, N,

EMFim =Y % Y &P -L,m- M) ras-Erms. (6)
L=0 M=0 J=0

Equations (5) and (6) are the coupled system of discrete equations that
define the rigorous inverse problem. The system is nonlinear (bilinear) in
the unknowns, ﬁhnj,.Ehnr Note that in two of the three dimensions, the in-
dices appear in a Toeplitz (or convolution) form.

MULTIFREQUENCY OR MULTIVIEW RECONSTRUCTION METHODS

Equation (6) indicates that if we measure the EMF’s at a single z-level,
then we don’t have enough data to reconstruct a three-dimensional flaw. The
additional data to reconstruct the third dimension can be obtained several
ways. For example, we can excite the system from a single coil at a number,
lVf, of frequencies, where fo > N, +1. In that case, the Green’s functions
and electric field in (5) and (6), as well as the measured EMF’s, vary with
frequency (but the unknown conductivities are assumed to be independent of
frequency).

If we let the integer, n, index the frequency parameter, then (5) and (6)
become

B N, Ny N, -
E{)) (n) =Eymj(n) - Y G (1 - Lym— M;n)-Grars - Eraa(n) (T)(a)
L=0 M=0 J=0
N, Ny N, ~
EM Fpp(n) = Z 3 Z GFI—Lym— M;n) 57 ELars(n), (7)(b)
L=0M=0J=0

where (?SEe) is a vector, not a dyad.
This is the ‘‘multifrequency reconstruction algorithm’’.

Another method is to excite the system at a single frequency, but with a
number of different exciting coils. In this case, only the electric fields
and measured EMF’s vary with n, which now indexes the location of the exciting
coil. Hence, the system of equations becomes

N, N, N,
B0 =Bims() = 30 D 3G~ Lm = M) -1 Buaea(n) - ®)(o)
L=0 M=0 J=0
N, Ny N,
EMFypn(n) = Z GPOl = Lym— M) -5 Epars(n). (8)(b)
L=0 M=0J=0

This is the ‘‘multiview reconstruction algorithm’’.

THE CONJUGATE GRADIENT ALGORITHM FOR THE COUPLED SYSTEM

We are going to apply the conjugate algorithm to the nonlinear coupled
system (8), and work in the coordinate system in which & is diagonal. Then
we can rewrite (8)(b) as

N,
0= Rimn = —EMF,m(n)-}-Z[ Ee)®UJzEJz(n)+G(Ee)®aJyEJy(n)+G( e)®UJzEJz(n) ,(9)
J=0
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where Ryn, is the Imnth component of the residual vector, and ® denotes a
two-dimensional discrete convolution.

We form the squared-norm of the residuals

N, Ny, N,
B(oLMIz OLMIy, TLMI) = D O O RimnRian, (10)

1=0 m=0 n=0
where N, is the number of ‘‘views’’ (i.e., the number of source locations),
and then differentiate with respect to Grapy = {aLMh,aLMJy,cLMJz}:

N. Ny, N,

af"l’ =2Re} 3" 3" Rima [Diag (@‘,Ee>*(z -Lm- M)E}:MJ(n)> +
ILMJ 1=0 m=0 n=0
~(Ee)* = 6E'* n (11)
GF 4= =) s 23]
=2ﬁ7‘adLM‘].

In (10) and (11) the asterisk denotes complex conjugation. We are using dyadic
notation in (11). For example, the_a first term within the square brackets is

the diagonal part of the dyadic product of the vectors @(JEC)*' and Ej(n).

The Fletcher-Reeves Conjugate Gradient Algorithm for minimizing the objec-
tive function ®(z) is [1]:

Step 1. Given Zp, compute o = V&(Z;)' and set dp = —go -
Step 2. For k=0,1,...,n—1

(a) Set Zxy1 = Tx + agdi, where oy minimizes &(Zx + ady)
(b) Compute git1 = V&(Trt1)' ~
(c) Unless k=n—1, set dry1 = —gk+1 + Brdr where

Gioy19k+1
B =
99k
Step 3. Replace Zg by Z, and go back to Step 1.

The prime denotes the conjugate-transpose of a complex vector.

This algorithm requires the exact gradient of &, as well as a line-search.
The gradient, (11), is obviously quite complicated, and it will be to our ad-
vantage to have a simpler formulation of the conjugate gradient algorithm.

For this purpose we will turn to some ideas of Stephen Norton, [2], who has
developed a quasi-linearized version of the conjugate gradient algorithm.

The quasi-linear conjugate gradient algorithm starts with the usual itera-

= — (k= k —(k— k
tive step 6(11"1{“ = &(LkM]J) + akfz(uz,”. We choose ax to minimize ‘I>(6(LkMIJ) + akf(uz,”)

k
with respect to ax, for a given f(uz,”. We will shortly determine the optimum
k)
frms-
Let us first derive an expression for the kth residual, (9), using a lin-
earized expression, in which the electric field is replaced by its (k — 1)th
approximation:

N, Ny N,
~(Ee —(k— =(k) (k=
R =~ EMFim(n) + S GFN - Lym— M) - (58S + acfines) - BV (n)
L=0 M=0J=0
=RV 4 ap FE)

(12)
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Upon substituting this result into (10), we get
3™ = -1 4 g 2Re[F®) . R*D] 4 af || F) |12, (13)
where we are using vector-matrix imner-product notation. Hence, ®*) is mini-

mized when
Re[R(k_l) .F(k)]

ai = —'—W)_H?—a (14)

and when this is substituted into (13) we find the minimum value to be

(k) .R(k—l))]2
*) _ ge-) _ [Re(F
o =& GEIE . (15)

The greatest decrease occurs when F(¥) = R¥-D in (15). What this means

k _
in terms of the direction, fz(ui,”, of the change in Grpr; can be determined by
returning to (12):

Re [R(k"l) : F(k)]

N. Ny N, N. Ny N, k)
- Ee * k—1)*
=Re Rgfnnl) [Z J ) (- -M)-fims- EiM.l]) (")]
=0 m=0n=0 L=0 M=0J=0
Ne Ty N k) N & N k E (k—1)
d -1 e)* *
= > Foms [Rez Rﬁmn)Dlag(G( (1~ L,m— M)E¥]) (n)>].
L=0M=0J=0 =0 m=0 n=0

(16)
Upon comparing the summation term within the large square brackets of (16)
with the expression for the gradient, (11), we see that the summation term is
the linearized gradient, which is (11) with 0FEf,,;(n)/00pms = 0. Hence, (16)
shows that the maximum decrease in the norm of the residuals occurs when

k) = (k-1
fims= Gmd(LMJ)~ (17)
This is the steepest-descent direction.
There is an important orthogonality relation that holds:

Ny N,

E Z Z fLMJ Gmd(ﬁu = (18)

L=0M=0J=0

In order to derive this result, substitute (12) into the expression, (16), for
the linearized gradient and get the following recursion relation:

N, N, N,
Grad®); = Grady) +axRe Y S ZF,(,);)nDiag( GFE(—L,m-M)EE;D (n )). (19)

=0 m=0 n=0

When the definition of Flmn from (12) is substituted into (19), and the

k
resulting expression is multiplied by f(u)w], and then summed, we get

N. Ny, N,
k) =
Frres - Gradf,, = Z Z E fLMJ -Gradly) + axRel| FO) |2
L=0M=0J=0 L=0M=0J=0 (20)
=Re[R*~D . F(M] _ Re[RF—D . F(9)]
=0.
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We have used (14) and (16) in arriving at the final result.

The conjugate gradient algorithm starts with a pure gradient step, (17),
for k=1, and then continues with
k) = (k-1 Hk-1)
Frars = Grad$iy) + bufraes - (21)
br will be chosen to minimize the denominator in (15), thereby guaranteeing an
improved convergence rate [3].

Before stating an expression for by, we will state another expression for
the numerator of aj, which appears in (14). Starting with (16), and using
(18) and (21), we get:

Numerator of aj = ||Erad(k_1)||2. (22)

The derivation of by is lengthy, and will be omitted. If we assume that
the change in the model (i.e., conductivity) is sufficiently small to permit
us to say that the electric field within the anomalous region does not not
change too much from iteration to iteration, then the result is

IGrad-1|2

b = — I .
|Grad(x=2) |2

(23)

Let Y be the array of complex scalars, {EMF;,(n)}, where Imn index the
array elements, and define the operator
N. N, N,
AR =2 > > Disg (G"‘fe)(t - L,m - M)Ei’;;?(n)) Suan @29
L=0 M=0J=0
together with its adjoint
N, Ny, N,

AR =Re 3" 3 3 RinnDing (G (1~ Lom = BT ().  (29)

=0 m=0 n=0

Note that A produces an array of complex scalars from an array of real
vectors, whereas A* produces an array of real vectors from an array of com-
plex scalars. The electric field at the kth step is computed from (8)(a), us-
ing the kth approximation of Frars-

We summarize these results by saying that the nonlinear (quasi-linear)
conjugate gradient algorithm is similar to the linear one, except that the op-
erators must be updated at each iteration, because the electric field is up-
dated. 1In addition, we may have to ensure that the increments in the solution
vector are not too large.

The algorithm starts with an initial guess, Xy, from which we compute
Ro=Y_-AMNX,y, P, =Qo = A"‘(l)Ro. In addition, we have a convergence pa-
rameter, €. Then for k=1,..., if Test = ||Ri||/||Y]| < €, stop; X is the optimal
solution of (8)(b). Otherwise, update X; by the following steps:

S = AR p
1@kl
a =
AR
Xi = Xp1 + ar Py
Ry = Ry_1 — ar Sk (26)
Qr = A" PR,
by = @l
1Qx-1lI?

Pry1 = Qi + b Pr.
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The convolution and correlation operations that are a part of A and A*
are evaluated by using the FFT. This, together with the fact that the storage
requirements are reasonably modest, are the reasons why the conjugate gradient
algorithm becomes attractive for large problems.
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