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INTRODUCTION

The discrimination problem, most simply explained, consists of de-
ciding how to assign a single observed element, X, to one of two or more
different populations. It is assumed, a priori, that X comes from one of
these populations. The more particular discrimination problem treated
here considers only two populations. These populations, w; and
are assumed to be p-~dimensional normal with mean vectors, p; and pz,
andlcommon covariance matrix 3. The parameters p; and p; are
assumed to be unknown; the cases £ known and Z unknown are con-
sidered. _To estimate the unknown parameters, previously obtained obser-
vations xli i=1,2, ..,n1) from w; and xZj G=12,...,n) from
w2 are used. The discrimination problem is further limited by requiring
that a linear function of X be used to determine the assignment of X
to either w; or n2. The ideal case, when no parameters need be esti-
méted, has a single admissible solution; that is (assuming no a priori_
probabilities of origin are available) a sélution with minimizes the proba-
bility of‘assigning X to wz when it comes from 1w; and the probability
of assigning X to m when it comes from nz. This solution is to as-
sign X to m; or w, as the fuﬁction V=iX- '12'(14.1 +p2 )]'Z-l[p.l ~n2 ]
is positive or negative.

The usual discrimination function for the case when p; and p; are

unknown and X is known is obtained by modifying the function V by



substituting the sample means, x; and 523, for the parameters p; and

vz. As the function [X - %(%1 + %)= % - % ], where

2
;;] = nl"l E Xli and ;{z = nz-l Z ij , is positive or negative, X
j=1

is assigned to m; or wz. When no parameter values are known, the
function V is further modified by estimating X in the usual manner,

9 -— . - -.1 — -
giving [X —-;- (x3 +x2))'S "[x; - %2], where

m n;
= - -1 I - o \! - - -
8 = (ny +nz-2) [gl (), = %) (x x1)+j§:“,l by = Xa) Gy, = RV,

which is variously identified in the literature as the '"Fisherian discrim~
inant function' (for Fis_her who suggested it (1936)), "Anderson's W, "
or more simply "W'" (for Wald who first investigated its properties (1944)).
In the processes described above the '"discrimination point'' is zero
(i.e., as the appropriate funéfion is greater than or less than zero, X
is assigned to w; or w2). When all parameters have known values,
zero is the optimal choice as the ;iiscri.mination point. When some or all
of the parameters are estimated, the use of zero as the discrimination
point is largely an intuitive choice or a matter of convenience. The topic
dealt with in Part I of this dissertation is tﬁe choice of the discrimination
point. It seems logical thatif p; and p; are estimated with differing
degrees of precision, the discrimination point should not be placed sym-
metrically; rather, its position should reflect the relative precisions of
the estimators. The results obtained in Part I indicate that a discrimina-

. -1 -1
tion point of - 21-(1'11 - nz )p-2), where p denotes the dimensionality



of w1, and m;, reduces the combined probabilities of misclassification
" from those associated with a discrimination point of zero.

Once a discrimination or classification procedure has been deter-
mined, the probability of a particular kind of error (e.g., assigning
X to m; when, in fact, X comes from =2} may be of interest. More
precisely, the probability of a partiéular kind of error, conditional upon
the sample values (;1 s ;iz and S alsoif Z is unknown) used to de-
fine the procedure, may be of interest. This probability is a function
of the sizes, n; and n;, of the samples used to estimate the unknown
parameters of w; and w, and of the Mahalanobis distance between
m and w2, given by D? = (1 - pz)'Z-l(p.l - W2), @ function of the
unknown parameters. Part II deals with the problem of estimating this
(conditional) probability of a particular kind of error. At least fifteen
different estimators appear in tﬁe literature. Some of these arelequally
adaptable to non-normal populations; but more of them rely upon the
assumption of the normality of w; and =w:. The reasoning underlying
them is variously intuitive, classical, and Bayesian. The most promis-
ing of each type as well as the most commonly used are investigated \
here. Unconditional mean square error is the criterion for comparison;
Mean square error was chosen as a. relatively "'fair'" way to assess the

behavior of both Bayesian and non-Bayesian estimators. Unconditional

mean square error was chosen because somecne applying a fixed



classification procedure is undoubtedly interested in estimating the con-
ditional probability of misclassification, but his choice of an estimator
might well be based on a variety of possible true (if unknown) conditions.
(Because of the intractability of the precise distribution of W, the results
obtained are based on an asymptotic expansion for the distribution.) The
relative performances of the groups of estimators might be anticipated.
Estimators requiring fewer initial assumptions (notably, the normality of
m; and wz) have larger mean square errors than do those relying on
knowledge of the distributions involved. Also, differences in ﬁean
square errors within types of estimators decrease as the sample sizes
increase. |

The topic treated in P.art III is the characterization of populations
m; and mz to simultaneously reduce the number of dimensions to be
considered and to differentiate as sharply as possible between w; and
mz. It is no longer assumed tha£ the populations are normally distributed;
and complex-valued variables are considered. A defense of the extension

of usual methods to the complex case is presented.

N



PART I. CHOICE OF A DISCRIMINATION POINT



CLASSICAL APPROACH TO THE PROBLEM

Linear Discriminant Function

The general two population discrimination problem consists of decid-
ing how to assign a single observed element X to one of two populations,
w3 and w. It is assumed that the assignment of X must be based on a
linear function of its (single~ or vector-) value and any knowledge about
the parameters of w; and mz, but not on any subjective (or other) prior
probabilities. It is further assumed that the assignment of X cannot be

deferred.

G=12,...,n2) denote two in-

Let x,, (i=1,2,...,n;) and x ,

li

dependent random samples from p~dimensional normal populations with

2j

means p; and pp and common covariance matrix =. Let X be a sub-

sequently and independently (of the x

14 and of the XZj) drawn observa-

tion from either ™ Or T2.

If all parameter values are known, then there is a "best'' procedure.
"Best' in this context means: (1) admiséible, (2) unique Bayes' under
equal a priori probabilities of w; and w; and under equal losses for
the two kinds of errors possible, or (3) minimax. Wald (1944) derives
this procedure by seeking the method of classification that is "best' in
‘the sense of (2). Letting f; (X) denote the density function of X when
X comes from w; and letting f; (X) denote the density function of X

when X comes from w2, the conditional density, denoted by q; X), of



originating in w; given X can be written

(L.1) @) = & 6K +5 0]

Similarly, the conditional density, denoted by q, {X), of originating in w,
given X can be written

(1.2) @00 = &0 K) + 5 K]

To minimize the probability of misclassification (both of classifying X
as belonging to w2 when X comes from w; and of classifyihg X as
belonging to m;, then X comes from #;), X is assigned to w; or to
vz as q; (X) or q(X), respectively, is the larger. This manner of as-

signing X to w; or to mw; is equivalent to examining

GQ® _ X
@.3). R

and assigning X to m or to w; as this ratio is greater than or less
than one. When both m; and 1er are multivariate normal populations
{as specifiéd above, with differing means e and pz and with common
covariance matrix Z) the ratio of densities given in equation 1.3 reduces

to

q; (X)
qz (X)

1.4) exp (-5 (-1 V'E Ko ) + 362 ) E (Kmpe) 1

By taking the logarithm (a monotonic increasing function) of equation 1.4,
it follows that this assignment procedure is equivalent to

.(1.5) Classify X as belonging to w; when

- K ) B Ko )+ 3Kz ) S Rmpz) > 0



. otherwise classify X as belonging to m2.

Rearrangement of the expression in procedure 1.5 gives.the familiar ex-
pression, denoted by V, and the procedure
(1. 6) Classify X as belonging tc =y or =z as

Vo= X () - %(eruz)'Z“l(m-uz)

is positive or negative.
Wald (1944), Anderson (1958) and Rao (1965) discuss this procedure. For
prc'pofs of other properties, see Anderson (1958).

When, as is more éften the case, the parameter values are unknown

a like procedure seems intuitively reasonable; but its properties ar4e no
longer so easily ascezitained. A direct manner of obtaining the linear dis-
criminant function W is to 'substitute the usual sample estimates for the
unknown parameters into the expression for V in procedure 1.6. Thus
the following classification procedure is derived.
(1.7) Classify X as beloﬁging to m arid w2 as

W = X8 V& ~%2) - %(?:1 1R )8 R - %2 )

is positive or negative,

1 8 13
where x; = m Z X.. 5, Xz =N E Xoi s and
=1 M | =1

n; ' n
-1 - - - - -
S = (1 +n2-2) [ ), (%,,~x1 %, ~x1)' + ), (%, =%z ) (X, =%z )'].
1i 1i ; 2j 2j
' i=l j=1
This procedure seems intuitively reasonable, and one might hope that it

would give good results since it approximates the excellent procedure 1. 6.



Fisher (1936) derived the first term of W and an analogous pro-
cedure to procedure 1.7 by using a regression techﬁique and a dummy
variable. Define Y13 (i=1,2,...,m) and Y2j i=1,2,...,np) by

-1
n; (n; + ny) for i=1,2,...,m; and

(1.8) .Yli

-1 .
YZj -n; (n; +n;z) for j=1,2,...,n; .
(Thus a positive y value is associated with w; and a negative y
value is associated with w;.) An artificial model can be applied to the

Yy (k=1,2; £=12,..., nk). Consider the model below.

(1. 9) Yig = B'[Xu - (g +nz)-1(n1 X1 +n2x)] + €10

for k=1,2; 1:1,2,...,nk,

where Yo is a scalar (assuming the two values given in equation 1. 8),

B' is a 1X p vector of regression coefficients, the x are the pX1

kt
vector observations from m; ,an'd w2, and 21 and >_<z are pXl
vector sample means, defined below procedure 1.7, and the € g 8T the

(scalar) residuals. The usual least squares technique gives the solution

N

(1.10) B & - R

Substituting this solution into the model gives

1)y = GRS g, - nen) mi 4 mR)] ey,
Using equation 1.11 as a predictive equation results in predicting y to
be positive (associated with ;) or negative (associated with w,) as
X'S_1(§1 - ;cz) is greater than or less than a constant. Thus, letting y

represent the assignment of X
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(to m; When y is positive, to w, when y is négative), a procedure
analogous to procedure 1.7 is defined.

The distribution of the statistic W as defined in procedure 1.7 is
quite complicated, and depends on n;,n, and Mahalanobid distance,

denoted by D? and given by

(1.12) D = (- p2) = N - ).

Wald (1944), Anderson (1951), Sitgreaves (1952), Kabe (1963), and Okamoto
(1963) have all studied the distribution of W. The earliest analytic |
support for procedure 1.7 was given by Wald (1944). He used large

sample theory to show that the limiting distribution of W is that of V.

Probabilities of Misclassification

Several types of probabilities of misclassification are of interest.

ot ste
Bk

The first, denoted by P™™", is the probability of misclassification in
optimal circumstances (i.e., whenall parametersof w; and w2 have

known values).

ok
(1.13) P, = Pr{X classified as belonging to w2 | B1,H2, 2 known,
Xem }; and
P, = Pr{X classified as belonging to | M1,H2, Z Known,

X € 2 } .
A second probability of misclassification, denoted by P*, is the uncon-

ditional probability of misclassification when the parameter values are



unknown.

(1. 14) P, = Pr{X classified as belonging to w2 l X e m }; and
P; = Pr{X classified as belonging to m, l Xe w }

‘The remaining probability of misclassification, denoted by P, is the con-
ditional (on SEI y ;(2 and S) probability of misclassification when the un-

known parameter values are estimated by ;{1 , X, and S.
(1.15) P, = Pr{X classified as belonging to 2 | ;cl ,5::2 ,8,Xem }; and
P, = Pr{X classified as belonging tom; | X;,%z,S, X¢ w2z }.

When all parameter values are known and procedure 1. 6 is used, only

E3

the probabilities of misclassification P;  and P, are relevant. These

are relatively easy to determine. Note that the distribution of V is

1
N(%DZ,DZ) or N(- EDZ,DZ). as X comes from w; or wz, where

N(v,q;z) denotes the distribution of a (scalar) normal variable with mean

v and variance 4,2 . It follows that

sk .
(1. 16) P, =Pr{V<0|[Xem}; and
R
P, =Pr{V>0|Xem},

and hence, that

st
b3

(1.17) P

1l

(- %D); and

ale ot
>

P,

¢(" %D),

where & is the cumulative distribution function of a standard normal
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variable.

When the parameter values are unknown, the conditional probabilities
of misclassification, P, and P,, and the unconditional probabilities of
misclassification, Pl* and Pz*, are of interest. The appropriate procedure

for this case is procedure 1.7, which leads to the conditional probabilities

of misclassification given by

(1.18) Py

1l

Pr{WgO];—q, 322, S, Xe m }, and

P, Pr{W>Ol}-(1,;<2,S,Xe1rz}.

Since the conditional distribution of W given ;{1 s x; and S is

N - 56 45l R - %), o -%)'sT B8 R - %))

o Nlpe =360 +7%))'8 G %), Ga-% s m8TR - %))

as X comes from w or mwz, equations l.18 can be written

— (1 "%[}-(1 +X, ])'Zml(;;l -x;) -~

(1.19) Pp = 8| - , and
| G -m)is T ms T e -k Y2
T
[ (|J.z "‘"[X]_ + X2 ]) > .(Xl -Xz\
P, = & ‘
' [(X1 -Xz) S IZS l Xz )]1/2

It is not possible to produce immediately a specific version of equations
1.19 in terms of the parameters of and mz. Nor, since the distribu-
tion of W is intractible, is it easy to obtain expressions for Pl* and
Pz*. It can be noted, however, that P, and P, are unbiased estimators

* %
for P, and P, respectively.
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SUGGESTED DISCRIMINATION POINT

Derivation

Because of the intractability of the distribution of W, little evalua-
tion of the classification procedure 1.7 (with regard to Pl* and Pz*) is
given in the literature. _The choice of zero as a discrimination point (i.e.,
classifying X as belonging‘ to w3 or wp; as W is greater than or less
than zero) is not discussed. With the availability of Okamoto's (1963)
asymptotic expansion for the distribution of W, an evaiuation of dis-
crimination points is possible. That zero might sometimes prove an
inferior choice seems.likely. For example, when the sample sizes, n,
and nz, are fairly small and quite unequal, p; and pz are estimated
with differing precision. In applying procedure 1.7, one is, in fact,
using ;:1 =nd : (and S) as if.the parameter values of m; and w3 are'
;El , ;?z and S. When, for examplé, pz 1is estimated quite precisely while
p1 is estimated on the basis of very few observations, it seems illogical
to put equal faith in the estimates and to adopt the symmetric (with
respect to 521 and ;{3) procedure 1.7.

The method used here to obtain a desirable discrimination point, ko,

is to minimize over k the combined probability of misclassification.

Let the classification procedure be given by

(1.20) Classify X as belonging to w, whenever W > k;

classify X as belonging to w2 whenever W <Kk,
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and let H(k) be defined by
£ %
(1.21) H(k) = P; (k) + P, (k)
where P;‘(k) denotes P; under the classification procedure 1.20. Thus

“the problem here is to find ko such that

(1.22) H(ko) = min H(k).
k

Following procedure 1.20 leads to the combined (unconditionavl) prob-

ability of misclassification given by

(1.23) Hk) = r{Ww<k | Xem}+Pr{W>k | Xem}.

Making use of Okamoto's (1963) asymptotic expansion, equation 1.23 can

-1

. v -1
be rewritten explicitly up to terms of the second order of n; °, n; ~ and

(np +n; - 2)"1 as

L24)  HE) = o - 2) +([2n1D2] (3-Dy- £D)" k3D
¢ [20, 07 2De3 (-2 - (E-D)ED) - pk 9)9-.

4 E-2)
+o-52) 4 (fm ' 12D-3 KDy 4 BB D) 4 p -2
#2000 M3 (K D) (K4 4 p( 324K }¢<— 2) 10,

where ¢ is the density function of a standard normal variable and where
O2 denotes second order terms of nl-l, nz-l and (n; +nz - 2)_

For éonvenience in dealing with equation 1. 24, define f(k) and a(k) by
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k D, ..k _D
(1.25) f(k) = i’(]—) = 3)+ &(=3 - J); and
- . k 3
(1.26) o) = (2 DT BED) - (§-D) - p(52)]

- 2
+ [2n. D] 2D +3(5-5) - (£-DUEHD) ~p(5-21) -

D 2
k D
A
21"1 kD . k. D kD? kD
+([2n1D] [2D 3[D+2)+(D+2)(D 5) ~Plp 2)]

-1, .,k D kD3 k, 3D k
+ [2n; D?] [-3(p+3) + (BH3) + (Rt 2)]>¢(-D~ pRr

To find the derivative of H(k) (as given by equation 1.24) consider first

the derivative of f(k) (as given by equation 1.25). It is quickly estab-

lished that

k.
D

~ O

vy = D lok - By - ply
(1.27) £(k) = D o3 - 3) - D4 ).

The derivative of g(k) (defined by equation 1.26) after some tedious

algebra can be shown to be
_ 317 1rs kD* kD . _D?
(1.28) o'k = ([2m DT B-p-(6-0)(E-D) + (5-D) - btk - B

-1 k D k D k. D?k D%\ kD
+ (20 DT [3-p-D* - (6-p) S+ )E- D+ (5+2) (£-D) 1)eE-2

k D, ,k D% k D2
p 2~ (D3 (H2) |

+ (12m DT [-6-pD% + (=) 31 £.D

- 2 4
+ [2n; D] 1[-(3-p)+(6—p)(‘]—<D+%) -(-f—)+pz-) _p(l—k).l.%)]) ¢(__1153_%).

From equations 1.27 and 1.28 is obtained
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k D* D?

- 2
(1.29) H'(K) = (1420, DT [3-p-(6-p)(E-2) +(5-2) -pk-2-)]

- 2 2
+ [20, D° ' [3-p-D - (6-p) S+ £ - B (54 2y (£-D) l) *53

_ - 2 2
- (14120 D T 3-p-D* - o) S+ E- D K By (B

k

' - 2 4 2
+ [2n, D) 1'[3-p-(6—p)(]f)+%) +(5+]§-) +p(k+%—)]> ¢(—-l]53~]—32-).

Setting equation 1.29 equal to zero and solving for k yields no immediate

solution. Note that H'(k) is a complicated expression with each of

k D
(_-_-—.

¢ ) and o&(- k_ Q) multiplied by a fourth degree polynomial in k.
D 2 D 2

Investigation shows that it is not certain that either of these polynomials
has a real root, nor that a weighted difference of these two polynomials
has a real root. The only property of a solution to the equation H'(k) =0
which is immediately apparent is its dependence on n,, nz, p and DZ.
Moreover, D? is a function of im_known parameters. However, the pos- |
sibility arises of estimating D? from the x.., (i = 1,2,.. .‘, n;) and

1i

the ’xzj (j =1,2,...,n2). But substituting some estimator B for D?
into equation 1.29 still leaves the appro;.cimated H'(k) in a complicated
and unsatisfactory form. Therefore this avenue of apprbach is abandoned.
Consider next the approximation of H't(k} by a Taylor's series ex-
pansion of H'(k) about k = 0. Although it is suspected that zero is not -
necessarily the optimal discrimination point, it is anticipated that the

optimal discrimination point is relatively '"close' to zero. This expected

"closeness' justifies the use of the Taylor's series expansion.
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Taking the derivative of H(k) with respect to k and setting H'(k)

equal to zero gives

(1.30) H'(ko) = 0 = H'(0) + koH"(0),

where Ko denotes the value of k which minimizes H(k). Restating

equation 1.30 in terms of f(k) and g(k) gives

(1.31) £'(0) + g'(0) + ko[f'"(0) + g'"(0}] =

From equation 1. 27; it is easily seen that £'(0) = 0. The original defini-
tion of £(k) and g(k) breaks H(k) (as given in equation 1. 24) into leading
terms and first order {with respect to nl-l, n;_l and (n; + nz - 2)-1)
terms. Since k | is assumed to be relatively "'close' to zéro, it follows
that ko[g''(0)] is of a ‘higher order than the other terms in equation 1.31,
and. hence may be omitted; ‘Thus the solution, kg, to the discrimination

point problem is given by

_g'(0)
fll(o) *

Setting k equal to zero in equation 1.28 gives

(1.32) Ko

Z 4 2

(1.33)  ¢(0) = [@m D) (3-p-[6-p1 o + T + )
3 .z D? | D4
+ (2n; D*) ' (3-p-D% + [6 p]— +Tg N o=
3,-1 2 D* D*
+[(2mD*) (-[3-p] + D* - [6-p] 7 - %)

2 4 2
+ @0 DY 30T + [6-] 7 - 3% - 2 Blet- ).

Collecting terms of equation 1.33 and simplifying gives
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(1.34)  g'(0) = [@n D) (p-2) - 2n: D) (p-2)](3).

Taking the derivative with respect to k of each side of equation 1.27
gives

-2 k -2

(1.35) k) = - D A2 -2 e DA E r 2ok 4+ 2

Yo(m+3)
Evaluating equation 1.35 at k = 0 gives

(1.36) £1(0) = D—1¢(]-g-) )

Thus from equations 1. 32, 1.34,‘ and 1.36, it follows that

(1.37) ko = -l * +na )2,

The desirable classification procedure given by procedure 1.20 when
k = kg therefore is given by

(1.38) Classify X as belonging to wy whenever W > ~-(m, l-nz )( ),

classify X as belonglng to w, whenever W < -(n; l-nz 1)(_9:___)

Probabilities of Misclassification

Since the classification procedure given by procedure 1,38 is appro-
priate only when the parameter values are unknown, the probabilities of
misclassification which are relevant are the conditional (on ;:1 , %, and S)
probabilities of misclassification, P, and P, (defined by equations 1.15),
and the unconditional probabilities of misclassif.ication s Pl* and Pz*

(defined by equations 1.14). To avoid confusion, each of these probabili-

ties will henceforth be written in general as a function of k and in
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_ - p-
particular as a function of either zero or ko = =(n; 1— 1)(---'-')

The conditional probabilities of misclassification under procedure 1. 38,

that is Py (ko) and P;(k,), can be written more precisely as

-1 -1 ,p=2 - =
(1.39)  Pi(ko) = Pr{W < ~(ny -nz ")(5") | %i,%, 8, Xem}, and
-1 p-2
Pz(ko) = Pr{W >-(n; -(nz )(-) | %1, %2, 8, Xem }.
Again noting that the conditional distribution of W given 521 , ;{z and S is

Nilps - 560+ o - %), [f -%e '8 287 =% 1) o

N([p2 - 'g'(;ﬁ +X2 )]'Sul[;él -x2], [x ";9;-2]'5—125-1[;1 ~%2])

as X comes from m ‘or w2, equations l.39 can be written

-1 =] p-2 - - - -
l"'(nl l"nz 1)(22__) = “’Zl'[xl +x2])'S 1(Xl "Xz)“"
= 3

(1.40) Py (ko) = - - 1 -1 - -
[(X1 ~x2)'S IES l(Xl ~X2 )]1/2

— o—)

- - -2 - - -] - -
(01 =0z NESR) + (e - 3 4% 8T R - R
Pz(ko)=‘1’l. S T e 7
[ -% s 287 & - %) _

k-
The unconditional probabilities of misclassification, Py (ko) and

*
Py (ko) (using the definitions in equations l.14) can be written

1}

- - -2
L4)  P(ke) = P{W< - -n7)(50) | Xe m), and

Pr{W > -(n; "t - 0y (o p‘ e Xem).

*
Pz (ko)
Since the distribution of W is intractable, it is not easy to obtain expres-

% *
sions for P (ko) and Pz (kg) in terms of the parameters w; and #z. It
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is noted, 'however, that P; (ko) and P, (ky) are unbiased estimators for

P, (ko) and P (ko), respectively.
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COMPARISONS AND SUMMARY

Numerical Evidence

To evaluate the performances of the two classification procedures,
that using zero as the discrimination point and that using kg, the basis
of comparison is Hi{k) as defined by equation 1.21. Although the
Taylor's series expansion as given by equation 1.24 might be used to
evaluate the reduction, [H(0) - H(k,)], of H(k) under procedure 1.38,
two objections are immediately apparent. The first, that the approxima-
tion of H(k) by a truncated Taylor's series expansion is insufficiently
exact, might (conceptually) be dealt with by including terms of suffi-
ciently high order. (However, the algebraic manipulations required to
obtain even the second apd certainly the third order terms are horrendous;
terms of yet higher order would ‘severely tax the most patient researcher.)
The seqond objection, as even a cursory glance at H(k) suggests, is
that when an expression for [H(0) -~ H(ko)] is obtained, meaningful con-
clusions cannot be. drawn from it. Almosf nothing can be said of the ex~
pression witho.ut substituting specific values for the yarious parameters
and for the sample sizes.

Hence, a Monte Carlo sampling experiment was conducted to de-
termine the degree of improvement (in terms of H(k)) of procedure 1.38
over procedure 1.7. Since the linear discriminant function W is in-

variant under any scale or location transformation, the distributions of
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m; and w weré assumed fwithout loss of generality) to be p~-dimensional
normal with p;' = (0, .. eey0), p2'=(D,0,...,0) and X =1 (the identity
matrix). Since Ko = 0 when p = 2, only the values3, 4, 8 and 20 |
were used for p; and since ko = 0 whenever n; = n,, only unequal
values of n; and n; were used. (Recalling that the numbering of the
populations is arbitrary, it is necessary to consider here only the case

n; <nz.) The particular combinations of p and n; and n, are given |

in Table 1.

Table 1. Sample sizes and numbers of dimensions

p=3 p=4 p=8 p = 20

n, n, m nz n; n, n; nz
4 8 8 16 8 16 20 40
4 16 s 32 8 . 32 20 80
4 24 8 48 . 8 48

10 20 20 40 20 40
10 49 20 80 20 80
10 60 20 120 20 120

Six different values were used for the Mahalanobié distance. These
values were chosen to correspond to particular values of the combined
probability of misclassification under optimal circumstances (when all

parameter values are known). Using equation 1.17, the values of D?
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given in Table 2 were determined.

ate
<

Table 2. Distances and corresponding values for Pl'h + P,

Lol
sl

D? Py By
1.098 0.60
1.817 0.50
2.836 0. 40
4.293 0.30
6.574 0.20

11.482 0.10

For each combination of parémeters, rahdom samples of sizes n; and nz
were drawn from 7; and wz. From these samples }-il, ;cz and S were
computed.

Recall that P; (k) and Pz (k) are unbiased estimators of le(k) and
Pz"‘(k). Thus H(k) can be estimated by fi(k), defined by
(1.42) fk) = Py (k) + P; (k).

.= = A o -1 -1, .p-2

Using x;, x2 and S, both H(0) and H(~[n; ~ - n; ][T]) were com-

puted. Define by A(p,n;,n;,D? )y s

' A AL L= -1, p-2
(1.43)  A)p,ny,n,D%) = H(0), - H(-[n; 1.n, ][p_z—])z for
| 2=12,...,

where £ denotes the lth repetition of the sampling experiment for the fixed

parameters p,n;,nz and D*. (For each combination of the parameters
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p,n ,nz and D?" , one hundred repetitions of the sampling experiment were
made.) The criteria used to compare procedure l.38 and procedure 1.7 are
Z(p, n;,nz, DAz ) defined by

0

A(p,nl,nz,Dz)f ,
1

o
o

. - 1
(1. 44) A(p,n;,nz,D?) = 100

AN

and t(p,n;,n; D?‘) defined by
J )

(1.45) t{p,n;,n2,D?) = number {A(p,n;,n;, D> ), <0
for £=1,2,...,100}.

In Tables 3, 4, 5 and 6, thé values of' Z(p, n;,nz, D?) .are recorded with
the corresponding values of t(p,n;,nz, DZ) given in parentheses under-
neath. |

From Tables 3, 4, 5 andié, four phenomena are readily observed.
The first is that the value of t{p,n;,n;, Dz) exceeds 50 for only 7 of
the 114 parameter combinations ﬁsed. In other words, this numerical
evidence suggests that with procédure 1.38 there is a smaller combined
probability of misclassification. The sec‘ond observation is that as the
disparity of n; and n, increases, the performance of procedure 1.7
is increasingly inferior to that of procedure 1.38. Examination of either
the values of A or the values of t leads to this result. Since the dif-
ference between Kk, énd 'zero increases as the ratio —Ir:—‘:‘ increases, it

might have been anticipated that the difference in the performance of the

two procedures would also increase. Similarly, as p increases, kg



Table 3. Values for 2(3, m,nz, D?) and t(3,ny, nz', D?)

m,n; D?*=1,098 D?=1, 817 D?=2, 836 D?=4.293 D?=6.574 D?=11. 482
4,8 .00059602  -.00012391 . 00008091 .00055602  ~-.00021849 -.00008744
(37) (47) (40) (37) (59) (54)
4,16 . 00050471 .00100230  ~-.00008898 . 00122736 . 00022482 -, 00000655
(36) (38) (43) (33) (41) (47)
4,24 . 00043034 .00202128 -, 00073648 . 00073318 . 00043169 . 00020030
(35) (30) (37) - : (39) (45) (43)
10,20 =.00006664 . 00008413 . 00015496  -.00005052 . 00003280 . 00003783
(43) (41) (45) (46) (51) (51)
10, 40 .00037113 -, 00000574  ~-.00010430 =.00002720 . 00010814 . 00006388
(31) (42) (47) (46) (45) (39)
10,60 . 00019707 . 00017836 . 00003406 .00013912  -.00002739 . 00004849
(35) (30) (39) (41) (50) (42)

Ge



Table 4. Values for 3(4, n,nz, D?) and t(3,m,nz, DZ)

n,n,  D?=1,098 D?=1.817 D?*=2, 836 D?=4.293 D? =6, 574 D?=11.482

8,16 . 00014373 . 00045703 . 00041372 . 00046501 -, 00004177 . 00005083
(45) (41) (36) (45) (52) (47)

8,32 . 00099086 .00117291  ~-. 00054964 . 00027542 .00025622 =, 00011253
(31) (34) (47) (39) (42) (48)

8,48 . 00151903 . 00080418 . 00110629 . 00043181 . 00085485 . 00013077
(31) (44) (38) (40) (35) (45)

20,40  , 00006370  ~.00005782 . 00006687 . 00003941 .00011304 -, 00001400
(46) (46) (47) (47) (40) (53)

20,80 =-,00021611 . 00017794 . 00035265 . 00006201 . 00012257 . 00003691
(49) (41) (36) (43) (40) (42)

20,120 . 00008079 . 00054317 . 00011801 . 00022996 . 00000728 . 00006857
© (45) (31) (42) (39) (45) (40)

9¢



Table 5. Values for Z(B, n,nz,D%) and t(8,n;,n, ,D%)

n,nz  D?=1.098 D?*=1, 817 D* =2, 836 D? =4, 293 D?=6.574 D*=11,482
8,16 . 00066258 . 00056364 . 00125513 . 00110956 . 00027200 -, 00005167
(35) (41) (37) (38) (44) (54)
8, 32 . 00309417 . 00429165 . 00168518 . 00184777 nc® nc
(23) (24) (34) (33)
8, 48 . 00463264 . 00628243 . 00419094 . 00360128 . 00349234 .00118280
(27) (21) (31) (31) (29) (37)
20,40 ., 00046681 . 00058087 . 00051808 . 00019562 . 00020009 . 00019649
(34) (42) (37) (42) (46) (41)
20,80 ., 00115990 . 00163543 . 00098799 . 00048899 . 00043931 . 00036609
(35) (33) (33) (41) (46) (38)
20,120 ,00117947 .  .00149078 . 00074024 . 00089983 . 00062498 . 00007181
(27) (30) (39) (35) (35) (47)

aNot computed.

Le
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Table 6. Values of A(20,n;,nz,D?) and t(20,n;,nz,D?)

n,n; D> =1.098 D?=1.817 D=2, 836 D*=4.293

20, 40 . 003121017 . 00153557 . 00110834 . 00102615
(25) (29) (31) (35)

20,80 . 00580815 . 00453632 . 00556024 . 00446560
(7) (17) (12) (20)

differs more from zero; and a more marked difference between the per-
formances of the two procedures might be expected. This conclusion also
is borne out by examination of the tabled values of either A or t.

When D? is varied, the pattern of behavior of A and t is not as

regular as when -EE- or p takes on different values. In general, how-
1

ever, A decreases as D? is increased. This response to increases in

Jeate

este skl :
D? seems reasonable since [Pr  + P ] also decreases as D* is in-

creased. It is interesting to note that despite the behavior of -Z, both

A
ke
P, + P

this phenomenon would seem to lie in the fact that when D? is large,

" and t increase as D? is increased. The explanation of

only the tails of the distributions of «; and #, overlap. Hence,

P, (k) and P, (k) are estimates of "tail probabilities." The ratios

B0 g BB B B

) = 3 , as functions of tail
Py (k) P2 (k) Py (k) P2 (k)
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probabilities, are quite sensitive to errors in estimation of the parameters
of m; and wz. Thus (in the case cf normal populations), poor estimates
of eitﬁf%r pp and pp or X are apt to produce more pronounced devia-
tions of these functions relative to the ''true'’ values in the tails of the
distribution than nearer the means. Hence the slightly more erratic be-
havior of A and t for large D* may be attributed not to the behavior
of [H(0) - H(k)], but rather to the inaccurate estimation of p;,pz and =.
The last observation to be made about A is that relative even to

aats

[P," 4+ P, ], & isinalmost all cases so small as to be negligible.

RS

* * ok -
{Recall that [Py + P, ] exceeds [P, + P, ], so comparison of A

ok sk '
with [P; + P, ] is optimistic relative to procedure 1.38.) A quick
glance at any one of Tables 3, 4, 5 and 6 together with Table 2 confirms

this.

Conclusions

The problem treated in this part of the dissertation is that of choosing
an optimal discrimination point for the tw-o— population (multivariate normal)
classification procedure. It has been demonstrated that the usual dis-
crimination point, zero, is not always an optimal choice; and an alterna~

1- nz-l)(_p_;_g), has been proposed.

tive discrimination point, ko = -(nl-
The classification procedure using k, has several attributes which
recommend it. The value of kg is easily determined without recourse to

a machine of any type; and it has been shown that the procedure using k,
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is a more desirable procedure thén that using zero as the discrimination
point. Unfortunately, the degree of improvement is so slight as to make
the two proqedures' performances comparable for all practical purposes.
On the other hand, it is perhaps reassuring to be able to demonstrate thet

the commonly used procedure performs in so nearly optimal a manner.
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PART II. ESTIMATION OF THE PROBABILITIES OF MISCLASSIFICATION IN

THE UNIVARIATE NORMAL CASE
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PROBABILITIES OF MISCLASSIFICATION AND THEIR ESTIMATORS

Three Distinct Probabilities of Misclassification

The probability of misclassification inherent in the use of a linear
discriminant function is not necessarily known to the experimenter us-
ing .such a function. Various estimators which may be calculated from
the sample used to generate the sample discriminant function have
been proposed. In this part of the dissertation, discussion is restricted
to the case where each of the distributions is univariate normal and they
are assumed to have common variance.

Let x,, (i=12,...,m) and x

1i ) ( =1,2,...,n) denote two

2j _
independent random samples from normal populations w; and w, hav-
ing means p; and p; (pl‘<pz) and variance ¢°. Let X be a sub-

sequently and independently (of the x,., and of the XZj) drawn

li
observation from either w; or w,. To classify X as belonging to m;
or mz, the linear discriminant function, W, may be used. It takes

the form

(2.1) W

[x - ’1'(;{1 + %) (%, - x2)/6% when o® is known
2

2

[X - %(?—ﬁ + %2 )](X; - X2)/s® when ¢® is unknown;

1 1 ¥
where x, =n Zx g X2 T IR Z X,., and s® =
i=1 1i? §=1 j

1 n; nz
(ny +nz-2) [Z (xli-xl)z + Z (Xz~ -%2 )] .
: i=1 j=1



Commonly, X is classified as belonging to m; or =, as the ob-
served value of W is positive or negative. Thus the classification

procedure may be written as
(2.2) Classify X as belonging to m if x<-;-(>'<1 + %) and

- - . 1 - - - -
X3 <Xxz orif X>E(Xl + X2) and x; > x;; classify X as

belonging to 7, otherwise.

Two distinct probabilities of misclassification, conditional (on
;cl and ;:2) and unconditional, are relevant. First, the conditional
probability that X be misclassified as belonging to w; when X is

from w2 is given by
Lo v iyl 5 i 5 <3
(2.3) P, =Pr {X<2(x1 +x2) | X1,%X2, Xe w2} when x; <x;
1- - I— - - -~
=Pr{X>'£(x1 +xX) | x1,%2, Xe w2 } when x; > Xz .
An alternative form of equation 2.3 is

2.4) P,

‘5([:?_1'(;1 +X%2) = p21/0) when x; < X

u

1- @([%(;Cl +Xz) = p21/5) when x; > Xz ,

where & is the cumulative distribution function of a standard normal
random variable. Second, the unconditional probability of misclassi~
fication is

% 1 - - - -
(2.5) P, =PI{X<E(X1 +Xz), X1 <Xz IXE Trz}

. 1 - - - -
+Pr{X>2( +x), xu>x | Xeml

¢
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which is, by definition, the expectation (with respect to 21 and §z)
of P,. It may be noted that since the numbering of the populations is.
arbitrary, the problem treated here is symmetric; and hence orily the
various errors of the second kind (classifying X as belonging to
when X comes from 1) are considered.
A third probability of misclassification is of interest for purposes

of comparison. If all the parameters, p;, pz (u < p2) and ¢* should

be known, the following classification procedure might be used

(2.6) Classify X as belonging to #; if X< -;:(pq + p2 ks

classify X as belonging to wz if X > %(pl + p2)

instead of the procedure 2.2. This new procedure leads to the proba-
bility of misclassification

2.7) Pr = alzlm - 1)

This represents the optimal situation in some sense; and both P, and
Pz* are expected to be greater than Pz** because of the lack of infor-
mation on p; and p;.

The problem considered here is the estimation of the conditional
probability, P, . It is noted that P, is a random variable since it is
a function of §1 and ;:;_ . Of the several authors (especially John
(1961}, Okamoto (1963), Hills (1966), Geisser (1967), Lachenbruch
and Mickey (1968), and Sorum (1968)) who have treated the probability

of misclassification problem, Hills, Lachenbruch and Mickey, ahd
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Sorum have particularly addressed themselves to the problems ofl esti-
mating P, and of evaluating the estimators derived. Hills gave a
general formulatioh of the classification problem wher.l two popuiations
~are involved. He obtained some general analytical results about P,
and its estimators. By ass'uming particular aistributions (including
normal) and using numerical examples, Hilis obtained more precise
results. Lachenbruch and Mickey compared several estimators of P,
using a Monte Carlo sampling experiment and obtained fairly conclu-
sive resuits. Sorum made an extensive analytical investigation of this
problem for the cases of univariate and multivariate normal distributions
with known variancé and known covariance matrix, respectively. She
used the conditional meaﬁ square error as the criterion for comparison
of estimators of P,. This criterion failed to confirm the findings of
Lachenbruch and Mickey becaﬁse of inadequate discrimination among
estimators. The criterion of unconditional mean square error used in
this dissertation both seems a more mganingful measure of performance
and provides clearer discrimination ~Tong the estimators, giving the
support of analytical results for the univariate case to the numerical

evidence of Lachenbruch and Mickey.

Estimators of the Probabilities of Misclassification
Of the eight estimators of P, (the conditional probability of mis-

classification) to be considered, on'ly the first two do not require any
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distribution assumptions about w; and w; the others rely on the

assumption of the normality of m; and .

The reclassification estimator, P_, suggested by Smith (1947) is

R’
one of the classical estimators of P,. To compute PR , the discrim-

ination procedure 2.2 must be formulated from the n; observations
from w; and the n, observations from w;. Then each of the n;
observations from w; is classified according to the procedure. The

estimator, P_, is the proportion of the n, observations misclassified

R’
by the procedure as belonging to ;.

The "jackknife' estimator, PU’ was proposed by Lachenbruch and

Mickey (1968) as '"method U.'" To compute the value of PU , it is

necessary to make all poésible (nz - 1, 1) "splits" of the sample from
w2 . For each possible split, a discrimination procedure 2.2 is formu-
lated from n; and nz; -1 'oﬁservations on w; and w2, respectively.
Then the remaining observatiofi from mw; is classified according to this

procedure. The estimator, P__, is the proportion of the n, observa-

U

tions from w2 which are misclassified as belonging to ;.

Another classical estimator for P, is P_, which is obtained by

D,
substituting the usual sample estimates into the expression for P,

2

given by equation 2.4. Hence, if ¢ is known,

(2.8) P

1 - = L= =
D Q[’Z'(Xx -%)//0] i x3 <x

, L. L
1-9[5(x - X)) i x >x
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i#f ¢ is unknown

(2.9) P @[—;-(il - x2)/s] if x <x

I

D

I

1-0[2 (- R /5] 3 % >R

% *
To define the estimators P and P the asymptotic expansion

0 os?
of P;_:p due to Okamoto (1963) is used, giving

% 1 1 -1 -1 .1
(2.10) P, = ‘I’['é' (p1-p2)/o] - —1—6[“” -p2 )/c](n; “+n )¢['2'(H1 ~p2 )/ HO;
where O, denotes the second order terms of (nl-l, nz‘-l}, [ny +n; -2]-1).

Although not really estimates of P,, but rather of P;, the estimators

* %*
PO and POS (corresponding to the "Q"and "OS' methods of Lachen-

bruch and Mickey) might still be useful and hence are included in this

discussion. Substitution of the usual estimators for p1 and pz (and for

2

2 . . ,
o“ when ¢ is unknown) gives P Then when ¢° is known

. O )
o = 83 G - %) /o] - [ -7 ) /o)y i Tl (R ~e ) /)

and when o° is unknown,

(2.11) P

(2.12) ] = ol (1% )/5] - 7l %2 )/5]InT ny ' Je[3 0 % )/5] .

When o is unknown, substitution into expression 2. 10 of the square

*

root of an unbiased estimator for (1 = p2 )2 /o gives POS .

/2

Thus,

ote
-

(2.13) POS = @[’;—(}—cl -)-E;_)(nl +nz -4)1/2/s(n1 +n; -2)1

]
- l-mom tne - 90 +ne-2) 2100 4 nrh)

/2 /2] ]

- 4’[';'(;(1 - %)M m +ng - 4)1 /s(ny +n; - 2‘.)1
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33
. 2 . N s
Another estimator for the case when ¢ is unknown is P .

DS
Substi:-:ion of the square root of the unbiasec estiniator for
(b1 - > /o% into expression 2.7 gives the ""DS''" method of
Lache  uch and Mickey;
o - - 2 )
(2.14) PDS = @[%(xl - X2 )n; +nz - 4)1/ /sy +ng - 2)1/ ].
Bayesian arguments suggest PG and PS , estimators constructed
by CGeisser (1967) and Sorum (1968), respectively.
1 - = -1 1/2 2 .
(2.15) PG = <I>[—2-(x1 - X2)/6(l +nz ') ""] when ¢° is known;
and when o is unknown,
].‘ - - 7 -1 1 2
(2.16) PG = <I>[E(x1 - x2)/s(1 +n; ) / J;
1 - - 1 -1.1/2 -
(2.17) PS = @[E(xl - x2)/0(1 +5 02 )"""] when ¢° is known,
and when o is unknown,
1 -1.1/2
(2.18) PS = @[E(xx - x2)/s(1 +3 12 ) / ].

It is noted that since the event ;cl > %, has probability of the
. -1 - '
order o(n; ,nz ') forany k as n;,n; = o lecause of the assump-

tion p; < pz, equations 2.2, 2.4, 2.5, 2.8 and 2.9 can be rewritten

as

(2.19) Classify X as belonging to m if X <7 (% +3%;);
classify X as belonging to m, otherwise;

(2.20) P, = ([%(51 +%2) - p2 1/0);
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2.21) P, = Pr{X<;(q +%)|Xecm); and
(2.22) PD = @[%(}?1 - X5 )/¢] when o2 is known;
(2.23) PD = @[%(;{1 - Xz )/s] when ¢® is unknown.

(Since the terms omitted in equations 2.20, 2.21, 2.23 and 2.24

are negligible, the notation of approximation is not used henceforth.)
The estimators in equations 2.22 and 2.23 can also be obtained

by the substitution of the sample estimates into equation 2.7. The

expansion 2.11 actually follows easily from 2. 21.
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MEAN SQUARE ERRORS FOR THE ¢ KNOWN CASE

Mean Square Errors for Estimators Requiring No Distribution Assumptions

The unconditional mean square errors for the estimators PR and PU

(which do not require any assumption about the distributions of «; and
w2 ) are derived below for the case when o is known. The assumption

¢ =1 is made for convenience. This implies no loss of generality

that o
since the classification procedure is invariant under any scale transfor-
mation.

Consider a general estimator f’a which includes PR and PU as

special cases.
15
(2. 24) B, = ), v
j=1

where Yj =1 when X2j is classified as belonging to m

¢ when ij is classified as belonging to m

and ij is the jth obsgrvation in the sample from wz, forj =1,2,...,n;.

ng ' n:
(2.25) E[(B,-P, Y] = na’ZZE[foZ“z'Z L Eyv)

j=1 i<j'
) nz
-2n," ), E(y,P2) + E(P2),
j=l

where E denotes expectation with respect to >-<1, ;(2 and Yj . Since
P;_z is not a function of the Yj’ E(P;_z) denotes the expectation of Pz2

with respect to ;{1 and x;.
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To evaluate E(Pzz), first define £, by
1 - -
(2.26) Eo = ‘z(xl +X2) - p2;

the &¢ follows a normal distribution with mean %(p;—m) and variance

'i-(nlql + né-l). From expression 2.20 it follows that

(2.27) P, = &(£o)

(Recall that the terms omitted in equation 2.27 are negligible and that
the notation of approximation was dropped after equations 2.20, 2. 21,
2.23 and 2.24.)

Expanding each of P, and P;® in a Taylor's series about the

. 1 . . . .
point -2-(p1 -p2 ) and taking the expectation with respect to &o give

-1 - 1 -1 -
(2.28) E(P) =@+ 41 )@ +,5m  4ns PeatOs;
2 -1, 2 2
2.29) E®A) =0l +50 +ns el v i v el 4 0,
© _ daw)] h
where o = K 1 for r=1,2; k=0,2,4, and
dt t=3 (ba-p2)
(1}
2y T %o

and where O; denotes O(nl-l, n;l, or [n; +n; - 2]“1)i for i =1,2,3.

(r)

For realizations of the @k see the Appendix.) Equations 2.7, 2.10

% %k
and 2. 27 show that to Os;, both P, and P, are larger than P, in the
sense of expectation.

Useful in evaluating the second term of expression 2. 25 is the fol-

lowing lemma.
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: Y1 vi, ,1 p .
Lemma. If (Yz)~ N((vz), (p 1)), and p is small, then

Pri{y;1 <0, y2<0} = &(-v,)&(-vz) + pd(-v, )d(-vz)
+ ';:Pz V1V ¢(—?1 Yb(-vz) + O?) .

00
Proof. Pr {y; <0,y2 <0} = 2nV1-p%) ! J J exp {—'21‘[(Y1-vl ¥+ (y2-v2 )Y/
‘ —~00 =00 :

(1-p%)}

- exp {ply1-vi)yz -v2)/(1-p%) }dy: dy2

cvy (1-p*) V2, (1p) V2
=~N1-p f C ol(z1)e(z2 )1+ pzize +

-00 -0

1

L2 _2_ 2
2P 21 22

+ O(p3 )]dZ]_ de

/2 /2

-1 —
where z; = (l—pz) (yi-v1) and z; = (l—pz) . (y2-vz2). Evaluation

of the integral gives

Priyy <0,v2< 0} = (1-p2) /2 { 8[-v1 (1-p2) V2] g v, (1-p% ) /2]

+pol-va 0-p") A pl-vz 1-p2) 21 20% (8w 1-p") 7]
# 1 (o) 24l 0p2) V%

(@[ (07 ) Y v, (102 Y 20 ovs (16212 1+ 0067)

. . i/% -
Expanding each of (l—pz) 7% and (1-p%) /2 in a binomial series about 1,

. -1/2 -
expanding each of <I>[-vi(1-p?‘) / ] and q')[—vi(l—pz) 1/2] in a Taylor's

series about the point v, fori= 1,2 and simplifying complete the proof.
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Consider now the estimator PR and its unconditional mean square

error as given by equations 2.24 and 2.25. Define §j by

1 - -
(2.30) gj = -z"(xl +x2) - x for j=1,2,...,nz ;

2j

then gj follows a normal distribution with mean ~12-(pl -4z ) and variance

1,73 . 1 -1 3 -1
1+.Zn1 -2 also gj and gj, have covariance 7ny © - 7Nz

for §#3' . Since E(?)=Ely) = Prit > 0}, E(v) = o[3 ki -p))

- -1,-1/2
where k=(1+ln1 l-énz )1/ .

2 1 Using a binomial expansion of k

1
about 1 and a Taylor's series expansion of @[E k(py -p2)] about the

point %(pl-pz) results in

@.31) E() = ¢>+%(n1-1 - 3n, Yo, +0, forany j.

)

(1 —p2 ) 1 p
)

kg,
Since ( ) is distributed according to N
: k(e —p2) p 1

J
kgj,

[\C) [SSY N} Fo

. 1 -1 -1 o ,
with p =Zk(n1 - 3n; '), the lemma proved at the beginning of this
section applies and

(2. 32) E(vv,) = Prig >0, £,>0)

1 1 1 1 1
= ' [Sk(-p2)] + po° [S k(i -p2)] + 50" [ k-2 )0 [5 klpa -1z )]
+ O3
for any j #j', where ¢ is the density function of a standard normal vari-
able. Using again a binomial expansion of k about 1 and Taylor's

series expansions of @[% k(1 -p2)] and ¢[% k(p1 -2 )] about the point
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-lz-(pl-pz ), equation 2.32 can be rewritten as

2 1 -1 -1. _(2) 1 -1 -1 (
(2.33) E(yjyj,)=¢»o +§(n1 ~3n; )&, +—1'2—§(n1 -3n; )z¢4

2) + O3
for any j #j'. |
Consider next E(yij_) = Ego[E(YjP?‘ ]E,o)] = E[®(£ o) - Pr{:‘;j > Oléo h

Since the conditional distribution of §j|§o is normal with mean

1 1 , -1 -
S -p2) +Bléo - (i -12)] and variance of =1-nz  + (n;+n3z) s
2 2

where g = (m; -1 - nzml)/(nl":t + nz—l), it follows that E(yjPz) = E[Lp(go)j

1 1 .
where Y(£0) = @(E0) @[S -pa) + B (€0 - Slm~p21]/o2). Using
a development similar to the development of equation 2.29, results in

1 —1 1 -1 -1
(2.34)  E(yP2) = 4o +glm e + S tm Vs +Os

k
where - 4 lu(®) for k=0,2,4.

k k 1 >
dt t=3 (ki-pz)

Straightforward calculation using binomial series, Taylor's series and

expectations with respect to >_<1 _and ;<z gives

(2) -1 (2)

(2.35)  E(y;P2) = &g —<n1 -nz 1)e; "2y 582

-2 -1 1
+E§(n1 ~-5n; +5n;

1 -2 (2
-‘-8'1’12 ¢z( ) + O3

k

k r
where ¢]:r) - dle®] 1 for r=1,2 and k=0,2.
: dt t=3(|¢1—uz)

By substituting expressions 2.29, 2.31, 2.33 and 2.35 into equation 2.25,

or, equivalently, into

(2.36) E[(F; -P, ] =EP2)+ nz-lE(sz)'l" (l’nz-l)E(YjY ) - ZE(YjPz ),
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the unconditional mean square error for P_ is obtained, and

R

-1 (2)

-1 ]l -1 . ~1
(2.37) E[(PR—PZ )2} = n; &(1-&)+ Enz (ny -3n2 & - B2 )

1 -2 2
+;‘l’lz ¢z()+03

Consider next the estimator PU and its unconditional mean square
error given by equations 2.24 and 2.25. Following the same line of

reasoning as that used to find the unconditional mean square error for

P ields
R yie

(2.38) E[(PU—Pz )2] = nz-1§(1~®) +'é'nz—1(n1-1 +nz_l)(¢z - @2(2))

1 =2
+zn2 4312 + 03 .

Mean Square Errors for Estimators Requiring Distribution Assumptions

The following notation is convenient in obtaining the unconditional
mean square errors of the estimato;'s relying on the normality of #; and m.
Letting
(2.39) 2y = X ~-pm, and

2 = }—<z - M2,
z; and 2z, are independent normal random variables each with mean zero

- -1 ,
and with variances n;j 1 and np , respectively. Denote by { and nq

the quantities

(2.40) L 'zl (z, + z2) and

n

1
ul ’2"(21 -2z2).
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Then P, can be written

@.4) P2 = 8[3(m-pz)+ L]

Recall that the terms omitted in equation (2.39) are arbitrarily small.
(See equation 2.20 and comment following equation 2.24.) Expanding .

1
P, in a Taylor's series about the point -Z-(N ~p2 ) gives

. 1 1 1
(2.42) Pr = @0+ 18 +5070 +5000; 5, the,
where the @,  areas defined below equation 2.29 for k = 0,1, 2, 3, 4.
Consider first the estimator PD , which can be written
2.43) Py o= el3lm-w)+ .
) D 2

Expanding PD in a Taylor's series about the point ‘%(p.l -4z ) gives an
expansion analogous to the expression 2.42, but with { replaced by .
Thus, by taking the difference of these two expressions and squaring

the result gives an approximate éxpression for (P. —PD)Z , Or
. ) 1
(2.44)  (P-Pp)* = (L-m)* f + (L=m)(LP-n") @ @2 + S(L-m)(L7 -7 &, &

1
+ Z(éz'ﬂz P a2 .
Taking the expectation of equation 2.44 with respect to { and n gives

- 1, -1 - =2 1 -1 -
(2.45) E[(PZ-PD)Z] = ng 1@12 +z(1’11 nz 1+I'lz }®; B3 +Zn.1 lnz l@zz +0s3.

*
Consider next the estimator Py which can be written

® 1 1 -1 -1 1
(2.46) Py = @['Z'(Hl‘ﬂz) + 1] +'§(1’11 +n; )éz['z'(lll ~pz ) + nl.

Expanding each term of equation 2. 46 in a Taylor's series about the point

1 : .
= (k1 -p2 ), taking the difference of the resultant expression and equation
2 b
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2.42 and squaring this difference give

2.47) (B2 =Po ) = (L-nl&f + (L-n)(C =) &, +3 (L)L 1" )31 85
+1i-(éz 7)Y s +;11-(nf1+na'1)[.(t;—r.)¢1 o, +3 (L2~ )0f

1 1 1 '
+z(§3-n3 V&2 3 + 1(L-n)@; B3 +3n(§2-nzi<1>z B3+ 3(43—1?)@32]

1 -1 -1
+-éj4'(n1 +n, Yar .
Taking the expectation of equation 2.47 with respect to { and = gives

2 -2 -1 -1
' %2, =1, n- +n; 9n;” n; 2
(2.48) E[(P2-Po )*]=n, ‘I’lo"' ( 64 + 32 )@20 *

o I | -2
3 .
n; nz +3n; 5 &

8 . 10730°

Finally, consider the estimators PG and PS' Each is a special case

+

of the estimator ?2 given by

(2.49) P, = @[(%[m-uz] + i1+ anz'l)'l/zl

where a takes the value 1 for P, and the value 1 for P_ . Expanding

G 2 S
1,-1/2

(1 +an; ) in a binomial series about 1 and expanding

| ; -1-1/2
Q[(—%[pl-p“ + 7)1 + an; 1) / ] in a Taylor's series about the point

1 .
'E("“ -pz) give

A 1 1 -1 3 -2 1. -1 3 -2
(2.50) P, = ¢+[n-'2-(u1-pz)(-ianz --S-aznz )-n(;anz —-gaznz Y[®1

1, 1 -2 1 -1
+E["1'g(}i1 ~M2 )?a®n, "E"'Iﬂll'}*z)'*‘ 112 - ﬂ33n2 122

1 3 ) -1 1 -1 -1
+'g["';'r]z(p.1—p.z)anz +T]3(l-'2'anz, )—'r]4anz las .

Taking the difference of equations 2.42 and 2.50, squaring it and taking
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the expectation of the result yield

-1 1 -1 -1 -2 ] -1 -1
(2.51)  E[(P-P )] = nz @&+ nz " 4ne )@@ tym me &
-2 1 1 1
+n; [("‘2' +16 [ -p2 )2 +Z(H1-Hz)§>1 &, ]+ O3,
and - |
-1 1, -1 -1 -2 - -
(2.52) E[(Pz"PS)Z] =n; &° +z(n1 n +n; )®, &3 +'in1 11’1.2 1<15.zz

-2 1 1 1
+ ng [(‘Z+Z;[H1-Hz]2)®1z +"8'(M1-I~Lz)¢1 &)+ Os.
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MEAN SQUARE ERRORS FOR THE ¢° UNKNOWN CASE

As was noted earlier in this part of the dissertation, only the esti-
mators motivated by the assumption of normality of the underlying popu-
lations have different forms for the cases when o> is known and when

2
¢” is unknown. Hence the mean square errors for PR and PU , when

z . . .
¢’ is unknown) are the same as when o’ is known and are given by

equations 2. 37 and 2. 38, respectively.

The estimators motivated by the normality of m; and w, will now
be considered. First note that the classification procedure 2.19 guaran-
tees that P, can still be written as

(2.52) P, = @[%(m - p2) + 8]

when o

is unknown. (Notation is as in equation 2.40.) The estimators
ok ‘
PD , PDS , PG and PS can §111 bg written in the general form

(2.53) f’z = @([';: (M1 - p2) + /1 + -r]l/z[l + a]l/z)

1
where n = -?:(zl -22), T= st - 1, and « takes on the values

wE

DS respec-

-1 - - '
0, 2(n; + nz-4) N 1’121 and 'l-nz 1 for P

2 » P

G s’

o , P and P

tively.

Consider the simplest case, that of P As for the case when o2

D"
is known, equation 2.52 can be expanded in a simple Taylor's series

. 1 .
about the_ point -2-( #1 - pz). Equation 2.53 (with @ = 0) can be expanded

in a bivariate Taylor's series about the point (-2l (e1 - p2),0). Taking

the difference of these expansions gives
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- e o lr2_ 2 _ .2
(2.54) P, PD—- (¢ n)cpm .@01+2[(§ 7 )@20 2"7‘1’11 T i’oz]

1 3.3 2.2 _ 2 3
+6[(§ n ?@30 3q 1'@21 3nr @12 T <}.303]

1 4 a4 3 2 2 3 4
tog L -m)eg-dn ey —bn T, ~ 4 @)= 1 0 ]
ke -1/2 -
where <I>M= 8 @l(:ul ) t—-l'( ) for k,£=10,1,2,3 4.
ot du T2 B TR 4
u=1

Squaring equation 2. 54 and retaining all relevant terms results in
_ 2 - R I - I _ 2 .2
(2.55) (P2 PD) (L-7) <I>10 27(L n)®10¢>01+ T QOI

L 2_'222 2 _2 22 4 -2
+ 5 [ -1) @2-0+4n7 21, T 2,

- 4711(:‘;2-—7]2 )& - 272 (?;z-‘qz Xe) + 4‘r311®

20%11 20%02 11202]

3 (L=m) (P -2 )‘blbq’zp' (L~ ) @, - 2TN(L-MB, (B

+738

2 2
217 0%, @ T &M@ 520, 01%02

0111

) .
+3 - -n’)e) (8, -T2 -7")e @, - 3o’ (E-m)2;425)

2 2 _ a2 _ 3
+ 37°n <I>01<I>21 39t n)@lotﬁlz + 37 11@01@12

+rt® & _].

- 3 -
& 1‘)‘I’lo‘]?q?, 01%03

Taking the expectation of equation 2. 55 with respect to ¢, n and

T gives
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2, _ _~l1_2 P2 S
(2.56) E[(P: PD) ] = n ot 2(n; +n; - 2) %01
1,-1 -1, 1 -1 -1,
+4(n1 ng )<I>10 30+4n1 n; cI>20
1 -1 "1 3
= -2
+3 (n; +nz -2) (n; )(¢>01 a1 ¥ 11)
+my +ne -2) 1o te. & +10(m + 2)%s & _+0
M T e 2 %310%12 M+ Na 0102 " V3 "
‘'For the estimators PDS s PG and PS , the specific versions of
equations 2.53 are more complicated than is the version for PD’ and

“subsequent computatios are considerably more extensive. Except for

~1/2

the addition of a binomial expansion of (1 + «a) , the methods used in
obtaining the mean square errors of these three estimators are essentially

the same as those demonstrated for P_. Therefore, only the mean square

D
errors for PDS , G and PS are given below.
(2.57) E[(P: -P**)Z] = nz'lé’- +2(m +n - .2)'1@2
o DS 10 0l
1o-1 -1, 1 -1 -1_;
t5 Mo )@lo 30+4n1 nz &,
1 -1, -1 2
+ > (n; + n; 2) "(n "+ nz )(@01 21 @11)
g +nz-2) "0y e, &+ 10(n; +nz -2) 20 @
 + e Nz %10%12 1T 01702

- -1 1 -2 '
-l(ny +nz -4) n; 'Z(nl'*'nz"‘l) (l-’-l"ld-z)z]ézlo

1 -1 1
"'2‘(1'11“1'112-4) nz (1 - Hzﬁ’lo 20

+ & & + 0

-1 -1
- (n]. +n2 _4) (nl '*"nz —2) (QOI @11 10 02) 3 .
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2y - ol _ ol 2
(2.58) E[(Pz-P)"'] = nz @ +2(m +nz -2) @y,
1, -1 -1 ! —1 -1,
+ 4(1’11 n, + nz )@lo 30 4 n; @20
1 -1, -1 &2
-_— - {
+2(ru +nz -2) (n;  +nz )(<I>01 21t 11)

-1 -1 -2
+ (n; +nz -2) n; (6] + 10(n; +n;, -2) &

210%2 01 %02
.l_.___ 21 =2 2 1 -2
> (M1 = p2)” In B~ ga-p2)ne ® 0%,
- L w2y 40z -2) n e + 3. & _)+0
2 \P17H2 )i T2 01%13 10702 3"
(2.59) E[(P.-P_)*] = nz'qu +2(n +np -2) g
, S 10 ' 01
1, -1 - _1:_ -1 -1_2
(Mmoo )‘I’lo 30 T g™ N2 25
1 -1 "'1 2
= -2
+2(n1 + ng ) (np )(¢>01 21 4’11)

-1 -2
& . +10(n; +n; -2) d_ &

-1
+(m +nx -2) n 2 0%2 01202

1 B2 1 -2
4 64““ }-La)]nz 10 8(}11"1-12)nz (I)IOCI)ZO

1 ' -
g (m=p2) (01 + 1z -2)_ (@01@11 t®4%52) T 05 -
Next consider the estimators PO and POS which are based on

Okamotc's (1963) expansion for P,. Note that both estimators can

be written in the general form
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oL

(2.60) igz = 00([2(P~1 -pz) + n)/I1 + T] [1 + “]

+ %(nz-l“l‘nz—l)@zo(["zl'(l-lz ~pz) + /1 + T]l/z[l + “]1/2

where « takes on the values 0 and 2(n, +nz--4:)-l for Pa and PSS’
respectively.
As for the case when ¢ -l/2

is known, (l+ a) can be expanded

in a binomial series and the estimators as given in equation 2.60 can be
expanded in a bivariafce Taylor's series about the point ("]:;:(p.l ~-uz2), 0).
' . A%
Taking the difference of the resulting expression for P and the exparn-
sion of P, (defined by equation 2.52) gives
A%,
(?-61) P, -P; = C-n)@) 5 = T2

1 | 3a? -1 -
+‘2‘[§2-(11" {‘5(9-1 -l~!~z)+'fl][% ""g—])z "i'(nl +nz'1)]¢20

1. 3 1
-7[nq- (E[m-uz]+n)(§ -—%")]@11 'ETzq’oz

1 . 2 3
+'15|:§3 - (L5t -p2 )+ LS - -3%-]) -

"(n [ >l - Hz)+n][g-§g"])(n1 n; )

1 1 3a?
-‘é‘Tz[n - (g[m-uz] fn)(g -"%-)] 2,

1 1 352 1, -1 -1
- "2""[(7]" [E(F’l -pz )+ 7] [% - '%"] )? +'Z(n1 +nz )] QZI

Squaring equation 2. 61 and taking the expectation with respect to ¢, n_

and + lead to

30



(2.62)

and

(2.63)

E[(P2-

* 2 | P 1'1._2+n“2 ‘)n“ln“1
- - - 1 2 1 I
" 3n1—1nz-1 + ?;n;_'—2 5
8 1030

+ 2(n; +nz -2)- 1 @%1

-1

-1 3
+ (n1 +1n; "2) n, & & z (n1 +n; --2) (nl 1+n2 )@

10712

(n1 +nz-2) ( 1+nz )@

11

+10(n1+nz-2) §> o) + (111+nz-2) (nl 1+nz )@ &

0102 4

Pr P
* ] v
-2 -2 -1 -1 -1 -1 -2

n; +4n; +9n1 n; )@z ¥ 31’11 g + 3n;

T

®. &

1 -1 -1 -1
+2'n1+n2-2) + 5tz -2) “(n; +4n, )iﬁil

01

10 12 4

20702

-1 -1 -1 -2
= [nz "+2(n; +nz -4) nz "+ (ny +np-4) (m—uz)zlfﬁio

20 8 Y1030

-1 -1 -1
\n1+n2-2) nz 3 += (n1+n2—4) ( -3n, )(Hl—flz)@loi’zo

v -1 |
+2(n1fnz—4) (n +nz ~2) (Hl Hz)§>10 02
+ 4(ng +n; -4) " H(ny +np -2)" 3¢ )&

3 -1, -1
+4(n1-l‘-n3—2) (nl +n2 )QOI 21

-1 -1
flO(n1+n2—2) @01%2 (n1+nz-2) (n1 +n; )@

& 1+0;.

2002

01 21
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DISCUSSION

Comparison of the mean square errors fo the various estimators
leads to some interesting results. If the two estimators not motivated
by the assumption that m and mw,; are normal populations (that is,

PR and PU) are compared, it can be seen that for large values of

lp.1 -2 I, PR is a "better" (in the sense of mean square error) estimator
of P, thanis PU. Making use of the normality of w; and w, as

might be expected, is advantageous. Support of the conclusion that any

PP p¥ o p
s’ ‘D8’ TO°

of P is a better estimator than either P

D’ PG’ Cs R

or PU is given below. Chloosing among the six estimators relying on

~the normality of m; and =z is not trivial. However, PD seems in

general to be less sétisfactory than the alternatives.

Consider first the es"cimat.ors PR and PU and their mean square

errors given by equations 2.37 and 2.38, respectively. Note that the

. . . -1 -1 - . .
terms with coefficients n; ° and n; n; 1 are the same in both equations.

2)

. -2 3 {
The remaining term with the coefficient of ny for P_ is -5 (<I>7_‘ - &)

R
1 (2) . L
+ -4-4)3 . For large values of lpl -p2 | this expression is seen to be

negative. However, the remaining term (with the coefficient ng-z) of
1 ), ,1 2 : o s

PU is -8'(@, - & )+z¢1 , which expression is always positive.

(For definitions of @gﬂ) and @l(:) , see the appendix.) Thus for large

values of ]|J.1 -2 |, PR is concluded to be a better estimator of P
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'than is P__, despite the intuitive appeal of PU .

U’

. sl * %
Since the estimators P P P make use of

D’ "G’ s’ PDs ’ Po’ Pos

additional information about =; and m, it might be expected that the
mean square error of any of these estimators could be shown to be smaller

than that of either PR or PU. It is perhaps surprising that as quanti-

tatively crude an argument as the following one is sufficient to support
this conclusion.

The mean square errors of PR and PU are the same whether or not

o? is known, while the mean square errors of PD and the other esti-
mators motivated by the normality of m, and =, are larger when ¢?

2

is unknown than when ¢“ is known. Thus it suffices here to treat the

2 . ' . .
case when o is unknown. Consider the first order terms of the mean

sqﬁare errors of PR (or PU’, 'since such terms are the same for these two

estimators) as given by equation 2.37 (or equation 2.38) and of PD (or

sl # %
Pe» Pgy Pogs Po s oF P
tions 2.57,2.58,2.59,2.62,2.63). Define by G; their difference; thus

S) as-given by equation 2.56 (or any of equa-

(2.64)  Gi = E[(P. = P)*] - E[(P; - P)*]
to Oy. Rewriting G; using equations 2.37 and 2.56, and making gs'e
" of definitions in the appendix give
(2.65)  Gily) = ns @0 (y)[1- B0 (v)] - lns +2(n +02-2) "1y &1 (y)
| . for y <O,
where y = -Zl(pq -pz ). By finding the minimum value of G; (over the range

of y) and showing this minimum value to be positive, it will have been
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demonstrated that PD is the better (to Oz ) estimator of P, for all

values of D?. Hence consider next Gi'(y),
o -1 _ -1_ 1o-1 -1 3
(2.66)  Gi(y) = (nz " -2nz "@o(y) + J[nz +2(m+n2-2) "Jly" -y]@1 (¥)) 21 (¥).

' 1
Since &o(y) _<_‘E , it follows immediately that for y > -1, G,'(y) is non-~
negative. When y <-1, the behavior of G;'(y) is not so apparent.

However, whenever G;’(y) = 0,

(2.67) Ga(y) =1-2&0(y)+ %[1 +2nz (m +n2"2)~1](Y3 ~y)@1 (y) = 0.

It will now be shown that G;(y) does not take on the value zero for

y <-1. Infact, G(y) has only one local minimum for y < -1, and that
minimal value of Gz.(y) is positive. To finél this minimum of G; (y),

consider G'(y), which can be shown to be

2.68)  Go'ly) = [3 -3y +3y*I1 + 2ne (m4nz-2) a1 (y) .

Setting equation 2. 68 equal to zero and solving for y gives only one
relevant solution, yo, “

(2.69) Yc. = -2.412,

A check of G;''"(y) shows that yo does indeed yield a minimum for
G:'(y). Substitution of y, into equation 2.67 gives

(2.70) Gz (vo) = .1272[1 + 2n,(n; + nz - 2)-1},

It follows that G;'(y) is nonnegative for all y < 0. Thus it is con-
cluded that G; (y) attains its maximum and its minimum values at y =0
and in the limit as y = ~o. From equation 2,65, the maximum and

"minimum values of G; (y) are given by
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(2.71) G;(0) = inz-l, and

(2.72) lim G;(y) = O.

Y™ -0

Thus it has been proved that (to O;) the mean square error for P

% X

s
(or for P_, P, P or P_)

(or for Py) exceeds that for P o Fg Ppg> P(; os

U

regardless of the value of D2,
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PART III. OPTIMALITY OF PRINCIPAL COMPONENTS
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CASE WHEN VECTOR VARIABLES ARE REAL-VALUED

The principal components of a p X 1 vector-valued random variable,

X, (from any distribution for which expectation and variance are meaningful)
can be characterized as linear combinations of x;,%z2,..., xp with particu-
lar variance properties. Hotelling (1933) first introduced principal coﬁ—
ponents; Rao (1964), Darroch (1965) and Okamoto and Kanazawa (1968)

have characterized them in terms of various optimal properties.

The study of principal components is relevant when it is desirable to
make assertions or inferences about a p X 1 vector-valued random variable
in terms of fewer than p characteristics (or linear combinations of
X1,X2y00, xp). For example, often it is the linear combination of
X1y4X2peon, xp with the largest variance that is sought in order to investi-
gate individual variation using the '""best' single indicator. The logical
extension of this example wouid iﬁvolve the "best k"' (k < p) indicators.

It is in the definition of ""best" that the characterizations of principal
components by Rao (1964), Darroch (1965) and Okamoto and Kanazawa
(1968) differ.

Let x=(X1,X2,..., xp)' be a real-valued random vector with mean,
E(x) = (0,0,...,0), and real covariance matrix, E(xx') = . Also, let
A >2X2>... >N >0 be the eigenvalues of Z in order of decreasing

p

magnitude; and let yi,vz2,..., Yp be the corresponding orthonormal
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eigenvectors. Then yi1'x,v2'x,..., yp’x are the principal components of
x. Denote yi'x by gi i=1,2,...,p)

In terms of geometry, the set of principal components effectively ro~
tates the coordinate axes to a new (mutually-orthogonal) system of coordi-
nates with useful statistical properties. For example, the first principal
component is that (normalized) linear combination with maximum variance.
Thus the largest variance component of x lies along the first axis in the
new coordinate system. The second principal component is that (normal-
ized) linear combination (orthogonal to the first principal component) with
maximum variance; hence the second largest variance component (inde-
pendent of thé largest .variance compenent) of x lies along the second
axis in the new coordinate system; and so on.

The characterization of the first k (k < p) principal components given
by Rao (1964) is that linear form,> vy = T'x withareal pXk matrix T,
which minimizes the Euclidean norm of the residual matrix of x after sub-
traction of its best linear predictor basedv on y. In other words, Rao con-
sidered the problem
(3.1) Minimize [|E[(x - AT'x)(x - AT'x)']l]

subject to the conditions that A is a p X k real matrix
and T is a p X k real matrix,

where ll ll denotes the Euclidean norm; and he obtained the solution

k
AT'x = ), v, £..
i=1 171
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The problem Darroch (1965) considered is

(3.2) Minimize tr(E[(x - Ay)(x - Ay)'])
subject to the conditions that A isa p X k real matrix

and y is a random k-vector with E(y) = 0;

k

and he obtained the solution Ay = Z yigi .
i=1

Okamoto'and Kanazawa (1968) treated the general case (of which

problems 3.1 and 3.2 are special cases),

(3. 3) Minimize simultaneously the eigenvalues of E[(x-Ay)(x-Ay)']
subject to the conditions that A is a p X k real matrix
and y is a random k-vector with E(y) = 0);

k

and obtained the solution Ay = Z Y gi .
i=1



CASE WHEN VECTOR VARIABLES ARE COMPLEX-VALUED

The results ior the case of complex variébles presented in this
section are strictly analogous to the results for the case of real
variables. Since the result obtained by Okamoto and Kanazawa (1968)
for the case of real variables is a general result encompassing those
obtained by Rao (1964) and Darroch (1965), only the analogous general
result for lcomplex variables is presented here. For the sake of com~
pleteness, aspects of the proof of this more general optimality property
which are unaffectedAby the complex character of the variables are
included although the argument is as Okamoto and Kanazawa have
presented it.

Let x=(X1,%X2,... ,xp)' be a cbmplex—valued random vector with
mean, E(x) = (9,0,..., 0)'; and covariance matrix E(xx*) = I,
where x* denotes the transpose of the complex conjugate of x.

Note that £ is a p X p Hermitian matrix. Let

M(Z)> N (2) Z e 2 )\p(E) >0 be the eigenvalues of = in order of
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decreasing magnitude. (Since X is Hermitian, >\i is real for
i=l2,...,p.) Let vi(Z),v2(2),..., yp(Z‘) be the corresponding
-orthonormal eigenvectors; and let the principal components of x,
Yi (Z)*X, Yz (Z)*X, ceoy Yp(E)*x, be denotecjjl by &,8,..., ép .
Let = Qp be the set of all Hermitian matrices of order p.
A partial order in the set & is defined as usual: A> B if and only
if A-Be¢/. Forany Ae & let q{A)> N 2(A)> ... 37\p(A)3 0

be the eigenvalues of A in order of decreasing magnitude. The fol~-

lowing lemma is stated without proof.

Lemma 1. A necessary and sufficient condition for a real~

valued function f(A) defined on & to be

(i) strictly increasing, that is, f(A) > {(B) if
A>B, and f(A)>f(B) if moreover A # B,
and
(ii) invariant under unitary transformation, that is,
£(P AP( = f(A) for any unitary matrix P,

is that £(A) is identical to some function g(\; (A), X2 (A), ..., xp(A)) of
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the eigenvalues of A which is strictly increasing in each argument.
Note that the trace and the Euclidean norm are both such functions f.

Lemma 2. Let vyi,vz2,-.., Y be any set of first k eigenvectors of a

p X p Hermitian matrix, A. Then

%
X Ax
)\k+l(A) B Sup x™x
Y X = 0
j:f,Z,. ,k

Proof. Define A; and A;, real p X p matrices, by A =A; + iA;;

By —AZ). Note that C is

and denote by C the 2p X 2p real matrix (
A; Ay/

symmetric since A is Hermitian; and that '\Zj {C) = )\j (A) (see Bellman

(1960, p. 84)). Let v, denote a jth eigenvector for C (j < 2k); and let

L@
v,(l) and v,(z) , real k-vectors, be defined by v, = y . Itis
J j j ey
| j
asserted that there is a 1:1 relationship between V2j and \"j for
j=1,2,...,k.
. th | ,
(i) Let vZj be any 2j eigenvector for C (j <k). Then
A, vél_) - A, V;Z,) vél,)
Cv,, = ] ] =\, (C) , which implies
2 (1) (2) 0 @
Az VZJ + Al sz sz
(1) (2) (2) . 2) . (1)
Azv,. 4+ A ) = N, (C)v,,". Define y, b . =Vv,, +iv,," . Then
(Az 2j 1V2J ) 2]( ) 2j Yj Y Y] 2j 2j

h .
Yj isajt eigenvector of A since
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. . (2 ‘
ij = (A; +1A; )(vg) + N;j)) = A Vg) - A vg)+iAz V;:;)-I-iA; vg)
_ (1) . 2) _ (1) , . _(2), -
= xzj(C)vzj + 1)\2},(C)v2, = )\Zj(C)(sz + 1vZj ) = )\Zj(C)yj

N.y. since _.{C) =\ (A).
iYj 23() ]()

Thus Cv,. = \.v..
2j JYJ

(ii) Let Yj be any jth eigenvector for A (j < k). Define

(1) (2) . @)
YJ and Y] by Yj - Yj + IYJ ’

then (Al + iAz )YJ = (Al +iAZ )(Yj(l)'l' l\{J(Z)).

(1)
Y

(2)
Y

Ay A Y!l) A yfl) - A; YfZ) Y_(l)
Cv,, = = ] J = )\_j(A) J

J
Az A Y;Z) A; Y§1)+A1Y§2) Y;Z)

= )21 (C )VZJ .

Note that analogous reasoning relates v

. th .
Then v_, is a 2j eigenvector for C since

Define v._, by 25

2j

1]

2j-1 and Yj .

Next consider the assertion sup {v.Cv) = sup M where R
R, (v, V) K {v,v) k
k

and IKk are the (real and complex, respectively) regions determined by
2 .
the orthogonality relations (v,v ])= 0, (y, yl) =0 for i=1,2,...,k-1,

and v #0, y#£0. Let
(1)

Yj for j=1,2,...,p be a set of p eigenvectors for C. Then
Y(Z)
i



[02)
-1

5 .
(y;n + iyj( )) for j=1,2,...,p isasetof p eigenvectors for A. Con-

sider an arbitrary vector vy satisfying the orthogonality relations given

above. Then y can be written y = Z (uj(l) (2))’ (l) i ()) for
(1) 2y
some real p-vectors uj and uj , J=1,2,...,p. It follows that

: 2
(i) = (7B = ix R O )y A @) +(u(2)) ],

=] j=1
an 1Y 2
and (v,v) = (y Y) i (u -i \(u(l)+n]( ) Z [(U ) 1(2)) ]. Define
' i= j=1
P p
1) (1 2
Z ( ) ( ) Z ]( ))
j=1 j=1 2p ;
v = C ' =Z,Sy where sl— (l)forklz
i m ‘2)+E @ (1) i=1 (2)
Y; i=1 %Y | %
k =ptl,...,2p.
%2 S 102 ()
Then (v, Cv) = ), A3 = 2 ) MOIW™) + (w7 ], and
i=1 i=1
2p p
t,v) = ), 82 = 2) [y 7, (u( )y 1.
i=1 i=1

As vy spans out the vector space of A, corresponding v spans out the

vector space of C. Thus {028l . LAV o v,y simultaneously

(v, v) (v, ¥)

v, Gv
span out the vector spaces of C and A; and hence sup ((:, v)) =
?

{y,Ay)
(v, v)

anaiogous limit points).

and the suprema (if achieved) occur simultaneously(or are
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. (v, Cv) (v, Ay)
From previous work A, ,(A) =1, .,(C) = sl.;p (v,v) ?;p (v;v) °
k k

By the same argument, the supremum is attained if and only if y is an
eigenvector of A associated with xk(A).

Dually, if v,y is any set of last k eigenvectors

p’ 'p-1""° "prk+l

of A, it follows that )\p__k(A) = inf _}(;{_T-’i{_\( . The infimum is at-

v;vy=20

i=p, ..., p-k+l

(A).

tained if and only if vy is an eigenvector of A associated with )\p—k

Let Mk(A) for k =1,2,...,p denote the linear subspace spanned
by the eigenvectors corresponding to the eigenvalues larger than )\k(A).
Note that Mk(A) does not necessarily involve all of the eigenvectors cor-

responding to X3 (A), X2 (A),..., )\k—l (A) since it is possible that A {A)

k-1
= )\k(A). For any matrix L, denote by M(L) the linear subspace spanned

by the column vectors of L.

Lemma 3. For any p X p Hermitian matrix A, it holds that

_
() = inf sup YooY
L L*.Y =0 Yry

Ml
- where the infimum is taken over all complex matrices L with p rows and
with rank less than or equal to k, and where the supremum is taken over
p-vectors such that L*«,: = 0. The infimum is attained if (but not only if)

M(L) contains any first k eigenvectors of A.

Proof. The method of proof is as in the proof of Lemma 2. Since the
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result for real matrices is well-known as the Courant-Fischer min-max
theorem, it suffices here to show the 1:1 relationship of C and A and

to demonstrate an analogous relationship between the matrices J and L,

where
v'Cv
N (C) = inf sup ——
2k+2 J J'v=0 viv
It follows almost immediately from the proof of Lemma 2 that J = (Il -IIZ)
2 1

and L=7; +1iJ2.

Lemma 4. For any A e &, any positive integer k and any matrix L

with p rows and with rank less than k, it holds that

sup 1——4}—\1 > N\ (A),

where sup denotes the supremum for p-vectors y satisfying L*y = 0.
A sufficient condition for equality to hold is
M(L) D Mk(A),
which is also a necessary condition when k = p and which implies that
M(L) is orthogonal to some eigenvector of the matrix A corresponding to

the smallest eigenvalue kp(A).

Proof. The result follows immediately from Lemmas 2 and 3.

Lemma 5. Let A, B, A-B all belong to & and let the rank of B be
less than or equal to k. Then for each i =1,2,...,Dp,

A (B-B) > (A)

k+i

where xj (A) is defined to be zero for j> p.
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Proof. Define A, A;, B;, Bz, C; and C; as follows

A —Az) N
A, A Cz =

/B, -B; )
\Bz By /'

Note that A; and B; are real symmetric p X p matrices, A, and B,

A=A +iA2, B=B1+iB2, and Clv'—‘

are real skew symmetric p X p matrices, and C; and C, are real sym-
metric 2p X 2p matrices. Then {)\i(Cl)} = {ki(A)} and {ki(Cz)}={ki(B)}
since each eigenvalue of A (or B) occurs exactly twice as an eigenvalue
of C, (or Cz). Thus the rank of B is less than or equal to k if and
(B)=10

only if the rank of C; is less than or equal to 2k, since \

_ k+1
if and only if kzk_l_l(Cz) = >“2k+2(c?‘) =0, 8SinceC,, C; and C; - C;
are all real symmetric non-negative definite p X p matrices, and the

rank of C, is at most 2k,

)\i(Cl-Cz)Z K2k+i(cl) for i=1,2,...,2p.

This result is referred in Okamoto and Kanazawa (1968, p. 860) to Lemma
3. Let A(A) represent the diagonal matrix with the eigenvalues of A in
order of decreasing magnitude as the diagonal elements. Then

A(C1), A(Cz) and A(C;-C;) are given by

CA(C) = (@) 0 0 o ),
0 Mn@) o . 0
0 0 Az (A).
. O 0 )\p(A)/
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AC1) = (W(B) © 0 0 )
0 N(B) O 0
0 0 _)\z (B)
Kk(B)
0
A(C,-Cz) = (N (B-B) O 0 0 )
0 A (B-B) 0 0
0o 0 X (A-B)
0 0 xp(A-B) )

Thus for i =2,4,...,2p, hi(Cl )= xi(A), )\i(C;_) = xi(B), and
2 2
(A-B); and for i= 1,3,...,2p-1, xi= xm for C;, G2 or

Ri(cl—Cz)'—‘ )\1
} Z
C; - C;. It follows that )\i(A-B)_>_ N i(A) for i=2,4,...,p and
3 k«l--z-
K_i_ﬂ(A-B) = RL(A-B) for i=1,3,...,2p-L
2 2

Lemma 6. A necessary and sufficient condition that the equality sign

in Lemma 5 holds simultaneously for all i is that both Hermitian matrices

, there

A and B can be reduced simultaneously into canonical forms (i.e.
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exists a unitary p X p matrix T and a diagonal matrix A with diavgonal
elements in order of decreasing magnitude such that A = TAT and

%
B = TAJT for some matrix J which can be partitioned into an identity

matrix of order not exceeding k and zero matrices).

Proof. Define C; and C; as in the proof of Lemma 5. Then it is
asserted that C; and O, can be diagonalized simultaneously if and
only if A and B can be diagonalized simultaneously.

(i) Let T be a unitary matrix which simultaneously diagonalizes C;

and C,. That is, T satisfies C; = TA( )T and GC; = TA(L)]“ ) ', where

(2)

A7 denotes a diagonal matrix with diagonal elements in descending order

(2) _,(2) (2) _,(2) (2) _+(2)
and with X;; " = A 5 N33 = )\44 grees A 2p-1)(2p-1) = M2p)2p) ° Then

2
T'C; T = A( ); and if T is partitioned into T, and T, each p X 2p,
it follows that A =Ty'A; Ty + T2'A T - T1'A: T, + T2'A T,, where A is
the p X p diagonal matrix with diagonal elements N\zz,Ns4,..., )\(ZD)(Zp) .

Letting small letters denote the elements of the matrices, it follows that

\2) Ztm +Z mztm (2) Zt(Z)Zit(l) a2

. Z t(2) }_1 1:(f) (1) )

Using symmetry, this expression reduces to k;i) = E (1) Z 1!1) (1)

2 v (2 1 _
+ Z t;ﬂ) L tj(ll) a;h) . Since A is Hermitian, there exists a unitary matrix
j
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P such that A =PAP and hence A = P'FAP. Define P; and P, by

P=P +iP,. Then A\ = Z (p() 2_’ ( 2 hﬁ( J(Il}) (2))’
h

which can be written

(1) (15_{1) 2) v _(2) (1)
Zp ZJI Jh-l%"ph!%’pﬂ ]h

. 1y
(DT 3 3.

(2)
24 )‘z' P, P,

It has already been established that \
establishes the relationship between T and P, which may, of course,
vary by an orthogonal prefactor to T. If R is a unitary matrix which
diagonalizes B, it is clear that a similar relationship between T and R
must hold.

Assume that T diagonaliZes Cy and C; simultaneously. Let P

diagonalize A. Then there exists an orthogonal matrix O such that

-p.\ "
OT = (11: i:‘) . Then OT also diagonalizes C, and C; simultaneous-
2 1

ly. Hence T must diagonalize B.

Py -P;_)

(ii) Let P diagonalize A and B simultaneously. Then T = (P P
2 1

diagonalizes C; and C, simultaneously using the reasoning in (i).
Thus the case for Hermitian matrices has been reduced to a case for
real symmetric nonnegative definite matrices for which the result has

already been proved.
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';'heorem. Let A be any (complex or real) p X k matrix and iet
Y =(V1,V25c0, yk)' be any random (complex or real) vector. Let f be
a real-valued function on @ which is .strictly increasing and invariant
under any orthogonal transformation in the sense of Lemma 1. Then
Fi = f[E(x - Ay)(x - Ay) ]

is minimized with respect to A and y when and cnly when

als

. * . y
Ay = Vivi X4 vavz XF.oe F Yy X

and the minimum value of F, is g(\ )\p’ 0,...,0), where

k+1? "0
Yj for j=1,2,...,k are orthonormal eigenvectors of = corresponding
to the xj'_s and g is the function introduced in Lemma 1.

Note that this theorem does not necessarily hold under the single
assumption that £ is strictl? increasing, and also that tﬁe Ay which
obtains the miﬁimum of F; is uniquely determined when and only when
M # Mt

Proof. Let r be the rank of the matrix =. I r <k, the problem is
trivial; F; is minimized uniquely by taking Ay = x. Suppose, therefore,
r > k.

Withou_t loss of generality, it is assumed that E(yy*) = Ik’ and let

% Z B
E(xy ) = B. Since ( B¥ I ) is the covariance matrix of a joint random
k

X . * - .
vector (Y)’ both it and Z - BB are Hermitian. Since

E[(x-Ay)(x-Ay) ] = = - BB + (A-B)(3-B) >X= - BB,
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it follows that f[E(x—Ay)(x—Ay)*] > f(Z - BB*) = F,, say, with the equality
sign if and only if A = B.
By Lemma 1, F; ié an increasing function of each eigenvalue of
- BB*, which is to be minimized here. Lemmas 5 and 6 imply thaj:
xi(z - BB*)z ka(Z) for each i, where the equality holds for all i

simultaneously if and only if BB = Alviva ) +A2Y2 Yzﬁ: ...+ )\kyky]: R

where the yj’s are orthonormal eigenvectors of £ corresponding to the

xj's G=12,...,p). Let r=(Y1,‘\[2,...,Yp) and A =diag(A1, 2,0

1 e
b

ik %k 1 0 5 ~
)‘p)' Then BB can be written as BB = I"'A? (i)k 0) AT ., Let A

denote the diagonal matrix obtained by substituting ones for zeroes in the

N..l ES
diagonal of A, and define Q by Q = (81 )=A 2T B, where Q isa
2

' I 0 o
k X k matrix and Q, is a (p-k)X p matrix. Then ( k ): QQ" =

* * 0 0
( Qi Qi Q1 Q2

ats

5%

=% >, and hence Q Q1¢=Ik and Q; = 0. Therefore F, is
Q: Q Q2 Q2 :

o]

Q

(o

minimized by taking B=T A ) =G, say, where Q; is any unitary

k X k matrix and the minimum value of F, is

A

3 %
EO e r 1 Y1 Y1 F M2 Va2 Va2

+eeet N *
DYPYP)

= 901 Npr e e hgr 0o e 0,

~ -1
where g is the function defined in Lemma 1. Define H by H =TA "‘(Qol )

and y = H x. Then it is easily seen that ZH = G and HG= Ik . Now
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it is asserted that there exists uniquely a random vector y satisfying

the conditions B(yym) =I and E(xy'r) = G. Infact, y is the solution,

k
for E(xy ) =E(xx )H=2H =G and E(yy )=H E(xy ) =H G =1, .
Uniqueness follows from the fact E(y—y)(y—-y)* = E(w*) - E(yy*) -

L 3 - os LT -
E(y .Y)+ E(yy ) I I ‘k+Ik 0,

since E(yy'r) = Hq‘E(xy'") =H G. Thus F; is minimized by taking

.

*® 1 0 * % ® %
Ay =Gy =GH x = (Ok O)Px = yiy1 X+ y2y2 X+ ... +YprX°

.
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APPENDIX

@, ,(t,u) for k,2=0,1,2,3, 4.

1
t=3 (p1-pz)
u=1

_1 be denoted in this appendix by &, .
t=3 (g —p2) ke
u=1 ’

Let &, (t,u)

Note that &, in the text is given in this appendix as &

ko '

‘1’10 = ¢[%(H1"P«z )]

®, = —;li(m—uz)'#)[%(m-uz)]
N ..
0,0 = "3 (mp2)e[F (ki mp2 )]
11 1
@, = [-‘2'+'§(m—rxz)2]¢[§(lm-uz)]

@0, = [%(m-uz) - '_,';15 (1 =p2 )’ ]¢[';j (1 =p2 )]

@, = [-1 +i(m-uz )2]¢[%(m ~pz)]

®,, = [;3;(#1 ~jz) - 'l'lg (b1 =~z )3]¢[% (1 —p2 ).]

5, = [-i- - % (1 -p2)® + Zl«.i (1 -pa2 )ﬂcb[’é‘(m -~z )]

@03 = [- 'i‘g'(p.l-p.z) +‘555(P~1"Hz)3 - ﬁg(m-m )5]47[’;' (pa-p2 )]
By =[5 (amwa) = g -wa) Tol5 (ua-pe)]

@, = [%-%(pl—p.z)z +'3’15(H1-Hz)4]4>[%(+l1—ﬂ2)]
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15 5 1
T,, = ["'—8—(P«1"HZ) +R(H1‘P~z)3 -_ﬁ*g(m—uz)sw[g(m—m)]

15 45 2 _15 4, 1 6y,.rl
13 = [ v umpe) - Tog i) + o5 (-2 V1005 (u-12)]

= (102 105 5, 21 5 i 79,
o4 [7535 (b -p2) 128 (Mme2 ) 575 (e ) - ope i -pe)' ]

’ ¢['§"(H1 ~pz )]

e

(t) for k=0,1,2,3,4.
k 1
b= (k)
Let @i&z)(t) be denoted in this appendix by @1(42)
t=’;‘ (k1 -p2)
2) 1
oy = [alg (i -u)]’
2 , 1
C[Jg ) - 2@[%(#1"#2)14’[‘2(Hl"l-tz)]
2 3 -
@é ) < “(Pl"llz)@[';‘ (M1 ~p2 )]43[%(}*1 -p2 )] + 2(¢l'§'(m’“2 Y
2 1 :
Q; ) - [-2 + 5 (m-u2 )Zl‘i’[%(m —HZ)]¢[%(H1"I~LZ )] = 3k = p2 )( ¢[';:(P-1 -p2 )])?
2 1 1
<1>f1 D =[5 mpe) - 2 (b -p2 )z]q’['z‘(ﬂl“HZ)H’[—;.'(‘“"“Z)H
7 2 1 2
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Let cbk(t) be denoted in this appendix by cpk .
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