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ABSTRACT

This dissertation focuses on statistical issues arising in survey data and item nonresponse. In
particular, it covers topics on nonparametric calibration in survey data, kernel ridge regression
imputation and density ratio estimation in propensity score approach.

The first project is about nonparametric calibration in survey sampling. Estimation of a finite
population mean or total is important in survey sampling. Calibration estimation is a popular
method to address this issue by adjusting the sampling weights to match the unknown population
totals of auxiliary variables. When the auxiliary vairbales are observed for all units in the finite
population, one can apply the model calibration using the working outcome model. Traditional
parametric calibration approach might not be robust in practice. We develope a nonparametric
calibration method employing infinite-dimensional reproducing kernel Hilbert space (RKHS) that
does not require an explicit outcome model. Under mild assumptions, the proposed calibration
estimator attains the Godambe-Joshi lower bound asymptotically.

The second project is about handling missing data using kernel ridge regression method. Miss-
ing data is frequently encountered in practice. In some cases, missingness is planned to reduce
the cost or the response burden. Ignoring the cases with missing values can lead to misleading
results. To avoid the potential problem with missing data, imputation is commonly used. Kernel
Ridge Regression (KRR) is a modern nonparametric regression technique based on the theory of
Reproducing Kernel Hilbert Space, which enjoys the model robustness. We consider such method
to imputation. Specifically, we establish the root-n consistency of the KRR imputation estimators
and show that it is optimal in the sense that it achieves the lower bound of the semiparametric
asymptotic variance. We further consider propensity score weighting method using kernel ridge

regression and discuss its asymptotic properties.



X

The third project is about propensity score estimation using density ration function approach.
The propensity score approach is also a popular tool for handling item nonresponse. The propen-
sity score is often developed using the model for the response probability. In practice, regression
models for binary response, e.g., logistic regression, can be utilized to model the response prob-
ability given the observed auxiliary information. An inverse probability weighting estimator can
then be constructed to get an unbiased estimation of the target parameter. We consider an al-
ternative approach of estimating the inverse of the propensity scores using density ratio function.
Density ratio estimation can be obtained by applying the maximum entropy method which uses the
Kullback-Leibler distance measure. By including the covariates for the outcome regression models
only into the density ratio model, we can achieve efficient propensity score estimation. We further

extend the proposed approach to handling the multivariate missing case.



CHAPTER 1. GENERAL INTRODUCTION

In this dissertation, we develope nonparametric approaches to address some issues in survey
data and item nonresponse. Specifically, the whole dissertation includes three papers, the first one
covers the topic on nonparametric calibration, the second one is about nonparametric imputation
and the third one is related to density ratio estimation in propensity score approach.

An important topic on survey sampling is estimation of a finite population mean or total.
Horvitz-Thompson (HT) estimator, in addition with a probability sample, can be used to achieve
the design-based unbiased estimation and does not require any model assumptions although it is
not efficient. We can improve the efficiency of the HT estimator in the estimation stage by using
auxiliary information available in the population level. One approach is parametric calibration
and it has been well studied in the literature. Due to the strong assumption of such parametric
form, it might not be robust in practice. Chapter 2 presents a functional calibration employing
infinite-dimensional reproducing kernel Hilbert space (RKHS). Due to the infinite-dimensional
space, the traditional calibration equations can no longer work in this scenario. As a twist, we
utilize a validity measure to quantify the distance between a nonlinear transformation of auxiliary
information within sample and that in the finite population in a RKHS and construct a
finite-dimensional objective function to solve the optimization problem. Numerical algorithms are
developed and implemented to solve the optimization problem in the functional calibration.
Furthermore, under the nonparametric working model, the proposed calibration estimator attains
the Godambe-Joshi lower bound asymptotically.

Chapter 3 consider an issue in item nonresponse. Missing data is very common in practice.
Imputation is a popular technique to avoid the potential problem with missing data. After
imputation, the imputed dataset can serve as a complete dataset that has no missing values,

which in turn makes results from different analysis methods consistent. How to make statistical



inferences with imputed point estimators is an important statistical problem. On the other hand,
Kernel Ridge Regression (KRR) is a modern regression technique based on the theory of
reproducing kernel Hilbert space. In this chapter, we consider KRR as a nonparametric
imputation method. Under regularity conditions, we establish the root-n consistency of the KRR,
imputation estimators and show that it is optimal in the sense that it achieves the lower bound of
the semiparametric asymptotic variance. A nonparametric propensity score estimator using the
KRR method is also developed by the maximum entropy method of the density ratio function.
Variance estimation for KRR imputation estimator is then developed using the nonparametric
propensity score weights.

Propensity score (PS) is a popular approach to handling the missing data problem using
inverse weighting. However, correct specification of the propensity score model can be challenging
and we often do not have a good understanding of the response mechanism to specify the
propensity model correctly. The existing methods for propensity score estimation are either based
on maximum likelihood method or calibration method with some penalization in the calibration
equation. The calibration method gives a doubly robust flavour, but the choice of the objective
function for calibration estimation is not fully agreed. In Chapter 4, we consider an alternative
approach of estimating the inverse of the propensity scores using density ratio function. By
partitioning the sample into two groups based on the response status of the elements, we can
apply the density ratio function estimation method and obtain the inverse propensity scores.
Density ratio estimation can be obtained by applying the maximum entropy method essentially
do the maximization of the lower bound of the Kullback-Leibler distance measure. We can
achieve efficient propensity score estimation by including the covariates for the outcome regression
models only into the density ratio model. We also extend this framework to the high dimensional
scenario where redundant covariates present. We further extend the proposed approach to the

multivariate missing case.



CHAPTER 2. NONPARAMETRIC FUNCTIONAL CALIBRATION
ESTIMATION IN SURVEY SAMPLING

Hengfang Wang, Jae Kwang Kim and Zhengyuan Zhu
Towa State University

Modified from a manuscript to be submitted to Scandinavian Journal of Statistics

2.1 Abstract

Calibration estimation, a technique of adjusting the sampling weights to match the unknown
population totals of auxiliary variables, is a popular method of estimation in survey sampling.
When the auxiliary vairbales are observed for all units in the finite population, one can apply the
model calibration of Wu and Sitter (2001) using the working outcome model. In this paper, we
develope a kernel-based nonparametric calibration method that does not require an explicit
outcome model. The proposed method achieves the approximate calibration for all functions in
the infinite-dimensional reproducing kernel Hilbert space (RKHS). Numerical algorithms are
developed and implemented to solve the optimization problem in the function calibration, and
some asymptotic results are presented as well. Furthermore, under the nonparametric working
model, the proposed calibration estimator attains the Godambe-Joshi lower bound
asymptotically. Simulation results are presented to compare the proposed method with other

calibration methods. Empirical study illustrates the performance of our proposed estimator.

2.2 Introduction

Estimation of finite population means or totals is an important problem in survey sampling.
Horvitz-Thompson (HT) estimator combined with a probability sample is used to achieve the

design-based unbiased estimation which does not require any model assumptions. However, HT



estimator is not necessarily efficient. Using auxiliary information available in the population level,
we can improve the efficiency of the HT estimator in the estimation stage. To incorporate the
auxiliary information, one idea is to use a relationship between the study variable y and the
auxiliary variable = to construct a prediction-type estimator. Generalized regression (GREG)
estimator, discussed by Cassel et al. (1976) and Huang (1978), is a classical example of using the
regression model to improve the efficiency of the HT estimator. Deville and Sérndal (1992)
viewed the GREG estimator as a special case of the calibration estimator whose weights are
obtained by minimizing a distance measure between the design weights and the final weights
subject to calibration equations. See Fuller (2009)(Chapter 2) for a more rigorous treatment of
the GREG and calibration estimation.

Calibration estimation involves a working model either implicitly or explicitly. The GREG
estimator implicitly uses a linear regression model for calibration. Isaki and Fuller (1982)
developed a unified theory of regression estimator under a linear regression model. Firth and
Bennett (1998) used non-linear regression models in the calibration estimation. Wu and Sitter
(2001) formalized the idea and developed the so-called model calibration estimation and
established its design consistency. Kim and Park (2010) generalized the idea further to discuss
the functional-form calibration.

For nonparametric case, Breidt and Opsomer (2000) introduced the local polynomial
regression estimator as a nonparametric calibration estimator, which uses nonparametric basis
functions in the calibration estimation. The idea is further extended by Breidt et al. (2005) using
penalised spline method. Also, Goga (2005) proposed B-spline approach as a nonparametric
calibration estimation. Meanwhile, Montanari and Ranalli (2005) imposed neural network
method and developed a second stage calibration procedure to get an efficient estimator. Most of
the aforementioned nonparametric calibration methods involve the choice of bandwidth selection
(or model complexity parameter) to obtain the best prediction (or best selection for the
calibration functions), which implicitly assume that the study variable is univariate. For the

multivariate case, each study variable will have different models and a single choice of the



bandwidth parameter cannot achieve the optimality uniformly. Breidt and Opsomer (2017)
provided a comprehensive overview of he modern prediction methods for calibration.

In this paper, rather than using a prespecified calibration equation, we employ an
infinite-dimensional RKHS in the optimization problem for calibration. Due to the
infinite-dimensional space, the traditional calibration equations can no longer work in this
scenario. As a twist, borrowing the idea of Wong and Chan (2018), we utilize a validity measure
to quantify the distance between a nonlinear transformation of auxiliary information within
sample and that in the finite population in a RKHS and construct a finite-dimensional objective
function to solve the optimization problem. Also, if we use a kernel ridge regression as a working
model, under mild conditions, the proposed method can achieve the Godambe-Joshi lower bound
asymptotically.

Compared with other nonparametric approaches, our proposed estimator has the following
advantages: (i) there is no need to pre-specify the form of calibration equation; (ii) multivariate
case can be easily handled; (iii) our proposed estimator usually performs better than other
nonparametric calibration estimators under complex settings and are comparable with other

methods under simple settings.

2.3 Basic Setup

Suppose that we have a finite population of size N and we denote the population as
Fn = {(xi,5) 1 i €Un}, where x; € R? and Uy = {1,..., N} is the index set of the finite
population. Here, y; is the study variable and x; is the corresponding covariate for unit 3.
Further, we assume that x;’s are available throughout the finite population. We are interested in
estimating the finite population mean E(Y) = 6.

From the finite population, suppose we select a probability sample with index set Sy C Uy of
size ny. Let miny = P(i € Sy) be the first order inclusion probability of unit i. For simplicity, we
will suppress subscript N for ny, Sy, Uy and 7;y from now on. Moreover, we can define

d; = I{i € S} as the sample membership indicator for unit i. To estimate E(Y"), Horvitz-Tompson



estimator can be used as

N
1 1
= Z Ediyi-
i=1
The Horvitz-Tompson estimator is design unbiased but is not necessarily efficient. To improve

efficiency, Deville and Sarndal (1992) proposed using

N
1
N g_ iWilYi,
where w;’s are determined to minimize Qy(w,d), a distance measurement between w and d,

subject to
1Y 1
NZwZ—(SiU(Xi) = NZU(Xi), (2.1)
=1 ]

where U(+) = (u1(-),...,ur(-))T and u;(+) : X — R is measurable for j = 1,..., L such that

E[u(X)] is finite. If we use

N
1 (wl — dl)Q
Qn(w,d) = — 0j————, 2.2
vov ) = Y8t (2:2)
the resulting calibration estimator is algebraically equivalent to the following GREG estimator.

égreg = ty7r + (tx - fxw)TBs

where t,, = N1 sz\il 8idiyi, txn N1 = Zf\il Sidixi, tx = N1 Zf\il x; and

B, = (Zf\il 5idiqz-xixiT)*1 Zivzl 0id;qix;y;. Equation (2.1) forms the constraints in the
optimization problem for calibration. A good choice of the calibration function U(-) can improve
the efficiency of the resulting calibration estimator. For example, Isaki and Fuller (1982) used a
model y; = x?,@ + ¢; and showed that the generalized regression estimator using u(x;) = x;
achieves the Godambe-Joshi lower bound, which is the lower bound of the anticipated variance
under the superpopulation model. The nonparametric calibration estimator, considered in Breidt
et al. (2005) and Montanari and Ranalli (2005), implicitly assume that m(X) = E(Y|X) is well

approximated by a linear combination of the L calibration functions.



Suppose we have the additional superpopulation model ¢ assumption: m(X) = E(Y|X),

yi = m(x;) +¢ fori=1,..., N. Then we have the following decomposition:

1 & 1 & 1
Nzéiwiyi_ﬁg Nz5wz{mxl)+ez} NZ{mx@ + e}

i=1 1 ;
NZ {(djw; — )m(x;)} + —= 25
=1

=T =T5
{;IZ id; — 1)e } (2.3)

=T3

If we can control 17 and T3, then consistency of the calibration estimator can be obtained by the
consistency of term T5. As we can see, the term T} is negligible if the function m(-) lies in Hp,
where Hy, =: span{ui,...,ur}. In addition, for term 75, we can control it by minimizing
Qn(w,d). Once 11 and T3 are controlled, T3 is the leading term in (2.3).

To facilitate our description, we first consider the simple setup of m € Hy. Define the

empirical validity measure for calibration estimator which satisfies (2.1) as the following,

2
SN (w,u) {NZ:éwZ Z)} , (2.4)

where w = (w1, ...,wy)T and u(-) is known. If H, has finite basis with L < n, there always
exists w,, such that Sy (wy,u) =0, i.e., miny sup,es,, Snv(w,u) = 0.
Note that the calibration estimation of Deville and Sarndal (1992) can be written in the

following optimization problem version

(W, A) = argmin { Qy(w,d) + Z)\ SN(w,u;) ¢, (2.5)
(wTAT)T
where A = (A1,..., )T is a vector of Lagrange multipliers. The consistency of calibration

estimator obtained from (2.5) can be found in Deville and Sarndal (1992) and Fuller (2009). If
m(-) lies in Hp,, T1 in this scenario equals to 0, while 75 = o, (nil/z) and T3 is the main term.
Note the T3 is design unbiased to zero and the variance of T3 is equal to the Godambe-Joshi lower

bound (Isaki and Fuller, 1982).



Literally, if m(-) is unknown, both number of L and form of {u; : j =1,..., L} remain high
flexibility and are hard to be predetermined. Also, as pointed out by Hellerstein and Imbens
(1999), such finite approximation by Hy might not be consistent without additional assumptions
on the superpopulation model. Here we adopt the covariate functional balancing idea from Wong

and Chan (2018) to do such calibration via an approximation by RKHS.

2.4 Proposed Method

Rather than employing a finite-basis functional space Hp, we relax the functional space to be
an infinite-dimension functional space H. In this case, the quantity miny sup,cy Sn(W,u) can be
larger than 0. To discuss the Hilbert space property, we denote its inner product (-, -)% and the
induced norm ||-|,;. One canonical example of such a space is the Sobolev space. Specifically,
assuming that the domain of such functional space is [0, 1], the Sobolev space of order [ can be

denoted as
Wi = {f (0,1 =R | £ D, ..., £ are absolute continuous and f e L2[0, 1]} .

One possible norm for this space can be

||f||12/v§ = ;Z; {/01 f(Q)(t)dt}Z + /01 {f(l)(t)}Zdt

Readers can refer to Wahba (1990) for a thorough treatment of the RKHS technique. In this
section, we employ the Sobolev space of second order as the approximation space. Given the
Hilbert space H, the objective function for calibration estimation in the spirit of (2.5) is
min sup {Qn(w;d) + ASy(w,u)}, (2.6)
WoueH

where Sy (w,u) is defined in (2.4).

However, two issues would appear if we wish to optimize (2.6) directly. The first one is the
scaling issue, i.e., for a constant ¢, we would have: Sy (w,cu) = c2Sy(w,u). To get out of this

dilemma, we can do the standardization procedure by scaling Sy (w,u) with the corresponding



empirical norm. By the following Cauchy-Schwarz inequality, we have
1 & i 1 &
Sn(w,u) = {N Z(aiwi — 1)u(Xz~)} < [lully {N Z(éﬂ”i - 1)2} ,
i=1 i=1

where ||ul3 = + Zf\i L u(X;)%. Therefore, we can restrict our interest of u(-) within a normed
sphere: Hy = {u € H : ||ul|y = 1}. The other issue is the overfitting problem. The
infinite-dimensional reproducing kernel Hillbert space is too broad to measure such a distance and
is very sensitive to the observations we have in the sample. Such issue can be handled by a
penalized method. Specifically, we can penalize |-||,, to control the possible overfitting of u. As
long as the original survey weights do not wiggle too much, such penalization would work well.
All discussions above lead to the following mini-max type optimization:

min [QN(w;d) + A sup {SN(W,u) -7 Hu!i}] , (2.7)

w2 u€H N
where A, 7 > 0 are two tuning parameters. Here, w > v indicates w; > v, for i € Z. v is a small
positive value to ensure the positiveness of {w; : i € Z}. The equation (2.7) shows the similarities
and differences between our proposed method and the original calibration method in (2.5).
Roughly speaking, the traditional calibration approach can be understood as ‘hard calibration’,
and our proposed method is similar to ‘soft calibration’, as mentioned in Davies (2018). If we
divide (2.7) by A, which would not affect the opimized result, and reparameterize the tuning
paramters, we would have:

min [ sup {SN(W, W) — M\ Hu”‘;} + AQn (W d)] : (2.8)

W2V |uetly

where A, A2 > 0 are 2 tuning parameters. We’'ll focus on (2.8) to formulate our estimator.

2.4.1 Theoretical Results

First of all, we’ll list the technical assumptions for our theoretical results.The first four
assumptions are about design part and the last three assumptions are relavant to superpopulation

model.
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(A1) Under Poisson sampling, for the survey weight, we assume that for i € S,

di=0 <N> .
n
(A2) We assume that for any u € H,
% Dies diu(Xi) — % Dicu W(Xi) ) < 1 )
=0, .

lull v

vn

(A3) The quantity % < 2, where d is the dimension of x and [ is the order of H = W}.
(A4) The regression function m(-) € H.

(A5) The error terms {¢;}¥, are uncorrelated, E(e;) = 0 and var(e;) = 02 < 2. In addition,

{e;}, are independent with {x;}, and {5;}Y;.

Remark 2.1. The first condition is a reqular condition for survey weights order. The second
condition is general for Horvitz-Tompson estimator. In our scenario, it’s reasonable to assume

the normalized difference between HT estimator the population mean is of Op(n_1/2)

Remark 2.2. The third condition is a reqularity condition which facilitates our technical proof
with entropy theory. The forth condition is for the superpopulation model, which lies in a

reproducing kernel Hilbert space. The last assumption is a quite mild assumption for residuals.

Theorem 2.1. Suppose (A1) ~ (A5) hold, if \y < n~! and Ao < n~!, then

1o 3 1
N ; Sy Y; —E(Y) = O, (\/ﬁ) : (2.9)

where € is a constant larger than 0.

During the derivation of Theorem 4.1, we get the following two facts:

LS 50— Dy — o (L
Ty = 53 (= (k) - 0,( =) (2.10)

N
1 . 1
T2 = N i:E - 52(11}1 — di)q = Op (ﬁ) (2.11)
where (2.10) indicates the nonparametric approximation order and (2.11) shows the strengh of

our proposed method. The resulting OP(n_l/ 2) is due to the consistent survey design.
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2.4.2 Nonparametric Regression Estimator

We can utilize the superpopulation model to extend the original estimator with more
efficiency. In order to ensure the superpopulation model m(-) is in a reproducing-kernel Hilbert
space, kernel ridge regression or smoothing spline mentioned in Gu (2013) might be a good
candidate. Follow the difference estimator idea of Sdrndal et al. (2003), a modified estimator can

be written in the form:

~ 1 R . R
Onreg = > i {Y = m(Xa)}+ ) m(Xs) | (2.12)
€S =
Note that
R N 1 N 1 N
9Nreg N Z Yi N Z(ézwz - 1){m(x@) m(xl)} + N Z 5@(“% d’L)E’L
i=1 i=1 =1
:Tl* =T5
1
- {N ;(&di — 1)61} . (2.13)
=T

Thus, it remains to show (or investigate) the order of
L

T =+ > (G — 1)h(x;) = 0p(n™?) (2.14)
=1

where h(x;) = m(x;) — m(x;).

Theorem 2.2. Suppose assumptions (A1) ~ (A5), (B1) and the tuning parameter assumption in

20241d+d
2i4+1)d

<k< -1, ande<%.

Lemma 2.6 hold, further assume A < nF, Ay < nc~1, where —

Then fy asymptotically attains Godambe-Joshi lower bound in the sense that

N 2
A 1 n 1—m;
nlk (91\”@9 N E Y;) =z E a? - ! + o(1). (2.15)
i=1

1eU

By (2.15), the asymptotic variance of éNTeg is approximated by

N 1 € €
Vienr) = 52 Yo (miy —mimj) ;i;i

i€U jeU
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where €; = y; — m(x;). Thus, we can obtain the following linearization variance estimator

(75 — 7rl7r] el ej
e D B PR
[ J

i€A jEA

where é; = y; — m(x;), as a consistent variance estimator of Onyeg.

2.5 Computational Details

2.5.1 Optimization

Specifically, the inner part of (2.8) can be rewritten as:

sup {SN(WQ’ Wy Il } . (2.16)

2
wer | fully [[ully

By representer theorem in Wahba (1990), we can easily arrive the conclusion that the optimization
of the above objective function have finite-dimensional representation by span{ K (X;,-) : j € U}.
In addition, we can define the Gram matrix: M = (K(X;,X;))nxny € RV*N. For notational

convenience, we further have the eigenvalue decompostion for M:

Q1 0 Pt
M = <P1 P2> )
0 Q) \PS

where ()1 is the diagonal matrix with all r non-zero diagonal elements. In addition, Q2 = 0. Also
notice that if r = N, such @2 would disappear.

By representer theorem, we can express (2.16) as:

su N {W’Zjeu K )} - A o Ma (2.17)
a:(a1,...,aIJ)V)T6RN a™M?a/N 1aTM2a/N ' :

In addition, the empirical validity measure in this case can be represented as:

1
w, ) K(X;,) WQTMA( w)Ma,
Jjeu
where A(w) = a(w)a(w)T with a(w) = (61w1 — 1,...,6ywy — 1)T. Additionally, define
B= Qle «, the optimization problem in (2.17) can be expressed as:
sup A" {NPlTA( )P — NA\Qy }5.

BER™:||B]|<1
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Therefore, the final optimization problem can be rewritten as:

min [amax {;]PlTA(W)Pl - N/\lQl_l} + QN (w; d)] . (2.18)
It should be noted that we only do the optimization for {w; : i € Z}. In addition, as P{ a(w) is an
affine transformation of w, Slater’s condition and convexity analysis can confirm the global
minimum of the above function. If we only have largest eigenvalue with multiplicity 1, the inner
part of (2.18) is differentiable and the corresponding gradient has a closed form. As a reult, the
limited-memory Broyden-Fletcher-Goldfarb-Shanno algorithm with bound constraints
(L-BFGS-B) can be directly applied. Further, mathematically there might be two largest

eigenvalues. A two-part computational strategy can be employed. Further computational details

can be found in Overton (1992) and Wong and Chan (2018).

2.5.2 Tuning Parameter Selection

We modify the tuning parameter selection idea from Wong and Chan (2018). First of all, to
lower the computational burden, we won’t tune a 2D grid for A; X Ao. Comparing with the
traditional calibration Lagrangian multiplier, we would set Ay = n~!, where € = 0.1. After the
above argument, what we need to tune is just the parameter \;. As a result, we might use the
functional approximation measure to find a reasonable solution.

Still, consider the inner optimization part in (2.8): sup,cg {SN(W, u) — A1 Hu||3_[} The
Largrangian multiplier implies that the above optimization is equvalent to
SUP eyl <) Sn(w,u) for some 7 and there’s relationship between \; and ~y. The following
functional approximation measure:

By(w) = sup Sn(w,u) (2.19)
{ueHn:llully <7}
can be viewed as the measure of errors on the set A, := {u € Hy : |[ull;; < 7} given w. When ~
is large, i.e., A1 is small, A, is fairly large. Therefore, in this scenario, doing the maximization
over large set implies that By (w) is also fairly large. On the other hand, as v goes down towards

0, By (w) also goes down to 0, where A goes to co. Therefore, we can select a A; such that
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By (w) is closed to 0 enough. Additionally, suppose the above situation happens, further decrease

of v or increase of A won’t bring us significant balancing results. Therefore, practically, we can

select a sequence of A1 : 0 < )\gl) < )\?) < < )\g‘]) and the optimal index j* can be select as:

B (wlt)y — B (w)
Feimfljeqt,.. . g1 BV = By(WE) L (2.20)
J Ajl — Aj
where w11 is the optimization results from (2.18) whose A\ = )\gj), for j=1,...,J. In our

numerical experiment, we set o = —1075.

2.6 Simulation Study

Simulation studies have been done to measure the finite sample performance of the proposed
estimator. In this section we basically have three simulation setups. The first part is in favor of
traditional calibration approach. In the second simulation study, we compare the results between
the two aforementioned estimators when the traditional calibration estimators are jeopardized to

show the robustness of our kernel-based method.

2.6.1 Simulation Setting I

Specifically, we assume the finite poplation size N = 2000, the expectation of probability

sample size is n = 100 and n = 200. In addition, assume our superpopulation model:
yi = 270 + 27.4x; + 13.7xi0 + 13. 7243 + 13.7T254 + 0€5,0 = 1,..., N, (2.21)

where X; = (X1, Xiz, X3, Xia)T A N(0, Iixes). Also, such e ‘% A7(0,1) and o = 5. The
parameter we're interested in is p, = N -1 Zf\i 1 ;- For the corresponding probability sample S,

we generate them by Poisson sampling with inclusion probability m; = .

2.6.2 Simulation Setting II

In this simulation setup, we keep the same population size and sample size as above. Here we

assume our superpopulation model as:

yi = 210 + 27.4mq(x;) + 13.7ma(x;) + 13.7ms(x;) + 13.7ma(x;) + oe,i = 1,..., N,  (2.22)
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where X; = (X;1, Xi2, Xi3, Xia) " i N (0, I4x4). Additionally, {ei}i]\;l and o is choosen the same

as before. Additionally, we have
. . 3
mi(x;) = exp(x1/2), ma(x;) = H%;Q(xu)’m?’(xi) = (% + 0.6) , and my(x;) = (242 + 244 + 5)2.

For the corresponding probability sample S, we generate them by Poisson sampling method

with inclusion probability same as the previous simulation settings.

2.6.3 Simulation Results

The simulation results are presented at the following table 2.1:

Table 2.1: Results for Simulation I and II: bias, standard error, and root mean square error for
nonlinear case based on sample of size n = 100 and n = 200 of a fixed population of size N = 2000

n
Simulation  Estimator 100 200
Bias SE RMSE Bias SE RMSE
HT 0.1649 3.4999 3.5038 0.1115 2.3206  2.3233
Calibration 0.0304 0.5254  0.5263  0.0123 0.3414  0.3417
I i1 0.0299 0.6516 0.6523 0.0121  0.4686  0.4687
fio 0.0394 0.6453  0.6465 0.0160 0.4676  0.4679

Neural Net 0.0171  0.7821  0.7823  0.0058 0.4532  0.4532
Smoothing  0.0335  0.5262  0.5272  0.0142  0.3435  0.3438

HT 0.3527 20.4784 20.4814 0.4447 13.7036 13.7108

Calibration -0.5080 3.7909  3.8248 -0.1923 2.6303  2.6373

I fi1 -0.6216  1.0380  1.2099 -0.2199 0.5463  0.5889
fi2 -0.4460 0.7370  0.8614 -0.1725 0.4924  0.5218

Neural Net -0.7990 3.1193  3.2200 -0.3498 1.6897  1.7255
Smoothing -0.1520 3.2435  3.2471 -0.0175 2.0224  2.0225

where H'T' denotes the Horvitz-Tompson estimator, Calibration denotes the traditional
calibration estimator. fi; denotes the estimator generated by (2.18) and fi2 denotes the estimator
generated by (2.12). Neural_Net denotes the neural network estimator mentioned in Montanari
and Ranalli (2005) tuned with five-fold cross validation. Smoothing denote the penalized splines
estimators in Breidt et al. (2005), where we applied generalized additive model with cubic spline

with knots min{n/(4d), 35} for each covariate.
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As we can see, in first simulation setting, as it’s in favor of traditional calibration method,
also, the true model is a sub-model of penalized spline method, that’s why Calibration and
Smoothing behave best. Our proposed estimators are fairly comparable with those best two in
the sense of RMSE. Also, for HT estimator, as there are no auxiliary information, it behaves
worst among them. Also, the neural network method behaves worst except HT estimator. In
second simulation setting, which is a more general case, the true underlying model is additive
with respect to unknown nonlinear transformation of each dimension of the auxiliary information
we have. In the sense of RMSE, the smoothing spline method behaves best, while our method is
comparable. In third simulation setting, which is a more complex case, the true underlying model
is unknown nonlinear transformation of the auxiliary information we have. In the sense of RMSE,

our proposed estimators behave best.

2.7 Application

We compare our proposed method with other methods in Swiss municipalities population
dataset, which was collected in 2003. We use Poisson sampling method with equal probability
with expectation sample size 500 to sample from 2896 municipalities. We are interested in
estimating the total population of the whole nation with other covariates. In particular, for each
municipality, we have their municipality area, wood area, area under cultivation, mountain
pasture area, area with buildings and industrial area. Table 2.2 shows the estimated national
population and the corresponding 95% confidence interval via each method. The true population
is 7288010. Correspondingly, Figure 2.1 shows the results graphically. Nearly all methods covers
this number except smoothing spline method. Additionally, our proposed method show less bias
and narrower confidence interval, which indicates the possibly nonlinear relationship among

population and other covariates.
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Table 2.2: Esimated national population

Estimator Estimate 95%Confidence Interval
Hortvitz-Tompson 8369370 (4299597, 12439144)
Calibration 7466609 (6809103, 8124114)
Smoothing 6624187 (6348489, 6899886)
Neural Net 7196561 (6612246, 7780877)
2 7255057 (7063286, 7446827)
12407~ [
% Estimator
£ 1.0e+07- === Calibration
[0
e == Hortvitz-Tompson
§ 8.0e+06 - T T == Neural_Net
§ L l = I == Nonpara_DR
X 6.0e+06 - == Smoothing
&
4.0e+06 - . . i
Q\\é‘ & §€ & &

N

5
&
)

Figure 2.1: Esimated national population with 95% confidence interval, where horizontal red line
is the true population.
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2.9 Appendix: Technical Details

For convenience, we’ll use ¢ with subscript as a constant that is larger than 0. Lemma 2.1
would automatically hold after we get Lemma 2.5. Then Theorem 2.1 can be obtained naturally.

The proof of Theorem 2.2 is at the end of this document.

2.9.1 Proof of Theorem 2.1

Lemma 2.1. Let W be the solution to (2.8). Assume \; < n~1 and Ay < n~L for some € > 0.

Then, under assumptions [Al] ~ [A4], we have
1. Sy (%, m) = Op(3) [mlly.
2. There exist constants W > 0 and S? > 0 such that E{n‘Qn(W;d)} < W and
E{nSy(w,m)} < 52

Lemma 2.1 states the convergece rate for (7'1) in (2.3), and the boundedness of expectation
for (T'2) therein. Literally, Lemma 2.1 just makes all ingredients ready for derivation of Theorem

4.1. To prove Lemma 2.1, we use the following Lemmas.

Lemma 2.2. Suppose A\ = O (n_l) and Ay < n"! for e > 0, a legitimate solution {w; : i € S}

should satisfy

N
Wi = d; + op <n> : (2.23)

Moreover, we have w; = d; + Op(n_e/Q_lN)
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Proof of Lemma 2.2. First of all, we claim that {d; : i € S8} is a good candidate of our solution.
Define the function Fy x, x,(-) as the following form:
FN (W) = sup {SN(W,U) -\ Hu||3_t} + QN (w;d) (2.24)
u€EH N
Then, we have

EFN o (d) = sup {SN(d,u) -\ HUH%}
uEH N

ap S0 o (1)

el |ul% n

— sup N Dies Gu(Xi) = § D u(Xi)
ueH HUHN

_o(1), 2.25
(2) (2.25)

where the last inequality holds by Assumption 3. However, suppose for any w satisfying have

A

w; = d; + Op (n_lN), we would have

AQn(w;d) = O(nh) x % x O (n) x O, <:> =0, (n),

which implies that such w is not a good solution compared with (2.25) , whose effect cannot
match with d. Therefore, we arrive the conclusion that w; = d; + o, (n*IN ), fori € S.
Specifically, one can observe that a good candidate w has to satisfy AoQn(w;d) S O, (n_l),

which implies w; = d; + O, (n*E/Qle). O

Lemma 2.3. Suppose assumptions [A1] ~ [A3] hold. Let

w* = (wh,...,wy)T = (1/7(x1),...,1/7m(xn))T. Then there exists a constant ¢ > 0 such that
VT > c,
NSn(w* T?
P ¢ sup M >T% 3 < cexp <—> . (2.26)
wely ully, ‘

Proof of Lemma 2.3 . For given w*, let v; = 6;w; — 1, for ¢ =1,..., N. Then, we have

E(vi|X;) = E(d;w; — 1|1X;) = 0. Further, by Poisson sampling scheme, we have the conditional
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independence between In addition, by the order of d; and w;, we may assume that there exists

constant ¢; and ¢z such that P(6; = 1) < én/N and sup,_; _yw; < caN/n. Then we have

E() = Ex, [E{(Gw] - 1)*X}]
= Ex, [E{(&iw;‘)%\X,-H
= Ex, [P0 = DE {(w})*}]
o ()

2k
< (22;2" {]:(51 V1) (& V 1)} (2.:27)

Therefore, {7;}X, are uniformly subgaussian. Thus, there exists constants K and o3, such

that:

2
max K2 [E <e?€2| {Xi}ZNl> - 1} < o2 (2.28)

icU

By (A4) and Birman and Solomyak (1967), there exists a constant A, for any £ > 0, s.t:
Hoo(§ {u € Htlully < 13) < ST, (2.29)

where Hy(9,G) is the 6 — uniform entropy of G, a set of functions. Specifically, let 6 > 0 and
N (6,G) be the smallest values of N such that there exists {g;}72; C G such that

SUpyeg minj—1,_ N |9i — gjloo < 6, then Hoo(6,G) = log Noo(9,G). Thus, by Lemma 2.1 of (Lin,
2000) and lemma 8.4 in (van de Geer, 2000), for some constants, w.l.o.g., we can obtain that there

exists a positive constant ¢, depending on A, d, [, R, K, ag, for all T' > 0, satisfy

| it g (X)) 72
Plsup Y= 20 S {Xi}Y, | <cexp <—2>. (2.30)
s gl ‘
Further, as {Xz}f\i , is independent of ¢, we have
| S g (X)) | S g (X))
Plsup YN0 S ) = p | sup S zT‘{xi}iN:1 . (2.31)

-4 -4
g<H gl * geH lglln ™
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Additionally, by definition of {v;,i € S}, Hy and Sy(-,-), we have,

| S g (X)) | S yiu(Xs)]
sup VN 1_; ' T = sup VN ; !
geH lglln = ueHN [l

_ |, F{Ehe - Du(xo)}

2 d
ueHn [l

>T

NSNWou) S pa\ (2.32)

= sup 7
wetn  lullf,

O]

Lemma 2.4. Suppose assumptions [A1]~[A4] hold, and \; < n™! and Ay < nc~1, for e > 0, we
have Sy (W, u) = Op(n~t) and Qn(W;d) = 0,(1). Then, there exists a constant W > 0, s.t.

E {nEQN(VAVa d)} < w.

Proof of Lemma 2.4 . First of all, we introduce the basic inequality for our penalized method.

Let u* = argmax, 5 {SN(W*,U) -\ ||u||§{} For f € Hy, we have

Sn(W, £) = M FI, + 22Qn (Wi d) < Fiy (W)
S FN,)\l,)\Q (W*)

< Sn(w*,u*) — Ay a3 4+ AeQn (w*; d) (2.33)

Additionally, if ||u|| 5 = 0, we would have: Sy (W,u) = 0 for any u € H. Therefore, Vu € H, we

would have
Siv (8, 4) = A [l + Do@u (Wi ) [l < {Sw(w™, ) = M 03+ AaQ@ue(w?sd) b [l (2.34)

The basic inequality (2.33) can be rearranged as:

SN (W, f) + A1 w7, + QN (Wid) < Sy(W*,u*) + g [ f]l5 + AQn (W™ d). (2.35)
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WEe’ll define a few events partition for the whole event space. First of all, let

Gyi = {Sn(w* u*) is the largest among Sy (W*, u*), \; HfH?_l and \oQn(W*;d)}
GN72 = {\ ||f|]3{ is the largest among Sy (w™, u*), A\ ”in and \oQn(w*;d)}
GN,?, = {XQn(w";d) is the largest among Sy (W™, u*), \; HfH?{ and \aQn(W*;d)}

(2.36)

Additionally, we define GNJ = GNJ, GN72 = GNJ \ GNQ, GN73 = é]v,g \ (GNJ U GNQ) We'll
further divide G'n,1 into two parts:

1

d
Gnir =GN ﬂ {SN(W*7U*) < NTQ Hu*H;it}

2 * ok 1 2 * %
GNaiT = GN,lm Sn(w*,u*) > NT (4

Finally, we arrive a partition of the whole space } = G N71,TUGD N71,TUG N72UG N3

Then, we’ll discuss 3 scenarios on Gn,1,7, Gn2 and Gy 3.
Case 1. On G117, by (2.35), we have
* (12 * % 1 2 * %
M lutll < 3Sn (W™, u™) < 35T [lull,
& 'l < 37 (uN)Ta T

o2 _d_ 4 2d
< u ”H < 32-d (\\N)a-21 T2i-d

= ¢; (\N)&2 T2ia (2.37)
On the other hand, we have
Sn(w, f) < 3Sy(w*,u")
< N2

4 g 4l
3c1) 2l=d Ng=21T'21—-d

IN

d
= e\ T ANTAT A (2.38)
Similarly, we have:

__d_
XQn (Wi d) < e\, T Naa Taiva (2.39)
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Case 2. In a similar fashion, on Gy 2, we would have:

Sn(w,f) < 3 fI3
Il < V3£l
AQn(wid) < 3M £, (240)
Case 3. On Gn,3, we have:
Sn(W, f) < 3XQn(wHd)

M w3, < 3XQn(wH;d)

)\QQN(W;d) S 3)\2QN(W*;CI) (2.41)

By Lemma 2.3, for some constant ¢ > 0, VI' > ¢, we have:

1 d T2
P {SN(W*,U*) < NTQ ||u*\|7l_[} >1—cexp <—> . (2.42)

c2

Therefore, we would have:

__d
P [smv, /) < max {ml wa N et 3, £ ,3A2QN<w*;d>H

= ZP <|: < maX{CQ/\l 2-d de QZTQZ d , 3\ Hf”?—[vg)‘QQN w* d }] mGN’>
__d_ °
> P(Gnar)+P [{SN(W7 f) < e QZdeZZWT”Md} ﬂGN,LT] +P(Gnz2) +P(Gn3)

__a_ o
= 1-P HSN(W,f) > co) 2l"lf\fdzl”T?l[l—ld} N GN,LT}

= 1-P(Gn17)

1 d
> 1 —IP’{SN(W*,U*) > NTQ HuH;{}
T2
> 1—cexp (C2> . (2.43)

Further, by Lemma 1, it is reasonable to assume that n‘Qy(w*;d) < M, as n — oo and
N — oo for a constant M. Therefore, under the condition that A\ < O (nil) and Ao = O (n“l),

by (2.43), we would arrive the conclusion that:

Sn(W, f) =0, (> . (2.44)
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Also, with similar arguments to Ao@Qy(W;d) as above and if A < n~! and Ay < n~! we

would arive the conclusion that

AoQu () = O, (;) & Qu(w;d) = 0, (n™) (2.45)

1

Now, we consider E [n¢Qx(W;d)]. As Ay < n~! and Ay < n°~!, we would have:

Bin ' <\ <Bin?

Byn !t < Ay < Bon? (2.46)

for some positive constants By > B; > 0, By > B, > 0. Then we might have the following

decomposition:

E{n‘Qn(W;d)} = E{nQn(W;d)[Gn1}P(Gn1) +E{nQn(W;d)|Gn2} P(Gn2)
(S1) (52)
+E{n‘Qn(W;d)|Gn3} P(Gn,3)
(53)

__d_
For term S1, we might choose: c3 = max{c,2B, *~? By "', 2} and sufficiently small a > 0 such that

__d_ _Ala_
c3 > B, " By 'eZ ¢y and Q?Z_Qd < 1. The above also implies that a fulfills
d
.| @=d)log(B BBy o)
min 4d102g(:31 , 2l4ld > a > 0. Then, we’ll have

E{n‘Qn(W;d)|GNn1}P(GN1)
_ /OOO P{n‘Qy(Ww;d) > t|Gy 1} P(Gy.1)dt

= / P{n‘Qn(W;d) >tNGn}dt
0

IA

c3+/ P{nEQN(w;d)>mGN,1,ta}dt+/ P{nEQN(vAv;d)>tﬂéN71,ta}dt

c3 C3

(2.47)

Specifically, we have

/ P{n‘Qn(W;d) >tNGn1a}dt

C3

o0 a _—d_
< / P {tﬁldBfldB21cz > nfQu(wid) > t} =0 (2.48)
Cc3
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In addition, we have

/ P{neQN(w;d)wméNw}dt < / P(Giy 1 o) dt

c3 Cc3

/oo < t2a>
cexp | ———5
c3 C2
1 2a
T (. 5)
= —C % ‘t:cg <y (249)

IN

The last inequality is implied by the fact: % — 1 as ¢ — 1. As a result, we have:

E{n‘Qn(W;d)|Gn1}P(GN1) < 00 (2.50)
As for term S2, we have:
E{n‘Qn(W;d)|Gn2} P(Gn2) < 3B1B3 " || £f]15, < o0 (2.51)
Also, for term S3, we have:
E{nQn(W;d)|Gns}P(Gn3s) < 3BE{n‘Qn(w*;d)|Gns}P(Gns)

< 3BE{n‘Qn(w*;d)}

< 3ByM < o0 (2.52)

Combining the above results, we finally arrive the conclusion that there exists a constant W > 0

such that E {n‘Qn(Ww;d)} < W. O

Lemma 2.5. Suppose assumptions [A1] ~ [A5] hold, if \y < n~! and Ay = O (n6_1), then
Sn(W,m) = O, (n71) |ml|| 5. Further, if Ao < n“!, there exists constant S > 0, such that

E{nSy(w,m)} < S2.
Proof of Lemma 2.5 . By (2.34), we have
Sy (W,m) + A1 [u* |5, [mlyy + AeQn (W; d) Im] 3
<Sn(w*,u) [lml|3 + Aullmlf3, + A2Qn (w*;d) [[mly

d
By Lemma 2.1 in Lin (2000), we have: Sy(w*, u*) = Op (n™1) [|u*[|{,. Similarly, we’ll discuss each

scenarios in (2.53) as in Lemma 2.5.
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Case 1. Sy (w*,u*) ||lm|3 is the largest of the right hand side of (2.53). If ||m/|| 5 # 0, we would

have:

d
) B a
A flullz < Op (n71) [lu”|l3,

1 .
& utlly <A T, (nw)

d

d __d
& furlL <A 70, (nm) . (2.53)
Thus, we have
- —atg 2 2
Sn(Ww,m) <\ 710, (nd*ﬂ) Iml2 . (2.54)
Also, if [|m||3 = 0, we natually have the above inequality.
Case 2. Suppose A1 HmH?{ is the largest in the right hand side, we have:

Sn (W, m) < 3\ [|m3, . (2.55)

Case 3. Suppose that \oQy(w*;d) ||m||3 is the largest in the right hand side of (2.53), we can

obtain that:
Sn(W,m) < 3\on ™M ||m|)5 (2.56)
Due to Lemma 2.1 in Lin (2000), we have: ||m||y < R|m| 5 < oo.
Therefore, we have
Sn (W, m) = O, [max {A;Qlidnflmﬂ Imlla s A lmlly , Aen ™M ||m||§VH (2.57)

Since Sy (W, m) = 0 if ||m| y = 0, we have Sy (W, m) = O, (L) [|m|%-

Based on the Lemma 2.3, with similar arguments in Lemma 2.4, we might have that there

exists a constant S2 > 0 such that E {nQSJQV(W, m)} < 52, where

) Sv (W, =) s i Imllap #0

Sn(w,m) = (2.58)
0, Otherwise
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Moreover,
B (ns(mm} = & {n(m ) il |
< % [IE {n25']2\,(\?v,m)} + nf;\?;;dp + n(]\]fV; 1 (/ mzdP> 2]

< ;{§2+;/m4dﬂ”+; </m2d]P’>2} (2.59)

By Lemma 2.1 of Lin (2000), we have [ m*dP < oo and ([ m2dP)2 < 00. That is, E{nSy(r,m)}

is bounded. O

Proof of Theorem 1. Recall the decomposition:

1 & 1 X 1N L
N ;(Szwz ) N ; 1 N ; {(5'sz )m( z)} + N Z(Z(wz d )6

=1

(T1) (T2)

LN
+ {N Z(éidi — 1)61} (2.60)

=1

(T3)
By Lemma 2.1 of Lin (2000), we have ||m/|3 = (f mQaﬂP’)2 < 00. Since X1,..., Xy are i.i.d, we

can show that

Imlly = /m%ap +o,(1) (2.61)

Therefore, the term T'1 can be bounded by

- Wzop{(l)é}|rm||2+op{<i)é} (2.62)

n

1 N
N Z {(Giw; — 1)m(X;)}

via Lemma (2.4). In addition, E{nSy(W,m)} < co. As for term 72, we first define

¥; = 6;(1; — d;). By assumption, we have E[e;|¢)1, ..., ¢n] = 0. By EVVE formula, we would have:

1 _ LSl )
Var(N;%Ei) = E Var{N;LZJiEi ¢1,---»¢N}

- ) N 9

0.2 0.2 n—¢
s TEOmato@m s T (1) e
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Therefore, we have N1 Zf\;l di(wW; — d;)e; = op (n*1/2), which implies

2
E {711/2]\7_1 Zf\;l 0; (w; — di)2 ei} < 00. Finally, term T'3 can be directly handled by sample
design assumption (A1), i.e., N~! Y ics di€i — N1 Yicu€i = Op (n_l/Q). In a nutshell, we have

N1 Zf\il SwY; —E(Y) =0, (n_1/2), .

2.9.2 Proof of Theorem 2.2

The additional assumption for Theorem 2 is

[B1 For some k > 2, there is a constant p < oo such that E[¢;(X)?*] < p?* for all j € N, where

{¢; }}";1 are orthonormal basis by expansion from Mercer’s theorem.

Lemma 2.6. Suppose assumptions [A4], [A5] and [B1] hold, and the kernel ridge regression for a

(-th order Sobolev space H with tuning parameter of order n=2t/CHD then

E(|m — %) = 0 { (‘f)} (2.64)

Proof of Lemma 2.6. The proof can be found in Corollary 4 in Zhang et al. (2013). O

Lemma 2.7. Suppose assumptions (A1) ~ (A5), (B1) and the tuning parameter assumption in

202 41ld+d
Q2I+1)d

Lemma 2.6 hold, further assume \; =< n*, Xy < n~!, where — <k< -1, ande< ZIQ—JZFI,

then Sy (W, h) = o, (n71).

Proof of Lemma 2.7. Let h = m — m. Obviously, as m,m € H. we have h € H. By Lemma 2.6,

2(21—d)
we have ||h]| y = Op(n~4CH1D) = 0,(1). Tt is also easy to verify that A, ||hl|y ¢ = o0, (n) and
Az |l = op(n).
Rearranging the terms in (2.34), we would immediately get:
SN (W, h) + A |3, Rl + AeQn (W3 d) [[A]%
<Sn(w*,w*) [Pl + A l1R]5, + AQn (w5 d) (7] - (2.65)

The proof is similar to Lemma 2.4 and Lemma 2.5. 0
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Proof of Theorem 2.2. We have the following decomposition

; N “
€U €U
1 1 & 1 &
= = (St — DA(Xi) + = > 6y — di)e +— Y didie; (2.66)
N =1 N i=1 N i=1
=an by =CN
Apparently, we have

2\@

=

By Lemma 2.7, the first term is op(n~

N 2
Jifz ) =n{E(ay) + E(b%) + E(c}) + 2E(anby)

+2E(CLNCN) + QE(bNCN)} (267)

1 2). By dominated convergence theorem and Skorohod
representation theorem, we have

E(a3) = n 'E(nSy(W,h)) = o(n™!) (2.68)
Therefore, nE(ay ) = o(1). Moreover, with similar argument in Theorem 2, we have

by = op(n~1/?), which implies nE(b%,) = o(1). Next,

n 1—m
E(cR) =z D —— 01

: (2.69)
ieu '
Additionally, the cross terms can be handled by Cauchy-Schwarz inequality. Therefore, we arrive

the conclusion that our estimator attains Godambe-Joshi lower bound
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CHAPTER 3. STATISTICAL INFERENCE AFTER KERNEL RIDGE
REGRESSION IMPUTATION UNDER ITEM NONRESPONSE

Hengfang Wang and Jae Kwang Kim
Towa State University

Modified from a manuscript to be submitted to in Biometrika

3.1 Abstract

Imputation and propensity score weighting are two popular techniques for handling missing
data. We consider a fully nonparametric approach to these methods using kernel ridge regression.
Kernel ridge regression is a modern regression technique based on the theory of reproducing
kernel Hilbert space. We first use the kernel ridge regression to develop imputation for handling
item nonresponse. While this nonparametric approach is potentially promising for imputation, its
statistical properties are not fully investigated in the literature. Under some conditions on the
order of the tuning parameter, we first establish the root-n consistency of the kernel ridge
regression imputation estimators and show that it achieves the lower bound of the semiparametric
asymptotic variance. A nonparametric propensity score estimator using the kernel ridge
regression is also developed by a novel application of the maximum entropy method for the
density ratio function estimation. The resulting propensity score estimator is shown to achieve
the same asymptotic variance as the kernel ridge regression imputation estimator. Results from a

limited simulation study are also presented to confirm our theory.

3.2 Introduction

Missing data is a universal problem in statistics. Ignoring the cases with missing values can

lead to misleading results (Kim and Shao, 2013; Little and Rubin, 2019). Two popular approaches
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for handling missing data are imputation and propensity score weighting. Both approaches are
based on some assumptions about the data structure and the response mechanism. In the
statistical point of view, instead of using strong parametric model assumptions, nonparametric
approaches are more attractive as they does not depend on explicit model assumptions.

In principle, any prediction techniques can be used to predict missing values using the
responding units as a training sample. However, statistical inference with imputed estimator is
not straightforward. Treating imputed data as if observed and applying the standard estimation
procedure may result in misleading inference, leading to underestimation of the variance of
imputed point estimators. How to incorporate the uncertainty of the estimated parameters in the
final inference is challenging especially for nonparametric imputation because the model
parameter is implicitly defined.

For nonparametric imputation, Cheng (1994) used the kernel-based nonparametric regression
for imputation and established the root n-consistency of the imputed estimator. Wang and Chen
(2009) employed the kernel smoothing approach to do empirical likelihood inference with missing
values. Kim et al. (2014) proposed Bayesian multiple imputation using the Dirichlet process
mixture. Sang et al. (2020) proposed semiparametric fractional imputation using Gaussian
mixtures.

For nonparametric propensity score estimation, Hainmueller (2012) proposed the so-called
entropy balancing to find the propensity score weights using the Kullback-Leibler information
criterion. Chan et al. (2016) generalize this idea further to develop a general calibration weighting
method that satisfies the covariance balancing property with increasing dimensions of the control
variables. They further showed the global efficiency of the proposed calibration weighting
estimator. Zhao (2019) generalized the idea further and developed a unified approach of covariate
balancing propensity score method using tailored loss functions. Tan (2020) developed regularized
calibrated estimation of propensity scores with high dimensional covariates.

In this paper, we consider kernel ridge regression as a tool for nonparametric function

estimation for imputation and propensity score estimation. Kernel ridge regression (Friedman
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et al., 2001; Shawe-Taylor and Cristianini, 2004) is a modern regression technique which can
alleviate the effect of model assumption. By using a regularized M-estimator in reproducing
kernel Hilbert space, kernel ridge regression can estimate the regression mean function with
complex reproducing kernel Hilbert space while a regularized term makes the original infinite
dimensional estimation problem viable (Wahba, 1990). van de Geer (2000); Mendelson (2002);
Zhang (2005); Koltchinskii (2006); Steinwart et al. (2009) studied the error bounds for the
estimates of kernel ridge regression method.

While the kernel ridge regression is a promising tool for handling missing data, its statistical
inference is not fully investigated in the literature. Specifically, we obtain root-n consistency of
the kernel ridge regression imputation estimator under some popular functional Hilbert spaces.
Because the kernel ridge regression is a general tool for nonparametric regression with flexible
assumptions, the proposed imputation method can be used widely to handle missing data without
employing parameteric model assumptions. Variance estimation after the kernel ridge regression
imputation is a challenging but important problem. To the best of our knowledge, this is the first
paper which considers kernel ridge regression technique for imputation and discusses its variance
estimation rigorously.

The kernel ridge regression is also used to obtain nonparametric propensity score weights for
handling missing data. To do this, we use a novel application of density ratio function estimation
in the same reproducing kernel Hilbert space. Maximum entropy method of Nguyen et al. (2010)
is used for density ratio estimation, which is further applied to get the kernel ridge
regression-based propensity score estimators. We further show the asymptotic equivalence of the
resulting propensity score estimator with the kernel ridge regression-based imputation estimator.
These theoretical findings can be used to make valid statistical inferences with the propensity

score estimator.
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3.3 Kernel Ridge Regression Imputation

Consider the problem of estimating # = E(Y’) from an independent and identically distributed
sample {(x;,yi),7 =1,--- ,n} of random vector (X,Y). Instead of always observing y;, suppose
that we observe y; only if §; = 1, where §; is the response indicator function of unit ¢ taking values
on {0, 1}. The auxiliary variable x; are always observed. We assume that the response mechanism
is missing at random in the sense of Rubin (1976).

Under missing-at-random, we can develop a nonparametric estimator 7 (x) of

m(x) = E(Y | x) and construct the following imputation estimator:

. 1 & X
br = 21 {0iyi + (1 = di)mn(xq)} - (3.1)
1=
If m(x) is constructed by the kernel-based nonparametric regression method, we can express

oy i OB (xi, X)yi
M) = S Kk, x)

(3.2)

where K} (+) is the kernel function with bandwidth h. Under some suitable choice of the
bandwidth A, Cheng (1994) first established the root-n consistency of the imputation estimator
(3.1) with nonparametric function in (3.2). However, the kernel-based regression imputation in
(3.2) is applicable only when the dimension of z is small.

In this paper, we extend the work of Cheng (1994) by considering a more general type of the
nonparametric imputation, called kernel ridge regression imputation. The kernel ridge regression
can be understood using the reproducing kernel Hilbert space theory (Aronszajn, 1950) and can

be described as

= argerg_l[in > 6 {yi — m(x) Y + Amll3, | (3.3)
m i=1

where Hm||3{ is the norm of m in the Hilbert space H and A(> 0) is a tuning parameter for

regularization. Here, the inner product (-,-) is induced by such a kernel function, i.e.,

<f7K('7X)>'H = f(X),VX € va €EH,
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namely, the reproducing property of H. Naturally, this reproducing property implies the H norm
of fo [[flly =(f. f );{ ?. Scholkopf and Smola (2002) provides a comprehensive overview of the
machine learning techniques using the reproducing kernel functions.

One canonical example of such a functional Hilbert space is the Sobolev space. Specifically,

assuming that the domain of such functional space is [0, 1], the Sobolev space of order ¢ can be

denoted as
Wi = {rp =R, ccpa), fO e 120,11,

where CJ0, 1] denotes the absolutely continuous function on [0, 1]. One possible norm for this

space can be

IIinvg = g {/01 f(q)(t)dt}2 + /01 {f@(t)}2 dt.

In this section, we employ the Sobolev space of second order as the approximation function space.

For Sobolev space of order £, we have the kernel function
-1
K(z,y) =Y ko(2)kg(y) + ke(@)ke(y) + (—1)kae(jz — yl),
q=0

where k(z) = (¢!) "' By(z) and By(+) is the Bernoulli polynomial of order g. Smoothing spline
method is a special case of the kernel ridge regression method.
By the representer theorem for reproducing kernel Hilbert space (Wahba, 1990), the estimate

in (3.3) lies in the linear span of {K(-,x;),i = 1,...,n}. Specifically, we have
n
() = &nK(xi), (3.4)
i=1
where
éy = (AK+ L) 1Ay,

A, = diag(d1,...,0,), K = (K(xi,%;))ij» ¥ = (1,--.,yn)T and I, is the n x n identity matrix.
The tuning parameter X is selected via generalized cross-validation in kernel ridge regeression,

where the criterion for \ is

0~ {AL — AN}yl
n=ltr(A, —A(\))

GCV()\) = (3.5)
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and A()\) = A, K(A,K + AI,)"'A,. The value of A minimizing the criterion (3.5) is used for
the selected tuning parameter.

Using the kernel ridge regression imputation in (3.3), we can obtain the imputed estimator
in(3.1). Because m(x) in (3.4) is a nonparametric regression estimator of m(x) = E(Y | x), we
can expect that this imputation estimator in (3.1) is consistent for § = E(Y') under missing at
random, as long as Mm(x) is a consistent estimator of m(x). Surprisingly, it turns out that the
consistency of 87 to 6 is of order O,(n~'/2), while the point-wise convergence rate for 7(x) to
m(x) is slower.

We aim to establish two goals: (i) find the sufficient conditions for the root-n consistency of
the imputation estimator 67 in (3.1) and give a formal proof; (i) find a linearization variance
formula for the imputation estimator O using the kernel ridge regression imputation. The first
part is formally presented in Theorem 3.1 in Section 3.4. For the second part, we employ the
density ratio estimation method of Nguyen et al. (2010) to get a consistent estimator of

w(x) = {m(x)}~" in the linearized version of f;. Estimation of w(x) will be presented in Section

3.5.

3.4 Main Theory

Before we develop our main theory, we first introduce Mercer’s theorem.

Lemma 3.1 (Mercer’s theorem). Given a continuous, symmetric, positive definite kernel
function K : X x X — R. For x,z € X, under some reqularity conditions, Mercer’s theorem

characterizes K by the following expansion
K(x,2) =Y Xo;(x);(z),
j=1

where A1 > Ag > ... > 0 are a non-negative sequence of eigenvalues and {$;}32, is an

orthonormal basis for L?(P).

Furthermore, we make the following assumptions.
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Assumption 3.1. For some k > 2, there is a constant p < 0o such that E[¢;(X)*] < p?* for all

J € N, where {qb]}]o‘;l are orthonormal basis by expansion from Mercer’s theorem.

Assumption 3.2. The function m € H, and for x € X, we have E[{Y —m(x)}*] < o2, for some

0? < 0.

Assumption 3.3. The response mechanism is missing at random. Furthermore, the propensity
score w(x) = pr(d = 1| x) is uniformly bounded away from zero. In particular, there exists a

positive constant ¢ > 0 such that w(x;) > ¢, fori=1,...,n.

The first assumption is a technical assumption which controls the tail behavior of {¢; ;-";1.
Assumption 3.2 indicates that the noises have bounded variance. Assumption 3.1 and Assumption
3.2 together aim to control the error bound of the kernel ridge regression estimate m.
Furthermore, Assumption 3.3 means that the support for the respondents should be the same as
the original sample support. Assumption 2.4.1 is a standard assumption for missing data analysis.
We furhter introduce the following lemma. Let Sy = (I, + AK~!)~! be the linear smoother for
the kernel ridge regression method. That is, m = S,y be the vector of regression predictor of y

using the kernel ridge regression method.

Lemma 3.2 (modified Lemma 7 in Zhang et al. (2013)). Suppose Assumption 3.1 and 3.2 hold,

for a random vector z = E(z) + oe, we have

S)z=E(z]|x)+ a,,

where a, = (a1, ...,a,)" and

a =0, ()\1/2 n {V(A)}l/%—l/?) , (3.6)

fori=1,...,n, as long as E(||z,,) and o? is bounded from above, for i =1,...,n, where € are

noise vector with mean zero and bounded variance and

YA =D M+ N py)

Jj=1

is the effective dimension and {uj}j-’;l are the eigenvalues of kernel K used in m(x).
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The first term in (3.6) denotes the order of bias term and the second term denotes the square

root of the variance term. Specifically, we have the asymptotic mean square error for m,

AMSE(in) = O(1) x {)\ Iml|2, + nflfy(x)} . (3.7)
For the /-th order of Sobolev space, we have p; < Cj~2 and
YN = 3+ <0 (A, (3.8)
j=1

Note that (3.7) is minimized when X = ~(\)/n, which is equivalent to A =< n=2¢/(21) under (3.8).

The optimal rate A < n=2¢/2H1) Jeads to
AMSE(1n) = O(n~2¢/26+1) (3.9)

which is the optimal rate in Sobolev space, as discussed by Stone (1982).
To investigate the asymptotic properties of the kernel ridge regression imputation estimator,

we express

A~

0= > o+ (1= i)}

= % > mixi)+ % > 6 {yi —m(x)} + % > (1= 6) {rin(xi) — m(xi)}
1=1 i=1

=1

Ry Sn Tn

Therefore, as long as we show

7= 2300 s = - mx) + o), (3.10)
i=1

(%)
then we can establish the root-n consistency. The following theorem formally states the

theoretical result.
Theorem 3.1. Suppose Assumption 3.1-3.3 hold for a Sobolev kernel of order £, as long as
nA—0, nAY? = oo, (3.11)

we have

nl/? (9} - e) L4 N(0,02),
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where
o? =var{E(Y | x)} + E{var(Y | x)/7(x)} = var(n)
with
n = m(x) + 57r(1x) {y - m(x)}. (3.12)

Remark 3.1. Note that the optimal rate A < n=2/@H1) does not satisfy the first part of (3.11).

K

To control the bias part, we need a smaller A such as A = n=% with k > 1. Similar conditions are

used for bandwidth selection for nonparametric kernel regression
nh — oo and n'/?h* — 0.

for dim(x) = 1. See Wang and Chen (2009) for details.

Remark 3.2. Theorem 1 is presented for a Sololev kernel. For sub-Gaussian kernel whose

etgenvalues satisfy that

i <cr exp(—Csz),

where c1,co are positive constants, we can establish similar results. To see this, note that

[e.9]

Hj
v(A) = :
pacl e A

v/
A Je V2 tog(n)}1/2

< oy P~ 1og(W 2 + 0(1),

< 051/2{— log(\)}/2 + exp(—c22?)dz

where the second term in the last equation can be obtained by the Gaussian tail bound inequality.
Therefore, as long as nA — 0 and n{—1log(A\)} /% = oo, we have n~ "1} a, = 0,(n"1/?) and the

root-n consistency can be established.

Note that the asymptotic variance of the imputation estimator is equal to n~'¢?, which is the
lower bound of the semiparametric asymptotic variance discussed in Robins et al. (1994). Thus,

the kernel ridge regression imputation is asymptotically optimal. The influence function in (3.12)
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can be used for variance estimation of 9}. The idea is to estimate the influence function
ni = m(x;) + 8 {m(x;)} "t {y; — m(x;)} and apply the standard variance estimator using ;. To
estimate 7;, we need an estimator of 7(x). In the next section, we will consider a version of kernel

ridge regression to estimate w(z) = {m(x)}~! directly. Once @;(x) is obtained, we can use

n

N 1 1 . .9
V:nn_lz;(ni_nn)
1=

as a variance estimator of 0y in (3.1), where
i = (X)) 4 0iwi(xi) {yi — m(xi)}
and 7, =n "1 >0 | .
3.5 Propensity Score Estimation

We now consider estimation of w(x) = {m(x)}~! using kernel ridge regression . In order to
estimate w(x) = {m(x)}~!, we wish to develop a nonparametric method of estimating w(x) using
the same reproducing kernel Hilbert space theory. To do this, first define the following density
ratio function

(3.13)

and, by Bayes theorem, we have
1 7
w(x) = —— = 1+ g(x)
ni

where ng = n —ny. Thus, to estimate w(x), we have only to estimate the density ration function
g(x) in (3.13). Now, to estimate g(x) nonparametrically, we use the maximum entropy method
(Nguyen et al., 2010) for density ratio function estimation.

For convenience, let fi(x) = f(x|d = k), for k =0,1. To explain the kernel ridge estimation

estimation of g(x), note that g(x) can be understood as the maximizer of the Kullback-Leibler
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divergence between fy and fi, i.e.,

Drr.(fo, f1) > argmax Q(g)

g>0

= argmax [ 10896} o)) - [ 9(2)fi (o)

— argmax [ g(x)llog {9(x)} — 111 (x)dulx). (3.14)
g>0

That is, by (3.14), a sample version of (g) can be written as

A~

Q(9) Zalg x;)[log{g(x:)} — 1,

i=1
where ny =3 | 6;.
Since g(x) is unknown, we want to impose constraints to formulate an M-estimation problem

for g(x). Given m(-), using the idea of model calibration (Wu and Sitter, 2001), we would like to

use
n

> Biglinla) = Y (1 = b))
i=1

=1
as a constraint for density ratio estimation. Note that it is algebraically equivalent to

n

1
nZ(S{lJr g(xz} me,
Now, as we have m € H, and by the representer theorem in kernel ridge regression, we know

that m € span{K(-,x1),..., K(-,x,)}. Thus, the calibration constraint is

1 « 1 «
725ig(xi)(K('7X1)7'--vK('7X7Z)>T = Z(l_5i)<K('7X1)7'"7K('7XTL))T' (315)
[ [

This calibration property is also called covariate-balancing property (Imai and Ratkovic, 2014).

Further, we want to incorporate with the normalization constraint Y, d;w(x;) = n, i.e.,

n

azézg Xz = 02(1_5) (3'16)

=1
Minimizing Q(g) subject to (3.15) and (3.16) is called the maximum entropy method. Using

Lagrangian multiplier method, the solution to this optimization problem can be written as

log{g(x)} = log{g(x; ¢)} = o + Z ¢ K (x, ;) (3.17)
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for some ¢ = (o, ..., d,)T € R*1. Thus, using the parametric form in (3.17), the optimization

problem can be expressed as a dual form

n

QO(¢) = i Z( d;) log{g(xi; @)} — 72519 Xi; @

n
O'Ll

to formulate a legitimate estimation of g(-). Further, define h(x; @) = log{g(x; ®) — ¢o}, where

¢, = (¢1,...,¢,)". In our problem, to ensure the Representer theorem, we wish to find & that
minimizes

—Qolg; d) + 7 1h1% (3.18)
over ¢.

Hence, using the representer theorem again, the solution to (3.18) can be obtained as

min {nll Z 6ig9(xi; @) — 730 2(1 —0;) log{g(xi; )} + T¢TK¢} (3.19)
i=1

€Rn
1 i1

and ¢ is a normalizing constant satisfying

Z(S exp{¢o + Z% (xi,%;5)} (3.20)

Thus, we use

n
g(x) = exp{do + > ¢ K(x,%;)}
j=1
as the maximum entropy estimator of the density ratio function g(x) using kernel method. Also,

G(x) =1+ Z—fmx)

is the maximum entropy estimator of w(x) = {m(x)}~!. The estimator of w(z) satisfies the

calibration property by construction. That is, for any function f(x) € H, we have

n~! Z 8i(xq) f(xi) =n~" Z f(xi).
=1 i=1

The tuning parameter 7 is chosen to minimize

{14 2 g b - Yt
— — - —_ — m
ni:lz n1 9r\T; n

where m(z) is determined by kernel ridge regression estimation. Thus, we can use the following

two-step procedure to determine the tuning parameter 7.
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1. Use the kernel ridge regression to obtain 7 (x).
2. Given m(x), find 7 that minimizes D(7).

As the objective function in (3.19) is convex, we apply the limited-memory
Broyden-Fletcher-Goldfarb-Shanno algorithm to solve the optimization problem with the

following first order partial derivatives:

U 1 & -

Mom;&exp ¢0+;¢jK(Xiaxj) -1,

al_izn:(g,[((x.x)ex é +Zn:d>4K(x-x-) _izn:g—d)K(xlx)
Do _nl 2 i iy Xk p 0 P j iy Xj o £ i iy Xk

n
+272K(Xi,xk)q§i, k=1,...,n,
i=1

where U is the objective function in (3.19).

Further, we can also obtain the propensity score estimator based the above procedure, i.e.,
1 n
=1
We have
Theorem 3.2. Under reqularity conditions stated in the supplementary material, we have
nl/2 (éps _ 9) £ N(0,02), (3.22)

2

where 0 = var(n) and

=)+ 5 {1+ g0} - mi).

Theorem 3.2 implies that shown the propensity score estimator in (3.21) using the above
procedure achieves the same asymptotic variance as the kernel ridge regression imputation
estimator. The regularity conditions and the sketch of proof of Theorem 3.2 are presented in the
Appendix. We can use a linearized variance estimator to get a valid variance estimate based on

Theorem 3.2, similar to Theorem 3.1.
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3.6 Simulation Study

To evaluate the performance of the proposed imputation method and its variance estimator,
we conduct a limited simulation study. We consider the continuous study variable with three
different data generating models. In the three models, we keep the response rate around 60% and
var(Y) =~ 10. Also, x; = (w1, %42, 23, 2:4) " are generated independently element-wise from the
uniform distribution on the support (1,3). In the first model A, we use a linear regression model
Yi = 3+ 2.5xi1 + 2.75x40 + 2.5243 + 2.25x44 + 0€; to obtain y;, where {¢;}!' | are generated from
standard normal distribution and o = 3Y/2. In the model B, we use
Yi =3+ (1/35)x§1x§2xi3 4 0.1z;4 4 o€; to generate data with a nonlinear structure. The model C
for generating the study variable is y; = 3 + (1/180)z3 25,xi373, + 0.

In addition to {(x;,yi),i =1,...,n}, we consider two response mechanisms. The response
indicator variable ¢’s for both mechanisms are independently generated from the Bernoulli
distribution. In the first missing mechanism, the probability for the Bernoulli distribution is
logit (x} B + 2.5), where 3 = (—1.1,0.5, —0.25, —0.1)T and logit(p) = log{p/(1 — p)}. In the
secondthe probability for the Bernoulli distribution is
logit (—0.3 + 0.722 — 0.5z2 — 0.2523 — 0.2524). We considered two sample sizes n = 500 and
n = 1,000 with 1,000 Monte Carlo replications. The reproducing kernel Hilbert space we
employed in the simulation study is the second-order Sobolev space. From each sample, we
consider four imputation methods: imputation and propensity score methods related to kernel
ridge regression and the others are B-spline and linear regression. For B-spline method, we employ
the generalized additive model by R package ‘mgcev’ (Wood, 2012) . Specifically, we used cubic
spine with 15 knots for each coordinate with restricted maximum likelihood estimation method.

The simulation results in Figure 3.1 and Figure 3.2 show that four methods show similar
results under the linear model (model A), but both kernel ridge regression imputation estimators
and propensity score estimators show robust performance under the nonlinear models (models B

and C). All kernel ridge regression related methods provide neglgible biases in all scenarios.
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Figure 3.1: Boxplots with four estimators for model A ((a) for n = 500 and (b) for n = 1000), model
B ((c) for n = 500 and (d) for n = 1000) and model C ((e) for n = 500 and (f) for n = 1000) under
first response mechanism with true values (dashes). KRR_IM, kernel ridge regression imputation
estimator; KRR_PS, kernel ridge regression propensity score estimator.
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Figure 3.2: Boxplots with four estimators for model A ((a) for n = 500 and (b) for n = 1000), model
B ((c) for n = 500 and (d) for n = 1000) and model C ((e) for n = 500 and (f) for n = 1000) under
second response mechanism with true values (dashes). KRR_IM, kernel ridge regression imputation

estimator; KRR_PS, kernel ridge regression propensity score estimator.
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Table 3.1: Relative biases (R.B.) of the proposed variance estimator, coverage rates (C.R.) of
the 90% and 95% confidence intervals for imputed estimators and propensity score estimators
under kernel ridge regression with second-order Sobolev kernel and Gaussian kernel for continuous
responses

First Missing Mechanism Second Missing Mechanism
Model  Criteria KRR_IM KRR_PS KRR_IM KRR_PS
n=500 n=1000 n=500 n=1000 n=500 n=1000 n=500 n=1000
R.B(%) 0.09%  -2.8% 0.15%  -3.14% 3.4% 2.74%  -1.68%  -1.9%
A C.R.(90%) 90.3%  89.95%  90.3%  89.75% 90.25%  90.6%  89.15%  89.85%
C.R.(95%) 95.5%  94.95%  95.7% 95% 95.2%  95.45% 94.65%  94.8%
R.B(%) 2.77%  -542%  -5.7T%  -6.6%  -6.07% -3.42% -11.25% -6.23%
B C.R.(90%) 89.55%  89.7% 89.2% 89.2%  88.05% 90.05%  87.75%  89.3%
C.R.(95%) 94.25% 94.55%  93.85%  94.1% 94.15% 94.7%  93.35%  94.1%
R.B(%) S7.43%  -3.97%  -12.24%  -6.22%  -9.38%  -2.29%  -13.62%  -4.34%
C C.R.(90%) 87.95%  88.7% 86.7%  88.75% 88.8%  89.5% 87.5%  89.75%
C.R.(95%) 93.35%  94.2%  92.35%  93.7%  93.95% 95.15%  93.25%  94.7%

In addition, we have computed the proposed variance estimators under kernel ridge regression
imputation with the corresponding kernel. In Table 3.1, the relative biases (in percentage) of the
proposed variance estimator and the coverage rates of two interval estimators under 90% and 95%
nominal coverage rates are presented. The relative bias of the variance estimator are relatively
low, which confirms the validity of the proposed variance estimator. Furthermore, the interval

estimators show good performances in terms of the coverage rates.

3.7 Application

We applied the kernel ridge regression with the kernel of second-order Sobolev space to study
the PMy 5(1g/m?3) concentration measured in Beijing, China (Liang et al., 2015). Hourly weather
conditions: temperature, air pressure, cumulative wind speed, cumulative hours of snow and
cumulative hours of rain are available from 2011 to 2015. Meanwhile, the averaged sensor
response is subject to missingness. In December 2012, the missing rate of PMg 5 is relatively high
with missing rate 17.47%. We are interested in estimating the mean PMj 5 in December with

both imputed and propensity score kernel ridge regression estimates. The point estimates and
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their 95% confidence intervals are presented in the Table 3.2. As a benchmark, the confidence
interval computed from complete cases and confidence intervals for the imputed estimator under
linear model (Kim and Rao, 2009) are also presented there. In addition, KRR_IM denotes the
kernel ridge regression imputation estimator and KRR_PS denotes thes kernel ridge regression

propensity score estimator.

Table 3.2: Point estimates (P.E.), standard error (S.E.) and 95% confidence intervals (C.I.) for
imputed mean PMs 5 in December, 2012 under kernel ridge regression

Estimator P.E. S.E. 95% C.I.
Complete 109.20 3.91 (101.53, 116.87)
Linear  99.61 3.68 (92.39, 106.83)
KRR.IM 101.92 3.50 (95.06, 108.79)
KRR PS 102.25 3.50 (95.39, 109.12)

As we can see, the performances of kernel ridge regression imputation estimators are similar
and created narrower 95% confidence intervals. Furthermore, the imputed PMs 5 concentration
during the missing period is relatively lower than the fully observed weather conditions on
average. Therefore, if we only utilize the complete cases to estimate the mean of PMy 5, the

severeness of air pollution would be over-estimated.

3.8 Discussion

We consider kernel ridge regression as a tool for nonparametric imputation and establish its
asymptotic properties. The proposed kernel ridge regression imputation can be used as a general
tool for nonparametric imputation. By choosing different kernel functions, different
nonparametric imputation methods can be developed. Asymptotic properties of the propensity
score estimator are also established. The unified theory developed in this paper can cover various
type of the kernel ridge regression imputation and enables us to make valid statistical inferences
about the population means.

There are several possible extensions of the research. First, the theory can be directly

applicable to other nonparametric imputation methods, such as smoothing splines (Claeskens
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et al., 2009) or deep kernel learning (Bohn et al., 2019). Second, instead of using ridge-type
penalty term, one can also consider other penalty functions such as the smoothly clipped absolute
deviation penalty (Fan and Li, 2001) or adaptive lasso (Zou, 2006). Also, the proposed method
can be used for causal inference, including estimation of average treatment effect from
observational studies (Morgan and Winship, 2014; Yang and Ding, 2020). Developing tools for
causal inference using the kernel ridge regression-based propensity score method will be an

important extension of this research.
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3.10 Appendix: Technical Details

3.10.1 Proof for Theorem 3.1

To prove our main theorem, we write

0= > o+ (1= (i)}

n

= Y mx)+ Zé{yl— (o)} + - D21 =8) i) — mixo)}.
=1

i=1

Ry Sn Tn

Therefore, as long as we show

_igéi{w&)

then the main theorem automatically holds.

To show (3.10), note that

m=K(A,K+\,) A,y
—K{(A,+ K HK} A,y

— (A, + K )ALy,

where m = ((x1),...,m(x,))T. Let Sy = (I, + AK~1)~!, we have

-1

h=(A,+ K A,y =C;'d,,

where

C, =Sy (An+ K1),

dn = S/\Any.
By Lemma 2, we obtain

C,=EA,|x)+a,

:H“‘ana

- 1} {yi —m(x))} + op(n~"/?),

(3.23)
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where IT = diag(m(x1),...,m(xy)) and () is the effective dimension of kernel K. Similarly, we
have
d, =E(Ay | x)+a,
=IIm + a,.
Consequently, by Taylor expansion, we have
m=m+II" (dp — Com) + 0, ()
=m+ I {SAAny — S (An + )\K_l) m} + 0, (ay)
=m+ I 'S)A, (y — m) + Op(an),
where the last equality holds because
S\AK 'm =8, {(I,+ \K') - L}m
=m—Sym = Oy(a,).
Therefore, we have
T, =n"'11 (1, - A,) (h — m)
=n 1 (I, - A,) T 'S, A, (y —m) + Op(n" 1} a,)
=n 110 (I, - T 'A, (y —m) + Op(n" "1} a,)
=n "1} (I7' - L,) A, (y — m) + Op(n~'1]a,).

For /-th order of Sobolev space, we have

o0

1

j=1
PN D M
- L 1H5%N
{5:9>A" 2}
1 o0
<\ +)\_1/ L2z
A2
IR RS
= 2 _ 2
20— 1

—o(x#).
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Additionally,
n11a, = 0, (A2 +n 7 {y(N)}2),

which implies that, as long as nA — 0 and nAY/2t — oo, holds, we have nillgan = op(n*1/2) and

(3.10) is established.

3.10.2 Regularity Conditions and Proof for Theorem 3.2

To prove Theorem 3.2, we need the following lemma for consistency of our propensity score
estimation.
Let Py be the distribution of whose pdf is f(x | 6 = 0), P; be the distribution of whose pdf is

f(x]|d=1)and

Let g be the estimated density ratio function generated by (3.18) in the main article. Further, let

G = {exp(h) : h € H} be the function space generated by H. Let G = sup g |9(x)|-

Lemma 3.3 (modified Theorem 1 in Nguyen et al. (2010)). Suppose the Kullback-Leibler
divergence Dgr,(Po||P1) is bounded. Further, suppose that there ezists a g € G such that g = g*

almost surely. Additionally, assume the envelope condition

/GdPl < 00,
and further for all 6 > 0,

1
ﬁHé(g - g*a Ll(Pl,n)) &* 0,

G+g*
2g*

1

E,H(S <10g L1 ([P)O,n)> & O,

where Hs(M, L1(Q)) denotes the d-entropy of M for the L1(Q)-metric and Py, is the empirical
distribution for Py. Then hp, (g%, §) — 0 almost surely, where hp, (g%, §) is the Hellinger distance

between g*.
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The proof of Lemma 3.3 is presented in Nguyen et al. (2010). Thus, the convergence of
propensity score is obtained.

The regularity conditions for Theorem 3.2 are essentially the conditions for Theorem 3.1 and
Lemma 3.3 in addition with n'/27 — 0, ||m/;; = Op(1) and ||Al;, = Op(1). Still, we take Sobolev
space of order ¢ as an example, the results for other kernels can be modified accordingly. Now we

introduce the proof of Theorem 2.

Proof. We have
Opg = = zn:m(X') + 1 Zn:5'w(x-)e- + L i{é-w(xd — Lprn(x)
PS_”izl l ni:lz o i s Z
I, 5
4 ” Z{&'w(xz') — 1H{m(x;) —m(x;)}
i=1

Due to monotone transformation among g, h and w, the convergence of § in Lemma 3.3 implies

the convergence of h and . As E(e;|x;) = 0, by convergence of @, we have

HEE o ~1/2
Qn = - ; diw(xi)e; + op(n~7%).

Note that

San(x;) — 1 = Ci(x;) — (1 —6;),
ni

by construction of propensity score estimator, the Fréchet derivative of (3.18) must satisfy

™ =0, (3.24)

n

%Z{(Siw(xi) — 1} +
i=1

where &, is the reproducing kernel Hilbert space evaluator function. That is, for any function

f € H, we have (f,&x,)n = f(x;). Take the inner product in H of (3.24) with 7, we have

LS (o) — (o) =~ i
=1
no



56

where the second inequality holds due to the convegence of 1 and iL, the last equality holds due to
Cauchy-Schwarz inequality. Thus, as long as 7 = o(n~1/2), we have R,, = op(n_l/ 2). Further, by
Lemma 2 and the derivation in Theorem 1, m(x;) — m(x;) = O, ()\1/2 + n_l/z{y()\)}lm) = 0p(1),
where the last equality is implied by the regularity condition for A. Thus, we have

Sy =07t {00b(x;) — 13{m(x;) — m(xi)} = 0p(n~1/2). Therefore, we have established

R 1 & 1 — ~1/2
Ops = n ;m(xz) + n ;(Siw(xi)ei + op(n / )-
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CHAPTER 4. PROPENSITY SCORE ESTIMATION USING DENSITY
RATIO MODEL UNDER ITEM NONRESPONSE

Hengfang Wang and Jae Kwang Kim
Towa State University

Modified from a manuscript to be submitted to Journal of the American Statistical Association

4.1 Abstract

Missing data is frequently encountered in practice. Propensity score estimation is a popular
tool for handling such missingness. The propensity score is often developed using the model for
the response probability which can be subject to model misspecification. In this paper, we
consider an alternative approach of estimating the inverse of the propensity scores using density
ratio function. By partitioning the sample into two groups based on the response status of the
elements, we can apply the density ratio function estimation method and obtain the inverse
propensity scores for nonresponse adjustment. Density ratio estimation can be obtained by
applying the so-called maximum entropy method which uses the Kullback-Leibler divergence
measure under calibration constraints. By including the covariates for the outcome regression
models only into the density ratio model, we can achieve efficient propensity score estimation.
The proposed method can be extended to soft calibration in the kernel-based functional space.
We further extend the proposed approach to the multivariate missing case. Some limited

simulation studies are presented to compare with the existing methods.

4.2 Introduction

Missing data is frequently encountered in practice. The missingness can occur when the

observational unit does not comply with the measurement or when the measurement tool does
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not work for some mechanical reason or by mistake. In some cases, missingness is planned to
reduce the cost or to reduce the response burden. Causal inference can be viewed as a missing
data problem. Making valid statistical inference in spite of the missing data is a fundamental
problem in statistics. (Kim and Shao, 2013; Little and Rubin, 2019).

Propensity score (PS) approach is a popular approach to handling the missing data problem
using inverse weighting. The propensity score is often developed using the model for the response
probability. In principle, regression models for binary response, e.g., logistic regression, can be
utilized to model the response probability given the observed auxiliary information. An inverse
probability weighting estimator can then be constructed to get an unbiased estimation of the
target parameter. However, correct specification of the propensity score model can be challenging
and we often do not have a good understanding of the response mechanism to specify the
propensity model correctly. Furthermore, the final estimation can be unstable when some
propensity scores are close to zero. The variance and bias of the resultant estimator are likely to
be amplified by the nature of such ‘inverse’ fashion.

The existing methods for propensity score estimation are either based on maximum likelihood
method (Rosenbaum and Rubin, 1983; Robins et al., 1994; Tan, 2006) or calibration method
(Folsom, 1991; Tan, 2010; Graham et al., 2012; Hainmueller, 2012; Imai and Ratkovic, 2014; Kim
and Haziza, 2014; Vermeulen and Vansteelandt, 2015; Chan et al., 2016; Tan, 2020) with some
penalization in the calibration equation. The calibration method gives a doubly robust flavour,
but the choice of the objective function for calibration estimation is not fully agreed.

In this chapter, we propose an alternative framework for inverse propensity weighting without
modeling the response mechanism directly. By using density ratio representation of the inverse
propensity scores, we now estimate the density ratio function directly. By including the covariates
for the outcome regression models only into the density ratio model, we can achieve efficient
propensity score estimation. The proposed method provides a unified framework for developing

calibrated propensity score estimation.
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Under the new framework for propensity score method employing the density ratio
representation, we propose a two-step procedure for propensity score estimation. In the first step,
we select important features from the outcome model and form a finite dimensional set of basis
functions for modeling the log density ratio function. In the second step, we estimate the density
ratio function using maximum entropy method (Nguyen et al., 2010) with the basis functions
selected from the first step.

The first step is important in reducing the variance which might be caused by including
nuisance variables into DRE. That is, the PS estimator can be inefficient when there are more
auxiliary variables than we actually need (Shimodaira, 2000; Shortreed and Ertefaie, 2017). By
including only important covariates for the outcome model to the log density model, we can
obtain efficient PS estimation. We consider two main approaches to do the dimension reduction,
one is variable selection and the other is sufficient dimension reduction (SDR). Given the observed
study variable and the corresponding auxiliary variables, penalization methods (Tibshirani, 2011)
can be implemented to select important covariates. For SDR, we wish to find sparse
transformation of covariates such that the study variable and observed indicator are independent
under such transformation(Fukumizu et al., 2004; Stojanov et al., 2019). We present some
asymptotic theory of the resulting PS estimator. Variance estimation of the PS estimator can be
implemented using either linearization method or bootstrap.

Furthermore, using the density ratio framework, the PS estimation can be easily extended to
handle multivariate missing data. In multivariate missing patterns, we can partition the sample
into multiple groups and apply the DRE method to obtain the inverse propensity scores. The
proposed method under multivariate missing data setup can be used to combine information from

multiple sources.

4.3 Basic Setup

Suppose that the parameter 6 of interest can be written as a solution to E{U(6; X,Y)} =0,

where Y is the study variable that is subject to missingness and X is the auxiliary variable that is



60

always observed. Suppose we have an n i.i.d. realization of (X,Y"), denoted as
{(xi,yi) :i=1,...,n}. Since Y is subject to missingness, the actual dataset we usually have is

{(xi,0:yi,0;) i =1,--- ,n} where ¢; is the response indicator variable defined as

1 if y; is observed

0 otherwise.
We assume that the response mechanism is missing at random (MAR) in the sense of Rubin
(1976). That is,

Y 16|X. (4.1)

To introduce the density ratio function, we use f(-) to denote generic density functions. In
particular, let f(x) to denote the density f(X = x). Further, let f;(x) denote the conditional
density of f(X =x|d =) for j =0,1. Using this notation, we define the following density ratio

function:

By Bayes theorem, we obtain

Assuming ¢ =P(6 = 0)/P(d = 1) is known, we can express

1

mzl—l—c-r(X)

and use
1
w, = -
! ]P’(él =1 | Xi)

=1+c-r(x;) (4.2)
as the propensity score weight for unit ¢ with §; = 1. So, our PS weighting problem reduces to
density ratio estimation. Note that we can easily estimate ¢ by ¢ = ng/n1, n1 = >, 6; and

ng = n —ni. The PS estimator of 8 can be defined as the solution to UPS(Q) = 0, where

Ups(0) = 5 370 {1+ ¢ r(x0)} U 05%1,) (1.3
=1
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Traditionally, the PS estimator is justified under the response mechanism, which is based on
the assumption that P(6; = 1 | X;) is correctly specified. Note that the unbiasedness of Upg(6) in
(4.3) can also be justified without relying on the response mechanism. Under MAR in (4.1), we

have

E{r(X)U(6;X,Y)|d=1} = E{§TE§§U(0;X,Y) |6 = 1}

- ;‘igzzgU(e;x,y)fl(x,y)du(x,y)

= /U(H;x,y)fo(x,y)du(xvy)

= E{U6:X,Y)|§=0}, (4.4)

where () is the dominating measure of (X,Y’). Thus, we can obtain

E{Ups(9) | 6} = E{Un(0) | 8}, (4.5)
where
- 1o 1o
Un(0) = - > Ulxi, i) = - > {8U 0%, 4i) + (1= 6)U (6 %3, y:) }
i=1 i=1
and & = (61,--- ,6,)T. Since U, (#) is an unbiased estimating function, Upg(f) is also unbiased by

(4.5). Note that the reference distribution in (4.5) is the joint distribution of (X,Y") conditional
on . This is the reverse of the classical approach to PS estimation which uses the response
mechanism, the conditional distribution of § given (X,Y’). Thus, the proposed density ratio

approach to PS estimation is a totally different framework.

4.4 Proposed Method

4.4.1 Density Ratio Model

To motivate the proposed method, let b(x) be an integrable function of x and consider the

density ratio function using the density function of b(x). That is,
=0)
1

N |
r(x)—f y
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We can use 7(x) to construct a propensity score estimator of § = E(Y) as follows:

- 1 o n
Ops2 = ; d; {1 + n(l)f(xz')} Yi, (4.7)
where 7(x) is the density ratio function using the density function of b(x). The density ratio
function is derived from the reduced propensity model 7(x) = P(6 = 1| b(x)). That is, similarly
to (4.2), we can obtain
{(7(x)} ' =14c 7(x). (4.8)
Thus, if the MAR condition holds conditional on b(X), that is,

Y 16| b(X), (4.9)

then fpgs in (4.7) is also unbiased under the response probability model using (4.8).

Condition (4.9) can be called reduced MAR as the MAR condition holds for given a summary
statistic b(x). Rosenbaum and Rubin (1983) called b(x) in (4.9) as a balancing score and discuss
a propensity score method using a parametric model for 7(x) =P(6 = 1 | b(x)). Apparently,

under MAR in (4.1), a sufficient condition for (4.9) is
Po=1|x)=P( =1]|b(x)).
The following lemma provides another sufficient condition for (4.9).
Lemma 4.1. If MAR condition in (4.1) holds and the reduced model for y holds such that
Fly1%) = f(y | b(x)), (4.10)
then (4.9) holds.

As long as the reduced outcome model in (4.10) is true, fpss2 is unbiased. Further, the

following lemma gives another insight on 7(x).

Lemma 4.2. Let 7(x) be the density ratio function in (4.6). If (4.9) holds, then we obtain
7(x) = E{r(x) | b(x),y,6 =1}, (4.11)

where r(x) = fo(x)/f1(x) is the true density ratio function.
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Note that result (4.11) implies that
E{fps1 | b(X),Y,8} = Opso,

where Opg; = n~t Yo 8i{l+ ¢ r(xi)}yi. Because fpgs is based on 7(x), the smoothed density
ratio function, it is called the smoothed propensity score estimator. Therefore, we can establish

the following theorem.
Proposition 1. Under (4.9), we obtain

Var(Opg1) > Var(Opss). (4.12)

To estimate the smoothed density ratio function from the sample, we introduce the maximum

entropy method in the following subsection.

4.4.2 Maximum Entropy Estimation

We have seen that the propensity score estimation problem reduces to the density ratio
estimation problem. Density ratio estimation (DRE), the problem of estimating the ratio of two
density functions for two different populations, is a fundamental problem in machine learning
(Sugiyama et al., 2012). By partitioning the sample into two groups based on the response status,
we can apply the DRE method and thus obtain the inverse propensity scores. One important
method of DRE is so called the maximum entropy method which minimizes the Kullback-Leibler
(KL) divergence (or negative entropy) subject to the normalization constraint (Nguyen et al.,
2010).

To explain the proposed DRE method, suppose that we have 2 probability distributions
Pg, Py, with Py absolutely continuous with respect to P;. For simplicity, we also assume that Pj
are absolutely continuous with respect to Lebesgue measure p, with density f; with support

X CRP, for k =0,1. The KL divergence between Py and P; is defined by

Dici(Po, 1) = | log (jﬁf) apo = [ 1og <"fo) fods.
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We are interested in estimating density ratio functions r = fy/f1 from the sample.

By Nguyen et al. (2010), we have a variational representation for the KL divergence, i.e.,

DKL(IP)O,]Pl) = Sup {/T]Og (T) dPl — /TdPl + 1},

r>0

so that the density ratio function can be understood as the maximizer of

Q) = / rlog (r) frdys — / rfrdp, (4.13)

The sample version objective function is
1 n
Q(r) = - > dir(xi) [log{r(x:)} — 1]. (4.14)
i=1

The maximizer of Q(r) is an M-estimator of the density ratio function 7.

To find the constraints for M-estimation of 7, note that, by the definition of 7(x),

B(FOOBX) [6=1) = [ Fb(x)f(bix) | = 1

= E{b(X)|d=0}. (4.15)

Thus, from the integral equation in (4.15), we can construct an estimating equation for the

density ratio function as

;1 S 67 (xi)b(x:) = nlo 3 (1 - 6:)b(xs), (4.16)
=1 =1

which is a finite-sample version of the integral equation in (4.15). Note that constraint (4.16) is

equivalent to

n no ~ n
0l +—- i) p b(x;) = b(x;), 4.17
> {1 22 i) bl) = 3 b (4.17
which is called the calibration property (Deville and Sarndal, 1992) or the covariate-balancing
property (Imai and Ratkovic, 2014). The choice of the control function b(x) will be discussed in

Section 3.3.
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We propose to obtain an estimator of 7#(x) by solving the optimization problem using Q(r) as

the objective function with constraint (4.17). Using Lagrange multiplier method, we maximize
1 o 1 o« 1
Qr(r)=— Z d;ri {log(ri) — 1} + X' | — Z dirib(xi) — — Z(l — d;)b(x;)
n = {3 0=
Note that

o . 1 1
677“1‘@/\(71) = ;157, 10g(7“z) + A adzb(xz).

The solution AQ(r)/dr; = 0 gives the form of the solution to the constrained optimization
problem. Thus, we obtain that the solution satisfies the log-linear model for the density ratio

function:
log{r(x; )} = b"(x)¢ (4.18)

for some ¢ € R'*!. Roughly speaking, the calibration property means r(x) € H* , where H* is
the orthogonal complement space of H = span{b(x)}. Thus, the solution 7(x) that is obtained by
maximizing Q(r) in (4.14) subject to the calibration constraint in (4.17) can be viewed as a
low-dimensional projection of (x) onto the space H» .

Based on the fact

[ ttos) — 1y = [0~ [ rpaa

the objective function (4.14) can be simplified as
A 1 <& 1 &
Qr) = - > (1= &) log(rs) = =3 & (4.19)
i=1

n
0521

Combining (4.18) and (4.19), the optimization problem reduces to maximizing

Q@) = - > (1- 5B (x)6) — - > diexp(bT(x)e). (4.20)
=1 =1
The maximizer of Q(¢) satisfies Upg(¢p) = 0, where
Upr(d) :nll S 6 exp{b(x) T b(xi) — Tjo S (1 - 6)b(xi). (4.21)
=1 =1

Note that the estimating equation using (4.21) leads to the covariate balancing property in (4.17).
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4.4.3 Asymptotic Properties

We now develop the main asymptotic properties of the PS estimator
A 1 " no
Ops =—> 0i3 14+ —7(xi) ¢ vi, 4.22
ps= g 1 A fu (4.22)
where 7(x) is the maximum entropy estimator of the density ratio function under model (4.18).
That is, #(x) = exp{bT(x)$} and ¢ is the solution to the estimating equations using Upg(¢) in
(4.21). Let ¢* be the maximizer of Q(r) in (4.13) in the parametric class in (4.18) such that
exp{b’(x)¢*} = #(x). Note that
. . 1 n ) 1 n
E{Upr(¢") |6} = E {nl > 8iF(xi)b(x;) — - > (1 -d)b(x) | 5}
i=1 i=1
= E{f(x)b(x) [0 =1} —E{b(x) [ 6 = 0}

= E{b(x) |5 =0} —E{b(x)|d=0}=0,

where the third equality follows from (4.4). Note that the reference distribution is the conditional
distribution of X given 4. The unbiasedness of Up r(®”) can also be derived under the response

probability model associated with (4.18). That is, under the response model

exp{bT(x)¢*
B =1]x)= {7 i’x{;{th ():f);} = #(x), (4.23)

then we can also obtain E{Upg(¢*)} = 0.
Thus, as long as the sufficient conditions for E{Upg(¢*)} = 0 are satisfied, we can establish
the weak consistency of (2) and apply the standard Taylor linearization to obtain the following

Theorem. The regularity conditions and the proof are presented in the Appendix.

Theorem 4.1. Under the regularity conditions in the Appendiz, we have

) 1 . R —1/2
Ops = n;d(xivyi,5iv¢ )+ op(n~1/32), (4.24)

where

d(x,yi, 0i; ) = bT(Xi)B + 6i{1 + (no/m1)7(xi; @) H(yi — bT(Xi)B),
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7(xi; @) = exp{bT(x;)¢p} and B is the probability limit of the solution to
S 61 s @)bixa) {uis — BT ()8} = . (1.25)
i=1
By Theorem 4.1, under the response probability model satisfying (4.23), we can establish
Vit (Bps = 80) =5 N(0,V;), (4.26)

where

Ve =V(Y) + - E(F(X; o"){Y — b" (x:)B8}?).

Instead of assuming (4.23), one can obtain (4.26) using the outcome regression model. If
E(Y | x) satisfies

E(Y | x) € span{b(x)}, (4.27)
then we have b (x;)8 = E(Y | x;). In this case, we have the following results.

Corollary 4.1. Suppose that the assumptions for Theorem 4.1 hold. If b(x) in (4.18) satisfies

(4.27), we can also establish the asymptotic normality in (4.26) where
V., =V(Y)+c E[Ff(X; ") V(Y | X)]. (4.28)

Remark 4.1. We have presented two different sufficient conditions for (4.26). One is the
response probability model in (4.23). The other is the outcome regression model in (4.27). Either
one of the two models is sufficient to establish the asymptotic unbiasedness of the proposed PS
estimator in (4.22). Thus, the proposed PS estimator can be understood as a doubly robust
estimator (Bang and Robins, 2005; Tsiatis, 2007; Cao et al., 2009; Han and Wang, 2013). As
long as either one of the two models: the outcome regression model such as (4.27) or the response
propensity model (4.23), the resulting estimator satisfies (4.26). However, the outcome regression

model assumption in (4.27) is more useful in developing an efficient PS estimator. Note that we
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can express Vy. in (4.28) as

Vo = V{E(Y | X)} +E[{#(X)}7'V(Y | X)]
= V{E(Y | b(X))} +E[{E(r(X) | (X))} ~'V(Y | b(X))]
< VIE(Y | b(X)} +E (E [{n(X)}™! [ b(X)] V(Y | b(X)))

— V{E(Y | X)} +E ({r(X)}"'V(¥ | X))

where the last inequality is based on Jensen’s inequality applied to the concave function g(x) = 1/x

for z € (0,1). This is essentially an alternative proof for (4.12).

Remark 4.2. Condition (4.27) is the first moment version of the reduced model

fly %)= f(y|b(x)). (4.29)

Recall that, by Lemma 4.1, condition (4.29) implies the balancing score assumption (4.9), which
in turn implies that the efficiency of the smoothed PS estimator using 7(x) in (4.6). The
constrained optimization problem discussed in the maximum entropy method is a computational
tool for implementing the smoothed PS estimator. If the space H = span{b(x)} is large enough,
then (4.27) is likely to be satisfied and result (4.11) will hold. However, if H is too large, then we
can find Ho C H such that E(Y | x) € Ho. In this case, we can construct a smoothed density ratio
function using the basis functions in Hy only and obtain a more efficient PS estimator. Therefore,
including unnecessary constraints in the calibration equation will increase the variance. This is
consistent with the empirical findings of Brookhart et al. (2006) and Shortreed and Ertefaie

(2017). We will discuss this result further in Section 4.5.

By (4.24), the PS estimator is approximated by the sample mean of d; = d(x;, y;, 0;; ¢*). The
function d(x;, yi, 0;; @) is referred to as an influence function of Ops. The phrase influence
function used by Hampel (1974) and is motivated by the fact that to the first order
d; = d(x4,9i,0;; ) is the influence of observation (x;,y;,d;) on the estimator Opg. One direct

result of Theorem 4.1 is that the variance estimation of fpg can be constructed by a standard
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linearization method. In particular, let
d; = b (x:)B + 6 {1 + (no/n1)7(xi; ) Hyi — b* (x:)B},

where B is the solution to (4.25) evaluated at ¢ = ci) Then, the variance estimator can be written

as

where

>
>

where d, =1/n> 1, d;.

4.5 Dimension Reduction

4.5.1 Introduction

In Section 4.4, we have seen that the log-linear DR model (4.18) is enough to obtain the PS
estimation. The consistency of the PS estimator of 6y = E(Y") depends on whether E(Y | x) lies in
the linear space H = span{b(x)} generated by the basis functions in the log-linear DR model. If
the linear space H is large enough to satisfy E(Y | x) € H, the consistency can be established.
However, as pointed out in Remark 2, including other x-variables outside the outcome model into
‘H may lead to efficiency loss.

To explain the idea further, we assume that b(x) = x, where M is an index set for a subset
of x. The following lemma presents an interesting results, which is a natural corollary from

Lemma 4.1.

Lemma 4.3. If MAR condition in (4.1) holds and the reduced model for y holds such that

flylx) = fylxm) (4.30)

for x = (Xpm,XMme), then we can obtain MAR given xpnq. That is,

Y 16| X (4.31)
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Note that (4.31) is a special case of the reduced MAR in (4.9) using b(x) = x as the
balancing score function. In the spirit of Proposition 1, we can see that the PS estimator using
b(x) = x in (4.18) is more efficient than the PS estimator using b(x) = x in (4.18). Therefore,
it is better to apply a model selection procedure to select the important variables (i.e., xa here)

which satisfies (4.27).

4.5.2 Variable Selection Method
We utilize two-stage estimation strategy to complete DRE in propensity score approach,

e Step 1: Use penalized regression method to select the basis functions for the regression of y

on X.

e Step 2: Use the basis functions in Step 1 to construct the log-linear density ratio model in
(4.18). Apply the proposed maximum entropy method to obtain
#(x) = 7(x; ) = exp{b”(x;)d}.
If we use the penalized regression method satisfying the oracle property, such as the SCAD
penalty (Fan and Li, 2001), we can safely ignore the uncertainty due to model selection.
In the first stage, we adapt the penalized estimating equations (Johnson et al., 2008) to do the
variable selection. To be more general, we utilize an Z-estimator as a working model and we

denote the corresponding score function as U(a). For example, U(a) can be written as
2 n
Ula) = - D dixi(x) o — y;) (4.32)
i=1

in traditional least squares estimation, where a € R*t1. The penalized estimating equations can

be written as
U”(a) = U(a) - gx(la))sgn(a), (4.33)

where g (|a]) = (gr(Jao)), - - -, (gr(Jaa]) T, ga(+) is a continuous function and gy (|a|)sgn(e) is an

elementwise product between two vectors. Further, let py(z) = [ g\(z)dz. In M-estimation
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framework, py(z) usually performs as penalization functions. Various penalization functions can
chosen and the one we specify here is the smoothly clipped absolute deviation function (SCAD)

(Fan and Li, 2001). In particular,

(@) = A {]I(]oz\ <N+ w}ma > )\)} , (4.34)

where (z)4 = max{x,0}, I is the indicator function and a is constant specified as 3.7 in Fan and
Li (2001). Further, we let M to denote the variable index set selected after SCAD procedure.

Here we use a working model to select the variables. By Assumption 4.7, 4.8 in the Appendix and

Theorem 1 in Johnson et al. (2008), we have

P(&; #0) — 1, for j € M;

P(&; =0) — 1, for j € M€, (4.35)

which constructs the model selection consistency. After the first stage, we now obtain the
important variable set M.
In the second stage, we use the selected variables to perform the maximum entropy method

for the density ratio estimation. That is, we maximize

A 1< 1<
Q) = -2 (1=)(x¢) = -~ > diexp{x/ ¢}
i=1 i=1
subject to ¢y = 0 for all k € M¢. The resulting PS estimator is then computed by (4.22) with

#(x) = exp(xT¢), where ¢}, = 0 for all k € MC.

Corollary 4.2. Suppose that the assumptions for Theorem 4.1 hold. Also, the additional
assumptions listed in the Appendiz hold. If xpq satisfies E(Y | x) = E(Y | xn), with probability
goes to 1,

Vit (Bps = 80) -5 N(0,V;), (4.36)

where

Ve = V() + E[(no/n1)r(Xa) V(Y | X)) (4.37)
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Remark 4.3. Note that we apply a two-stage procedure to perform the estimation. The
asymptotic results in (4.36) is based on the model selection consistency in (4.35), whose probability
goes to 1. That is, if we define D,, = {M = M} where M is obtained from the first stage
procedure, the linearization in (4.36) is conditional on D,,. By (4.35), we obtain P(D,) — 1 and
the limiting distribution of T, = \/ﬁ(éps —0) given M, denoted by L(T, | M), s asymptotically

equivalent to L(T,, | M). See also Theorem 1 of Yang et al. (2020) for a similar argument.

4.5.3 Sufficient Subspace Construction

Apart from variable selection, another popular approach to reduce covariates is the sufficient
dimension reduction (SDR) (Li, 1991; Cook, 1994, 2009). Sufficient dimension reduction finds a

subspace Hp with minimal dimension such that
Y L X | Py, X (4.38)

holds, where Py, is the projection operator to Hy. In particular, our goal is to find W € Rixd

with
b(x) = Wx (4.39)

such that b(x) spans H satisfying (4.38), where [ < d and d = dim(x). Once b(x) in (4.39) is
chosen, we can apply the maximum entropy method using model (4.18).

To find W in a function space, we employ the method in Stojanov et al. (2019). For a positive
semi-definite kernel function k, let H; denote the induced reproducing kernel Hilbert space
(RKHS). In particular, there exists a feature map 1 : R? — H;,, which maps the previous
covariates to an abstract space Hi. On the other hand, the kernel ¢ may induce a map R — H;
for the response variable. Further, let u induces a map R! — H,, for sufficient dimension reduction

variable b(x). For £ € H,, ¢ € H,, the cross-covariance operator from H,, to H; is defined as

(¢, Cypx)§)1: = Eypx) {€(b(X))C(Y)} — Epx) {£(b(X))} Ey {{(Y)}.
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In addition, the conditional covariance operator can be defined as

Cyypx) =Cyy — CY,b(X)Cg(lx)b(X)Cb(X),Y-

Intuitively, the above operator can depict the conditional indepedence between Y and X given

b(X) (Fukumizu et al., 2004), i.e.,
Y 1lX ‘ b(X) <~ CYY|b(X) = CYY|X-

Also, Theorem 7 in Fukumizu et al. (2004) shows that Cyy|px) > Cyy|x- Thus, the SDR
problem can be transformed into the following optimization problem on Grassmann manifold for

the data with §; = 1:

argmin Trace {éyy|b(x)}
w

st. WWT =1. (4.40)

For convenience, we use the Euclidean distance as the inner product for each space. The
computational details for the aforementioned optimization problem can are presented in the

Appendix.

Remark 4.4. In the two-step procedure for estimation of the PS model, we have two sources
uncertainty. The first one comes from the step one, which is essentially estimating W to form the
new basis functions. The second step is the parameter estimation given the basis functions. Now,
to fully account for the uncertainty associated with the two-step procedure, we can use the

following bootstrap methods mimicking the two-step procedure for estimation.

1. Use the bootstrap sample to apply the same dimension reduction technique treating the
estimated dimension (1) is fized. After that, we obtain a bootstrap version of the reduced

basis functions.

2. Use the bootstrap basis functions to apply the same estimation procedure to obtain the

bootstrap replicate of the parameter estimate and its density ratio estimates.

3. Finally, the bootstrap replicate of the PS estimator can be obtained using the bootstrap

sample and the bootstrap replicate of the parameter estimates for the propensity scores.
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4.6 Multivariate Missing Data

The proposed method in Section 4.5 is based on the assumption that § = E(Y) is the
parameter of interest for a single study variable Y. If there are multiple parameters of interest
and only a single set of propensity weights is used, (4.27) is no longer applicable. We now
consider the case of multivariate study variables, denoted by Y7,--- Y, and they are subject to
missingness. There are 2P possible missing patterns with p study variables. Let T' < 2P be the
realized number of different missing patterns in the sample. Thus, the sample is partitioned into
T disjoint subsets with the same missing patterns.

Let S; be the t-th subset of the sample from this partition. We assume that S; consists of
elements with complete response. Without loss of generality, we may define 6;; = 1 if i € S; and

di+ = 0 otherwise. Let f;(x,y) be the density function f(x,y | 6; = 1) and define

ft(x,y)

rhy) = h(xy)

be the density ratio function that we are interested in estimating. We further assume that
log{rt(x, y)} = ¢ + ¢tT1X + ¢tTQYObs(t)> (441)

where y,pq(;) is the observed part of y in S;.
We can apply the maximum entropy method to estimate the parameters in (4.41). That is,

the sample-version objective function for estimating 7 is

Q Z log{rt Xszz)} - Z Tt(xiy}’i)'

’LGSt 1 1€51
Under model (4.41),
Qt(¢t = Z{¢t0 + ¢thZ + ¢t2yz obs(t Z exp{¢t0 + ¢tlxz + ¢t2yz obs(t }
ZESt 1651

The estimating equation maximizing Q;(¢,) is obtained by Ui(¢,) = dQ+(¢,)/d¢,. Thus, we

have only to solve

Uy(ey) = Z wi(¢y) (zi —2) =0, (4.42)

1€S1
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where z; = (X;r,ygobs(t))T and

eXp(qb;rl X; + ¢?2yi,obs(t) )

wi(¢y) = (4.43)
' ZieSl eXp(‘ﬁ;liXi + ¢tT2yz‘,obs(t))
and z; = n, ! Y ic s, Zi- Also, the intercept term ¢y is determined to satisfy
1
- Z exp (dro + P xi + ¢tT2yi,obs(t)) =1 (4.44)

1€ST

Now, to estimate 8 defined through E{U(8;x,y)} = 0, one can use
n
i=1

as an estimating equation under complete response. Under the above multivariate missingness,
the PS estimator can be obtained by solving

> wU(0;xi,yi) =0

IS

where
T

Nt ~
w; =1+ Z nTr(Xi’ Yiobs(t)} Pr)- (4.45)
t=2

Let z; ¢ = (1,x], y;.robs(t))T, &y = (d10, D, )" . As a result, the density ratio for missing
pattern ¢t can be simplified as 7¢(z;¢; ¢;), for t = 2,...,T. Define ;; as the indicator function for
unit ¢ and missing pattern t. Let the true parameter of interest be 8y and the true parameter for

density ratio be ¢y = (¢, ..., »+)T. Then we have the following theorem

Theorem 4.2. Under the regularity conditions, for multivariate missing case, we have the

asymptotic expandsion

n

where
9 —1
d(xi,yi, 035 Pg) = — [E {an(aOéXJ)H

+ Op(l)a
t=2 t=2

T T
X [5i,1Uz‘ + Z 0i1B4Zi s + 01 Z %Tt(zi,t§ ?;) {Ui - Btzi,t}
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where U; = U(0;x;,y;) and Bt is the probability limit to the solution of

Z (5i,17’t(zz‘,t§ Q—"t) {U(90§ Xi, Yi) - ﬁtzi,t} ZiT,t =0.
i=1

The above theorem depicts the asymptotic behavior of our proposed estimators in

multivariate missing case.

Table 4.1: Missing Pattern Example

T Y1 Y2 Y3
Si|lv v v Y
So | vV Y v
Ss | v v Y
Si| v v

Example 4.1. For illustration, suppose that we have a missing data pattern in Table 4.1. The
parameter of interest is defined through E{U(6 | X,Y1,Y2,Y3)} = 0. For example, 6 can be the
regression coefficients for the regression of y3 on (X,y1,y2). We have bivariate missingness, with
the response indicator functions o for yi, k = 1,2,3. In this particular example, y1 is completely
observed which is often the case with longitudinal survey data.
We are interested in finding the propensity weights for subset S1 such that
Z w; U(0; %i, yin, yiz, viz) = 0
1€S51
18 approzimately unbiased for . We also wish to include all the partial observations in Sz, S3, Sy
into the propensity weights.
To do this, we consider three density ratio function

It (X7 yobs(t))

Tt (X, YObS(t)) - fl (Xa YObS(t))
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where yops(r) 1 the observed part of y = (y1,92, y3) T with missing pattern Sy, for t = 2,3,4. We

assume a log-linear model for r(X, Yops(r))- Thus, we assume

10g72(X, Yobs(2)) = #20 + X" Pop + d21y1 + P23y3
1og73(X, Yobs(3) = #30 +X P3, + d3191 + d329n
logT4(X, Yobs(1)) = a0+ X' Pyy + da1y1

so that MAR holds. We can use (4.42) and (4.44) to estimate the model parameters and then use

(4.45) to obtain the propensity weights for the final estimation.

4.7 Simulation Study

4.7.1 Simulation for MAR

A limited simulation study is performed to compare the PS methods. The setup for the
simulation study employed a 2 x 2 factorial structure with two factors. The first factor is the
outcome regression (OR) model that generates the sample. The second factor is the response

mechanism (RM). We generate § and x = (1, 72, 23,74)T based on the RM first. We have
e RM1 (Logsitic model):

i ~ N(2,1),for k=1,...,4,
5@' NBer(pi),

logit(pi) =1—x; +0.5z;5 + 0.5x;3 — 0.25x44.

o RM2(Gaussian mixture model):

d; ~ Bern(0.6)

i ~ N(2,1),for k =1,2,3,

N(3,1),if 6; = 1
Tig ~
N(1,1), otherwise.
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Once x and § are generated, we can generate y from OR1 and OR2. That is, we generate y
from

o ORL: y; = 1+ @41 + ®io + 3 + Tia + €.

e OR2: y; = 1+ 0.5x120 + 0.5052% + ¢;.
Here, e¢; ~ N(0,1). Further, we compare four other estimators:

e Maximum likelihood estimator (MLE) with Bernoulli distribution with parameter
logit(p;) = x7C.

Covariate balancing propensity score method (CBPS) from Imai and Ratkovic (2014) using

calibration variable (1,1, z2, x3, 24)".

Improved covariate balancing propensity score method (iICBPS) from (Fan et al., 2016)

using calibration variable (1, 21,2, 23,24)7.

Entropy balancing method from Hainmueller (2012) using calibration variable

(17 $1,$2,$3,$4)T.

We use the sample size N = 5000 with 5000 Monte Carlo samples. The results are presented in
Table 4.2, where DR is our proposed method. When we use (1,21, x2, x3,24) as the calibration
variable, OR1 matches with the working outcome model and RM1 matches with the working
response model. Hainmueller (2012) method also shows good performances when OR1 or RM1 is
true (doubly robust), but when both models fail (i.e. OR2RM2 setup), the performance is really
poor. Our proposed method is also doubly robust and it performs reasonably well even when both

models fail.

4.7.2 MAR under High-dimensional Case

We further test our proposed method in high-dimension case. We test another 2 x 2 factoral
structure simulations. We first generate x = (z1,...,2100) with each x;~N(2,1), and generate y

from
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Table 4.2: Relative bias (R.B.), standard error (S.E.) and root meam square error (RMSE) for the
model with 4 covariates

Model Method ~ R.B. (%) S.E.(x10?) RMSE (x10%)

DR 0.00 3.52 3.52

Hainmueller 0.00 3.46 3.46

OR1RM1 CBPS -0.24 6.85 7.17
iCBPS 0.02 3.58 3.58

MLE -0.01 7.02 7.02

DR 0.00 5.45 5.45

Hainmueller 0.18 5.31 5.49

OR2RM1 CBPS -0.22 7.53 7.73
iCBPS -0.07 5.92 5.95

MLE -0.02 7.66 7.66

DR -0.00 5.39 5.39

Hainmueller 0.00 4.07 4.07

OR1RM2 CBPS -0.67 22.50 23.34
iCBPS 0.12 5.75 5.85

MLE -0.07 28.61 28.62

DR -0.36 9.34 9.87

Hainmueller -5.42 7.00 48.72

OR2RM2 CBPS -0.61 23.58 24.19
iCBPS 0.26 10.24 10.49

MLE -0.07 33.08 33.08
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1. OR3: y; = 1 +xjn + x40 + 243 + €.
2. OR4: y; = 1+ 0.5x;1x40 + 0.5x51243 + €.
Here, e¢; ~ N(0,1). We consider two different response mechanism,

e RM3:

(51' ~ Ber(pi),

logit(pi) =1—2;1 +0.52;4 + 0.52;5 — 0.25x;1¢.

e RM4:

0.95 if xTi5 Z 2,
pi =

In this setup, the response mechanism does not follow a logistic regression model. But, the MAR
assumption still holds. We set the sample size as N = 1000 and response rate around 60%. We
conduct the simulations for 1000 Monte Carlo samples. The simulation results for different
estimator behaviors are presented in Table 4.3. The variance estimation results of our proposed
estimators are presented in Table 4.4. Note that we apply the linearized variance estimation
procedure to get the valid variance estimation by Corollary 4.1. We also test different variable
cases in the density ratio model. In particular, we use ‘DR_Full’ to denote that all variables are
considered. ‘DR_VS’ denotes the case that variables in the model are selected based the
procedure described in Subsection 4.5.2. We use ‘DR_SDR’ to denote the sufficient dimension
reduction method results.

From Table 4.4, the variance estimation relative biases dimension reduction approach for all
scenarios are all under 8%, which verifies our proposed variance estimation procedure. Due to
nuisance variable presentation, the variance estimation procedure for our proposed method with
all variables won’t work, which reflects the necessity of dimension reduction. As for point
estimation , our proposed method DR_SDR and DR_VS perform best in the sense of RMSE.

Aside from this, Hainmueller’s method is also competitive, followed by DR_Full and iCBPS.
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4.7.3 Simulation for Multivariate Missing Case

Suppose we have the data structure in Table 4.1. Now let x; = (214, T2;, l’gi)T. Further, we use
0 and 03 to denote the mean of Y5 and Y3 correspondingly. For model D, we consider continuous

variables. Specifically, we have

yir =14z + %21 + x40 + T3 + €41,
Yi2 = 2+ 2x41 + 2x40 + 96122 + xi3 + €52,

Yis = 1+ 0.5yi1 + 0.5yi2 + €i3,
i.i.d
where €i,1,€i,2,€43 ™~ N(O, 1) and

"
Si2, i3~ Ber(p;),

IOgit(pi) =0.35— Ti1 + X2 — 0255513 + 0253/11

For comparison, we can consider three methods additionally. One is naive CC method, which uses
only full respondents. That is, use the set of units with §; = 1 for estimating 6, where

0; = 0;10;29;3. The other method is a simple propensity score method using a logistic regression
model of §; on (x;,y1;). In fact, we can apply the maximum entropy method for parameter
estimation. That is, we are estimating the density ratio function based on §; = 1 and §; = 0. We
use 6y to denote the mean of Ys, #3 to denote the mean of Y3 and 64 to denote the quantity

P(Y2 < Y3). The corresponding results are presented in Table 4.5. In Table 4.5, CC_Sample
method denotes the CC method, Entropy_Detail denotes the method illustrated in Section 4.6,
Entropy_Rough denotes entropy methods described in this paragraph, Logistic to denote the
aforementioned logistic regression. As we can see, the method Entropy_Detail behaves best

among them for all three parameters in the sense of RMSE.
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Model Method ~ R.B. (%) S.E.(x10%) RMSE (x10?)
DR _Full -0.01 7.74 7.74
DR_VS 0.00 7.13 7.13
DR_SDR 0.06 6.72 6.73
OR3RM3 Hainmueller 0.00 7.35 7.35
CBPS -2.98 12.81 24.50
iCBPS -0.80 7.29 9.18
MLE 0.22 27.13 27.17
DR_Full -0.02 8.01 8.01
DR_VS 0.02 7.11 7.11
DR_SDR -0.01 6.97 6.98
OR3RM4 Hainmueller -0.01 7.49 7.49
CBPS -1.92 12.70 18.51
iCBPS -0.02 7.49 7.49
MLE 37.65 283.65 387.21
DR_Full 0.01 9.97 9.97
DR_VS 0.04 9.41 9.42
DR_SDR -0.08 8.98 8.98
OR4RM3 Hainmueller 0.01 9.60 9.60
CBPS -4.86 13.16 27.62
iCBPS -2.33 9.81 15.21
MLE 0.40 29.65 29.72
DR_Full -0.01 10.61 10.61
DR_VS 0.00 9.46 9.46
DR_SDR -0.03 9.47 9.47
OR4RM4 Hainmueller 0.00 9.96 9.96
CBPS -1.90 13.86 16.81
iCBPS -0.04 10.10 10.10
MLE 38.40 225.38 296.06
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Table 4.4: Monte Carlo variance (M.C.V.), variance esimation (V.E.) and variance estiamtion
relative bias (V.E.R.B.) for 4 models.

Model ~ Method M.C.V.(x10%) V.E. (x10%) V.E.R.B. (%)

DR_Full 5.99 4.67 -21.97
OR3RM3 DR_VS 5.09 4.90 -3.60
DR_SDR 4.51 4.48 -0.72
DR_Full 6.41 5.10 -20.43
OR3RM4 DR_VS 5.05 4.66 -7.72
DR_SDR 4.86 4.81 -1.18
DR_Full 9.95 8.27 -16.80
OR4RM3 DR_VS 8.86 8.84 -0.24
DR_SDR 8.06 7.83 -2.77
DR_Full 11.26 9.00 -20.00
OR4RM4 DR_VS 8.95 8.50 -5.04
DR_SDR 8.97 8.62 -3.87

Table 4.5: Relative bias (R.B), standard error (S.E.) and root meam square error (RMSE) for 4
methods under multivariate missing simulation setup.

Parameter Method R.B (%) S.E.(x10%) RMSE (x10?)
CC_Sample 20.95 8.16 63.38
0, Entropy_Detail -0.83 7.21 7.63
Entropy_Rough -2.44 7.88 10.77
Logistic -3.80 8.24 14.07
CC_Sample 24.02 6.87 84.38
0 Entropy_Detail -0.31 6.30 6.39
3 Entropy_Rough  -1.03 6.65 7.56
Logistic -2.01 8.08 10.71
CC_Sample 5.75 0.99 3.61
0, Entropy _Detail 0.40 1.83 1.85
Entropy_Rough 1.55 1.65 1.90

Logistic -2.10 1.40 1.89
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4.8 Real Data Application

We apply our methods mention in Section 4.6 for the multivariate missing case to Beijing
pollution dataset (Zhang et al., 2017). As an illustrative example, we take the 5 stations’ hourly
data in January, 2016. The station contains Dongsi, Guanyuan, Nongzhanguan, Tiantan and
Wanliu. There are 774 hourly records for each location in that month, there are 12 records with
missing data and we exclude them and keep others as full sample. For each record, we fully
oberseved weather conditions like temperature (°C), air pressure (hPa), dew point (°C) and
cumulative wind speed (m/s). On the other hand, we artificially create missingness for the
pollutant SOy (ug/m?) and PMy 5 (ug/m3). Let (Y;j1,Yij2) be the measurement of SOy and
PMs 5, respectively, for location ¢ in j-th hour. Further, let x;; be the covariate (temperature, air
pressure, dew point, cumulative wind speed) for the location i and hour j. We preprocess all the
weather variables by standarization, after which each covariate has zero mean and unit variance.
Further, we use the log transformation for PMs 5 due to its skewness. Then, we are interested in

the following linear model

log(yij2) = pi + X581 + yij1 B2 + €3,
where e;; i1 N(0, 02) for unknown o2 and p; is the fixed effect for each station. Here, x;; is
always observed, but (y;;.1, ymg)T is subject to missingness. Specifically, we are interested in
estiamting the parameter 3; = (511, f12, B13, B14) T and Bo. The diagnostic plots for the above

linear regression using full sample is presented in Figure 4.2.

We mannually create missingness with the following missing machanism:

dij1 ~ Ber(pij),dij2 ~ Ber(pijz2),
1Ogit(pij,1) =05+ 0'1$ij,l + O.lazijg + 0.1:61']'73 + 0.1:&]'74,

logit(pijg) =05+ 0.11‘1']',1 + O.lﬂ?mg + 0.1%2']'73 + 0.11‘2']'74 + O.Byijyg,

where the marginal missing rates for SOy and PMjy 5 are around 0.6. The regression parameters

can be estimated by solving the weighted least square equations where the weights can be
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Normal Q-Q Plot Residuals vs Fitted
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Figure 4.2: Diagnostic plots for the regression log(y;j2) given y;;1 and x;;: (a) for Q-Q plot and
(b) for residual plot.

estimated with the approach proposed in Section 4.6. In particular, we compare CC method, and
the proposed PS estimation methods and logistic regression. We run 1000 Monte Carlo
simulations to get the results, which are presented in Table 4.6.

From Table 4.6, we can see that our proposed method Entropy_Detail has relatively low
relative bias for parameters compared with other methods. Although CC method has relatively
low Monte Carlo standard error, it essentially suffers severe bias problem for £1;. In the sense of

RMSE, Entropy_Detail also perfoms well.
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Table 4.6: Relative bias (R.B.), Monte Carlo standard error (S.E.) and root meam square error
(RMSE) for 4 methods for Beijing pollution dataset.

Criteria Parameter CC Entropy_Detail Entropy_Rough Logistic Regression

P11 -104.14 -15.96 -74.21 -69.37
P12 -10.82 2.49 -8.50 -6.04
R.B. (x100%) B3 -1.03 -5.32 -11.91 -12.50
P14 19.84 -4.52 -4.20 -4.57
s -23.05 -2.98 -12.04 -11.44
P11 14.20 26.05 28.22 36.20
P12 12.59 25.25 23.23 26.73
S.E. (x10%) Bis 12.75 24.14 19.44 19.79
P14 19.82 38.87 45.86 54.05
By 0.60 1.06 0.85 0.99
Bi1 29.82 17.12 26.20 26.22
P12 14.00 15.96 16.14 16.74
RMSE (x102) B3 11.78 19.28 25.72 26.32
P14 20.56 19.95 21.57 23.40
By 8.16 3.70 5.97 5.86
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4.10 Appendix: Technical Details

4.10.1 Proof of Lemma 4.1

We wish to show that, under (4.1) and (4.10), we have
P(Y € A|b(x),d) =P(Y € A| b(x)),

for any measurable set A. Now, for any by = b(xg), where x € H.

fAfb 1(bg) f(ylx,6) f(0]x) f(x)dp(x, y)
Sy Jo-1(pg) f (W1, 0) (6]%) f () dp(x, y)
() La Jo1bo) F (W) F(61%) f (x)dpa(x, )
y Jo1 oy F @) F(8]%) f () dua(x, )
(i) S Jo1.bo) FWIBGO)) f (31%) f (x)du(x, )
B Jo—1(bg) £ (O1%) f (x)dpu(x)
o P(Y € AIb(X) = bo) (BT () (x)
To oy PP )9

P(Y € A[b(X) = bo),

7

P(Y € A| b(X) = by, §) =

(zzz)

where (i) follows from (4.1), (ii) equality follows from (4.10) and (iii) follows from the fact that

P(Y € A | b(X) = by) is a constant on the set b~1(bg) = {x € H : b(x) = bg}.
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4.10.2 Proof of Lemma 4.2

Note that

(no/n1)E{r(x) [ y,b(x),6 =1}
P60 =0|x) B
aE SRl
B P(6=0|x,b(x),y) B
- R trenad o0 1)
where the last equality holds by the MAR condition in (4.1). Also,
P60 =0]|x,b(x),y) B
{z PG =11 b)) b6 =1}
/fX!y, =0)P(6 =0]y,b(x))

(x|y,b ),5 —1)P(6=1|y,b(x))

_ P(0=0]yb(x)) [ f(x]|y,b(x),0=0) N s .
~ P(@=1]yb(x)) / Fx [y b0 = 1)) X 19Px), 0 =1du(x)
_ POO=0]y,b(x))

P(6=1]y,b(x))
_ P(=0|b(x))
- [[D((s =1 | b(X)) (by (4'9))
= (no/m1)7(x)

Thus, Lemma 4.2 is established.

4.10.3 Regularity Conditions and Proof of Theorem 4.1
We have the following regularity conditions for Theorem 4.1.
Assumption 4.1. Assume that there exists constants C1 and Cy such that
O<C’1§)\mm< bel 1>§)\max< bel X1>§C'2<oo,
where A\pin and Amaz are the smallest and largest eigenvalues of a specific matriz.
Assumption 4.2. Assume the parameter space G for ¢ is compact and the set
{p#£0:b(x)Tp<0ifd;=1fori=1,....,n and E{(1 - 6)b(x)T¢} >0}

18 empty.
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Assumption 4.3. The matriz E[8/8¢{GDR(¢)}]¢:¢,*] defined in (4.21) is nonsingular.
The detailed proof for Theorem 4.1 is presented as follows.

Proof. By Assumption 4.2 and Proposition S1 in Tan (2020), Q(¢)) is concave in ¢ and is strictly
concave and bounded from above, therefore has a unique maximizer ¢. By the weak law of large
numbers, we have Q((j)) £, Q(¢). Further, as G is compact, we have the uniform convergence of

Q(¢) to Q(¢). By Theorem 5.7 in Van der Vaart (2000), we have

¢ — " = 0p(1)
Then, by mean value theorem, we have
N N A 0 N N
Up(®) ~ Upr(9) = 55 Upn(®) (- ¢°) (4.46)

where ¢ is a point between ¢* and ¢. Apparently, 9Upr/8¢ and E[0U pr/d¢] are continuous

within the set G. Therefore, using the similar technique as above, we can arrive at

S 0on(@) = E{ - 0on(e") | +0,(0) (4.47)

Combine (4.46), (4.47) and the fact that Upgr(¢) = 0, we have

~ViU(@") = VB { U6} G- ¢ 4o, (Vo - o). @ay

Then, by Cauchy-Schwarz inequality, we have
9 . -1
EJ{—U *
{7 Uon(e")}

- e { 2 0one)}

=0p(1) + 0p (\/ﬁ H& —¢*

~

v { > on()} 6 - o

|ViUDR(8) + 0, (Vi || & - @

).

which implies the root-n convergence of c}’) Therefore, (4.48) can be written as

)l

b9 = 8 2 00n)}| Oonte) + o (1.49)
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where
LUpr(e) = [ 26 exp{b’ (x;)$} — En;ﬂ - 50] b(x:)
‘n; [5;?0 °
:% zn: (6; — 1) b(x;) + % : Z—? Zzn; i (xi; @) b(x;)
Z[ { XZ,¢)}_1] b(x,).

By Taylor expansion and similar technique we used above, we have

(xi)p} — (1 6»] b(x;)

brs(d) =bps(7) + E{ 0ms@0) ) (8- 67) 40, (6-07) + 0 (6~ o

=0ps(¢*) + B {a‘z)éps(cp )} (6-0") +op(n"?)

2
)
OFp

Dps(o) ~B{ yies(s) | [B{ 5 Oonen)}] " Upa(*) + opn)

=Yr + (Bn - BW)TB + Op(nilﬂ)v

where

T g = 25 {1 2t 0) | (67 0.
and b, = n~1 3" | b(x;), and equality (i) follows from (4.49), which completes the proof of
(4.24).

4.10.4 Regularity conditions and Proof of Theorem 4.2
We have the following regularity conditions for Theorem 4.2.

Assumption 4.4. Assume that there exists constants C1; and Coy such that

1 & T 1 — T
0<Cri < Apin (m Z&‘,tzi,tzi,t < Amazx ™ Z 0itZitZiy | < C2p < 00,
=1 i—1

where Apin and Apaz are the smallest and largest eigenvalues of a specific matriz, fort=2,...
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Assumption 4.5. Assume the parameter space G; for ¢, is compact and the set

{¢ #0: zEﬂ)t <0ifdj1=1fori=1,...,n andE{di’tZth.’)t} > 0}
is empty, fort=2,...,T

Assumption 4.6. The matriz E[a/ad)t{ﬂ[)gt(d)t)}] is nonsingular, where

Upri(ey) = Z {011 exp(2iy @) — G0} 2,
fort=2,...,T.

Proof. We present the main steps for expansion of n'/2 (é — 6), the details are similar to that in
Theorem 4.1. First of all, by mean value theorem, there exists 0 between 6, and 6, q~b between ¢,

and & such that

SE

-1
1 ~
\f 9 00 E 00 le 9 XZ7YZ)wz(¢)]

=1

.

E\H

1

n -1

\ Q

0i1U(6; i,y )wi()

QD

0

L
n

!1

1

.
Il

{ le GOaXzaYZ)wz(gb)}
1

SM .

1

0:1U (80, i, yi)wi(hy) + 25“{ )}{ﬁ(&;—%)}].

(4.50)

Note that

(Zz t; d)t)

we then have

8 nr

¢ (¢’0) (7T2(Z1 2,¢2) Z;9;- "’7TT(Z1 Ta¢T) ) (4'51)
ni ni
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Meanwhile, we have

A 71 -
( ) — [E {Q%ZUDRJ(%)H e 0 Upra(¢s)
Vi (¢ —¢o) =vn : : : +op(1).
A _1 . p
0 . [E {%UDR,T(d)T)}} UDR,T(¢T>
(4.52)
Further, we have
. 1<
%UDR,t((,bt) = n z; {(2 1 nl (Zz £ Q) — } Zit, (4.53)
and
mf;?i)?gUDRt(¢t) = ;; {5zln1 (Zzt7¢t)}zi,tz;l:tv (4.54)
fort=2,...,T.

Now, plug (4.51), (4.52), (4.53) and (4.54) into (4.50), we have

vir(o-6,) = - [E fsion ggoonsn}]

T T
n ~ ~
—= Z 0i1U(B0; %, yi)wi(Pg) — S 0in Y —14(2ie; @)Byzie ¢ + > 0ieBizis| + 0p(1),
\F =2 " =2
(4.55)
~ &L 200y
- EY: 05X,y
1 n T _ T n _
X NG Z [51,1Ui + Z 0itB42Zit + i1 Z —Lry(2i; 1) {Ui - ﬂtZz’,t} + op(1),
s =2 =2 "
where U; = U(6y; x;,y;) and Bt is the probability limit to the solution of
Z Gi1re(2ig; @) {U(O0; xi, yi) — Byziq} ZiT,t = 0.
i=1
O

4.10.5 Proof of Lemma 4.3

We have only to prove that

fyxm,0) = fy | xm)
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Now, using Bayes formula,

[ Ix 0P| 0)f
Hy a0 = e T G | 0)f

(xme | xpm) f(xm)dxpmedy
S xa)P( | %) f (eme | xm) f(xmt)dxpge
fff y | xm)P(S | X)f(XMc | xpm) f(xMm)dx pedy

Fy | xam) [P | %) f(xme | xpm)dx e
Sy xm) [P ] x)f(xme | xm)
@y | xa)P(S | xm)

T T ] xam)P( | xpm)dy = Iy | xm);

where the second equality follows by MAR assumption and the reduced model assumption.

4.10.6 Proof for Corollary 4.1

Apparently, we only need to compute the asymptotic variance V,.. Without loss of generality,
the (4.27) is equivalent to that there exists a B* € R+, such that E(Y | X) = bT(X)3*. From

Theorem 4.1, we can directly calculate the variance of the influence function
d(X,Y,6;¢") = E(Y | x) + 6{1 + (no/m1)7(X; ") {Y —E (Y [ x)}.
That is,
V, = VIE{d(X, Y, 6; ") | 6, X}] + E[V{d(X,Y,0;¢") | §, X}]

where the conditional expectation E(- | x,d) is with respect to Y conditional on x and §. In

particular, we have
VIE{d(X,Y,d;¢) | X, 8} = V{E(Y | X)}, (4.56)
by MAR. Further, note that
700 =20 =1 b) = {1+ a0}
we have

EV{d(X,Y,8;:¢") | X, 8}] = E(V[5:{7(x)} " {Y - E(Y | X)} | X, 4])

E [5,{7(x)} V(Y | X)]

E [{7(x)}'V(Y | X)]. (4.57)
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Combine (4.56) and (4.57), we arrive the conclusion in Corollary 4.1.

4.10.7 Regularity Conditions for Corollary 4.2

Assumption 4.7. For any constant M, there exists non-singular matriz D such that

sup nY2U(a) — n~V2U(ap) — n'/?D(a — ag)| = 0,(1).

|aa—ap|<Mn—1/2

Additionally, n="?U(ayp) A N(0,F) for a positive definite matriz F.
Assumption 4.8. The tuning parameter \ in (4.33) satisfies

A — 0,v/n\ — 00

as n — 00.

4.10.8 Computational Details for SDR

Define the sample operator for a matrix as Sq s : R?*4 — R™ >4 That is, all rows in a n x d
matrix with §; = 1 form as the image, where ¢ is the index for rows. Naturally, we have
So,m(Xy) € R™*4 where X, = [x{;...;x}]. Further, we define the normalized sample operator
for a matrix as Sg /(M) = Sq (M) — {nfllgl Sa,m (M)} ® 14 which ensures the matrix
SQ’ 2(M) is a column mean zero n; x d matrix for M € R™*<. Similarly, let the sample operator
for a vector be Sq : R™ — R"™. We have the observed vector of y as S v (y) € R"'. Define the
normalized sample operator for vector as Sq v (v) = Sy (v) — n;1{13;1 Sa,v(v)}1,, for a vector
v € R”. As a result, we have Cyy = nl_lggy(y)gg,v(y), CAb(X),y = n1_1WS£7M(Xn)§Q7V<Y),
éb(X),b(X) = nflwgg,M(Xn)gg,M(Xn)WT. Also, in case of singularity of matrix during

iteration algorithm, the objective function in (4.40) can be written as

1 - ~ 1 -
Trace | 83 (S0 () — 86/ (5)50.0(X,) W
1

~ ~ -1 ~ ~
x {WSE 11 (X0) S r (X)W + emly b WSE 1 (XS (¥)]
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where € = 0.01. We solve the optimization problem (4.40) with the limited-memory Riemannian
Broyden-Fletcher-Goldfarb-Shanno (LRBFGS) algorithms (Huang et al., 2015).

Another important aspect for SDR is the choice of [. For a given [, let the minimizer of (4.40)
be W(l). Like the idea in Subsection 4.5.2, we employ a working model by assuming a linear
model for Y given W(l)b(X). The optimal [ can be chosen to minimize the following Bayesian

information criterion
BIC(l) = n In(63) + (I 4 2) In(ny),

where &(2l) is the estimated error variance for linear model Y | W(l)b(X).
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CHAPTER 5. GENERAL CONCLUSION

In this dissertation, we consider the problems related to survey sampling and missing data.
For survey sampling, we propose a kernel-based functional calibration method to estimate the
population mean with fully observed auxiliary information. The root-n consistency of our
proposed estimator is studied. Further, under regularity conditions, our proposed the proposed
calibration estimator attains the Godambe-Joshi lower bound asymptotically. As for missing data
problem, we first proposed imputation and propensity score methods using kernel ridge regression
to estimate the population mean, which is more robust than parametric approach. The root-n
consistency of the proposed estimators is shown and valid variance estimators are proposed.
Further, we propose a new framework with density ratio estimation to handle missing data
problem based on propensity approach. The asymptotic property of our proposed estimators is

studied. We further extend our proposed method to multivariate missing scenario.
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