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INTRODUCTION 

Interfaces play an important role in structural performance of composite ma
terials, which are widely used in many industrial applications. Composite materi
als are usually made in layered structure, where two adjacent materials are bonded 
together along their common faces. Therefore, the inspection technique for deter
mining the quality of the bonding interface is of great interest. The elastic wave 
scattering method for characterization is often used for this purpose[1]. 

In this study, we focus our attention on the problem of the elastic wave scat
tering by an interface crack in layered structure. In References [2] and [3], it has 
been shown that the interface crack between two solids can be characterized by the 
amplitude spectra of scattered waves. The spectrum analysis has been proved to be 
a good method for crack size estimation in high frequency range(2kL a > Jr, 2a is 
crack length). However for a small crack (kLa < 1), the spectrum analysis method 
would become difficult in crack size detection, because of the limitation of the ac
tual transducer bandwidth. In this case, the characteristics of the scattering ampli
tude in low frequency range would be of more interest. The aim of this paper is to 
make clear the behavior of the scattering amplitude in low frequency range. In the 
process the complete multi-scattering in the upper solid layer is considered and the 
present formulation can be applied to the scattering problem of the layer with any 
thickness. It is shown here that the amplitude spectra of scattered waves by the in
terface cracks of different size are different in low frequency range as well as at the 
resonance point of the layer. 

PROBLEM STATEMENT 

The layered structure of interest is illustrated in Figure 1. Two solids D and 
jj of different elastic properties are bonded together along common faces and im
mersed in water Do. The interface Eo between water and solid D is located at 
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Figure 1. Layered structure with an interface crack S between two solids D and fJ. 

X2 = d and the interface Bl between two solids D and fJ is at X2 = O. It is assumed 
that two solids are bonded perfectly at interface Bl except the debonded part S, 
which is regarded as an interface crack. When the bonding layer is thin enough, 
both interface Bl and debonded area S can be described by spring model as was 
done in Ref.[2]. The boundary conditions at the interface Bl (X2 = 0) between two 
solids are then expressed by 

t = -t, t=K·(ft-u) (la, b) 

where u and t are the displacement and traction vectors on the interface Bl in the 
side of solid D. The bar denotes the quantities in the side of solid fJ. The matrix 
K is the spring stiffness constants given by 

where K t and Kn are the transverse and normal stiffness of the interface B1 . For 
perfect bonding, K t , Kn -+ 00 and for complete debonding or traction free crack, 
Kt,Kn = O. 

The boundary conditions of the interface BO(X2 = d) between water Do and 
solid D are given by 

(2) 

n· t = -p, s· t = 0 (3a,b,c) 

where p is the wave pressure in water; PF is mass density of water; and w is angular 
frequency of incident wave. Vectors nand s are normal and tangential unit vectors 
to the interface Bo. 

FREE-FIELD SOLUTIONS 

Free-field distribution could be calculated by considering the interface between 
two solids with no debonded part [4]. The distribution of free waves in three regions 
are described in Figure 2. For the oblique incidence from water, there is one re
flected wave in water, four multi-reflected partial waves in solid D, and two trans
mitted waves in solid fJ. All these free waves are expressed by 

f Ok -F FF Ok +F P Tee = POe' FP oX + paR e' FP oX zn Do (4a) 
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Figure 2. Free-field distributions: reflected and transmitted waves. 

ut ee = Po L R-FfJ d;fJ eik~p-~x + Po L R+FfJ dt fJ eikfiP+fix zn D 
fJ=L.T fJ=L,T 

-iree _ "'"' R-FfJd-fJ ikfiP-fix ui - Po ~ i e zn D 
fJ=L,1' 

( 4b) 

( 4c) 

where Po is the amplitude of incident pressure; RF F is the reflection coefficient in 
water and the symbol F denotes the quantities in water; R±FfJ CB = L, T, L, t) 
are the coefficients of transmitted waves in two solids; and kfJ = W / cfJ is the wave 
number ((3 = F, L, T, or L, t, CfJ: phase velocity). Vectors p±fJ and d±,6 are propa
gation and polarization vectors. 

The reflection coefficient RF F and transmission coefficients R±FfJ can be de
termined by substituting Equations (4a,b) into boundary conditions of interface Bo 
given in Equations (3a, b,c), and Equations (4b,c) into boundary conditions of inter
face Bl in Equations (la,b). Seven equations are for seven unknown coefficients, so 
the free-field can be obtained. 

NEAR-FIELD SOLUTIONS 

The total wave field in each region is the combination of free wave field and 
scattered field and expressed by 

P = piree + p'c zn Do 

free se 
Ui = U i + U i zn D 

'iii = 'U free + ,u· c 
t ! 

zn D 

(5a) 

(5b) 

(5c) 

where p'c, ufc and ufc are scattered waves in water Do, solid D and solid D, re
spectively. The boundary integral equations for scattered waves in three regions are 
given by[2,5] 
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~pSC(x) = - J P(x, y){n(y) . \lypSC(y)}dsy 

Bo 

+ p.V. J {n(y) . \lyP(X, y)}pSC(y)ds y x E Bo 
(6a) 

Bo 

J Uij (x, y)t;c(y)dsy 

B o+B, +5 

- p.V. J T;j(x, y)uny)ds y 
(6b) 

x E Bo U Bl uS 

B o+B , +5 

~iW(X)= J Uij(X,y)-W(y)dsy-p.v. J tj(X,y)u;C(y)dsy xEB1US (6c) 
B , +5 B , +5 

where P and Uij are fundamental solutions for the liquid and the solid full spaces, 
respectively. 

Substitution of Equations (5a,b,c) into Equations (6a,b,c) and the use of 
boundary conditions in Equations (la, b) and (3a, b) lead to the boundary integral 
equations for the total wave field. Through the discretization of boundary integral 
equations and using boundary constraint condition in Equation (3c), we can get the 
system of coupled equations with unknown quantity of p, u and ft. The system can 
be solved for the given free-field. The crack opening displacement [Uj) on the inter
face crack S can be obtained as 

[Uj) = Uj - Uj . (7) 

FAR-FIELD SOLUTION 

The scattered wave pressure in water caused by the crack opening displacement 
[Uj) on S can be expressed by 

pSC(x) = Is Gj(x,y){Uj(Y) - uj(y)}dsy (8) 

where Gj is the Green's function which represents the scattered pressure at point x 
in water caused by a unit discontinuity of displacement component in xj-direction 
at a point y on interface crack S. The boundary conditions to determine the 
Green's function can be written as 

(9c,d,e) 

where Gj is the pressure and Gij is the displacement component in xi-direction 
due to the unit displacement source in x;-direction. The traction kernel T;j = 
T;1(ox)G'kj and the differentiation is ('),i = o(·)jOXi' The point y = (Yl,O) is the 
location of the displacement source at interface Bl (See, Figure 3.). Fourier trans
form pair is now defined as 

108 



¢(kl' Y2) = 1: ¢(Yl, Y2)e-iklYldYl, ¢(Yl, Y2) = 217r 1: ¢(kl' Y2)eiklYldkl . 

(lOa, b) 
Then Fourier transforms of boundary conditions in Equations (9a '" e) become 

a-* a"-* s: -iklXl T-* T"-* 0 
ij - ij = Vij e , ij - ij = on X2 = 0 (11a, b) 

(11c, d, e) 

The scattered waves in three regions are shown in Figure 4. There are four scat
tered partial waves in solid D, one in water and two in solid iJ. All the scattered 
waves can be expressed by 

m Do (12a) 

in D (12b) 

a"-* - """' A-~ d-~ -ikl3l)-!3 X 
ij - ~ j i e m iJ (12c) 

~=L,f' 

where j denotes the component of displacement source which causes the scatter
ing. Aj is the amplitude of scattered a:-wave(a: = F, L, Tor L, T). :p±~ and d±~ 
are unit directional vectors of propagation and polarization of scattered waves. The 
component p~~ should meet the Snell's law with the component of wave vector k1 . 

So, we have kl = kFPtF = k~p~~. Substituting Equations (12a,b,c) into Equations 
(11a'" e), we can obtain all coefficients Aj. The Green's function for the scattered 
wave in water caused by the point source of the opening displacement at the inter
face crack S can be obtained by taking the inverse Fourier transform of Equation 
(12a) as 

where ( = ptF . 
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Figure 3. Displacement source 
on the interface B 1 . 

Figure 4. Waves in layered structure. 
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In the far-field of kFlxl ~ 1 and Ixl ~ Iyl(y E S), by using the steepest 
descent method[6], the Green's function OJ can be expressed approximately as 

O·(x y) ~ r--Iei(kFlxl-tlkFilF A+FeikFPiFYllc_' e (14) )' V hlM ) _sm x 

where 8", =arcsin( -xl/Ix!) is the observation angle. Substitution of Equation (14) 
into Equation (8) leads to the far-field expression of the scattered field 

where OF represents the amplitude of scattered pressure at far-field in water ex
cluding the factor of distance attenuation and is defined by 

NUMERICAL RESULTS 

(15) 

Two kinds of materials, steel and aluminum, are considered here for numeri
cal analysis. The length of interface crack is 2a. The thickness of solid layer D is d. 
The spring constants of interface between two solids are set to aKt! f-l = aKn / f-l = 
10000 for perfect interface Bl and Kt = Kn = 0 for interface crack S. The in
terfaces Bo and Bl are truncated in a finite length of lOa for near-field calculation. 
The material constants for calculation are as follows 

water: 
steel: 
aluminum: 

CF = l480m/s 
CL = 5900mj S CT = 3200mj S 

CL = 6420m/s CT = 3040m/s 

PF = 1000kg/m3 

P = 7800kgjm3 

P = 2700kg/m3 

First, to check the present method for layered structure, we let both solids be 
the same material, steel. Thus, the problem is reduced to the scattering by a crack 
in a homogeneous solid near liquid-solid interface which has been investigated in 
Ref.[5]. The results of scattered amplitude in normal direction to the interface for a 
normal incidence (80 = 0) as a function of akF comparing with the results in Ref.[5] 
are presented in Figure 5. Here, d is the thickness of solid layer D (in Ref.[5]' it 
is the depth of the crack from the interface). It can be seen that they agree well. 
Figure 6 shows the scattering amplitudes versus d/a as a function of akF by the 
interface crack in the structure of water/steel/aluminum. For the same crack size a, 
when the distance d between crack and interface Bo increases, the peak value of the 
scattering amplitude will decrease and peak position will shift to high frequency. In 
other words, for a certain thickness d, the larger the crack size, the large the peak 
of scattering amplitude and the lower frequency point the peak appears at. 

Figure 7(a) shows the same results as those in Figure 6 but for different ajd 
and as a function of dkL (kL is the wave number of longitudinal wave in steel). We 
can see that the peak of scattering amplitude is larger and shifts to lower frequency 
for the crack of larger size. 
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All the results in Figures 5 "" 7( a) discussed above are in the case of low fre
quency range (akL ~ akF/4 < 1). In more high frequency range, one can image 
that the resonance phenomenon due to the multi-reflections in solid layer D will 
occur. The example for the structure of water/steel/aluminum is shown in Figure 
7(b). Here, we can see that (l)the resonances appear at the positions near dkL = 11", 

(2)the resonance peaks are much larger than those in low frequency range, (3)for 
the crack of larger size, the resonance peak of scattering amplitude is also larger. 
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Figure 5. Scattering amplitude versus d/a as a function of akF in the structure of 
water/steel/steel (Solid line: present results, Circle: results in Ref. [5]). 
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Figure 6. Scattering amplitude versus d/a as a function of akF in the structure of 
water/steel/ aluminum. 
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Figure 7. Scattering amplitude versus aid as a function of dkL in the structure of 
water/steel/aluminum ((a)in low frequency range of dkL < 1, (b)in more high fre
quency range). 
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