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Abstract  

Multi-principal element alloys (MPEAs) continue to garner great interest due to their potentially 

remarkable mechanical properties, especially at elevated temperatures for key structural and 

energy applications. Despite extensive literature examining material properties of MPEAs at 

various compositions, much less is reported about the role of grain size on the mechanical 

properties. Here, we examine a representative nanocrystalline BCC refractory MPEA and identify 

a crossover from a Hall-Petch to inverse-Hall-Petch relation. While the considered MPEA 

predominantly assumes a single-phase BCC lattice, the presence of grain boundaries imparts 

amorphous phase distributions that increase with decreasing grain size (i.e., increasing grain 

boundary volume fraction). Using molecular dynamics simulations, we find that the average flow 

stress of the MPEA increases with decreasing average grain size, but below a critical grain size of 

23.2 nm the average flow stress decreases. This change in the deformation behavior is driven by 

the transition from dislocation slip to grain-boundary slip as the predominant mechanism. The 

crossover to inverse-Hall-Petch regime is correlated to dislocation stacking at the grain boundary 

when dislocation density reaches a maximum.  

 

KEYWORDS: multi-principal element alloys, nanocrystalline grains, molecular dynamics, Hall-

Petch relation, dislocation slip.   
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1. Introduction 

Multi-principal element alloys (MPEAs) [1, 2] have disrupted metallurgical research with an 

exponential surge in the related literature over the last decade [3]. In essence, the concept of high-

entropy alloys (HEAs), a subset of MPEAs, is grounded in the thermodynamic principle that a 

high configurational entropy can lower the Gibbs free energy and promote a stable single-phase 

crystallographic structure [2, 4-6]. Currently various models exist that predict the phase and 

mechanical properties of different MPEA compositions guided by materials chemistry [7, 8]. Some 

of these approaches employ thermodynamic [9], crystallographic [10] and electronic descriptors 

[11] to predict the alloy phases, while more recent efforts feed multiple alloy features into a 

machine-learning framework to estimate the crystal structure and mechanical properties, such as 

hardness [12] and Young’s modulus [13]. Also, density-functional-theory (DFT) based methods 

incorporating thermodynamics (i.e., configurational averaging and short-range order) have been 

quantitatively successful, [14-16] even identifying electronic origins for properties [17, 18]. 

Regardless, it is evident from the literature that the microstructure, grain size and chemical 

composition of MPEAs play a crucial role in determining their mechanical properties [19-22]. 

Examining the effect of grain size variations facilitate our understanding of the deformation 

mechanism during plastic flow, in addition to them directly impacting the alloy strength.  

 

Hall [23] and Petch [24] first demonstrated the effect of reducing the grain size on structural 

properties via the relation σy = σ0 + kyd-1/2, where σy is the yield stress, d is average grain diameter, 

and σ0 and ky are materials-specific constants. They proposed that grain boundaries (GB) result in 

discontinuity of slip planes and hinder transmission of dislocations from one grain to another [25]. 

Hence, as grains become smaller, the effect of dislocation obstruction increases thereby increasing 

the strength of the material; however, as the grain size approaches nanoscale, this effect reverses 

[26]. For nanocrystalline materials, the role of GBs becomes more pronounced as the volume 

fraction occupied by GBs is comparable to that of the bulk crystal. Below a critical grain size, the 

material begins to soften [27] limiting the maximum strengthening achievable by the Hall-Petch 

phenomenon. The dominant deformation mechanism changes from intragranular to intergranular 

as the volume fraction of GBs increase [28].  
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The origins of GB strengthening, work-hardening and plastic deformation are rooted in atomic-

scale mechanisms [27, 29, 30]. Prior literature [31] employing molecular dynamics (MD) 

simulations to examine the role of decreasing grain size on the deformation behavior of 

nanocrystalline BCC Fe concluded that the primary mechanism changes from dislocation sliding 

to GB rolling and sliding below a grain size of 19.7 nm, i.e., the transition to the inverse Hall-

Petch phenomenon. Likewise, Schiøtz et al. [27] probed nanocrystalline copper and eliminated the 

influence of diffusion on the deformation characteristics at room temperature, in contrast to a 

previous report [26]. Recently, Jones et al. [32] demonstrated that in an ultra-high vacuum 

environment, a single-phase CoCrFeMnNi HEA exhibits low-friction and high-wear resistance. 

This behavior was attributed to the extreme grain refinement under a high-shear rate, resulting in 

near amorphization on the surface layer that generates the wear particles, indicating an occurrence 

of inverse Hall-Petch phenomenon. Note that, in the absence of oxides, the coefficient of friction 

for metals represents a metric for surface shear strength that could be correlated to the grain size 

at the surface of contact [23, 24].   

 

Given the limited literature on the Hall-Petch strengthening of MPEAs, such as CoNiFeAlxCu(1-x) 

[33], we employ molecular dynamics (MD) simulations to scrutinize the effect of grain size on the 

strengthening and deformation mechanism in a representative MPEA. In particular, we consider a 

certain composition of refractory Mo-W-Ta-Ti-Zr MPEA that was reported to exhibit 3´ higher 

Young’s modulus (~340 GPa at room temperature) than the equiatomic HEA counterpart [30]. 

This alloy (Mo0.95W0.05)0.85Ta0.10(TiZr)0.05 predicted to possess a higher Young’s modulus (~2´ at 

2000 K) relative to commercial alloys (such as TZM) is used as the testbed for our grain-size 

simulations. As discussed in the methods section, the flow stress of this nanocrystalline BCC 

MPEA increases with decreasing average grain size (Hall-Petch relation); however, below a 

critical grain size of ~23.2 nm the flow stress decreases because of the transition from dislocation 

slip to grain boundary slip as the driving deformation mechanism.  

 

2. Computer simulation methods 

Classical MD simulations are performed using the extensively parallelized Large-scale 

Atomic/Molecular Massively Parallel Simulator (LAMMPS) package [34], while OVITO [35] is 
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used for visualization and data-processing. Four (4) cubic simulation cells containing 5 grains each 

and one (1) cubic cell containing 2 grains in random orientations are constructed using the Voronoi 

tessellation method incorporated in the ATOMSK toolkit [36]. First a unit cell for the MPEA 

composition is generated with BCC crystal structure. Then a fixed number of nodes are introduced 

at random positions inside the simulation box. These nodes serve as centers for each of the grains. 

Subsequently, grains positioned at those nodal points but with random orientations are constructed 

using the Voronoi tessellation algorithm within the simulation box. The edge lengths of the 4 

samples with 5 grains each are 5 nm, 20 nm, 30 nm and 40 nm, while the edge of the simulation 

cell containing 2 grains is 40 nm long. Notably, a 40 nm cell accommodates more than 4 million 

atoms. We limit the box size to 40 nm edge lengths because generation of simulation boxes > 40 

nm edge length proved to be computationally expensive. The mean grain sizes in the 5 simulated 

samples are 3.1 nm, 11.7 nm, 17.5 nm, 23.2 nm, 31.7 nm, respectively. The grain orientation in 

each simulation box is randomized so as to best replicate an experimental scenario wherein each 

synthesized sample would have a random orientation of grains and typically different from all 

other samples. Such a methodology has been adopted in the literature [31, 37] simulating the 

inverse Hall-Petch phenomenon.    

 

For comparison, the range of grain sizes chosen in this work has been set slightly larger than the 

range adopted in (i) Ref. [31] where the inverse Hall-Petch behavior was studied in cubic iron and 

the grain sizes were varied from 3.7 nm to 19.7 nm with 14.7 nm emerging as the critical grain 

size, (ii) Ref.  [33] where CoNiFeAlCu alloy grains were varied from 7.2 to 23.4 nm and the critical 

grain size was noted to be 18.9 nm. Other works analyzing the Hall-Petch to inverse Hall-Petch 

transition have used similar range of grain sizes.  This is done so as to encompass a wider range 

of grain sizes and understand how the critical grain size changes depending upon the nature of 

elements used in alloying. 

 

The interatomic interactions are described by EAM (embedded-atom potentials) [38]. The EAM 

potential is a multibody potential which is expressed as 𝐸 = 𝐹! ∑ 𝜌"&𝑅",$( +
%
&
∑ ∅!,'(𝑅",$)$("$(" , 

where E is the total energy of the atomistic system obtained by the summation of embedding 

energy F on the ith atom and the short range pair potential energy ∅, 𝛼 and 𝛽 being the element 

types of atoms i and j, Ri,j being the distance between ith and jth atoms and 𝜌 being the electron 
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density. This potential has been previously used and validated for mechanical properties of this 

MPEA by comparing to DFT-derived values [30] and for obtaining the diffusion coefficients in 

(Mo0.95W0.05)0.85Ta0.10(TiZr)0.05 [22]. We utilize the parameter combinatorial tool available in the 

LAMMPS package [38] to construct a forcefield that includes all 10 cross interactions between 

the elements in the Mo-Ta-Ti-W-Zr MPEA. This technique was adopted previously to simulate 

crystallographic phase and stress-strain behavior for Al10CrCoFeNi [39, 40] and 

(Mo0.95W0.05)0.85Ta0.10(TiZr)0.05 [22, 30]. In addition, the BCC phase and modulus of elasticity of 

the Mo-Ta-Ti-W-Zr MPEA obtained from MD simulations corroborate with experimental 

results[22]. We validate the potential by using the equiatomic MoTaTiWZr alloy as a testbed. We 

show that the equiatomic composition forms a predominantly BCC phase as depicted in Fig. 1. 

The equiatomic composition has been shown to form a purely BCC phase experimentally in a prior 

work [30]. Thus, we establish that the potential adopted in this work is able to yield results with 

reliable accuracy. Recent works have used machine-learning to develop moment tensor potentials 

(MTPs) [41] for various bcc refractory alloys, such as MoNbTaVW, MoNbTaW and MoNbTa, 

and have shown them to be appreciable accurate. The predicted values of free energy for the above 

mentioned alloys using these potentials are within 2 meV/atom of DFT values which is more 

accurate than EAM by an order of magnitude [42]. But these potentials have not been developed 

for the alloy system under consideration here and hence we continue to use the EAM potentials 

that have been successfully used in notable prior works, as mentioned earlier. Moreover the 

analysis of deformation mechanisms in metals and alloys using MD has been mostly carried out 

with EAM potentials in most previous works [31, 33, 37], justifying the use of existing EAM 

potentials for Mo-Ta-Ti-W-Zr in this work.  

 

 The lattice was energy minimized using the conjugate-gradient method with an energy tolerance 

in LAMMPS of 10-15 eV and a force tolerance of 10-15 eV/Å. The alloy simulation was initialized 

at 1300 K under an isothermal-isobaric (NPT) ensemble for 50 ps at 0 MPa and then rapidly 

quenched to 300 K in 500 ps. This initialization temperature was considered to prevent complete 

melting of the alloy to liquid state, lest a single crystal may result upon quenching from a higher 

temperature and the GBs incorporated prior to quenching might be lost or re-oriented. Similar 

temperature limits for quenching HEAs with GBs was discussed previously [43]. Periodic 

boundary conditions are applied in all the directions [31]. The quenched alloy was further 
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equilibrated under NPT and NVE ensembles for 90 ps each thereby completing the quenching 

process. Quasi-static unidirectional tensile deformation was executed at a strain rate of 0.01 ps-1 

along the x-direction. The strain rate adopted here was previously employed for analyzing the 

dislocation dynamics of AlCoCrFeNi HEA [29] and Mo-Ta-Ti-W-Zr [14]. We note that the 

simulated strain rate is several orders of magnitude higher relative to experiments, necessitated by 

the timescales feasible in MD simulations [44]. However, such simulation procedures do not 

influence the physical insights derived on the deformation mechanisms as our objective is to 

investigate the transition in deformation mechanism from larger to smaller grains at an identical 

strain rate for all the simulated cases. These deformation characteristics observed in these 

simulations are representative of those observed in experimentally applied high strain rates [39].  

 

3. Results and discussion 

The phases and GBs are visualized throughout the deformation process using common neighbor 

analysis (CNA) [45]. A representative equilibrated simulation cell is illustrated in Fig. 2 (a). The 

CNA (Fig. 2 (b)) indicates that the MPEA is predominantly a single-phase solid solution with 

96.5% BCC structure and ~3.5% amorphous phase constituted by the GBs [26]. The local 

structural coordination of all the simulated samples, containing 31.7 nm, 23.2 nm, 17.5 nm, 11.7 

nm and 3.1 nm grains, respectively, are reproduced in Figs. 2 (b-f), while Fig. 2 (g) presents the 

fractions of the amorphous and crystalline phases as a function of the grain size. As the grain size 

is reduced from 31.7 nm to 3.1 nm, the fraction of atoms in GBs increases from 3.5% to 65%, in 

accord with an earlier report [46]. This observation is attributed to the long-range order that exists 

within the grains and imparts crystallinity, but the interface between adjacent grains is devoid of 

order and hence amorphous. The absence of crystallinity in GBs is as predicted by Keblinski et al. 

[47], where energy distribution functions revealed that GB atoms possess an excess energy with 

0.20 eV/atom relative to 0.185 eV/atom of the bulk atoms. This excess energy in GB atoms arises 

by virtue of intergranular misalignment and inhibits long-range order. Additionally, the CNA 

results evince that GB regions are indeed amorphous. A series of other recent works have reported 

similar findings in the GB region. Song et al. [48] found that reducing the grain size in 

nanopolycrystal Cu, and increasing the amorphous phase boundary improved the plasticity of the 

material. In their MD simulations, the non structured region was referred to as the amorphous GB 

region. In another work, Zhao et al. [49] studied TiAl alloy and its creep properties using MD 
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simulations and found that at a given temperature, the creep phenomenon is dominated by 

dislocation motions under high stresses while at low stresses it is dominated by the diffusion 

phenomenon. They used a similar technique as that used in the present work to create GB and 

categorized the uncoordinated atoms as the GB atoms. Other recent works [50, 51] have similarly 

classified the uncoordinated atoms as the GB region and hence a similar approach has been adopted 

in the present work. We delve deeper into understanding the composition of the grain boundaries 

and with this objective we use the structure file of the simulation box with the 11.7 nm grains to 

filter out only those atoms that comprise the GB as shown in Fig. 2(h). All other atoms within the 

grains have been deleted in this visualization. Using this data, we plot the atomic % of each element 

in the GB and compare it with the ideal atomic % of elements that were prescribed by the 

theoretical composition of the alloy as shown in Fig. 2 (i). According to our simulations, the 

concentration of Mo in the GB region is almost identical to the grains, whereas Ta is higher and 

W is lower in concentration. There is almost no Ti in the GB while Zr is slightly more than the 

concentration prescribed by the formula. The absence of experimental measurements to validate 

this concentration distribution is acknowledged. Although our main objective is to understand that 

the GB region is non crystalline and plays a major role in the reversal of the Hall-Petch 

phenomenon. 

 

To examine the Hall-Petch and its inverse phenomena, tensile deformation simulations are 

performed on the MPEA cells. The stress-strain curves for all grain sizes are presented in Fig. 3(a). 
To quantify the effect of grain size on the deformation behavior of nanocrystalline materials, it is 

physically more sensible to compare the average flow stress over a fixed range of strain [27, 31, 

52] due to a highly amplified strain rate effect on the peak stress. Average flow stress in the range 

0 – 15% are therefore considered in this work to reproduce the full range of stresses, after which 

the stress almost saturates to a constant value. As noted from Fig 3(b), the flow stress is 8.8 GPa 

for the simulation cell with 31.7 nm grains, but it increases to 9.76 GPa when the grain size reduces 

to 23.2 nm. With further decrease in grain size, the flow stress drops consistently to 6.53 GPa for 

3.1 nm grain size. The inverse Hall-Petch equation is obtained by correlating the flow stress with 

the average grain size, d, for grains of sizes 23.3 nm and below  as in Fig. 3(c). We obtain σflow = 

10.097 – 6.678 d-1/2, where the negative slope is indicative of the inverse Hall-Petch effect. Thus, 
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we predict the critical grain size to be in the neighborhood of ~23.2 nm that initiates the crossover 

from Hall-Petch to the inverse Hall-Petch regime in (Mo0.95W0.05)0.85Ta0.10(TiZr)0.05 MPEA.  

 

Such a phenomenon has previously been reported for pure metals, e.g., Cu [27, 53], Pd [26], Ta 

[37], Fe [31], and also in a MPEA, i.e., CoNiFeAlxCu(1-x) [33]. Computer simulation on 

nanocrystalline Cu and the Hall-Petch transition [27] noted the occurrence of a large number of 

micro-sliding events at the GBs. It was suggested that, as the grain size is reduced, the volume 

fraction of GBs increased promoting the sliding of GB atoms. Likewise, for BCC Fe [31], for grain 

sizes < 14.7 nm, a transition to inverse Hall-Petch was noted. The phenomenon was attributed to 

a decrease in strain accumulation due to smaller dislocation pile-up distances that increased the 

flow stress required for deformation. On further reducing the grain size below the critical 

dimension, GB slipping was activated due to the increased volume fraction of GBs that causes 

plastic deformation at a relatively lower loading. For nanocrystalline Ta [37] an inverse Hall-Petch 

regime is noted to exist for the grain-size range of 3.5-13 nm. Therein, GB rotation and sliding 

were identified as the dominant deformation mechanisms in this regime, although certain 

deformation twins and local phase transformations to FCC and HCP were also reported. More 

recently, Chen et al. [33] examined CoNiFeAlxCu(1-x) and concluded that as the grain size is 

reduced below 12.1 nm the deformation mechanism changes from dislocation slip and deformation 

twinning to GB rotation and migration.  

 

Next, we scrutinize the microstructural evolution of the 40 nm simulation cell containing 23.2 nm 

grains relative to that of 5 nm simulation cell with 3.1 nm grains to understand the differences in 

the deformation mechanism underlying this transition to inverse Hall-Petch behavior. For the 

smaller grain size of 3.1 nm, the predominant deformation mechanism is due to the migration of 

GBs. The deformation at various stages of straining are reproduced in Fig. 4. The progressive 

thickening (by ~60%) and alterations in the GB orientations indicate the sliding of GB atoms over 

each other generating a micro-sliding mechanism. The structural transformation of GB can be 

characterized by a shear stress 𝜏)
(") that denotes the resistance to free sliding (i being the grain 

misorientation relative to the GB plane) over a planar GB [54]. GBs have a faceted structure where 

planar regions of GB atoms are bound by kinks and edges, such that  GB microsliding is initiated 

over a GB facet when the applied shear stress exceeds 𝜏)
("). The GB microsliding reduces the flow 
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stress that is otherwise required for straining the crystalline bulk material, as discussed previously 

for metals [27] and alloys [33]. A deeper probe into the grains highlighted as S and R in Figs. 4(a) 

and (c) indicates that the dislocation in grain S percolates into the GB and emerges through the 

other side. This percolation and propagation of a dislocation through GB has been conjectured as 

the cause for Hall-Petch breakdown [55].  

 

Further straining causes the GBs to thicken to ~8–9 atomic layers due to microsliding [54] as 

displayed in Figs. 4(d) and (e), and primarily facilitates the deformation in the nanocrystalline 

grains. While probing the deformation mechanism in the 40-nm-simulation cell with 23.2 nm 

grains, we find a strong manifestation of FCC phases forming locally, as illustrated in Figs. 4 (f), 

(g) and (h). The BCC to FCC stress induced transformation has been previously described to be a 

dominant deformation mechanism in BCC materials [33]. Prior work [56] has reported that the 

FCC phases nucleate in BCC matrix during the deformation of Pd-Cu  alloys via the slip of edge 

dislocation  abcc[1 1 1]/6 on (0 1 1) BCC slip planes and form a standard FCC matrix by undergoing 

an expansion in the crystal volume. Such stress-induced phase transformations were also described 

during the deformation of BCC Ta and the newly formed FCC phase was found to increase in its 

volume fraction till a peak before saturating to a constant value [37]. An inspection of our results 

in Figs. 4(f), (g) and (h) reveal an increase in the FCC phase volume fraction from 1.2% to 4.3%, 

consistent with the trends reported in literature [37].  

 

To reason quantitatively the observed trends in flow stress as a function of grain size, we consider 

a more robust relationship established between the flow stress and dislocation density. The 

dislocation evolution of ½<111>-type dislocations for all simulation boxes at a consistent strain 

level is shown qualitatively in Fig. 5 for various grain sizes at 5% strain for 31.7 nm (a), 23.2 nm 

(b), 17.5 nm (c), 11.7 nm (d) and 3.1 nm (e). Fig. 5 (a-e) are meant only to visually depict the 

density and distribution of the ½<111>-type dislocations. It can be inferred that as the grain sizes 

decrease, the density of dislocations decreases too. Dislocations themselves act as obstructions to 

the movement of other dislocations. Interaction of dislocations causes work-hardening, the degree 

of which depends on the distance between the active slip planes. The work-hardening is higher if 

the distance between the active slip planes is small. If multiple dislocations intersect at a 

dislocation junction, the formation of dislocation jogs takes place that act as hard obstacles and 
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pin the dislocation, thereby causing rapid hardening [57]. Thus, higher the density of intersecting 

dislocations, higher work hardening is achieved and higher the flow stress. To validate our 

predictions, we compute densities of ½<111>-type dislocations for all grain sizes at the strain 

where the flow stress is obtained, as mentioned above. The densities of dislocations with Burgers 

vector ½<111> type are presented as function of grain size in Fig. 4(f). Only ½<111>-type 

dislocations have been considered because these are the dominant dislocation type in a BCC lattice 

with the smallest repeat vector. The linear relationship between flow stress and the square root of 

the dislocation density fitted using least-squares is consistent with previously established results 

[58].  

 

GBs serve as stronger obstacles than line or point defects to dislocation motion and impede the 

transmittance of dislocations into adjacent grains. Macroscopic yielding is realized only when at 

least 5 slip systems are activated in each grain of the material [57]. But microscopic yielding can 

occur in some grains that are favorably aligned relative to the applied stress. Therefore, 

dislocations within such grains pile up against the GBs and are not transmitted to the adjacent 

grain, as it happens to be the Hall-Petch regime. Hence, we see a large dislocation pile up in Figs. 

5(a) and (b) when grain sizes are  ³ 23.2 nm, i.e., the critical size. When the grain sizes are further 

reduced, the GB volume fraction increases and they serve as defect sinks [59], decreasing the 

dislocation densities as observed from Figs. 5(c) and (d). When the grain size is 3.1 nm there is 

practically little or no dislocation generation, and the deformation effectively occurs due to GB 

sliding (Fig 5 (e)).  

 

4. Conclusions 

We conclude that, at the crossover from Hall-Petch to inverse Hall-Petch, the critical grain size 

produces a maximum flow stress due to a maximum density of ½<111> dislocations (4.47 × 1012 

cm-2) that intersect each other and pile up at the GBs. Below the critical grain size, the GB 

migration and slipping phenomena are activated that reduce the flow stress, and the effect is 

pronounced on further reducing the grain sizes. The dislocations being unable to pile up at GBs, 

the latter do not impart strengthening to the alloy below the critical grain size. We note that the 

critical grain size in alloys and MPEAs is larger than those in pure metals like cubic iron and Au. 

This larger grain size arises because the disorder at the GBs and the grain junctions [47] thicken 
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faster as the grain sizes reduce in alloys as compared to metals, related to the fact that GBs and 

grain junctions are disordered and presence of multiple species promotes the disorder in the GB 

more than when only single species is present. Thus, GBs thickens at a relatively larger grain size 

in alloys as compared to pure metals and the transition to inverse Hall-Petch phenomenon happens 

at a larger grain size in alloys. This behavior is also evinced from prior works where iron was 

found to have a critical grain size of 14.1 nm [31] and nanocrystalline gold was found to have the 

inverse Hall-Petch effect in 5-10 nm range [60] while the transition happened at 18.9 nm for BCC 

CoNiFeAl0.7Cu0.3  [33].  

 

In summary, we employ classical MD simulations to perform unidirectional tensile deformation 

of nanocrystalline (Mo0.95W0.05)0.85Ta0.10(TiZr)0.05 MPEA with mean grain sizes ranging from 3.1 

to 31.7 nm, and to examine them for a transition to inverse Hall-Petch behavior. The phase and 

microstructural evolution recorded from these samples reveal that the alloy assumes a BCC phase 

consistent with prior literature [30], with some distribution of amorphous phase due to the presence 

of GBs. The amorphous phase increases progressively as the grain sizes are reduced because the 

volume fraction of GBs increases by ~60% with lowering grain sizes. The stress-strain profile 

resulting from the tensile deformation reveals that flow stress increases as the grain size is reduced 

from 31.7 nm to 23.2 nm, but decreases thereafter with further diminishing of the grain size. The 

maximum flow stress of 9.76 GPa occurs for samples with 23.2 nm grains. The microstructural 

characterization corroborates that when the grain size ³ 23.2 nm (critical grain size), deformation 

is driven by dislocation gliding and stress induced phase transformation from BCC to FCC phases. 

However, the deformation mechanism shifts to GB migration and sliding below the critical grain 

size. The transition from Hall-Petch to inverse Hall-Petch behavior is attributed to the 

maximization of the dislocation density (4.47 × 1012 cm-2) and dislocation pile up at the GB. This 

finding is supported by the observed Taylor-like behavior [61], that is, linear variation of the flow 

stress with the square root of the dislocation density.  
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Figure 1: Local structural coordination revealed through CNA in equiatomic MoTaTiWZr. The 
alloy crystallizes into majority BCC phase, which validates the accuracy of the potential adopted 
in this work. The GB region is amorphous as there is a lack of long-range order in the GB regions.  
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Figure 2: (a) Representation of (Mo0.95W0.05)0.85Ta0.10(TiZr)0.05 in a polycrystalline simulation cell 

where color legend denotes atom types. Figures (b-f) represent the crystallographic phases for 

different samples as determined from structural coordination using common neighbor analysis 

(CNA) on the equilibrated cells. Sample (b) with 31.7-nm-sized grains is constructed by 
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accommodating 2 grains in a simulation box with 40 nm edge, while the sample (c) with grains of 

size 23.2 nm is created by accommodating 5 grains in a similar simulation box. Thus, the 

simulation-cell samples (b) and (c) have equal edge length but different number of grains. Below 

23.2 nm, the edge dimension of the cuboidal cells decrease as the number of grains in each of those 

simulation boxes is maintained to be the same to demonstrate the reducing grain size. CNA reveals 

the MPEA is primarily a single-phase BCC with some amorphous phase due to presence of GBs. 

(g) Phase fraction as a function of grain size shows decrease in the crystalline volume fraction with 

the decrease in grain size because of larger fraction of the alloy is occupied by the amorphous GBs. 

(h) Representation of the non-structured atoms that from the GBs: only those atoms that comprise 

the GB have been filtered out for a qualitative examination. (i) Distribution of elements by % 

atomic fraction in the GBs evinces presence of excess Ta and dearth of W in the GB regions as 

compared to the ideal atomic percent.    
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Figure 3: (a) Grain-size effects on the stress-strain curve during uniaxial strain in the loading 

direction (σxx) for each grain size due to mechanical deformation. In the linear region, the 

deformation curve is elastic. However, in the plastic region, initiation of dislocations with Burgers 

vector b=<111>/2 causes stress drops to occur and curves level off subsequently. The critical grain 

size for transition from Hall-Petch to inverse Hall-Petch is predicted to be 23.2 nm at which the 

maximum flow stress is exhibited.  (b) The average flow stress transition from Hall-Petch to 

inverse Hall-Petch (decreasing as grain size is reduced) is distinctly observed. (c) The flow stress 

is presented as a function of grain size in the inverse Hall-Petch region. The inverse Hall-Petch 

relation is σflow = 10.097–6.678×d-1/2, where the negative slope indicates the inverse effect.   
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Figure 4: Snapshots of GB and bulk atoms with their local structural coordination. GB migration 

under unidirectional tension in the simulation cell with 3.1 nm grains results in considerable 

thickening of GB at (a) 1%, (b) 3%, (c) 5%, (d) 7% and (e) 9% strain. Grain R shown in (a) 

undergoes significant reorientation from (a) to (e) indicating a grain rotation has occurred with 

respect to the GB. Dislocation migration is observed from grain S (a) into grain R (c) via the GB 

separating the two. Thickening of GB implies bulk flow and sliding of GB atoms within the GB 

volume. Minor traces of phase transformation to FCC in (c) and (e) are observed suggesting that 

the deformation occurs due to a coupled effect of GB migration and phase transformation.  (f), (g) 

and (h) display the deformation of 40 nm simulation cell with 5 grains under uniaxial tension at 

1%, 3% and 5% strain, respectively during which the FCC phase fraction increases from 1.2 % to 

4.3 %. Here, the local phase transformation from BCC to FCC distinctly appears as the major 

deformation mechanism consistent with deformation mechanism of other BCC MPEAs [33].  
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Figure 5: ½<111>-type dislocation evolution in (Mo0.95W0.05)0.85Ta0.10(TiZr)0.05 represented by 

simulation cells with grain sizes: (a) 31.7 nm (b) 23.2 nm (c) 17.5 nm (d) 11.7 nm (e) 3.1 nm at 

5.0 % strain. (f) Average flow stress as a function of the dislocation density for all grain sizes 

reveals an somewhat linear trend with R2 = 0.96, consistent with prior findings [52]. At the 

inflection point (23.2 nm) from Hall-Petch to inverse Hall-Petch behavior, a maximum flow stress 

is noted at the critical grain size due to the occurrence of the highest density of ½<111> 

dislocations (4.47 × 1012 cm-2) that are intersecting and pile up at the GBs.  
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