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Abstract

The Birch and Swinnerton-Dyer conjecture famously predicts that the rank of an
elliptic curve, or more generally an abelian variety, can be computed from its L-
function. A consequence of this, known as the parity conjecture, is a purely arith-
metic result which bypasses the conjectural theory of L-functions and asserts that
the parity of the rank is determined by the root number.

This thesis investigates the parity conjecture for Jacobians of hyperelliptic curves
and collates some of the first pieces of evidence (beyond elliptic curves) for the Birch
and Swinnerton-Dyer conjecture. In doing this, we exhibit formulae for the parity

of the rank of certain abelian varieties which use only the local theory of curves.



Impact Statement

The Birch and Swinnerton-Dyer conjecture is considered one of the most challenging
problems in modern mathematics, marrying the two main streams of number theory.
Despite being formulated in the 1960s, a proof of this result still appears out of our
reach. In the setting of elliptic curves, there is plenty of theoretical and numerical
evidence in support of the conjecture, however, this is lacking when we consider
higher dimensional abelian varieties. This thesis provides theoretical evidence in the
context of Jacobians of hyperelliptic curves. This is achieved by considering the
parity of their ranks, for which we provide recipes that serve as useful computational
tools.

Outside of academia, number theory plays a fundamental role in the develop-
ment, of cryptographic algorithms. Many of these rely on objects studied in this
thesis, namely, elliptic curves, hyperelliptic curves, and isogenies. Whilst this is not
the purpose of the thesis, and such applications are not discussed here, some of the

ideas we present could be of interest to cryptographers.
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Chapter 1

Introduction

Understanding the rational points on varieties defined over the rational numbers is
the modern perspective on the theory of Diophantine equations which dates back to
the 3rd century. More recently, this study has been extended to varieties over number
fields. Around the 1900s, it was observed that a group law can be defined on the
points of an elliptic curve and in the 1920s, Mordell and Weil proved the following
breakthrough result concerning the group structure (which can also be stated for the

Jacobian associated to a curve, or more generally, an abelian variety).

Theorem (Mordell-Weil). Let E be an elliptic curve over a number field K. The

K -rational points of E form a finitely generated abelian group, i.e.
E(K) = 279 x B(K )

for some tk(E) € N called the rank of E, and some finite group E(K )iors called the

torsion subgroup of E(K).

In light of this theorem, whether an elliptic curve has finitely many or infinitely
many points is determined by its rank. However, very little is known about this global
invariant, and currently, there is no effective method for its calculation. Number
theorists have often observed that global information about varieties can be deduced
from ‘piecing together’ local information, which involves studying varieties over local
fields such as C, R and Q,. The Hasse-Minkowski Theorem is a classical example of

this technique, stating that two quadratic forms over a number field are equivalent
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if and only if they are equivalent over every local completion of the field. In this
thesis, we will demonstrate that the parity of the rank of various abelian varieties
can be determined from local information. While the formulae we provide serve as
useful computational tools, they also offer some of the first pieces of evidence (beyond

elliptic curves) for the renowned Birch and Swinnerton-Dyer conjecture.

1.1 The Birch and Swinnerton-Dyer and parity con-

jectures

In the 1960s, Birch and Swinnerton-Dyer proposed a local description of the rank
of an elliptic curve by relating it to the number of points on the reduction of the
curve over finite fields. This local data is encoded in the associated L-function (a

meromorphic function on the complex plane).

Conjecture (Birch and Swinnerton-Dyer [4, 5], Tate [66]). Let A be an abelian
variety over a number field K. Assuming that L(A,s) has an analytic continuation
to C,

rk(A) = ords—; L(A,s).

This conjecture is regarded as one of the most challenging mathematical prob-
lems and has currently only been proved in special cases. In particular, it is known
to hold for modular elliptic curves (those whose L-functions are known to have an
analytic continuation) such that the order of vanishing of their L-function at s = 1 is
at most 1 (|30], [35]). Virtually nothing is known for abelian varieties of dimension
greater than 1, and the numerical evidence is much more limited. In this thesis,
we consider the Birch and Swinnerton-Dyer conjecture for Jacobians of hyperelliptic
curves, the first natural family of curves to look at after elliptic curves.

As indicated by the Birch and Swinnerton-Dyer conjecture, the L-function of
an abelian variety is conjectured to have an analytic continuation and to satisfy a

functional equation.

Conjecture (Hasse-Weil, see [58]). Let A be an abelian variety of dimension n over

a number field K of degree d. The L-function L(A,s) has an analytic continuation
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to the whole of C, and
L*(A,2—5s) = w(A)L*(A,s)
where w(A) € {£1} is the global root number of A, and
L*(A,s) = N2 Ag|™(2r) T (s)"L(A, 5)

with N4 the conductor of A and Ak the discriminant of K.

Since this essentially says that L(A,2 — s) = w(A)L(A, s), we can observe that
the root number controls the parity of the order of vanishing of L(A,s) at s = 1.
Combining this with the Birch and Swinnerton-Dyer conjecture yields the ‘Birch
and Swinnerton-Dyer conjecture modulo 2’, more commonly referred to as the parity

conjecture.

Conjecture (The parity conjecture). Let A be an abelian variety over a number
field K. Then
(1Y = w(4),

The appeal of the parity conjecture is that it is a purely arithmetic statement
which does not involve the conjectural theory of L-functions. It provides an effective,
local method to compute the parity of the rank because the global root number is
defined as a product of local root numbers and these can be computed via the local
Galois representations of A. We note that knowing the parity of the rank is sometimes
enough to assert that an abelian variety has infinitely many points; for instance, if
the rank is odd, then it is non-zero.

While the parity conjecture may seem like a straightforward statement, there is
currently no known successful approach to resolve it unconditionally. The challenge
arises from our limited understanding of the rank of an abelian variety. In particular,
distinguishing the points on an abelian variety from the elements of a (potentially in-
finite) group known as the Shafarevich-Tate group, denoted III(A), poses significant

difficulties. With this in mind, a weaker version of the parity conjecture concerning
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the p>-Selmer rank of an abelian variety, denoted rk,(A), has been formulated.

Conjecture (The p-parity conjecture). Let p € Z be a prime and A be an abelian

variety over a number field K. Then
(—1)" @ = w(A).

In certain settings, the parity of the p>-Selmer rank is computable and this can
lead to a proof of the p-parity conjecture. Most notably, the p-parity conjecture is
known for elliptic curves over the rationals ([19]), for elliptic curves over number
fields admitting a p-isogeny ([20], [8]), for elliptic curves over totally real number
fields when p # 2 (and in all non-complex multiplication cases and some complex
multiplication cases when p = 2) (]20],[48],[49],[50],[51]) and for quadratic twists of
elliptic curves ([37]). However, the p-parity conjecture remains an open problem
for elliptic curves over general number fields. In higher dimensions, the 2-parity
conjecture is known for Jacobians of hyperelliptic curves that are base-changed from
a subfield of index 2 ([47]), and for odd p, the p-parity conjecture is known for abelian
varieties admitting a suitable isogeny (]9]).

When #I11(A) (or more specifically #I1I(A)[p>]) is finite, then rk,(A) = rk(A),
and thus the p-parity conjecture implies the parity conjecture. Therefore, as conse-
quences of the aforementioned cases of the p-parity conjecture, corresponding cases
of the parity conjecture have been proven, assuming the finiteness of relevant parts of
the Shafarevich—Tate group. Furthermore, assuming finiteness of the p-primary part
of the Shafarevich-Tate group for several primes p, the parity conjecture is known to
hold over general number fields for elliptic curves (J20]) and for principally polarized
abelian surfaces subject to certain local conditions ([24]).

Without knowing that L-functions have an analytic continuation, this is the
only theoretical evidence we have for the Birch and Swinnerton-Dyer conjecture
for abelian varieties of dimension greater than 1. The motivation behind the work
presented in this thesis is to offer additional supporting evidence, specifically in the

form of the parity conjecture for Jacobians of hyperelliptic curves of arbitrary genus.
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1.2 Local formulae

Developing methods to describe the global behaviour of varieties locally (varieties
are better understood over local fields) has received a lot of attention since the early

20th century. The parity conjecture provides such a method, predicting that

()™ = w(a) == ] w.(4)
v place of K
for an abelian variety A over a number field K, where the local root numbers w,(A)
can be determined from viewing A over the local field K,. We refer to this as a local

formula for the parity of the rank.

Example 1.2.1. Let C : y* = 2% — 222 + 5. Using Sage [63], we compute that
wy(Jace) = wo(Jace) = +1 for each prime p € Z.

Therefore, w(Jace/Q) = +1 and the parity conjecture predicts that rk(Jace/Q) is
even.

Now consider the variety over Q(v/17). Then
wy(Jace) = +1  for each place v # 5, and ws(Jace) = —1

(note that 5 is inert). In this case, w(Jacc/Q(v/17)) = —1 and the parity conjecture
instead predicts that rk(Jace/Q(v/17)) is odd, i.e Jace has infinitely many Q(v/17)-
points.

In particular, assuming the parity conjecture, we're able to conclude that Jace

has points of infinite order which are defined over Q(+/17) but not over Q.

One of the goals of this thesis is to construct analogous local formulae which
hold independently of the Birch and Swinnerton-Dyer conjecture.

Soon after the formulation of the Birch and Swinnerton-Dyer conjecture, Birch
commented (and Cassels formalised) that the parity of the rank of an elliptic curve

admitting an isogeny can be controlled via local arithmetic ([3]). In light of this,
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isogenies have since been extensively used to derive local formulae for the parity of
various ranks ([36], [47], [24], [14], [19], [40]). In this thesis, we construct isogenies
involving Jacobians of hyperelliptic curves of arbitrary genus and explain how, in
a similar vein to the aforementioned works, we can control the parity of the rank
locally.

To give the reader a flavour, let K be a number field, f(z) € K[z] be a separable
cubic with f(0) # 0 and consider the genus 2 curve C : y* = f(2?). We will see

(Theorem & Remark [6.1.4]) that

rko(Jaco) = Z ords A, (f,z) mod 2

v place of K

where for v { 200
ordo A\, (f,2) = ordyc,(E) + ordse,(Jacg) — ordyc,(Jace) — ords p,(C)
with £ : y?> = f(z), E' : y* = xf(x) and ¢,, u, the local Tamagawa number and

deficiency term (Definition [2.3.9)) at v.

1.2.1 Comparing local formulae

We are able to observe that the local recipe for the parity of the 2°°-Selmer rank of

Jace given above differs from the one provided by the 2-parity conjecture.

Example 1.2.2. Let f(z) = 2® — 22+ 5 € Q[z] so that C : y* = 2% — 222+ 5. Using
Sage [63] and that (1,2) € C(Q),

cs(E) =1, cs(Jacg) = 2, cs(Jace) =1, wus(C) = 1.

Therefore,

(_1)0rd2)\5(fﬂ7) = —1 7é w5(JaCC) = +1.

It turns out that ords A\,(f,x) is odd precisely when v = 5 or oo, resulting in
rk(Jacc/Q) being even. Miraculously, despite the constructions being different on a

local level, this global prediction aligns with the one given by the parity conjecture
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(see Example [1.2.1)).

We can show that the local term (—1)°r42*(/:) only ever differs from w,(Jace)
at an even number of places v of K. Using this fact, we can then deduce the 2-parity

conjecture for Jaco from our local formula. In particular,

(—1)“‘2(‘]“0) = H (_1)0“12%()‘@) = (=1)*" H wy,(Jace) = w(Jace).
v place of K v place of K

More generally, the bulk of any argument deducing the parity conjecture from

an arbitrary local formula for the parity of the rank is in finding a suitable ‘local

error term’ H, € {£1}. The error term should describe the difference between the

local terms appearing in these two constructions at each place v; for instance, in the

context of the discussion above, we mean finding H, satisfying

(—1)°rd2Au(fva) = H,w,(Jacc) for each v and H H, = +1.
v place of K

This strategy has been used in proving most known instances of the parity
conjecture, but finding the local error term is a common challenge. Each proof to
date has exhibited a different ad hoc expression which we don’t know how to interpret
geometrically. Furthermore, these expressions have no obvious link to one another.
In the future, we hope to identify such a pattern in order to formulate a construction
which works more generally, rather than case-by-case.

In this thesis we exhibit a variety of local error terms which lead to proofs
of the parity conjecture in various cases. Most notably, we present two different

constructions that generalise the error term found in |17, Theorem 4].

1.3 Results of thesis

The key results proved in this thesis are summarised below.

1.3.1 Elliptic curves

As mentioned previously, isogenies provide the foundation for many local formulae.

With this in mind, we fix an arbitrary elliptic curve and construct an isogeny in
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order to deduce the following theorem.

Theorem 1.3.1 (=Theorem [4.4.4). Let K be a number field and E : y* = x®>+ax+0b
(with a # 0) be an elliptic curve over K. Let D : A? = —2Ty* + 54by? — (4a® + 27b%).
Assuming that II(E), H(Jacp) are finite,

tk(E) +tk(Jacp) = ) ordzA(E) mod 2

v place of K

where A\,(E) is a local invariant (see Definition[{.4.9).

Remark 1.3.2. Here, and in all other local formulae presented in this thesis, A, is
essentially a ratio of Tamagawa numbers/real periods of Jacobians of appropriate

curves. In particular, it can be computed via studying curves over the local field K,.

Through numerical computations, we observe that the local term appearing here
is equivalent to the product of root numbers w,(E)w,(Jacp) whenever v { 3c0. In

particular, we exhibit the following local error term.

Theorem 1.3.3 (=Theorem [5.1.2). Let K be a number field and E : y* = x®>+ax+0b

(with a # 0) be an elliptic curve over K. Whenever
(i) K, =C,
(1) K,/Q, is finite, or
(ii)) K, =R and E/Q(a,b) does not admit a 3-isogeny,

we have that

(1)l = (B)us,(Jacp)

where D : A* = —27y* + 54by?* — (4a® + 27b%) and \,(E) is the local invariant given
in Definition [{.4.3

In fact, dropping the assumptions on the Shafarevich-Tate group, Theorem
1.3.1] gives a local formula for the 3*°-Selmer rank of F x Jacp (=Theorem {4.5.3)).

By combining this with the previous theorem and utilising known instances of the

2-parity conjecture, we obtain the following consequences.
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Theorem 1.3.4 (=Theorems & p.1.5). Let E: y* = 2 + ax + b be an elliptic
curve over a number field K and let D : A* = —27y* + 54by? — (4a® + 270?).

o The 3-parity conjecture holds for E x Jacp.

o Assuming that UI(E) has finite 3-primary part and I1(Jacp) has finite 2- and
3-primary parts, the parity conjecture holds for E.

Another instance of a local formula for the parity of the rank, again deduced
from a suitable isogeny, allows us to prove further new results concerning elliptic

curves (and, ultimately, hyperelliptic curves).

Theorem 1.3.5 (=Theorem [1.3.3). Let K be a number field and X, : y*> = fi(z),
Xy : 22 = folx), Xo : w? = fi(x)folz) where fi(x), fo(x) € K[x] are such that
fi(z) fo(z) is separable.

Assuming that I (Jacy,), lI(Jacy,), I(Jacx,) are finite,

rk(Jacx,) + rk(Jacy,) + rk(Jacy,) = Z ords Ay (f1, f2) mod 2

v place of K

where A\,(f1, f2) is a local invariant (see Definition[{.3.9).

To recover ranks of elliptic curves, we first restrict to fi(z) being a monic cubic
and fo(x) = . In this case, the places of K at which the local term differs from the

relevant product of local root numbers depends on the coefficients of fi(x).

Theorem 1.3.6 (=Theorem [6.1.8). Let K be a number field and E : y* = f(x),
E':w? = zf(z) for f(z) = 2* + az® + bz + ¢ € K|x] a separable monic cubic with
¢ # 0. At each place v of K,

(b, —C)o(—2L, Af)o(L, —b)y b, L #0
(_1>ord2>\v(f,x)_ ( ! ( ) = wv(E)wv(JaCE/)

(—c,—1),(2¢,Ay), bL =0

where L = ab—9¢, Ay denotes the discriminant of f and \,(f, ) is the local invariant

given in Definition [.5.3,



1.3. Results of thesis 19

We formulated this result by initially visualising the curves over R. Our strategy
involved compiling a list of invariants I; in the coefficients of f(z), alongisde an
extensive list of cubics f(x) € R[z]. We computed (—1)"42*(52) g ( E)wg(Jac)
and the Hilbert symbols (I;, I;)r for each cubic and then, using linear algebra, were
able to find a suitable product of the
(I;, I;)r. Taking our list of invariants to

be —1, the coefficients of f(z) and its dis- b

criminant was not good enough. To cook
up a more exotic invariant, we fixed cer- b=9c
tain values of a and determined for which
b, ¢ the product of Hilbert symbols should

evaluate to —1. When a = 1, such val-

ues are indicated by the shaded region in
Figure 1.1

Figure [I.1] This pictorial description sug-
gested that the line b = 9¢ would be a good candidate, since the shaded region is

the disjoint union of {b > 9¢} N {A; < 0} and {b < 9¢} N {c > 0} which are picked
out by (9¢ — b, A¢)r and (b — 9¢, —c)r respectively. Varying a, it became clear that
the correct generalisation of this line was L = 0 where L := ab — 9¢, and so this was
appended to our list. Running the argument described above then returned an error
term which worked over R. Experimentation over non-Archimedean fields showed
that the only correction needed was the Hilbert symbol (2, Ay), (which is trivial over
R).

As a consequence to this comparison, and using that Theorem can be
rephrased to describe the parity of the 2>°-Selmer rank (=Theorem , we obtain
the 2-parity conjecture for certain genus 2 curves and for elliptic curves whose 2-

torsion groups are isomorphic as Galois modules.

Theorem 1.3.7 (=Theorems &16.3.4). Let K be a number field. The 2-parity

congecture holds for

e the Jacobian of C : y? = f(2*) where f(x) € K|z] is a separable cubic such
that f(0) # 0, and
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e [y if and only if it holds for Ey, where Ey, Ey are elliptic curves over K such
that E1[2] = Es[2] as Gi-modules.

These results allow us to complete the proof of the p-parity conjecture for elliptic

curves over totally real fields.

Theorem 1.3.8 (=Theorem & Corollary [6.4.2). Let K be a totally real number
field. The 2-parity conjecture holds for elliptic curves over K with complex multi-

plication, and consequently, the p-parity conjecture holds for all elliptic curves over

K.

1.3.2 Hyperelliptic curves 3?> = zf(x)

The generality of the local formula given in Theorem [I.3.5] allows us to ask whether
the error term given in Theorem has a natural generalisation? With this in
mind, we state the following conjecture concerning an error term H,(f) which we

discuss below.

Conjecture 1.3.9 (=Conjecture(7.2.5)). Let K be a number field and X, : y* = f(x),
Xo : w? = xf(z) for f(z) € Kl[z] separable, monic, non-constant and such that

f(0) # 0. At each place v of K,
(=1)ord2X U (f) = w,(Jacy, Jw,(Jacy,)

where A\, (f,x) is the local invariant given in Definition [{.3.9

When f(x) is linear, H,(f) = +1. When f(x) = 2? + ax + b, this conjecture
is [I7, Theorem 4| and so we set H,(f) = (a, —b),(—2a,a* — 4b),. When f(z) is a
cubic, we take H,(f) to be the product of Hilbert symbols described in Theorem
11.5.0l

Now suppose that f(z) = z* + az® + ba* + cx + d € K|z]. To find a candidate
for H,(f), we use the strategy employed when f(x) was a cubic. Beginning with a

certain list of invariants, this returns

Hv(f) = (Jh _JQ)v(J27 _Af)v(_dﬂ C)U(—C, J3)v(_J37 J4)v(_<]47 Af)v
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where Ji, Jo, J3, J4 are as in Notation and, again, Ay denotes the discriminant
of f(z). When all entries are non-zero, we prove the conjecture with respect to
this definition of H,(f) in most cases (namely, when K, = C, K, = R and when
K,/Q, oaa, f(z) € Ok, [z] and the reduction of x f(z) has at worst two double roots).

By comparing these expressions for H,(f) when deg f < 4, we’re able to ob-
serve that the entries of the Hilbert symbols all appear as coefficients in a sequence
of polynomials associated to f(z), called the Sturm sequence. In particular, if
Py, Py, ..., Pyeg ¢ denotes this sequence of polynomials and all of them are non-zero

with P;(0) non-zero, then writing ¢; for the lead coefficient of P; and setting

deg f—1

Hy(f) = ][I (¢ —cix1)o(=Fi(0), Pi1(0)),
=0
uniformly recovers the expressions found in low degree. We’re able to prove Con-
jecture [1.3.9] with respect to this general expression whenever K, is Archimedean
(=Theorems & [7.2.9). Unfortunately, it is not clear how the entries of these
Hilbert symbols encode information about the reduction types of the relevant curves,

and so we are unable to provide a general proof when K, is non-Archimedean.

Corollary 1.3.10 (see Corollary [7.2.7). Let K be a number field and f(z) € K|z
be separable and completely reducible over K. Taking H, to be as described above

and assuming Conjecture the 2-parity conjecture holds for the Jacobian of
C:y* = f(2).

1.3.3 More general hyperelliptic curves

The approach discussed above for finding an error term H,(f) involved considering
Conjecture when K, = R and then lifting this to the other completions of K.

If instead we initially consider completions K,/Q,, i.c. we look for invariants
that encode the v-adic distances between the roots of = f(z), then there is an alter-
native way in which we can generalise the error term found in [17, Theorem 4|. This

is discussed in detail in

Example 1.3.11. Let K be a number field and f(z) € K[z] be separable, monic,
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have degree > 2 and be such that f(0) # 0. Write {ay, ..., a,} for the roots of f
and assume that they are all defined over K,, for v a place of K. Then (assuming

the Hilbert symbol entries are all non-zero),

Hy(f) = H(f.x) = [ (= (ai+a)), —aia;), (3l +ay), (0 — a;)?) .

1<i<j<n

In particular, if f(z) = 22 + ax + b is such a polynomial then this becomes

(a, —=b),(—3a,a® — 4b),.

So far, we have considered Theorem when fo(x) = x. However, we can
drop this assumption and define an error term H,(f1, f2), analogously to the one
mentioned above, which works in full generality (=Conjecture 8.3.8). When fi, fo

are monic, this conjecture says the following.

Conjecture 1.3.12. Let K be a number field and X, : y* = fi(z), Xo: 22 = fo(w),
Xo :w? = fi(z) fo(x) where fi1(x), f2(x) € K[z] are monic and such that fi(x)fo(x)
is separable. At each place v of K for which the error term H,(f1, f2) given in
Definition is well-defined,

lr(dcg f171)2(dcg f2—1)—|

(_1)0rd2>\v(f1,f2)(_1’_1>v Hv(fhf?) = wv(JaCXl)wv(JaCX2)w”U(JaCXo)

where A\y(f2, f2) is the local invariant given in Definition [{.3.9

We prove this conjecture whenever v | 0o, v 1 200 and the reduction of fi(x) fa(z)
has at worst one double root, and v | 2 and X;, X5, Xj all have good ordinary reduc-
tion with the roots of fi(z)f>(z) satisfying certain conditions (=Theorem [8.3.10).

Assuming this conjecture and the finiteness of the Shafarevich—Tate group, the
parity conjecture for the Jacobian of a hyperelliptic curve whose defining polynomial
is monic and reducible becomes equivalent to the parity conjecture for the product
of two Jacobians of lower genus hyperelliptic curves (=Theorem .

The same error term allows us to formulate similar results concerning Jacobians

of certain hyperelliptic curves whose defining polynomials are irreducible.
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Theorem 1.3.13 (:Theorem. Let K be a number field, K(1/€)/K a quadratic
eatension and C : v* = fo(z)fo(x), Co = y* = fo(x) where fo(x), fo(r) € K(VE)[x]
are Galy (/g i -conjugate and fo(z) fo(z) is separable.

Assuming that I (Jacc/K), I (Jace, /K (V/€)) are finite,

rk(Jace /K) + rk(Jace, /K (V€)) = Z ordy Ay (fo: v/€) mod 2

v place of K

where A\, (fo; €) is a local invariant.

For now, we again only state our comparison of the local term \,( fo; v/€) with

local root numbers when fy(x) is monic.

Conjecture 1.3.14 (=Conjecture [8.3.11). Let K be a number field, K(\/€)/K
be a quadratic extension and C : v? = fo(x)fo(z), Co : y* = fo(x) where fo(x),
fo(z) € K(VE)[z] are monic, Gal( ) rc-conjugate, of degree 2™ > 1 and such that
fo(z)fo(z) is separable. At each place v of K for which the error term H,(f1, f2)

given in Definition is well-defined,

(_1>0rd2)\u(f0§\/©(—1,—1)vHv(f0,f_‘0) = wv(JacC) H wu(JaCCo>

place u | v

of K ()

where A\y(fo;V€) is a local invariant.

We prove this conjecture under the assumption that deg fo > 4 whenever v | oo,
v { 200 and the reduction of fy(x)fy(z) has at worst two double roots, and v | 2
and Cj, C both have good ordinary reduction with the roots of fy(z)fo(x) satisfying
certain conditions (=Theorem [8.3.12).

Once again, assuming this conjecture and the finiteness of the Shafarevich-Tate
group, the parity conjecture for the Jacobian of a hyperelliptic curve whose defining
polynomial is irreducible, having degree 2™ > 1 and admits a factorisation over a
quadratic extension becomes equivalent to the parity conjecture for the Jacobians of

lower genus hyperelliptic curves (=Theorem [8.6.2)).



1.3. Results of thesis 24

By combining the global implications of the 2°°-Selmer rank analogues of the

scenarios discussed in this section, we deduce the following.

Theorem 1.3.15 (=Theorem [8.6.3)). Assuming Conjectures and |8.3.11, the

2-parity congecture holds for the Jacobians of all hyperelliptic curves y*> = f(z) such
that Gal(f) is a 2-group.

We detail in Chapter 8 how this allows us to deduce a result concerning general

semistable hyperelliptic curves.

Corollary 1.3.16 (=Corollary[8.6.4). Let C' : y*> = f(x) be a semistable hyperelliptic
curve over a number field K and write R C K for the set of roots of f(z). Assuming

Conjectures|8.3.8 and|8.5.11, and that #1(Jacc/K(R))[p>] is finite for each prime

p < deg f, the parity conjecture holds for the Jacobian of C' over K.

Moreover, using just the cases of the error term conjectures that we are able to
prove, we prove the following theorem which is only conditional on the finiteness of

the Shafarevich-Tate group.

Corollary 1.3.17 (=Corollary [8.6.7). Let K be a number field. Let f(z) € Okl[x] be
separable, monic, such that Galg g/ k is a 2-group and Galf/K preserves a partition
{a1, b1}, oy {am, Bn} of R (the roots of f). Let p be a prime of Ok and suppose
that the reduction of f(x) modulo p has at worst one double root whenever p 12, and

that
o (v—a;)(z— B) € KJ[x] for all i,
o ordy(a; — B;) = ord,(4) for all i,
e ord,(a; — a;) = ordy (B — B;) = ord,(a; — B;) = 0 for all i # j,

whenever p | 2. Write C : y? = f(x). Assuming that #11(Jacc/K(R))[p™] is finite
for each prime p < deg f, the parity conjecture holds for the Jacobian of C.
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1.4 Structure of thesis

In Chapter 2, we detail the background material that will be assumed throughout
this thesis, beginning with the construction of the Jacobian of a curve and a dis-
cussion of the types of curves that will be of interest. We then state results that
will be used when computing (the Birch and Swinnerton-Dyer) invariants associated
to the Jacobian of a curve. Several such invariants can be computed by studying
the curve over a non-Archimedean local field, therefore we introduce cluster pictures
for hyperelliptic and bihyperelliptic curves and present results which simplify these
computations. We conclude the chapter by giving the standard definitions of Brauer
relations, regulator constants and Hilbert symbols, and by stating relevant results

concerning them.

We discuss a uniform method for constructing isogenies involving Jacobians in
Chapter 3. This motivates Chapter 4, where we explain that an isogeny allows us
to relate the local data present in the Birch and Swinnerton-Dyer conjecture to the
parity of certain ranks. In particular, we derive formulae to compute the parity of
the rank of (i) the Jacobian of a hyperelliptic curve whose defining polynomial is
reducible, from that of lower genus curves and local data, and (ii) an elliptic curve,

again from local data.

The remainder of the thesis focuses on the parity conjecture. In Chapter 5, we
provide a proof for elliptic curves (under new assumptions of the Shafarevich—Tate
group). We continue our study of elliptic curves in Chapter 6, proving that the 2-
parity conjecture holds for elliptic curves with isomorphic 2-torsion and completing
the proof of the p-parity conjecture for elliptic curves over totally real fields. In
Chapter 7, we present a conjecture concerning hyperelliptic curves whose defining
polynomials have a linear factor. We prove this conjecture in several cases and
discuss how, as a consequence, we could deduce the 2-parity conjecture for Jacobians
of hyperelliptic curves whose defining polynomials factor completely. Chapter 8
concludes the thesis by considering hyperelliptic curves. We deduce that the 2-
parity conjecture holds for Jacobians of hyperelliptic curves whose Galois group is

a 2-group and which satisfy certain conditions. We explain how we expect to be
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able to relax these conditions and extend this result to Jacobians of all hyperelliptic

curves (under relevant assumptions on the Shafarevich-Tate group).

1.5 Notation

Throughout this thesis we adhere to the following notation associated to a field K.

K a local field

K the algebraic closure of K

Gk the absolute Galois group Gal(K /K)

Ok the ring of integers of K

k the residue field, when K/Q, is finite

K" the maximal unramified extension of K, when K/Q, is finite

Frobg a fixed choice of Frobenius automorphism in G, when K/Q, is
finite

||k, |-|s  the unique extension of the the normalised absolute value on a

local field K (resp. K,) to K (resp. K,)

Convention. All curves are assumed to be smooth, proper, connected and geomet-

rically connected (unless stated otherwise).

Convention. By X/K : {fi(z1,...,xm) = 0, ..., fu(z1,...,2m) = 0}, we mean
that X is the unique smooth projective curve over K birationally equivalent to this

affine curve.

Let X be a curve over K, A an abelian variety over K, and v a place of K (when

K is a number field). The following table records the notation associated to X and

A.

A(K ) sors the torsion subgroup of A(K)

X,(A) Homy, ( ling Seln (A), Q,/Z,) ®Q,, the dual p>*-Selmer group
of A for a prime p € Z

rk,(A) the p*°-Selmer rank of A

II(A) the Shafarevich-Tate group of A

Reg(A) the regulator of A

Ql(A) the K-vector space of regular differentials on A



na, nx

co(A), cx(A)

C(A)
N"U(X)7 :U’IC(X>
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the number of connected components of A or X when K = R
the local Tamagawa number of A at v { oo, or over a finite
extension K/Q,

0 is a Néron exterior form

cy(A) - |w/w®|, when v f oo, where w
on A; fA(KU) lw| when K, = R; 2dim(4) fA(KU) lw A @| when
K, & C; where w is a basis element of A™™*Q!(A/K,)

[T, piace of 5 Co(A,w) for a basis element w of AAQL(A)
the deficiency term of X at v, or over a local field K of char-
acteristic 0, which encodes whether X is deficient (see Defi-
nition

the local root number of A at v, or over a local field I of
characteristic 0

[ 1, place of 5 Wo(A), the global root number of A

the dual graph of the special fibre of the minimal regular
model of X over Oxnr when K/Q, is finite and X/K is

semistable (see [39, Chapter 10| for more details)

Finally, we provide a directory of other notation/terminology that we will use.

the divisor Dg

a Brauer relation

the regulator constant Cgo

the local terms A\ (f1, f2), A\(f1, f2)
the local terms A\ (F), A\, (F)

the local terms A (fo; v€), Ao (fo; VE)
(3 x Cy and Dg-hyperelliptic curves
the Hilbert symbols Hy(T'), Ho(T)
the error term Hy(f,g)

Notation |2.1.11

Definition
Definition
Definition
Definition
Definition
Definition
Definition

Definition

2.5.1

2.6.1

4.3.2

4.4.2

8.2.5

8.0.1

8.3.3

8.3.4




Chapter 2

Preliminaries

2.1 Curves and their Jacobians

2.1.1 The Jacobian of a curve

Elliptic curves are objects of interest to number theorists due to their natural group
structure. An abelian variety, called the Jacobian, can be constructed from a curve
of arbitrary genus. We describe their points and group structure here and refer the

reader to [43] for further details.

Let X be a curve over a field K.

Definition 2.1.1. A divisor D on X is a formal sum

D= ) onplP

Pex(K)

where np € Z and np = 0 for all but finitely many P € X(K). The degree of D
is > pnp. The set of all divisors on X is written Div(X) and those of degree 0 are

denoted by Div’(X).

We note that Div(X) forms a group under addition, of which Div’(X) is a

subgroup.

Definition 2.1.2. A divisor D is called principal if there exists a non-zero rational



2.1. Curves and their Jacobians 29

function on X, f € K(X)*, such that

D = Y ordp(f)[P]

PeX(K)

where ordp(f) denotes the order of vanishing of f at P. The set of principal divisors

is written Prin(X).

Further, Prin(X) is a subgroup of Div’(X) since any non-zero rational function

has as many zeroes as it has poles (counting multiplicities).

Definition 2.1.3. The Jacobian of a curve X over a field K is
Jacx = Pic’(X) := Div’(X)/Prin(X).

The points on Jacyx are classes of divisors of degree 0 on X. Moreover, since
Div’(X) carries an action of the absolute Galois group G, the points in Jacx (K)

are classes of divisors of degree 0 that are invariant under this action.

Theorem 2.1.4 ([43], Theorems 1.1 & 6.6, Proposition 2.1). The Jacobian of a curve

X of genus g over a field K is a principally polarised abelian variety of dimension g.

We will sometimes need to consider the Jacobian of a curve which is not con-

nected, in which case we refer the reader to [23, §A.6| for more details.

Remark 2.1.5. The Jacobian of a genus 0 curve is 0. The Jacobian of a genus 1

curve is an elliptic curve.

Lemma 2.1.6 ([I1], §4). Let K be a field of characteristic not equal to 2 or 3. Let
f(z) =az* +b2® + ca® +dr + e € K[z] and C : y* = f(x), then

Jaco : Y2 = X? 271X — 27/,

where I = 12ae — 3bd + ¢ and J = T2ace + 9bcd — 27ad? — 27eb? — 2¢3.
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Remark 2.1.7. Suppose that f(z) = c(x — o) (z — ag)(x — a3)(x — ay) for c € K*,
a1, g, a3, a4 € K. Then Jace : Y2 = (X —r)(X — r2)(X — 73) where

rn = 30(0[10&2 - 20&10&3 + o3 + poyy — 20&2044 + 0630é4),
T = 30(0[10&2 + oo — 20(20(3 — 20410(4 —+ oy + @30[4),
ryg = —3c(2anan — pag — ety — Aoy — Qo + 2a30y).

In particular, ro —r; = 9¢(a; — ag)(ag — ay), 11 — r3 = (e — asz)(ay — ay) and

r9 — 13 = 9c(a1 — az)(ag — ay).

It will sometimes be necessary to study Jacobians of curves over the reals. When

doing this, we will make use of the following lemma.

Lemma 2.1.8 (|29], Propositions 3.2 & 3.3). Let X be a curve of genus g over R.

The number of connected components of Jacx(R) is

onx/r—1 ian/R > 0,
NJjacx /R = 1 if nx/g = 0 and g is even,

2 if nx/r = 0 and g is odd,

where nx/r denotes the number of connected components of X (R).

2.1.2 Induced homomorphisms between Jacobians

Given a non-constant morphism 7 : X — Y of curves defined over a field K, we have

an induced K-homomorphism =, : Jacx — Jacy, given by

mt Y np[P]l Y np[r(P)]

PeX(K) PeX(K)

(on the level of divisors).

Additionally, there is an induced K-homomorphism in the reverse direction
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m* . Jacy — Jacy, given by
Y nglQ] Y nQ( > eW(P)[P]>
QeY (K) QeY (K) Per=1(Q)

(on the level of divisors), where e,(P) denotes the ramification degree of 7 at P.

Denote by Ax and Ay the canonical principal polarisations on Jacy and Jacy .

Lemma 2.1.9 ([23], Lemma A.17). We have that 7* = A" o 7Y o Ay, where 7

denotes the dual of m,.

2.1.3 Hyperelliptic curves

Let K be a field. By a hyperelliptic curve C' over a field K, we mean a curve defined
over K of genus g > 2 which admits a finite separable morphism C' — P, of degree
2. When the characteristic of K is not equal to 2, we can always find a separable

f(z) € K[z] of degree 29 + 1 or 2¢g + 2 such that

i.e. C is the projective curve given by glueing the pair of affine patches
U, y* = f(x) and U v = t29+2f(%)

_ 1 )
along v = § and y = 5.

By the points at infinity on C' we mean the points of C\U,, i.e. the points of U;
with ¢ = 0. If deg f = 2¢g + 1 there is a unique such point P, = (0,0) and if deg f =
2g+2 there are two distinct such points P, = (0, \/cf) and +(Py) = (0, —,/cy) (here
cs is the lead coefficient of f and ¢ denotes the hyperelliptic involution).

Remark 2.1.10. All curves of genus 2 are hyperelliptic [7, Chapter 1, §1].
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2.1.4 The Jacobian of a genus 2 curve

Let C be a curve of genus 2 defined over a field K of characteristic not equal to 2.

Since such curves are hyperelliptic, we can write

where f(z) € K|[z| is a polynomial of degree 6 with no repeated roots. We describe
the addition law on Jacc, as given in [7, Chapter 2.

A point P € Jacg(K) can be given as a divisor on C' of the form
P:[Pl,Pg] = P1—|—P2—POO—L(POO)

for some Py, P, € C(K).
Let [Py, Py], [Q1, Q2] € Jacc(K). There exists a cubic polynomial g(z) € K|x]
such that Py, Ps, 1, Q3 are points on y = g(z). The principal divisor on C' arising

from the function y — g(z) is
P1+P2+Q1+Q2+Sl+SQ—3POO—3L<POO>:O € JacC(F)

where Sy, Sy are the additional intersection points of C' with y = g(x).

Therefore,

[P, Py + [Q1,Q2] = —[S1,5]

and so letting Ry = ¢(S1), Ry = ¢(5;) and
noting that [Ry, S1] = [Ra, S2] = 0 gives

Figure 2.1: Addition on the Jacobian of
[P, Po] + [Q1,Q2] = [Ri, Ry a genus 2 curve

2.1.5 The Jacobian of a hyperelliptic curve

Now let C': y*> = f(x) be a hyperelliptic curve of genus g defined over a field K of

characteristic not equal to 2. Roughly speaking, points in Jacc(K) look like g-tuples
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of points in C(K). However, a geometric addition law is harder to describe.
We will only need to understand the 2-torsion points of the Jacobians of such

curves.

Notation 2.1.11. Let S C 'R be an even sized subset of the roots of f. Write

Dg = Z(r, 0) — £5((00) + ¢(00)) € DivY(C)
res
where oo is any choice of point at infinity on C' and ¢ denotes the hyperelliptic

involution.

Lemma 2.1.12. The (class of the) divisor Dg belongs to Jacc[2] and Dg, Dy are
divisors in the same class precisely when S = 8" or when deg f is even and S’ =

R —S.
Proof. See [10, Lemma 2.1]. O

This lemma describes all of the 2-torsion points on Jacobians of hyperelliptic

curves.

2.1.6 Bihyperelliptic curves

Let K be a field of characteristic not equal to 2. A bihyperelliptic curve over K has
an affine model B : {y* = fi(z), 2° = fo(x)} where fi(z), fo(x) € K|[z] are such
that fi(z) f2(z) has no repeated roots. Sometimes we call B the bihyperelliptic curve
arising from the hyperelliptic curves C} : y* = fi(x), Cy : 22 = fo(x) of genus g1, go
respectively. More explicitly, B is given by glueing

2 _ 2 _ 129142 £ (1
y° = fi(z v: =t (5
U, : (@) and U, : l(t)

2* = fo(x) u? = t291+2f2(%)

along r = %, Y = @57, 2 = e when deg fi deg fs is even, and

2 _ 2 _ 420142 f (1
V= il v = e (1
U, : (@) and U, - l(t)

2= fio) o = o2, (1) 1 )
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along x = %, Y = @57, 2 = m,; when deg fi deg fo is odd.
By the points at infinity on B we mean the points of B\U,, i.e. the points on
Uy with ¢ = 0. If both deg f1, deg f> are even then there are 4 such points, otherwise

there are just 2.

2.1.7 Quotient curves

Let X be a curve over a field K and let G be a finite group of K-automorphisms of
X.

By the quotient curve of X by G we mean the algebraic curve X obtained by
identifying points of X that lie in the same G-orbit (equations defining X can be
constructed from the equations defining X and the automorphisms in G).

Since there is an equivalence between the category of regular curves over K with
non-constant morphisms and the category of finitely generated field extensions of K
with transcendence degree one (see [62, Tag 0BY1]), the quotient curve X is the
curve with function field K (X)Y.

Example 2.1.13. Let K be a field of characteristic not equal to 2 and let
X :{y* = fi(z), 2*> = fo(z)} be a bihyperelliptic curve over K.

Consider the K-automorphisms of X given by
o (z,y,2) = (z,y,—2) and 7 (x,y,2) — (x,—y, 2).
These give rise to the quotient curves
Xy 1y = filz), Xy 1 22 = fo(),

X<T17'2> : (y2)2 = fl(x)f2(x)a X<T1,7'2> = ]P)l (Wlth parameter 'T)

with corresponding quotient maps

1 X = X o i X — X(py) 70 i X = Xirim)

(x,y,2) — (x,y), (z,y,2) = (x, 2), (z,y,2) — (z,y2).

The following result concerning the K-points on Jacobians of quotient curves
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will be used in Chapter [4]

Lemma 2.1.14 (23], Theorem 1.3). Let X be a curve over a number field K. Let

H be a finite group of K-automorphisms of X. Then,

(Jacx(K) @z Q)7 = Jacx, (K) ®z Q.

2.2  Welil restriction of abelian varieties

Let K be a field, K(vd)/K be a quadratic extension and A an abelian variety
over K(v/d). The Weil restriction of scalars of A from K(v/d) to K, denoted
Resyva) /KA, is an abelian variety over K of dimension 2dim A. It is discussed

in [47, §3].

When viewed as an abelian variety over K (v/d), we have that
Res(yayxd = Ax A (2.1)
In particular,
Resy(vaycAK) = {(P,P) € A(K(Vd)) x A(K(Vd))},

because if (P,Q) € ResK(ﬁ)/KA(F) and ¢ € Gk, then o(P,Q) = (o(P),0(Q))
when o(v/d) = Vd and o(P, Q) = (¢(Q), o(P)) otherwise.

Now let K be a number field and v be a place of K. If v splits in K(\/E), then
viewed as an abelian variety over K, we have the same isomorphism as detailed in
[21). If instead there is a unique place w of K(v/d) above v, then viewed as an

abelian variety over K, we have that
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2.3 Birch and Swinnerton-Dyer invariants

We recall the statement of the Birch and Swinnerton-Dyer conjecture for principally

polarised abelian varieties.

Conjecture 2.3.1 (Birch and Swinnerton-Dyer [4, 5], Tate [66]). Let A be a princi-
pally polarised abelian variety over a number field K of discriminant Agk. Assuming

that L(A, s) has an analytic continuation to C,
(i) tk(A) = ords—1 L(A, s),

(i) if #111(A) is finite, then the leading term in the Taylor expansion of L(A, s) at

s=11s

BSD(4) = FHLARes(A)C(A)
7*

dim A °
A(K)fors V| AK|

tors

We will be interested in computing the invariants appearing here, along with
the root number which appears in the parity conjecture, when A is the Jacobian of a

curve. In several instances, this data can be determined from the underlying curve.

2.3.1 Heights

The following result will be used when we compute regulators for Jacobians of quo-

tient curves.

Lemma 2.3.2 (To appear in [40]). Let X be a curve over a number field K. Let
H be a finite group of K-automorphisms of X and wy : X — Xy the quotient map.
For each P, Q) € Jacx, (K),

((rm)"P, (11)"Q) = #H(P,Q),

where (,) and (, )y denote the Néron—Tate height pairings on Jacx (K) and Jacx,, (K)

respectively.

2.3.2 Tamagawa numbers

At various points in this thesis, we will need to calculate Tamagawa numbers for

Jacobians of curves. We will often do this via the following lemma.



2.3. Birch and Swinnerton-Dyer invariants 37

Theorem 2.3.3 ([22], Lemma 2.22 & Remark 2.23). Let KC be a non-Archimedean lo-
cal field of characteristic 0 with residue field k. For a semistable curve C/IC, ex(Jace)

1s given by the size of the Gp-invariants of the cokernel of

H\(Ye,Z) — Hom(H, (Y, 2),Z), £ (L,-).

2.3.3 Root numbers

Root numbers of abelian varieties over Archimedean fields are particularly easy to

describe.

Lemma 2.3.4 ([55], Proposition 1 or [57], Lemma 2.1). Let A be an abelian variety
over an Archimedean local field IC. Then,

we(A) = (=14

When computing root numbers over non-Archimedean fields for Jacobians of

semistable curves we can again turn our attention to the dual graph.

Theorem 2.3.5 ([22], Theorem 2.20). Let K be a non-Archimedean local field of

characteristic 0 with residue field k. For a semistable curve C /K,

wi(Jace) = (—1)°

where a 1s the multiplicity of the trivial representation of Gy in the homology of the

dual graph Hi(T¢, Q).

Theorem 2.3.6 ([12]). Let K£/Q, be a finite extension and let E be a semistable
elliptic curve over IC. Then wi(E) = —1 precisely when E has split multiplicative

reduction.

2.3.4 Deficiency and the Shafarevich—Tate group

We conclude our discussion of Birch and Swinnerton-Dyer invariants for Jacobians of

general curves by describing how we are able to control the size of the Shafarevich—
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Tate group up to squares. This is achieved by studying the local arithmetic of the
underlying curve.

In the 1960s, when considering elliptic curves, Cassels proved the following.

Theorem 2.3.7 (Cassels [6]). Let E be an elliptic curve defined over a number field
K. Assuming that #11(E) is finite, it is a square.

Unfortunately, the same does not hold upon replacing F with a general abelian
variety. Instead, in the case of principally polarised abelian varieties, we have the

following.

Theorem 2.3.8 (Poonen-Stoll [53], Theoerem 8). Let A be a principally polarised
abelian variety over a number field K. Write I11y(A) for the quotient of TII(A) by
its mazimal divisible subgroup and let p € 7Z be a prime. Then, #I11y(A)[p™] is a

square when p # 2, and a square or twice a square otherwise.

Moreover, when A is the Jacobian of a curve, we can explicitly describe

#I1(A)[2°°] up to squares.

Definition 2.3.9. Let X be a curve of genus g over a local field K. We say that X
is deficient if it has no IC-rational divisor of degree g — 1 and we define the deficiency
term by

2 if X is deficient,
pic(X) =
1 otherwise.

When X is a curve over a number field K, we say that X is deficient at a place

v of K if it is deficient over K, and write p,(X) for the deficiency term.

Example 2.3.10. Let X/Q : y*> = (2*> — 6)(2* + 1) be a genus 2 curve. Since
(v6,0) € X(Qs) gives rise to a degree 1 divisor, X is not deficient over Qs and

Theorem 2.3.11 (Poonen-Stoll [53], Theorem 8 & Corollary 12). Let X be a curve
over a number field K. Write I11y(Jacx) for the quotient of I11(Jacx) by its mazimal
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divisible subgroup. Then,

#1(Jacx)2¥] = [  m(X) mod Q.

v place of K

There is currently no analogue of this result for general principally polarised

abelian varieties.

Remark 2.3.12. If X has genus 0, then Jacy = 0 and so II(Jacx) = 1 =
IL, #o(X) = 0. In particular, X is deficient at an even number of places of K.

Remark 2.3.13. A genus 1 curve E over a local field IC is never deficient and so we

recover Cassels’ result on elliptic curves.

We now make some further comments regarding deficiency over Archimedean

local fields.
Remark 2.3.14. Curves over C are never deficient.

Lemma 2.3.15. A curve X of genus g over R is deficient if and only if g is even
and X (R) = 0.

Proof. Any R-rational divisor on X looks like

> np([PI+[P) + > np[P).

PEX(C)\X(R) PEX(R)

From this, it is clear that no such divisor of degree g — 1 exists precisely when g is

even and X (R) = 0. O

Remark 2.3.16. We will use this characterisation of deficiency over R for hyperel-

liptic and bihyperelliptic curves. With this is mind, we note that
e y? = f(x) has even genus if and only if deg f = 1 or 2 mod 4,

e {y? = fi(z), 2> = fo(x)} has even genus if and only if both deg f1, deg f, are
odd (since, by Theorem [3.3.2] the genus of this bihyperelliptic curve is the sum
of the genera of y* = fi(x), 2* = fo(x), w?* = fi(z) f2(2)).
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2.4 Cluster pictures for hyperelliptic and bihyperel-

liptic curves

The central theme of this thesis involves using the arithmetic of curves over local
fields (R, C, or finite extensions of Q,) to make global assertions, more specifically,
concerning the ranks of Jacobians.

In the setting of semistable hyperelliptic curves, the machinery of cluster pictures
developed in [22] offers a convenient way to compute this local data. Similarly, the
local data for semistable bihyperelliptic curves can be computed from their chromatic
cluster pictures as in [27].

Here we recall the key definitions and results of these theories which are required

for this thesis.

2.4.1 Clusters

Definition 2.4.1. Let K£/Q, be a finite extension for p # 2 and let C' : y* = f(x)
be a hyperelliptic curve of genus g over IC, i.e. degf = 29+ 1 or 2g + 2, with R
denoting the set of roots of f. A cluster is a non-empty subset § C R of the form
s =DNR for some disc D = {r € K :v(z — 2) > d} and some z € K, d € Q. Any
such z = z, is called a centre of s. If |s| > 1, we say that s is a proper cluster and
we define its depth to be

ds = min v(r —r').
rr/Es

The cluster picture X of C' is the collection of all clusters of the roots of f.
The cluster picture of C is a purely combinatorial object which allows us to

visualise how close the roots of f are K-adically. We draw cluster pictures by drawing

roots of f as ® and drawing ovals around roots in a proper cluster.

Example 2.4.2. Let C/Qy : y* = (22 +7*)((x +1)*> = 7?)(z — 1)(x — 2). The cluster

picture for C' is

(@3/2 @1 ® .)o

where, from left to right, the roots are v/—73, —/—73, 6, —8, 1 and 2.
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In order to work with clusters, we introduce some additional terminology.

Definition 2.4.3. Let ¥ be a cluster picture and s € 3 a cluster. If 8’ C s is a
maximal subcluster of § then we say that s’ is a child of s and s is a parent of &',

written s’ < s and s = P(s') respectively. The relative depth of s is 6, = ds — dps).

Traditionally, we decorate the bottom right corner of a cluster with its relative

depth when drawing cluster pictures.

Example 2.4.4. Let C/Q; : y* = (2* + 7%)(2* — 7*)(z — 1)(z — 2). The cluster

picture for C' is

(CETKD)

where, from left to right, the roots are /—73, —/—73, 7, =7, 1 and 2.

Definition 2.4.5. A cluster s is even (odd respectively) if |s| is even (odd respec-
tively) and dbereven if it’s an even cluster with only even children. Furthermore, s is
a twin if |s| = 2 and a cotwin if it is non-iibereven with a child of size 2g. A cluster
s is principal if |s| > 3 except if either s = R is even with exactly two children, or if

s = R 1s a cotwin.

The Galois group Gy, in particular a choice of Frobenius element in Gy, acts
on clusters via its action on the roots of f. This action preserves depths and con-
tainments of clusters. When drawing cluster pictures, we link clusters that are in
the same Frobenius orbit by lines; for instance, @®@®.

We provide the following definition in more generality than is necessary for this

thesis in the interest of completeness. The construction simplifies in most cases we

consider (see Remark [2.4.7)).

Definition 2.4.6. For a cluster s, we write §* for the smallest cluster s* D s whose
parent is not iibereven (and $* = R if no such cluster exists). If s is a cotwin, we

write s* for its child of size 2g.

For an even cluster s we fix a choice of 0, = \/cy [1.¢,(2s — 1), where c; is the

lead coefficient of f and z, is a centre for s. If s is either even or a cotwin, we define
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€ : G — {£1} by
o(0s)

0(ce)*

&(0) = mod m,

where mod m denotes reduction to the residue field of K.

For all other clusters s, we set ¢,(0) = 0.

We decorate the top right corner of an even cluster s satisfying s* = s with a +

or — to indicate the value of €, (Froby).

Remark 2.4.7. Let C : y?> = f(x) and assume that R is not iibereven. Whenever

t <R is a twin,

Furthermore, if t = {r, s} is fixed by ¢ € G, then

E{(U) =+l — K (l’—{:)(iz—5> z=1(r+s) =t

2.4.2 Computing data for semistable hyperelliptic curves

When a hyperelliptic curve is semistable, many of its local arithmetic invariants
can be computed from its cluster picture. The following result classifies semistable

hyperelliptic curves.

Theorem 2.4.8 ([22], Theorem 7.1). Let IC/Q, be a finite extension for p # 2. Let
C :y? = f(x) be a semistable hyperelliptic curve over K of genus > 2 and write

R C K for the set of roots of f. Then, C/K has semistable reduction if and only if
(i) the extension IC(R)/K has ramification degree at most 2,
(ii) every proper cluster of Y.c is Ixc-invariant, and

(iii) every principal cluster s € Yo has ds € Z and

vs = v(cs) + Zd”\s € 27

reR

where r A s denotes the smallest cluster containing both r and s.
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When the cluster picture is particularly simple, the following results provide
convenient methods for computing local data. These are special cases of [2, Theorem

10.1], |2, Theorem 13.2 & Proposition 13.3] and |22, Theorem 12.4] respectively

Theorem 2.4.9. Let IC/Q, be a finite extension for p # 2 and let C be a hyperelliptic
curve over IC of genus > 2. Assume that all proper clusters of ¥ are twins or R,

and that R is not ubereven. For each twin t > R, write

25{ lf Et(FrOb%) = +1

ged(26,2)  if e(Froby) = —1

where q; is the size of the Froby-orbit of t. The Tamagawa number of Jace is then

C;C(JaCC) = H Ct

t

where the product is taken over representatives of Frobi-orbits of twins.

Theorem 2.4.10. Let K/Q, be a finite extension for p # 2 and C : y* = f(z) be a
semistable hyperelliptic curve over IC of genus > 2. Assume that all proper clusters

of X¢ are twins or R, and that R is not ibereven. Then

w;C(JacC) _ (_1)#{t<R/G,¢ s e¢(Frob{t)=+1}

where q; 1s the size of the Frobi-orbit of t.

Theorem 2.4.11. Let /Q, be a finite extension for p # 2 and let C be a semistable
hyperelliptic curve over IC of genus g > 2. Assume that all proper clusters of X are

twins or R, and that R is not ibereven. Then C/K is not deficient.

2.4.3 Chromatic clusters
When studying bihyperelliptic curves we have an analogue of the cluster picture

defined in §2.4.1]

Definition 2.4.12. Let K/Q, be a finite extension for p # 2 and let
B : {y* = fi(z), 22 = fa(x)} be a bihyperelliptic curve over K. The chromatic cluster



2.4. Cluster pictures for hyperelliptic and bihyperelliptic curves 44

picture XM of B is the cluster picture ¥ of the hyperelliptic curve C : w? = f;(x) fo(x)
with a colouring function ¥ — {red, blue, black, purple}, assigning a colour to each

cluster according to the rules:

(i) clusters of size 1 consisting of a root of fi (fs respectively) are coloured red o

(blue ¢ respectively),

(i) clusters with an odd number of blue children and an even number of red chil-
dren (an odd number of red children and an even number of blue children

respectively) are coloured blue (red respectively),

(iii) clusters with an odd number of blue children and an odd number of red children

are coloured purple,
(iv) all other clusters are coloured black,

where purple children are counted as both red and blue. Blue, red and purple clus-
ters are called chromatic clusters. Clusters with purple children, or clusters with
both blue and red children have polychromatic children, whereas clusters whose only

chromatic children are red or blue have monochromatic children.

Example 2.4.13. Let B/Q; : {y? = (2 + 73)(x — 6), 22 = (x + 8)(z — 1)(z — 2) }.

The chromatic cluster picture of B is

(3/2 @9, ¢ 0)0

where, from left to right, the roots are v/—73, —/—73, 6, —8, 1 and 2.
Note that, without the colouring, this is the cluster picture of C' given in Example

2.4.2

2.4.4 Computing data for semistable bihyperelliptic curves

In order to calculate Tamagawa numbers and root numbers of the Jacobian of a

semistable bihyperelliptic curve via Theorems [2.3.3] and [2.3.5] we need to be able to
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construct its dual graph. To do this we will use the following special case of [27,

Theorems 3.1 & 3.3].

Theorem 2.4.14. Let K/Q, be a finite extension for p # 2 and let B be the bihyper-
elliptic curve arising from distinct hyperelliptic curves Cy, Cy over K such that B is
semistable. Let X" be the chromatic cluster picture of B and assume that 6 € Z,
R is not tibereven and that all proper clusters are twins or R. The dual graph, Yg,
consists of one vertex v when R has polychromatic children, and two vertices v*,

v~ when R has monochromatic children. These vertices are connected by chains as

follows
Name | From To Length Condition

L vt v Oy t chromatic twin

L:— vt ps(tR),—s(tR)

I - R 20; t black twin
where s(t,R) = —1 if t, R have monochromatic children of opposite colours and
1 otherwise (and v=+ = v5~ = v* if R has monochromatic red children; v+ =
voF = v% if R has monochromatic blue children; and vt = v~ = v if R has

polychromatic children,).

Moreover, Frobenius acts on Ty by

(i) Frobg(vE) = v RO yhen R has monochromatic children and Re, is

libereven,

(ii) Froby(Li) = €pLmobye(r) for each chromatic twin t, and
(i4i) Frobx (L) = et,CiL;:ij(t) where {i,7} = {1,2} if t has red children and {i,j} =

{2,1} if t has blue children, for each black twin t
(where —L is the same loop but inverted).

Remark 2.4.15. To compute € ¢, when t has blue children (or € ¢, when t has red

children) we view t as a K-adic disk containing no roots.
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Remark 2.4.16. To determine whether or not a bihyperelliptic curve B is
semistable, we use Corollary (which phrases this in terms of the hyperellip-
tic curves B projects onto) and Theorem m

Example 2.4.17. Let B/Q; be as in Example [2.4.13] arising from the hyperelliptic
curves C1/Qy : y? = (22 + 7%)(x — 6), C2/Qy : 22 = (z + 8)(x — 1)(z — 2). Then

E%ﬂr = (;/2; 00)07 26’1 = ;_/2007 ECQ = 0'

By Theorem [2.4.14] the dual graph T 5 has one vertex with one loop 3

of length 1 (inverted by Frob) and two loops of length 3 (fixed by
Frob).

2.5 Brauer relations

Isogenies between Jacobians of curves serve as crucial ingredients in many construc-
tions presented in this thesis. A rich source of such maps are representation theoretic

objects called ‘Brauer relations’.

Definition 2.5.1. Let G be a finite group and H a set of representatives of the

subgroups of G up to conjugacy. We call an expression

> H - ) H (H;, H; € M)
( J

a Brauer relation for G if @, C[G/H,] = @; C[G/H;]] (or equivalently, the character
> Indf 1 — 3, Indf, 1 =0).

We recall that the induced character of 1 has a particularly nice description.

Lemma 2.5.2. Let G be a finite group with subgroup H. For g € G,

Ind51(g) = #fixc/u(g)

i.e. the number of left cosets G/H fixed under left multiplication by g.
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Example 2.5.3. Let G = Cy x Cy 1= (11, 72) and write X4 4+, X4+.—) Xots X——
for the irreducible representations, where the subscripts denote the images of 7, ™
respectively.

The permutation representations of GG are displayed in the table below.

H C|G/H]
1 X++ D Xo- & X—r & X— -
(T1) X++ D X4-
(T2) X++ D Xt
(T172) X++ © X— -
(11, 72) X++

From this, we see that G has a unique Brauer relation (up to scaling by Z),
given by:
() + (m) + (nm) — 2(CoxCy) — 1.

Example 2.5.4. Let G = S3 := (0, 7), where ¢ = 72 = 1. Write 1, ¢, p for the
irreducible representations of S3, where € has dimension 1 and p has dimension 2.

The permutation representations of GG are displayed in the table below.

H C|G/H]

1 |1 @ e p
(1) 1@ p
(o) 1 & e
(o,7) 1

From this, we see that G has a unique Brauer relation (up to scaling by Z),
given by:
2(ry + (o) — 2535 — 1.

Example 2.5.5. Let G = Dg := (0, 7), where 0* = 72 =1 and 070 = 771

It can be checked that G has the following 3 (linearly independent) Brauer
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relations:
(1) + (0% 01) = (0%, 7) — (70),

(o) + (0%,07) + (0%, 7) — (0?) — 2Dk,

(0%) + 2(ro) — 2(c* oT) — 1.

2.6 Regulator constants

Here we introduce the concept of regulator constants, an extended discussion of
which can be found in [I8]. We record some of their key properties. This theory will
be implemented in Chapter [d, where we will extract information about ranks from

regulators.

Definition 2.6.1. Let K be a field of characteristic 0. Let G be a finite group,
p a self-dual KG-representation and © = ), H; — ) H} a Brauer relation for G.
Fix a G-invariant, non-degenerate, K-bilinear pairing (,) on p with values in some

extension L of K and define the regulator constant to be

et (i) 1o%)
[T, det (57(:) 1 ™)

Colp) e KK
where (for H < G) pf is the space of H-invariant vectors of p and det (#LH(J V)

is the determinant of the matrix with (¢, j)-th entry #LH(eZ-, e;) for any K-basis {e;}
of V.

That Ce(p) lies in K*/K*? rather than L*/K*?  is true since the pairing can
be chosen to be K-valued.

Remark 2.6.2. It is important to note that that Co(p) is well-defined, non-zero and
independent of the choice of pairing (,) (see [18, Lemma 2.15, Theorem 2.17]).

Example 2.6.3. Let G = Cy x Cy := (11, 72) and © = (1y) + (1) + (1172) — 2G — 1.
Write X+ 4+, X+,—, X—+, X—,— for the irreducible characters, where the subscripts

denote the images of 7, T respectively.
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We note that Xf, 4+ = Cfor each H < G, therefore

Calis) = 12 = 2

N[ =

—~
=

For the other characters, 7 = C for H € {1, H'} (where H’ has order 2) and 0

otherwise, and so

Rt
Co(x+-) = Colx-+) = Colx--) = 2 =2 mod Q.

Lemma 2.6.4 (|I8|, Corollary 2.18). Let K be a field of characteristic 0. Let G be
a finite group, p1, pa be self-dual KG-representations and © be a Brauer relation for

G. Then,
Co(p1 @ p2) = Colp1)Cel(p2).

2.7 Hilbert symbols

Here we remind the reader of the definition of the Hilbert symbol and of its global

behaviour. More details can be found in [45].

Definition 2.7.1. Let I be a local field of characteristic 0 and let a, b € K*. The

Hilbert symbol of a, b relative to K is

+1 2?2 —az? — by? = 0 has a solution (z,z,y) # (0,0,0) in K3,
(av b>/C =
—1  otherwise.

If € = K, where K is a number field and v is a place of K, we write (a, b),.

Remark 2.7.2. The Hilbert symbol is symmetric, bimultiplicative and non-

degenerate [45, Theorem 4.4].

Theorem 2.7.3 (E.g. [45], 5.4). Let K be a number field and a, b € K*. Then

II @b, = +1

v place of K
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We now record some identities concerning Hilbert symbols which simplify their

computation.
Lemma 2.7.4. (i) If K = C then (a,b)x = +1.
(ii) If K = R then (a,b)x = —1 if and only if a,b < 0.

Lemma 2.7.5 ([24], Lemma 9.8 and [1]). Let K be a local field of characteristic 0
and let a, b € K*. Then

(i) (a,b)x = (a +b,—ab)x whenever a +b e K*, and
(ii) (a,b) = (ao,b)z whenever a = Nz jxag for ag € L* and L/K a finite extension.

Lemma 2.7.6 (|24], Lemma 10.1). Let K/Qq be a finite extension. If a =
O (1+4t) € £* for some t € O, then (a,u)x = +1 for all u € Of.



Chapter 3

Automorphisms, Brauer Relations

and Isogenies

Historically, isogenies between abelian varieties have proven to be valuable tools for
deducing information about ranks ([3], [36], [47], [24], [14], [19], [40]). In this chapter,
we describe the manner in which the automorphism group of a curve encodes isogenies
between Jacobians. In particular, we present a new proof of a theorem of Kani and
Rosen [32, Theorem 3| (=Theorem [3.2.2)), which asserts that each Brauer relation for
the automorphism group of a curve gives rise to such an isogeny. This new strategy

involves comparing the Zeta functions of relevant quotient curves.

We provide two examples of isogenies which arise in this way and will be im-

portant in later parts of this thesis.

The final section of this chapter provides an explicit description of the isogeny
arising from a Brauer relation (due to Morgan, [23]). We include this for the inter-
ested reader, but it will not be used in developing the theory of the rest of the thesis.
This construction is important in proving of a result (of Konstantinou and Morgan)

concerning parities of ranks of Selmer groups, which we state in the next chapter.

3.1 Counting points

To illustrate our approach, let K be a field and f(z) € K[x] be a separable quadratic
with f(0) # 0. Define genus 1 curves E : y? = zf(z) and E’ : y?> = f(2?) which are
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related by the double cover
E' — E, (z,y) = (2% 2y).

When we consider the elliptic curves E' and Jacgs, this cover translates into the 2-
isogeny used in [I7] to prove that the 2-parity conjecture holds for £ (see Example
3.3.5)).

The existence of an isogeny E — Jacg can be seen from the equality of the
L-functions of the elliptic curves, which can be observed by comparing the number
of points they have over finite fields. We illustrate this point count in a more general
setting.

Let K be a field and fi(x), fo(x) € K[z] be such that fi(z)f2(x) is separable.

Consider the diagram:

X {y? = fi(z), 2% = fo(2)}

s

Xi:y2=filz)  Xo:wr= filx)fo(z) Xo:2?2 = fo(z)

]P)l
Figure 3.1: (5 x Cy diagram of covers of curves

where P! has coordinate z.

Remark 3.1.1. If fi(z) = f(z) is a quadratic and fy(z) = x, then X, X, have

genus 0 and Xy = F, X = E’ (where E, E’ are as in the discussion above).

Recall that, for a curve C' defined over a number field K and p a prime of K of

good reduction, the Zeta function is
Cy(Fyn
Z,(C,T) = exp ( #Co(Fpr) )T”)
n
n>1

where C,, denotes the reduction of C' to the residue field Fy := Ok /p.
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Proposition 3.1.2. Let K be a number field and p be a prime of K of good reduction
for X1, Xo, Xg and X. Then,

Zo(X1, 1) 2y (X2, T) Zy( X0, T) = Zp(X,T)Z,(P',T)>.
Proof. By definition of Z,, the result follows upon showing that for each n > 1,
#(X1)p(Fyn) + #(X2)p(Fyn ) + #(Xo)p(Fpn) = #Xp(Fpn) + Q#Pé (Fpn).

Write 7y, : (X1), = P, (2,y) = « and similarly for 7x,, 7x,, 7x. We instead show

that for each n > 1 and each = € P (Fyn),

#x, (2) (Fpr) + #7x, () (Fpn) + 7, (1) (Fye) = #rx' () (Fpn) +2. - (3.1)

1

Suppose first that 2 € Al (Fy»), then 7y (2), 7x, (x), 7y, (2), and 73 (z) are as

displayed below.

{@2V/A@)} {@EVA@AE)}  {(@+Vh@)]

Case I: Suppose that fi(z), fo(x) # 0 in Fyn. If both fi(z), fo(x) are
squares in Fyn, then #my! (2)(Fpn) = #mxt(2)(Fpn) = #mxo(@)(Fpn) = 2 and
#my' () (Fypn) = 4. If fi(x) is a square in Fyn and fo(x) is not, then #my! (2)(Fyn) = 2
and #75}(2) (Fye) = #5) (2) (Fyn) = #7151 (2)(Fy) = O (sionilarly when f,(z) is 2
square and fi(x) is not). Finally, if neither fi(z) nor fy(x) are squares in Fy», then
) (@) (Fpe) = #50 (0) (Fye) = #5(2) (Bye) = 0 and ) (@) (Fye) = 2. Tn each
case, is satisfied.

Case II: Suppose that fi(z) = 0 and fo(z) # 0 in Fyn (or fi(z) # 0 and
fo(z) = 0). If fo(z) is a square in Fyn, then #my ! (2)(Fyn) = #7y! (z)(Fpn) = 1 and
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#7vs (2)(Fyon) = #7y' (2)(Fyn) = 2. Conversely, if fo(z) is not a square in Fyn, then
B (2)(Fye) = 475! (2) (Fy) = 1 and ! () (Fye) = #n (2) (Fye) = 0. Again,
in both cases, is satisfied.

Now suppose that © € (P, — A})(Fyn). If deg fi, deg fo are both even, then
#7x () (Fpn) = #mxs () (Fpn) = #W)}g(:z:)(ﬁ?pn) = 2 and #7y' (2)(Fpn) = 4. Oth-
erwise, two of #my (z)(Fpn), #myl()(Fpn), #w;((l)(x)(Fpn) equal 1 with the other
equalling 2 and #7y" ()(Fyn) = 2. In both cases, is satisfied. O

This identity of Zeta functions of curves can be converted into one of L-functions
of Jacobians. Via a result of Faltings, this then guarantees the existence of an isogeny

(this argument appears in more detail within the proof of Theorem (3.2.2)).

Theorem 3.1.3. When K is a number field, there exists an isogeny Jacy, x Jacx, X

Jacx, = Jacx.

We will study this isogeny in more detail in since it will play an impor-
tant role in later chapters. In particular, we will eventually use it to obtain results

concerning the 2-parity conjecture for certain hyperelliptic curves.

3.2 Exhibiting isogenies from Brauer relations

Here we present the analogue of the Zeta function identity given in Proposition [3.1.2]
for general curves and explain why such a relationship guarantees the existence of an

isogeny. The description of the isogeny is not given here, for this we refer the reader

to §3.5

Proposition 3.2.1. Let K be a number field and X a curve over K. Let G be a
finite group of K -automorphisms of X and ), H; — Z]‘ H} be a Brauer relation for

G. Ifp is a prime of K of good reduction for each quotient curve Xy, XHJ/_ then

HZP(XHi’T) = HZP(XH}vT
i J

Before proving this result we highlight the consequences of interest to us, in

particular, how it can be converted into a statement concerning Jacobians of curves.
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For A an abelian variety over a number field K, its L-function is

LAs) = 11 LoAdel)™,
p prime of K
where L,(A,T) € Z[T] has degree at most 2dim A and is known as the L-factor of
A atp.

Suppose that A = Jacx where X is a curve over K. For primes p at which X has
good reduction (all but finitely many), the L-factor can be computed directly from
the Zeta function. In particular, there are polynomials Py(X,T), P»(X,T) € Z[T]
such that

Ly(Jacx,T) = Z,(X,T)Py(X,T)P(X,T).

This equality allows us to convert results concerning Zeta functions of curves into

results concerning the L-functions of their Jacobians.

Theorem 3.2.2. Let K be a number field and X a curve over K. Let G be a finite
group of K-automorphisms of X and ), H; — Zj H} be a Brauer relation for G.
Then,

(i) I1; L(Jacx, , s) = I1; L(JaCXH;,s),

(i) there’s a K-isogeny

H Jacx, — H Jacx,,,
b j !
(iii) >, rk(JacXHi) = Zj rk(Jacx,, ).

Proof. We need only prove (i) since (ii) follows immediately using the multiplicativity
of L and a result of Faltings (|26 §5, Corollary 2]|), and (iii) follows from (ii) using

that the rank is invariant under isogeny.
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Let p be a prime as in Proposition [3.2.1] then
H LP(‘]aCXHi7T) = H ZP(XHNT) ’ H PO(XHNT) ’ HPQ(XHHT)
= HZP(XHjlvT) ’ HPO(XszT) ’ HPQ(XszT)
j i i

[ Po(Xn,, T) - T]; Po(Xn,, T)
Hj PO(XHgaT) ’ Hj P2<XHJ’-7T)

= | | Lp(JacXH,_,T)-
. J
j

= []L.(acx,,.T)
j J

having deduced the final equality using that the roots of L,, Py and P have absolute
value (\/#F,)~!, 1 and (#F,) " respectively (by the Riemann hypothesis part of the
Weil conjectures, [13]) and the constant terms of [[; Ly(Jacx, , T), [1; Ly(Jacx,,, T)
are equal. J
Since this equality of L-factors holds for almost all primes p, it must in fact hold
at every prime ([20, §5, Corollary 2|) which gives the required identity concerning

L-functions. O

Remark 3.2.3. We note that Theorem [3.2.2] applies when X is not geometrically

connected, using the notion of the Jacobian as given in 23], §A.6].
The remainder of this section is dedicated to proving Proposition [3.2.1]

Notation 3.2.4. Fix n € N and write C,, = (h). For each m € N,

exp(2mi/m) m|n

0 min

defines a (1-dimensional) representation of C,. Let G be a finite group, then

Pm((g,h)) = pm(h) for each g € G defines a (1-dimensional) representation of G x C,,.

Lemma 3.2.5. Let S be a set acted on by C,,. The number of orbits of S of length
diwvisible by m € N is (pm,, C[S])c

n*
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Proof. Suppose that m | n, otherwise the result is clear. Fix O to be an orbit of
the action. Since C), acts transitively on O, there’s a subgroup H < ), such that
O = C,/H (as sets with C),-actions). Therefore,

1 @)
(o CODor = {pmTdG 1y, = 4 "1
0 mt#0

and the result follows using that (p,,, C[S])c, = >_{(pm, C[O])¢c, where the sum is
taken over the orbits of S. O

Lemma 3.2.6. Let G be a finite group. Let S" be a set acted on by G x C,,. The
number of G-orbits of S" in a Cy,-orbit of length divisible by m € N is (pm, C[S)axc, -

Proof. Let S be the set of G-orbits of S’. Since C[S] = C[S']¢ as C,,-representations,
Lemma [3.2.5| says that the number of G-orbits of S” in a C,-orbit with length di-
visible by m € N is (p,,, C[S"]%)¢,. Since p,, acts trivially on G, this is equal to
(Pms ClS ) oxc,- O
Lemma 3.2.7. Let G be a finite group and >, H; — Zj H} be a Brauer relation for
G. Let S’ be a set acted on by G x C,,. For each m € N

Z@m(Hi) — Zem(H;> =0

where (for H < G) 0,,(H) denotes the number of H-orbits of S" in a C,,-orbit with
length divisible by m € N.

Proof. Fix m € N and H < @, then

Lemma [3.2.6l

O (H) <Resflxxgz Prms Resgxx%;@[sl] ) HxC,

Frobenius Reciprocity

<ﬁm ® C[(GX On)/(HX Cn)]v C[S,DGan-

The Brauer relation »;, H; — >, H; for G lifts to the Brauer relation
di(Hi x Cp) = 3°,(H) x Cy) for G x C, and so the result holds using the expression
for 0,,(H) above. O
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Proof of Proposition[3.2.1, For each H < G write 7y : (Xpg), — (Xg), for the
projection map on the reduced curves. As in the proof of Proposition [3.1.2] to

deduce the result it is enough to show that for each m > 1 and each z € (X¢)y(Fym),

2 #T @) Epm) = D #7) (@) Epe) = 0.

Write C,, := (Frob,) and S’ := 71, ' (z)(F,) (acted on by G x C,,). We observe
that for H < G,

7y (2)(Fpm ) = { H-orbits of " in a C,-orbit of length divisible by m}
and so the above identity holds by Lemma [3.2.7] O

3.3 Explicit construction of isogenies for 5 x ()

We now explain how the isogeny detailed in Theorem [3.1.3| can be observed from
Theorem [3.2.2l We explicitly describe the isogeny and discuss its properties which

will be important in later chapters.

Notation 3.3.1. Let K be a field of characteristic 0 and fi(z), fa(x) € K[x] be
such that fi(z)fa2(x) is separable. Define a bihyperelliptic curve over K by

X {y* = fi(n), 2* = fo(x)}.

The group G = Cy x Cy := (11, T2) acts on X where 7 : (z,y,2) — (z,y, —2),
Ty : (x,y,2) = (x,—y, 2z). The unique Brauer relation for G, up to multiplication by

integers, is given by
(1) + () + (nm) — 2G — {1}

(see Example 2.5.3). When K is a number field, applying Theorem [3.2.2[(ii) with
respect to this gives the existence of an isogeny JacX<Tl> X JacX<T2> X JacX<TlTQ> — Jacy,

since Xg = P! with parameter x, realised by the map 7, : (z,y,2) — z. We now
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describe this explicitly using the models for the quotient curves given in Example
and the induced maps between Jacobians described in §2.1.2] We refer the
reader to Figure [3.1] for a pictorial summary.

Theorem 3.3.2. Let K be a field of characteristic 0 and fi(x), fo(z) € K[z| be such
that fi1(x)fo(z) is separable. Define X1 : y?> = fi(x), Xy : 22 = fo(x), X : w? =
fi(x) fa(x) and X : {y* = fi(x), X2 : 22 = fo(x)}. Then

Y o= ((m)*, (72) 4, (770)*)  Jacxy — Jacy, x Jacy, x Jacy,,

¢ = (m)" 4 (me)* + (m)* : Jacx, x Jacx, x Jacy, — Jacy.

are mutually-dual isogenies, where m : (z,y,2) — (x,y) € X1, m : (z,y,2) —
(r,2) € Xy and my : (x,y,2) — (x,yz) € Xy whenever (x,y,z) € X. Moreover, they
satisfy o ¢ = [2] = P o).

Proof. That v and ¢ are isogenies follows from their compositions being the
multiplication-by-two maps, which is argued below. Their mutual duality is noted in
Example , by applying Theorem m (this is essentially due to the mutually-
duality of 7, and 7*, see Lemma [2.1.9)).

Let P € X(K), then ¢ ot maps the divisor [P] to
3[P] + [nP] + [P] + [nmP] = 2[P] + (m)"((72).(P)).

Therefore (¢ 0 1)(D) = 2D + (7,)*((72)«(D)) when D € Div(X). When the degree
of D is 0, noting that (7, ).(D) € Div’(P') and hence (7, )*((m,).(D)) € Div’(X) are
principal, gives that ¢ o 1) is multiplication by 2 on Jacy.

Now consider the composition 1o ¢. Let P € X (K), then ¢)o¢ maps ([P],0,0)

to

(2[P], (m2)s0(m1)"(P), (mo).o(mi)"(P))

where (7). 0 (m1)*(P) and (7). o (m1)*(P) are the pullbacks to Div(X5) and Div(X)
of a point on P!. If D € Div’(X;) then (7). o (m1)*(D) and (m), o (m1)*(D) are

principal (since (m)*(D) is) and so ¥ o ¢ sends points of Jacy, x Jacy, X Jacy,
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of the form (D,0,0) to (2D,0,0). Arguing similarly gives the result for points of
the form (0, D,0) and (0,0, D) and therefore that ¢ o ¢ is multiplication by 2 on

Jacy, x Jacx, X Jacy,. O

Corollary 3.3.3. The degree of ¢ and ) is 298 f1+dee f2=3 yhen both deg fi, deg fo

are even, and 298 f1tdee2=2 otperyise.
Proof. Since 1 o ¢ = [2] on Jacy, x Jacx, x Jacx,,

degwo¢ _ 22dim(JacX1><JacX2><JacX0)

B 22(LdegélflJ+Ldegézflj+Ldegf1+t2iegf2flj).

The result then follows from the the mutual duality of ¢ and v, i.e. that deg¢ =
deg . O]

Corollary 3.3.4. Let K/Q, be a finite extension for p # 2. The bihyperelliptic
curve X /K is semistable if and only if the hyperelliptic curves X1, Xo, Xo/K are all

semistable.

Proof. Since Jacy is isogenous to Jacy, x Jacy, x Jacy,, their Tate modules are
isomorphic ([64]). By [31, Proposition 3.5], semistability can be determined from
the Tate module. O

Example 3.3.5. Let fi(z) = az?® + bz + ¢ € K|z], fo(x) = x so that Xj : w? =
ax® +bx? + cx and X : 22 = ay* + by? + c.
Theorem [3.3.2 gives a 2-isogeny ¢ : Xy — Jacy between elliptic curves. Apply-

ing Lemma [2.1.6] we see that

Jacx : Z° =Y? = 27(b* + 12ac)Y + 54b(b* — 36ac)

~ [ 72 =Y?-20Y? + (b — dac)Y,

where the isomorphism comes from shifting the 2-torsion point (—6b,0) to (0,0). In
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the case when a = 1, ¢ must therefore be the classical 2-isogeny

1

Xo 3 (z,w) = (+b+cz ' w—cxw) € E

(for example, see [17]).

Example 3.3.6. Let fi(z) =d € K* and fs(z) be a cubic.
Theorem [3.3.2 gives a 2-isogeny

¢:ExEy — Jacx = Resygg xE

where E = X, : 22 = fo(x), Eq = Xo : w* = dfy(z) is the quadratic twist of E by
d and, since X : {y? = dz? = fo(x)}, the isomorphism on the right-hand-side holds
by [23, Lemma A.22|. This is another classical isogeny (for example, see [37]). The
analogous one obtained by letting fo(x) have arbitrary degree is studied in [47].

It will often be important to have an understanding of the kernel of the isogeny
¢. Since 1 o ¢ = [2], we observe that ker ¢ < Jacx,[2] x Jacx,[2] x Jacx,[2].
Recall that, given a hyperelliptic curve C : y?> = f(x) over a field K and R C K

the roots of f(z), there is a correspondence between points in Jacc[2] and even
sized subsets of R (c.f. Notation [2.1.11| and Lemma [2.1.12)). This correspondence is

one-to-one when deg f is odd and two-to-one when deg f is even.

Lemma 3.3.7. Let K be a field of characteristic 0, fi(z), fa(x) € Klx] be such
that fi(x)fo(x) is separable and write Ry, Ry C K for the roots of fi(x), fo(x),

respectively. Then,
kerop = {(DS, Dr, DSuT) : S C Ry, T C Ry have even size}

where ¢ s the isogeny constructed in Theorem and Dg, Dy, Dsur are as in

Notation [2.1.11.

Proof. The given kernel can be seen to satisfy the size constraint imposed by

Corollary [3.3.3l  In particular, the points (Dg, Dr, Dsur) are distinct as S,
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T vary unless deg f1, degfo are both even, in which case (Dg, Dr, Dgur) =

(DR1—SJ DRQ—T? D('Rl—S)U(RQ—T))-
It remains to check that gb((DS,DT,DSUT)) = 0. Let oog denote the point at

infinity on P! and 7, : X — P!, (x,y, 2) — =, then

(m)(Ds) = 3 (0. /Fl) + (.0, =) — £ir(oco),

res

(r2)(Dr) = Y (V.0 + (. =V/AE),0)) = Eomi(oco).

reT
Since

(m0)*(Dsur) = (m)"(Ds) + (m2)"(Dr),

and the class of each of these divisors is 2-torsion (for example, 2 - (m)*(Dg) is
the principal divisor coming from ], ¢(z — @) € K(X)*), we have shown that

(Ds, DT, DSUT) € ker ¢ ]
Example 3.3.8. Let fi(z) = (2% — 2)(z +5) and fo(z) = (. — 1)? — 3.
By Lemma the kernel of ¢ is precisely

{(DS,O, Ds), (Ds,0, Dsur,) : S =0, {—v2,v/2}, {V2, -5}, {~V2, —5}},

having used that Dy = Dg, =0 € Jacy,.

3.4 Explicit construction of isogenies for S

We now describe and study another isogeny which we exhibit via Theorem [3.1.3]
This will be used in a later chapter when we discuss the parity conjecture for elliptic

curves.

Notation 3.4.1. Let K be a field of characteristic 0 and f(x) = 2* + ax +b € K|[z]
be a separable cubic. Let g(y?) = —27y* + 5dby? — (4a® + 270?) € Kly| be the

discriminant of f(z) — 4? (viewed as a polynomial in z). Define a curve over K by

X {y? = fz), A? = g(v*)}.
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Lemma 3.4.2. When a # 0, X is a genus 3 bihyperelliptic curve. It is isogenous to
E x Jacc where C : W? = —(32% + 4a) f(x) has genus 2.

Proof. By definition,
X A{y* = f(2), A% = g(f(2)) = —(32” + a)*(32” + 4a)}.

Letting 2 = A/(32% + a) gives X : {y* = f(z), 2> = —(32* + 4a)}. This is a
bihyperelliptic curve which, by Theorem with fi(z) = f(x), fo(z) = —(322 +

4a), is isogenous to E x Jace and so has genus 3. O]

. 2 o a2
erte ,I/ ) + bax +9(y b)l‘-i- a

5 X . The group G = S5 := (0, 7) acts on X where

o:(z,y,A) = (2/,y,A) and 7 : (z,y,A) — (x,y,—A). We note that o has order 3
and that 0% : (z,y,A) = (—x — 2/, y, A).

The quotients of X by the subgroups of S3, up to conjugacy, are displayed in
Figure [3.2, where P! has coordinate y.

D = X : A? = g(y?)

~

Figure 3.2: S5 diagram of covers of curves

]P>1

We note that D has genus 1 when a # 0.

The unique Brauer relation for GG, up to multiplication by integers, is given by
2(r) + (o) — 2G — {1}

(see Example 2.5.4). When K is a number field, applying Theorem [3.2.2[(ii) with
respect to this gives the existence of an isogeny F x E x Jacp — Jacy, since Jacx, =

0.



3.4. Explicit construction of isogenies for Sj 64

We observe that the quotient maps for £ and D are

T X - F mp: X =D
(z,y,A) = (2,y), (z,y,A) = (y,4).

As in Theorem [3.3.2] they allow us to explicitly construct our isogeny.

Theorem 3.4.3. Let K be a field of characteristic 0, f(z) = 2* +ax +b € K[z] a
separable cubic and g(y?) = —27y*+54by?—(4a®+27*) € K|y]. Define E : y* = f(x),
D:A*=g(y*) and X : {y* = f(z), A* = g(y*)}. Then

¢ = ((mp)s, (Tp)s 0 04, (tp).) : Jacxy = E x E x Jacp,
6 =

(7g)* +0* o (1)* + (7p)* : E x E x Jacp — Jacy,

are mutually-dual isogenies of degree 9, where g : (z,y,A) — (x,y) € E,

(11'2 2— T a2
(2,9, A) = (1,A) € Xy, 0 1 (2,9,A) = (=2 4 S Derda Ay ¢ x

whenever (x,y,z) € X and ¢(P,Q, R) = (rg)*P+ 0" o (7g)*Q + (7mp)*R.

Proof. That ¢ and ¢ are isogenies follows upon showing that 1) o ¢ € End(F x E x
Jacp), which is argued below. Their mutual duality is noted in Example , by
applying Theorem (this is essentially due to the mutually-duality of 7, and 7*,
see Lemma [2.1.9)).

First observe that (7g).o(7mg)* = (7g)s00.00*0(ng)* = [2]p and (7p).o(7p)* =

[3]jacp- Additionally,
() 00" o (mp)” = (mg)iooio(mp)” = [k

since (z,y) + (2',y) + (—x — 2’,y) = 0 for any (x,y) € E. Using this, alongside the
fact that (y, A)+ (y, —A) = 0 for any (y, A) € D, we see that all other compositions

are 0 and so

(Yo o)(P,Q,R) = (2P —Q,2Q — P,3R) = 1 o¢ € End(E x E x Jacp).
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From this we deduce that ker¢ o ¢ = {(P,—P,R) : P € E[3], R € Jacp[3]}. In
particular, deg o ¢ = 81 and (using that v, ¢ are duals) deg ¢ = deg = 9. O

3.5 The general construction

Theorem asserts the existence of an isogeny between the Jacobians of quotients
of a curve X defined over a number field, given a Brauer relation for a finite group
of its automorphisms. We exhibited such isogenies in the previous two sections.

For completeness, we now provide an explicit description of the isogeny in general
(as given in [23, §3|) where K can be any field of characteristic 0. The content of

this section is not required for the rest of this thesis.

Construction 3.5.1. Let K be a field of characteristic 0 and X a curve over K.
Let G be a finite group of K-automorphisms of X and »_;, H; — >, H} be a Brauer
relation for G.

(1). Let @ : B, Z|G/H}] — D, Z[G/H;] be a G-module homomorphism and
write

for the corresponding G-module homomorphisms of the summands for each i, j.
(2). For each 4, j, fix some > _,a,9 € Z[G] to be such that }°
®;:(H}) € Z|G/H;] and define the endomorphism

geG CngHZ' =

(i)j,i = Zagg* s Jacy — Jacxy
geG
(where g, : P+ g- P for P € X(K)). We note that ®;; restricted to Jack’ is
independent of the choice of >° . a,g.
(3). For each i, j, define the homomorphism

1 8
fo,, = #—HJI((WHJI)* 0 ;0 (mh,)") : Jacx,, — JacXH;

where (for H < g) (7y)«, (7mg)* are the induced homomorphisms for the quotient

maps 7y : X — Xy (see §) Since ()" in fact maps Jacy,, into Jacy', fs,,
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is independent of the choice of ®;; made in (2).

(4). Define
fo = (qu)m.)j : HJaCXHi — HJaCXHg,‘
i i j

Theorem 3.5.2. Let K be a field of characteristic 0 and X a curve over K. Let G
be a finite group of K-automorphisms of X with Brauer relation ), H; — Z]. H} and
®: P, ZIG/Hj] — D, Z|G/H;] an injective G-module homomorphism. Then

fo: | | Jacy, — | IJaCXH,
: ' : i
i J

as in Construction is a K-isogeny and (fo)" = fov.
Proof. Omitted. See |23, Theorem 3.2]. O

Remark 3.5.3. In light of this construction, we could have asserted the existence of

the isogeny in Theorem 3.2.2(ii) independently of Faltings theorem (|26, §5, Corollary
2]).

Example 3.5.4. Let G = Cy x Cy := (11, 72) act on X : {y* = f1(), 2% = fo(x)} as
in Applying Theorem [3.5.2] we can recover the isogeny ¢ described in Theorem
332
There is an injective Cy x Co-module homomorphism given by
O Z|G/G) ® Z|G/G) @ Z|G/{1}] — Z|G/(1)] ® Z|G/{19)] ® Z|G/{T172)]
Ty = (1 + Tg)yl,
To > (1 + Tl)yg,
T3+ Y1+ Y2 + Ys,

where x; denotes the trivial coset in Z|G/H}] (H] = Hy = G, Hy = {1}) and y;
denotes the trivial coset in Z|G/H;| (Hy = (11), Hy = (12), H3 = (T172)).
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Since Jacx,, = 0 for j = 1,2, the isogeny is
i

fo = fog, + fos, + fou, JacXH1 X JacXH2 X JacXH3 — Jacx.

We observe that @3 ;(H3) = H; for i = 1,2,3 and so take ®3,; = 1 be the identity
endomorphism on Jacy. Since (WHé)* is also the identity endomorphism on Jacy, it
follows that

fo,, = (mg,)"  fori=1,2,3.

Therefore fo = ¢.

By Theorem [3.5.2] Construction also gives the dual of this isogeny, i.e.

(fo)' = fov = (fq;jv’g,fq)g’s,fq)gv’s) tJacy — Jacy, x Jacx, X Jacx, .

First observe that ®Y;(H1) = (1 + 71)Hj, therefore we can take fev, =
2((mm)s 0 (Lo +714)) = (7m,)s. Similarly, foy, = ()i 0 (L +72.)) = (7))

and fq>:\3/73 = %((ﬂ'Hg)* o (1, + 7'17'2*)) = (T )

Therefore, (fs)” = ¢ =9 (as in Theorem [3.3.2]).

Example 3.5.5. Continuing with the notation in Example [3.5.4] define an injective
Cy x Cy-module homomorphism & by &'(z;) = ®(z;) for i = 1,2 and &'(z3) =

Applying Construction with respect to ® gives another isogeny

for = [3] o fo: Jacx, x Jacx, X Jacy,, — Jacx.

Example 3.5.6. Let G = S3 := {0,7) act on X : {y? = f(z), A? = g(y*)} as in
§3.40 Again we apply Theorem to recover the isogeny ¢ described in Theorem
0. 4.0l
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There is an injective S3-module homomorphism given by

ZIG/Gl @ ZIG/G] © ZIG/{1}] — ZIG/{7)] © Z[G /()] © Z|G/{0)]
v (1+o+ody+ 140+ 0%)ys + (1 +7)ys,
2y (L+ 0+ 0%y + (14 7)ys,
T3 = Y1 + 0y + ys,
where z; denotes the trivial coset in Z[G/H}] (H] = Hy = G, Hy = {1}) and y;

denotes the trivial coset in Z|G/H;] (Hy = Hy = (1), H3 = (0)).

Since Jacx,, = 0 for j = 1,2, the isogeny is
i
fo = fag, + fo,, + fos, 1 Jacx, X Jacx, X Jacy, — Jacy.

Upon observing that ®3,(Hj) = Hy, ®35(H}) = 0>Hy and ®33(H}) = Hs, we
may fix @3,1 = @3,3 = 1 to be the identity endomorphism on Jacyx and @3,2 = (0?), =
o*. Plugging these into the expression for fg, we see that this is precisely the isogeny

¢. Namely,

Jacx,, x Jacx , x Jacx , 3 (P,Q,R) = 7P+ 0" om\Q + 7, R € Jacx.

As in Example 3.5.4] fy = (fq>1vv3,f¢¥’3,fq>g73). We note that ®y,(H;) =

(1+7)H;, ®§4(Hy) = (1 + 7)oHj and ®y5(Hs) = (14 0 4+ 0°)H;. Therefore,

%((m) 0 (14 7) = (711 ) Sy, = H(Ra)o 0 (0 +70,)) =

(Tr,) 004, fay, = $((Try)w 0 (Luow + 02)) = ()« to see that (fo)Y = ¢V =1 (as
in Theorem .

we can take fq)}/ﬁs =



Chapter 4

Determining Parities of Ranks of

Jacobilans of Curves

Combining the conjectural framework of L-functions with the Birch and Swinnerton-
Dyer conjecture yields the parity conjecture. This conjecture asserts that the parity
of the rank of an abelian variety is determined by its local root numbers. Since
the local arithmetic of abelian varieties (specifically, Jacobians of curves) is better
understood than the global arithmetic, having such a local-global tool which can be

used unconditionally is desirable.

In this chapter, we exploit the isogenies constructed from automorphisms in the
previous chapter by applying the isogeny invariance of the Birch and Swinnerton-
Dyer conjecture to them. By doing this, we are able to construct an arithmetic
analogue of the local root number. We will see that, assuming the Shafarevich-Tate
conjecture (this is a weaker assumption than what is currently needed for the parity

conjecture to hold), this controls the parity of the rank in certain situations.

The final section discusses the analogous results (from [23], included without

proof) that we obtain when replacing ranks with p>-Selmer ranks.

We will not attempt to compare local root numbers with their arithmetic ana-

logues here; this will be the focus of the remaining chapters.
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4.1 Parities of ranks of isogenous elliptic curves

As noted in §1.2] Birch once commented that the parity of the rank of an elliptic curve
admitting an isogeny is controlled by local data, specifically Tamagawa numbers and
periods [3]. This is a consequence of the conjectured lead term of the L-function

being invariant under isogeny.
Theorem 4.1.1 (Cassels-Tate [0, [66]). Let A, A’ be isogenous abelian varieties
defined over a number field K. Assuming that II(A), LII(A") are finite,

BSD(A/K) = BSD(A/K).

In particular, let E, E’ be isogenous elliptic curves defined over a number field
K. Under the finiteness assumption on their Shafarevich-Tate groups, and noting

Theorem [2.3.7 we see that

Res(E) _ OW) #I0(E) #E(KR, _ C(E) o
Reg(F) — C(B) #1U(E) #F(KRw  C(B) |

where OJ € Q* is a square.

Example 4.1.2. Let E/Q: y?> + a2y = 2® — 2 (65.al), F'/Q : y* + oy = 23 + 4o + 1
(65.a2).

We evaluate the right-hand-side of . Taking w and w’ to be the global
minimal differentials on £ and E’ respectively, C,(E,w) = ¢,(E) and C,(E',w') =
c,(E') for all primes p € Z. We then note that

es(E') = c1i3(E') =2, Co(B,w) =5.382..., Cu(E W) =2691...,

and ¢,(E), ¢,(E') = 1 otherwise. Therefore,

Reg(E)
Reg(E")

Coo(E', W)
Coo(F,w)

= C5<El)‘013<E1)‘ 0 =2-0 # 1

and so rk(E) = rk(E’) > 0 (otherwise Reg(E) = Reg(£’) = 1). In particular, we

have observed the existence of infinitely many rational points on F and E’ by looking
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only at their local behaviour.

A stronger conclusion can in fact be made about the ranks of isogenous elliptic

curves via the following lemma.

Lemma 4.1.3 ([16], Lemma 1.3). Let E, E' be elliptic curves defined over a number
field K and ¢ : E— E' a K-rational isogeny of degree d. Then

Reg(E/K) k
= (E/K) d ><2.
Res(5//K) mod &
Combining this with (4.1]) gives the following formula for the parity of the ranks
of elliptic curves admitting d-isogenies:

k(E) = k(B) = Y ordd<%) mod 2. (4.2)

v place of K
Upon fixing choices of global differentials w and w’, the right-hand-side of this
expression only concerns F and E’ over local fields and so we call this a local formula.
Such formulae are desirable since we understand the local arithmetic of curves much

better than the global arithmetic.

Example 4.1.4. Applying (4.2) with d = 2 to the 2-isogenous elliptic curves
E/Q:y*+axy=2°—z, F'/Q : y* + xy = 2° + 4z + 1 (as in Example [4.1.2)), we

determine that their ranks are odd (and not just non-zero).

4.2 Rank parity formulae

Our goal here is to develop the argument presented in the previous section so that it
is applicable to isogenies arising from Brauer relations, which involve the Jacobians
of higher genus curves. In previous works, regulator constants (see have been
used to manipulate expressions concerning regulators of elliptic curves over field
extensions into ones encoding the parity of a suitable rank (see [I8], §1.iv.]). The new
technique we employ here involves replacing extensions of number fields by covers of
curves.

We begin with an analogue of Lemma [4.1.3]
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Lemma 4.2.1. Let X be a curve defined over a number field K, G be a finite group

of K -automorphisms of X and © =" . H,; —Zj H} be a Brauer relation for G. Then

[]; Reg(Jacx,, )
[T, Reg(Jacx, )

= Co(Jacx(K) ®zQ) mod Q**.

Proof. Let H < G, write {Py,..., Py} for a basis of Jacx, (K)/Jacx, (K )os and
(,), (,)m for the Néron-Tate height pairings on Jacx(K), Jacx, (K) respectively.
Then

Reg(Jacx,,) = det <<Pi’ PJ>H>’

LemmaB33 | go¢ (#«m)*}%, (WH)*PJ'» ‘

Lemma 2114

det (#LH<,> | (Jacx (K) @z @)H)‘ mod Q*2.

The result now follows readily by taking the specified quotient of regulators. [

This lemma is of interest to us because, as we’ll see later (Lemmata m,
& 18.2.7)), this regulator constant encodes information about parities of ranks

of Jacobians. With this in mind, the following closely resembles the local formula

given in (4.2)).

Theorem 4.2.2. Let X be a curve defined over a number field K, G be a finite group
of K-automorphisms of X and © =) . H; — Ej H} be a Brauer relation for G.
Assuming that I (Jacy) is finite,

Co(l1; Jacx,, , ') - TT; #o(Xn,)
CU(Hj JaCXHg_ ,w) - Hj ,UU<XHJ’-)

Co(Jacx (K) ®z Q) = H (

v place of K

) mod Q*?

, . .
where W', w denote fized choices of non-zero global exterior forms for []; Jacx,, ,

[1; Jacx,, respectively.
J

Proof. Applying Theorem [4.1.1] to the K-isogeny []; Jacx, — I1 jJacx,, guaran-
J

teed by Theorem [3.2.2{ii) gives the following equality of Birch and Swinnerton-Dyer
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mvariants

Reg(Hj JacXHé) C(l_[Z JacXHi) #H_I(HZ JaCXH) #Hg JaCX}[; (K)?ors

Reg( 1, JaCXHZ,) B C’(Hj Jacx,,) . #Hl(Hj Jacx,,) ' # 11 Jacxy, (K)fors

Since the regulator and Shafarevich-Tate groups are known to be multiplicative [66],
combining this expression with Lemma [4.2.1 and Theorem [2.3.11] yields the required
identity. O]

Upon having fixed the global exterior forms w, w’, this becomes a local formula
for Co(Jacx(K) ®z Q) mod Q*2. The dependence of the local terms on this initial
choice could in fact be removed (see |23 Definition 6.16]), but this is not necessary

for this thesis.

Remark 4.2.3. The local terms appearing in Theorem [4.2.2|involve abelian varieties
whose dimensions are (potentially) large. In view of computing these, it is useful to

note that if w; is a non-zero global exterior form for Jacy, then

C’U(HJaCXHi,/\wi) = HCU(JaCXHi,wZ-),

see |23, Remark 6.3].

An isogeny ¢ : A — B of abelian varieties over a field K naturally induces a

K-linear map ¢* : A2 QY(B) = A4 Q(A) (see [59, §6.1]).

Example 4.2.4. Let ¢ : Jacx — Jacx, x Jacx, X Jacy, be the isogeny defined in

Theorem [3.3.2] arising from a Brauer relation for Cy x Cj.

We demonstrate how to compute ¢*w when w = P} (wy) A Py(w2) A P (wp) and
w; is a global exterior form for Jacy, with P; : Jacx, x Jacy, x Jacy, — Jacy, the

projection map. This will be used later on, within the proof of Lemma [5.2.6]
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Since, by definition, 1* distributes over wedge products

Y'w = Y P (w1) AT Py (w2) APy (wo)
= (Prod) wi A (Pyaovp) wa A (Fyorh) wo

= ((m1)s) w1 A ((2).) w2 A ((m0)+) *wo.

In practice, it is often useful to note the following lemmata when computing the

local terms in Theorem [4.2.2]

Lemma 4.2.5. Let ¢ : A — B be an isogeny of abelian varieties defined over a num-
ber field K. Let v be a place of K and let w be a basis element of /\dimB OY(B/K,).

Then,
Cy(A, p*w) #ker ¢(K,)

C, (B7 w) ~ F#coker p(K,)

Proof. This is standard, see for example [42, Theorem 7.3|. ]

Lemma 4.2.6. Let A be an abelian variety defined over a number field K and S a
finite set of non-Archimedean places of K. There exists a non-zero global exterior

form w on A such that |W/W91/Kv|v =1 for eachv € S.

Proof. Let o' € N"™ " Q'(A/K) be a basis element. For each place v € S, write
m, = w'/ w% /K, € K,. By the Chinese Remainder Theorem, there exists m € K*

such that m - m,, € OIX(U for all v € S. Therefore w = m - W' satisfies the lemma. [

In all of the examples considered in this thesis, the following version of Theorem

will be applicable and more convenient.

Corollary 4.2.7. Let X be a curve defined over a number field K, G be a finite
group of K-automorphisms of X and © = %, H; — . H} be a Brauer relation for

G. Suppose that there is a unique H} with Jacx,, # 0, so that Theorem |3.2.9(ii)

gwes rise to an isogeny ¢ : [ [, Jacx, — Jacx:.



4.2. Rank parity formulae 75

Assuming that I (Jacy) is finite, then for p € Z a prime,

_ o #ker ¢(K,) _ I, 10(Xa,)
ord, Co(Jacx (K) ®z Q) = Z dy (# coker ¢(K,) 1o (X7) )
) mod 2.

Proof. Let w be a non-zero global exterior form for Jacxs which is minimal at all
places v of K such that v | p (such a choice is possible by Lemma [4.2.6)) and let
w' = ¢*w. The stated formula is then deduced from Theorem as follows.

By Lemma

v]oo

*, .0
gb wJacX//KU

[ eo(Jacxy, ) o (Xm,)
+ Zord ( Jacx () .

0
w
IL JaCXHi /Ky

Cv(Hi JaCXHi; (b*w) ) Hz to(Xa,)
Ol"dp<H OU (JacX/,w) : /LU<X,) >

v|oo

g ((#Rerd()  TLm(Xn)
> dp(#cokerqb(Kv) () )

v]oo

By the multiplicativity of the Tamagawa number (see [60]),

ot T 0L T2 0) T (Xn)

"\ Cy(Jacx, w) - py(X')

wgacX//KU
w

¢*w

0
w
Hi JaCXHi /KU

H Cy Ja’CXH )ﬂv(XH)
Zord ( Jacx )i (X7 .

)

Finally, if v { poo then ord,(] - |,) = 0, and if v | p then by the assumptions on w we

v

see that |wgaCX//Kv/w|v =1 and

0
¢* qbﬂw‘)Jach//Kv

Qb* 0 WO
JacX//Kv [1; Jacx,. /Ko
2

¢*w

0
w
I JaCXHZ- /Ky

v v

*,,0
QS wJacX//KU

0
w
IL JaCXHZ- /Ko |,
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We now explain how we obtain a local formula for the parity of the rank from

Corollary [£.2.7 in the settings discussed in §3.3] and §3.4]

4.3 Rank parity formulae for C5 x C5

Recall the set up of §3.3] In particular, K is a field of characteristic 0 and

X {y? = filx), 2* = fa(2)}

admits an action of Cy x Cy = (1, 7) where fi(x), fo(x) € K[x] are such that
fi(z) fo(z) is separable. We additionally define

X, % = filx), Xy : 22 = fy(x), Xo:w? = fi(x) fo(x).

Lemma 4.3.1. Let K be a number field and © = (11) 4 (12) 4+ (T179) —2CyxCy — {1}.
Then,
C@)(J&CX(K) ®z Q) — 2rk(JacX) — 2rk(JacX1)+rk(JacX2)+rk(JacXO).

Proof. Write Jacx (K) ®,Q = Xfﬁ D Xf?ﬁ & XE_Bf‘j: @ X?E for the decomposition into
irreducible characters of Cy x 5y, where the subscripts denote the images of 71, ™
respectively. Taking dimensions gives that ny 4+ ns + ng +ny = rk(Jacx). Using that
the rank is invariant under isogeny, this is equal to rk(Jacy, ) +rk(Jacy,)+rk(Jacy,).

The result then follows by Lemma [2.6.4] and Example [2.6.3 O

Definition 4.3.2. Let I be a local field of characteristic 0 and ¢ : Jacy, x Jacy, x
Jacx, — Jacy be the K-isogeny constructed in Theorem [3.3.2] We define the local
invariant Ac(f1, f2) to be

(

odeg f1 deg fo+1 K~C,
# ker ¢|(JacXIXJacXZXJacXO)(IC)OnJaCXl 1:::: ey 1 (Xl)’fl ((XX?))“ Xo) o~ R,
e e e getiono) X o) K/Q, finite, p # 2,
c(Jacxl)cc(éla;tlc)}(f))C(Jacxo) u(Xl);L((X;))u(XO) i G e /K K/ Q, finite.

\ w.]acxlx.]acx2><JacX0/K c
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Theorem 4.3.3. Let K be a number field and X, : y*> = fi(x), Xy : 2% = fo(x),
Xo 1 w? = fi(x) fo(x) where fi(x), fo(z) € K[z] are such that fi(x)f2(z) is separable.
Assuming that I (Jacy, ), Hl(Jacy,), I(Jacy,) are finite,

rk(Jacy,) + rk(Jacy,) + rk(Jacx,) = Z ords Ay (f1, f2) mod 2

v place of K

where A\,(f1, f2) is as in Definition[{.3.3

Proof. Let G = Cy x Cy, © = (11) + (12) + (1172) — 2G — {1} and p = 2. Combining
Corollary [4.2.7 and Lemma gives a modulo 2 formula for rk(Jacx, )+rk(Jacx, )+
rk(Jacx,). That the terms on the right-hand-side of this formula are congruent to
ordy A\, (f1, f2) is argued case-by-case.

When K, = C, this holds since # coker ¢(C) = 1, # ker ¢(C) = 2d¢8f1des f2+1. ]
by Corollary and p =1 (see Remark [2.3.14).

When K, = R, [24, Lemma 3.4] converts the kernel/cokernel contribution into
the required form.

Finally, when K, /Q, we use that ords(] - |,) = 0 for odd p. O

Example 4.3.4. Let K = Q(v/—19), fi(z) = z and fo(z) = —272*+ L2 — 2. Then
X1 :y* = fi(z), Xy : 22 = fo(x) have genus 0 and

35 43 35 43
Xo:w?=-2 Sy X :22=_-9 Tt — =
0w 7x+2x 6% 7y+2y 6

and have genus 1 with Jacy : Z2 = Y3 — 31779Y — 2179170 (by Lemma [2.1.6)).
First note that, p,(Xo) = p,(X) = 1 (by Remark and u,(Xy) =

py(Xa) = 1 (X3, Xy have a K-point = a K, rational divisor of any degree) at

each place v of K. Using that X, Jacx have good reduction away from v | 3 - 43,

Theorem [4.3.3| reduces to

rk(Xo) = rk(Jacx) = ordyAeo(z, fo) + Y ords Az, fo) mod 2

v[2,3,43

where oo denotes the unique place of K whose completion is C. We proceed by
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computing the terms on the right-hand side.

Since deg fi deg fo = 2, ordy Ao (2, f2) = 1 mod 2.

Let v be the unique place above 2 (this is inert in K'). Using that X, and Jacx
have good reduction at v and that the residue field of K, has size 4,

ords \o(z, fo) = ordy(|¢*wh,e, /wk,lo) = 0 mod 2.

Now let v be the unique place above 3 (this is also inert in K). Since ¢,(Xo) = 6
and ¢,(Jacx) = 3 (as computed in Sage [63]), ords A\, (z, f2) = 1 mod 2.

Finally, let vy, v | 43 (this splits in K) be distinct. Then K, = K,, and so
ords Ay, (z, f2) + orda Ay, (x, f2) = 0 mod 2.

In summary, if II1(Xj) is finite then by Theorem [4.3.3]

rk(Xo) = rk(Jacy) = 1+1 = 0 mod 2.

Remark 4.3.5. In general, such a computation would require the local data attached
to hyperelliptic and bihyperelliptic curves, not just elliptic curves. In many cases we
can compute the Tamagawa numbers for these using Theorem and Theorems
2.4.9] and 2.4.14l

4.4 Rank parity formulae for S

Recall the set up of §3.4l In particular, K is a field of characteristic 0 and

X {y? = fz), A? = g(4?)}

admits an action of S3 = (o, 7) where f(x) = z° + ax + b € K[z] is a separable
cubic and g(y?) = —27y* + 54by? — (4a® + 27b*) € Ky]. We assume that a # 0 to

additionally define genus 1 curves

E:y* = f(z), D: A% = g(y?).
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Lemma 4.4.1. Let K be a number field and © = 2() + (o) — 255 — {1}. Then,
Co(Jacx (K) @z Q) = 3k(E)Frk(Jaco),

Proof. Write Jacx(K) ®z Q = 19" @ €92 @ p®™ for the decomposition into irre-
ducible representations of S3, where € has dimension 1 and p has dimension 2. By

[18, Example 1.5],

and so Lemma yields that Co(Jacy(K) ®z Q) = 3™+ Applying Lemma
with H = (1) and taking dimensions immediately gives that rk(E) = ny + ng
(since H fixes a 1 dimensional subspace of p). Similarly, letting H = (o) gives that
rk(Jacp) = ny + ng and letting H = S3 gives that 0 = rk(Jacp:) = n;. The result
then follows. O

Definition 4.4.2. Let K be a local field of characteristic 0 and ¢ : £ x E' x Jacp —
Jacx be the K-isogeny constructed in Theorem [3.4.3] We define the local invariant
Ac(E) to be

1 K ~C.
# ker ¢(K) K~R,
ESZ—EB K/Q, finite, p # 3,
| e | K/ fimite,

Remark 4.4.3. Let ¢/ : E x E' x Jacp — Jacx be any K-isogeny. We could instead
define an invariant A\¢(E, ¢') to be as above when K = R or £/Q, finite (replacing
¢ by ¢') and equal to deg ¢’ when K = C. The following theorem would still hold
upon replacing A (F) by Ac(E, ¢').

Theorem 4.4.4. Let K be a number field and E : y*> = 2° + ax + b (with a #0) an
elliptic curve over K. Let D : A* = —27y* + 54by* — (4a® + 27b%).
Assuming that HI(E), I(Jacp) are finite,

rk(E) +tk(Jacp) = > ordzA(E) mod 2

v place of K
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where A\,(E) is as in Definition [{.4.9

Proof. Let G = S3, 0 = 2(1)+ (0) —2G — {1} and p = 3. Combining Corollary [4.2.7]
and Lemma gives a modulo 2 formula for rk(F) +rk(Jacp). We now argue that
the terms on the right-hand-side of this formula are congruent to ords A,(E). First
note that ords(u,) = 0 since p, = 1 or 2.

When K, = C, this holds since # coker ¢(C) = 1 and # ker ¢(C) = 9 by Theo-
rem [3.4.3

When K, = R, apply [24, Lemma 3.4] and use that ords(ns) = 0 for any
abelian variety A/K, to see that ordg(%) = ords(# ker ¢|(Ex ExJacn)(Ko)°) =
ords(# ker ¢(K,)).

Finally, when K,/Q, we use that ords(c(F)?) = 0 mod 2 and ords(| - |,) = 0
when p # 3. O

By Lemma [3.4.2] X has genus 3 whenever a # 0. At present, the theory of
non-hyperelliptic genus 3 curves over p-adic fields is limited and so determining their
local invariants, such as Tamagawa numbers, can pose a challenge. Recall that we
exhibited a bihyperelliptic model for X, allowing us to study the curve locally via

[27]. Since we are only interested in the 3-part of its Tamagawa number (c.f. Theorem
4.4.4), we note the following.

Lemma 4.4.5. Let K/Q, be a finite extension, E : y* = f(x) := 2>+ ax + b € K[z]
(witha #0), C: W? = —(32* +4a) f(x) and X : {y* = f(z), A? = —27Ty* +54by* —
(4a® + 27b%)}. Then

ords c(Jacy) = ordsc(F)c(Jace).

Proof. As observed in Lemma [3.4.2] there’s an isogeny E x Jace — Jacx of degree 8
(by Corollary 3.3.3). A straightforward generalisation of |21, Lemma 6.2] gives that

c(Jacx) = 2" - ¢(F)c(Jace) for some n € Z. O
Example 4.4.6. Let K = Q(v/—19) and fix f(z) = 2® — 32+ . Then
1 35 35 43
E:y=2°— -0+ -— D : A% = —27y* 2
R ST RECE AT
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and Jacp : Z% = Y3 — 31779Y — 2179170 (by Lemma .
Noting that E, Jacp, Jacx have good reduction when v { 3 - 43, Theorem m
says that
rk(E) + tk(Jacp) = Y ordz \,(E) mod 2

v[3,43
since ords Ao (F) = 0 (where oo denotes the unique place of K whose completion is
C). We proceed by computing the terms on the right-hand side.

Let v be the unique place above 3 (this is inert in K'). Since ¢,(Jacp) = 3 it
remains to compute ords ¢,(Jacy) = ords ¢, (E)c,(Jace) (as in Lemma [L.4.F). We
have ¢,(F) = 1 and ¢,(Jace) = 2, where the Tamagawa number for C' has been
computed using [22, Theorem 8.5 with Y¢/x, = (#@28®)]) |. Therefore ord; \,(E) =
1 mod 2.

As in Example [4.3.4] 43 splits in K and so ords A,, (E) +ords A, (E) = 0 mod 2
where vy, vq | 43 are distinct.

To summarise, if III(E) and I(Jacp) are finite then by Theorem [4.4.4]
tk(E) +1k(Jacp) = 1 mod 2.

In light of Example |4.3.4] where we showed that rk(Jacp) = 0 mod 2, we can in
fact assert that rk(£) is odd (conditional on the finiteness of III(F) and HI(Jacp))
and that F has infinitely many K-points.

This isn’t an isolated example, we can always apply both Theorem and
Theorem to compute the parity of the rank of a general elliptic curve.

Remark 4.4.7. Recall that D : A? = —27y* + 54by® — (4a® + 27b%). By Example

B.3.5,
Jacp : Z% = Y? — 34992(a® + 9b*)Y — 11337408(a” + 6b%)

admits a 2-isogeny. Mapping the 2-torsion point (—324b,0) to (0,0) and replacing
Y, Z by 6%Y, 637 we see that

Jacp : Z2 = Y3 —27bY? — 274%Y.
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Corollary 4.4.8. Let E : y* = 2% + ax + b (with a # 0) be an elliptic curve over
a number field K. Let g(x) = —272% + 54bx — (4a® + 27b%). Assuming that 1II(E),
HI(Jacaz2—g(2)) are finite,

rk(E) = Z ords A\, (E) + ords A\y(g(x),z) mod 2

v place of K

where A\, (E) is as in Definition and \,(g9(z), x) is as in Definition[4.3.9
Proof. By Theorem [£.4.4]

tk(E) + rk(Jacaz—g2) = Z ords \,(E) mod 2.

v place of K

Applying Theorem with fi(z) = g(z) and fy(x) = = gives that

rk(Jacar—g(2)) = 1k(Jac,2_py) = Z ords A\, (g(x),z) mod 2

v place of K

since Jacaz2—g(y2) is isogenous to Jac,2—q4(). Summing these two expressions gives

the desired formula. O

4.5 Selmer group analogue

The formulae exhibited in the previous sections all rely on the finiteness of the
Shafarevich-Tate group. Here we state an analogue for Selmer groups (whose proof

will be omitted), where this assumption can be dropped.

Theorem 4.5.1 ([23], Theorem 7.4). Let X be a curve defined over a number field
K, G be a finite group of K-automorphisms of X and © = >, H; — >, H} be a

Brauer relation for G. For p € Z a prime,

ord, Co(X,(Jacy)) = Y ordp<

v place of K

Co(l1; Jacxy,,w) - I1; po(Xn,)
— mod 2
CU(Hj JaCXH; yw') - Hj MU(XH]’-)

where w, W' denote fized choices of non-zero global exterior forms for [], Jacx, ,
1

II ;Jac X respectively.
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Of particular interest to us are the analogues this provides of the explicit local

formulae given in §4.3] and §4.4]

Theorem 4.5.2. Let K be a number field and X, : y*> = fi(x), Xy : 2% = fo(x),
Xo 1 w? = fi(x) folx) where fi(x), fo(z) € K[z] are such that fi(x)f2(z) is separable.
Then

rko(Jacx, ) + rko(Jacy,) + rke(Jacy,) = Z ords Ay (f1, f2) mod 2

v place of K

where A\y(f1, f2) is as in Definition .

Theorem 4.5.3. Let K be a number field and E : y*> = 2° + ax + b (with a #0) an
elliptic curve over K. Let D : A* = —27y* + 54by® — (4a® + 27b%). Then

rk3(E) + rks(Jacp) = Z ords \,(E) mod 2

v place of K

where A\, (E) is as in Definition [{.4.9

As before, these instances of Theorem [4.5.1] are deduced by looking at Brauer
relations in the groups Cy X Cy and S3. As in Corollary [£.4.8 we can apply them both
with relevant assumptions on the Shafarevich-Tate group to formulate an arithmetic
analogue of the parity conjecture for elliptic curves, i.e. an expression in local data
for the parity of the rank.

Using Brauer relations in Cy x Cy, Dy, (for p a prime) and Ds, this same
procedure allows us to formulate an arithmetic analogue of the parity conjecture
for arbitrary Jacobians. Once again, the proof of this relies on the finiteness of
the Shafarevich-Tate group, but bypasses the conjectured analytic continuation of
L-functions, their conjectured functional equations and the Birch—Swinnerton-Dyer
conjecture (all of which are currently required for the parity conjecture to hold). We
will not discuss the proof here and instead refer the reader to |23, Theorem 8.16(3)].

These formulae provide starting points for proving new cases of the parity con-

jecture, the focus of the remainder of this thesis.



Chapter 5

The Parity Conjecture for Elliptic

Curves

In the previous chapter, Corollary detailed a local formula for the parity of the
rank of an arbitrary elliptic curve (assuming the finiteness of the Shafarevich—Tate

group) which resembles the parity conjecture. Recall,

Conjecture (The parity conjecture). Let E be an elliptic curve over a number field

K. Then
CLCIE | )]

v place of K

At present, there is no unconditional proof of this conjecture. For an arbitrary
elliptic curve, it is known to be true under the assumption that II(E/K(E[2])) has
finite 2- and 3-primary parts |20, Theorem 1.2]. In this chapter we provide a new
proof, under different assumptions on the Shafarevich—Tate group.

Specifically, we compare the local terms A,(E) appearing in Theorem [£.5.3
which control the parity of the 3°°-Selmer rank of £ x Jacp (D is a genus 1 curve
closely related to F), to the product of local root numbers w, (E)w,(Jacp). It turns
out that these terms are not equal place-by-place and we provide a description of
their difference (in most cases) in Theorem [5.1.2] An immediate consequence of
this comparison is that the terms match globally (i.e. when summing/taking the
product over all places of K). We therefore deduce that the 3-parity conjecture
holds for E x Jacp (=Theorem [5.1.3)). The parity conjecture for E then follows from
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known cases of the 2-parity conjecture and imposing relevant assumptions on II(E),

IMI(Jacp) (=Theorem [5.1.5).

5.1 Global results

We adopt the notation of and §4.4] which we recall below.

Notation 5.1.1. Let K be a field of characteristic 0 and f(x) = 2* + ax + b € K|[z]
be a separable cubic. Let g(y?) = —27y* + bdby? — (4a® + 270?) € Kly| be the
discriminant of f(z) — y? (viewed as a polynomial in x). Assume that a # 0 and

define curves over K by

E:y’ = f(a), D: A? = g(y?), XAy’ = f(z), A = g(y*)}.

Let ¢ : E X E x Jacp — Jacx be the K-isogeny constructed in

Recall that £ and Jacp are elliptic curves and X is a genus 3 curve (see Lemma
3.4.2). When K is a number field, Theorem m gives a formula for the parity of
the 3°°-Selmer rank of E x Jacp. From this, we are able to deduce the 3-parity

conjecture via the following result.

Theorem 5.1.2 (Local Theorem I). Let F : y* = 2% + ax + b (with a # 0) be an

elliptic curve over a local field IC. Whenever
(1) K=C,
(i) K/Q, is finite, or
(i) K =R and a,b € Q are such that E/Q(a,b) does not admit a 3-isogeny,

we have that

(—1)ordshelE)rordsiBlic - — 0 (B)wye(Jacp)

where D : A? = —27y* + 54by? — (4a® + 27b?) and \c(E) is as in Definition[}-4.2.

We postpone the proof of this theorem to the subsequent section and first present

its global consequences.
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Theorem 5.1.3. Let E : y> = 23 + ax + b be an elliptic curve over a number field
K and let D : A? = —27y* + 54by* — (4a® + 27b%). The 3-parity conjecture holds for

E x Jacp.

Proof. 1f a = 0 then F admits a 3-isogeny and D has genus 0. The 3-parity conjecture
is known to hold for such elliptic curves by [20, Theorem 1.8] and so we’re done (since
Jacp = 0).

If a # 0 and E admits a 3-isogeny then 3z* + 6az? — 12bx — a? (the 3rd division
polynomial for E) has a root 7 € K*. Since Jacp : Z? = Y3 — 270Y? — 27a%Y
(by Remark has 3rd division polynomial z* — 36bx® — 54a3x? — 243a5 with
root —3a?/r € K, we see that Jacp also admits a 3-isogeny. Again, the 3-parity
conjecture is then known to hold for both E and Jacp.

If a # 0 and E does not admit a 3-isogeny then Theorem [5.1.2] says that, for
each place v of K, (—1)ordsr(E)Fordsl3le — 4y (F)w,(Jacp). The result then follows
upon taking the product over all such v and then invoking Theorem [1.5.3] and the
fact that [, |3|, = 1 (the product formula for absolute values on K). O

Corollary 5.1.4. Let E : y?> = 23 + ax + b be an elliptic curve over a number field
K and let D : A? = —27y* + 54by* — (4a® + 270?). Then

(_1)rkg(E)+rk3(JacD)+rk2(JacD) — UJ(E)

Proof. By Remark [£.4.7 Jacp admits a 2-isogeny and so it is known to satisfy the

2-parity conjecture (|20, Theorem 1.8]). O

Imposing certain assumptions on the Shafarevich—Tate group we are now able

to deduce that the parity conjecture holds for elliptic curves.

Theorem 5.1.5. Let E : y* = f(z) be an elliptic curve over a number field K. Let
D : A? = g(y?) where g(y*) € Kly| is the discriminant of f(x) —y*. Assuming that
III(E) has finite 3-primary part and M (Jacp) has finite 2- and 3-primary parts, the
parity conjecture holds for E.
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Remark 5.1.6. The assumption that the 2- and 3-primary parts of III(Jacp)
are finite could in fact be replaced by the weaker assumption that rks(Jacp) =

rko(Jacp) mod 2.

5.2 Proof of Local Theorem 1

We now turn our attention to proving Theorem [5.1.2
Proposition 5.2.1. Theorem holds when K = C.

Proof. Clearly (—1)°ds (E) = (—1)odsBlc = 41 and since E and Jacp are elliptic

curves, wi(E) = wi(Jacp) = —1 (Lemma [2.3.4)). O

Lemma 5.2.2. Let K/Q, be finite. It is sufficient to prove Theorem when

a,b € Ok.

Proof. Let E be as in the statement of Theorem and let u € K* be such
that u*a,u®b € Ok. Let E' : y* = 2® + u*azx + ub € Ok[z] and define D', X' as
usual. Then X > (z,y,4A) — (v %z, u3y,u %A) € X’ is an isomorphism, giving
that £ = E', D = D' too. Therefore, proving Theorem for F is equivalent to
proving it for £’ O

Proposition 5.2.3. Theorem holds when IC/Q, is finite, p # 2,3 and E X

Jacp /K is semistable.

Proof. Below, all equivalences are taken modulo 7, where 7 is a uniformiser of K.
We write v for a normalised valuation on K, i.e. v(r) = 1. We may assume by
Lemma that a,b € Ok. Consider the model Jacp : Z% = Y3 — 270Y? — 27a3Y
(given in Remark and let C' : W? = — (32 + 4a)(2® 4+ az + b). By Lemma
4.4.5| it suffices to show that

(_1)Ord3(C’C(JaCD)CK(E)C)C(JS’CC)) — wIC(E)wIC(Ja’CD)'

Let d := 4a® + 27b* and note that Ap = —16d, Az, = —314928a%d and
Ac = 12288ad?. Since E is semistable, we can assume that a = 0 = b # 0 (if not,

we can perform a change of variables so that this is satisfied).
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We use Tate’s algorithm ([65] or [61, Chapter IV, §9]) to compute cx(E),
cx(Jacp), Theorem to compute cx(Jace) from Yo/ and Theorem for
wi(E), we(Jacp).

Suppose a,d are units. F, Jacp and Jace have good reduction, so ¢ (Jacp) =
cx(E) = ex(Jace) = 1 and wi(E) = wi(Jacp) = +1.

Suppose a = 0. Then b, d are units and so c(E) = 1, wi(E) = +1. Observe
that the reductions of Jacp and C are Z% = Y*(Y — 27b) and W? = —3z%(2 + b)

respectively with Yo/ = (@3, #99) . If —3b is a square modulo 7 then ¢c(Jacp) =
6v(a), cx(Jace) = v(a) (since € = +) and wi(Jacp) = —1. If —3b is not a square
modulo 7 then cc(Jacp) = 2, wi(Jacp) = +1 and cx(Jace) = ged(v(a),2) (since
€= —).

Suppose d = 0. Then a, b are units. Observe that the reductions of F, Jacp and
Carey’ = (z—2)(z+32)% 22 =Y (Y - Zb)? and W? = —3(z— L)% (2 + L) (2 + L)
respectively with e/ = (@9.,@.,9). If 6b is a square modulo 7 then cx(E) =
cx(Jacp) = v(d), cx(Jace) = 2v(d)? (since € = +) and wx(FE) = wi(Jacp) = —1. If
6b is not a square modulo 7 then cx(E) = cx(Jacp) = ged(v(d),2) (since € = —),
cx(Jace) = 2ged(v(d), 2) and wi(E) = wi(Jacp) = +1. O

Proposition 5.2.4. Theorem holds when K = R, a,b € Q and E/Q(a,b) does

not admit a 3-isogeny.

Proof. Note that ords|3|x = 1. Since E and Jacp are elliptic curves, wi(E) =
wic(Jacp) = —1 (see Lemma [2.3.4]). By definition of A\ (F), it remains to compute
(—1)ords# kero(K)

It follows from the proof of Theorem m that ker¢ < {(P, —P R): P €
E[3], R € Jacp[3]} and #ker¢ = 9. Consider the projection f : ker ¢ — E[3] onto
the first coordinate. Since E does not admit a Q(a, b)-rational 3-isogeny, E[3] has
no non-trivial subgroup which is stable under Ggqp), therefore f(ker ¢) = 0 or E[3].
By this observation, either ker ¢ = {(0,0,R) : R € Jacp[3]} or ker¢ = E[3] and in
both cases # ker ¢(K) = 3. In particular, (—1)ords#keré(®) — 1, O

Lemma 5.2.5. Theorem holds when K /Qs is finite and E : y? = 2° — %x—k 3

108 °
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Proof. Note that ords|3|c = 0. E, Jacp and Jacx all have good reduction over K,
so wi(E) = wi(Jacp) = +1 and A\(E) = 1. O

Let Y/K be a curve over a local field. Write w)- for the wedge product of a basis
of integral differentials of Y, i.e. an Oy-basis of the global sections of the relative

dualising sheaf of a regular model of Y, as an O lattice in Q'(Y) (see [38]).

Lemma 5.2.6. Let K/Q3 be finite. Then

*, ,0
¢ wJacX/IC

0
WExExJacp/K |

where o, B, v € K are such that W) = %, W) = ﬂ% and wd = v(dwﬂc A ZL‘dWx) for

v
C:W?=—(32% + 4a)(x® + ax + ).

Proof. We first observe that

*,,0 0
¢ wJaCX/IC wJaCx/K

=9
K

0 VYx*, ,0
WEx ExJacp /K (¢) WExExJacp/K |

using the description of ¢¥ o ¢ given in Theorem . Let ¢ = ((71'2)*, (71'0)*) :
Jacxy — E x Jace denote the isogeny of degree 8 identified in Theorem m (where
we let fi(z) = — (32 + 4a), folzx) = 2° + ax + b so that X; = P!, X, = F and
Xo = C). Then

0 *,,0
wJacX w wEXJacc

0 0
77ZJ>'K("}E><Jacc (¢V)*wExExJacD K

0
‘ wJacX//C

(¢V)*w%xExJacD/K K ‘

where we observe that, by |21, Lemma 4.3], the first term is a unit. We compute

0 0 0
w*wExJacc = " (wp Awe)

= ((m2).)"wip A ((m0).)"wi

dv  (3z% +a)dx  (32*+a)dz
N om(— A yA n yA >
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where the first equality uses that the Néron model respects products [54, Propo-
sition 9.6.8] and that w,.. = wg [67, Lemma 9|, and the second uses Example

24 Similarly, (6") (Whypermen) = ((T8):) Wl A (5)- 0 0wy A ((m5).) wlh =

a%(%’v A C%’ A %) where 2/ = —£ + Gaz? +9(y? —b)a4a’ (as in the definition of o).

oA
Now using the identities 2ydy = (32% + a)dr and AdA = —54y(y* — b)dy, we

see that
da’ d 3x(322 d d 3x? d
de’ _ _dz (3% + a)dx and _y:(:v+a)as
Y 2y 2yA A 2yA
Therefore % A 2 A de = —% L4z A (33521“)‘” A x(3$2JZZ)d$ and the result follows. [
y y y y y

Lemma 5.2.7. Let E : y* = 23 + ax + b an elliptic curve over a finite extension
K/Q, with a # 0. There is an € > 0 such that changing a, b to any o’ # 0, V' with

la —d'|i, |b— V| <€ does not change wi(E), wi(Jacp) and ords Ac(F) mod 2.

Proof. Root numbers are functions of V,F = T)FE ® Qy, so their local constancy can
be seen from that of the Tate module [34, p. 569]. The same argument applies
to the 3-part of the Tamagawa number when p # 3 since, for A/KC an abelian
variety, ordsci(A) = ords #P(A)[3°°] and by [3I] (or see [33, §2]) P(A)[3>°] =
H'(Iic, T3(A))tors (P denotes the group of connected components of the special fi-
bre of the Néron model of A over O).

Now consider Ac(E) when p = 3. By Lemmata [4.4.5 and [5.2.6| (and using

their notation) we need to show that ords cxc(E), ords cx(Jacp), ords cxc(Jace) and
ords|3v/af|k are locally constant. For the terms concerning £ and Jacp this follows
from Tate’s algorithm [65] (or [61, Chapter IV, §9]). For the terms concerning Jace
this follows from the proof of |24, Lemma 11.2]. O

With this in mind, we are now able to prove the remaining cases of Theorem

0. 1.2
Proposition 5.2.8. Theorem [5.1.9 holds when
1. K/Qys is finite,

2. K/Qs is finite,
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3. K/Q, is finite, p # 2,3 and E x Jacp/K is not semistable.

Proof. We deduce these cases from known instances of the 3-parity conjecture. In
particular, we approximate f(x) =z + ax + b € K[z] by a separable cubic fy(z) =
23 + apx + by € O[] with ag # 0 where L is a totally real field, subject to certain
conditions. Let Fy : y* = fo(x) and define Dy, ¢y for this elliptic curve as usual.
(1). Let L be a totally real number field with a unique prime q | 3 and
with Ly = K (to see that such a field exists, if K = Qs[x]/(h(x)) for some monic
h(z) € Qs[z] then approximate h(x) by h(z) € Q[z] which has all real roots; take
L = Q[z]/(h(x))). Fix a prime p’ {2, 3. Choose ag, by € Oy, to be g-adically close to
a, b respectively and t-adically close to —%, % respectively whenever ¢ | 2. Ensure
that p’ f 4aj + 2762 and 3 #Eo(Fy2) so that Ey does not admit a 3-isogeny (this is
possible since there exists an Ey/Fy with #E,(Fy) = 2 mod 3 by [56, Theorem 1a],
[68]). For primes p {2, 3, ensure that p { by whenever p | ay. Theorem holds for
Ey/L, whenever L,/Q, is finite and p # 3 (when p # 2,3 this is Proposition [5.2.3]
when p = 2 this is Lemmatal[5.2.5and [5.2.7)), or L, = R (by Proposition[5.2.4). Since
the 3-parity conjecture is known to hold for Ey/L and Jacp,/L (by [51, Theorem

E]),

L= (ayRC/maleeng Dy By Lyw(Jacp, /L)

Thm.:m H (_1)0rd3/\U(Eo)wv(EI(]),wv(JaCDO)

v place of L

= (=) E) (EBy)wg(Jacp,) - [ (=1)o %P
v#q place of L

Lemma £.2.7] (_1)ord3A,C(E)+ord3\3|,cwK<E)wK<JaCD)_

(2). Let L be a totally real number field with a unique prime q | 2 and with
L, = K. Fix a prime p’ 1 2,3. Choose ag,by € Of, to be g-adically close to a,b
respectively. Ensure that p’ { 4a3 + 2703 and 3 { #E(F,2). For primes p { 2, 3, ensure
that p 1 by whenever p | ag. Theorem holds for Ey/L, whenever L,/Q, is finite
and p # 2 (when p # 2,3 this is Proposition [5.2.3] when p = 3 this is (1)), or L, ¥ R
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(by Proposition [5.2.4)). Arguing as above proves that Theorem must also hold
for Ey/Lq and hence E/K.
(3). Argue as in (2), replacing 2 by p and the condition p12,3 by p12,3,p. [

Proof of Theorem [5.1.3. This is Proposition when K = C,[5.2.8|2) when K/Q,
5.2.8(1) when KC/Qs, Propositions |5.2.3| and [5.2.8|(3) when K£/Q, for p # 2,3 and

Proposition [5.2.4] when £ = R. O




Chapter 6

The p-Parity Conjecture for Elliptic
Curves over Totally Real Fields

In Chapter [, we saw an instance in which the formulae developed in Chapter
can be used to prove the parity conjecture. In particular, we proved that the parity

conjecture holds for elliptic curves over number fields under certain assumptions on

the Shafarevich-Tate group (=Theorem |5.1.5).

Here we demonstrate that these assumptions can be weakened when the under-
lying number field is totally real, by completing the proof of the p-parity conjecture
over such fields. We address the case when p = 2 and the elliptic curve has complex
multiplication (=Theorem [6.4.1)), with the other cases being dealt with in [19], [20],
[48], [49], [50], [51].

To achieve this result we first prove new cases of the 2-parity conjecture over
general number fields for abelian surfaces isomorphic to a product of certain elliptic

curves, and for elliptic curves whose 2-torsion groups are isomorphic as Galois mod-

ules (=Theorems|[6.3.1} [6.3.2} [6.3.4). As in the previous chapter, these global results

are deduced from a comparison of local invariants (=Theorem [6.1.8)), specifically root
numbers and the terms appearing in Theorem when fi(x) is a monic cubic and

fa(x) = .

The results of this chapter can also be found in [28].
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6.1 Strategy

Notation 6.1.1. Let K be a field of characteristic 0 and f(z) € K|z] be a separable

monic cubic with roots aq, as, az € K. Define curves over K by
By = f(x), B w?=af(z), X 1yt = f(2?)

and let ¢ : F/ x Jacgr — Jacy be the K-isogeny constructed in Theorem m (by
letting fi(x) = f(x) and fo(z) = x).

Observe that E and Jacg are elliptic curves and X is a genus 2 curve. Moreover,

Jacg has the following nice model.

Remark 6.1.2. The map zo = —*22%  wy = 2L gives

Jacg : wi = (zo + azas)(zo + aras)(zo + aras).

Theorem [4.5.2] (again with fi(z) = f(z) and fa(z) = ) gives the following

formula for the parity of the 2°°-Selmer rank of £ x Jacgr.

Theorem 6.1.3. Let K be a number field and E : y* = f(x), E' : w? = xf(x) for
f(z) € K[x] a separable cubic with f(0) # 0. Then,

rko(E) + rko(Jacy) = Z ordy A\, (f,z) mod 2

v place of K

where X\,(f,x) is as in Definition[4.5.9 Namely, for K a local field and f(z) € K|z]
a separable monic cubic such that f(0) # 0,

p

2! K ~C,
NENJac .,
#ker¢|(ExJacE/)(IC)om K~ R,
)\K(f’ x) - c(E)c(Jacys) .
(T (X) K/Qy finite, p # 2,
c(E)e(Jacg) ¢*W(J)ac ]
| om0 | e | K/Q; finite.
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Remark 6.1.4. Noting that rke(FE) + rko(Jacg ) = rko(Jacy) (E x Jacg and Jacy
are isogenous), this theorem also provides a local formula for the parity of the 2°-

Selmer rank of (Jacobians of) genus 2 curves of the form y* = f(z?).

ord2Au(f2) place-by-place to the product of

With this in mind, we compare (—1)
root numbers w,(F)w,(Jacg) appearing in the analogous statement of the 2-parity
conjecture. As in the previous chapter (c.f. Theorem , it turns out that these
terms are not always equal and we are able to show that they must differ at exactly

an even number of places.

Definition 6.1.5. Let K be a local field of characteristic 0 and let f(z) = x3+ax?+
bz + ¢ € K[z] be such that ¢ # 0. Write Ay := 18abc — 4a’c + a?b* — 4b* — 27¢* £ 0
for the discriminant of f, L := ab— 9c¢ and define Hy(f) to be the following product
of Hilbert symbols

b,—c)k - (—2L,A¢)c - (L, =b)x b, L
HIC(f) _ ( 5 )/C ( 2 ) f)lC ( ) )’C ) #07
(—c, =1 (2¢, Ap)k otherwise.

Remark 6.1.6. As b or L approach 0, both expressions for Hy(f) agree. This can

be seen in the proof of Lemma [6.2.

Remark 6.1.7. The invariant L can be written in terms of the roots of f as
L = 8ajapas — (a1 + ag)(ay + az)(ag + as).

Theorem 6.1.8 (Local Theorem II). Let K be a local field of characteristic 0 and
and E : y* = f(z), E' : w* = xf(z) for f(x) € K[z] a separable monic cubic with
f(0) #0. Then

(1) EMD He(f) = wie(B)wk(Jacy)

where A\ (f, x) is as in Definition [4.53.4 and Hi(f) is as in Definition [6.1.5

The key, global, consequences of this Theorem are discussed in §6.3) and §6.4]
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6.2 Proof of Local Theorem 11

6.2.1 Proof over Archimedean fields
We begin by proving that Theorem holds when K is an Archimedean local field,
the cases in which we can best visualise Ac(f, x).

Proposition 6.2.1. Theorem holds when K = C.

Proof. Clearly (—1)422(2) — Hy(f) = +1 and since E and Jacp are elliptic

curves, wi(E) = wi(Jacy) = —1 (see Lemma [2.3.4)). O
Proposition 6.2.2. Theorem holds when K = R.

Proof. As in the proof of [6.2.1] wx(E)wx(Jacg) = +1. Therefore, we need only
verify that (—1)o42A(f2) = [ (f). Table gives the values of ng, Nyac,,, Nyacy
#ker | (pxiacy)(k)o, (X)), Ac(f, ) and Hy(f) for each possible arrangement of the
real roots of z f(z). In particular, column 2 lists the real roots of z f(x) from smallest
to largest where the roots of f are denoted by red circles (@) and the root 0 (of z) is

denoted by a blue diamond (#).

Case | Real roots || ng | Nacy, | Muacy | 7 ket @l (mxgacy)me | (X)) | Ade(f, x) | He(f)
1 000 2 2 4 2 1 2 -1
2 0400 2 2 2 1 1 2 -1
3 0040 2 2 1 1 1 4 +1
4 0009¢ 2 2 1 1 1 4 +1
5! %0 1 1 1 2 1 2 -1
6 XS 1 1 1 2 1 2 -1

Table 6.1: Data for Proposition

The contents of columns 3, 4 and 5 are determined using Lemma [2.1.§| and from
observing that ng = ng = 2 when f has 3 real roots and 1 otherwise, and that
nx = 3 when f has 3 positive real roots, 2 when f has 2 positive real roots and 1
otherwise.

For column 6 we use the description of ker ¢ as given in Lemma, to deduce

that
1o (X3

ker ¢ = {O,((ai,O),(— [0)) for i = 1,2,3}

Q;
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(for example, T =0 C R,, S = {a1, a2} C Ry gives (Dg, Dg) where Jacg 3 Dg =
(1,0)+ (a2,0) =200 = (a3,0) —oo and Jacg 3 Dg = (a1,0) + (a2,0) —oco—i(o0) =
(a3,0) 4+ (0,0) — 00 — 1(00) = (—a1ar2,0) — 00jac,, by Remark .

We count how many elements lie on the identity component of (E x Jacg )(K)
(i.e. each entry of the pair of points lies on the identity component of the correspond-
ing curve). Clearly the point O on E x Jacg always satisfies this condition. Let a3 be
the largest real root of f, so that (as,0) € E(K)° and («y,0), (a2,0) ¢ E(K)°. Now
#ker ¢|(pxyacy)(k)e is 2 precisely when (—ajaz,0) € Jacg (K)°, i.e. when —ajap is
the largest real element of T' = {—ajan, —asas, —ajas}, and 1 otherwise. In cases
(1) to (4), T C R and it can be observed that —ajay is the largest precisely when
ag,a > 0. In cases (5) and (6), a; = @2 and so —ajay is the only real element of
T, in particular it is the largest real element.

Column 7 keeps track of the deficiency contribution from X, which is 1 since
X(R) is always non-empty.

Column 8 gives the value of Ac(f, ).

We now justify the value of Hi(f), as given in column 9, via a case-by-case
analysis of the signs of the Hilbert symbol entries.

First observe that when b, L # 0, (L, —b) = (L, —ac) - (ab, —c) since (L, abc) =
(ab, —c) by Lemma [2.7.5(1). Therefore,

He(f) = (~2L.A7)- (L. ~ac) - (a, ~c).

Since the sign of a is easier to control than that of b, we will use this equivalent
expression whenever b, L # 0.

(1) and (4). Ay, b, ac > 0. Applying the AM-GM inequality gives that for i # j,
a; + a; > 2,/oa; in case (1) and a; + o > —2,/a;0;5 in case (4). In particular,
in case (1) we have L < 0 and Hi(f) = —1 and in case (4) we have L > 0 and
Hie(f) = +1.

(2). Ay, ¢>0. If b,L # 0 then Hy(f) = (L, —a) - (a,—1) which is —1 unless
a, L > 0. Suppose a; < 0. If a > 0 then a; + as, a1 + a3 < 0, as + a3 > 0 and so
L < 0 by Remark [6.1.7] If bL = 0 then clearly Hy(f) again evaluates to —1.
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(3). Ay >0,c<0. Ifb, L # 0 then Hx(f) = (L, a) which is +1 unless a, L < 0.
Suppose aq,as < 0. If a < 0 then a; + az,as + a3z >0, a1 + as < 0 and so L > 0
by Remark If bL = 0 then clearly Hx(f) again evaluates to +1.

(5). Af,e < 0. If b, L # 0 then Hi(f) = —(L,—a) which is —1 unless a > 0,
L < 0. Suppose as = @;. If a > 0 then a; + as < 0 and so L > 0 by Remark .
If b = 0 then clearly Hi(f) again evaluates to —1.

(6). Ay <0,¢>0. If b, L # 0 then Hx(f) = —(—L,a) which is —1 unless
a <0, L >0. Suppose as = @1. If a < 0 then a; + as > 0 and so L < 0 by Remark
[6.1.7] If bL = 0 then clearly Hy(f) again evaluates to —1. ]

6.2.2 Proof over non-Archimedean fields for nice reduction

types
We now focus on proving that Theorem holds when K/Q, is a finite extension,

p # 2, and the reduction of z f(z) has at worst one double root.

Lemma 6.2.3. Let K£/Q, be a finite extension. It is sufficient to prove Theorem

when f(z) € Ok[z].

Proof. Let fo(x) = 2® + az® + bz + ¢ € K[z] and choose u € K* such that u?a, u*D,
uSc € Ok. Define f(z) = 2* + v?ax?® + u'bx + u®c € Ox[z]. Since y? = fo(z) X y? =
f(z), w? = 2fo(x) 2 w? = 2f(x) and Hi(fo) = Hi(f) (the Hilbert symbol entries
have been scaled by squares), Theorem holds for fy(z) if and only if it holds
for f(x). O

Proposition 6.2.4. Theorem holds when K/Q, is a finite extension, p # 2,
and both E, E' are semistable with ¥ = @89, or (@ e9).

Proof. By Lemma we may assume that f(z) = 23 + ax® + bz + ¢ € Ox|x].
The inputs of Table (columns 2 and 3) are the cluster pictures of E and F’,
where the roots of f are denoted by red circles (@) and the root 0 (of z) is denoted

by a blue diamond (¢). Column 1 indexes the various cases using the reduction types

of X/K as defined in [22, Table 1.1].
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Column 4 gives the cluster picture for Jacg/, which is easily determined from
that of £’ via Remark [6.1.2]

Column 5 gives the dual graph of the minimal regular model of X/K, denoted
T x, where an arrow is used to indicate the action of Frobenius. This is determined
using Theorem (with fi(z) = f(z), fo(x) = z so that B = X).

Columns 6 and 7 list the Tamagawa numbers for E and Jacg, calculated from
their respective cluster pictures using [60, Table 15.1].

Similarly, column 8 contains the Tamagawa number for Jacy but calculated
from Ty using Theorem [2.3.3

Column 9 keeps track of the deficiency contribution from X//C, using Theorem
2411

Column 10 gives the value of (—1)°rd2*c(f),

Column 11 gives wy(E)wi (Jacp) using Theorem [2.3.6]

It remains to compute the value of Hy(f) via a case-by-case analysis of the
valuations of b, ¢, L, Ay. Recall that oy, s, a3 denote the roots of f. Below, all
equivalences are taken modulo 7, where 7 is a uniformiser of K. We write v for a
normalised valuation on K, i.e. v(7w) = 1.

Type 2. We must show that Hi(f) = +1. We have that v(c) = v(Af) = 0.

Suppose b, L # 0. Then Hi(f) = (b, —c)(L, —bAy). If v(b) = v(L) = 0, we are
done. Suppose that X/Q, and p # 3. If b = 0 then L = —9¢, and so Hy(f) = +1. If
L =0 then v(a) = v(b) = 0 and —bA; = 5 (b* — 27¢%)?, and so again Hg(f) = +1.

Now suppose that /Qz and L = 0. Write b = 7°®u;, 3 = 7"y for units
uy, up and assume that v(b) > 0 (if v(b) = 0 then we again observe that —bA; is a

3

square). Note that Ay = —a’c, so v(a) = 0.

e If u(b) < 20(3), then L = 7O (au; — 72*G)~v®)cy2) where au; — 7230 ey =

auy. So Hi(f) = +1 having used the standard identity (7, —m) = 1.

e If v(b) = 2v(3), then L = 7°®(au; — cu?) and Hi(f) = (auy — cu?, —u;Ay),
having used that v(b) is even. If v(au; — cu3) = 0 then we are done, else

—u1 Ay = uda?c? and so Hi(f) = +1.
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o Ifv(b) > 2v(3), then L = 720G (7v®)=2vG) gy, —cu?) where 7 =200C) gy — cu?

—cu3 and so Hi(f) = +1.

Suppose bL = 0. Clearly Hx(f) = +1.

Types 17 or 1,. Suppose that a; = 0 with v(ay) = n. Since O p =

\/i(al — 2a) (1 — 2ai3), it can be observed that we are in type 17 when azasz €

(K*)? (when 6,5 € K*), and type 1, otherwise. It is required to show that
Hy(f) = —1 precisely when n is odd and asaz ¢ (K*)?, i.e. that Hi(f) = (7", azas).
We have that v(b) = v(Ay) =0 and v(c) = n.

Suppose L # 0. Then Hi(f) = (b,7")(L, —bAy) and since b = asag it remains
to show that (L, —bAy) = +1. If v(L) = 0 we are done. If not, then L = —asas(aa+
a3) and so ay = —ag and —bA; = 4af.

Suppose L = 0. Then Hy(f) = (7", —Ay) where Ay = —5(b® — 27¢*)* and

b = anas.
Types L7, Ii..(a), Ii_,(b), or ;7. Suppose that v(a;) = 0 and
ay = ag with v(ap — a3) = 5. Since O p = \/%(a2+a3) —op and O p =

\/%(042 + a3)(5(@2 + a3) — ay), it can be observed that we are in type L7+ or I
when £(ow 4+ a3) € (K*)? (when Oyp, Oy g € KX, or O, 6 & K*), and type
I} or I7F otherwise. It is required to show that Hy(f) = —1 precisely when n
is odd and 1(as + a3) ¢ (K*)?, ie. that Hi(f) = (7" (a2 + a3)). We have that
v(c) =v(L) =0 and v(Ay) =n.

Suppose b # 0. Then Hi(f) = (b, —cL)(—2L,7") and as L = —(as + a3)(a; —
+(az + a3))? it remains to show that (b, —cL) = +1. If v(b) = 0 we are done. If
not, since b = 3(as + as)(2a; + (a2 + a3)) we have that a; = —3 (e + o3) and
—cL = 32 (o + a3)".

Suppose b= 0. Then Hi(f) = (2¢,7") where 2¢ = 203 (ay + az). O

6.2.3 Proof in the remaining cases
Here we prove that Theorem holds in all remaining cases using a global-local
argument. Namely, when K/Q, is finite and p = 2, or p is odd and the reduction of

xf(z) has worse than one double root.
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Continuity of local invariants

Lemma 6.2.5 (|20], Lemma 3.2). Let K be a local field of characteristic 0. The
Hilbert symbol (A, B) is a continuous function of A, B € K*.

Lemma 6.2.6. Let K be a local field of characteristic 0 and f(z) = 23+ax?*+bx+c €
Klx] a separable cubic. Define E : y* = f(z), E' : w? = xf(x). The invariants b,
¢, L:=ab—9c, Ay (the discriminant of f), wi(E), wi(Jacg) and A\c(f,z) (as in
Deﬁnz’tion are continuous in the coefficients of f(x).

Proof. This can be seen from [24, Lemma 11.2]. O

Lemma 6.2.7. Let K be a local field of characteristic 0 and f(z) = 23+ax?*+bx+c €
Ox|x] be separable. There is an € > 0 such that if f(z) = 2* + aa® + bx + ¢ € Ox|x]
is separable and |a — ali, |b—blic, |c — &lx < €, then Theorem holds for f(x) if
and only if it holds for f(x)

Proof. If b, L # 0 then, ensuring that b, L # 0, this is clear from Lemmata and
. Ifb=>0b=0or L =L =0 then, again, this is clear. When we are not in either
of these cases, Lemma still asserts that the root numbers are unchanged and
that A\c(f, ) = Mc(f, ), but showing that Hi(f) = Hic(f) is more delicate.

Suppose that K is non-Archimedean. Let 7 denote a fixed choice of uniformiser
and v a normalised valuation. We write [J for a non-zero square element in K.

Suppose that b = 0 and b # 0. Let N = v(c) +v(36) + 1 and pick a = a, b = b,
¢=émod 7. Then L = ab — 9¢ = —9¢ # 0 mod 7 and so L = —¢&- (1. Therefore
Hy(f) = (b, —¢)(2¢, Aj)(—¢,—b) = (2¢, Aj)(—¢ —1) which by Lemma [6.2.5]is equal
to Hic(f).

Now suppose that L = 0 and L # 0. Let N = v(b) 4 2v(a® — 3b) + v(16) + 1 and

pick a =d, b=b, ¢ = ¢ mod 7. We have that ab = 9¢ mod 7, therefore 9IA; =
—4b(a*—3b)? # 0 mod 7 and Aj = —b-0. So, He(f) = (b, —¢)(—2L, —b)(L, —b) =
(b, —&)(—2, —b) and by Lemmam this is equal to Hi(f) since Ay = —b-[.

The case when K is Archimedean and bL = 0 follows from Table [6.1|since f and

f will have the same number of positive and negative real roots. O]
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Reduction steps
Lemma 6.2.8. Let K be a number field and f(x) = 23 + az® + bz + c € Ok[z] be a
separable cubic such that a* — 3b, b, a* — 4b, ab—9¢c, ¢ # 0. Fiz a prime p 12,3 and

suppose that the following conditions are satisfied:
(i) p|a*—3b = ptab—9c,

(ii) p | b(a* —4b) = ptec.
Then xf(z) either has distinct roots, or no worse than 1 double root modulo p.

Proof. We must prove that (i) and (ii) guarantee that xf(z) has at least 3 distinct
roots mod p.

Suppose that three roots of xf(z) are congruent mod p. This happens when
either (1) all three roots of f(z) are congruent, or (2) two roots of f(x) are congruent
to 0. Situation (1) occurs if f(z), f'(x) = 32®+2ax+0b, f”(x) = 62+ 2a share a root
mod p, i.e. when f(—%) = f'(—%) = 0mod p. Condition (i) ensures that this does
not happen. We are in situation (2) whenever f(0) = f/(0) = 0 mod p. Condition
(ii) ensures that this does not happen.

Now suppose that = f(z) has two double roots mod p, so that two roots of f(x)
are (non-zero and) congruent mod p with the remaining root congruent to zero. Here

f(0) =0 and Ay = 0. By definition of Ay, these happen simultaneously when ¢ =0

and a?b? — 4b> = 0, so again condition (ii) ensures that this does not happen. O]

Remark 6.2.9. Using cluster pictures, Lemma|6.2.8says that ¥/ /g, is either @e09),

or (@@ ee). In particular, Proposition [6.2.4] holds for such a choice of f(z).

Lemma 6.2.10. Let K/Qs be a finite extension and let f(z) = 2* + 2 + 1 € Klx]
then Theorem [6.1.8 holds.

Proof. E and Jacg have good reduction over K so wi(F) = wi(Jacg) = 1 and

Ac(f, ) = 1. Additionally, H(f) = (1, —1)(18,—31)(=9, —1) = +1. 0

As in the proof of Proposition [5.2.8 we deduce the remaining cases of Theorem

from known instances of the 2-parity conjecture.
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Proposition 6.2.11. Theorem [6.1.8 holds when
1. K/Qq is finite,
2. K/Q, is finite, p odd.

Proof. (1). Let K/Q2 be a finite extension. Pick a totally real number field F' with
a unique prime p | 2 so that F, = K. Fix another prime p # p’ 1 2,3. By Lemma
, we may assume that f(z) = 2 + az? + bx + ¢ € Ox[z]. We will approximate
f(x) by f(z) = 2% 4+ az® 4 bz + ¢ € Op[z] (with non-zero discriminant) subject to

the following:

(i) pick a to be p-adically close to a, p’-adically close to —1 and g-adically close to
0 for all q | 3,

(ii) pick b #£ 0, 1a?, $a® so that b is p-adically close to b, p’-adically close to —1 and

g-adically close to 1 for all q | 3,

(iii) pick ¢ # 0, %&l; so that ¢ is p-adically close to ¢, p’-adically close to 1, g-adically
close to 1 for all q | 3, and such that if q 1 2,3, p’ then conditions (1) and (2)
of Lemma are satisfied (namely: 9¢ # abmod q for all q | @® — 3b, and
¢ # 0 mod q for all q | b(a? — 4b)).

Let E : 42 = f(z) and E' : w® = zf(x). By construction, f(z) is p-adically
close to f(z), p’-adically close to 3 — 22 — z + 1, g-adically close to 3 + z + 1 when
q | 3, and g-adically close to a monic cubic for which Proposition holds when
q12,3,p". Invoking Lemma m, this means that Theorem holds for f € F,[x]
whenever v # p, and proving it for f € F,[z] is equivalent to proving it for f € K[z].

Noting that E and Jacg, have multiplicative reduction over [, enforces that
ord, J(E), ordyj(Jacz) < 0. In particular, the 2-parity conjecture holds for F and

Jacg, (it is known to hold for elliptic curves over totally real number fields with
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non-integral j-invariant by |20, Theorem 2.4|). Therefore,

1 _ (—1)rk2(E/F)+rk2(JaCE//F)w(E/F)w(JaCE//F)
Thm. m H ordz)\v fz)wU(E)wU(JacE,)
v place of F'

= (=)0 (Byw,(Jacg) - [| He, (F)
v#£p

= (1) ENUDy (B, (Jacg) - Hr,(f)

where the last equality follows from the product law for Hilbert symbols. In conclu-
sion, we now know that Theorem holds for f(x) € F,[x] and so it must also
hold for f(x) € F,[x] where F, = K.

(2). Let K£/Q, be a finite extension and p odd. We repeat the above argument,
replacing 2 by p (when p = 3 we also replace the condition “q | 3” by “q | 3 and

q7p). O
Proof of Theorem[6.1.8. This is Proposition [6.2.1] when K = C, Proposition [6.2.2
when K = R and Proposition [6.2.11| when /Q, is finite. O

6.3 The 2-parity conjecture for elliptic curves with

isomorphic 2-torsion

We now present the 2-parity results which we deduce from Theorem [6.1.8

Theorem 6.3.1. Let K be a number field and E : y* = f(z), E' : w* = xf(z) for
f(z) € K|x] a separable monic cubic with f(0) # 0. The 2-parity conjecture holds
for E if and only if it holds for Jacg:.

Proof. By Theorem m, (=1)erded(b2) [ (F) = w, (E)w,(Jacg ) at each place v of
K. Taking the product over all such v and then invoking Theorem and the
product formula for Hilbert symbols, gives that

(_1)rk2(E)+rkz(JacEf> = w(E)w(Jacg). =
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Theorem 6.3.2. Let K be a number field and X : y* = cf(z?) for f(z) € K[z] a
separable monic cubic with f(0) # 0 and ¢ € K*. The 2-parity conjecture holds for
the Jacobian of the genus 2 curve X.

Proof. Let E : y?> = f(x), E' : y* = xf(x) and E. : y* = cf(z), E. : w? = cxf(x).
By Theorem [3.3.2] (with fi(z) = c¢f(x), f2(x) = x), there is an isogeny E, x Jacg, —
Jacy. Proving the 2-parity conjecture for Jacy is therefore equivalent to proving
it for E, x Jacg,. We observe that the 2-parity conjecture for quadratic twists [20,
Corollary 1.6] says that the 2-parity conjecture holds for £, and Jacg, if and only
if it holds for E and Jacgs respectively. This further reduces proving the 2-parity
conjecture for Jacx to proving it for E' x Jacg/, which holds by Theorem [6.3.1 [

Lemma 6.3.3. Let K be a number field and Ey, Ey be elliptic curves over K. If
E\[2] = Es[2] as G-modules, then either Es is a quadratic twist of Ey or there ezists

a separable monic cubic f(x) € K[x] with f(0) # 0 and some d € K* such that
By = f(o), By du? = 2f(a).

Proof. Write E; : y*> = gi1(z), By : w* = go(x) for monic cubics g1, g» € K[z] and
® . F1[2] — E5[2] for a G-module isomorphism. Let oy, ag, a3 and 5y, s, B3 denote
the roots of g;(z) and g2(x) respectively, labelled so that ®((«;,0)) = (8;,0). Define

A = oqoa(Br — B2) + azaq (B3 — Br) + asas(Be — B3),
B = oqayfs(By — Bi) + azaif2(B1 — Bs) + azasBi(Bs — Ba),
C = Bilag —as) + fa(as — aq) + B3 — az),

D = BiBa(ar — az) + Bafs(ae — az) + B3f1(az — az),

then h(z) := 2222 is the Mdbius transformation mapping a; to ;. Using that Gy

permutes the roots of g; and the roots of g5 in the same way, one can readily check

that h(z) is defined over K. Observing that h(z) — h(a;) = %(m — )
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gives (AD . BC)S
(A= Cz)3(A— Can)(A— Can)(A— C%)gl(x).

g2(h(x)) =

Clearly, Fy : w? = go(h(z)) and hence also,

A(A—Cay)(A—Caz)(A—Ca
( l)f(foBc%)( = (1- %x)gl(x) A#0,

ey, (r) A=o.

If A,C #0, we set 7y = 1 — Sz so that By : y* = f(z0) and Es : w? = dao f(20)
where f(z9) = g1(2(1 —20)) and d € K*. If A # 0 and C = 0, then E, is just a
quadratic twist of E;. Finally, if A = 0 then the result is clear. O

Theorem 6.3.4. Let K be a number field and Ey, Es be elliptic curves over K. If
E\[2] = E5[2] as Gg-modules, then the 2-parity conjecture holds for Ey if and only
if it holds for Es.

Proof. By Lemma , either Fy is a quadratic twist of F; and this is just |20,
Corollary 1.6], or E; : y* = f(z) and E; : dw? = zf(x) for some separable monic
cubic f(z) € Klz] with f(0) # 0 and some d € K*. Since Fy = Jacgu2—zf(z), the
2-parity conjecture holds for Fj if and only if it holds for Jac,2—, ¢ by [20, Corollary
1.6]. In turn, Theorem says that the 2-parity conjecture holds for Jac,2—g ()
if and only if it holds for Ej. O]

6.4 The p-parity conjecture for elliptic curves over

totally real fields

We conclude this chapter by explaining how we are able to deduce the missing case
of the p-parity conjecture for elliptic curves over totally real number fields from the

2-parity results presented in the previous section.

Theorem 6.4.1. Let E be an elliptic curve with complex multiplication over a totally

real number field K. The 2-parity conjecture holds for E.

Proof. Write E : y*> = f(z) where f(z) = (x — a1)(z — ag)(z — a3). For v € K set
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fr(x) = f(x —~) and define E(y) = Jac,2—f (»). By Remark [6.1.2]
E(y) y* = (z+ (a1 +7)(az +7))(@ + (o1 +7)(as + 7)) (@ + (a2 + ) (@3 + 7))

from which it is clear that E[2] = E(v)[2] as Gx-modules. Since j(E(7y)) is a non-
constant rational function in 7y, there exists some 7y € K such that j(E(v)) € Ok
and so FE(7) does not have complex multiplication. In particular, the 2-parity
conjecture holds for E(v,) by [20, Theorem 2.4]. Applying Theorem [6.3.4] gives that

the 2-parity conjecture also holds for F. O]

Corollary 6.4.2. Let p € 7Z be a prime. The p-parity conjecture holds for all elliptic

curves over totally real number fields.

Proof. When p is odd, this is [51, Theorem E| and [49] Theorem A|. When p = 2
and the elliptic curve does not have complex multiplication, this is [20, Theorem
2.4]. When p = 2 and the elliptic curve has complex multiplication, this is Theorem
6.4, 11 O



Chapter 7

A Conjecture Concerning

Hyperelliptic Curves

In the previous chapter, we saw that a product of Hilbert symbols (=Definition
correctly describes the difference between local root numbers and the local invariants
appearing in Theorem when f;(z) is a monic cubic and f3(x) = = (=Theorem
. The entires of these Hilbert symbols depend only on the coefficients of the
cubic, resembling the construction of Dokchitser and Dokchitser ([17, Theorem 4|)

which addresses the case when f;(z) is a monic quadratic.

With this in mind, we now present a conjectural generalisation of these two re-
sults (=Definition [7.2.3] & Conjecture [7.2.5)), i.e. when we allow f;(z) to be a monic
polynomial of arbitrary degree. (The next, and final, chapter aims to deal with
the comparison in full generality, when f;(x), fo(x) are arbitrary coprime polynomi-
als.) We again describe the local difference as a product of Hilbert symbols whose
entries depend on the coefficients of f;(x); specifically, they arise as coefficients of

polynomials in the Sturm sequence for f(x).

We provide a proof of this conjecture over Archimedean local fields (=Proposi-
tions & and in certain nice cases when the field is non-Archimedean and
fi(z) is a quartic (=Proposition [7.2.11)). More generally, when the underlying field
is non-Archimedean, the conjecture is supported by numerical evidence.

As before, we highlight the global consequences of this local statement. For

instance, the 2-parity conjecture for Jacobians of hyperelliptic curves whose defining
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polynomial is completely reducible (=Corollary [7.2.7)).

The statements of some of the results of this chapter can also be found in [28].
7.1 Sturm polynomials
We recall the definition of the Sturm sequence for a real polynomial.

Definition 7.1.1. Let f(z) € R[z]. The Sturm sequence for f is a sequence of
polynomials Py, P, ... defined via

Py = f(z), P = f(x), Py1=-P_; mod P, fori>1,

where either deg P, < deg P; or P;;1 = 0. The sequence terminates once one of the

P; is zero.

Example 7.1.2. The Sturm sequence for f(x) = z* + ax + b € R[z] is
Lo o
Py = f(x), Pi(z) =2z + a, Py(x) = Z(a — 4b).
Example 7.1.3. The Sturm sequence for f(x) = z* + az? + bz + ¢ € R[z] is

Py = f(x), Py(x) = 32% + 2ax + b, Py(z) = §((2a® — 6b)x + (ab— 9c)),

Py(z) = m(cﬂ? — 4b® — 4adc + 18abe — 27c%),

(assuming Py(x) # 0, else Ps(x) is not defined).

Definition 7.1.4. Let Py, Py, ... be the Sturm sequence for f(z) € R[z]. Let
xo € R. Write k(xg) for the number of sign changes (ignoring zeros) in the sequence

of real numbers Py(zo), Pi(zo), - ...

Theorem 7.1.5 (Sturm’s theorem). The number of roots of f(x) € Rlz| in the

interval (a,b] C R is k(a) — k(b).

Since the Sturm sequence for f(x) provides us with a way to compute the num-

ber of roots it has in any half-open interval, we will see that it provides good can-
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didates for expressions in the coefficients of f(z) which control the behaviour of the

hyperelliptic curve y*> = f(x) (over the reals).

7.2 Conjecture based on experimental data

We now generalise the set up presented in in order to formulate an analogue of

Theorem |6.1.8 which works in higher genus.

Notation 7.2.1. Let K be a field of characteristic 0 and f(z) € K[z] be separable,
monic and such that f(0) # 0. Define curves over K by

X197 = fla), Xo: w? =z f(x), Xy’ = f(2?)
and let ¢ : Jacx, x Jacy, — Jacy denote the K-isogeny constructed in Theorem
3.3.2| (by letting fi(x) = f(z) and fo(z) = z).

Theorem [4.5.2] (again with fi(z) = f(z), fo(z) = x) gives the following formula

for the parity of the 2°°-Selmer rank of Jacx, x Jacy, (or equivalently, of Jacy).

Theorem 7.2.2. Let K be a number field and X, : y* = f(x), Xo : w? = zf(z) for
f(z) € K[x] separable, monic and such that f(0) # 0. Then

rko(Jacx,) + rko(Jacy,) = Z ordy Ay (f,z) mod 2

v place of K

where X\,(f,x) is as in Definition[4.5.9 Namely, for K a local field and f(z) € K|z]
separable, monic and such that f(0) # 0,

.

2dee /1 K ~C,
NJacy, NJac M(X )
# ket @ (Jacx, xJacx, ) ()° . flﬁajx ey ~ K~R,
Mlfz) = e(Facx, Je(Facx Ju(X) |
c(lJaCX)#(g() KC/Q, finite, p # 2,
c(Jacx, )e(Jacxy ) p(X1) ¢*wgacx )
\ e(Jacx )u(X) wgaCXIXJaCXO K IC/Q2 'ﬁnlte’

where X : y? = f(2?).
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As in the preceding chapters, we compare the terms (—1)°"92*(£:2) (in this arith-
metic analogue of the 2-parity conjecture for Jacy, x Jacx,) to w,(Jacx, )w,(Jacx,).

This comparison is carried out most easily over the reals, since computing
Ar(f, z) boils down to counting the connected components of the hyperelliptic curves
X1, Xo and X, which can be determined from the number of real roots of f(z) and
f(x?). Sturm’s theorem allows us to count the latter, i.e. the number of real roots
of f(x) greater than 0, and so the Sturm polynomials evaluated at 0 and oo provide

good candidates for invariants describing the required difference.

Definition 7.2.3. Let K be a local field of characteristic 0 and f(x) € Klz| be
separable and monic. Let Py, P, ..., Pgeg s # 0 denote the Sturm sequence for f(z),
write ¢; for the lead coefficient of P; and assume that H?i%f ~' P,(0) # 0. Define

deg f—1

Hi(f) = H (ciy —cit1)k - (—Fi(0), Pii1(0))x.

=0

Remark 7.2.4. When f is a quadratic, Example [3.3.5| notes that ¢ becomes a 2-
isogeny of elliptic curves and this construction recovers the error term given in [17,
Theorem 4| (see Example [7.1.2). When f is a cubic, this is precisely Hy(f) as in
Definition when b, L # 0 (see Example [7.1.3]).

Conjecture 7.2.5. Let K be a local field of characteristic 0 and X, : y* = f(x),
Xo @ w? = zf(z) for f(zx) € K[z] separable, monic and such that f(0) # 0.
Let Py, P, ..., Piegsr # 0 denote the Sturm sequence for f(x) and assume that
[1:57 7" P0) # 0. Then

(_1)0rd2)"C(f’x)H;C(f) = w,C(JaCXl)wic(JaCXO)

where Ac(f,z) is as in Deﬁmtion and Hi(f) is as in Definition .

If P,(0) =0 or deg P;.1 < deg P, — 1 for some 4, then Hi(f) is no longer well-
defined. It is expected that a different Hilbert symbol expression can be found so

that the conjecture still holds (as in Definition when 0L = 0).
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Corollary 7.2.6. Let K be a number field and X, : y* = f(z), Xo: w? = xf(x) for
f(z) € K[z] separable and monic. Assuming Conjecture the 2-parity conjecture
holds for Jacx, if and only if it holds for Jacy,.

Proof. This is argued as in the proof of Theorem [6.3.1] O]

Corollary 7.2.7. Let K be a number field and C : y* = f(x) for f(z) =
(x —ay) - (r — ap) separable with o; € K for each i. For each 1 < k < n — 2,
write Pro, ..., Pen—ir # 0 for the Sturm sequence of H?:k+1(x + oy, — o). Assum-
ing H,“ Py ;(0) # 0 and Conjecture holds, the 2-parity conjecture holds for the

Jacobian of C.

Proof. Let fi(x) = [[[_y(z+a1—a;) and fo(z) = 2. By Corollary 7.2.6} the 2-parity
conjecture holds for Jac,2—f 2)f) = Jace if and only if it holds for Jac,—_¢, ().
Applying this repeatedly, we end up seeing that the 2-parity conjecture holds for

Jace if and only if it holds for Jac,2—(z1a,_s—an_1)(@+an_so—an) = 0 O

7.2.1 Proof over Archimedean fields

In certain cases, we are able to prove Conjecture [7.2.5} for instance, when K is

Archimedean.
Proposition 7.2.8. Conjecture holds when K = C.

Proof. We have that (—1)o42A(f2) = (_1)dee/+1 (by definition), Hi(f) = +1 and

wi (Jacy, Jwi(Jacy,) = (—1)48/~1 (see Lemma [2.3.4)). O
Proposition 7.2.9. Conjecture [7.2.5 holds when K = R.

Proof. Write 71 < ... < Tgeg j—24 for the real roots of f(x) and let Lo, = 1if 0 < 7,

and 0 otherwise. By Lemmata [8.4.10[ and [8.4.11], it is enough to prove that

WO)T(“)J

Hi(f) = (1) Frmsssrimastocs, — (1) (7.1

since ¢ = 0 mod2 & Ay = cag, U > 0 & rK(00) = 0 mod2 and

_ | k(0)—k(co
ijdegf—H mod2]lo<7"j = L : )2 ( )J mod 2.
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Write sign(c;) = +1 if ¢; > 0, and —1 otherwise. Let ¢ = ¢, ¢}, ..., c;(oo) be a
sublist of ¢g, ¢1, ..., Cdeg s Such that sign(c;) # sign(cj, ;). Then
deg f—1 K(oc0)—1 o) oo
H (i, —Cit1)kc = H (¢, —cii)e = (<o, —Cll)fc(oo)'(_l)LTJ = (‘ULTJ
i=0 i=0

using that the list of ¢} alternates in sign and ¢ > 0 (f is monic). Doing the same

to construct a list Py(0) = Fy(0)', Pi(0)', ..., P (0) gives

deg f—1 k(0)—1
[T PO, Pese = [ (PO Pa0))e

= (—PO(O)/,H(O)/)Q(O),(_1)L@J — (_1)n(o)n(m)+L@J

since the list of P;(0)’ alternates in sign and sign(Py(0)’) = (—1)*©+%(>)  Therefore

(0)

M K KOO —
He(f) = (=D HsOnmea+ 2] ()l

H(O)-M(OO)J
2

as in (|7.1)). [

7.2.2 Proof over non-Archimedean fields for nice reduction
types, when f is a quartic

We are currently unable to prove Conjecture in complete generality since we
lack an understanding of the relationship between the entries of the Hilbert symbols
defining Hy(f) and the reduction types of X;, Xy and X over non-Archimedean
fields.

Despite this, we are able to prove the simplest unsolved case: when K is non-

Archimedean of odd residue charcteristic, f(z) is a quartic and X;, X, have nice

reduction types (see Proposition when deg f = 3 and [17, Theorem 4] when
deg f = 2).

Notation 7.2.10. Let K be a field and f(z) = 2* + ax® + bz? + cx + d € K|x] be
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separable. Write A for the discriminant of f(x) and define

Jl = 3@2 — 8b,
Jy = 2ab* — 8b® — 6a3c + 28abc — 36¢? — 12a%d + 32bd,
Js = ac— 16d,

Ji = a’bc — 4b*c + 3ac® — 9ad + 32abd — 48cd.

When K = K is a local field of characteristic 0, for such a quartic f(z),
Hi(f) = (Ji, =)k (2, =Ap)x - (=d, o) - (—¢, J3)ic - (=3, Ja)k - (—Jas Af)xc

(assuming that Jy, Jo, Js, Jy, Af, d, ¢ #0).
Since the entries of these Hilbert symbols come from the Sturm sequence of f(z),
which is determined recursively via Euclid’s algorithm, there are various identities

relating them. For example,
leAf + Jljf + J22J3 — 2((1[) — 6C)J2J4 = 0. (72)

Proposition 7.2.11. Conjecture holds when IC/Q, is finite, p # 2, f(x) €
Ok|[z] is a quartic and both X1, X, are semistable with Y.y, = @9009), (@® eee) or

@@.0'

Proof. The inputs of Table (columns 1 and 2) are the possible cluster pictures
for Xy and X, where the roots of f are denoted by red circles () and the root 0 (of
x) is denoted by a blue diamond (¢), under the imposed assumption. We note that
p(X1) = p(X) = 1, since X; has genus 1 and X has genus 3 (c.f. Theorem [2.4.11)),
and so we don’t declare these quantities.

Column 3 gives the cluster picture for Jacy,, which is determined from the
cluster picture for X; using Remark (normalised so that dgr = 0).

Column 4 gives the dual graph of the minimal regular model for X, where an

arrow is used to indicate the action of Frobenius. This is determined using Theorem
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2.4.14) (letting fi(z) = f(z), fo(z) = x so that B becomes X, whose chromatic
cluster picture is as in column 2).

Columns 5, 6 and 7 list the Tamagawa numbers for Jacy,, Jacy, and Jacy,
where the first and second are calculated from their cluster pictures using [60, Table
15.1] and Theorem respectively, and the third is calculated from Yx using
Theorem 2.3.3

Column 8 gives the value of (—1)°rdzAc(f:2),

Columns 9 and 10 give wi(Jacy,) and wi(Jacy,) calculated using Theorems
2.3.6] and [2.4.10] respectively.

It remains to compute the value of Hy(f). Unless specified otherwise, equiv-

alences are taken modulo w, where 7 is a uniformiser of K and we write v for a
normalised valuation on K, i.e. v(7) = 1. By assumption, a,b, c,d € Ox and we let

o, g, a3, oy denote the roots of f.

Row 1. d, A are units. A case-by-case analysis of the valuations of J; and .J,
gives that (J1, —J2)(J2, —Ay) = +1. This is clear when J; is a unit, since either J,
is also a unit, or J, =0 = —J;Ay =0 by . Write J; = Z7F (for k > 0) and
a® — 16¢ = Yr! where Z,Y # 0. Since Ay = —(a* — 256d) - O (where O denotes a
square unit), we have that a* — 256d is a unit. If k # 2I, then the identity follows
using that J, = Z(a*—256d)7*-0 mod 7%+ when k < 2l and J, = —7?-00 mod 72'+?
when k > 20 (where [J again denotes a square unit). If & = 2[, then either v(J5) = 2I
or Z(a* — 256d) = O and again the identity holds. Similarly, a case-by-case analysis
of the valuations of ¢, J5 and Jy gives that (—d, c)(—c, J3)(—Js, Js)(—Js, Af) = +1.
This is clear when ¢, J3 and J; are all units. When J3 is a unit, the product becomes
(¢, —dJs)(Jy, —J3Af) which is visibly equal to +1 upon observing that ¢ = 0 =
—dJs = 16d* and J; = 0 = —J3A; = O (when J; # 0 this follows from (7.2), else
3 =0 or a® = 16¢). Now suppose that J3 = 0. If ¢, J; are units then —cJ; = .
Otherwise, write J3 = Z7* and J; = Ya! where Z,Y # 0 and k,I > 0. Since
Ay = 3c(a® — 16¢) - O (where O denotes a square unit), we have that 3, a® — 16¢ are
units. It remains to show that (7%, —cJy)(Jy, —3Zc(a® — 16¢)) = +1. If k # 21, then
the identity follows using that J, = —3Z(a® — 16¢)7* - 0 mod 7**! when k < 2/ and



7.2. Conjecture based on experimental data 119

Jy = —cr? - O mod 72+ when k > 21 (where [J denotes a square unit). If k = 21,
then either v(Jy) = 21 or —3Zc(a® — 16¢) = O and again the identity holds. In
conclusion, Hi(f) = +1.

Rows 2, 3. d = 0 and Ay is a unit (therefore, so is ¢). Arguing as above,
again gives that (J;, —J2)(J2, —Af) = +1. Additionally, a case-by-case analysis of
the valuations of J; and Jy gives that (—c, Js3)(—Js, Jy)(—Js, Ay) = +1 where we
argue as before when J; # 0. Otherwise, write J; = Wa*, d = Yr!, b = Z7* where
W,Y,Z # 0 and k,l,i > 0, then Ay = —3 - where O denotes a square unit (3
is a unit since Ay # 0). It remains to show that (—c,7%)(3Wr*, J,) = +1. This
follows from observing that J; = 3c¢Wr*F — er* - O mod 7™ {k43+1 when 21 < 1,
Jy = 3cWrk — e . O mod 7™in{k:23+1 when 21 > 4 and J;, = 3cWak — c(czZ —
96Y2)274 . O mod 7™ {F4U+1 when 2] = i (where OJ denotes a square unit). In
conclusion, letting v(ay) = m, Hi(f) = (—d, ¢) = (—asazay, 7)™ which evaluates to

the claimed values upon varying the sign attached to the twin.

Rows 4, 5, 10, 11. Suppose that v(a; — az) = 5, then Hg(f) =
(J1, =J2)(—azau, c)(—c, J3)(J3, —(oq + o) (a3 — ay)?) (222 7). Since J, is a unit
and J1 = 0 = J, = —Z(a® — 16¢)* we have that (J;,—J;) = +1. That
(—azay, c)(—c, J3)(J3, — (a1 + az)(as — ay)?) = +1 can be seen via a case-by-case
analysis of the valuations of ¢ and J; since ¢ = 0 = J3 = —agay -0 # 0 and

J3=0=c=—( +az)(az — ay)? -0 # 0. Therefore He(f) = (4422, 7)" which

evaluates to the claimed values upon varying the signs attached to the twins.

Rows 6-9, 12-15. Suppose that v(a; —ay) = § and v(a3) = m, then Hx(f) =
(J1, =) (7™, —ay) (— (a1 + ag)ay, Jg)(%,ﬂ”). Arguing as above (Jy, —Js) = +1
and since J3 =0 = a1 + ay = —ay, Hi(f) = (—a4,ﬂ)m(%,ﬁ)” which evaluates
to the claimed values upon varying the signs attached to the twins.

Rows 16-18. Suppose that v(a; — az) = % and v(ag — ay) = %, then
Hic(f) = (Jo, =Ap)(— (a1 + az)(az + o), Jo) (= Ju, Af).

Suppose that ny > ny. Since Jo = 2(az — ovg)? (9522 — a3)? (49322 — oy )? mod 7™

and Jy = —(an +ag) (o — o) *(H52 — a3)* (M52 — ay)® mod 7, H(f) = (2(as —

ay)?, —(o1 —ag)*(as—u)?) (= (1 +ag)(as+as), (ag—aq)?) (a1 +az) (as— o), (a1 —
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ag)?(ag—ay)?) = (m, 2Fa2)m (g, 2atas)me This evaluates to the claimed values upon

varying the signs attached to the twins.

Suppose that ny = ny. Write (o — ap)? = S7™, (a3 — ay)? = Ta™ where
S, T # 0, then Hi(f) = (Jo,—ST)(Js, —ST (o1 + az)(az + a4)). Observe that
Jp = 2™ (o2 — astad)2(§ 4 T) mod 7™ F! and Jy = —n™ (902 — qadaa)((qy 4
ay)S+ (1 +a2)T) mod 7™+, Via a case-by-case analysis of the valuations of S+ T
and (a3 + a4)S + (a1 + ao)T it can be seen that Hi(f) = ((aq + ag)(as + ay), m)™.
This evaluates to the claimed values upon varying the signs attached to the twins.

Rows 19, 20. Write (o — ag)? = S7", (a3 — ay)? = T'r" where S, T # 0, then
Hie(f) = (J2, =ST (522 — 22f24)2)(Jy, =ST (a1 + an)(as + ) (4522 — 225e4)?),
Arguing as above, via a case-by-case analysis of the valuations of S + T and (a3 +
a4)S + (ag + ao)T, it can be seen that Hi(f) = ((a1 + ao)(as + ay), 7)™ which
again evaluates to the claimed values upon varying the sign attached to the orbit of

twins. ]



Chapter 8

The Parity Conjecture for
Hyperelliptic Curves

We now shift our attention to arbitrary genus hyperelliptic curves, where, be-
yond genus 2, very little progress has been made towards proving the Birch and
Swinnerton-Dyer and parity conjectures.

So far in this thesis, we have been able to deduce several instances of the parity
conjecture for low genus curves (under assumptions on the Shafarevich-Tate group)
through comparing the terms appearing in Theorem to local root numbers.
We began thinking about higher genus curves in the previous chapter (hyperelliptic
curves whose defining polynomials have a linear factor), and we provided a conjec-
tural generalisation of the method of Chapter 6] Here, we advance this further by
considering all hyperelliptic curves.

Our strategy is to reduce the problem to studying hyperelliptic curves with nice

models (those whose Galois group is a 2-group).

Definition 8.0.1. Let C': y*> = f(x) be a hyperelliptic curve over a number field K.
If f(x) = fi(z)fa(z) for fi(x), fa(x) € K[z] with deg f1, deg fo < deg f, then
we call C' a Cy x Cy-hyperelliptic curve.
If f(z) = fo(x)fo(x) for Galy, x-conjugate polynomials fo(x), fo(z) € L[] where

L/K is a quadratic extension, then we call C' a Dg-hyperelliptic curve.

For both kinds of hyperelliptic curve, we present an arithmetic analogue of the

2-parity conjecture i.e. a method to compute the parity of the 2°°-Selmer rank of



122

their Jacobians from the local data attached to higher genus curves (=Theorems
& 18.2.6). In the setting of Ds-hyperelliptic curves, we use properties of the

Well restriction to achieve this.

As in previous chapters, we then compare the local data appearing in these

constructions to local root numbers and provide a conjectural description of the

difference (=Conjectures [8.3.8 & [8.3.11)) which we call the error term. The main

feature of the error term is a product of Hilbert symbols whose entries are defined via
the roots of the hyperelliptic curve’s defining polynomial, rather than its coefficients
(as in Chapters |§| and . We observe that, when considering elliptic curves, this

recovers the error term exhibited in [I7, Theorem 4].

There are several cases in which we are able to prove the aforementioned con-

jectures (=Theorems [8.3.10| & [8.3.12)); namely, at infinite places of the number field

and at finite places where the reduction type of the hyperelliptc curve is nice. We
expect to be able to prove the remaining cases using the following argument which we
omit from this thesis (since it is work in progress). First, we show that the theorems

hold over completions of (global) function fields with the reduction types specified

in [8.3.10] & [8.3.12] Then, we extend this to all reduction types over completions of

function fields using a global-to-local method (resembling the proofs of Propositions

.2.8 & [6.2.11)), since the parity conjecture is known to hold over function fields.

The proof is complete upon observing that the truth of Conjectures [8.3.8 & [8.3.11]

depend only on the cluster pictures (or similar local data) and that the function field

setting covers all possibilities.

We conclude the chapter with a discussion of the global implications of our
local results. In particular, we explain how the parity conjecture for semistable
hyperelliptic curves follows from the error term conjectures for Cy x Cy- and Dg-
hyperelliptic curves, and the finiteness of the Shafarevich-Tate group (=Corollary
. We also highlight the instances of the 2-parity conjecture which follow from
cases of the error term conjectures we've been able to prove, and therefore hold

unconditionally (=Theorem [8.6.6]).
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8.1 Reducing the problem to curves with nice auto-

morphisms

Our first step towards proving the parity conjecture for semistable hyperelliptic

curves is to reduce the problem to a smaller family.

Theorem 8.1.1. Let K be a number field. Suppose that the 2-parity conjecture holds
for the Jacobians of all CoxCs-hyperelliptic curves over K, and of all Dg-hyperelliptic
curves over K whose defining polynomial has degree a power of 2.

Let C : y? = f(x) be a semistable hyperelliptic curve over K and write R C K
for the set of roots of f(z). If Ul(Jace/K(R))[p™] is finite for each prime p < deg f,
then the parity conjecture holds for the Jacobian of C'.

Proof. Applying |24, Theorem B.1]| with F' = K(R) and A = Jace (for which there
are no primes of unstable reduction), we see that it is enough to prove the parity
conjecture for Jacc /K (R)" whenever H < Galg )/ is a 2-group. This is equivalent
to the 2-parity conjecture for Jace/K (R)H, since #11(Jace/K(R))[2°°] and hence
#I(Jace/K(R)H)[2°] are assumed to be finite. The 2-parity conjecture for such
curves follows from the 2-parity conjecture for Jacobians of all hyperelliptic curves
such that the Galois group of their defining polynomial is a 2-group. We now show
that these are either Cy x Cy-hyperelliptic curves, or Dg-hyperelliptic curves whose
defining polynomial has degree a power of 2.

Let C : 4> = f(z) be such a curve, i.e. G := Galy(zy/k 1s a 2-group where
R C K denotes the roots of f(z).

If f (x) is reducible over K, then C is a CyxCy-hyperelliptic curve and the parity
conjecture holds by assumption.

It f (x) is irreducible over K, then G acts transitively on R. Fix r € R. As
G is a 2-group, there is a chain of normal subgroups Stabg(r) = Hy < Hy < Hy <
... < H,_; < H, = G with each successive quotient having size 2 (c.f. the Sylow
theorems). By the orbit-stabiliser theorem, H,,_; permutes R in two orbits 7@1, 7~22
which are preserved by G (since H,_; is normal in G). Therefore f(x) = fo(z) fo(x)
over L = K(R)"n-1 (where the roots of fo(z), fo(z) are Ry, R respectively), i.e. C
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is a Dg-hyperelliptic curve whose defining polynomial has degree a power of 2, and

again the parity conjecture holds by assumption. O]

8.2 Controlling the parity of the rank

We now explain how we can use familiar local data and lower genus hyperelliptic
curves to determine the parity of the 2°°-Selmer rank of the Jacobian of a Cy x Cs-

or Dg-hyperelliptic curve.

8.2.1 (5 xCs-hyperelliptic curves

Theorem 8.2.1 (=Theorem 4.5.2). Let K be a number field and X, : y* = f1(z),
Xy 22 = folx), Xo : w? = fi(x)folx) where fi(x), fo(x) € K[z] are such that
fi(z) fa(x) is separable. Then

rko(Jacy, ) + rko(Jacy,) + rke(Jacy,) = Z ords Ay (f1, f2) mod 2

v place of K

where \,(f1, f2) is as in Definition[}.5.9

8.2.2 Dg-hyperelliptic curves
Let K be a field of characteristic 0 and K (1/€)/K be a quadratic extension.

Notation 8.2.2. Let fo(x) € K(y/€)[z] be such that fo(x)fy(x) is separable, where
fo(z) denotes the Galg(,g),k-conjugate of fo(x). Define curves over K by

C:v* = folx) folx), X Ay* = folw), 2 = folo), w* =&}

(for a model of X fixed by Galy( gk, instead consider {y* 4+ 2> = fo(z) +
fol@), (y2)? = fola)folz), w* =&}).

The group G = Dg := (0, 7) acts on X where o0 : (z,y,z,w) — (z,z, —y, —w),
7 (x,y,z,w) — (x,y,—z,w). There are three linearly independent Brauer relations

for G, one of which is given by

(1) + {0 01y — (6%, 7) — (10).
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Applying Theorem [3.2.2)(ii) with respect to this gives the existence of an isogeny

JacXﬁ> x Jacx — Jacxw%> X JacX<m>.

(62,07)
The quotients of X by the subgroups of G, up to conjugacy, are displayed in

Figure [8.1}

X

/\
.

X( { fO('r ) w? =

/

027> {x, w? = <a> C= XO'QO’T ‘v :fO ) ( )

\/

(with parameter x)

Figure 8.1: Dg diagram of covers of curves

Additionally, since the function field of X (., is K(X)") = K(z,y + z) (c.f. §2.1.7)

we see that

X' = Xy ' = 2(fo(@) + fol@))u? + (fol) — fol))? = 0

Notation 8.2.3. Write Cj : y% = fo(x), Cp : 22 = fo(z) for hyperelliptic curves over
K (/€) and Resy(, g/ rJace, for the Weil restriction of Jacg, from K(v/€) to K (see

23).

In the next lemma, we note that the K-isogeny identified above can be rewritten
in terms of these explicit curves. Additionally, we show that, when viewed over the

quadratic extension K (y/€), the isogeny coincides with the one constructed in .

Lemma 8.2.4. As abelian varieties over K, Jacx, , = Resy (g kJacc,. In particu-

()
lar, there exists a K-isogeny ¢ : Resg (g /xJace, X Jace — Jacx: with

ker¢ = {((DS, Dr), DSUT) 1S C Ry, T C Ry, have even size}
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which, via the isomorphism noted in (2.1), becomes the K(\/€)-isogeny Jacg, X
Jacg, x Jace — Jacys constructed in Theorem (with K replaced by K(+/€),

fil@) = fo(z), fola) = folx)).

Proof. The isomorphism is immediate from [23, Lemma A.22].

The proposed kernel is a finite subgroup of Resy (/) Jace, (K)xJaco(K) and is
stable under the action of Gk, since O'((DS, Dr), DSUT) = ((DU(S), Do), DU(S)UJ(T))
or ((DU(T),DU(S)),DU(S)UU(T)) for 0 € Gk. Therefore, [44, Chapter 4, Lemma 2.1|
guarantees the existence of a K-isogeny ¢ : Resy( g, Jacg, x Jacc — A (for some

abelian variety A/K) with such kernel.
Applying the construction in with fi(z) = fo(x), folx) = fo(x) gives rise

~

to a K(y/€)-isogeny Jacg, x Jacg, X Jaco — Jace_pw) 2=fo@) = Jacxy, with
the isomorphism following from the curves viewed over K(1/€) having the same
function fields (|62, Tag 0BY1]). By Lemma [3.3.7] this isogeny has the same kernel
as the isogeny ¢ (as above) and so it must in fact be defined over K, giving that

A= Jacy:. O

Definition 8.2.5. Let K be a local field of characteristic 0, K(1/€)/K be a quadratic

extension and ¢ : Resg(z)/cJacc, X Jacc — Jacxs be the K-isogeny as in Lemma

8.2.4L We define the local invariant A\x(fo; v/€) to be

( Nyace  pc(C) ~
# ker gb'(ResK(\/g)/,CJaCCOXJacc)(lC)Omm K ~R,
exc(Jace)ex (g (Jaccy) pc(C)px (g (Co) .
9 cx(Jac) i (X7) K/Q, finite, p # 2,
cic(Jace)e Jac C C ¢*W? K .
K ( f)(?;;/ézg Co) px( ):u'}(c)\(/lg))( ) wg acy// ’C/@Z ﬁnlte.
L K X 2 ReSK(\/E)/KJaCCOXJaCC/K Kc

Theorem 8.2.6. Let K be a number field, K(\/€)/K a quadratic extension and
C 0% = folx) fo(x), Co: y? = fo(z) where fo(x), folx) € K(\/E)[z] are Galg ()

conjugate and fo(z)fo(z) is separable.

Assuming that I (Jace/K), I (Jace, /K (V€)) are finite,

rk(Jace/K) + rk(Jace, /K (\/€)) = Z ords Ay (fo; v/€) mod 2

v place of K
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where X\, (fo; /) is as in Deﬁm’tz’onm when K,(v/€)/K, is a quadratic extension
and X(fo; V) == Ak, (e (fo, fo) is as in Deﬁm’tian when K,(V€) 2 K,.

We will prove this below by applying the isogeny invariance of the Birch and
Swinnerton-Dyer conjecture to the K-isogeny ¢ : Resg(z)/cJacc, X Jace — Jacxs

constructed in Lemma [8.2.4. Since this isogeny involves a Weil restriction, the proof

is slightly more delicate than those of Theorems [4.3.3| and [4.4.4]

Lemma 8.2.7. Let K be a number field and © = (1) + (0%,07) — (02, 7) — (70).
Then,
Co(Jacx(K) ®7 Q) = grk(Jace / K)+rk(Jaco, /K (V%))

Proof. Write Jacx (K)®zQ = x{" &x{™ & x " @ x =™ @ p® for the decomposition
into irreducible representations of Dg, where each x has dimension 1 with subscripts
denoting the images of o, T respectively, and p has dimension 2. By [I8, Example

2.22),

Co(X++) =Colx+-) =1, Co(x-+) =Co(x--) =Co(p) =2

and so Lemma yields that Cgo(Jacy(K) ®z Q) = 2mstmatns  Applying
Lemma [2.1.14] with H = (02, 07) and taking dimensions immediately gives that
rk(Jaco/K) = ny 4+ ng. Instead letting H = (1), we see that

ny + ng + n; = rk(Jacx, /K) = rk(JaCCO/K(\/Z))

since H fixes a 1-dimensional subspace of p and Jacx,, = Resy( )k (Jacg,) (Lemma

8.2.4]). The result then follows. O

Proof of Theorem[8.2.6 Consider the K-isogeny ¢ : Resg( g xJace, X Jacoe —
Jacx: as given in Lemma [8.2.4f As in the proof of Theorem [4.2.2]

C(Res Jacg, x Jace) #II(Jace,)#II(Jace)

X2
C (Jacx) A1 (Jacy) mod @

Co(Jacx (K) ®7Q) =

having used that HI(Resy ), xJacc,) = M (Jace,) (see [41, Theorem 1]).
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Let w be a non-zero global exterior form for Jacxs which is minimal at all places

of K above 2 (c.f. Lemma [4.2.6)), and let v’ = ¢*w. Applying Lemma when
v | 0o, multiplicativity of ¢, when v t 0o, and Theorem [2.3.11], gives that

0
¢*UJ wJaCX/

W

#Hker p(K,) co(Res Jacg, ) e, (Jace)
H # coker ¢(K,) H co(Jacx:)

place of K place of K

0
WRes JacgyxJaco

mod Q*?

0(C) Tl 10(Co)
H po(X7)

v place of K

where w denotes a place of K (\/€).

In light of Lemma [8.2.7] it remains to show that the 2-adic valuation of the
displayed term at a place v of K has the same parity as ordy A, (fo; v/€).

Suppose that there are two places wy,wy of K(y/€) above v. In particular,
Ko(V€)w, =2 K, for i = 1,2 and {Co/K(V€)w,, Co/K(VE)w,} = {Co/K,, Co/K,}.
By definition, X,(fo;v€) = Ag,(ve(fo, fo). When K, = C, this is clear since
# coker p(K,) = 1, #ker ¢(K,) = 2298/0=3 wwhen deg fy is even, 229¢¢/0=2 when
deg fy is odd, and p = 1. When K, = R, this follows from and |24, Lemma
3.4]. When K,/Q, is finite, this follows from and that ordy(| - |,) = 0 when p
is odd.

Now suppose that there’s a unique place w of K (1/€) above v so that K(1/€),, =
K,(V/€) is a quadratic extension of K, and A,(fo; /) is as in Definition [8.2.5
When K, = R (and K(1/€), = C), this follows from [24, Lemma 3.4] and the fact
that Res Jacg,(R) = Jace, (C). When K,/Q, is finite, this clear upon noting that
co(Res Jace,) = [1,, cw(Jace,) (see [A1, Proposition 2(a)]) and that ordy(| - [.) =0
when p is odd. O

Theorem provides an analogous local formula for the parity of the 2°°-

Selmer rank of Resg(, g/ xJacc, X Jace.

Theorem 8.2.8. Let K be a number field, K(\/€)/K a quadratic extension and
C:v? = fo(x)folx), Co:y? = folx) where fo(x), fo(z) € K(VE)[x] are Galg e /x-
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conjugate and fo(x)fo(x) is separable. Then,

rky(Jace/K) + rko(Jace, /K (V€)) = Z ordy Ay (fo; v/€) mod 2
v place of K

where A\, (fo; VE) is as in Definition[S.2.5 when K,(v/€)/K, is a quadratic extension
and X (fo; V€)== Ak, (ye)(fos fo) is as in Deﬁm’tz’on when K,(/§) 2 K,.

8.3 Exhibiting an error term

Here we describe a conjectural error term for the formulae given in Theorems
8.2.1( and . More precisely, we construct a product of Hilbert symbols
which we aim to show controls the difference between the local invariants appearing
in these formulae and relevant local root numbers.

Let K be a field of characteristic 0 and let f(z)g(z) € K|x] be a separable
polynomial with f(z), g(z) € L[z] for L/K finite and such that the set {f(x), g(x)}
is fixed by Galy, x. Write Ry, Ry C K for the roots of f(z), g(x) respectively.

Assumption (%). For each distinct pair 7,70 € Ry and s € R, assume that

r1 + ro # 2s. Similarly upon swapping the roles of f and g.

Lemma 8.3.1. Let K be a field of characteristic 0 and f(x)g(x) € Kl[z]. There

evists a t € K such that fi(r) = f(:55), 9:(x) := g(15;) satisfy|Assumption (%)

1—tx

Proof. The roots of fi(r), gi(w) are {35 : 7 € Ry}, {175 : 7 € Ry} respectively.
We note that

71 79 s r1+1ry —2s

1+t7“1 1+t7“2 1+ts S(T’l +7“2) —27'17'2

Therefore, for all but finitely many ¢t € K, f;(z), g:(x) satisfy Assumption (). [

Notation 8.3.2. Let

T = {{7“1,7"2,5} tr#re € Ry, s E€R, or r17ér2€72g,s€7€f}.
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For T' € T, write I'r < Gk for the subgroup of elements preserving 1" as a set and

let K(T) =K'

T = K(ry +re,rira, 8).

Definition 8.3.3. Let T' = {ry,rs,s} € 7. When K = K is a local field, we define
Hi(T) = H{(T)H2(T) € {£1} where
Hl(T) = <_(T1 + 712 — 28), _(Tl - S)(TQ - S))IC(T)’
HQ(T) = (%(Tl + 7"2) — S, (7”1 — T2)2)IC(T)'
Definition 8.3.4. Let O denote a Gg-orbit of T and fix an orbit representative

To € O. When K = K is a local field, we define

Hi(f,9) = [ He(To) € {1}

0€eT/Gk

which we denote by H,(f,g) when K = K, (for K a number field, v a place of K).

Example 8.3.5. Let K be a local field of characteristic 0, f(z) = 22 +azx+b € K[z]
and g(z) = 2. Then T = {{ry,r2,0}} where ry,r, € K denote the roots of f(z).
Let T'= {ry,r9,0}. Since K(T') = K, it follows that

Hi(f,9) = (a,=b)x(—3a,a®> —4b)x = (a,—b)x(—2a,a® — 4b).

We note that this is the error term for elliptic curves admitting a 2-isogeny found

in [I7, Theorem 4.

Lemma 8.3.6. Let K be a number field and suppose that Gk acts transitively on

SCT. FizxT € S. For each place v of K, there’s a one-to-one correspondence
{Gk,-orbits of S} «— {places w | v of K(T)}.

Explicitly, fizing a place z of K above v, 07! € Gk induces an isomorphism of local

fields
K,(oT) =2 K(T)y-14,



8.3. Exhibiting an error term 131
where w is a place of K(T) such that z | w.

Proof. We have an isomorphism S = G /G k() of Gk-sets and, fixing an embedding
K — K,, or equivalently a place z | v of K, an isomorphism Gy, = D, of groups
(where D, denotes the decomposition group of G ). Both the Gk, -orbits of S and
the places w of K(T') above v are in one-to-one correspondence with the D, — G K(T)
double cosets of G (for the latter, see e.g. [52, Chapter 1, §9]). In particular, let
To = oT be arepresentative for O € S/Gk, (for some o € Gk ). Then O corresponds
to the place w of K(T) such that o7'z | w.

Let w be a place of K(T') such that z | w. Writing w = mz_ N Ok(r) we see
that K,(cT) = K(oT),. Applying o~! gives the required isomorphism. O

Theorem 8.3.7. Let K be a number field and f(x)g(x) € K|x] be a separable poly-
nomial with f(z), g(z) € Llx] for L/K finite and such that the set {f(x),g(x)} is
fized by Galp k. Then

II #((r9 = +1

v place of K

where H,(f,g) is as in Definition [8.3.4)

Proof. Suppose that G acts transitively on S C 7 and fix T € S. Let O € S/Gg,
be represented by the triple T = oT', for some o € G.

Fix v a place of K. By the correspondence and isomorphism of local fields
detailed in Lemma the product of K,(o7T)-valued Hilbert symbols H,(cT) is
equal to the product of K(T'),-valued Hilbert symbols H,,(T), where w is the place

of K(T) in correspondence with O (i.e. ¢!z | w). In particular,
Il B.(T) = 11 H,(T).

0eS/Gk, w|v place of K(T)

Taking the product over places v of K gives +1 (by the product law for Hilbert
symbols over K(T')) and the result follows upon applying this to each G g-orbit of
T. O

We now explain the manner in which Hy allows us to describe the difference

between the local invariants A\ of Theorems |[8.2.1] and [8.2.8| and local root numbers.
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We begin with the construction concerning Cyx Cy-hyperelliptic curves (those whose

defining polynomials are reducible).

Conjecture 8.3.8. Let K be a local field of characteristic 0 and X, : y* = fi(x),

Xa: 2% = fo(2), Xo : w? = fi(2) fa(@) for fi(z), folx) € Klz] such that fi(z) fo(x)
is separable and|Assumption (%) holds. Then

(n1—1)(ng—1)

(1)Ul (Jacx, Jwe (Jacx, Jwi (Jac,) = (=1, —1)L ’ ]HIC(f17f2)'

%nz(nngl) %nl(nlJrl) ning

(_1>Cf1 Ct, )/C(Cfucfz)lc (Af1Rf1,f2’sz)’C(Aszfmflvcﬁ)iC

where cy,, n; denote the lead coefficient and degree of f;, A denotes the discriminant,
R denotes the resultant, Hy(f1, f2) is as in Definition and Ac(f1, f2) is as in
Definition [{.3.9

Remark 8.3.9. When f;(z) € K[z] is a monic quadratic and fo(z) = z, this is [17,
Theorem 4| (c.f. Example for Hy in this case). An open problem is to show
that this becomes Theorem when fi(x) € Kz] is a monic cubic and fo(x) = x.

Unfortunately a complete proof of Conjecture [8.3.8|is currently out of our reach,
with particularly troublesome cases being when K/Qq, or when IC/Q, and Jacx, x
Jacy, x Jacy, is not semistable over K (in these situations, the theory concerning
the local invariants for hyperelliptic/bihyperelliptic curves is much less developed).

However, in the next section we provide proofs in the following cases.

Theorem 8.3.10 (Local Theorem III). Let K be a local field of characteristic 0 and
Xyt = fi(z), Xo: 22 = fo(x), Xo : w? = fi(z) fa(x) for monic fi(z), folx) € K[z]
such that fi(z)fa(x) is separable and|Assumption (%) holds. Conjecture holds

when:

(1) K is Archimedean,

(2) K/Q, is finite, p # 2, and the reduction of fi(x)fa(x) has at worst one double

root, or

(3) K/Qy is finite and X1, X, Xo have good ordinary reduction with
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Sy, = (@..,609., @) Yx, = (@9,,@9,, - ,‘.HDW

07

ZXO = (z'(l). o (-(1)p(r1)' o u(lDO.

In particular,

(n1—1)(no—1)

(—1)ord el (Jacy, Jwi(Jacy, ) (Jack,) = (-L-UL ’ Hi(f1, f2)

where n; denotes the degree of f;, Hi(f1, f2) is as in Definition and Ac(f1, f2)
is as in Definition [[.3.9

Proof. For (1), this is Propositions [8.4.1| and [8.4.12] For (2), this is Proposition
8.4.16, For (3), this is Proposition [8.4.21 O

We now state an analogous local conjecture and theorem for Dg-hyperelliptic
curves (those whose defining polynomials are irreducible but admit a factorisation
over a quadratic extension). In view of the parity conjecture, it is enough to consider

such curves whose defining polynomials have degree a power of 2 (c.f. Theorem|8.1.1)).

Conjecture 8.3.11. Let K be a local field of characteristic 0, K(v/€)/K be a
quadratic extension and Cy : y* = fo(x), C : w* = fo(x)fo(x) for Gali(gx-
conjugate fo(x), fo(x) € K(VE)[x] of degree n = 2™ > 1 such that fo(x)fo(x) is
separable and |Assumption (x) holds. Then

(_1)0rd2)"<(f0?\/g)w;c(JaCC)wIC(\/Z) (JaCC’o) =

<_17 _1)’CH/C(f07 fTO)(_l? Cfofo)l%(Rfofm Cfofo)’C(Afo’ CfO)’C(\/E)

where cy,, cz, denote the lead coefficients of fo, fo respectively, /A denotes the discrim-

inant, R denotes the resultant, Hx(fo, fo) is as in Definition and A (fo; VE) is
as in Definition |8.2.5]

As in the case of (5 x Cy-hyperelliptic curves, at present we are only able to

prove this conjecture in certain instances. This is the focus of §8.5
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Theorem 8.3.12 (Local Theorem 1V). Let K be a local field of characteristic 0,
K(H/€)/K be a quadratic extension and Cy : y? = fo(x), C : w? = fo(z)folx) for
monic, Galg( /g /xc-conjugate fo(x), fo(z) € K(v/€)[x] of degree n = 2™ > 4 such that
fo(z) fo(x) is separable and [Assumption (x) holds. Conjecture holds when:

(1) K is Archimedean (i.e. K = R),

(2) K/Q, is finite, p # 2, and the reduction of fo(z)fo(z) has at worst two double

roots, or

(3) K/Qyq is finite, K(v/€)/K is unramified, and Cy, C' have good ordinary reduction
with

ZC’o/lC(\/E) = (,,‘(1)1‘(11"' "‘("‘Dn; EC’/IC = (m)"‘ @9,,@9,, A-ug“.

In particular,
(—1)°rd22e o0y (Jace ) wi( e (Jace,) = (=1, —1)cHi(fo, fo)

where Hi(fo, fo) is as in Definition and M (fo; VE) is as in Definition [S.2.5,

Proof. For (1), this is Proposition [8.5.7] For (2), this is Proposition [8.5.13] For (3),
this is Proposition [8.5.14} O

Remark 8.3.13. We omit a proof of Theorem [8.3.12| when deg fy = 2 for ease of
exposition (in this case the methods used to compute the required local invariants
are different). This does not impact the global results we obtain since, when K
is a number field and fo(xr) € K(1/€)[z] is a monic quadratic, Jacc is an elliptic
curve with a K-rational 2-torsion point (see Remark for which the 2-parity

conjecture is already known to hold (|20, Theorem 1.8]).

Remark 8.3.14. We note that when K£/Q, and X, X5, Xo/K or Cy/K(V€), C/K

have good ordinary reduction, |25, Theorem 1.2] guarantees that the curves admit

models with the cluster pictures specified in Theorems [8.3.10 and [8.3.12| whenever

the size of the residue field of K exceeds the genus of X, or C.
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Remark 8.3.15. When K£/Q, and p # 2, we expect to be able to generalise the
proofs of Propositions [8.4.16] and [8.5.13] to prove Conjectures [8.3.8 and [8.3.11] when-

ever the hyperelliptic curves are all semistable with nice cluster pictures; for instance,

their top clusters are principal and not iibereven.
Given this generalisation, we then expect to be able to use deformation argu-

ments to extend the proof to the cases when
e p # 2 and Xy, C are tame, and
e p =2 and X, C have good ordinary reduction.

This is work in progress.

8.4 Proof of Local Theorem 111

Throughout this section we assume the set up of Theorem [8.3.10 In particular,
K is a local field of characteristic 0 and fi(x), fo(x) € K[x] are monic, such that

fi(z) fa(x) is separable and [Assumption (x)| holds. We define hyperelliptic curves

over IC by
X1y = fi(w), Xy : 22 = fol), X w® = fi(x) fal),
and a bihyperelliptic curve over K by
X {y* = h(@), 2 = f(2)}

8.4.1 Proof over Archimedean fields
We first prove that Theorem [8.3.10| holds when K is an Archimedean local field.

This is straightforward when K = C, in which case we recall that
Mc(fi, fo) = 2desfrdeafatd

Proposition 8.4.1. Theorem holds when K = C.
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Proof. Using that (—, —)x = +1, we need only show that

(_1)0Td2)\1€(f17f2)w]C(JaCX1)UJ[C(JaCXQ)w]C(JaCXO) = 4+ 1.
This follows from the definition of A and noting that wi(Jacx,) = <_1)L%J

we(Jacy,) = (=), we(Jacy,) = (—1 by Lemma[2.3.4). O

)Ldegf1+f2iegf2—1J (

When £ 2 R, we begin by determining Hy(f1, f2)-

Lemma 8.4.2. Let K 2 R and T = {ry,r2,8} € T. Then H(T)Hy(T) = —1

precisely when s € R and either
(1) r1,r9 € R with ri,ry > s, or
(2) r1,re are complex conjugates.

Proof. If K(T) = C then H,(T) = Hy(T) = +1 by definition. Therefore, suppose
that (7)) =2 R, i.e. s € R and {ry,r,} is fixed under the action of complex conjuga-
tion.

If 1,79 € R then (r; —ry)? > 0 and so Hy(T) = +1. It’s then easy to check that
both entries of Hy(T) are < 0 only when 71,79 > s.

If 71,79 are complex conjugates then (r; — ry)? < 0 and (r; — s)(ry — s) > 0.

Therefore, Hy(T)Hs(T) = (—(r1 + 1y — 2s), =1)c(5(r1 +1r2) — s, —1)x = —1. []
Notation 8.4.3. Write ny, ny for the degrees of fi, fo respectively and

,R,flﬂR = {0[1,...70[“1_2(11 :Oéi<0[i+1},

RfQ mR = {ﬁlv--~;6n272a2 : /B’L < 6@’+1}7

where Ry, Ry, C K denote the roots of fi, fo respectively.
For tq, t2 € R, write

1 < to,
]1t1<t2 ==
0 otherwise.
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Corollary 8.4.4. Let K = R. Then,

HK(fl, fQ) = (_1)%n1(n2(1—n1)+2a2)+zi+jznl+n2+1 mod 2 La;<8;

Proof. This follows, as below, from counting the triples detailed in Lemma |8.4.2

Let t € R. The number of triples {¢, 8;, Bx} with §;, B >t is
Ties. 1 2
(Z] 2t<53) = 5((;]lt<ﬁ]) _;]lt<6j>
= Z ]lt<ﬁj]lt<ﬁ¢

j<i

= Z(W — 2a3 — j)]lt<6j

J

Z Ticp, mod 2.

j=n2+1 mod 2

Thus, the number of triples {ay,;,8;x} of the first type is congruent to
D i D jmnyt1mod 2 Las<p; modulo 2. By symmetry, and using that 1,co, = 1 — 14,
the number of triples {a;, ay, 8;} of the first type is congruent to $ns(ny(1 —ny) —
2(11) + Ziznl—i-l mod 2 Zj ]laz‘</3j modulo 2.

Since the number of triples of the second type is (ny — 2a;)as + (ne — 2as)a;, we

obtain the required expression for Hy(f1, f2). O

Having described Hy, it remains to compute the right-hand-side of Theorem
8.3.10} This could be computed directly, however we will use the following result to

make an immediate simplification.

Lemma 8.4.5 (To appear in [46]). Suppose that A, B are principally polarised
abelian varieties over R and that ¢ : A — B is an isogeny with ¢ o ¢ = 2] = b o b.
Then

(_l)ord2<#ﬁlgiz;"b§fﬂ)§)) . UJ(A) _ (_1)ord2#ker¢_1|A71(R)o

where ¢_1 1is the induced 1sogeny on the quadratic twists by —1, i.e. ¢_1 =

Ypogoyt and by 1 A — Ay, ¥ : B — B_; are isomorphisms over C such
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that 1 4(—P) = 1Y 4(P) for each P € A(C), and similarly for 1.

In particular, in line with Corollary [£.2.7, when K = R

(—1)ord2de U2y (Jacy, Ywie (Jacx, Jwi (Jacx, )

(_1)0rd2#ker ¢71‘(Jacxl ><JacX2 X.TacXO),l(lC)O )

We now state two lemmata which will allow us to compute this quantity.

Lemma 8.4.6. Let ¢ : Jacy, x Jacy, x Jacx, — Jacx be the K-isogeny defined in

Theorem[3.3.9 and let ¢_y be as in Lemma[8.4.5. Then
kerp_, = {(Dg, D, DSUT) : S C Ry, T C Ry, have even size}

where Ry, , Ry, C C denote the roots of fi(x), fo(x) respectively.

Proof. Write A = Jacx, x Jacy, x Jacx, then A_; = Jac(x,)_, X Jac(x,)_, x Jac(x,)_,
(since the hyperelliptic involution on a hyperelliptic curve induces multiplication by

—1 on its Jacobian [47, §1.5.2]). The result then follows from Lemma since
ker ¢_1 = 14 (ker ¢). ]

Lemma 8.4.7. Let f(x) € R[z] be monic and separable. Define C : y*> = —f(x) and
let S C Ry have even size. Then Dg € Jacc(R)° if and only if S is closed under

conjugation and deg(Dg N ¢) is even for each connected component ¢ of C(R).

Proof. This is [29, Proposition 4.2] when C(R) # 0 or when C(R) = () and %(deg f —

2) is even, and [I5, Lemma 2.2.3] otherwise. O

To be able to count the required points in the kernel it is convenient to construct
the following graph. We write (X7)_1, (X3)_1, (Xo)_1 for the quadratic twists of X7,
X5, Xy by —1 respectively.

Definition 8.4.8. Let G = (V, E) be a coloured graphed where: V = Ry NR
with roots of fi, fo coloured red, blue respectively, and edges in £ determined by

the following rules
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e there is a red edge between two red roots precisely when they correspond to

points on the same connected component of (X;)_1,

e there is a blue edge between two blue roots precisely when they correspond to

points on the same connected component of (Xs)_1,

e there is a black edge between any two roots corresponding to points on the

same connected component of (Xp)_1.

Write ) for the collection of connected subsets of G (i.e. ' C V such that x € T' =

all neighbours of = € I') and ng for the number of connected components of G.

Suppose that Ry, ¢, C R. Then there’s a one-to-one correspondence

y/Comp].ementS A ker ¢—1 |Jac<X1)_1 XJaC(XQ)_l XJaC(XO)_l (R)O

where for I' C V' a connected subset of G, we write I' ~ V' \T" and )’ /complements :=
Y/~

In particular, let I' = S UT € )Y/complements where S C Ry, T C Ry,.
Without loss of generality we may assume that S, T have even size (#SUT is even
when deg f1 f> is even, and so if #S, #T are odd then replace I' by V \ I'; when
deg f1 is even and deg fy is odd then #S is even, if #7T is odd then replace I' by
VA\T). Then

I' —— (Ds, Dy, Dsur), 0 — 0.

Conversely, let P = (Dg, Dr, Dsur) € ker ¢_1|jacy,,  xJac(x,
even sized subsets S C Ry, T'C Ry,. Then

)—1 XJac(xg)_y (R)° for

P +— SUT.

Example 8.4.9. Let fi(z) = (z* — 2)(z +5) and fo(x) = (z — 1)? — 3, then we can
construct the graph G (Figure [8.2)).
Using the correspondence detailed above, we observe that there are only two

points in ker ¢_; belonging to Jacix,)_, % Jac(x,)_, x Jac(x,)_,(R)°. In particu-
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*]
-5 V2 1-v3 V2 1+V3

Figure 8.2: The graph G when fi(z) = (2% — 2)(z +5), f2(z) = (x — 1)* - 3.

lar, writing )/complements = {0, I'} where I' denotes the rightmost connected
component of G, these are (0,0,0) corresponding to () and (DS,O,DSURJ,Q) with
S = {—\/5, \/5} corresponding to I'.

This can also be seen directly, using that ker ¢_; is as given in Example |3.3.8

alongside Lemma and the following plots of (X7)_1, (X2)_1 and (Xg)_; over R
(Figure [8.3)).

\/\x A,
7—4—2\j2 9 1 T2 —6|-4 27 | g

Figure 8.3: The curves 32 = —fi(z), 22 = —fa(x), w? = —f1(2)f2(x) when fi(x) =
(22 = 2)(z +5), &) = (z — 1) — 3.

Note that if fi(z) = (z* — 2)(z + 5)(2* + 1), then Lemma indicates that 4
elements of ker ¢_; belong to Jac(x,)_, x Jac(x,)_, X Jac(x,)_, (R)°. These are (0,0,0)
and (Ds, 0, Dsur,, ) for S = {—V/2,v2}, {—i,i} and {—V/2,V/2, —i,4}. However, the

graph G remains unchanged.

Lemma 8.4.10. Let K = R and suppose that fi(x), fo(x) are monic with ay, as pairs

of complex conjugate roots respectively. Let G be the graph constructed in Definition

[8.4.8. Then

(—1)Ord2A’C(fl’f2)w}C(JaCX1 )wK(JaCXQ)wK(JacXO) = (_1)ng—1+a1+a2 .

Proof. By assumption, X;(K), X5(K), Xo(K), X(K) # 0 and so i = 1 for each curve.
Therefore, writing A = Jacy, x Jacx, X Jacy, and applying Lemma [8.4.5] the
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lefthand-side is precisely
(_ l)ordg# ker¢_1la_,®ye '

Suppose that Ry, NR # 0. When Ry, C R (ie. a3 = as = 0), by con-
struction there is a one-to-one map between ker ¢_;| A ) and the collection of
connected subsets of G, up to complements. Therefore #ker ¢_1[a_,®)e = 297"
When fi(z) f2(2) has complex roots, G only accounts for the points of ker ¢_1]4_, w)e
corresponding to subsets of real roots. The remaining elements are constructed by
appending all possible collections of pairs of complex conjugate roots (as in Example
, giving that #ker ¢p_1]4_ gy = 2"~ 1Hartaz,

Now suppose that Ry NR = 0, i.e. ny = 2ay, nyg = 2as (where ny, ny
are the degrees of fi, f3) and ng = 0. Then, by Lemma there is a two-to-
one correspondence between elements of ker ¢_; | A_ ) and even sized subsets S C
Ry, T € Ry, which are closed under conjugation, up to complements. Therefore,

#ker ¢*1|A,1(R)O — 2&1—1+a2—1+1 — 2—1+a1+a2. D

Lemma 8.4.11. Let G be the graph constructed in Definition [8.4.8 Then

(ny 4+ na(ng + 1)) — (a1 + az) mny even
ng = Z Tos<p; + mod 2
i+j=n1+no+1 mod 2 (77,1 + 1) —ai n odd

N =

D=

using the notation fized in[8.4.3

Proof. First suppose that ny is even. If B, 24, < a; then the connected components
of G are {agiy1, @i}, {B2jr1, B2j42) When ny is even, and {agii1, aoio}, {51},
{B2j+2, B2j+3} when ny is odd. Therefore ng = & + [%2] — (a1 + ag).

If oy € (Bro—2a0-2is Bro—200—2i42), 2 € (Bny—240—2k—1, Bno—2as—2k41) and
Brs—2a, < a3 then {1, s, Bny—2ay—2i41s -« -5 Bry—2ar—2k} 1S NOW a connected com-
ponent. Since the other connected components are those listed above,
nq "ng

ng:? ?—‘—(al—Fag)—i—i—k

s(n1 +no(ne + 1)) — (a1 + an) + Z Ta;<p, mod 2.
i+j=na+1
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Relaxing the condition that (,, 2., < a3, we see that each pair {ag 1, agia}
behaves like {a, an}. This gives the required formula.

Now suppose that ny is odd. If 3, 24, < c; then the connected components of
G are {f1, ..., Bny—2ay, @1} and {ag;io, a9;13}. Therefore ng = ”IT“ —ay.

Relaxing the condition that £, 24, < a1, we see that pairs {au 2, ag13} behave
like the pair {ag,as} in the case when n; is even. This gives rise to the required

expression, namely

ng = s(ni+1)—a + Z La,<p, mod 2. O

i+j=na

Proposition 8.4.12. Theorem holds when K = R.

Proof. Combining Corollary [8.4.4 and Lemma [8.4.10] it remains to show that

ny—1)(ng — 1 1
[( ! )2( 2 )W +5m(na(l —n) + 2a) T > Lai<s,
i+j=ni1+n2+1 mod 2

=ng—14+a +a mod 2.

This is an easy check using the expression for ng mod 2 given in Lemma [8.4.11} [

8.4.2 Proof over non-Archimedean fields for nice reduction

types

We now consider non-Archimedean local fields, beginning by proving that Theorem
holds when K/Q, is a finite extension for an odd prime p and the reduction
of fi(x)fs(x) has at worst one double root.

We write 7 for a fixed choice of uniformiser of X and v for a normalised valuation
on K, ie. v(n) = 1.

As before, we first consider the term Hy(f1, f2).

Lemma 8.4.13. Let K/Q, be a finite extension forp # 2 and let T = {ry,ry,s} € T
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satisfy v(rg — s) = 0. Then Hi(T) equals

¢

+1 if v(r; — ), v(ry —s) =0,

(HaeGalK(m)m(%(rl +5) — a(rg)),ﬂ)i if v(r; —ry) =0, v(r; —s) =d,

d .
(HaeGalK(s)/K(%(rl + 1) —o(s)), 7T)IC if v(ry —ro) =4, v(ry —s) = 0.

Proof. Write £ = KC(T') and let 7, denote a fixed choice of uniformizer for L.

Case 1. Both —(ry — s)(r2 — s), (r1 — 12)* are units in L. If 1(r; +73) — s is
also a unit, then clearly Hy(T) = Ho(T) = +1. Else, H,(T)Hy(T) = (5(r1 + 12) —
s, —(r1—s)(r2—s)(r1 —r2)?)c where —(r1 —s)(ra —s)(r1 —r2)? = 1(r1 —r2)* mod 7,

i.e. the second entry is a square.

Case 2. £ = K(ry) and both 1(r; 4+ ry) — s, (r1 — 72)? are units in £, therefore
Hy(T) = +1. By Lemma [2.7.5(ii), H,(T) = (25 — (r1 +72),7)% = (HaeGalﬁ/,c o(2s—

rL—"2), W)i and the result follows using that o(2s —ry) = 2s—r; = %(7"1 +5s) mod 7

for each o € Galg k.

Case 3. L = K(s) and both 1(ry + r2) — s, —(r1 — s)(ro — s) are units in
L, therefore H,(T) = +1. By Lemma [2.7.5(ii), Ho(T) = (5(r1 + 1r2) — 5,m)% =
(HUGG&IMC o(3(r1+r2) —s), W)Z and the result follows using that r; +ry € . O

Lemma 8.4.14. Let KC/Q,, be a finite extension for p # 2 and suppose that Xx,/x =

@9,0---09---9) where the twin is given by t = {r,s} withr € Ry, s € Ry,. Then

d
Hy(f1, f2) = (%

)
x=75(r+s) K

Proof. By Lemma(8.4.13] triples t ¢ T' € T contribute trivially to Hx. All remaining
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triples are of the second type detailed in Lemma [8.4.13] thus

H)C(flny) = H HK({“ rlvs}) H H’C({S’Slﬂn})

r"€(Ry —{r})/Gx s'€(Ryy—{s})/Gx
d
= II Go+9-00)) I  Go+s—ol))r)
r'e(Rg —{r})/Gk s'€(Ryy,—{s})/Gx
chGal,C(T/)/,C oEGal,C(SI)/,C
1 d
= ( II Go+s-2.7) -
ZeRf1f2—f

Lemma 8.4.15. Let IC/Q,, be a finite extension for p # 2 and suppose that Yx,/x =

©9.0---09--9) where the twin is given by t = {r1,r2} C Ry,. Then

0

Hi(f1, f2) = (f2(%(7’1 + Tz)),w)i.

Similarly upon replacing fi1 by fo.

Proof. By Lemma|[8.4.13| triples t ¢ T' € T contribute trivially to Hy. All remaining
triples are of the third type detailed in Lemma [8.4.13] thus

HlC(flaf2> = H H’C({rlvwas})

SERfQ/G)c

1 d

- ( II G+ -o()m)
SERf2/G)c

aeGal,qS)/,C

= (I G —s)m); :

86Rf2
Recall that when K/Q, is finite and p # 2,

e (Jacx, )ex(Jacx, )ex(Jacx, ) pe(Xi) i (Xa) i (Xo)

Ac(fis f2) = cx(Jacy) frc(X)

Proposition 8.4.16. Theorem |8.5.1() holds when K/Q, is finite for p # 2 and the

reduction of fi(x)fs(x) has at worst one double root.
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Proof. Without loss of generality, we assume that X, has good reduction so that
cxe(Jacx,) =1, ux(Xs2) = 1 and wi(Jacy,) = +1. Since (=1, —1)x = +1, it remains
to prove that

ord e Jacx, Jexc(Jacx I (X1)uic (Xo)
Hi(f1, f2) = (1) exc (Jacx ) (X) wic(Jacx, )wie(Jacx, ).

The inputs of Table (columns 1 and 2) are the possible non-trivial clusters
belonging to Yjacy, and X§i - (or ignoring the colouring, Yjacy, ), where the roots of
f1 and fy are denoted by red circles (@) and blue diamonds (#) respectively.

Column 3 gives the dual graph of the minimal regular model of X/K, denoted
T x, where an arrow is used to indicate the action of Frobenius. This is determined
using Theorem (note that B = X).

Columns 4 and 5 list the Tamagawa numbers for Jacx, and Jacy,, calculated
from their respective cluster pictures using Theorem m (or from the cluster picture
of the Jacobian as given in Table if either deg f; or deg fi + deg fo = 4).

Similarly, column 6 contains the Tamagawa number for Jacy but this time
calculated from Y x using Theorem [2.3.3|

Columns 7 and 8 keep track of the deficiency contribution from X; and X, using
Theorem (or, when X : y* = 2% + ax + b, u(X;) = +1 since the points at
infinity are defined over ).

Similarly, column 9 lists the deficiency contribution from X computed via [47,
Lemma 6.11] or [53] (these results indicate that p is determined from T, so we could
instead identify a hyperelliptic curve C'/KC such that T¢ = T x and then use Theorem
9.4.11)).

Column 10 gives the value of (—1)ord2Ac(fuf2),

Columns 11 and 12 list wi(Jacy,) and wi(Jacy,), calculated using Theorem
2.3.5 or Theorem 2.4.100

Column 13 displays the value of Hx. For row 1, this is +1 since all triples in T
are of the first type detailed in Lemma [8.4.13] For rows 2 and 3, we observe Lemma
and note that the first entry of the Hilbert symbol is a square precisely when
the sign attached to tis + (c.f. Remark . Similarly for rows 4-7, we observe
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Lemma[8.4.15|and note that the first entry of the Hilbert symbol is a square precisely
when the sign attached to t in each cluster picture is the same (c.f. Remark[2.4.7). O

Having now dealt with Theorem [8.3.10] when K is non-Archimedean of odd
residue characteristic, we turn our attention to what happens when K£/Qy and Xj,

X5, Xy have cluster pictures

ZXl == (k-m)uu)' o A'[’4DO7 EX2 == (@1’(4)@1'(4). o @“(4907

EXO = (.‘(4)' o r(-’l)@u(«l). o @1»(43().

Lemma 8.4.17. Let K/Qq be finite, 11 # ro € Ry, and s,s" € Ry, satisfy v(s—s') =
v(4). If T = {ri,ra, s}, T = {r1,re,s'} are not G-conjugate, then H\(T)H(T") =
Hy(T)Hy(T') = +1. Similarly, upon swapping the roles of fi, fo.

Proof. Write £ := K(T) = K(T") and s — s’ = 4t where t € OF. We will repeatedly
use the Hilbert symbol identity given in Lemma [2.7.6] and the fact that 1 + 8z = [J
whenever = € O.

Suppose that v(r; — r5) = v(4). Then u = I(ri + 1) —s € Of and
Hy(T)YHy(T') = (u, (r1—12)%) c(u+4t, (r1—12)%) 2 = (w*(1+4tu™r), (r1—r2)?) 2 = +1.
Now write v 1= —(ry — s)(ry — s) € OF, then Hy(T)H,(T") = (—2u,v)(—2(u +
4t), v(1 — 8tv ™ (u + 2t))) s = (4u?(1 + 4tu™1),v) = +1.

Instead suppose that v(r; — ) = 0 then w = r; + 17 — 2s € O and
Hy(T)Hy(T") = (zu, (r1=72)*) (5 (u+8t), (r—72)*)z = (uP(1+8tu™"), (r1—r2)?)c =
+1. With v as before, H{(T)H\(T') = (—u,v)(—u(l + 8tu™t), v(1 — 4tv=(u
4t)))c = +1.

O+

Lemma 8.4.18. Let K/Q, be finite, 11 # ro € Ry, and s,s" € Ry, satisfy v(s—s') =
v(4). If T = {ry,ra, s}, T" = {r1,7r9, 8’} are Gi-conjugate, then H\(T) = Hy(T) =

+1. Simalarly, upon swapping the roles of fi, fo.

Proof. Write £ := K(T) and Ly := K(ss',s + §', 112,71 + 19) where [L : Lo] = 2
(since s ¢ Ly). Write s — s = 4t where ¢t € O} and note that t* € Ly. Let

z:=1(ri + 1) — 3(s+ ) € Lo. Either z is a unit (when v(r; — ry) = v(4)) or
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2z is a unit (when v(r; — r3) = 0). In both cases, Hy(T) = (z — 2t, (ry —12)%)c =
(22(1 — 482272, (r1 — 12)?) g, = +1 since (11 — ra)? € L.

Suppose that z is a unit, i.e. 7 —ry = 4v for v € OF with v* € L. Then
(ry — s)(rg — 8) = (2 — 2t)* — 40* and
H(T) = (=2(z — 2t), — (2 — 2t)*(1 — 40*(z — 2t)?)) .
= (=2(2 — 2t), = 1)£(2,1 — 40*(2 — 2t)?),
= (42%(1 —4t%27%), = 1), (2,1 — 8v?(2% — 4t?) (2% + 4t?) 4+ 160" (2° — 4t%) %),
-1

having used Lemma [2.7.5((ii).

Suppose instead that 2z is a unit. Then
Hy(T) = (=22(1 = 4t(22)7"), =(r1 — 5)(ra — 9))c
= (=2z,—(r1 — s)(rs — 38))
= (=22, (r1 = 8)(r2 = s)(r1 — ") (r2 = §)) g
having used Lemma (ii). Since (r1 — s)(r1 — §') = (r1 — 3(s + ¢))? — 4¢* and

similarly for (ro — s)(rs — s’), we see that the right-hand entry can be replaced by
(r1—3(s+5))*(rs — (s + &'))* which is a square in L. Therefore H,(T) = +1. O

Corollary 8.4.19. Let K/Qy be finite and X1, X2, Xo be as in Theorem |8.3.10
Then Hi(f1, fo) = +1.

Proof. This is immediate from Lemmata [8.4.17] and [8.4.18| O

Lemma 8.4.20. Let K/Qy be a finite extension and X, Xz, X be as in Theorem
[8.3.10. Then

ords Ac(f1, fo) = [K: Qo] (3(deg f1 + deg f2) —1) mod 2.

Proof. We first note that pux = 1 for all curves since they are assumed to have good
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reduction. By Lemma and [24, Theorem A.1] with A = Jacy, x Jacy, x Jacx,,

# ker ¢(K) — [KC:Qy] dimp, (A1 (K)[2NAK)[¢])
= = 2 T2 lm]FQ !
AIC(fl?fQ) #coker ¢(}C)

where the elements of A;(KC) (the kernel of reduction on A) are described in [25],
Proposition 1.16]. In particular, using Notation [2.1.11| and writing 77, 75 for the

collections of twins in Xx,, Xx,,
A(K) = {(DSI,DSQ,DSO) L S1 € P(Th), Ss € P(Ty), So € P(T) uTQ)}

where & denotes the power set and we recall that Dg = Dg.. By Lemma/3.3.7} such

an element additionally belongs to A(K)[¢] when either Sy = S1US; or (R, —S1)USs.

deg fy | deg fo
2 _1<

Therefore, #(A,(K)[2]NAK)[¢]) =277 *

i.e. twice the number of possible
S1, up to complements, times the number of possible Sy, up to complements) and

the result follows. O]

Proposition 8.4.21. Theorem|8.3.1( holds when K /Qs is finite and X1, X5, Xy have

good ordinary reduction with

EXl — (“(.1) 1»(4)' o u(:’lD“; 2X2 — (l(l) 1»(1)' o "“D

07

EXO = ((»m)' o u<1) (‘(1)' ot wugo .

Proof. By assumption, wi(Jacx,) = wi(Jacy,) = wx(Jacx,) = +1. By Corollary

8.4.19) Hy(f1, f2) = +1. Finally,

(_1 _1)2:%1 _ (_1)[K:Q2](degfl—l)(gegf2—1)+1 Lem.m (_1)Ord2)\;c(f17f2)
since deg f1, deg fo are even. O

8.5 Proof of Local Theorem 1V

Throughout this section we assume the set up of Theorem [8.3.12] In particular,
K is a local field of characteristic 0, K(1/€)/K is a quadratic extension and fo(z),
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Jo(z) € K(VE)[x] are monic, Galy( g x-conjugate of degree n = 2™ > 4 such that

fo(z) fo(z) is separable and [Assumption () holds. We define hyperelliptic curves by

Co/K(VE) - y* = folw), C/K :w* = folz) fol2),

and an additional curve by

X'/K s u' = 2(folx) + folx))u® + (folz) — fo(x))? = 0.

8.5.1 Proof over Archimedean fields
As in §8.4] we first prove that Theorem holds when K is an Archimedean

local field. Since K(£)/K is not a quadratic extension when K = C, we restrict our
attention to K =2 R and /€ ¢ R.
Recall that

NJace /K i (C)
NJacyr /i i (X7)

)\IC(fO; \/E) = #ker¢’(Res,q\/@/,CJaccOXJacc)(IC)O

We first compute the contribution coming from the kernel of ¢, for which require

the following analogue of Lemma [8.4.7]

Lemma 8.5.1 (To appear in [40]). Let f(z) € Rlx] be monic, separable, have no
real roots and such that deg f = 0 mod 4. Define C' : y* = f(x) and let " C Ry

o

have even size. Then, Dg € Jace(R)® if and only if
(1) S'= 5" and #S’" = 0 mod 4, or
(2) S'US" =Rs and #{r € S’ : Im(r) < 0} = 0 mod 2.

Sketch proof. We note that ne/r = njac.,m = 2 and write ¢* (respectively, ¢7) for
the connected component of C'(R) consisting of points of the form (x,y) with y > 0
(respectively, y < 0) along with one of the points at infinity PL (respectively, PL).

The result is a consequence of the following observations:

(i) Dgmy ¢ Jace(R)° for all r € Ry, and
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(ii) Dg € Jaco(R)° if and only if #{r € S’ : Im(r) < 0} = 0 mod 2 for some

S" C Ry such that S" U S = R;.

For (i), this is immediate from [29, Proposition 4.2] (i.e. Dg € Jace(R)° if and
only if deg(Dg N ¢*) are even).

For (ii), to be able to apply |29, Proposition 4.2] we first need to identify a divisor
linearly equivalent to Dg that is fixed by complex conjugation. Define fi(z) =
[I,ce(x —7) and write fi(xz) = g(z) + ih(x) for g(z), h(z) € R[z]. Then Dg =

D € Jacc where

D= - >  [ag(a)] - (degf—degh)[Pf] + %degf[Py].

a root of h(x)

Since D is fixed by complex conjugation, Dg € Jacc(R)® if and only if deg(D N ¢*)

are even. We see that
deg(DNc™) = —deg(PNe¢”) = —#{a:h(a) =0, g(a) >0} — 1 deg f + degh
and the right-hand-side is even if and only if

1
(—1)i*/Ryy >0 < Rpz>0 < [[Im(r)>0
res’

using standard properties of the resultant. O

Lemma 8.5.2. When K = R,

o Jedsht iRy o0,

# ker (Zﬂ(Res,c(\/@/,CJaccOXJaCc)(’C)O
2deefo=2 if R, 7 <0,

where Ry, 7 denotes the resultant of fo, fo.

Proof. Using Lemma [8.2.4] we deduce that

ker 6(K) = {((DS, Ds). Dgus). ((Ds, Ds), D, _syus) : S € Ry, has even size}.
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Since NResyc( e xcdaccy /K = 1, we need only check when Dg g, D(RfO—S)u§ € Jaco(R)°.
By Lemma [8.5.1] the first is always on the identity component (since S has even

size), and Dg,,—syus € Jaco(R)° if and only if

#{r e (R, —S)US :Im(r) <0}

#{r € (Ry, — 5) : Im(r) <0} + #{r € S : Im(r) > 0}
= #{r € Ry, : Im(r) < 0}
= 0 mod 2.

Therefore, #{D(x, _s)us € Jacc(R)°} = 298072 if #{r € Ry, : Im(r) < 0} is even

and 0 otherwise. In particular,

B 2deg fo=1 - jf HreRfO Im(r) > 0,

# ker ¢|(ResK(\/g)/KJaccoxJacc)(IC)O -
2dee Jo=2  otherwise.

The result then follows upon observing that Ry 7 = HrseRf (r — 35 =
’ ’ 0
(1) Hrenfo (r—r)= Hrenfo Im(r) mod RZ,. O

We now turn our attention to the curve X’. Let s(z), t(x) € R[z] be such that

deg fg

fo(z) = s(z)+it(x) (since fy is assumed monic, so is s(z) and deg fo = deg s > degt),
then
X" ut — ds(z)u® + 4t(x)* = 0.

Observe that X'(C) = {(x,uy +), (z,us —), (x,u_ 1), (zr,u_ _) : x € C} where

Ug 4 = :I:\/Qs(x) +2+/s(x)? — t(z)?, Uy = :I:\/Qs(x) —2v/s(x)? — t(x)?,

define 4 distinct points unless ¢(z) = 0 (then w;_ = u_ _ when s(z) > 0 and
ut 4+ =u_ 4 when s(z) <0), or s(z)? = t(x)? (then uy y =uy —and u_, =u___).

In particular, we have that

X'(R) = {(z,uq ), (z,ug ), (zuy), (zu ) s x € R, s(z) >0, s(z)* > t(x)*}
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and X'(R) # 0 (since X’ has real points as |x| — 00), therefore ur(X’) = 1. To
visualise the behaviour of X’ at infinity we view it via the following two models.

Model 1. Let v =1/x and w = 22985 /y,. Then
X' 1 — dw?(v¥855(1/v)) + 4wy dees—deet) (ydeety(] /1)) = 0.

Fixing v = 0 gives the smooth points (v, w) = (0,41/2), which correspond to two
of the points at infinity in the coordinates (x,u). In particular, we see that points
satistfying u/z2 %85 — 2 as |z| — oo approach each other (these are (z,us ) as
& — 400), and similarly for those satistfying u/z2 985 — —2 (these are (z,u_ ) as
r — +00).

Model 2. Now let v = 1/ and w = 298t /uz2 985 Then
X/ gP(degs—degt) _ 4w? (vI°855(1/v)) + 4w (vI°e't(1/v))* = 0.

Fixing v = 0 gives the smooth points (v, w) = (0, £1/¢;) (where ¢; is the lead coeffi-
cient of ¢(z)), which correspond to the other two points at infinity in the coordinates
(z,u). In particular, we see that points satistfying uzz 98¢ /zt —5 ¢, as |z]| — oo
approach each other (assume that ¢; > 0, these are (z,u; ) as x — oo when degt
is even and (z,u4 —) as x — +00, (x,u_ ) as * — —oo when degt is odd), and sim-
ilarly for those satistfying ux s dos s Jzd°8t — —c; (again assuming that ¢, > 0, these
are (r,u__) as x — £oo when degt is even and (x,u__) as x — +o00, (z,us ) as
r — —oo when degt is odd).

We use this to count the number of connected components of X’ over R.

Remark 8.5.3. We note that the given model for X’ may be singular and that we

must consider its disingularization when counting connected components.

Lemma 8.5.4. Fixz a monic polynomial fo(x) = s(x)+it(x) where s(z), t(x) € Rlz].
Then,
nxm = #{reR:t(r) =0, s(r) <0} mod 2.

Proof. Suppose that s(z) > 0 and s(z)?> > t(z)? if and only if z € (—o0,a] U I; U
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... UI,U[boo) for (—oo,al, I, ..., I, [b,00) C R. Write n; (n. respectively) for
the number of connected components of X’ over R with = € [; (xr € (—o0,a| U
[b, 00) respectively). Then ny/ /g = ne + 11 + -+ + ny,. We observe that n; = 2 if
#{r € 1, : t(r) = 0} is even and 1 otherwise. Additionally, the discussion about the
behaviour of X’ at infinity preceding this lemma allows us to deduce that n,, = 2
if degt + #{r € (—o0,a] U [b,00) : t(r) = 0} is even, and 1 otherwise (see Example
8.5.5)). Therefore,

nyr = degt + #{r € (—oo0,alUb,o0):t(r) =0} + Z#{r €l t(r)=0}

= degt + #{reR:t(r)=0, s(r) >0}

= #{reR:t(r)=0, s(r) <0} mod 2. O

Example 8.5.5. Let fo(z) = 2% — 223 — 2% + (3 + 9)z + 2(1 + 4), then s(z) =
xt—22% — 22 +3x 4+ 2 and t(z) = x + 2.

Notice that X’ has real points (i.e. s(z) > 0 and s(z)* > t(z)?) whenever
x € (—o0,—1]U[0,1] U [2,00). In particular, we have the following plot.

Ut +

Figure 8.4: The curve X' : u* —4(2* — 223 — 22 + 30 + 2)u® +4(2? + 42 +4) =0

Our earlier discussion indicates that u. ; joins itself as  — £o0o and similarly
for u_ ,. Since degt is odd, u4 _ as x — 400 joins u_ _ as v — —oo and vice versa.
(This is illustrated in Figure by the colouring of the labels.) We therefore observe
that nx//r = 4.
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Corollary 8.5.6. Fiz a monic polynomial fo(x) = s(x) + it(x) where s(z), t(z) €
R[z] and deg fo = 0 mod 4. Then,

0 ifR; 7z <0
ords Njac,, /R = fo.do mod 2

1 lf Rfmfo > 0

where Ry, 7 denotes the resultant of fo, fo.

Proof. By Lemmata [2.1.8/ and [8.5.4} ords Njac,, /g = nxr — 1 = #{z € R : t(z) =

0, s(x) < 0} + 1 mod 2. Therefore ords njac,,/r = 0 precisely when Ry, < 0, where

deg fo

Rey = (=1)"2 Ry 7 mod RZ, (using standard properties of resultants). ]
Proposition 8.5.7. Theorem holds when K = R.

Proof. Since Ry, NR, Rz, NR = 0 (else fo(z)fo(x) is not separable), we see that
Hx(fo, fo) = +1 by Lemma m Using that wi(Jace) = wig(Jace,) = —1
(Lemma , it remains to show that (—1)°rdzAc(oiv®) — 11,

We observe that nc/x = 2. Therefore jixc(C') = 1 and njac,/xc = 2 (by Lemma
2.1.8). Additionally, pc(X’) = 1 (as noted in the discussion preceding Lemma [8.5.4).

Combining this with Lemmata [8.5.2| and [8.5.6| gives the required result. O

8.5.2 Proof over non-Archimedean fields for nice reduction

types
We now consider non-Archimedean local fields, beginning with the case where K£/Q,
is a finite extension for an odd prime p and the reduction of fo(x)fy(x) has at worst
two double roots. We then move onto the case where K/Qj is a finite extension and
Cy, C have good ordinary reduction.
We write 7 for a fixed choice of uniformiser of K and v for a normalised valuation

on K, i.e. v(m) = 1.

Remark 8.5.8. We note that, when p # 2, the assumption on the reduc-
tion of fo(z)fo(z) ensures that K(v/€)/K is unramified, and consequently that

Resy(g)/cJace, and Jacxs are semistable over K. In particular, if K(v/€)/K is
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ramified then for each r € Ry, there’s an s € Ry such that v(r —s) > 0
(since Gali( g c = Iic( ek acts trivially on the residue field) and the reduction

of fo(z)fo(x) has worse than two double roots.

Lemma 8.5.9. Let K/Q, be a finite extension for p # 2.

(i) If oy = @,0--09---9) where the twin is given by t = {r,s} withr € Ry,,

s € Ry,, then )

Hx(fo, fo) = <%

o)
x:%(r—&—s) K

(i) If o = (@D,@D,0---09---9) where the twins are given by t; = {ry,s1},

ty = {1y, 52} with r1,ro € Ry, 51,52 € Ry, then

_ £ d2
H’C(f()?f()) = <(xf70£'1§{;)3(78)1)

d -
77T> 1 ((xffix;(i(fxs) ) 7 W) :
z=4(r1+s1) K 2 2 la=5(rats2) K

(iii) If Yo = (@D@,0---09---9) where the twins are given by ty = {r,s1}, t, =

{ra, so} with ri, 79 € Ry,, 51,52 € Ry, then

d

fo(z) fo(z)

$:%(T1+51) (z—r2)(x—s2)

HK(fO?fO) = <(zf—07("j‘§{2868)1)

)
:c:%(rg-‘,—sz) K

Proof. (i). By Lemma [8.4.13] triples t ¢ T' € T contribute trivially to Hx. There-
fore, using that Hy({r,r’, s}) = +1 for each ' € Ry, —{r} (as in the proof of Lemma
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8.4.13)), Hi(fo, fo) = Hr,e(Rmi{r})/GK(g) Hi({r,7’",s}) where

Hi({r,r',s}) = (2s—(r+7"),—(r —s)(r' — s)),c(r’r,)

- ( 1I 0(25—(7“+r')),7r)i

UEGal)C(r,r/)/)C

d
— ( H (2s — (r+1")) H (2r — (s + ")), 7T>
K
" e€R sy —{r} s”G’RfO—{s}
G c-conjugate to r’ G c-conjugate to r’
1 d
— ( H (§(r+5)—z),7r>lc.
ZERfOfO —t

Gxc-conjugate to r’

(Note that KC({r,7’,s}) = K(r,r') since t is fixed by Galgz)/c-)
(ii). This follows from (i).
(iii). Note that G swaps r; with so and ry with s;. As in the previous cases,

we see that

H’C(f07.f0) - H Hl({TIJTQMSi}) H Hl({T7T1751}>H1({T7 T2782})'
i=1,2 TE('RfO—{rl,TQ})/G,C(\/E)
The result follows upon first observing that

I B s}) = ( 11 0(251—(r1+r2))0(232—(r1+r2)),7r>i

1=1,2 UEGalIC(rl,rg)/IC

= ((%(Tl + 81) — 7’2) (%(7’1 + 51) — 82) (%(TQ + 82) — 7”1)(%(7”2 + 82) — 51),71')1

and second that for each r € Ry — {r1,72},

[Imtrrsy = (11 0(251—(r1+r))a(232—(7’2+7”)),7r>d

i:1,2 UeGal)C(rl,T‘Q,r)/lC

K

d
= II Gei+s)=2Gm+s)-2)7) . O
zE'RfOf-O—(hUtQ)
Gx-conjugate to r
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Lemma 8.5.10. Let K/Q, be a finite extension for p # 2 and suppose that

Yo = (@6, 0---09--9) where the twins are given by t, = {r1,m} C Ry, and

ty = {51,520} CRyp,. Then

_ d

HIC(fO»fO) - <f0(%(81+82))f0<%(7”1+T2)),7T> .

K

Proof. Suppose first that Gy permutes t; U t; in two orbits. By Lemma [8.4.13]
triples t; ¢ T € T for some i = 1,2 contribute trivially to Hx. Therefore, using that
Hy({r1,m9,5}) = +1 for each s € Ry, (as in the proof of Lemma [8.4.13), we see that

HIC(anfO) = H HZ({TMTQ’SZ'}) H H2({T1’r2’3})'

1=1,2 SG(Rf’OftQ)/GK(\/@

The result follows upon first observing that

H HQ({Tl,TQ,Si}) = ( H O'(%(’f‘l—i—TQ)—81)0'(%(T1—{—7“2)—82),7T)i

i=1,2 UEGalIC(rl,TQ)/IC

= ((%(Tl +T2) — 81) (%(Tl +7”2) — 82) (%(81 +82) —7”1)(%(81 +82) —7”2),71')1

and second that for each s € Ry, — to,

d
Hy({r1,7m9,8}) = ( H U(%(T1+7‘2)_5);7T)’C
UEGa‘l)C(s,r1+r2,T1r2)/)C
d
— ( H ((ri+r) — &) H (%(81+82)—T,),7T>’C.
SIERfO—tQ T/GRfO—tl
Gxc-conjugate to s Gx-conjugate to s

Now suppose that G acts transitively on ¢; Ut so that {r, 79, s1}, {r1,72, 52}

are GG-conjugate and

Hi(fo, fo) = Ha({r1,72,51}) H Hy({ry,72,5}).

s€(Ry,—t2)/ Gy
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Arguing as above, and using that in this case we have

Hy({r1,m2,51}) = ( H U(%(TIWLT?)_Sl)?W)i

UEGa‘lK(T'l)/K

d

= <(%(7~1 +19) — 31) (%(rl +17y) — 32) (%(51 + 59) — 7”1) (%(31 + 89) — 7“2)77T>/C>

completes the proof. O
Recall that

C;C(JaCC)C,C(\/g) (JaCCo) MK(C)MK(\/E) (CO)
cxc(Jacx) fuc(X7)

)\Ic(fos \/E) =

To understand the curve X’ over K, we will make use of the following lemma.

Lemma 8.5.11. Let K/Q, be finite for p # 2 and K(v/€)/K unramified. When C/K
and Co/K(v/€) are semistable, the eigenvalues of the Frobg-action on Hy(Y x/ /i, Z)

are given by the multi-set

{+VX : X an eigenvalue of Frobc g on Hi(Yey (e, Z) }

U {eigenvalues of Frobx on Hi(Y¢/x, Z)}.

Proof. Fix a prime ¢ # p. For a semistable curve Y/K, Hi(Yy,Z) ®z Q; =
(ViJacy )y, the toric part of V;, as Gi-representations (see [22], 2.18]). Using that V
is invariant under isogeny, respects products, and V/Res;/xA = IndgEVgA, we see
that

Hy(Txc, Z) ®2 Qe = Indgﬁ(m(Hl(Tco/lc(\/z), Z) ®z Qo) ® Hi(Yeyx, Z) @z Qq.

The result follows since IndSc W = W & Frobc W. O

Gr(ve)

Example 8.5.12. Let K = Qs, £ = 5 and fy(z) = (1—5)(2—1-3V5) (22 —z—/5).
Then ZC/IC = [, and EC/K:(\/E) = TOOOOOOU.



8.5. Proof of Local Theorem IV 160

Let B/K(VE) : {y* = fo(z), 2* = fo(x)} and note that B = X' over K(\/€)
(they have the same function fields). Theorem with fi = fo, fo = fo gives
that Y x (e = .

By Lemma [8.5.11} Frobx acts on Tx//c and T/ with the same eigenvalues.
In particular, it must be that Tx//c = @'

Now let fo(z) = (x — V/5)(x + 2v/5)(2> — x — v/5) so that Soo/kc(ve) = @ 009)

and Ec/;c = 1+°°““U.

Since Xe (e = (@@, @® 90+ 9) Theorem [2.4.14) gives that T xrixcve) = %823
By Lemma [8.5.11] Frobg acts on Tx//x with eigenvalues 1, 1, ¢, —i. In partic-

ular, it must be that T/ /x =

Proposition 8.5.13. Theorem holds when KC/Q, is finite for p # 2, and the

reduction of fo(z)fo(x) has at worst two double roots.

Proof. Since (—1,—1)x = +1, we must prove that

ordy c,C(JaCC)c’C(\/E)(JaCCO)M;C(\/E)(CO)
Hi(fo; \/E) = (-1) exc(Jacxme (X7 wic(Jaco)wi g (Jace,),

where we've used that puc(C) =1 (the genus of C' is odd).

The inputs of Table (columns 1 and 2) are the non-trivial clusters belonging
to Xey k(e and Eg?;,c (or, ignoring the colouring, ¥¢/x), where the roots of f; and
fo are denoted by red circles () and blue diamonds () respectively.

Column 3 gives the dual graph of the minimal regular model of X'//C, denoted
T x//x, where an arrow is used to indicate the action of Frobenius. This is determined
using Theorem and Lemma [8.5.11] as in Example [8.5.12]

Columns 4 and 5 list the Tamagawa numbers for Jacc,/K(v/€) and Jace/K,
calculated from their respective cluster pictures using Theorem [2.4.9]

Similarly, column 6 contains the Tamagawa number for Jacy,/IC but this time
calculated from Yy using Theorem [2.3.3

Column 7 keeps track of the deficiency contribution from Cy/K(1/€) using The-
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orem 24171

Column 8 lists the deficiency contribution of X’/ computed from Y x: via [47,
Lemma 6.11], [53].

Column 9 gives the value of (—1)°rd2 c(foive),

Columns 10 and 11 list wy( ) (Jacg,) and wi (Jace), calculated using Theorem
2.3.5 or Theorem 2.4.10l

Column 12 records the value of Hy(fy, fo). For row 1, this is +1 since all triples
in T are of the first type detailed in Lemma (8.4.13| For rows 2-8, we observe Lemma
B.5.9 In particular, in case (i) the first entry of the Hilbert symbol is a square
precisely when the sign attached to t is + and similarly in cases (ii) and (iii) (c.f.

Definition [2.4.6)). For rows 9-12, we observe Lemma [8.5.10| and note that the first

entry of the Hilbert symbol is a square precisely when the signs attached to @®. and

@@, are the same (again, c.f. Definition [2.4.6). O]

When the residue characteristic of K is even, we instead have an analogue of
Proposition [8.4.21]
Proposition 8.5.14. Theorem holds when K/Qy is finite, K(+v/€)/K is un-

ramified and Cy, C' have good ordinary reduction with

ECO/K:(\/E) = (,_[4)44)- .. ,.[4307 ZC/’C — (m)- e ’.(4)’.(4). .. "(430.

Proof. By assumption, wy(, g (Jacg,) = wi(Jace) = +1. Recall that ¢ lifts to the
isogeny Jacg, X Jacg, X Jacc — Jacxs constructed in over K, so applying [24)
Theorem A.1] with A = Resg( g cJacg, x Jace and arguing as in the proof of
Lemma [8.4.20] gives that (—1)°rd2 e(foivE) — (_1)[%:Q2] Tt then suffices to prove that

Hi(fo, fo) = +1, which follows as in Corollary [8.4.19| (using Lemmata [8.4.17| and
8.4.18). O

8.6 Global consequences

We conclude this thesis by discussing the instances of the parity conjecture, for
Jacobians of hyperelliptic curves, that we are able to deduce from the preceding

local analysis.
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Theorem 8.6.1. Let K be a number field and X, : y*> = fi(x), Xy : 2% = fo(x),
Xo : w? = fi(z)fo(x) for fi(z), folz) € Klz| such that fi(x)fs(x) is separable.
Assuming Conjecture the 2-parity conjecture holds for Jacy, if and only if it

holds for Jacy, x Jacx,.

Proof. Suppose that fi(x), fo(z) satisfy |[Assumption (x)| (if not, let ¢ be as in Lemma

8.3.1] and replace fi(z), fo(x) by fi(+5;), f2(+5;))- Consider the equality asserted
by Conjecture [8.3.8 when K = K, for v a place of K. Taking the product over all
such v and then invoking Theorem the product law for Hilbert symbols, and

Theorem [8.3.7] gives that
(—1)rkeCacxy)trke(Jacx, ) trka(Jacxo )y (Jac . Jw(Jacy, )w(Jacx,) = + 1. O

Theorem 8.6.2. Let K be a number field, K(\/€)/K be a quadratic extension
and C = w* = fo(x)fo(z), Co = y* = fo(x) for Galg () K -conjugate fo(z),
fo(z) € K(VE)[z] of degree 2™ > 1 such that fo(x)fo(z) is separable. Assuming
Congecture the 2-parity conjecture holds for Jace/K if and only if it holds

for Jacc, / K (V/€).

Proof. Suppose that fy(z), fo(x) satisfy [Assumption (x)| (if not, let ¢ be as in Lemma
and replace fo(z), fo(x) by fo(+5%), fg(l_”"m)). Consider the equality asserted
by Conjecture when IC = K, for v a place of K. Taking the product over all
such v and then invoking Theorem [8.2.8] the product law for Hilbert symbols, and

Theorem [8.3.7], gives that

(—1)rk2(JaCC/K)+rk2(JaCCO/K(\/g))w(JacC/K)w(JaCco/K(\/E)) = +1. O

Theorem 8.6.3. Assuming Conjectures [8.3.8 and [8.5.11, the 2-parity conjecture

holds for all hyperelliptic curves y* = f(z) such that Gal(f) is a 2-group.

Proof. Let C' : w? = f(x) be a hyperelliptic curve over a number field K such that
Gal(f) is a 2-group.
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When deg f < 2, Jace = 0 and so the 2-parity conjecture is already known to
hold.

Let n € N and assume that the 2-parity conjecture holds whenever deg f < n.
Now fix deg f = n. By the proof of Theorem [B.1.1 C is either a Cy X Cy- or Dg-
hyperelliptic curve. In the first case, f(z) admits a factorisation fi(z)fo(z) over K
and Theorem then asserts that the 2-parity conjecture holds for Jace since, by
assumption, it holds for Jacy>—¢ (») and Jac.2_p,(,). If C is a Dg-hyperelliptic curve

then we instead use Theorem [8.6.2] OJ

Corollary 8.6.4. Let C' : y*> = f(x) be a semistable hyperelliptic curve over a number
field K and write R C K for the set of roots of f(x). Assuming Conjectures

and |8.3.11, and that #11(Jacc/K(R))[p™] is finite for each prime p < deg f, the
parity conjecture holds for the Jacobian of C' over K.

Proof. This is an immediate consequence of Theorems [8.1.1| and [8.6.3] O

Using the cases of Conjectures [8.3.8 and [8.3.11| proved in Theorems [8.3.10| and

8.3.12, we're also able to provide some unconditional global results.

We begin with an explicit example.

Example 8.6.5. Consider the genus 2 hyperelliptic curve
Xo/Q : w? = (x—1)(z —13)(2® — 5z + 5)(2* — 13z + 41).

We will show that the 2-parity conjecture holds for its Jacobian.
Write fi(z) = (z—1)(z—13), fo(z) = (2 —5x+5)(2?—13z+41), r; = 3(5+/5),
7 =1(5—5), rs = (13 + V/5), 7, = 1(13 — /5) and define additional curves by

X1/Q:y* = fi(z), Xo/Q: 2% = fo(z) and X/Q : {y* = fi(x), 2* = fa(z)}.
Whenever v # 5 is a place of Q, Theorem [8.3.10] guarantees that

(—1)°rd2/\”(f1’f2)wU(JacX2)wU(JaCXO) = H,(f1, f2). (8.1)

We show that this also holds when v = 5. Since Xx, g = l: and
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Yxops = @2@D @) we compute that cs(Jacx,) = 1, cs(Jacx,) = 2 (see Ta-

ble [7.1)), c5(Jacx,) = 1 (by Theorem [2.4.9)), us5(X1) = us(Xo) = 1 (X1, Xo
have Q-points) and ps(Xs2) = us(X) = +1 (X2 has genus 1 and the divisor
(0,v/5,V41) + (0, —/5,v/41) on X is Qs-rational). Observing the colouring in the

cluster picture for Xo/Qs, [27, Theorems 3.1 & 3.3| gives that T x/q, = @ and
so ¢s(Jacy) = 4 by Theorem [2.3.3] (alternatively, Tx = Y¢ for C/Q5 a hyperel-

liptic curve with Yo = (€9€9.@DE9)) so that ¢;(Jacy) = cs(Jace) can then be

determined using [2, Theorem 10.3]). In particular, ords As(fi, f2) = —1. From
the relevant cluster pictures, we also see that ws(Jacx,) = —1 (see Table and
ws(Jacx,) = +1 (by Theorem [2.4.10). It remains to show that Hs(f1, f2) = +1.
This is clear from Table [8.3

To H,(Tp)Ho(Tp)
{113} | (=9+V5,5(204+9V0)))g 5 (59— V5), 144) o = +1
{1,13,7,5} (= 145,569+ v5)) o 5 (51 = V5),144) = = +1
{r1, 72,1} (—7—f 519+ 7V5)) o s (G(7T+v5),16) = = +1
{r1,72,1} (=7.-7=2V5)y /5 (5,21 =8V5), o =+1
{ry,71,1} (—3,—1)Q (5:5)g, = +1
{re, 7, 1} (—11,-29) (%5.5)g, = —1
{ri,m2,18} | (17 = V5, —5(139 = 17V5)) o = ( — %(17 V5), 16)Q W =Tl
{ry, 72,13} (17, —67—2[)%@( 7,21 -8V5) o=+l
{ri,71,13} (21,-109) o (= 5.5)g, = —1
{72, 79, 13} (13,—41) o (= 5.5)g, = +1

Table 8.3: Data for H5(f1, f2) in Example

Considering (8.1)), taking the product over all places, and implementing Theo-

rems [8.3.7 & [£.5.2] we sce that

(—1)e0eex) ke (aex))y (Jacy, Jw(Jacx,) = + 1,
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i.e. the 2-parity conjecture holds for the abelian surface Jacy, if and only if it holds
for the elliptic curve Jacy,.

Now write gi(z) = 2® — 5z + 5, ga(x) = x* — 13z + 41 and Y/Q : {y* =
g1(x), 22 = go(x)}. Similarly to above, whenever v # 5 is a place of Q, Theorem
guarantees that

(—1)ord2re(9192)p (Jacy,) = (=1, —1)yHy(g1, g2)- (8.2)

We again verify this equality when v = 5. Since Jacy2—g 2) = Jac.2—g,) = 0,

As(g1,92) = es(Jacx,)/es(Jacy). By above, cs(Jacyx,) = 2. Using that Egl“/r(@s =

1
[ 4

:, [27, Theorems 3.1 & 3.3] gives Ty g, = 1(‘\1/. l so that ¢5(Jacy) =4 (by
Theorem [2.3.3)). Therefore ordsy A\5(g1,92) = —1 and, as above, ws(Jacy,) = —1. In
this case, the computation of Hj is more succinct and we see, via Table [8.4] that

Hs(g1,92) = +1.

To H,(To)Hy(To)

{ri, 71,72} (8+ \/g,—16—4\/3)(@5(\/5) . (— %(84_ V5), )Q WE = — 41
{r2, 72,71} | (=8 + V5, =16 +4V5) = (3(8=V5),5)y = =+1

Table 8.4: Data for H5(g1,g2) in Examplem

Taking the product over all places of (8.2), and again implementing Theorems

& 5.2 we see that
(_1)rk2(JaCX2)w(JaCX2) — + 1

i.e. the 2-parity conjecture holds for the elliptic curve Jacy, and, moreover, it holds

for the abelian surface Jacy,.

More generally, we are able to prove the following case of the 2-parity conjecture

for hyperelliptic curves of arbitrary genus.
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Theorem 8.6.6. Let K be a number field. Let f(x) € Ok[z] be separable, monic and
such that Galgr)/k is a 2-group and Gk preserves a partition {oa, i}, ..., {on, B}
of R (the roots of f). Let p denote a prime of Ok and suppose that the reduction of

f(z) modulo p has at worst one double root whenever p 12, and that
o (v —ay)(z— p;) € KJ[z] for all i,
e ord,(a; — 3;) = ord,(4) for all 1,
o ordy(a; — a;) = ordy(8; — B;) = ordy(ai — §;) = 0 for all i # j,
whenever p | 2. The 2-parity conjecture holds for the Jacobian of C' : w? = f(z).

Proof. When deg f < 2, Jacc = 0 and so the 2-parity conjecture is already known
to hold.

Let deg f = 4. Suppose that fi(z) := (x — «;)(z — 8;) € K[x] and that f(z),
fo(z) satisfy [Assumption (%)| (if not, let ¢ be as in Lemma and replace f)(x),

fa(z) by fi(:%5), f2(15%;))- Since the assumptions of Theorem [8.3.10| are satisfied
when K = K, for each place v of K, we take the product over all places of the

asserted equality to obtain that

(—1)eterap @) thelacay, @) Helace)y, (Jag o 0 Yw(Jac,z— gy )w(Jace)

= (=1l (Jace) = +1

(having noted Theorem , the product law for Hilbert symbols and Theorem
8.3.7). By assumption, if fi(z) ¢ K|z] then fi(z) € K(y/€)[z] for some & € K. In
this case, Jace is an elliptic curve with a K-rational 2-torsion point (see Remark
for which the 2-parity conjecture is already known to hold by |20, Theorem
1.8].

We proceed by induction on the degree of f. In particular, fix N € N and
assume that the 2-parity conjecture holds whenever deg f < N and the roots of f(x)

satisfy the assumptions of the theorem.
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Let deg f = N. Write Oy, ..., O,, for the Gg-orbits of {aq, 51}, ..., {an, Bu},
and g;(x) = [, g,1e0,(® — @;)(z — B;) € K[z]. Suppose that m > 2 and, with-

out loss of generality, that gi(z), ga(z) - - - gm(x) satisfy [Assumption (x)| Since the
assumptions of Theorem [8.3.10| (with f1 = ¢1, fo = g2 gm) are satisfied when

K = K, for each place v of K, we take the product over all places of the asserted
equality to obtain that

(—1)rk2(‘]acy2:gl)+rk2(Jac22:g2m9mHrk?(J“C)w(Jacyz:gl)w(Jac22:g2...gm)w(Jacc) = +1
(having noted Theorem , the product law for Hilbert symbols and Theorem
. Since deg gi,degga---gm < N, the 2-parity conjecture holds for Jac,2_,,
and Jac,2_g,..4,, by assumption, and so we get the result for Jacc. If m = 1, then
(as in the proof of Theorem [8.1.1)) there is a quadratic extension K(1/€)/K such
that G (g permutes {ai1, 51}, ..., {an, B,} in two orbits Oy, O,. Define fo(x) =
H{ajﬁj}eol(x — «aj)(z — B8;) € K(v/&)[z] and, without loss of generality, suppose

that fo(z), fo(x) (the Galy( g r-conjugate of fo) satisfy [Assumption ()| Since the

assumptions of Theorem are satisfied when K = K, for each place v of K, we
take the product over all places of the asserted equality to obtain that

(_1)rk2(Jacc/K)+rk2(Jacco/K(\/E))w(JaCC/K)w(JaCCO/K(\/g)) = +1

where Cy : y* = fo(x) (having noted Theorem the product law for Hilbert
symbols and Theorem [8.3.7). Since deg fy < N, the 2-parity conjecture holds for
Jace, /K (v/€) by assumption, and so we get the result for Jacc. O

As a consequence, imposing relevant assumptions on the size of the Shafarevich—
Tate group, we deduce the following instance of the parity conjecture for hyperelliptic

curves.

Corollary 8.6.7. Let K be a number field. Let f(x) € Ok[x] be separable, monic,
such that Galgry/k 1s a 2-group and G preserves a partition {on, i}, ..., {om, B}
of R (the roots of f). Let p denote a prime of Ok and suppose that the reduction of

f(z) modulo p has at worst one double root whenever p 12, and that
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o (r—a;)(z — B;) € KJ"[x] for all i,
e ord,(a; — 3;) = ord,(4) for all 1,
o ordy(a; — ;) = ordy(f; — 8;) = ordp(ai — ;) = 0 for all i # j,

whenever p | 2. Write C : y*> = f(z). Assuming that #1(Jacc/K(R))[p™] is finite
for each prime p < deg f, the parity conjecture holds for the Jacobian of C.

Proof. Applying [24, Theorem B.1| with F' = K(R) and A = Jace (for which there
are no primes of unstable reduction), we see that it is enough to prove the parity
conjecture for Jace/K(R)? whenever H < Galy(r)/x is a 2-group.

By Theorem [8.6.6, the 2-parity conjecture holds for such Jace/K(R)# and
this is equivalent to the parity conjecture since #III(Jacc/K(R))[2%°] < oo =
#I(Jacc /K (R)H)[2*°] < oo. O
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