
PHYSICAL REVIEW APPLIED 21, 014005 (2024)

Multiscale design of large and irregular metamaterials

J. R. Capers ,1,* L. D. Stanfield,1,† J. R. Sambles,1 S. J. Boyes,2 A. W. Powell,1 A. P. Hibbins,1 and
S. A. R. Horsley1

1
Department of Physics and Astronomy, University of Exeter, Stocker Road, Exeter EX4 4QL, United Kingdom

2
DSTL Porton Down, Salisbury, Wiltshire SP4 0JQ, United Kingdom

 (Received 5 September 2023; revised 30 October 2023; accepted 5 December 2023; published 4 January 2024)

Next-generation microwave communications systems face several challenges, particularly from con-
gested communications frequencies and complex propagation environments. We present, and experimen-
tally test, a framework based on the coupled-dipole approximation for designing structures composed of a
single simple emitter with a passive disordered scattering structure of rods that is optimized to provide a
desired radiation pattern. Our numerical method provides an efficient way to model, and then design and
test, otherwise inaccessibly large scattering systems.
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I. INTRODUCTION

In recent years, metamaterials, man-made materials
structured at the subwavelength scale, have attracted much
interest due to their versatile wave-shaping capabilities.
From invisibility cloaks [1,2] to perfect lenses [3], meta-
materials offer novel ways to control and to shape the
propagation of electromagnetic, acoustic, elastic [4], and
water waves [5] as well as heat [6]. While early examples
of metamaterials consist of periodically patterned metal [7]
or dielectric [8], more recently, disorder has been exploited
[9] to achieve a range of interesting wave effects such as
antireflection coatings [10], energy storage [11], perfect
absorption [12], analog computing [13], and imaging [14].

Disordered materials have also been employed to
manipulate the radiation from subwavelength emitters
[15–17]. In this context, the role of disorder is to pro-
vide many more design degrees of freedom to achieve
the desired behavior. Engineering the radiation from small
sources has many key applications for the next genera-
tion of microwave communications. Current networks face
many challenges [18], particularly from congested com-
munications frequencies and complex propagation envi-
ronments. Rather than solving this complex propagation
problem using a combination of a large number of antenna,
one can instead try to move the functional complexity into
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a metamaterial layer that can reshape the radiation from a
given single source in a desired way and that may be eas-
ily fabricated and modified to change functionality. A key
question is, therefore, how to design such a metamaterial
layer to structure, in a specified way, the radiation pattern
of an emitter.

Several methods for designing passive scattering struc-
tures to manipulate the radiation from an emitter have been
developed over the past decade. Utilizing elegantly simple
phase-based arguments, structures have been designed [19]
and experimentally realized [20] that enhance the radia-
tion efficiency of an emitter by factors in the thousands.
Methods based on perturbation theory [21,22] and shape
optimization [23] have been utilized in quantum electrody-
namics to control energy transfer and enhance coherence.
The adjoint method [24] has enabled efficient the topology
optimization of photonic components (see, e.g., Ref. [25])
and deep learning [26,27] has been utilized to solve both
forward and inverse problems. While powerful, the adjoint
method can produce graded structures that are difficult
to manufacture and physical insight can be difficult to
extract from deep-learning techniques. Genetic algorithms
have also been employed [15–17] to distribute scattering
elements to produce antenna with specific radiation prop-
erties. In the context of antenna engineering, disordered
phased arrays have been designed using genetic algorithms
[28,29] and sparse optimization [30–32]. Parasitic antenna
arrays have been well known for many years [33,34]; how-
ever, these typically involve a small number of parasitic
elements due to the numerical demands of modeling and
optimizing such systems.

In this work, we design and experimentally realize disor-
dered arrangements of scatterers (metal rods) around a sin-
gle emitter to engineer the far-field radiation pattern of the
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FIG. 1. (a) The particular physical problem with which we illustrate our method is how to distribute scatterers around an emitter
to engineer the far-field radiation pattern in a particular way. (b) Our proposed method is to combine full-wave simulations of the
building blocks of a large scattering material with the coupled-dipole framework to enable both the modeling and design of irregular
metamaterials, for a range of applications.

emitter in a particular plane. This is shown schematically
in Fig. 1(a). Our proposed design approach, illustrated in
Figure 1(b), exploits the multiscale nature of the problem.
The building blocks of the system, the emitter and the rods,
can be modeled individually using full-wave simulations.
The resulting properties can be imported into semiana-
lytical coupled-dipole code, to enable the modeling and
inverse design of a large irregular metamaterial. Crucially,
this technique enables the modeling and design of sys-
tems that are too large for full-wave simulations and is
applicable to a wide range of problems from radiation pat-
tern shaping to wave-front manipulation. While we focus
on the particular problem of rods reshaping the radiation
from an emitter, our approach includes all of the physics of
three-dimensional vector electromagnetism and is flexible
enough to be applicable to wave-front shaping [10], smart
radio environments [35], and random lasing or absorption
[12,36], as well as to other wave regimes such as acoustics
and elasticity.

II. THEORY, MODELING, AND INVERSE DESIGN

Before attempting to design the structures, we will
develop an efficient way to model them so that all of the
fields of the system can be extracted and analyzed effi-
ciently. Modeling a system comprised of a large number

of scattering elements around an emitter is generally very
challenging. In finite-element or finite-difference full-wave
solvers, the length-scale separation between the subwave-
length scattering elements and the tens of wavelengths that
make up the whole structure can result in intractably large
simulations. To avoid this, we utilize the coupled-dipole
approximation [37,38]. Assuming that each of the passive
scatterers can be described as a point dipole located at
position rn, scattering from these introduces source terms
in Maxwell’s equations related to the polarization and
magnetization densities,

P =
∑

n

αEE(rn)δ(r − rn), (1)

M =
∑

n

αH H(rn)δ(r − rn), (2)

where αE is the electric polarizability of the scatterer and
αH is the magnetic polarizability. These tensors relate
the applied electric and magnetic fields, E and H, to the
polarization and magnetization densities, P and M. More
complicated scattering elements can be described in this
framework if one includes additional multipolar terms in
the electric and magnetic polarizabilities [39,40]. In this
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work, we restrict ourselves to the case where all of the scat-
terers can be described as dipoles. With these source terms,
the solution to Maxwell’s equations can be written as

φ(r) = φinc(r) +
N∑

n=0

G(r, rn)φ(rn), (3)

where we have adopted the compact notation of Ref. [41],
that

φ(r) =
(

E(r)
η0H(r)

)
, (4)

G(r, r′) =
(

ξ 2G(r, r′)αE iξGEH (r, r′)αH

−iξGEH (r, r′)αE ξ 2G(r, r′)αH

)
, (5)

where

G(r, r′) =
[

1 + 1
ξ 2 ∇ ⊗ ∇

]
eiξ |r−r′|

4π |r − r′| (6)

is the Dyadic Green’s function [42], ξ = ka is a dimen-
sionless wave number with a being a characteristic length
scale of the problem, η0 is the impedance of free space,
and GEH = ∇ × G(r, r′). It should be noted that the fields
applied to each scatterer φ(rn) must be calculated by
imposing self-consistency [41,43], resulting in a matrix
of size 6N × 6N that must be inverted. This is the main
computational burden of the coupled-dipole method but it
ensures that all mutual coupling effects are fully accounted
for.

Inverse design of the system is then facilitated accord-
ing to the method presented by Capers et al. [43]. Starting
from an initial distribution of scattering elements, the aim
is to derive an analytical expression to find how to iter-
atively move the scatterers in order to increase a chosen
figure of merit. To do this, we ask how moving a scat-
terer by a small amount changes the fields of the system.
Perturbatively expanding the position of the scatterers,

δ(r − rn − δrn) = δ(r − rn) − (δrn · ∇)δ(r − rn) + . . . ,
(7)

one can find [41,43] that the change produced in the field
is

δφ(r) = G(r, rn)∇φ(rn) · δrn. (8)

As our aim is to shape the far-field radiation pattern of the
system, we define as our figure of merit the overlap integral
in the far field in the plane of the scatterers,

F = 1
N

∫ 2π

0
dφ|E(φ)||Etarget(φ)|, (9)

where N is a normalization factor that depends upon both
E and Etarget. This figure of merit ranges from 0 to 1, when

the radiation pattern is exactly the same as the target radia-
tion pattern. This can be expanded under small changes of
the field [41] to find an analytical expression for the gra-
dient of the figure of merit with respect to the positions
of the scatterers. The expression is given in the Supple-
mental Material [44]. With this gradient found, elementary
gradient-descent optimization,

ri+1
n = ri

n + γ∇rnF (10)

where γ is the step size, can be used to iteratively update
the positions of the scatterers to increase the figure of
merit.

In order to use this framework to describe our exper-
imental system, certain properties of the scatterers and
the emitter must be extracted numerically. For scatter-
ers, we use metal rods of length 15 mm and diameter
3 mm. These parameters have been chosen so that the
dipole resonance of the rods will be at approximately
10 GHz, although any subwavelength resonator could be
utilized. The polarizability tensors, αE and αH , can be
found using full-wave simulations following the prescrip-
tion of Yazdi et al. [45,46]. Exciting the rod with plane
waves from different directions, the induced charges and
currents can be integrated to find the electric and mag-
netic dipole moments, which can be related to columns of
the polarizability tensor. A schematic of the finite-element
model is shown in Fig. 2(a), with the resulting z compo-
nent of the polarizability as a function of frequency shown
in Fig. 2(b). All other components of αE and αH are neg-
ligible. Electing to work at 7 GHz, the dipole resonance of
the rods, the polarizability is

αE =
⎛

⎝
0 0 0
0 0 0
0 0 1

⎞

⎠ (6.91 + i14.17). (11)

For the scatterers to be lossy, the polarizability tensor must
obey the inequality Im[αE] ≥ 1k3/(6πε) [47], where ε

is the permittivity of the background medium containing
the scatterer. The other key component of the coupled-
dipole approximation in Eq. (3) that we require is the
field due to the source emitter. Our choice of emitter, a
sleeve antenna, is shown in Fig. 2(c). The fields of the
emitter on its own are calculated using COMSOL MUL-
TIPHYSICS [48], shown in Fig. 2(d), then exported and
interpolated to provide a function for the source fields
that is fast to evaluate. As the scatterers have only a
single nonzero component of their polarizability tensors,
only the z component of the electric field is relevant.
Correctly representing the source field is key to using
this method to correctly design wave-shaping devices. As
such, a complete numerical and experimental characteri-
zation of the emitter is included in Supplemental Material
[44]. While we have made particular choices for the emit-
ter and the scatterers, our design methodology is easily
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FIG. 2. The finite-element modeling of the scatterers and emitter. (a) A schematic of the finite-element model used to calculate the
polarizability of the rods. (b) The resulting polarizability. (c) A photograph and finite-element representation of the source. (d) The
calculated radiation field.

applicable to other systems. For example, this framework
could be applied to the higher frequencies required for
next-generation communication systems. In this context,
the scattering elements could be patches and the source
field due to, i.e., a Gaussian beam antenna. With such
a setup, millimeter wave metasurfaces have been exper-
imentally realized [49], operating at 83 GHz. Since the
properties of the scatterers and source field are extracted
numerically, the wavelength of operation does not affect
the applicability of our techniques.

With the polarizability of the scatterers and the emitter
characterized, the coupled-dipole framework can be used
to both model and design a system with a specific radiation
pattern. An investigation of how well the coupled-dipole
framework describes the system is included in the Sup-
plemental Material [44]. The key benefit of our approach
is that the numerical complexity of the model depends
upon the number of scatterers, N , involving the inver-
sion of a matrix of the size 6N × 6N . Conversely, most
full-wave solvers must solve linear systems that depend
upon the size of the computational domain. For the struc-
tures that we consider here, this could be a volume of

approximately 1000λ3, resulting in hundreds of thousands
of mesh elements. Indeed, describing large systems of
aperiodic subwavelength scatterers in this way currently
requires specialist computers, while the coupled-dipole
framework can be run on a modest laptop. Our simu-
lations and inverse design have been carried out using
in-house coupled-dipole code written in PYTHON. Running
on a Windows PC with a Intel® Xeon® CPU E5-2630 v2
@ 2.60 GHz processor, optimization of a 100-scatterer
systems takes around 15 h and requires approximately
500 MB of RAM. For comparison, on the same machine,
a single field calculation for the same system in COMSOL
MULTIPHYSICS takes around 1 h and requires 120 GB of
RAM. Consequently, our approach enables the design of
otherwise inaccessible structures.

III. EXPERIMENTAL RESULTS

Utilizing the modeling and design framework based
on the coupled-dipole approximation, we have designed
several devices that illustrate both the capabilities and
limitations of our approach. Keeping the scatterers in the
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plane of the emitter, for simplicity, the design approach
outlined in Sec. II has been employed to design structures
of 100 metal rods, driven by a central emitter, that have
specified radiation patterns. The number of scatterers and
their initial configuration are chosen arbitrarily. While the
results of gradient-based optimizations are dependent upon
the starting position in solution space, how to find a rea-
sonable starting configuration remains an open challenge.
Progress on this has been made in the context of graded
dielectric systems [50]. Alternatively, one could develop
an additive framework [21], whereby scatterers are added
to an initially “empty” system or utilize a global optimiza-
tion technique such as a genetic algorithm. Despite these
challenges, we shall demonstrate that even an arbitrary
choice of starting configuration produces effective devices
that may be satisfactory depending upon the particular con-
text of the problem. Once designed and constructed, the
structures have been experimentally characterized using an
Anritsu MS46122B vector network analyzer (VNA) and

a rotational table controlled by a Thorlabs APT precision
motion controller. To determine the far-field radiation pat-
tern, the structure has undergone a full 360◦ rotation in
1◦ increments about the z axis, parallel to the axis of
the source and the rod scatterers, in an anechoic cham-
ber, with the response measured by a Narda standard
gain horn (Model 642) for the frequency range from 4.0
GHz to 10.0 GHz, in 0.05-GHz increments. A photograph
of the experimental setup is given in the Supplemental
Material [44].

The first example that we present is shown in Fig. 3.
Our target radiation pattern is a unidirectional beam at 0◦
with a beam width of 10◦. We decide to undertake our opti-
mization based on an initial square array of 100 rods with
periodicity 0.75λ ∼ 3 cm, shown in Fig. 3(a). The scatter-
ers are redistributed by optimizing the overlap integral in
Eq. (9). A low-index disk of Evonik Industries Roacelle
IG foam, of permittivity 1.05 and loss tangent 0.0017 at
10 GHz, is used to support the rods, which sit snugly within

(a) (b)

(c) (d)

Foam

Rods

3 cm

FIG. 3. Designing a 100-scatterer structure giving a beam in a single direction of width 10◦. (a) The initial and final positions of the
rods, with the emitter located at the origin: black, initial; red, optimized. (b) The experimental sample. (c) The radiation-pattern (|E|)
data, where the radial axis is the frequency in gigahertz. (d) Taking a cut of these data at 7 GHz, the theory, experimental and desired
radiation patterns are presented.
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the disk of thickness equal to the height of the rods. The
constructed device is shown in Fig. 3(b), with the mea-
sured radiation pattern shown in Fig. 3(c). A clear peak
can be seen at the design frequency of 7 GHz. Plotting
the radiation pattern on a linear scale in Fig. 3(b), a beam
at the correct location with a width close to the desired
width is observed. It should be noted that over the course
of the optimization, the rods move a distance similar to
the original lattice spacing. To prevent rods touching or
becoming coincident, updates that take the rods closer than
2r, where r is the radius of the rods, are blocked. While
we have chosen to work with 100-scatterer systems, we
consider whether other numbers of scatterers give a bet-
ter result. The details of this analysis are given in the
Supplemental Material [44]. We find that increasing the
number of scatterers increases the final figure of merit;
however, the run time scales as N 2.6. There is therefore
a trade-off between device performance and design time.
Additional complexity is presented, however, by the fact
that scatterers cannot cross each other during the opti-
mization procedure. This restriction means that we exclude
designs where the dipoles are very closely spaced, due
to the potential breakdown of the dipole approximation.

Nevertheless, this is not a fundamental restriction and the
method could be modified to include a more accurate mod-
eling of the scatterer-scatterer interaction. As a result, the
higher performance achieved by adding more scatterers
does not preclude the existence of smaller designs that per-
form equally as well, if not better. However, the search
space is very large and the system is strongly interact-
ing, so there are few design strategies that could find such
minima. Even genetic algorithms are likely to find local
minima for such a problem [15].

In our next example, we design a device that has two
beams of defined width at particular angles in the plane of
the array. We choose to place one beam at 350◦ and another
at 260◦, both of width 15◦. The corresponding device is
shown in Fig. 4. The locations of the scatterers before and
after the optimization are shown in Fig. 4(a), while the fab-
ricated structure is shown in Fig. 4(b). In the measured
radiation pattern, shown in Figs. 4(c) and 4(d), one can
observe the expected features. Lobes at 350◦ and 260◦ are
present and have the correct width.

Finally, to demonstrate the flexibility of our method,
we design a device that has beams of different widths
in three different directions, also with different relative

(c) (d)

(a) (b)

FIG. 4. Designing a device that beams into 350◦ and 260◦, with beam widths of 15◦. (a) The initial and final rod locations: black,
initial; red, optimized. (b) The fabricated sample. (c) The measured radiation pattern (|E|), with the radial axis being the frequency in
gigahertz. (d) A cut of the far field taken at 7 GHz, compared with the theoretical predictions.
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(c)

(a) (b)

(d)

FIG. 5. Designing a device with two beams of maximum amplitude and width 15◦ at 260◦ and 350◦, plus a beam of half amplitude at
80◦ with width 45◦. (a) The initial and final rod locations: black, initial; red, optimized. (b) The experimental sample. (c) The measured
radiation pattern (|E|), where the radial axis is the frequency in gigahertz. (d) A comparison between experiment and theory.

far-field amplitudes. As shown in Fig. 5, we have aimed
to design a device that has two beams of width 15◦ at
350◦ and 260◦ at maximum amplitude and a beam at 80◦
of width 45◦ at half-maximum amplitude. The locations
of the rods before and after the optimization are shown
in Fig. 5(a), while the device is shown in Fig. 5(b). The
measured radiation pattern, illustrated in Fig. 5(c), shows
the maximum-amplitude beams at 200◦ and 250◦, with
the half-amplitude beam at around 100◦. Taking a slice
at 7 GHz, as shown in Fig. 5(d), we see that the two
full-amplitude beams occur at the correct positions and
have the correct widths. The half-amplitude beam is at the
correct position with an approximately correct width and
amplitude.

While we have presented one-, two-, and three-beam
examples, one could, in principle, define any radiation
pattern as the target and seek to distribute scatterers to
increase this figure of merit. Numerically, the limitation
to this will be one’s ability to find a good initial distri-
bution of scatterers [50]. Physically, one is limited by (i)
how strongly the elements of the metasurface scatter and
(ii) the aperture of the device. Generally, stronger scatter-
ing elements give more control over the field and a larger

aperture allows for sharper features in the far-field to be
captured.

While we aim to shape the radiation in the plane of the
emitters, for completeness, the full far-field radiation pat-
tern sphere for each device is shown in Fig. 6. The white
dashed line indicates the plane in which the radiation pat-
tern has been structured. One can observe that for both the
one- and two-beam structures, shown in Figs. 6(a) and 6(b)
respectively, most of the radiation is localized to the plane
of the emitters. However, the radiation pattern of the three-
lobe structure, illustrated in Fig. 6(c), shows significant
out-of-plane radiation. To avoid this unwanted radiation,
one could define the figure of merit as an overlap integral
over the full far field.

We also consider the bandwidth of our devices. This is
calculated by evaluating the overlap integral [see Eq. (9)]
between the target distribution and the measured radia-
tion pattern as a function of the frequency and is shown
in Fig. 7. All of the devices are rather narrow band,
or frequency selective, due to the high-order multiple-
scattering effects that lead to the desired behavior. Each
device performs the best at around 7 GHz, as expected.
Measurements of the return loss, |S11|, of our devices are
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FIG. 6. The full far-field spheres of the devices shown in (a) Fig. 3 (one-beam design), (b) Figs. 4 (two-beam design), and (c) Fig. 5
(three-beam design). The white dashed line indicates the plane in which the radiation pattern has been optimized.

given in Supplemental Material [44]. For the one- and two-
beam devices, |S11| is comparable to that of the emitter in
free space. The three-beam device, however, exhibits an
increase in return loss from |S11| = 0.1 to |S11| = 0.3.

While these experimental results show clear proof of
concept, the experimental and theoretical results do not
align perfectly. Many steps in constructing both the exper-
iments and the semianalytical design framework introduce
non-negligible sources of error. Approximating the rods as
dipoles is well justified, as their quadrupole moment has
been calculated to be approximately 5 orders of magnitude
lower than the dipole moment. However, treating them as
point dipoles, rather than distributed currents, introduces
deviations in the radiation pattern due to near-field effects.
Provided that the rods are separated by a distance larger
than 5 times the radius, as is the case in all of the designs
we have presented, this induces a small but constant error
in the far-field radiation pattern. Next, the effect of small
errors in the measurement of the permittivity of the foam
has been considered. An over- or under-estimation of the
permittivity by approximately 1% has been found to have
little effect; however, once the error reached approximately
5%, large differences in both the main and back lobes have

been observed. Importantly, the back lobes become larger
relative to the main lobes, as we observe in the experi-
mental data. Furthermore, errors in the estimation of the
polarizability of the rods can also introduce additional back
lobes. A slightly different αE could be caused by small
inconsistencies in the lengths of the rods. We find that a 5%
difference in the length of the rods can change the polar-
izability enough to introduce the back lobes observed in
the experimental data. One way to remedy this could be to
infer αE from experimentally measured radiation patterns.
The full data generated for these investigations are given
in the Supplemental Material [44].

IV. ANALYSIS OF THE DESIGNS

One can leverage the analytical framework of the
coupled-dipole approximation to provide physical insight
into the structures that we have designed. When setting
up the problem in Sec. II, it was pointed out that using
the coupled-dipole framework to describe all of the inter-
actions in the system involves assembling and inverting
a matrix [51]. This matrix describes all of the inter-
actions in the system and can be used to characterize

(a) (b) (c)

FIG. 7. The frequency response of our devices, calculated by evaluating the overlap integral given in Eq. (9), with the measured
radiation patterns: (a) one-beam device; (b) two-beam device; (c) three-beam device. The dashed line indicates 7 GHz, the design
frequency.
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multiple-scattering effects in complex systems [43]. When
setting up the multiple-scattering problem, one must con-
struct the following self-consistency condition:

Anmφm = φinc,n, (12)

where Anm = 1δnm − G(rn, rm), φm = φ(rm), and φinc,n =
φinc(rn), in order to correctly describe all of the interactions
within the system. The matrix A can be inverted to rewrite
this as

φ = Rφinc, (13)

where we define R = A−1 as the interaction matrix and we
have dropped the indices. This matrix describes the effect
of the system on the incident field φinc. The eigenvectors
of this matrix describe field configurations correspond-
ing to certain collective responses of the system. How
strong these collective responses are is given by the asso-
ciated eigenvalue λ, with large |λ| corresponding to a
large collective response. The ability to provide physical
insight into the interactions of the system is a key benefit
of our framework. Similar antenna-design methodologies
either seek to minimize the coupling between elements
[28,31,32] or employ full-wave simulations to take them
into account [29,30]. While the latter approach includes
multiple-scattering effects, it offers little insight into which
collective responses are important. In this section, we shall
explore the interactions in the systems we have designed,
seeking to elucidate the features of our devices that are
important for performance.

We will seek to decompose the fields at the scatterers
into the eigenmodes of the interaction matrix, to explore
which modes contribute most to the response of the sys-
tem. As the matrix R has no obvious symmetries, its eigen-
vectors do not form an orthogonal basis. However, we can
work in terms of the right, v, and left, w, eigenvectors,
which satisfy

Rv = λv, wR = λw, w†
n·vm = δnm. (14)

Here, w†
n represents the conjugate transpose of the nth

(right) eigenvector. One can then decompose the field at
the scatterers into this basis:

φ =
N∑

n=0

cnvn, (15)

where N is the total number of eigenmodes and the
expansion coefficients cn are found according to

cn = w†
n·φ. (16)

Now, to analyze the behavior of our devices, we can
choose a few eigenmodes on which to focus, ignoring

the effect of the others. If the eigenvectors are ordered in
descending value of |λ|, we can define some cutoff Ñ and
write the field as

φ̃ =
Ñ∑

n=0

cnvn. (17)

The upper limit of the summation, Ñ , is chosen to max-
imize the figure of merit, defined as the overlap integral
with the desired radiation pattern with |Ẽ| in the far field.
Due to interference of the modes, this is not achieved by
adding all of the modes together but only a small subset
of them. This process is illustrated in the Supplemental
Material [44]. In this way, even a very complex scatter-
ing system can be described in terms of a few resonances.
We have chosen to consider the modes with the largest
eigenvalues as these represent modes that enhance the inci-
dent field the most [43], due to multiple-scattering effects.
The application of this analysis to our designs is shown in
Fig. 8.

Figures 8(a)–8(c) show this analysis for the one-beam
device that we have designed. The location of the eigen-
vectors of the interaction matrix in the complex plane are
given in Fig. 8(a), color coded by |λ|. Considering the
eigenmodes with the two largest eigenvalues, the far and
near fields are plotted in Figs. 8(b) and 8(c) respectively.
We see from the far field that the response of the device
is strongly dominated by these two modes. More interest-
ingly, examining the field shown in Fig. 8(c) we can see
how the device operates. Interpreting the operation in the
language of the Yagi-Uda antenna, part of the structure acts
as “directors” and some acts as a “reflector.” The directors
act to create the beam in the desired direction, while the
reflector blocks backward radiation.

Similar arguments can be used to understand the
two-lobe device, the analysis of which is shown in
Figs. 8(d)–8(f). Drawing out the key behavior of the device
now requires us to include the 17 modes with the largest
eigenvalues. The resulting behavior of the device is a result
of the superposition of these modes. As the complexity of
the desired field grows, more eigenmodes contribute to the
response. Examining the field shown in Fig. 8(f), one can
again see certain parts of the array acting as directors and
some acting as reflectors.

Finally, we apply this analysis to our three-lobe device.
To reconstruct the key behavior of this device, we include
the modes with the 25 largest eigenvalues. Once again,
the field shown in Fig. 8(i) exhibits clear amplitude peaks
in the directions of the lobes. One can also see from the
field of the modes that the lobes will differ in width. While
the field clearly shows the lobes, there are other field hot
spots such as those at (−2λ, 0) and (3λ, −2λ). The func-
tion of these regions is important for the performance of the
device but without this modal-analysis picture one would
not expect these parts of the array to play an important role.
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|λ|

|λ|

|λ|

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

FIG. 8. The eigenmode analysis of (a)–(c) the one-lobe device, (d)–(f) the two-lobe device, and (g)–(i) the three-lobe device. Panels
(a), (d), and (g) show the distribution of the eigenvalues of the interaction matrix in the complex plane, with the color scale indicating
the magnitude of the eigenvalue. The response of the system is expanded into the Ñ modes with the largest eigenvalues. These are
indicated as crosses in (a), (d), and (g). The radiation patterns associated with this expansion are shown in (b), (e), and (h), showing
the two, 17, and 25 largest eigenvalues, respectively, with the near fields (|Ẽ|) shown in (c), (f), and (i). While the modal fields are
independent of the emitter, the location of the source in the experiments is indicated with a magenta star and the rods by red dots.

This is the key benefit of being able to apply this analysis
technique. Collective behavior is key to the performance
of our designs and this method allows one to investigate
(i) to what extent collective behavior is important and (ii)
which parts of the array are crucial to this response. Such
analysis is helpful for fault tolerance as well as to provide
insight into the structures.

V. CONCLUSIONS AND OUTLOOK

We have experimentally demonstrated a new framework
for manipulating the radiation from simple sources. To

meet the challenges of the next generation of communica-
tions, antenna functionality can be moved into the design
of a passive material instead of the antenna itself, so that
feeding remains simple but functionality can be complex.
While active elements could be included in our design
methodology, there are many situations in which static but
nonstandard beam shapes are required. For example, many
indoor applications will require beam shapes specific to the
building or room shape. The ability to use a cheap and sim-
ple metamaterial layer to meet this requirement, rather than
increasing the electrical complexity of the source, might be
desirable for next-generation communications.
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The paradigm that we have presented here is both simple
and versatile. Passive scattering elements and the emitter
are characterized by full-wave simulations independently
and then the coupled-dipole approximation is used to
model the whole system. While this approach introduces
some numerical errors, it enables the modeling of oth-
erwise numerically inaccessible systems. Inverse design
of the scattering systems has then been performed using
gradient descent, with gradients that can be efficiently eval-
uated, as we have derived their analytical form. Several
experimental results are presented that illustrate both the
utility and limitations of our method.

Future work might focus on the design of switchable or
time-varying structures, so that the antenna functionality
can be tuned in real time. While our results have focused on
a single polarization, more exotic polarization manipula-
tion could be achieved with bianiostropic or chiral passive
scatterers. Broadening the bandwidth by including multi-
ple species of scatterers supporting resonances at different
spectral locations, or of different multipolar nature, would
also be of great utility in the context of antennas.

All data and code created during this research are openly
available from the corresponding authors, upon reasonable
request.
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