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Abstract

Representation learning is essential to practical success of reinforcement learning.
Through a state representation, an agent can describe its environment to efficiently
explore the state space, generalize to new states and perform credit assignment from
delayed feedback. These representations may be state abstractions, hand-engineered
or fixed features or implied by a neural network. In this thesis, we investigate
several desirable theoretical properties of state representations and, using this
categorization, design novel principled RL algorithms aiming at learning these state
representations at scale through deep learning.

First, we consider state abstractions induced by behavioral metrics and their
generalization properties. We show that supporting the continuity of the value
function is central to generalization in reinforcement learning. Together with this
formalization, we provide an empirical evaluation comparing various metrics and
demonstrating the importance of the choice of a neighborhood in RL algorithms.

Then, we draw on statistical learning theory to characterize what it means
for arbitrary state features to generalize in RL. We introduce a new notion called
effective dimension of a representation that drives the generalization to unseen
states and demonstrate its usefulness for value-based deep reinforcement learning
in Atari games.

The third contribution of this dissertation is a scalable algorithm to learn a state
representation from a very large number of auxiliary tasks through deep learning.
It is a stochastic gradient descent method to learn the principal components of a
target matrix by means of a neural network from a handful of entries.

Finally, the last part presents our findings on how the state representation
in reinforcement learning influences the quality of an agent’s predictions but is
also shaped by these predictions. We provide a formal mathematical model for
studying this phenomenon and show how these theoretical results can be leveraged
to improve the quality of the learning process.
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Introduction

1.1 Motivation

The idea of interaction is central to intelligence and all theories for learning. In
reinforcement learning (RL), an agent interacts with its environment by taking
actions and receives a real-valued reward as a form of delayed feedback. The goal
is to turn data into decisions to maximize this numerical reward signal. Unlike
supervised learning which is concerned with learning from a dataset of labeled
examples, reinforcement learning fundamentally aims at learning to act from data.

Reinforcement learning achieved a number of notable achievements such as play-
ing games [Silver et al.| [2016], flying stratospheric balloons [Bellemare et al., |2020],
designing hardware chips [Mirhoseini et al., [2021], discovering matrix multiplication
algorithms [Fawzi et al., |2022] and finetuning large language models [Christiano
et al., 2017, Ouyang et al [2022, |OpenAl, 2023|. These recent successes can be
attributed to deep reinforcement learning, that is the combination of reinforcement
learning algorithms with deep neural networks. In deep reinforcement learning,
the network learns the mapping from perceptual inputs such as raw pixels to an
output vector encoding each action and needs to figure out how those low-level

inputs are related. These algorithms help represent inputs in a way that captures
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the relevant information needed for the agent to make good decisions, a process
called representation learning.

Understanding how the choice of a representation affects the performance of deep
RL agents, summarised by the sum of discounted rewards they receive, remains
poorly understood. Representation learning in reinforcement learning is quite
different from representation learning in supervised learning. In RL, an agent
interacts with the environment in a temporal fashion. Hence, an advantage is that
there is structure built into the decision making system that we can actually learn
from. Images that occur in succession are more related than images that are far
apart which relates to the problem of decisions: we should take the same decisions
in similar situations. However, unlike supervised learning, in the control setting,
the agent faces a succession of value prediction problems making representation
learning more difficult.

In this thesis, we analyse what makes a good representation for reinforcement
learning. In particular, we provide evidence of the need to take advantage of the
structure of the interactions between the agent and its environment into a compact
representation. More generally, our work unifies theoretical reinforcement learning
with practical deep-learning-based algorithms and also provides the ground for

principled deep reinforcement learning agents.

1.2 Thesis Outline

The research question behind this thesis is
How can we choose and learn a state representation to improve the quality of
the learning process and its resulting solution in reinforcement learning?

This thesis answers this question by the following statement.

Thesis statement.

By leveraging insights from topology, statistical learning and control theory, we
identify several theoretical properties for useful state representations leading to
novel, efficient and principled reinforcement learning algorithms.
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To support this thesis, we consider three desiderata according to which we
evaluate representations for reinforcement learning. A representation should
be easy to learn, cheaply generalize to newly encountered states while making
accurate predictions about the value function. We study the characteristics of state
representations under this lens through four contributions.

studies state abstractions induced by behavioral metrics in which
similar states are assigned similar predictions. State similarity metrics can support
the continuity of RL functions to various degrees and induce different kinds of
topologies on the state space. The main insight of this chapter is that generalizing
well within a neighborhood requires having a representation that supports the
continuity of the function of interest, as summarised by and a topology
as coarse as possible enabling a cheap generalization to new states as shown
by [Theorem 2| We also provide results comparing the computational cost of
these metrics. Relying on our taxonomy, we show that metrics frequently found
in the literature are not appropriate for algorithms that convert representations
into values. Following this observation, we present new metrics to address this
gap. We also provide empirical evidence supporting our taxonomy of metrics
and showing the benefit of the state abstractions introduced to generalize values
within a neighborhood.

investigates how the choice of a representation affects the gener-
alization of value functions in an algorithmic context. provides a
generalization bound for Monte Carlo value function estimation with fixed features.
We demonstrate that our bound is useful by applying it to the special case of
the successor representation for various environment structures. We find that a
quantity that we call effective dimension of a representation informs its generalization
capacity. Finally, we show that our theory makes useful predictions about which
representations are desirable on the Arcade Learning Environment [Bellemare
et al., 2013]. Our experiments highlight a strong correlation between the effective

dimension of the representations implied by deep RL agents and their performance
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in the online setting. We exploit this tight connection to design a new auxiliary
loss presenting encouraging improvements in the offline deep RL setting.

tackles learning a representation at scale from a possibly infinite
number of predictions. It is motivated by a commonly held belief that the more
an agent learns about the world additionally to learning a value function, the
better its representation and resulting performance. We propose a gradient-based
algorithm which applies beyond the setting of reinforcement learning and recovers
the principal components of a possibly infinite dimensional data matrix by means of
a neural network from a small number of entries. It consists in expressing a per-task
weight vector implicitly rather than in memory and constructing an estimate of a
loss function which minimizer is the desired principal subspace. Empirically, we
demonstrate on tabular and continuous domains that the representation parame-
terized by a neural network effectively converges towards to the desired principal
components of the matrix of interest.

addresses the problem of designing a set of cumulants given a fixed
computational budget. To answer this question, we first rely on theoretical tools
from the study of dynamical systems to analyse the representations learnt by
training auxiliary tasks. We also formalize mathematically why a collection of
cumulants spanning the whole state space leads to rich representations, as has been
suggested by [Sutton et al.| [2011] and show that learning the same representation
from a smaller set of cumulants requires them to depend on the dynamics of the
environment. We demonstrate empirically that our theoretical results make useful

predictions about what happens in deep RL and which representations are useful

in the control setting as verified in experiments in [Subsection 6.5.3|

Together these contributions advance the study of representation learning in
reinforcement learning by providing the tools to analyse the features learnt by
state-of-the art RL algorithms, moving ahead with a formalization of why they
are helpful in the learning process of the value function and concluding with the

derivation of new auxiliary-task based algorithms.
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1.3 Publications

Most chapters of this integrated thesis correspond to papers published in conference
proceedings |Le Lan et al.| 2021} [2022, 2023a] or presented at a workshop |Le Lan
et al., 2023b]. We detail the contributions of each author at the end of each

corresponding chapter.

o Charline Le Lan, Marc G. Bellemare, Pablo Samuel Castro. Metrics and
continuity in reinforcement learning. In Proceedings of the AAAI Conference

on Artificial Intelligence, 2021

o Charline Le Lan, Stephen Tu, Adam Oberman, Rishabh Agarwal, Marc G.
Bellemare. On the generalization of representations in reinforcement learning.
In Proceedings of the International Conference on Artificial Intelligence and

Statistics, 2022

o Charline Le Lan, Joshua Greaves, Jesse Farebrother, Mark Rowland, Fabian
Pedregosa, Rishabh Agarwal, Marc G. Bellemare. A novel stochastic gradient
descent algorithm for learning principal subspaces. In Proceedings of the

International Conference on Artificial Intelligence and Statistics, 2023

o Charline Le Lan, Stephen Tu, Mark Rowland, Anna Harutyunyan, Rishabh
Agarwal, Marc G. Bellemare, Will Dabney. Bootstrapped representations in
reinforcement learning. In Reincarnating RL Workshop at ICLR 2023

For completeness, we list in reverse chronological order below other publications
conducted during the time of this DPhil. Some of them are discussed as related
work [Le Lan and Agarwal, 2023, Farebrother et al., [2023| Tang et al., 2023] while
others are omitted from this thesis |[Le Lan and Dinh| 2021, [Hutchinson, Le Lan.
Zaidi et al., 2021, Mathieu et al., [2019]. * denotes joint first authorship.

o Charline Le Lan, Rishabh Agarwal. Revisiting bisimulation: a sampling-based
state similarity pseudo-metric. In Submission at the International Conference

on Learning Representation, Tiny paper track, 2023
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o Jesse Farebrother*, Joshua Greaves*, Rishabh Agarwal, Charline Le Lan, Ross
Ghoroshin, Pablo Samuel Castro, Marc G. Bellemare. Proto-value networks:
scaling representation learning with auxiliary tasks. In Proceedings of the

International Conference on Learning Representations, 2023

e Yunhao Tang, Zhaohan Daniel Guo, Pierre Harvey Richemond, Bernardo Avila
Pires, Yash Chandak, Remi Munos, Mark Rowland, Mohammad Gheshlaghi
Azar, Charline Le Lan, Clare Lyle, Andras Gyorgy, Shantanu Thakoor, Will
Dabney, Bilal Piot, Daniele Calandriello, Michal Valko. Understanding
self-predictive learning for reinforcement learning. In Submission at the

International Conference on Machine Learning, 2023

e Charline Le Lan, Laurent Dinh. Perfect density models cannot guarantee
anomaly detection. In Entropy, 2021. Also Entropic Award at the I Can’t
Believe It’s Not Better! Workshop at NeurIPS, 2020

o Michael Hutchinson*, Charline Le Lan*, Sheheryar Zaidi*, Emilien Dupont,
Yee Whye Teh, Hyunjik Kim. Lietransformer: equivariant self-attention for lie

groups. In Proceedings of the International Conference on Machine Learning,

2021

o Emile Mathieu, Charline Le Lan, Chris Maddison, Ryota Tomioka, Yee Whye
Teh. Continuous hierarchical representations with poincaré variational auto-

encoders. In Advances in Neural Information Processing Systems, 2019



Background and Related Work

We start by reviewing two areas central to this work: reinforcement learning and
representation learning. This chapter describes some background material that
will be necessary for the understanding of the following chapters. For convenience,
some of these concepts are also recalled at the beginning of each subsequent

chapter, where necessary.

2.1 Reinforcement Learning

In reinforcement learning, an agent interacts with an environment modeled as
a discrete-time Markov Decision Process (MDP). Fomally, an MDP is a tuple
M = (§,A,R,P,v) [Puterman, |1994] with state space S, set of actions A,
transition kernel P : § x A — Z(S§), deterministic reward function R : & x A —

[— Rinax, Rmax), and discount factor ~ € [0,1) which reflects that is is preferable to

\/

Agent
state reward action

Sr Rl A,

.. | Environment

Figure 2.1: The Markov decision process model [Sutton and Barto, 2018].
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receive rewards sooner than later. illustrates this model.

The agent starts in an inital state Sy ~ & where {, € H(S) is a probability
distribution on S. At each time step, the agent takes an action A; € A, receives
feedback in terms of a real-valued reward Ry ~ R(S;, A;) and transitions to a new
state Syr1 ~ P(St, Ay). The random return is the discounted cumulative sum of

rewards received by the agent from the initial state onwards
oo
Gt = Z’}/th.
t=0

A stationary Markov policy m : & — P(A) is a mapping from states to
distributions over actions, describing a particular way of interacting with the

environment such that
At ~ 7T( | St)

We denote the set of all policies by II. The quality of a policy is measured

by the its expected return
o0
Eﬂ' [Z Vth] :
t=0
For any policy 7 € II, the value function V7 (s) measures the expected return
received when starting from an initial state s € S and acting according to m:

V™(s) :=E [Z’tht | So = s] .
=0

The upper-bound value is V. := %ﬁ;‘. Importantly, the value function of a state
can be expressed with the immediate action Ay, reward Ry and the next state Sj.

This recursive relationship is called Bellman’s equation [Bellman) (1957]
VW(S) = Eﬂ- [RO + ’}/Vﬂ- (Sl) ‘ SO = S] .

Similarly, the action-value function of a state s € S and action a € A is defined as

[e.9]

Q" (s,a) :=E, Z’tht\Sozs,Ag:a )

t=0
Throughout this thesis, we will find it convenient to express these equations in

vector notation |[Puterman, 1994].
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In the control setting, we are interested in finding an optimal policy 7*, that

is which maximizes the expected return at every state
V™ (s) = V™(s) for all s € S.

Following Bellman’s principle of optimality, the optimal action-value function Q*,

corresponding to the optimal policy 7*, also satisfies Bellman’s equation
Q*(s,a) =E, |Ry + 711/123{(@* (S1,d") | So=s,40 =a

Learning Q* is at the heart of walue-based methods, algorithms on which we

focus in this thesis.

2.2 Representation Learning

In large scale or continuous reinforcement learning problems, it is not possible to
rely on a tabular representation of the value function and dynamic programming
methods. Instead, it is common to use a structured representation of the state space
from which we can express the value function in a more informative way. It allows
to parametrize the value function with few parameters shared across states and also
to generalize value predictions to new states. The quality of policies learnt through

value function approximation depends on the choice of this state representation.

2.2.1 Feature Engineering in Classical Reinforcement Learn-
ing

Prior work on representation learning mainly focused on encoding a fairly exhaustive
list of features and feeding these directly to the RL agent.

Linear value function approximation is a common function approximation
approach [Tsitsiklis and Van Roy, |1996, Boyan, [2002, Sutton et al.; [2008] that
consists in representing the value function as a linear combination of basis functions,

also referred to as features. It can be easily implemented, is interpretable and offers
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many theoretical guarantees [see e.g. Sutton and Barto, 1998]. Given a mapping

¢ : S — R4, a linear value function approximation Vj,, is defined by

Vou(s) = ¢(s) w,

where w € R? is a weight vector. In general, we are interested in the setting where
the number of features is much less than the number of states d < |S|.

In early applications, the weights w € R? were learnt from data by approximate
dynamic programming [De Farias, [2003|, Guestrin et al., 2003|, temporal difference
learning [Sutton and Barto, 1998, Tsitsiklis and Van Roy, 1996] or linear least
square temporal difference [Bradtke and Barto|, 1996] but the feature vectors ¢(s)
were usually hand-engineered [Samuel, 1959]. Designing these features is usually
domain-specific and time-consuming, hence the resulting basis functions do not
scale to large complex environments.

State abstraction is a simple way to construct binary state features by aggregating
states according to some notion of similarity |Li et al.,|2006]. The underlying idea is
that a useful representation should ignore task-irrelevant information. Bisimulation
[Givan et all 2003| Ferns et al., [2004] is an example of a state abstraction where
states are clustered together when they agree on immediate rewards and transition
to groups of states also judged similar.

Examples of common parametric families of basis functions that have been used
include radial basis functions [RBF; Lagoudakis and Parr], 2003] and polynomials
or Fourier basis [Konidaris et al. 2011]. The representation capacity can also be
improved by exhaustively generating features and then performing dimensionality
reduction. Tile coding is an example of this approach [Sutton) [1996]. However, these
methods encounter challenges in accurately approximating some value functions
because of their non linearities. For instance, Dayan| [1993] showed on simple
grid worlds that states that are close under a euclidean metric may have very
different values. In contrast, linear approximation architectures such as RBFs
assume a Euclidean geometry of the state space and do not make a distinction

between reachable and unreachable states.
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64 512
%

Pre-processing Convolutional Layers Fully-connected Layers

Figure 2.2: A deep RL architecture reproduced from Bellemare et al.| [2023]

To overcome these limitations, a number of methods focused on learning basis
functions automatically. Kretchmar and Anderson! [1999] rely on a notion of temporal
neighborhood to form new parametric basis functions. [Menache et al.| [2005], Kveton
and Hauskrecht| [2006] tune the parameters of parametric basis functions during
the learning process by gradient descent or the Cross Entropy method. [Keller et al.
[2006], Petrik| [2007], Parr et al.|[2008] generate basis functions using the Bellman
error of a current value function approximation. In these approaches, the basis
functions depend on the reward function of the MDP.

Several approaches used the underlying dynamics of the MDP to build state
representations. The successor representation [Dayan, [1993] is a time-based repre-
sentation that encodes the temporal proximity of states given the agent’s policy.
Proto-value functions [Mahadevan and Maggioni, |2007] are non-parametric basis
functions built from an eigendecomposition of the graph Laplacian induced by
the state transitions of the MDP. These representations reflect the geometry of
the environment and are reward-agnostic making them for instance appealing for

transfer learning across MDPs.

2.2.2 You Are What You Predict: Representation Learning
in Deep Reinforcement Learning

Deep learning is today’s method of choice to learn a state representation. A

particularity of deep learning applied to reinforcement learning is that we start
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from raw inputs or perceptual inputs that we feed through a number of layers in the
deep neural network to learn some structure. This eventually becomes prediction
of the value function or policy telling which action the agent should take. For
instance, the DQN algorithm [Deep Q-Networks, Mnih et al., 2015] applies the
tools of deep reinforcement learning to learn an agent that outperforms humans at
playing Atari 2600 video games. It leverages a deep neural networks to approximate
the action-value function in combination with a semi-gradient Q-learning update
rule. In[Figure 2.2] four preprocessed images from some Atari games are successively
transformed by three convolutional neural networks [LeCun et al., [1995] and a
fully-connected layer that applies both a linear transformation and a non-linear
activation function to the output of the last convolutional layer. This results in a
512-dimensional vector that we call representation ¢. This vector is then linearly
transformed by some weights w € R*'? into a value function for each action.
Under this view of deep RL [Yu and Bertsekas, 2009, Levine et al. [2017,
Bellemare et al., 2019], we can then write the value function approximation at

a state s € S as

Viow(s) = o(s) " w.

In contrast with pre-deep learning feature engineering, the mapping ¢ : S — R,
parameterized by all the stacks of layers after the image but before the actual
prediction, is jointly learnt together with the weights w € R? of the last layer. It
has also been shown that making additional predictions along the value function
led to better performance empirically |[Jaderberg et al., 2017, Bellemare et al.,
2017, |Dabney et al., 2021]. In practice, a gradient step is performed with respect
to the network’s parameters towards minimising a combination of the DQN loss
and the auxiliary loss. A hypothesis is that these auziliary tasks lead to richer
representations by predicting many aspects of the world. We now discuss some
examples of auxiliary tasks that have been used in the literature.

The UNREAL algorithm makes auxiliary predictions about future pixel values
[Jaderberg et al., 2017]. In addition, it also predicts future reward signals, similarly

to [Liu et al| [2021].
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C51 [Bellemare et al.; [2017], QR-DQN [Dabney et al. 2018b] and IQN [Dabney
et al., |2018a] rely on distributional RL and predict the return distribution instead
of the expected return.

Recent works predict one’s own latent state representation multiple steps in
the future [Francois-Lavet et al., 2019, (Gelada et al., 2019, Schwarzer et al., 2021].
They demonstrate significant empirical improvements and better sample-efficiency
on Atari games.

Bellemare et al.| [2019] propose adversarial value functions (AVEs), a class of
auxiliary tasks which aim to minimize the approximation error of any value function.
The method builds on insights from Dadashi et al|[2019] who highlighted that
the value function space is a polytope.

Finally, a line of work focuses on state similarity and consists in training a
network on auxiliary predictions such that the distance between two latent states
corresponds to a behavioral metric, for instance the m-bisimulation metric |Castro,
2020, Zhang et al., [2020, |Agarwal et al., |2021a] or the MiCo distance |Castro et al.,
2021} Le Lan and Agarwal, 2023]. Some benefits of these approaches include the
interesting theoretical properties they induce on the latent state space such as

the Lipschitz continuity of the value function.

2.2.3 Representations Matter

With the observations from the previous section, it is now clear that the repre-
sentation that RL agents use or learn matters a lot. This motivates the need to
understand what a good representation for RL is.

As a first order approximation, consider an agent acting according to a policy
7w and the problem of estimating its value function by batch Monte Carlo. We
are given a training dataset consisting of pairs of states and their value D =

{(51,V™(51)) 5y (80, V™(5))} € (S x R)™ and want to learn an approximation of

the true value function V™. Under the deep RL model described in [Subsection 2.2.2]

the aim is to solve the following optimization problem

min min B, ¢ [(gb(s)Tw - V”(s)f] : (2.1)

¢ weR
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Here, ¢ is parameterized by means of a neural network and jointly learnt together
with the weights w € R

A one-dimensional trivial "value-as-feature" representation performs very well
on this problem, assuming the network is other unconstrained. Indeed, the choice
o(s) = V7(s) for all states s € S and w = 1 achieves zero error.

Now, at the other extreme, consider a tabular representation ¢(s) = {]I[stlﬂ

s'eS

where every state gets assigned a one hot encoding. From the perspective of

minimising the error [Equation (2.1)[above, this representation is exactly equivalent

to the "value-as-feature" representation, as there exists a weight vector such that
it achieves zero error.

Yet, these two representations are very different. It is intuitive that they are not
very satisfying and induce different behaviors in (deep) reinforcement learning. This

leads us to look at state representations with quantities other than the approximation

error from|[Equation (2.1). This example also suggests that, even if the value function

is the same, the state feature plays a major role in adjacent things to learning
the value function itself. The nature of a good representation in RL has been

characterized from different perspectives in the literature.

Quality of approximation. Bellemare et al.| [2019] consider the quality of
approximation of the value function for all stationary policies given an MDP.
They call a representation optimal when a solution to the following representation
learning problem
N 2
mig mex | Vg - V7.,

Learning dynamics. |Ghosh and Bellemare| [2020] investigate representation
learning under the lens of stability. They find that the Schur decomposition of the
transition matrix guarantees the stability of TD(0) with linear value approximation.
This representation can be learnt by a neural network using stochastic gradient

descent on an auxiliary task update rule.
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Transfer to other policies. Dabney et al.|[2021] argue that a good representation
allows for the good approximation error of the value function of a set of interesting

policies. In particular, it transfers well to policies along the value improvement path.

Exploration. In the problem of exploration, agents should visit sates that are
reachable but have rarely been visited. Machado et al|[2018] demonstrate the
usefulness of time-based state representation as a learning signal, to explore complex,
sparse reward environments. In particular, they introduce an algorithm for option-
based and count-based exploration relying on the successor representation. Burda
et al.| [2018] propose an exploration bonus which is the error predicting the learnt

representation.
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Abstract

In most practical applications of reinforcement learning, it is untenable to maintain
direct estimates for individual states; in continuous-state systems, it is impossible.
Instead, researchers often leverage state similarity (whether explicitly or implicitly)
to build models that can generalize well from a limited set of samples. The
notion of state similarity used, and the neighbourhoods and topologies they induce,
is thus of crucial importance, as it will directly affect the performance of the
algorithms. Indeed, a number of recent works introduce algorithms assuming the
existence of “well-behaved” neighbourhoods, but leave the full specification of such
topologies for future work. In this paper we introduce a unified formalism for
defining these topologies through the lens of metrics. We establish a hierarchy
amongst these metrics and demonstrate their theoretical implications on the Markov
Decision Process specifying the reinforcement learning problem. We complement
our theoretical results with empirical evaluations showcasing the differences between
the metrics considered.



3.1 Introduction
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Figure 3.1: A simple five-state MDP (top) with the neighbourhoods induced by three
metrics: an identity metric which isolates each state (di); a metric which captures
behavioral proximity (dz); and a metric which is not able to distinguish states (d3). The
yellow circles represent e-balls in the corresponding metric spaces. The bottom row
indicates the V* values for each state.

A simple principle to generalization in reinforcement learning is to require that
similar states be assigned similar predictions. State aggregation implements a coarse
version of this principle, by using a notion of similarity to group states together. A
finer implementation is to use the similarity in an adaptive fashion, for example
by means of a nearest neighbour scheme over representative states. This approach
is classically employed in the design of algorithms for continuous state spaces,
where the fundamental assumption is the existence of a metric characterizing the
real-valued distance between states.

To illustrate this idea, consider the three similarity metrics depicted in
The metric d; isolates each state, the metric ds groups together all states, while
the metric d, aggregates states based on the similarity in their long-term dynamics.
In terms of generalization, d; would not be expected to generalize well as new
states cannot leverage knowledge from previous states; d3 can cheaply generalize
to new states, but at the expense of accuracy; on the other hand, ds seems to

strike a good balance between the two extremes.
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In this paper we study the effectiveness of behavioural metrics at providing a
good notion of state similarity. We call behavioural metrics the class of metrics
derived from properties of the environment, typically measuring differences in reward
and transition functions. Since the introduction of bisimulation metrics [Ferns et al.,
2004}, |2005], a number of behavioural metrics have emerged with additional desirable
properties, including lax bisimulation [Taylor et al.; 2009, Castro and Precup, 2010]
and m-bisimulation metrics |Castro, 2020]. Behavioural metrics are of particular
interest in the context of understanding generalization, since they directly encode
the differences in action-conditional outcomes between states, and hence allow us
to make meaningful statements about the relationship between these states.

We focus on the interplay between behavioural metrics and the continuity
properties they induce on various functions of interest in reinforcement learning.
Returning to our example, V* is only continuous with respect to d; and ds. The
continuity of a set of functions (with respect to a given metric) is assumed in most
theoretical results for continuous state spaces, such as uniform continuity of the
transition function |[Kakade et al., 2003]; Lipschitz continuity of all Q-functions of
policies |[Pazis and Parr} 2013|, Lipschitz continuity of the rewards and transitions
[Zhao and Zhu, 2014, |Ok et al., 2018| or of the optimal Q-function [Song and
Sun|, 2019| Touati et al., 2020}, Sinclair et al., [2019]. We find that behavioural
metrics support these algorithms to varying degrees: the original bisimulation
metric, for example, provides fewer guarantees than what is required by some near-
optimal exploration algorithms |[Pazis and Parr| 2013]. These results are particularly
significant given that behavioural metrics form a relatively privileged group: any
metric that enables generalization must in some sense reflect the structure of

interactions within the environment and hence, act like a behavioural metric.

3.2 Overview

Our aim is to unify representations of state spaces and the notion of continuity

via a taxonomy of metrics.
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Our first contribution is a general result about the continuity relationships of
different functions of the MDP (Theorem 1)). While |Gelada et al. [2019] (resp.
Norets [2010]) proved the uniform Lipschitz continuity of the optimal action-value
function (resp. local continuity of the optimal value function) given the uniform
Lipschitz continuity (resp. local continuity) of the reward and transition functions
and Rachelson and Lagoudakis [2010] showed the uniform Lipschitz continuity
of the value function given the uniform Lipschitz continuity of the action-value
function in the case of deterministic policies, is a more comprehensive
result about the different components of the MDP (reward and transition functions,
value and action value functions), for a spectrum of continuity notions (local
and uniform continuity, local and uniform Lipschitz continuity) and applicable
with stochastic policies, also providing counterexamples demonstrating that these
relationships are only implication results.

Our second contribution is to demonstrate that different metrics lead to different

notions of continuity for different classes of functions (Subsection 3.5.1} [Subsec{

tion 3.5.2| and [Table 3.2)). We first study metrics that have been introduced in the

literature (presented in [Subsection 3.3.2)). While |Li et al.| [2006] provide a unified

treatment of some of these metrics, they do not analyse these abstractions through
the lens of continuity. Using our taxonomy, we find that most commonly discussed

metrics are actually poorly suited for algorithms that convert representations into

values, so we introduce new metrics to overcome this shortcoming (Subsection 3.5.2)).

We also analyse the relationships between the topologies induced by all the metrics

in our taxonomy (Theorem 2J).

Finally, we present an empirical evaluation that supports our taxonomy and

shows the importance of the choice of a neighbourhood in reinforcement learning

algorithms ([Section 3.6).

3.3 Background

We consider an agent interacting with an environment, modelled as a Markov

Decision Process (MDP) M = (S, A, R,P,v) [Puterman, |1994]. Here S is a
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continuous state space with Borel g-algebra ¥ and A a discrete set of actions.
Denoting A(X) to mean the probability distribution over X, we also have that
P:SxA— A(S) is the transition function, R : & X A — [0, Ryax] is the
measurable reward function, and v € [0,1) is the discount factor. We write P?
to denote the next-state distribution over S resulting from selecting action a in
s and write R? for the corresponding reward.

A stationary policy 7 : § — A(A) is a mapping from states to distributions
over actions, describing a particular way of interacting with the environment. We
denote the set of all policies by II. For any policy m € II, the value function
V7™ (s) measures the expected discounted sum of rewards received when starting
from state s € S and acting according to =:

VT(s) :=E {thR‘gf ;S0 =8, A ~ (-] S|
>0

The maximum attainable value is V.. := Zfmax The value function satisfies
1—y

Bellman’s equation:

V™(s) = RA V(S
(s) Awgw$[ s%—vsggf (9]

The state-action value function or Q-function ()™ describes the expected discounted
sum of rewards when action a € A is selected from the starting state s, and
satisfies the recurrence

™ :Ra V7T Sl .
Q"(s,a) st E, (5%)

A policy 7 is said to be optimal if it maximizes the value function at all states:

V7™(s) = max V™ (s) for all s € S.

/eIl

The existence of an optimal policy is guaranteed in both finite and infinite state
spaces. We will denote this policy n* € II. The corresponding value function and

Q-function are denoted respectively V* and @Q*.
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3.3.1 Metrics, Topologies, and Continuity

We begin by recalling standard definitions regarding metrics and continuity, two

concepts central to our work.

Definition 1 (Royden| [1968). A metric space (X,d) is a nonempty set X of
elements (called points) together with a real-valued function d defined on X x X
such that for all x, y, and z in X: d(z,y) = 0; d(z,y) = 0 if and only if v = y;
d(z,y) =d(y,z) and d(z,y) < d(z,2) + d(z,y). The function d is called a metric.
A pseudo-metric d is a metric with the second condition replaced by the weaker

condition v =y = d(x,y) = 0.

In what follows, we will often use metric to stand for pseudo-metric for brevity.
A metric d is useful for our purpose as it quantifies, in a real-valued sense, the
relationship between states of the environment. Given a state s, a natural question is:

What other states are similar to it? The notion of a topology gives a formal answer.

Definition 2 (Sutherland, [2009). A metric space (X, d) induces a topology (X, Ta)
defined as the collection of open subsets of X ; specifically, the subsets U C X
that satisfy the property that for each x € U, there exists ¢ > 0 such that the
e-neighbourhood B(z,¢) = {y € X|d(y,z) < e} C U.

Let (X, T) and (X, T") be two topologies on the same space X. We say that T is
coarser than T', or equivalently that T is finer than T, if T C T'.

Given two similar states under a metric d, we are interested in knowing how
functions of these states behave. In the introductory example, we asked specifically:
how does the optimal value function behave for similar states? This leads us to
the notion of functional continuity. Given f : X — Y a function between a metric

space (X, dx) and a metric space (Y, dy),

« Local continuity (LC): f is locally continuous at = € X if for any € > 0, there
exists a d,; > 0 such that for all 2’ € X, dx(z,2') < 0, = dy(f(x), f(2')) <

€. f is said to be locally continuous on X if it is continuous at every point x € X.
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o Uniform continuity (UC): f is uniformly continuous on X when given any

e > 0, there exists . > 0 such that for all z,2’ € X,dx(z,2') < § =

dy (f(x), f(2')) <€

o Local Lipschitz continuity (LLC): f is locally Lipschitz continuous at
r € X if there exists 6, > 0,K, > 0 such that for all 2/,2” € By, (x,d,),
dy (f(2'), f(2")) < Kpdx (2, 2").

o Uniform Lipschitz continuity (ULC): f is uniformly Lipschitz continuous
if there exist K > 0 such that for all z,2" € X we have dy(f(z), f(2')) <
Kdx(z,x").

The relationship between these different forms of continuity is summarized

by the following diagram:

UC «——— ULC

J J (3.1)

LC «+— LLC

where an arrow indicates implication; for example, any function that is ULC is also
UC.

Here, we are interested in functions of states and state-action pairs. Knowing
whether a particular function f possesses some continuity property p under a metric
d informs us on how well we can extrapolate the value f(s) to other states; in other

words, it informs us on the generalization properties of d.

3.3.2 Prior Metrics and Abstractions

The simplest structure is to associate states to distinct groups, what is often called
state aggregation [Bertsekas, |2011]. This gives rise to an equivalence relation, which
we interpret as a discrete pseudo-metric, that is a metric taking a countable

range of values.

Definition 3. An equivalence relation E C X x X induces a discrete pseudo-

metric e where e (x,2') =0 if (z,y) € E, and 1 otherwise.
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f ¢fm

Q* approximate Q function abstraction (n > 0) / Q*-irrelavance (n = 0)
R and P approximate model abstraction (n > 0) / Model-irrelevance (n = 0)
Q™ Q"-irrelevance abstraction (n = 0)
max Q* a*-irrelevance abstraction (n = 0)

Table 3.1: Different types of state abstractions.

Throughout the text, we will use e to denote discrete pseudo-metrics. Two
extremal examples of metrics are the identity metric ¢! : S x § — {0, 1}, induced
by the identity relation 1 = {(s,t) € S x S|s = t} (e.g. d; in [Figure 3.1)),
and the trivial metric e' : S x § — {0} that collapses all states together
(e.g. ds in [Figure 3.1)).

In-between these extremes, n-abstractions [Li et al. [2006, Abel et al., 2016]
are functions ¢ : § — S that aggregates states which are mapped close to each
other by a function f. That is, given a threshold n > 0 and f : S x A — R,
Gra(s) = dry(t) = |f(s,a) — f(t,a)| <n. We list a few choices for f along with
the name of the abstraction we will refer to throughout this text in [Table 3.1}

n-abstractions are defined in terms of a particular function of direct relevance
to the agent. However, it is not immediately clear whether these abstractions are
descriptive, and, more specifically, the kind of continuity properties they support.
An alternative is to relate states based on the outcomes that arise from different

choices, starting in these states. These are bisimulation relations |Givan et al., [2003].

Definition 4. An equivalence relation E C S x § with Sg the quotient space and

Y(E) the X measurable sets closed under E, if whenever (s,t) € E we have:

« Bisimulation relation/Givan et all |2005].

Behavioral indistinguishability under equal actions; namely, for any action a € A,
Re =RY, and PHX) = PHX) for all X € X(E). We call E a bisimulation
relation. We denote the largest bisimulation relation as ~, and its corresponding

discrete metric as e~ .
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« Lax-bisimulation relation [Taylor et al., 2009].

Behavioral indistinguishability under matching actions; namely, for any action
a € A from state s there is an action b € A from state t such that R = RY,
and P4(X) = PYX) for all X € X(E), and vice-versa, we call E a lax-
bisimulation relation. We denote the largest laz-bisimulation relation as ~.,,

and its corresponding discrete metric as e™lex,

» m-bisimulation relation [Castro, 2020]. Behavioral indistinguishability under
a fized policy; namely, given a policy m € 1, Y cam(als)RE = X ca7(alt)RE,
and Y, m(a|s)PUX) = Ypean(als)PX(X) for all X € S(F). We call E a
m-bisimulation relation. We denote the largest bisimulation relation as ~,

and its corresponding discrete metric as e~".

A bisimulation metric is the continous generalization of a bisimulation relation.
Formally, d is a bisimulation metric if its kernel is equivalent to the bisimulation
relation. The canonical bisimulation metric [Ferns et al., 2005] is constructed from

the Wasserstein distance between probability distributions.

Definition 5. Let (Y, dy) be a metric space with Borel o-algebra ¥. The Wasserstein
distance [Villani, |2008] between two probability measures P and Q on'Y , under a
given metric dy is given by Wy, (P, Q) = infaxer(p,0) E@y)ldy (z,y)], where I'(P, Q)

is the set of couplings between P and ().

Lemma 1 (Ferns et al.;|[2005)). Let M be the space of state pseudo-metrics and define
the functional F : M — M as F(d)(z,y) = max,ca (|Rg — Ryl + 'de(Pg,P;)).

Then F has a least fized point d™ and d~ is a bisimulation metric.

In words, bisimulation metrics arise as the fixed points of an operator on the
space of pseudo-metrics. Lax bisimulation metrics d™~e= and a w-bisimulation

metrics d~ can be defined in an analogous fashion; for succinctness, their formal

definitions are included in [Appendix 3.C|
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3.4 Continuity Relationships

Our first result characterizes the continuity relationships between key functions of
the MDP. The theorem considers different forms of continuity and relates how the
continuity of one function implies another. While the particular case of uniform
Lipschitz continuity of Q* (resp. local continuity of V*) from P + R has been
remarked on before by (Gelada et al. [2019] (resp. Norets [2010]) as well as the
case of uniform Lipschitz continuity of V™ given the uniform Lipschitz continuity
of Q™ for stochastic policies 7 [Rachelson and Lagoudakis|, [2010], to the best of
our knowledge this is the first comprehensive treatment of the topic, in particular

providing counterexamples.

Theorem 1. If we decompose the Cartesian product S X A as: dgxa(s,a,s’,a’) =
ds(s,s') + da(a,a’) with dy the identity metric, the LC, UC and LLC relationships
between P, R, V™, V*, Q™ and Q* functions are given by diagram[3.3. A directed
arrow f — g indicates that function g is continuous whenever f is continuous.
Labels on arrows indicate conditions that are necessary for that implication to hold.
P + R is meant to stand for both P and R continuity; w-cont indicates continuity
of m: 8§ = A(A). An absence of a directed arrow indicates that there ezists a
counter-example proving that the implication does not exist. In the ULC case, the
previous relationships also hold with the following additional assumptions: yLp < 1
for P+ R — Q* and yLp(1+ L) <1 for P+ R T O where Lp and L, are

the Lipschitz constants of P and 7, respectively.

Qﬂ— m-cont Vﬂ

P+R (3.2)

\ *

QL —V

Proof. All proofs and counterexamples are provided in [Appendix 3.Al m
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The arrows are transitive and apply for all forms of continuity illustrated in
diagram [3.T} for example, if we have ULC for Q*, this implies we have LC for V*.
This diagram is useful when evaluating metrics as they clarify the strongest (or
weakest) form of continuity one can demonstrate. When considering deterministic
policies, we can notice that the m-continuity mentioned in is very

restrictive, as the following lemma shows.

Lemma 2. If a deterministic policy 7 : S — A is continuous, S is connectecﬂ and

A is discrete, then m is globally constant.

3.5 Taxonomy of Metrics

We now study how different metrics support the continuity of functions relevant
to reinforcement learning and the relationship between their induced topologies.
While the taxonomy we present here is of independent interest, it also provides a
clear theoretical foundation on which to build results regarding metric-respecting

embeddings [Gelada et al., [2019, Zhang et al., 2020].

3.5.1 Continuity: Prior Metrics

We begin the exposition by considering the continuity induced by discrete metrics.
These enable us to analyze the properties of some representations found in the
literature. The extremes of our metric hierarchy are the identity metric e' and
trivial metric e*, which respectively support all and one continuous functions, and

were represented by d; and d3 in the introductory example.

Lemma 3 (Identity metric). €' induces the finest topology on S, made of all possible
subsets of S. Let (Y, dy) be any metric space. Any function h (resp. Any bounded
h):(S,e") = (Y,dy) is LC and UC (resp. ULC).

LA connected space is topological space that cannot be represented as the union of two or more
disjoint non-empty open subsets.
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Lemma 4 (Trivial metric). €T induces the coarsest topology on S, consisting solely
of {0,S}. Let (Y,dy) be any metric space. Any function h : (S,e') — (Y,dy) is
LC, UC and ULC iff h is constant.

We can also construct a discrete metric from any state aggregation ¢ : S — S
as e?(s,t) = el(p(s),0(t)) = 0 if ¢(s) = &(t), and 1 otherwise. However, as
stated below, n-abstractions do not guarantee continuity except in the trivial

case where n = 0.

Lemma 5. Ifn =0, then any function f (resp. bounded function f): (S,ds) —
(Y,dy) is LC and UC (resp. ULC) with respect to the pseudometric e®s=. However,
given a function f and n > 0, there exists an n-abstraction ¢y, such that f is not

continuous with respect to e®in.

Unlike the discrete metrics defined by n-abstractions, both bisimulation metrics
and the metric induced by the bisimulation relation support continuity of the

optimal value function.

Lemma 6. Q* (resp. Q") is ULC with Lipschitz constant 1 with respect to d™

(resp. d~~).

Corollary 1. Q* (resp. Q™) is ULC with Lipschitz constant V., with respect to

e~ (resp. e~ ).

We note that [Ferns et al.| [2004] proved a weaker statement involving V* (resp.
Castro et al. [2009], V™). To summarize, metrics that are too coarse may fail to
provide the requisite continuity of reinforcement learning functions. Bisimulation
metrics are particularly desirable as they achieve both a certain degree of coarseness,
while preserving continuity. In practice, however, Ferns et al.’s bisimulation metric
is difficult to compute and estimate, and tends to be conservative — as long as two

states can be distinguished by action sequences, bisimulation will keep them apart.
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3.5.2 Value-Based Metrics

As an alternative to bisimulation metrics, we consider simple metrics constructed
from value functions and study their continuity offerings. These metrics are simple
in that they are defined in terms of differences between values, or functions of values,
at the states being compared. The last metric, da,, is particularly appealing as
it can be approximated, as we describe below. Under this metric, all Q-functions
are Lipschitz continuous, supporting some of the more demanding continuous-state

exploration algorithms [Pazis and Parr| 2013].

Lemma 7. For a given MDP, let Q™ be the Q-function of policy w, and Q* the

optimal Q-function. The following are continuous pseudo-metrics:
1. da+(s,s") = max |Q*(s,a) — Q*(s',a)|
2. da_(s,8) = max Q™ (s,a) — Q™ (5, a)|
ac

3. da,(s,s') = max [Q7(s,a) — Q7(s, a)

n€ll,ac A

Q* (resp. Q™) is ULC with Lipschitz constant 1 wrt to da= (resp. da=). QT is ULC

with Lipschitz constant 1 wrt to da, for any m € II.

Remark. When S is finite, the number of policies to consider to compute da,, is

finite: da,(s,s') = max |Q7(s,a) —Q7(¢,a)] = max |Q7(s,a) —Q"(¢,a)l,

well,ae A €l pyp,a€EA
where Il ay g is the finite set of extremal policies corresponding to Adversarial Value

Functions (AVFs) [Bellemare et all, |2019].

da, provides strong continuity of the value-function for all policies contrary
to any other metric that has been used in the literature. Since computing da,, is

computationally expensive, we will approximate it by the pseudometric d@/p(n) =

max A|Q”(s,a) — Q™(s',a)|, where 1357 are n samples from the set of
AVF(n)'%

extremal policies [Iayr.

mell
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Metric LC ucC ULC LLC Complexity
Discrete metric el Y$s ysS B(YS) Br(Y?) Oo(|S))
Trivial metric eT {y}° {y}° {y}° {y}° o(1)
Model-irrelevance P, R P, R P, R P, R
Q7 -irrelevance Q™ QT QT QT
Q*-irrelevance Q* Q* Q* Q"
a*-irrelevance Q* Q* Q* Q*
Approx. abstraction - - - -
e Q* Q* Q* Q* O(AllSI?)
d~ Q* Q* Q* Q* O(JA[ISI log S| 22)
e QT QT Q" Q" o(IS1?)
dr Q" Q" Q" Q" O(|SI° 1og|S|{22)
eNlax V* V* V* V* O(|A|2|S‘3)
d~law v v v+ v+ O(JAl2|S] log |S|{22)
—1
dax Q* Q* Q* Q* O(|$|2‘A\ 103(Rigjg?i§1*7)))
da, QT Qr QT QT O(|S|2‘A‘log(Rxlgag,Eiglf’Y)))
da QT Vrell QT,Vmell Q7,Vrell Q7,Vrell NP-hard?

\

Table 3.2: Categorization of state metrics, their continuity implications, and their
complexity (when known). The notation {y}° denotes any function h : S — Y that is
constant, Y'S refers to all functions h : S — Y. B(Y®) (resp. Br(Y®) ) is a bounded
(resp. locally bounded) function h : S — Y. “-” denotes an absence of LC, UC, ULC and
LLC. In the complexity column, ¢ is the desired accuracy.

3.5.3 Categorizing Metrics, Continuity and Complexity

We now formally present in the topological relationships between the
different metrics. This hierarchy is important for generalization purposes as it
provides a comparison between the shapes of different neighbourhoods which serve

as a basis for RL algorithms on continuous state spaces.

Theorem 2. The relationships between the topologies induced by the metrics in
are given by the following diagram. We denote by di — dy when Tg, C T,

that is, when Tg, is coarser than Ty,. Here d denotes any arbitrary metric.

e”fﬂc — dIM dm(n) d —— €
e~ d~ dax —— da, +— da,
d+—— e e — d~

Proof. All proofs can be found in The relation d™~e= — d~ was shown
by Taylor et al. [2009] but not expressed in topological terms. ]
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We summarize in our continuity results mentioned throughout this
section and supplement them with the continuity of the lax-bisimulation metric
proven in Taylor et al. [2009]. To avoid over-cluttering the table, we only specify the
strongest form of functional continuity according to [Theorem 1 As an additional
key differentiator, we also note the complexity of computing these metrics from a

full model of the environment, which gives some indication about the difficulty of

performing state abstraction. Proofs are provided in [Appendix 3.B|

From a computational point of view, all continuous metrics can be approximated
using deep learning techniques which makes them even more attractive to build
representations. Atari 2600 experiments by |Castro| [2020] show that 7-bisimulation
metrics do perform well in larger domains. This is also supported by [Zhang et al.,
2020] who use an encoder architecture to learn a representation that respects

the bisimulation metric.

3.6 Empirical Evaluation

We now conduct an empirical evaluation to quantify the magnitude of the effects
studied in the previous sections. Specifically, we are interested in how approximations
derived from different metrics impact the performance of basic reinforcement learning
procedures. We consider two kinds of approximations: state aggregation and
nearest neighbour, which we combine with six representative metrics: e, e~laz
d~, d™e= das, and dm(so)'

We conduct our experiments on Garnet MDPs, which are a class of randomly
generated MDPs |Archibald et al., |1995, Piot et al., 2014]. Specifically, a Garnet
MDP Garnet(ns,n4) is parameterized by two values: the number of states ng and
the number of actions n 4, and is generated as follows: 1. The branching factor b;,
of each transition P? is sampled uniformly from [1 : ng]. 2. bs, states are picked
uniformly randomly from S and assigned a random value in [0, 1]; these values

are then normalized to produce a proper distribution PZ. 3. Each R is sampled

uniformly in [0, 1]. The use of Garnet MDPs grants us a less-biased comparison of
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Figure 3.2: Errors when approximating the optimal value function (left) and optimal
Q-function (center) via nearest-neighbours and errors when performing value iteration
on aggregated states (right). Curves for e~ and e™as are covering each other on all
of the plots. Averaged over 100 Garnet MDPs with 200 states and 5 actions, with 50
independent runs for each (to account for subsampling differences). Confidence intervals
were very tiny due to the large number of runs so were not included.

the different metrics than if we were to pick a few specific MDPs. Nonetheless, we

do provide extra experiments on a set of GridWorld tasks in [Appendix 3.D]

3.6.1 Generalizing the Value Function V*

We begin by studying the approximation error that arises when extrapolating the
optimal value function V* from a subset of states. Specifically, given a subsampling
fraction f € [0,1], we sample [|S| x f] states and call this set x. For each
unknown state s € S \ k, we find its nearest known neighbour according to metric
d: NN(s) = argminge,d(s,t). We then define the optimal value function as
V*(s) = V*(NN(s)), and report the approximation error in (left).
This experiment gives us insights into how amenable the different metrics are for
transferring value estimates across states; effectively, their generalization capabilities.

According to [Theorem 2| the two discrete metrics e~ and e™e= induce finer
topologies than their four continuous counterparts. Most of the states being isolated
from each other in these two representations, e~ and e™e= perform poorly. The
three continuous metrics d™~, d™~e= and da- all guarantee Lipschitz continuity of V*
while d -, is approximately V* Lipschitz continuous. However, d™e= (resp. da«)

AVF(50)

produce coarser (resp. approximately coarser) topologies than d™ (resp. dK\‘/ﬁ(sa)>

(see [Theorem 2|). This is reflected in their better generalization error compared to

the latter two metrics. Additionally, the lax bisimulation metric d™~= outperforms
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da~ substantially, which can be explained by noting that d~e= measures distances

between two states under independent action choices, contrary to all other metrics.

3.6.2 Generalizing the Q-function Q*

We now illustrate the continuity (or absence thereof) of Q* with respect to the
different metrics. In (center), we perform a similar experiment as the
previous one, still using a 1-nearest neighbour scheme but now extrapolating Q*.

As expected, we find that metrics that do not support Q* continuity, including
d™'e= cannot generalize from a subset of states, and their average error decreases
linearly. In contrast, the three other metrics are able to generalize. Naturally,
da~, which aggregates states based on QQ*, performs particularly well. However, we
note that da, also outperforms the bisimulation metric d™, highlighting the latter’s
conservativeness, which tends to separate states more. By our earlier argument

regarding d~e=, this suggests there may be a class of functions, not represented

in , which is continuous under d™ but not dg -

3.6.3 Approximate Value Iteration

As a final experiment, we perform approximate value iteration using a state
aggregation ¢ derived from one of the metrics. For each metric, we perform
10 different aggregations using a k-median algorithm, ranging from one aggregate
state to 200 aggregate states. For a given aggregate state ¢, let Q(c, a) stand for
its associated QQ-value. The approximation value iteration update is

A 1 a A !

Qr(c,a) «— — Z Ry 4+ vEgops max Qp(4(S"))

el 6= e

We can then measure the error induced by our aggregation via

max i Z |Q*(s,a) — Qk(qﬁ(s), a)l,

acA ‘S’ ses

which we display in the rightmost panel of [Figure 3.2

As in our second experiment, the metrics that do not support Q*-continuity well

fail to give good abstractions for approximate value iteration. As for ™, the topology
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induced by this metric is too fine leading to poor generalisation results.
The performance of da- is consistent with which states that it induces
the coarsest topology. However, although it is known that Q*-continuity is sufficient
for approximate value iteration [Li et al., 2006], it is somewhat surprising that
it outperforms dm(so)v since dXVE(E,o) is an approximant of da, that is designed
to provide continuity with respect to all policies, so it may be expected to yield

better approximations at intermediate iterations. Despite this, da, still serves as

an interesting and tractable surrogate metric to da-.

3.7 Discussion

Behavioral metrics are important both to evaluate the goodness of a given state
representation and to learn such a representation. We saw that approximate
abstractions and equivalence relations are insufficient for continuous-state RL
problems, because they do not support the continuity of common RL functions or
induce very fine representations on the state space leading to poor generalization.

Continuous behavioural metrics go one step further by considering the structure
of the MDP in their construction and inducing coarser topologies than their discrete
counterparts; however, within that class we still find that not all metrics are equally
useful. The original bisimulation metric of [Ferns et al.| [2004], for example, is too
conservative and has a rather fine topology. This is confirmed by our experiments in
Figure 3.2, where it performs poorly overall. The lax bisimulation metric guarantees
the continuity of V* which makes it suitable for transferring optimal values between
states but fails to preserve continuity of QQ*. Together with our analysis, the da+ and
da,, metrics seem interesting candidates when generalising within a neighbourhood.

dp,, is useful when we do not know the value improvement path the algorithm

v
will be following [Dabney et al., [2021]. Despite being approximated from a finite
number of policies, the performance of dKVﬁ(n)’ reflects the fact that it respects, in
some sense, the entire space of policies that are spanned by policy iteration and
makes it useful in practice. One advantage of this metric is that it is built from

value functions, which are defined on a per-state basis; this makes it amenable to
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online approximations. In contrast, bisimulation metrics are only defined for pairs
of states, which makes it difficult to approximate in an online fashion, specifically
due to the difficulty of estimating the Wasserstein metric on every update.
Finally, continuing our analysis on partially observable systems is an interesting
area for future work. Although (Castro et al.| [2009] proposed various equivalence
relations for partially observable systems, there has been little work in defining

proper metrics for these systems.
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Function(s) | Domain Range
P SxA Y — [0,1]
R SxA |]0,Rua] CR
Ve v S [0, Vinax) C R
Qr, Q" SxA |0, Viax] CR
T S A(A)

Table 3.3: RL functions with their respective domains and ranges.

3.A Proofs for [Section 3.4

We begin by proving the first main theorem in the paper, [Theorem I We report
in the domains and ranges of the different RL functions mentioned in
that will be used throughout the proof. Before proving this result,

we introduce the following necessary lemma.

Lemma A. Choosing the discrete topology on the finite space A and assuming the
product metric dsy 4 = ds + d 4, the function Q™ : (S X A, dsx4) — R is continuous

if and only if
1. The function Q™ : (S x {a},dsx4) — R is continuous for all a € A.
2. The function Q™ (-,a) : (S,ds) — R is continuous for all a € A.

Proof. To understand better the notion of continuity on the space A endowed with
the discrete topology, we refer the reader to [Lemma 3|

We begin with the first equivalence.

(=) : For LC, UC, LLC and ULC, this result follows from the fact that the
function on S x {a} is a restriction of the function on S x A. For instance in the case
of LC, suppose Q™ is LC on § x A. Let € > 0. Then, for all (s,a),(s,a’) € S x A
there exists 6 > 0 such that, dsx4((s,a),(s,d")) < = |Q"(s,a)—Q7(s',d’)| < e.
In particular, this is true for a = @’ so Q™ is LC on § x {a} for all a € A.

(<= ):Q"is LCon S x {a} for all a € A. So for all a € A, the limit of
Q(sn,a) as the sequence s, € S converges to s € S exists and is equal to Q(s, a),
that is s, - s = Q(sp,a) = Q(s,a). Moreover, (s,,a,) — (s,ay) implies

that a, = ag for all n big enough because A has the discrete metric. So for
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n >N €N Q(sna,) = Q(sn,a0) = Q(s,ap). Hence, Q™ : (S x {a},dsxa) —
RisLCforallac A = Q" : (S x A,dsxa) = Ris LC.

Now, in the UC case, Q™ is UC on S x{a} for all a € A, so we have: Ya € A, Ve >
0,3dc, > 0, such that for all s,s" € S,dsxa((s,a),(s,a)) <da = |Q7(s,a) —
Q7 (s',a)| < e. The space A being finite, E%i,? Je o €xists and is positive. Hence, Ve > 0,
there exists 6; = min {{lrg‘l car 1/2} > 0, such that for all (s,a),(s',d’) € S x A,
if dsxa((s,a),(s,a’")) < < 1/2, then a = o since dy(a,a’) can only take values
0 or 1. Applying UC of Q7(-,a), we get dsxa((s,a),(s,a")) < 01 < dep =
Q™ (s,a) — Q™ (s',a")] < e. We can conclude that Q™ is UC on S x A.

In the ULC case, Q™ is ULC on S x {a} for all a € A, so we have: Va € A, 3L, >
0, such that for all 5,5 € S,|Q7(s,a) — Q™ (5, a)| < Ladsxa((s,a),(s',a)). So, as
Q7 is bounded by V.., there exists L = max{lglezﬁc Lo, Viax} = 0, such that
for all (s,a),(s',d") € § x A/|Q7(s,a) — Q7(s',a')| < Ldsxa((s,a),(s,d")) =
L(ds(s,s") +da(a,a)).

In the LLC case, Q™ is LLC on S x {a} for all a € A. So for all (s,a) € S X A,
there exists a neighbourhood U of § x A induced by dsy4 such that Q™ restricted
to U is ULC. We conclude by the same argument as in the ULC case above.

The second equivalence is true because, for any a € A, the relabelling map
s — (s,a) is an isometry of metric spaces (S x {a},dsx4) and (S, ds). Isometric

metric spaces are "equivalent" and hence have the same properties. n

Theorem 1. If we decompose the Cartesian product S x A as: dsxa(s,a,s’,a’) =
ds(s,s") + da(a,a’) with dy the identity metric, the LC, UC and LLC relationships
between P, R, V™, V* Q™ and Q* functions are given by diagram[3.3. A directed
arrow f — g indicates that function g is continuous whenever f is continuous.
Labels on arrows indicate conditions that are necessary for that implication to hold.
P + R is meant to stand for both P and R continuity; w-cont indicates continuity
of m: 8§ = A(A). An absence of a directed arrow indicates that there exists a
counter-example proving that the implication does not exist. In the ULC case, the

previous relationships also hold with the following additional assumptions: yLp < 1
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forP4+R — Q" and yLp(14+ L) <1 for P+ R T O where Lp and L, are

the Lipschitz constants of P and 7, respectively.

QW m-cont Vﬂ

P+R (3-2)

\ *

QY
The proof itself will be made up of a series of lemmas for each of the arrows

(or lack thereof) in the diagram.

Lemma B. If Q* : (S x A,dsxa) — R is continuous, then V* : & — R is

continuous.

By definition of the optimal value function,
V*(s) = %leaj(Q (s,a).

A being a finite set of discrete actions and the maz function being a non-expanding
(that is, 1-Lipschitz) map, it results that if @* is LC (resp. UC, resp. ULC, resp.
LLC) then V* is LC (resp. UC, resp. ULC, resp. LLC).

In more details, let’s assume Q* is LC. Let a € A and € > 0. By definition
of LC of Q*, there exists s such that for all & € S, ds(s,s') < s —

|Q"(s,a) — Q*(s',a)] < e

[VZ(s1) = V¥ (s2)| = [max Q" (s1,a) — max Q(s2, a)
< max |Q*(s1,a) — Q*(s2,a)| as max is a non expansion.
acA

<maxe as Q" is LC.
acA

<e
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Hence, V* is LC. The proof for the UC case is similar.

Now, in the ULC case: Let s, € S,

V¥ (51) = V7 (s2)] = [ max Q*(s1. ) — max Q" (s, )]
< max |Q*(s1,a) — Q*(s2,a)| as max is a non expansion.
acA
< max L,d(s1,s2) as Q" is ULC.
acA

< Ld(sy, 82).

We can thus conclude that V* is also ULC. The LLC case is similar to the ULC
proof.

The reverse implication is not true as shows the following counter-example. Suppose
S =R, A={1,2} and Q(s,1) = 1 for all s. And suppose Q(s, 2) is some

discontinuous function that is always less than 1. Let’s for instance choose:

. 0 ifs<sg,s0€eR
@(s,2) = { 0.5 if s> sp. (3-3)
Then V*(s) = Q*(s,1) which is continuous but Q*(s,a) is not continuous

at sg for a = 2.

Lemma C. If Q™ : (8§ x A,dsxa) = R and 7 : S — A(A) are continuous, then

V™ is continuous.

The value function V7™ is defined as follows:

V(s) = Y wlals)Q7(s,a).

acA

In the LC case: let’s assume Q™ is LC. Let a € A and ¢ > 0. By definition
of LC of @7, there exists 05, such that for all s € S, ds(s,s') < 65 =
Q™ (s,a) — Q7(s',a)| < e. We also assume the policy is LC, that is, there exists

J, . such that for all s’ € S, ds(s, s') < 0,

S,€

= Wy, (m(:|s) —7(-|¢'))| < e For
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all s € S such that ds(s,s’) < min(d,,ds.), we have

S,€)

V() = V()] = [Bann(9@7 (5, 0) = Eanr(s) Q" (5', )l
= |Eamr (9@ (8, @) = Eqnn(s)Q" (5, 0)
+ Egrn(s)Q7 (8, 0) = Equn(s)@Q" (5", )|
< E (9@ (55 a) = Eqorsn Q™ (5, a)|
+ | Ears Q" (
< Vinax W (7w (-]s) = 7(-[s))]
+ Eqors)|Q7 (5, a) — Q™ (s',a)| by definition of the Wasserstein

< (Vinax + 1)e

So V™ is LC. The proof is similar in the UC case.
In the ULC case: let s, € S,

V() = V()] = [Eann(19 @7 (5, 0) = Eanr(1s) Q" (5, )l
= [Earn(1n @7 (, @) = Eanrn(sH Q" (s, )
+ B () Q7 (5, 0) = Egr() Q@7 (5, @)
< |Eanr(15)Q7 (8, a) — Eqor( 1)@ (5, @)
+ [Eann(1s)Q7 (5, a) = Bqun(s) Q7 (5, @)
< VinaxWa (7(-]s) = 7(:]s)]
+ Eoor(s)|Q™ (s,a) — Q" (5", a)| by definition of the Wasserstein
< VinaxLrd(s,8") + Eqon)sh max L.d(s,s)
as the policy and Q-functions are ULC

< !
< (VinaxLix + max L,)d(s,s")

We can thus conclude that V7 is also ULC with Lipschitz constant (ViaxLr +
maxges Ly). The same reasoning applies in the LLC case.
We emphasize that the continuity assumption of 7 is important, as the following

example shows. Let’s assume & = R and A = {1,2}. Imagine we have the
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following discontinuous policy:

dg ifs<0
m(als) = { 5(1) if s > 0. (3:4)
where:
1 ifzge A
Oy (4) = { 0 elsg. (3.5)
and the following value function:
. s ifa=0
Q(S’a)_{s+1 ifa=1. (36)
Then, V™ is discontinuous at 0.
N if s <0
V(S)_{s—i—l if if 5 > 0. (37)

It is clear that continuity of V™ does not imply continuity of Q™: take the
deterministic constant constant policy m(als) = 1 so that V7™(s) = Q7(s,1). As

previously, we can have any discontinuous function for Q™ (s, 1).

Lemma 2. If a deterministic policy m : S — A is continuous, S is connectecﬁ and

A is discrete, then 7 is globally constant.

Proof. m is continuous at s iff for all € > 0, there exists d., > 0 such that for all

s’ €8, d(s,s") <6 implies da(m(s) — m(s')) < e. In particular, choosing € = 3
implies that 7(s) = 7(s’). 7 it thus locally constant. Supposing S is connected

implies 7 is globally constant. O

While our proof above is valid for stochastic policies, we note that the proof
of in the ULC case with deterministic policies is provided by [Rachelson
and Lagoudakis [2010]:

Corollary 2 (Rachelson and Lagoudakis, 2010). If Q™ is ULC with Lipschitz
constant Lg and the policy m is ULC with Lipschitz constant L, then V™ is ULC
with Lipschitz constant Lgo(1+ Ly).

2A connected space is topological space that cannot be represented as the union of two or more
disjoint non-empty open subsets.
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Lemma D. We assume that the next state probability measure Pg admits a density

p?: S — [0,00) with respect to the Lebesque measure. If s+ p2(s') is bounded and

R:SxA—Randsw— pi(s') are LC, then Q" : S x A — R is LC.
We start by recalling the dominated convergence theorem:

Theorem 3. (Lebesgue’s Dominated Convergence Theorem)
Let {f.} be a sequence of complex-valued measurable functions on a measure space

(S,%, ). Suppose that:
1. the sequence {f,} converges pointwise to a function f

2. the sequence {f,} is dominated by some integrable function g, that is, Vn €
N,z €S, |fal2)] < g(2)

Then, f is integrable and lim,_, [s fo(dp) = [5 fdp.

Let’s define the following sequence: Qo(s,a) = 0 and Q,41(s,a) = R(s,a) +
Y Egap(fs,0) MaXagca Qn(s',a")] for all s € S,a € A.
(o is constant and thus continuous on S x A.

To show that the continuity of (),, implies the continuity of @), .1, let’s apply

the dominated convergence theorem.
1. s+ p?(s’) being continuous, s, tends to s € S implies that
maj%[@n(s’, a')p? (s') tends to maic[Qn(s’, a’)|pi(s).
a’'e m a’'e

2. For all 5" € S,[max Qn(s',a")| < Viax by assumption. We fix a € A. p¢ is
bounded so there exists a function h, € L'(S) such that p?(s’) < h,(s') for

all ¢, s.

By the dominated convergence theorem,

lim [ max[Q,(s',d")|p; (s")ds' = /Srr/lgi([Qn(s/,a/)]pg(sl)ds'.

m—ooJS g/c A

If s,, — s, then ES’NP(-\sm,a)[maXa/eA Qn(s',d")] — Es'~7>(-|s,a)[maxa/eA Qn(s',a’)].

The reward function being LC by assumption, ), is LC.
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Let’s now show that @Q* = lim, ,,,Q, is LC. Let T : (C(S x A),|| - ||s) —
(C(S x A), || |loo), where C(S x A) = X is the space of LC functions on § x A
and || -+ |[c = SUDP(s 4)esx.a; De defined by:

s,a)

(T'f)(s,a) =R(s,a) +v  E  [maxf(s',a’)].
s'~P(|s,a) ¢'EA

It is known that ||Tf — Tg|loc < Y||f — gl|c. The contraction mapping theorem
implies that TQ,, = Q,+1 — @ in X’ (sup norm), so Q* € X, that is Q* is LC.

The previous result can be stated more generally as follows:

Corollary 3. We assume that for each a € A, P® is (weakly) continuous as a
function of s, that is, if s, converges to s € S then for every bounded continuous
function f ' S — R, [ fdP} tends to [ fdP!. IfR:S x A — R is LC then

Q*:SxA—=Ris LC.

The proof of this result is similar as above but does not involve the Domi-
nated Convergence Theorem as the continuity of Eyp(.|sq)[maxaeca @n(s', a’)] as
a function of s is ensured by the assumption of weakly continuity of P?2.

We note that the assumption of weakly continuity of P¢ is weaker than the
one on the existence of a density p? as above. Indeed, if s — p? is continuous,
then s — P¢ is weakly continuous by Scheffé’s lemma.

For the ULC case, the conditions and proof under which the implication "P +
R = Q*'" hold are stated by in |Gelada et al.| [2019):

Corollary 4 (Gelada et al., 2019). If R and P are ULC with Lipschitz constant

Ly and Lp and vLp < 1, then Q* is ULC with Lipschitz constant 1—L7727;'

The reverse implication "QQ* = R + P" is not true as shows the following
counter-example. Let’s suppose § = R and A = {1,2}. Let R(s,1) = 1 and let

R(s,2) be any discontinuous function, for instance:

B J 0 ifs<sp,s0eR
R'(5,2) _{ 0.5 if s > sq. (3.8)

This leads to Q*(s,a) = ﬁ which is continuous but R(s,2) is discontinuous.
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Lemma E. We assume that the next state probability measure P¢ admits a density
p?: S — [0,00) with respect to the Lebesgue measure. If s+ p2(s') is bounded and
R:SxA—->R, 7:8— A(A) and s — p2(s') are LC, then Q™ : S x A — R s

LC.

Similarly, we proceed by induction and consider the following sequence:
Q5(s,a) =0
Z+1<S7 (l) = R(87 a) + 8 E V;—(S,)
§'~Pa
As above, Qf is continuous and we then proceed by induction and apply the
dominated convergence theorem.

We assume that @7 is continuous. Assuming m-continuous, we have shown that

this also implies that V" is continuous.

1. s — p%(s’) being continuous, s,, tends to s € S implies that p? (s")V,7(s')

tends to p2(s" )V, (s').

n

2. Forall & € S, |V™(s")| < Vjpae by assumption.
We fix a € A. p® is bounded so there exists a function h, € L*(S) such that

p2(s") < hy(s') for all ¢, s.

By the dominated convergence theorem,

lim Lp?m(s')vn”(sl)dsl:Lpg(s')vn”(s')ds’.

m—00

Hence, if s, = s, then Eg.wp(.(s,n.0) Vir (8') = Egp(js,a) Vir (s"). The reward function

n

being LC by assumption, QF_; is LC.

As shown above, Q)7 converges to ()™ in sup norm, so ™ is continuous.

Corollary 5. We assume that for each a € A, P® is (weakly) continuous as a

function of s, that is, if s, converges to s € S then for every bounded continuous
function f: S = R, [ fdP¢ tendsto [ fdP}. If R:SxA—=Randm:S — A(A)
are LC then Q™ : S x A — R is LC.
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The proof of this result is similar as above but does not involve the Dominated
Convergence Theorem as the continuity of Eg/.p(.js,0) V™ (S’) as a function of s is
ensured by the assumption of weakly continuity of P?.

For the ULC case, the conditions and proof under which the implication "P+R —
Q™" hold are stated by in |[Rachelson and Lagoudakis [2010]:

Lemma F (Rachelson and Lagoudakis, 2010). If R, P and ® are ULC with
Lipschitz constant Lg, Lp and L., and if YLp(1+ L;) < 1, then Q™ is ULC with

Ly

Lipschitz constant T

We note that the reverse implication "Q™ =— R + P" is not true as there
exists a class of policies (the optimal policy is one element of this class) for which

the implication does not hold.

3.B Proofs for [Section 3.5

Lemma 3 (Identity metric). €' induces the finest topology on S, made of all possible
subsets of S. Let (Y,dy) be any metric space. Any function h (resp. Any bounded
h):(S,e") = (Y,dy) is LC and UC (resp. ULC).

Proof. Recall that for any (pseudo-)metric space (X, d), a set U C X is open if for
any x € U, there exists r > 0 such that the open ball By(z,r) of radius r centered
at x is a subset of U.

Suppose U C § is a non-empty open set of S. Then for any x € U, there exists
r > 0 such that Bu(z,r) = {y € Sle!(z,y) <r} CU. If r > 1, Ba(z,r) = S and
U =S. Hence, S C Tu. Else, Ba(z,r) = {z} and {x} C U. This is true for all
x € U so Ugep{x} C Ta. Hence, T is the collection of all open subsets of S, that
is, it is the discrete topology on S.

Let (Y, dy) be any metric space.

« We first show that any function h : (S, e!) — (Y, dy) is LC and UC.
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Let € > 0. We choose § = % Then, for all z,y € S,

el(z,y) <0 = el(z,y)=0ase :SxS —{0,1}.
— 2 =y as €' is a proper metric.
= dy(h(x),h(y)) = 0 as dy is a pseudometric.

= dy(h(z), h(y)) <e.
This shows that any h is UC and thus LC.

« We now show that any bounded function & : (S, e') — (Y, dy) is ULC.

h is ULC if there exist K > 0 such that for all 2,2’ € X we have
dy (h(x), h(z")) < Kds(s,s).

If s = s/, then ds(s, s') = 0 by definition of €' and h(s) = h(s’) which implies
dy (h(s),h(s")) = 0. Hence, h is ULC.

Else, €!(s,s’) = 1. h is bounded so h(S) is a bounded subset of Y, that is for

all s,s" € S, dy(h(s),h(s")) < c for some ¢ > 0. Hence, h is Lipschitz.
[

Lemma 4 (Trivial metric). €T induces the coarsest topology on S, consisting solely
of {0,S}. Let (Y,dy) be any metric space. Any function h : (S,e') — (Y,dy) is
LC, UC and ULC' iff h is constant.

Proof. For e, suppose U C 8 is a non-empty open set of S. Then for any z € U,
there exists r > 0 such that B.r(z,r) C U. But observe that, for all » > 0,2 € S,
we have Ber(x,7) = S by definition of the trivial pseudo-metric €. Hence U = S
and (S, e") has the trivial topology.

Let (Y, dy) be any metric space. Any function h : (S,er) — (Y, dy) is LC (resp
UC, resp ULC) iff h is constant.
(<= ) : Suppose h is constant taking value y € Y. Recall that ey : S xS — {0, 1}.
It is clear that A must be Lipschitz continuous, and thus uniformally and locally

continuous, because any K > 0 satisfies for all s,s" € S, dy (h(s), h(s")) = dy(y,y) =
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0< Key(z,y) =0

(=) : Suppose for sake of contradiction that h: S — Y is LC but not constant.
Then there exist s1, 2 € S such that h(s;) # h(sy). This means that there exists
€0 > 0 such that dy (h(z) — h(y)) > €. Because we are using the trivial metric on
S, d(z,y) =0 < 9 for all 6 > 0. This contradicts the LC assumption of h. Hence, h
LC implies that h is constant. This reasoning also holds for UC (resp ULC) as a
function that cannot be LC cannot be UC (resp. ULC) (since ULC = UC =

LC). O

Lemma 5. Ifn =0, then any function f (resp. bounded function f): (S,ds) —
(Y,dy) is LC and UC (resp. ULC) with respect to the pseudometric e®s=. However,
given a function f and n > 0, there exists an n-abstraction ¢y, such that f is not

continuous with respect to e®in.

As a byproduct, we can note that the metric e? induces the finest topology
on 8. Indeed, by definition, e : S — {0, 1} is equal to the discrete pseudometric
e+ S — {0,1}. Thanks to , we can deduce that ey induces the discrete
topology on S.

Proof. o We first show that any function f : (S,ds) — (Y,dy) is UC (and thus

LC) with respect to the metric e?so.
Let € > 0. We choose 6 = % Then, for all s,t € S, e?79(s,t)(s,t) < § =
e?10(s,t) =0 = ¢(s) = o(t) = f(s)=[f(t) = [f(s) = [(H)| <e

o Then, the fact that any function f : (S,ds) — (Y, dy) is ULC with respect to
the pseudometric e?70 iff f is bounded is a consequence of

 Finally, if n > 0, there is no continuity garantee about f : (S,ds) — (Y, dy)
with respect to the metric e®/n.
Let € > 0. We choose § = %
o(s) = o(s') = [f(s) = f(s) <.

If € > n, then the continuity definition is respected.

Then, e?/n(s,t) <§ = (s, 1) =0 =

But when e < 7, we cannot conclude anything.



50 3.B. Proofs for

O

Lemma 6. Q* (resp. Q") is ULC with Lipschitz constant 1 with respect to d™
(resp. d~~).

Proof. Take any s,t € S and a € A.

|Q(s,0) = Q"(t,a)] = |RE+v X PIUSHV(S) — (R? +9) Pf(t’)V*(t’)) ‘

s'eS t'eS

= [Re = Ri+7 Y V() (PI(s) - 7’?(8'))‘

s'eS

< RS =R+

/ZS V() (PS(s) — 7’?(8’))‘
< RS = Ry +yW(d™)(PL(s'), Pi(s))
< max {[Rg = Ry| + yW(d™)(P{(s), P ()}

= d"~(s,t)
We can show the result for Q™ similarly. O]

Corollary 1. Q* (resp. Q™) is ULC with Lipschitz constant V., with respect to

e~ (resp. e~ ).

Proof. This is a consequence of [Lemma 0] the normalization coming from the fact

that the bisimulation metric d™ is bounded by %j‘. O]

Lemma 7. For a given MDP, let QT be the Q-function of policy w, and Q* the

optimal Q-function. The following are continuous pseudo-metrics:
1 dae(s,8)) = max|Q*(s,a) — Q*(s,a)
ac
2. dAw (87 S/) - meaj( |Q7T(S7 CL) - Qﬂ-<8/7 CL)|
A ™ (!
3. dAv(‘SaS)_WemH%)éA‘Q (8,&) Q (S,G)’

Q* (resp. Q7 ) is ULC with Lipschitz constant 1 wrt to da« (resp. da=). Q™ is ULC

with Lipschitz constant 1 wrt to da, for any m € II.
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Proof. Let’s show that these functions are pseudometrics.
First, da+(s,s) = 0. Second, da+(s,s’) = da=(s', s) by symmetry of the graph of the

absolute value function. Finally,

da+(s1,82) = max 1Q*(s1,a) — Q% (s3,a) + Q*(s3,a) — Q*(s2,a)]
< max (|Q"(s1,a) — Q(s3, )| + |Q"(s3,0) — @ (52, a)])
< mx [Q (51,0) — @ (s59,0)]) + myx Q" (s,0) — Q" (s2,)

= dA* (817 52) + dA* (817 S2>7

where in the second line we apply the triangle inequality. Hence, da+ satisfies the
triangle inequality. We can thus conclude that da« is a pseudometric. Similarly, we
prove that da~ and da, are pseudometrics.

We now prove the continuity properties given by these three metrics.

o Let s,t € S§. As above, we fix a € A. Then, |Q*(s,a) — Q*(t,a)| <
max |Q*(s,a) — Q*(t,a)| = da~(s,t). Thus, Q* is Lipschtiz continuous with

respect to dax.

o Let s,t € S and let 7w € TI. As before, let’s fix a € A. |Q™(s,a) — Q™(t,a)| <
max Q™ (s,a) — Q™ (t,a)| = da,(s,t). Thus, Q™ (resp.Q*) is Lipschtiz contin-

uous with respect to da, (resp. da_.).

o Let s,t € S and let 7 € II. As before, let’s fix a € A. [Q7(s,a) — Q7(t,a)| <

max |Q7(s, @) — Q7(t,a)] < max 1Q7(s,a) — Q7(t,0)| = da, (s.1)

This in particular true for any 7 € II, hence for any policy 7w, Q7 is Lipschtiz

continuous with respect to da,,.

O

We now formalize in and the results from [Taylor et al.
[2009] that we added to [Table 3.2|

Lemma G. Vs, s’ € S, |[V*(s) — V*(¢)| < d™e=(s, s')

Proof. The proof of this result can be found in [Taylor et al., 2009]. O
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Lemma H. Vs, s’ € S, }%;ZT (V*(s) = V*(s')| < e™lax (s, s')

Proof. This result is a consequence of [Lemma G| The normalization comes from

the fact that the lax bisimulation metric d™%= is bounded by Rmax O

Remark. When S is finite, the number of policies to consider to compute da,, is

finite: da,(s,s’) = max |Q7(s,a) — Q7 (s, a)| = Q™ (s,a) — Q™ (5, a)l,

well,ac A EHAVF acA
where Il a4y F is the finite set of extremal policies corresponding to Adversarial Value

Functions (AVFs) [Bellemare et all, |2019].

Proof. The space of value functions {V™|r € II} is a polytope [Dadashi et al., 2019]
and Bellemare et al.|[2019] considered the finite set of policies IIayy corresponding
to extremal verticies of this polytope {V™|r € Iavr}

As noted by Dabney et al.| [2021], the space of action value functions {Q™|7 € II}
is also polytope since polytopes are invariant by translations (reward R? term) and
linear transformations (77 term). Additionally, extremal vertices of {Q™|r € II}
and {V7|r € II} are reached for the same policies as extremal points of a polytope
are invariant by affine transformations. Hence, the set of extremal vertices of
{Q7|m € 1T} is {Q7|r € Ilayr}. The maximum between two elements of this

polytope is reached at two extremal vertices of the polytope, hence the result.

Now, when approximating the metric da, by d7 V() — . n; ( ) \Qﬂ(s a) —
VF(n @
Q™ (s, a)|, where T AVE(n) BT€ T samples from the set of extremal pohcles I avE, it
follows that d W <da,- O

Theorem 2. The relationships between the topologies induced by the metrics in
are given by the following diagram. We denote by di — dy when Tg, C Ta,,

that is, when Tg, is coarser than Tg,. Here d denotes any arbitrary metric.

elar ——— (law d —— ¢l
e™ dN dA* dAV — dAﬂ

T ~r

d+———e e —— d™
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We now prove the second theorem of our paper, Theorem 2. The proof itself
will be made up of a series of lemmas for each of the arrows in the diagram. We

first start by proving a necessary lemma.

Lemma 1. Given two metrics di and dy on S, if there exists a > 0 such that

dy(s,t) < ady(s,t) for all s,t € S, then Ty, is coarser than Tg,, that is Tg, C Ta, -

Proof. Let ¢ > 0 and x € S. Suppose 2’ € By, (z,¢). By definition, this means
that dy(z,2) < e. It implies 1d;(z,2') < da(x,2’) < € by assumption and then
x' € By, (x,a€). Hence, By,(x,€) C By, (z, ae).

Now, suppose U C § is a non-empty open set of S.Then Vo € U, there exists r > 0
such that By, (x,r) C U. We have shown that By, (z,€) C By, (z, ae) for all € > 0.
So we also have Bgy,(z,~) C U. By definition a topology on & is a collection of

open subsets on S so we can conclude that Ty, C 7a,. O
Lemma J. For all s,t € S,e"(s,t) < €l(s,t) and Tx C Ta.

Proof. This comes directly from the definitions of the trivial metric e' and discrete

metric e!. Moreover, as mentioned in [Lemma 3| and [Lemma 4} the discrete metric

induces the finest topology on & while the trivial metric induces the coarsest

topology. O]
Lemma K. For all s,t € S,da~(s,t) < da(s,t) and da,(s,t) < da(s,t).

Proof. By definition, for all s,s" € S, da+(s,s") = meade*(S,a) - Q*(s,a)] <
s _ (! N < .

s [Q7(5,0) — Q7(/,)| 50 dv (s,1) < da(s.1)

The proof is similar for da, ]

Lemma L. For all s,t € S, there ezists a« > 0 such that d™(s,t) < ae™(s,t) and

d™iee(s,t) < ae™ee(s,t) and d™(s,t) < ae™ (s, t).

Proof. Let s,t € S.
If e~(s,t) =0, then s ~ ¢ and d™(s,t) = 0.
If e~(s,t) = 1, then d™(s,t) # 0. Moreover, by construction of the bisimulation

metric, d~(s,t) € [0, %‘"j;‘] for all s,t € S. Hence, d™(s,t) < }f%:"ew(s,t). Choosing
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a= %av", we get d™(s,t) < ae™(s,t).

The proof is similar for the two other inequalities. O]
Lemma M. For all s,t € S,e™e=(s,t) < e™(s,t) and d™e=(s,t) < d™(s,t).

Proof. Let s, t € S.

If e™a=(s,t) = 0 then the inequality is verified by postivity of any metric.

If e™az(s,t) = 1, it means there exists a € A such that for all b € A, R # R®
and there exists X € X(F) such that P?(X) # Py (X). This is in particular true
when b = a which means that the conditions to be a bisimulation relation are not
satisfied. Hence, e™(s,t) = 1.

The second inequality is proven in [Taylor et al. [2009]. ]

Complexity results
We now provide details explaining the complexity results from [Table 3.2

The discrete identity metric !

compares all pairs of states which results in a
complexity O(|S|). The complexity of the trivial metric e” is independent of the
number of states and hence constant.

The discrete bisimulation metric can be computed by finding the bisimulation
equivalence classes. This can be done by starting with a single equivalence class that
gets iteratively split into smaller equivalence classes when one of the bisimulation
conditions is violated; this process is repeated until stability. Each iteration of this

process is O(|A||S]?), since we are performing an update for all actions and pairs of

states. Since there can be at most |S| splits, this yields the complexity of O(]A[|S|?).

Ind

In~y

the operator F from [Ferns et al., [2004], for each action and each pair

The bisimulation metric can be computed by iteratively applying |22 ] times
of states. We note that the time complexity for solving an optimal flow problem
as originally presented by |[Ferns et al.| [2004] is incorrect and off by a factor of |S]:
it should be O(|S|?log |S|). Thus, the complexity they present for computing the

bisimulation metric is also off by a factor of |S|; the corrected time complexity is

O(\A| |S|°log |S |%), as we presented in [Table 3.1} The 7-bisimulation metrics do

In
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not require a loop over the action space as the matching is under a fixed policy.
Therefore their complexity is the one of the bisimulation metrics off by a factor |A|.

The time complexity of computing da_ and da~ is the same as the complexity
of policy evaluation and value iteration, plus an extra O(|S?|) term for computing
the resulting metric; this last term is dominated by the policy/value iteration

complexity, which is what we have included in the table.

3.C Formal Definition of Bisimulation Metrics

We will also define a metric between probability functions that is used by some of
the state metrics considered in this paper. Let (Y, dy) be a metric space with

Borel o-algebra 3.

Definition 6. The Wasserstein distance [Villani, |2008] between two probability
measures P and Q on Y, under a given metric dy is given by Wy, (P,Q) =
infrer(p,Q) E@y)~aldy (z,y)], where I'(P,Q) is the set of couplings between P and
Q.

The Wasserstein distance can be understood as the minimum cost of transporting
P into () where the cost of moving a unit mass from the point x to the point

y is given by d(z,y).

Theorem 4. Define F© : M — M by F™(d)(s,t) = |[RT — R}| + Wi (d) (P, P]),

then F™ has a least fived point d7, and d~, is a w-bisimulation metric.

~J

Definition 7. Given a 1-bounded pseudometric d € M, the metric 6(d) : S x A —
[0,1] is defined as follows:

0(d)((s,a), (t,0)) = [R(s,a) = R(t,0)| + yW(d)(P(s, a), P(t,0))

Definition 8. Given a finite 1-bounded metric space (MM, d) let C(IN) be the set
of compact spaces (e.g. closed and bounded in R). The Hausdorff metric H(d) :
C(OM) x C(M) — [0, 1] is defined as:

H(d)(X,Y) = max (sup inf d(x,y),sup inf d(z, y))

xeX er yEY zeX
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Definition 9. Denote X = {(s,a)|la € A}. We define the operator F' : Ml — M as:
F(d)(s,t) = H(6(d))(Xs, Xi)

Theorem 5. F' is monotonic and has a least fived point d™'e= in which d™'=(s,t) = 0

Zﬁ S ~iax t.

3.D Additional Empirical Evaluations

In this section we conduct an empirical evaluation to complement the theoretical

analyses performed above. We conduct these experiments on the well-known Four

Rooms domain [Sutton et al. 1999, Solway et al. 2014, Machado et al. 2017,
Bellemare et al., [2019] for all our experiments, which is illustrated in [Figure 3.3

This domain enables clear visualization and ensures that we can compute a metric
defined over the entirety of the state space. These experiments aim to showcase 1) the
qualitative difference in the state-wise distances produced by the different metrics;

2) visualize the differences in abstract states that the different metrics produce when

used for state aggregation. Results are showcased in |[Figure 3.4} and |[Figure 3.5|

The dynamics of the environment are as follows. There are four actions (up,
down, left, right), transitions are deterministic, there is a reward of +1 upon
entering the non-absorbing goal state, there is a penalty of —1 for running into a
wall, and we use a discount factor v = 0.9. We will conduct our experiments on
four representative metrics: d~, d~'e=, da«, and da. Since the maximization over all

policies required for da is in general intractable, we instead sample 50 adversarial

value functions (AVFs) [Bellemare et al., 2019 as a proxy for the set of all policies.

Figure 3.3: Four Rooms domain with a single goal state in green (left). Optimal values
for each cell (right).
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Figure 3.4: The top row illustrates the distances from the top-left cell to every other cell
(note the color scales are shifted for each metric for easier differentiation between states).
The bottom row displays d(s,t) — |V*(s) — V*(t)|, where s is the top-left cell, illustrating
how tight an upper bound the metrics yield on the difference in optimal values.
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Figure 3.5: State clusters produced by the different metrics when targeting 11 aggregate
states. There is no color correlation across metrics.
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Abstract

In reinforcement learning, state representations are used to tractably deal with large
problem spaces. State representations serve both to approximate the value function
with few parameters, but also to generalize to newly encountered states. Their
features may be learned implicitly (as part of a neural network) or explicitly (for
example, the successor representation of |Dayan| [1993]). While the approximation
properties of representations are reasonably well-understood, a precise characteriza-
tion of how and when these representations generalize is lacking. In this work, we
address this gap and provide an informative bound on the generalization error arising
from a specific state representation. This bound is based on the notion of effective
dimension which measures the degree to which knowing the value at one state
informs the value at other states. Our bound applies to any state representation and
quantifies the natural tension between representations that generalize well and those
that approximate well. We complement our theoretical results with an empirical
survey of classic representation learning methods from the literature and results
on the Arcade Learning Environment, and find that the generalization behaviour

of learned representations is well-explained by their effective dimension.



4.1 Introduction

State Representation Value

— —/
~

gb(ﬂ?) Vc/ﬁ,w(x)

]i‘igure 4.1: A deep RL architecture seen as a deep representation ¢ and a value prediction
Vs o

At the heart of reinforcement learning (RL) is the problem of predicting the
expected return that can be obtained from different states. In most practical
situations, these predictions are made on the basis of parametric function approxi-
mation, needed in order to make accurate predictions on the basis of limited samples —
technically speaking, to estimate the value function [Sutton and Bartol 2018|. Linear
function approximation, for example, estimates the value function using a fixed state
representation ¢ which maps states to vectors in R¥; general-purpose algorithms
for constructing state representations include tile coding [Sutton, (1996, the Fourier
basis [Konidaris et al., [2011], local basis functions [Ratitch and Precup, [2004], and
methods based on properties of the transition function [Mahadevan and Maggioni,
2007, |Ghosh and Bellemare, 2020]. Common deep RL network architectures such
as DQN [Mnih et al., [2015] use multiple layers of nonlinear transformations to
map perceptual inputs to a final layer which is linearly transformed into a value
function prediction (Figure 4.1)); accordingly, we may also view this final layer as a
(time-varying) state representation ¢ |Levine et al., 2017, Chung et al., 2018].

It is generally believed that auxiliary tasks, known to improve performance

in deep reinforcement learning [Jaderberg et all 2017, Bellemare et al., 2017],
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play an important role in shaping the learned state representation [Bellemare
et al.| 2019 [Dabney et al., 2021, Lyle et al| [2021]. This motivates the need to
understand how representation learning impacts policy evaluation. In this paper,
we give a theoretical characterization of the generalization properties of a given
or learned representation. While there are a number of results characterizing the
approximation error due to a representation [Petrikl 2007, [Parr et al., [2008], its
effect on statistical error is relatively unknown.

Our first contribution is a bound on the generalization error (approximation +
estimation) that arises when performing Monte Carlo value function estimation with
a given k-dimensional representation ¢ . Critically, this bound depends
on the (in)coherence of the feature matrix ® [Candes and Recht|, 2009], which in
turns defines the effective dimension of the representation. This effective dimension
determines how many samples are needed to obtain a good generalization of the
value function with the chosen representation; it may be as low as k, indicating that
generalization is as good as possible, or as high as |.S|, the number of states, indicating
no generalization at all. The bound applies more broadly to the generalization
error incurred in least-squares regression problems where a subset of a larger
set of points is observed.

In [Section 4.4] we demonstrate the usefulness of our bound by specializing it
to study the generalization properties of the successor representation (SR) [Dayan,
1993]. Specifically, we consider the state representation constructed from the
top k singular vectors of the SR [Stachenfeld et al., 2014], [Machado et al., 2017,
Behzadian and Petrik, 2018|. Empirically, we find that the effective dimension
of this representation — and consequently its generalization characteristics — can
vary substantially according to the transition structure of the environment. We
also show empirically that the effective dimension is important to determine the
generalization capacity of different theoretically-motivated representations in the
Four Rooms domain [Sutton et al., [1999].

In an empirical study on the Arcade Learning Environment |[Bellemare et al.,

2013], we find that the notions of incoherence and effective dimension correlate with
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the observed empirical performance of existing value-based deep RL agents (Sub
section 4.5.2)). Furthermore, we find that a simple auxiliary loss motivated by our

bound shows promising gains in the offline deep RL setting.

4.2 Background

We consider a Markov Decision Process (MDP) M = (S, A, R, P,v) [Puterman,
1994] with finite state space S, discrete set of actions A, transition kernel P :
S x A — P(S), deterministic reward function R : & X A — [~ Rpax, Rmax], and
discount factor v € [0,1). For simplicity, we make the correspondence S = {1, ..., S}.
We write P¢ to denote the next-state distribution over S resulting from selecting
action a in s and write R for the corresponding reward.

A stationary policy 7 : § — Z(.A) is a mapping from states to distributions
over actions, describing a particular way of interacting with the environment. We
denote the set of all policies by II. For any policy m € II, the value function
V7™ (s) measures the expected discounted sum of rewards received when starting

from state s € § and acting according to m:
Vi(s) = E |3 v'RE | So =5, A ~ 7(-| Sy)
i

The upper-bound value is Vi.x = %‘:". In vector notation [Puterman| 1994|,

let r. € R® denote the vector of expected rewards, and let P, € R%*° be the

transition matrix whose entries are

P.(s,s) = Z Pe(s")m(als).

acA
We then have
VT = Z:('yP,T)tT7r = (I —~yP;) 'r,.
t=0

In this paper we consider approximating the value function V™ using a linear

combination of features. We call the map ¢ : S — RF a k-dimensional state
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representation; ¢(s) is the feature vector for a state s € S. In general, we will be

interested in the setting where k < S. The value function approximation at s is

Vou(s) = d(s) w,

where w € R* is a weight vector. We collect the per-state feature vectors into
a feature matrix ® € R%**. For simplicity, we assume ® has full column rank.
In vector form, the value function approximation (a S-dimensional vector) is

more directly expressed as

ng,w = dw.

4.2.1 Statistical Learning Theory

We consider the batch Monte Carlo policy evaluation setting, in which we are given
a sample of training examples D = {(s1,v1),- -+, (Sn,¥n)} € (S x R)™ and wish to
determine a good linear approximation to V™ on the basis of this sample. Here,
s; is a state and y; is a realisation of the random return G7(s;) [Bellemare et al.,

2017, Sutton and Barto|, [2018|, defined by the random-variable equation
G™(s) =D _ Y'R%, so=s,a~7(-]s)
t=0

We assume that s; is drawn uniformly at random from S E| The batch Monte Carlo
setting obviates some of the technical challenges in analyzing iterative methods such
as least-squares TD (LSTD) but still allows us to provide practically-relevant
theoretical guarantees.

We measure the quality of a linear approximation Vj, in terms of the ex-
pected squared error

RV =< E (Veuls)—v)" (1)
S {5 vaT(s)

For a value function V, we express this error and related quantities in terms of
the uniformly-weighted L? norm

IVlls2 = J;z (V)"

seS

'Results for a larger class of distributions are given in [Appendix 4.A]
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Following terminology from statistical learning theory [Vapnik, 1995], we call
R(Vy.) the population risk of Vj,,. One can verify that R(V,) is minimized
when V., = V™.

Given the dataset D and a fixed state representation ¢, least-squares regression

determines the weight vector @ minimizing the empirical risk function

1 n
R(Vy) *Z Viw(si) — vi)*.

3

Notice that R is a random function as it depends on the training sample D.

We are interested in the performance of the least-squares approximation V;
compared to the true value function V™. Let us denote by V, ,- the linear
approximation minimizing the population risk, such that

w* =argmin R(Vy,,).

weRFk

For clarity of exposition, we will assume this approximation is unique. The excess
risk E(Vyw) = R(Vyw) — R(V™) measures the additional error suffered by the
approximation Vy, compared to the true value function. We decompose it into an
estimation error term, measuring the performance gap with the best-in-class, and an
approximation error term arising from considering a restricted set of k-dimensional

value function approximations:

EWVyw) = R(Vpw) — R(Vyuw) + R(Vgu) — R(VT).

estimation error approximation error

4.2.2 The Successor Representation

The successor representation [Dayanl, 1993| describes a state in terms of the
frequency at which it visits future states; it is also related to the fundamental
matrix in the study of Markov chains see Kemeny and Snell [1961], Brémaud

[2013], |Grinstead and Snell [2012].
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Definition 10. The successor representation (SR) with respect to a policy 7 for

a state s € S is the expected discounted sum of future occupancies for each state

s € S. Specifically, V™ (s) = (Y7 (s,s))ses, where
"(s,8) = E M[s, = 5] | sg = s] .
¥l o) = B |35 Tl = ] s
Expressed as a matriz U™ € R the successor representation can be written as:
U™ = (I —~P,) " .

As a consequence of the Bellman equation, we can express the value function

in terms of the successor representation as follows:
™ ™
VT =9Tr..

This makes it a particularly appealing candidate to use as a state representation. In
particular, it is well-established that the top eigenvectors [Mahadevan and Maggioni,
2007] or singular vectors [Behzadian and Petrik| 2018| of the successor representation
form a useful representation [Stachenfeld et all [2014]. [Petrik| [2007] derived an
analytical bound on the approximation error for linear value function approximation
for a representation made of the top eigenvectors of U™ in the particular setting
where P, is symmetric. By contrast, in this paper, we consider the more general
setting of an arbitrary transition matrix P, and consider a generalization bound

that accounts for the statistical nature of the learning process.

4.3 Characterizing Excess Risk

Our first result characterizes how the choice of representation affects the general-
ization of value functions. applies beyond the setting of reinforcement
learning, and more generally characterizes the excess risk of a broad class of
least-squares regression problems.

To begin, we assume that the labels yy,...,y, satisfy

yi = V(si) + i,
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where V' : § — R and »; is i.i.d. zero mean o-sub-Gaussian noise [Vershynin,
2010]. This includes the batch Monte Carlo setting, in which case V' = V7™ and
m 2 G™(s;) — V™(s;), where G™(s;) is the random return from s;.

For a feature matrix ®, we write Py for the orthogonal projector onto its column
space, and Py for the orthogonal projector onto the corresponding nullspace. We
have

Py = ®(0Td)'dT Py =Ig— Ps.

In particular, the approximation error for a given state representation ¢ is
R(Vow) = R(V) = [|1Pa V][5,

A key quantity in our analysis is the notion of the effective dimension of a state
representation, which dictates the number of samples required to achieve a low

estimation error.

Definition 11 (Effective dimension). Let ® € R5** be a feature matriz. The

effective dimension of ® (vis-a-vis the standard basis (e;)) is defined as the quantity
der(®) = S max || Pyeilf3,
where Py is the orthogonal projector onto the column space of ®.

It is simple to check that the effective dimension is only a function of the

column space of ® and that d.s(P) satisfies
rank(®) < deg(P) < S.

Our notion of effective dimension is derived from the coherence of ®, defined as

u(®) = raiféq))-
The notion of coherence is from (Candes and Recht| [2009], who demonstrate that
coherence can be used to characterize the feasibility of low-rank matrix recovery.
Informally, p(®) (and deg(P)) measure the (lack of) sparsity of the column space
of ®. At one extreme, if ® € R9*! is the all-ones vector, then deg(®) = rank(®),
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saturating the lower bound. On the other hand, if ® = ¢; for some i € {1,...,S}
then deg(®P) = S, saturating the upper bound. As we now show, the effective
dimension of ® can be used to bound the excess risk of least-squares regression

applied to the state representation ¢.

Theorem 6 (Excess risk). Fiz any 6 € (0,1). Suppose that n > 8des(P) log(6k/J).

With probability at least 1 — ¢, the empirical risk minimizer Vy 4 satisfies:

Ao (P)

n

2k + 3¢

EWVyw) < HP;VH§2 + 384c¢

64 dog (D)
+ 3 n?

1P V15, + 4807

1P V1 %c?,

where ¢ =1og(3/9) and ||-|| denotes the usual supremum norm.

Proof. The proof is given in [Appendix 4.A] and follows arguments for the analysis

of random design linear least-squares problems [Hsu et al) 2014] and matrix
concentration inequalities [Troppl 2015]. The result can also be obtained by
instantiating Theorem 1 of [Hsu et al.| [2014] to our setting, at the cost of added
complexity. O]

In [Theorem 6 the term || Py V||%, is the approximation error and reflects the

error due to using a k-dimensional linear approximation. The remainder of the
bound corresponds to the estimation error. The theorem demonstrates that the
ability of a representation to generalize is quantified not only by the approximation
error but also the effective dimension dez(®). Not only does deg(P) appear in the
bound, but it also dictates a minimum number of samples needed to obtain a high
probability bound: when deg(®P) is small, the bound holds for fewer samples.

In the specific context of batch Monte Carlo policy evaluation, holds

2

as-is with V' = V™. Additionally, the noise variance ¢ can be bounded as

V2
0_2 < max )

4

The term ||Pge;]|5 that drives the effective dimension of @ differs (for non
orthogonal representations ®) from the quantity max; [|¢(s;)||2 that appears in

Rademacher complexity bounds for regression in the case of a family of linear
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predictors [Mohri et al., 2018] (see also Maillard and Munos| [2009]). Compared
to such bounds, is also sharper for all representations as it offers a
O(1/n) dependency rather than O(1/4/n). In subsequent sections, we will provide
empirical evidence illustrating how the effective dimension plays a critical role in

determining the generalization capability of ¢.

4.3.1 Illustrative Examples

To understand how the bound is instantiated in particular settings, consider first the
scenario in which ® = Ig is the tabular representation. This corresponds to using the
feature vector e; € R® for the i-th state. In this case, the approximation error is 0

and the estimation error reduces to the classic 025 /n rate for least-squares regression:

_ 0%(S +log(1/6))

~ °

n

R(Vyw) — R(V)

With this choice of features, good generalization requires a number of samples
n linear in S.

At the other extreme, it is possible to improve the sample complexity to avoid
the dependency on S. In the ideal case, deg(®) = k. In the next section we
will demonstrate that, in environments with a particular transition structure,
representations derived from the successor representation achieve this bound.

To make this argument more concrete, suppose that we have a family (¢y);7_, of
representations (resp. matrices (®y)) whose effective dimension satisfies deg(Py) = k.
Furthermore, assume that the approximation error ||Pg, V|3, scales as ¢(k), where
(k) is a monotonically decreasing function of k. Fix ¢ > 0 and define k = k(¢) :=
min{k : (k) < e}, and let w be the weight vector found by least-squares regression

applied with ¢;. Observe that as long as n satisfies:

n 2 max {max {g;, 1}k(£) log k%g), \V k(g)S log (15} ,

then we have £(Vy 5) < 4e. As a particular example, let 1 (k) = p* for some
p € (0,1). Then k(e) < [flplog (%)1, in which case the sample complexity
only depends sublinearly on S.
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4.4 Generalization for the Successor Represen-
tation

An effective approach for constructing a family of representations is to take the k
singular vectors of the successor representation (SR) whose singular values are the

greatest. For a given policy 7, let W™ be the successor representation for 7. We write
U™ = FYBT,

where F, B € R%*% are matrices whose columns are orthogonal and have unit
norm. Additionally, ¥ = diag(oy,...,05) where o; are the singular values of W
sorted in decreasing order.

For a fixed integer k satisfying 1 < k < .5, let us partition F' into two matrices,
F, € R%** and Fi-, which respectively contains the top & and bottom S — k
columns of F. Correspondingly, we partition ¥ into ¥;, € R¥** and ¥} and B
into By and Bj-. With this notation, we obtain the family of state representations

(expressed as feature matrices) &, = Fy.

4.4.1 Approximation Error: |‘P$VWH%72

Given a reward vector r, € R®, the value function V™ € R is given by V™ =
UTr.. As demonstrated by [Theorem 6] the first key quantity that appears in the
generalization bound is the approximation error || Pz V7||%,. With the successor

representation, we can write:
1P5 V™ II52 = 1 Pr O rll5n = [1F5 S5 (Bi) Tl 2

Following the argument from Petrik| [2007] for the specific case of proto-value
functions [Mahadevan and Maggioni, [2007], the worst-case unit-norm reward
vector r, in this case approximately corresponds to the (k + 1)-th vector by,.

This is because

Fklxi(Bkl)Tka = fk+10k+17
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and the fact that oxy1 > op4y, for all ¢ > 1. To make the bound comparable for
different £ and MDPs, let us fix R, and write

T bkrallee

In this case, since ||fx11]|3 = 1, we have that

2 2
Uk-i—l Rmax < 0,2 R2
X Ok

Slberall% e

The dependence on ||b1 1]l relates to the operator norm of ¥ from L? to L*, and

1P V™IIE 2 <

illustrates how by, is only approximately the worst-case reward vector.
A frequent scenario in reinforcement learning occurs when the reward is nonzero
in a single state. Suppose that the reward vector r; is r, = Ryaxe; for some

i € {i,...,S}. Then we have that:

2 t EJ‘ 2 BL T ; 2
1PV, = R tr(( k)S)H( i) eill3

< Ul%+1R2 deff(Bli_)_

max
~
S

When the effective dimension of Bj- is O(S — k), the approximation error may be a

factor % smaller than the error for the worst-case reward vector (Equation (4.2))).

These arguments show that the generalization quality of a given family of
representations can be partially quantified in terms of its spectrum (o;):_,. When the
transition matrix is symmetric, we can bound the spectrum (o;)2_, in terms of the ef-

fective horizon implied by the discount factor. This is given by the following lemma.

Lemma 8. Let P € RISXIS be a symmetric row stochastic matriz, and let v € (0,1).

Let o(+) denote the set of singular values of a matriz. We have that:

o((I—aP)™) C

L1
1+97 1—v|°

Because the value function is generally of magnitude V., = ’f‘j:", an approx-

imation error of order ﬁ is quite small, suggesting that the corresponding basis
functions may be safely omitted from the representation.

Intuitively (and as supported by the analysis above), choosing a representation
with a larger number of features k£ reduces the approximation error. However, as

will see in the next section, a larger k necessarily increases the effective dimension,

often in a manner that is superlinear in k.
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Figure 4.2: Singular values of the successor representation W™, in decreasing order and
for different graphical structures. Note that the fully connected and star graphs’ spectra
overlap (top left). Effective dimension of the representation ®; = F}, (top right). Median
empirical excess risk over 10 runs, with 95% CIs as shaded regions, and theoretical excess
risk, respectively, for the open room, torus, and fully connected graphs (bottom left and
right).

4.4.2 Effect of Transition Structure

We next study characteristics of families of representations induced by the SVD of the
successor representation for different environment transition structures. To this end,

we consider different types of graphs over which we define a uniform random walk;

the resulting representations are specifically proto-value functions [PVF,

and Maggioni, 2007]. We consider the two key quantities identified above: the

spectrum of the representation, which informs us on the profile of the approximation
error || P, V™ ||3, for different Fy, and the effective dimension of F} as a function of k.

We consider five graphical structures, each with S = 400 states (illustrations
of these structures as well as results for additional structures are given in the
appendix): a fully-connected graph, Baird’s star graph [Baird, [1995], a disconnected
graph (on which each node self-transitions), a 20 x 20 grid, and a 20 x 20 torus. The

torus has the same “shape” as the grid but allows transitions from one edge to its



74 4.4. Generalization for the Successor Representation

opposite, while the fully-connected graph is similar to the star graph in that both
mix quickly. These graph were chosen to illustrate the diversity in generalization
profiles arising from different transition structures. In all cases, v = 0.99.
[Figure 4.2] top left illustrates three types of spectra. The fully-connected and
star structures have a flat spectrum, both with an important first component but

with a last component that is much smaller in the case of the star structure (see

IAppendix 4.B| for a closed-form description of the spectrum of the star graph). By

contrast, the grid and torus exhibit a decaying spectrum, suggesting that attaining a
low approximation error may require many features. As expected, the disconnected
graph produces a flat spectrum with values o; = (1 — )7L

top right shows the effective dimension as a function of the number
of features k, and paints a relatively different picture. Here, both star and fully-
connected graphs exhibit a high effective dimension, despite having relatively simple
structure. This is because effective dimension reflects in some sense the degree to
which a single sample might give misleading information about the value at other
states. Because the first singular vectors capture most of the symmetry in these
graphs, additional features must in some sense be misleading. On the other hand,
the open room and torus, despite an almost-identical spectrum, exhibit notedly
different profiles: while the torus achieves the lower bound deg(F)) =~ k, the grid
results in generally poor features for k large.

To understand the consequences of these characteristic differences, we performed
least-squares regression to estimate value functions in three of these structures
(fully-connected, grid, and torus). In all cases, we sampled a reward function
by assigning rewards to each state-action pair from a normal distribution (see
. We then sampled n = 300 states with replacement and performed a
Monte Carlo rollout to obtain the sample return (y;)?,. We measured the excess
risk of the linear approximation found by the least-squares procedure. For each
graph structure, we repeated the experiment 10 times.

[Figure 4.2 bottom depicts the outcome of this experiment. Experimentally,
the PVF of the torus generalizes significantly better than the PVF of the grid
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(left panel). This is reflected in a heuristic calculation of the theoretical bound

(right panel), given more explicitly by the formula

T deH(Fk) deff(F)
1P VIS + ==+ =5

1P V7I2-

The number of features k£ minimizing the empirical and theoretical excess risk
differ, but follow the same qualitative pattern: for small k, the open room PVF
generalizes poorly, while the minimum is achieved in the fully-connected graph by

k = 1, highlighting again its high degree of symmetry.

4.4.3 Analysis of the One-dimensional Torus

As evidenced by the experiments of the previous section, the proto-value functions
of the two-dimensional torus have particularly appealing generalization charac-
teristics. Analytically, similarly good generalization can be demonstrated on the
one-dimensional torus, as we now show.

The one-dimensional torus consists in S states arranged on a chain, such
that s; connects to s;_1,s;41 mod S. As such, the random walk on this torus
induces a transition function P, described by a circulant matrix. Since P, is

symmetric, we may Writeﬂ
(I —yP,)t = UsZUS.

Following Gray et al. [2006], the k-th singular value of (I —yP,)~! is given by

1
L= yeos(E M)

for k = 1,...,5. and we have that Us = < F§, with (Fs); = exp(—2mijk/S)

the discrete Fourier transform matrix in dimension S. From this we deduce that

Ok

each entry of Ug has modulus 1/ V'S, and therefore any orthogonal matrix formed
from any k distinct columns of Ug will have coherence 1 and effective dimension
k. This shows that the proto-value functions of the one-dimensional torus give

in some sense an ideal state representation.

2We ignore the issue of real diagonalizable versus complex diagonalizable.
3The spectrum of the torus is briefly mentioned in Blier et al.| [2021].
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Figure 4.3: The Four Rooms domain (left). Median empirical excess risk (middle) and
effective dimension (right) as a function of approximation error for the top k left singular
vectors of the SR, random features, the Krylov basis and the bisimulation metric matrix
in the Four rooms domain.

4.5 Experiments
4.5.1 Comparing State Representations

We now compare the Successor Representation to other theoretically-motivated
representations: the bisimulation metric matrix (Ferns et al., 2004), the Krylov
basis (Petrik, 2007) and some random features, in terms of effective dimension

and excess risk, in the setting of Section 4.2. shows some of these

results on the Four Rooms domain [Sutton et al., 1999, [Solway et al., 2014]. These

give further weight to the idea that effective dimension plays an important role in
determining the usefulness of a representation, as for a given approximation error
better effective dimension corresponds to better excess risk.

The SR of the Four Rooms domain is fairly well-studied and have been shown

to give rise to effective representations [Machado et al. [2017, Bellemare et al.

2019]. It generalizes well but has worse approximation error compared to the
Krylov basis or the Bisimulation metric which take into account the reward. For
small approximation errors, the krylov basis has smaller effective dimension and
is performing best. Finally, random features which are agnostic to the structure

of the MDP have very high approximation error making them unappealing.
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Figure 4.4: Interquartile mean (IQM) [Agarwal et al., 2021b] for the effective dimension,
normalized by the batch size used N = 2! (left). Interquartile mean (IQM) for
human-normalized scores over the course of training across 60 Atari games (right). IQM
measures the mean on the middle 50% of the data points combined across all runs and
games. These statistics are over 5 independent runs and shading gives 95% stratified
bootstrap confidence intervals based on Rliable [Agarwal et al., 2021b].

4.5.2 Deep Reinforcement Learning

We conclude with an empirical evaluation demonstrating the usefulness of our
results in characterizing generalization in a larger setting. Specifically, we measure
the effective dimensions of a representation ¢ implied by a deep neural network. We
consider the hidden layer of 512 rectified linear units learnt by five deep RL agents,
namely DQN [Mnih et al., 2015], DQN with Adam optimizer, Rainbow

2018], IQN [Dabney et al.| [2018a], and Munchausen-IQN (M-IQN) [Vieillard
, 2020]. We are interested in how the notion of effective dimension explains

the relative performance of these deep RL agents aggregated across 60 Atari

2600 games [Bellemare et al., 2013] and at different points in training until 200M

environment frames [Castro et al. 201§].

We compare estimates of the effective dimension of these representations through-

out training and reported results in [Figure 4.4| (Left) (see per game comparison in

[Appendix 4.C.2)). When computing such estimates, we use a large batch size (=2'9),

sampled uniformly from the offline Atari-replay datasets |[Agarwal et al., 2020], as a

proxy for the ambient dimension S used in the definition of the effective dimension.

We observe that higher performance on a game typically correlates with lower

effective dimension. The relative ordering of effective dimension (Figure 4.4} left)
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Figure 4.5: Effective dimension, normalized by the batch size N = 2 and performance
of IQN and IQN with feature regularization Ly on 17 Atari games in the offline RL
setting.

matches the performance ranking of different agents, right). Furthermore,
we can notice a rise in the effective dimension from iteration 50 which suggests
an overfitting of the representation to the current value function, in line with the
evidence of late-training overfitting found by Dabney et al.| [2021].

To further corroborate that low effective dimension corresponds to better
generalization, we investigate whether optimizing an auxiliary loss £, motivated by
the idea of reducing the effective dimension of the learned representation, improves
performance. To do so, we use L, = log >, exp(||@(s;)||3) for states s; in a randomly
sampled mini-batch of size 32. To avoid confounding effects from exploration,
we study the offline RL setting [Levine et al., 2020]. Specifically, we use the 5%
Atari-replay dataset [Agarwal et al.,2020] on 17 games and evaluate IQN, one of the
top performing agents on the offline Atari dataset |Gulcehre et al.; 2020]. As shown
in [Figure 4.5], right, combining IQN with the loss £, results in significantly higher
average returns compared to IQN on all 17 games. We also compare estimates
of the effective dimension of the representations induced by these two agents in
[Figure 4.5] left, and find the auxiliary loss Ly results in lower effective dimension
during the first 80 iterations. Surprisingly, we also notice that IQN with feature

regularization prevents the substantial loss in rank of the feature matrix observed

previously by Kumar et al.|[2021} [2022] (see [Figure 4.13| and [Figure 4.12)), making

it hard to disentangle between approximation and estimation error effects. Further

study of this phenomenon would be an interesting direction for future work.
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4.6 Conclusion

In this paper we provided a theoretical characterisation of how a given representation
affects generalization in reinforcement learning. While we focused here on the batch
Monte Carlo setting for simplicity, a similar but more involved analysis can in
theory also be performed to analyze algorithms such as LSTD.

Providing fresh evidence regarding the benefits of successor representations in
shaping an agent’s representation, both our analysis and experiments on synthetic
environments demonstrate that indeed, the left-singular vectors of SRs generally
provide good generalization. While natural given the successor representation’s
close relationship with the value function, one surprising result is that the effective
dimension of such a representation is relatively sensitive to the particular transition
structure, as illustrated by the differences between the torus and open room
representations. In addition, the effective dimension of this representation does
not immediately correlate with mixing time, as one might have expected. These
findings suggest that it should be possible to devise algorithms inspired by the same
principles, but that work well across a variety of transition structures, for example
by leveraging contrastive graph representations [Madjiheurem and Tonil, 2019].

Our analysis of Atari 2600-playing agents gives further evidence of the important
role played by the representation in deep reinforcement learning. While not a
surprise in itself, we find a strong correlation between effective dimension and
performance, this suggests that generalization is key to explaining many performance
improvements. In particular, it is by now well-understood that auxiliary tasks
[Jaderberg et al., [2017, Bellemare et al., [2017] shape the learned representation of
the agent, and under ideal conditions cause it to match the SVD of an auxiliary
task matrix [Bellemare et al| 2019, [Lyle et al. [2021]. Controlling the bound of
by means of such tasks or deep learning mechanisms such as hindsight
experience replay |Andrychowicz et al., 2017] may provide further performance

improvements. Our results also suggest that it may be possible to derive theoretical
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guarantees regarding transfer between policies or MDPs [Taylor and Stone, 2009],

in particular with a learned representation |[Agarwal et al., [2021a].
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4.A Proofs for [Section 4.3

This section is dedicated to proving the main theorem on the paper, [['heorem 6]
Before that, we introduce and prove a more general result from which
can be deduced as a corollary.

Let s1,...,8, denote iid draws from an arbitrary distribution v € P(S) and

(€;)7, C RS the standard basis.
Assumption 1. We assume that v(s) > 0 for all state state s € {1,...,S}.

Let N = Ei[eie]], and let ||z],2 = [|[NY%z|y for x € RS, Put v :=
,,,,, sv; > 0. Let w* := (PTNP®)"'®TNV, and also define = := ®TNP. = is
the steady-state feature covariance matrix. w* represents the best k-dimensional

model. Since we assume that v > 0, we have that = is positive definite.

The excess risk £(Vy,,) of a hypothesis Vj,,, : S — R is defined as:

EViaw) = By (Vo (si) = V(si))*.
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For any w € RF, we have the decomposition:
E(Vow) = |00 = VI[55 = [ @(d — w)[[7 + [[Pw” = V5.
Note we have the identity:

[Pw™ — V|2, = || Px1j2e N2V | 5.

Theorem 7. Fiz any 6 € (0,1). Suppose that n > 8des(P)log(6k/). Under

|Assumption 1, with probability at least 1 — ¢, the empirical risk minimizer V4

satisfies:
1 1/27/71(2 deff(q)) 1 1/27/112
EWVsw) < ||[Prijee NV |5 + 384 S | Py1/26 N /=V |5 10g(3/6)
2 64 dog (P
+ 48%[% + 31og(3/6)] + 3fon(2S)HN1/2P]¢1%N1/2VH§O log®(3/9),

where ||-|| denotes the usual supremum norm.

Proof. The empirical risk minimizer &0 € R* is defined as the random vector

W = (E,®)"Y. Next, we write:
N2 — w*) = NV2®(E, ) (E,V + 1) — NY20w*
Therefore, assuming FE,,® has full column rank (which will be the case by [Lemma 9)),

NY2®(E,®)'E,V — NY2dw*
= NY2®(E,®)' E,V — Pyij2g N2V
= N'Y20(®TETE,®) '®TETE,V — Pyij2e N2V
= N'20(@"ETE,®) '@ ETE,N"Y3(Py1/2g + Pr1/2g) N2V — Py1jog N2V
= N'"2®(QTEE,®) ' OTET E,N "2 P51 ) N2V
+ NV2®(@TETE, ) ' @TETE,N"V2Py1/2o NY2V — Py1/og N2V
= N'20(@"E'E,®) '®"ETE,N"V2PL, ), N2V

= N'V2oE (PO E B, 022 12T POTET B, N2 Py o NPV
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Similarly,

N'2®(E,®)'n = NY20(®"ETE,®)'®"ETy

= N2z V(22T E B, 05 ?) 2T 20T BTy,
We first claim that | NY/20Z-1/2||,, < 1. To see this, observe that:
INV2OET2|2 ) = A (N2(RTND) ' ®TNY?) = Apyax (Py1/2) < 1.

Hence:
|E"V2QTETE,N-2PL, , N2V

1/2 t 1/2
HN / CI)(En(I)) Env - N / (I)w*HZ < /\mm< —1/2(I)TETE @”—1/2) ’

and similarly

1= 22T Bl
Amin(E-12OTET B, ®2-1/2)

INY2@(E,®) "> <

Therefore,
(IE" 2T E B N2 P oy N2V || + |E72RTE | |o]

1/2 A *
N / (0 — w2 < Amin(Z12OTET E,=-1/2)

By [Lemma 9| as long as n > Sde“( log(6k/d), then with probability at least 1—¢/3,

gfk < = V2QTETE, 02712 L dnl,.

Furthermore, by [Lemma 10, with probability at least 1 — §/3,

o _ 8nd, 3
| 20T BT E, N 1/2P]¢1/2@N1/2vn2<2¢ SO s N2V 108 ()

4 |d, 3
+3 “( )nN 2P s NV o log ()

Finally, by with probability at least 1 —d/3,

1{E7 20T E] B,027"% < dnly ) - [|Z7V20T Elnlls < \/o?n[8k + 121log(3/9)].
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Therefore, by a union bound, with probability at least 1 — 6,

N . 2 8nd, 3
N0 ) < W D) g N2V [ 0 (5)]

n

2

n

4_ deff( ) ”N 1/2P]{]_1/2¢N1/2VH00 lOg (2)]

n 3 [\/02n[8k - 12log(3/5)]]

B 4\[\/ . 0g(3/0) || Praea N2V |2

+ 4¢ % 2k + 31log(3/6)]
dcff(q))

8 vS
_l’_ -~
n

_ 3
§ ||N 1/2PJ$1/2¢N1/2VH0010g <5> .

Now, from the inequality (a+b+c)? < 3 (a® + b* + ¢?) for any a,b, c € R, it follows

that

de ( )
EWo) = | P aa N2V + 384= 2| Pivi g N'/2V |3 105(3/0)

o2 64 d,
+ 48;[% + 3log(3/9)] + 3 ﬁHN V2Pl o N2V |2 10g%(3/9).

]

Lemma 9. Let ® € Rk, Let v denote a distribution over {1,...,S} satisfying

|Assumption 1| and (e;);_, C R® the standard basis. Let si, ..., s, denote iid draws

rom v. Define Y, € RF*F gs:
Ji fine Y,

Y ZH—I/Q@TGSZG @H—I/Q

i=1
Fiz any § € (0,1). As long asn > Sdeﬁ( log(2k/§), with probability at least 1 — 0,

glk <Y, < 4nl,.

where for two symmetric matrices, A < B means that the matrice B — A is positive

semi-definite.
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Proof. This is an application of the Matrix Chernoff inequality. First, we see that
E[Y,] = nli. Next, we have:

max_ Amax (Z27V 20 Tee] @=71/2) = _max HH 2pTe,||2

.....

1
g - P 7
, e | Poeill3
< deﬁ‘(¢)‘
vS

We now make two applications of the Matrix Chernoff inequality (see Theorem 5.1.1
in Tropp| [2015]). Denoting e as Euler’s number, for the upper tail, we have that

forany t > e

P(Amax(Ya) = tn) < k(e/t)m5/de(®),

Setting ¢t = 4, we conclude that as long as n > mdeigb) log(2k/d), then we

have that with probability at least 1 — §/2, Apax(Yn) < 4n. For the lower tail, we
have that for any ¢ € (0, 1),

]P)(Amin(yn) < tn) < kexp <_(1 - t)2;de:‘(sq))> .

Setting t = 0.5, we see that as long as n > 8d°ﬁ(q) log(2k/4), then Apin(Y,) = n/2
with probability at least 1 — §/2. Taking a union bound yields the claim. O

Lemma 10. Put z, :== EV20TETE,N"Y2PL, , N2V . Fiz any § € (0,e7/5).
With probability at least 1 — 9,

8nd,
Jealle < 20 298D p N2V o log(1/5)

4 deff( )
3

Proof. Define ¢; := E_l/QCI)TeSieSTZ,N‘l/gpﬁl/%]\fl/?v. We have that E[g;] = 0. Next,

INTY2P2g N2V o0 log (1/9).

Elllgll3] = E[IZ7"2® e, [[3(es,, N2 P jog N2V
e (P)
vS

der (P)
= S PN PV

< El{es,, N2 Prijag N'2V)?]
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Finally, we have the following almost sure bound:

deff(q))

TN TP 2y N2V

g2 <
Put z, :=>"""; ¢;- By the vector Bernstein inequality, for all ¢ > 0,

P(zalls > 2)) < e

where Z, = \/ndeyﬂ;@ Hpﬁlmq)Nlva%(l + \/Q) + % %@HN_I/Qpﬁlmchl/QvHoot'

The claim now follows by setting ¢ = log(1/4). O
Lemma 11. Let G be the event:
G:={=720TE]E,e27" < 4nl}
With probability at least 1 — §, we have:
1{G} - |22 E |2 < 0®n[8k + 1210g(1/6)].

Proof. Put M :=1{G} - E,®="1®TET. Because 7 is assumed to be independent of
E,, we can condition on E, and apply the Hanson-Wright inequality |[Hsu et al.,
2012] to conclude that for any ¢ > 0,

P(n" M > o*(tx(M) + 2y/tr(M2)t +2{|Mlopt)) | ) < ™",
We now compute upper bounds on tr(M), tr(M?), and ||M||.p. First, we have:
tr(M) = 1{G} tr(E, = '®"E") = 1{G} tr(Z 20T ET E,®=71%) < 4nk.
Next,

tr(M?) = 1{G} tr(E, 0= '®"ETE,d='®TET)
=1{G}tr(E" QT E B, 0=/ . 72T ET E,0E71/%)
(a)
< G} tr(EV20TET E,=271%0) |2 20T ET B, 2712
< Ank - 4n = 16n°k.

Above, (a) follows from Holder’s inequality. Finally,

IM]lop = L{G}H| B, 2= @ TE [ [|op = L{G}|Z™2@TE B, 0272 < 4n.
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We now plug these bounds in along with the choice of ¢t = log(1/§), which tells us
that conditioned on F,,, with probability at least 1 — 9,

n"Mn < o? {4nk + 8ny/klog(1/8) + 8n 10g(1/5)}
< o [8nk + 12nlog(1/6)]

= 0’n [8k + 121og(1/4)] .

We now remove the conditioning on E,. Let ¢ := o?n [8k + 121log(1/4)]. By the

tower property,

P(n"Mn > 1) =E[1{n"Mn > t}] = E[E[1{n  Mn >t} | E,]|

=E[P(n'Mn > 1| E,)] <E[§] = 4.
L]

is a corollary of in the case where the distribution

v is uniform.

Theorem 6 (Excess risk). Fiz any 6 € (0,1). Suppose that n > 8d.q(P) log(6k/J).

With probability at least 1 — 9, the empirical risk minimizer V5 satisfies:

dos (D)

n

1P5 V3¢,

2% + 3
E(Vi) < ||PEV|[%, + 384c SR oe

64 dog (D)
* 3 n?

1P V5, + 4807

where ¢ =10g(3/9) and ||-|| denotes the usual supremum norm.

Proof. v being uniform, we have v = S. The result follows by plugging v in

[Theorem 7 O

4.B Proofs for |[Section 4.4

Lemma 8. Let P € RISXIS| be a symmetric row stochastic matriz, and let v € (0,1).

Let o(-) denote the set of singular values of a matriz. We have that:

o1 =P C |k ]
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Proof. Let A(-) denote the eigenvalues of a matrix. Because P is symmetric, we

have that:

o((I —yP)™ ") = { AGA(P)}.

1—~A
Because P is a row stochastic matrix, we have that the spectral radius of P satisfies

p(P) =1, and therefore A\(P) C [—1, 1]. Hence:

5 € 1/ +9). 1/ =)

Eigenstructure of the Star Graph (Subsection 4.4.2])

A random walk on the Star graph induces a rank-two transition matrix P, € R¥.

esv

We may write P, = viel + where v is an all-ones vector except on its last
coordinate where it takes value 0 and eg a one-hot vector taking value 1 on its

last coordinate. It is easy to prove by induction that

o forany k >1,P? =

o forany k >0, P2 = P,

From this, it follows that

(I —AP) " =143 (4P

t=1

— [+ Z ,.)/kazk + Z ,.)/2k+1(P7r)2k+1

2k>2 2k+1>1
T
=1+ > H(— —|—€5€S + > AP,
2k>2 2k+1>1
4 ( va tesel 4T p
= €ge T
1—2'5—1 142

Define n := = (I —~vP;)~! are the square roots

of the cigenvalues of A = (I — yP,)™ (I —vP;)™)". We have

A= (I =P (I =4P)™)" = (T + P2 +nP.) (I +yn(P2)T +nP])

— I+ B,
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where B := avv' + beseg + cegv™ + veg) with a = 2’”;% +n%,b=2ny+n*y* +
S"—jl and ¢ = (n + 7727)%.

Moreover, if {A1,..., \x} are the eigenvalues of B then the eigenvalues of A
are {1 + A, ..., 1 + A}

Consider the basis {eg,v}. For any ay,as,

B(aies + agv) = avv' (ares + azv) + beges(ares + azv)
+ clesv’ + veg)(ares + axv)
= a1a(v, es)v + agal|v||3v + arbes + axb{v, eshes + c(ay (v, es)es
+ a1v + ag||v||3es + aa (v, es)v)
= (a1b + cay (v, es) + azb(v, es) + asc||v||3)es + (aralv, es) + cay

+ ax(v, es) + asal|v||3)v.

Since ||v]|3 =S — 1 and (v,eg) = 0, B has the representation in {es, v} as:

[b c(S — 1)] _ [2777 +2 + & (n+1*7)S ]
¢ a(S-1) m+ 7S 2y + 02+ (S —1)
e (n+ 7727)5] 2 2
= 5.1 + (2 + I
l<77+7727)55_1 n2(S — 1) 20y +n*y7)
=C+ 2ny +n*y*)I

Hence, the eigenvalues AL of C are given by

; (772 ((S— 1) + 51—1) + \/774 ((S— 1)+ Sl_1>2+4(77+772fy)255_21 —4774) .

The non-zero singular values of (I —yP,;)~! are thus 1 with multiplicity S — 2

and \/)\i + 20y + 1?22 + 1. For v = 0.99 and S = 400, we can check numerically
that the two extreme singular values are equal to 996 and 0.05 respectively which

matches the spectrum obtained for the Star graph in [Figure 4.2]
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4.C Empirical Evaluation: Additionnal Details

4.C.1 Graphical Structures

© @)

I Q/ \O 00000 .:/—>O\
000 0008 7 [ 6000 7

e} o @0

SR

Figure 4.6: Different graphical structures with S = 5 states from left to right, Star, Chain,
Torusld, Disconnected, Fullyconnected (top). Two-dimensional graphical structures with
S = 9 states: from left to right, Openroom and Torus2d (bottom).

In this section, we study the generalization characteristics of the representations
induced by the SVD of the successor representation for several environment transition

structures. We illustrate the different graphs over which we define a random walk,

studied in [Subsection 4.4.2| as well as some new ones, in |[Figure 4.0,

Our experiment consists in evaluating the value function on these different
transition structures when S = 400 states. We consider three different reward
vectors 7, € RY: the all ones vector, the one-hot feature vector eg, and a vector
whose entries are drawn from zero-mean Gaussian distribution and normalized such
that ||r;|lcc = 1. We then sampled a dataset D of n = 300 pairs (s;,y;) where we
performed a Monte Carlo rollout to obtain the returns (y;)"_,. The targets are
the value functions induced by the random walk.

We are interested in comparing our generalization bound to the empirical excess
risk on these domains. Our bound looks at the regime n > dog(F). We choose k < 5
as an heuristic way of achieving this. We report in the approximation
error Left), the empirical excess risk Middle) and the
theoretical excess risk Right) obtained when using the representation

¢ = F} on these different graph structures.
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Star: Baird’s star graph [Baird} 1995] consists in S — 1 states which are the
star corners and a state S which is the star center. A random walk on this star
graph induces a transition function such that all star corners transition to the
star center and the star center goes to the star corners. There are two extreme
cases in terms of rewards: either the reward is the same for all s;, i # 5, (e.g.
the all ones reward vector or the one-hot vector eg) or not. If the reward is the
same for all s;,7 # S, then this is effectively a 2 state structure, so we only really
need 1 feature to distinguish between the value of the star corners and the value
of the star center. However, if the reward is different for all s;(i # S) then we
effectively have (S — 1) tuples (s;, sg) which can be thought of as independent
graphical structures and we thus expect to need all the features to distinguish
between their values. We can see this in that for the all ones reward
vector and the one-hot reward vector eg, the error with £k = 1 is very good but
for the Gaussian reward, the error with £ = 1 is high.

Chain: This is a S-state connected graph with 2 pendant states and (n — 2)
states of degree two. The shapes of the curves are similar to the Torusld but we
can notice that the errors are larger for each feature dimension k. This is intuitive
as for instance in the case of an all ones reward vector, the values are not the same
for each state due to the two end states of the chain, implying that more than
one feature is needed to generalize the value function.

Openroom: This is a two-dimensional grid with S states. States strictly
inside the grid have four neighbours. States belonging to one (reps. two) edges
are of degree three (resp. two). As we observed in the Openroom
domain does not generalizes as well as the Torus2d which can be explained by
their difference in effective dimension.

Torusld: This is a wrap-around version of the Chain. State ¢ transitions to
state (i + 1) mod S and state (i — 1) mod S. We can see that the curve showing
the empirical excess risk (Middle) corresponding to the Gaussian reward vector
has a sweet spot which is also predicted by our theory. Moreover, when all states

have the same reward, their values are identical. Hence, in that case, only one
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feature is enough to have very low error which is shown both empirically and by
our theoretical bound on [Figure 4.7}

Torus2d: It is a wrap-around version of the Openroom domain such that each
state has four different neighbors. We can see in that the Torusld
and Torus2d have similar effective dimension but the decay of the singular values
is faster in the case of Torus2d translating into smaller approximation errors in
Figure 4.7 (Middle). This results in overall lower excess risk for the Torus2d
indicating it generalizes in general better than its one-dimensional counterpart.
Just like for the Torusld, in the case of the Gaussian reward vector, there is a
non trivial optimal number of features k£ minimizing the excess risk, which we

can notice is smaller than for the Torusld.

Disconnected: This graph consists of S states that self-transition. We do
not expect the successor representation to generalize well within this MDP as we
cannot leverage knowledge from one feature state to another. This idea was already
captured by the effective dimension shown in [Figure 4.2l The plots in
corroborates this both empirically and theoretically showing that its excess risk

is indeed the highest across all transition structures considered.

Fullyconnected: This is a connected graph of S states where each state can
transition to (S — 1) states. The first singular vector, which is the constant vector,
is very good in terms of effective dimension but the second vector has high effective
dimension. When the rewards are the same in each state, their values are identical.
In that case, one feature is enough to distinguish between the S states leading to
good generalization in that case. Additional features must be misleading as the

excess risks rises significantly from a number of features k = 2.
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Figure 4.7: Approximation error || Pg, V™| given a one-hot, all-ones and Gaussian reward
vector and for MDPs with different graphical structures (left). Median empirical excess
risk £(VE, ) given a one-hot, all-ones and Gaussian reward vector (middle). Theoretical
excess risk for a representation ®;, = F), and a one-hot, all-ones and Gaussian reward
vector (right). The median is over 5 random seeds and shading gives 95% confidence

intervals.
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4.C.2 Full Atari Results

For all experiments, we used the hyperparameters provided by Dopamine |Cas-

tro et al. 201§].

Compute. For our experiments on Atari, we used Tesla V100 GPUs and P100
for all runs. To obtain the pretrained deep representations for each deep RL agent,
we ran a total of 5 runs / game x 60 games / algorithm x 5 algorithms = 1500
runs. Each of these runs takes around 5 days. Additionally, for the auxiliary loss
experiment, we ran a total of 5 runs / game x 5 games / algorithm x 2 algorithms
= 50 runs. In this setting, each run takes around 1 day. Overall, the amount
of compute is of 7050 days of GPU training.

We provide a per-game comparison of the effective dimension of the represen-
tations induced by DQN, DQN (Adam), Rainbow, IQN and M-IQN throughout
training in for all 60 Atari games in the online setting to complement
the results presented in in the main part of the paper.

For the offline experiment presented in [Figure 4.5, we use the same mini-batch
sampled for the temporal-difference loss Lp for computing the auxiliary loss L.
Our combined loss is then £, = (1 —a)Lrp+aL,. We ran a hyperparameter sweep
over o on the five games displayed in and found that a value of a = 0.1
worked well. We provide per-game training curves for IQN agents for 17 Atari
games in as well as the effective dimension (see of their
induced representations computed with a batch size of 2'°. We also complement

these results with the rank of these representations as a function of training in

[Figure 4.12] and [Figure 4.13| as a proxy for the approximation error.

e =0.01 — = 0.1 e =00 e a=0.03

Asterix Breakout on Q'Bert Seaquest
5000

3000 4000

g
3 3000
@

2000

2000

2
< 1000
1000

0
0 20 80 100 0 2

0
40 60 0 100 0 20 0 100 0 20 0 100 0 20 60 80 100
Gradient Updates (x 62.5k)

0 40 60 8 40 60 8 40 60 8 40
Gradient Updates (x 62.5k) Gradient Updates (x 62.5k) Gradient Updates (x 62.5k) Gradient Updates (x 62.5k)

Figure 4.8: Sweeping over various values of o when adding the auxiliary loss £4 to IQN.
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= |QN = |QN + Feature Reg.
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= 1QN = |QN+Feature Reg.
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Figure 4.11: Per-game effective dimension normalized by the batch size N = 215 of IQN
and IQN with feature regularization Lg on 17 Atari games in the offline RL setting, using
5 independent runs. Individual runs are shown with a lighter color.



4. On the Generalization of Representations in Reinforcement Learning

=== |QN == |QN + Feature Reg.
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Figure 4.12: Per-game rank of IQN and IQN with feature regularization L, computed
with a batch size N = 2'5 on 17 Atari games in the offline RL setting, using 5 independent

runs. Individual runs are shown with a lighter color.
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Figure 4.13: Interquartile mean (IQM) [Agarwal et al.) 2021b] for the rank of
representations induced by IQN and IQN with feature regularization Lg computed
with a batch size N = 2!5 on 17 Atari games in the offline setting.

4.D Societal Impact

This paper contributes to the fundamental understanding of state representations,
characterizing their generalization capacity. Our work suggests that algorithms
making use of representations minimized by the excess risk bound from
can improve their performance. However, when making the choice of such a
representation, we did not focus on other important factors like the computa-
tional cost of learning these representations, their scalability or the biases these
representations can propagate resulting into possible discriminatory outcomes or
dangerous behaviours. We suggest that practitioners should not only consider our

generalization characterization of representations but also ethical deliberations.
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Abstract

Many machine learning problems encode their data as a matrix with a possibly very
large number of rows and columns. In several applications like neuroscience, image
compression or deep reinforcement learning, the principal subspace of such a matrix
provides a useful, low-dimensional representation of individual data. Here, we are
interested in determining the d-dimensional principal subspace of a given matrix
from sample entries, i.e. from small random submatrices. Although a number of
sample-based methods exist for this problem (e.g. Oja’s rule [Oja, |1982]), these
assume access to full columns of the matrix or particular matrix structure such as
symmetry and cannot be combined as-is with neural networks [Baldi and Hornik,
1989]. In this paper, we derive an algorithm that learns a principal subspace from
sample entries, can be applied when the approximate subspace is represented by
a neural network, and hence can be scaled to datasets with an effectively infinite
number of rows and columns. Our method consists in defining a loss function whose
minimizer is the desired principal subspace, and constructing a gradient estimate
of this loss whose bias can be controlled. We complement our theoretical analysis
with a series of experiments on synthetic matrices, the MNIST dataset |LeCun
et al., [2010] and the reinforcement learning domain PuddleWorld [Sutton [1995]

demonstrating the usefulness of our approach.



5.1 Introduction

Learning compact representations of data while minimizing information loss is at
the heart of machine learning. A common approach for doing so is to learn a
d-dimensional principal subspace that explains most of the variation in the data,
what is known as principal component analysis (PCA). For small datasets, PCA
can be accomplished by computing the singular value decomposition of the relevant
data matrix. For sufficiently large datasets, however, this approach is impractical
and one must instead turn to a stochastic or sample-based procedure.

Streaming PCA algorithms learn an approximate principal subspace by sampling
columns from the data matrix ¥ and performing an incremental update that moves
their approximation closer to the true subspace [e.g. Krasulinal 1970, Oja, 1982,
Gemp et al.; 2021, 2022]. Central to these methods is the computation of the inner
product between a full matrix column and the approximate subspace as well as a step
to normalize the basis vectors parametrizing this subspace, making these methods
most suited to problems where there are relatively few matrix rows. Another line of
work learns the principal subspace as the by-product of a low-rank linear regression
problem. In this case, the learner forms a product ®w; where ® encodes the
approximate subspace and w; is a per-column weight vector; the aim is to minimize
the Euclidean distance between ®w; and the column ¥, [Srebro and Jaakkola), |2003|
Jin et al., [2016, |Sun and Luo, [2016]. This approach has been effective for learning
state representations in reinforcement learning [Bellemare et al. 2019, |Gelada et al.|
2019, |Dabney et al 2021, |Lyle et al. 2021], but can only handle a small number
of columns, owing to the need to store an explicit weight vector for each.

In this paper, we consider the problem of learning a d-dimensional principal
subspace by means of a neural network. Following common usage, we view the
neural network as a mapping from the original input space to a d-dimensional vector
space. We propose a fully sample-based algorithm which exhibits the best of the
two classes of approaches above. Rather than maintain the weight vector w; in

memory, we instead estimate it on-the-fly from samples — effectively making the
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weight vector implicit. We use the weight vector estimate to construct a gradient
of a suitable loss function, on which we perform stochastic gradient descent in
order to determine an approximation to the d-dimensional principal subspace. Key
to our approach is the derivation of the gradient in terms of Danskin’s theorem.
Although the naive plug-in gradient fails to be an unbiased estimate and can
perform quite poorly in practice, an unbiased estimate is obtained by constructing
two independent weight vector estimates. These estimates are derived from a
technique known as the LISSA (Linear (time) Stochastic Second-Order Algorithm,
see |[Agarwal et al. [2017]) that we apply to produce a sequence of asymptotically-
unbiased estimators of the inverse covariance matrix (®'®)". Based on its origins,
we call the result the Danskin-LISSA algorithm.

In [Section 5.5, we show that our algorithm can recover the principal subspace
of synthetic matrices and of MNIST images, while only observing a small subset
of the data matrix at each update. We further demonstrate the effectiveness of
our method for representation learning in reinforcement learning, specifically by
learning a neural network-based approximation to the principal subspace of the

successor measure |Blier et al., [2021] in the Puddle World domain [Sutton) 1995].

5.2 Background

5.2.1 Problem Statement

We consider a collection of column functions {¢; € R}, where T is an index
set, and where each function v; maps row indices to real values. For instance, 1),
can be one observation or one data point from the data matrix ¥. We assume that
the column indices and the row indices are drawn i.i.d from a distribution A on
T and ¢ on S respectively [[| For a given integer d € N and a row representation
¢ : S — R we define the representation loss

L(¢) = E {min E {(QS(S)th—wt(s))zH. (5.1)

t~A | wi€RA s~E

'We assume that £(s) > 0 for all row indices s € S and that A(t) > 0 for all column indices
teT.
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The representation loss describes the approximation error incurred by fitting the
column function 1; with the d-dimensional linear approximation ¢(s) wy, on
average over draws from \. Here, we are interested in determining a d-dimensional
representation ¢ that minimises £(¢) among all such representations.

For now, let us consider the case in which § and 7T are of finite sizes S and
T, respectively. In this case, we may write ® € R5*? for the feature matriz
whose rows are (gb(s))ses and ¥ € R5*T for the data matrix whose columns

are (%)teT. If additionally W € R%T is a weight matrix, then finding the

function ¢ that minimizes [Equation (5.1)is equivalent to jointly minimizing the

loss L(®, W) over & and W, where
L(D,W) = [[E3(@W — W)AV|3. (5.2)

Here, = € R5*S (resp. A € RT*T) is a diagonal matrix with entries {£(s) : s € S}

(resp. {A(t) : t € T}) on the diagonal. For a given &, we write

Wi € argmin £(O, W) L(¢) = L£(®, WL). (5.3)

WERIXT

From standard linear algebra (see [Lemma 14]in [Appendix 5.A]), in closed form we

have

Wi = (d"Z20) 0TV, (5.4)

Note that this expression does not depend on the column distribution A. We will

use this matrix form to derive a gradient-based algorithm in the next section.

I[Equation (5.2)[ describes a weighted low-rank approximation problem |Srebro

and Jaakkola, [2003]. Its solutions are the set of matrices ® whose columns span

the d-dimensional subspace of left singular vectors of ¥ with respect to the inner

product (z,y)=z = "=y (see [Proposition 1| in [Appendix 5.A| for a proof). If in

addition the columns of ¥ have mean zero, this corresponds to determining the
subspace spanned by the d principal components of ¥. Consequently, in the finite

case our objective is to find a state representation whose implied feature matrix has



5. A Nowel Stochastic Gradient Descent Algorithm 107

columns that span this subspace. As we will see, one advantage of this objective
over the more usual Rayleigh quotient in the case d = 1,

E |6(s)ul(s)du(s)o(s)],

8,8'~E t

is that its gradient incorporates an error term E ¢ x[(¢(s) Tw; — 1(s))w,/ | that

is naturally zero at a minimizer.

5.3 PCA from Samples

We assume access to a model from which we may repeatedly sample row indices
according to the distribution ¢ and the values taken on at those row indices by
column functions sampled from \. We are interested in the setting in which it is
undesirable or impossible to sample the entire collection of column functions for
a given state, or an entire column function all at once. This is different from the
setting that approaches such as Oja’s method |Ojal [1982] or the recent EigenGame
[Gemp et al., 2021] have considered for their experiments, which in matrix terms
assume that it is possible to sample entire rows or columns from ¥ (for a longer
discussion on prior work, see [Section 5.4)).

Let us begin by expressing the gradient of the loss function £(®,W). In

matrix form, this is

Vo l(®, W) =2Z(dW — W)AW " (5.5)

VwL(®,W) =20 Z(dW — V)A (5.6)

When the number of columns T is small, finding an optimal ¢ can be accomplished
by optimizing the loss function £(®, W) using a nested or two-timescale optimization
procedure based on unbiased estimates of these gradients. For example, the

pair of update rules

() ¢ @(s) — a(d(s) "w — vi(s))w,
we = wy — B(s)(d(s) we — i(s)) (5.7)
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finds an optimal representation ¢ under suitable conditions on the step-sizes «
and (. This is because the loss L(®, W) is convex in W when & is fixed and
the two-timescale algorithm allows us to approximately run gradient descent on
the objective we care about.

When T is large (or infinite), however, it may be expensive (or impossible) to
store a separate weight vector for each column. Instead, we rely on a form of the

gradient of the loss L£(¢) in which the weight vector is implicit.

Lemma 12. Let B > 0 be a reqularization parameter. The loss £ : R¥*¢ — R
defined by
L(®) = min_(|[E2@W - W)A2|5 + 8|W]}) (5.8)

WERdXT

is continuously differentiable, with gradient
Vo l(®) = 22(dW5 — W)AW, ",
where

Wi=('Z2d + I 'O'=V. (5.9)

Proof. The proof is similar to the one of Danskin’s theorem [Danskin, [2012]. By

linear algebra, the unique minimizer W in|Equation (5.8)|is given by [Equation (5.9)]

which is itself differentiable with respect to ®. By the chain rule, we have

«\ T
GWQI)) 0 L(D,W}).

VoLl(P) = Vo L(P, Wy
o£(@) = Vor@ vy + (G ) o0
Now, since W3 is defined as the (unconstrained) minimizer of £(®, W3 ), its gradient

with respect to the second argument vanishes at Wg, and so second term is zero.

The result then follows from the definition of Vo £(®, W) in [Equation (5.5) O

The idea is to use an instantaneous estimate of Wy to update the row repre-
sentation in the negative direction of the (estimated) gradient of £(¢). As we will

see, such an estimate can be obtained by sampling as little as a single column
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and a small number of rows. In effect, given a sample row index s our goal is

to obtain a gradient estimate §(s) such that

¢(s) < d(s) — ag(s) (5.10)

should converge to an optimal representation under suitable conditions on the time-

varying step-size a. In [Subsection 5.5.3| we will discuss how |[Equation (5.10)| can

be applied to learn parametrized row representations such as those described
by neural networks.

Before describing our approach, it is worth noting that the procedure that
naively estimates Wy from a subset of rows and columns results in a biased gradient
estimate. That is, suppose we are given the sample row indices s, s, s1,...s, and
sample column . If we write ® for the matrix whose rows are ¢(s1), ..., $(s,) and

construct the empirical covariance matrix ' = @T@, then we find that the estimate

gNAIVE(S) - UAJt <¢(S)th - %(8)) wt - éT¢(S/)¢t(S/) (511)

is not an unbiased estimate of V) £(®P) because each factor is not independent
from each other. In fact, the bias can be quite substantial when n is small, as

we empirically show in [Section 5.5|

5.3.1 An Improved Gradient Estimate

One issue with the estimate of [Equation (5.11) is that the estimated weight vector

Wy is itself a largely biased estimate of the optimal weight vector for column ¢ (that

is, the ¢ column of Wg, W5 ,). Conversely, unbiasedness is obtained if 1, satisfies
E[wt] - W(It,tv

and if the term @, is an independent, also unbiased estimate of Wq’;tT in .
To reduce the bias of the naive estimate, we will construct two low-biased estimates
of the inverse covariance matrix (®T®)", ¢ and ¢, from which we derive two

independent weight estimates w; and ;.
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Before we explain how to obtain these estimates, let us describe our algorithm
at a high level. We begin by drawing three row indices s, s, s” and a column index

t. We then construct the weight estimates
by = Co(s (') iy = C'o(s")un(s"),
and then the gradient estimate

Gou(s) = W (&(s) "y — ti(s)). (5.12)

which uses two LISSA estimators |[Agarwal et al., 2017] to construct independent
weight estimates by application of Danskin’s theorem. In effect, using two separate
weight estimates effectively allows us to estimate the outer product Wg , (Wq’;i)T
appearing in with a very low bias and hence obtain a gradient estimate
that is overall low-biased, up to a multiplicative factor that we fold into the

step-size parameter.

Theorem 8. Let e, € R® denote a basis vector. Given two independent unbiased

estimates C and C' of the inverse covariance, for s ~ £, the gradient estimate gpr(s)

given in |Equation (5.12)| satisfies

Elesin.(s) "] = Z(@W; — 1AW .

Note that the estimate gy, (s) does not require the set of columns 7 to be finite.

As such, our procedure can also be used to learn the principal components of infinite

sets of columns; we will demonstrate this point in [Subsection 5.5.3|

5.3.2 Estimate of the Weight Vector Wg,

We begin by deriving a procedure which, given access to a stream of sample row
representations (d)(sj)):;, asymptotically produces an unbiased estimate of the
optimal weight vector for a given column t.

Central to our procedure is an estimate C of the inverse covariance matrix

(®T=®)T. We construct this estimate by embedding what is known as the LISSA

estimator [Agarwal et al., 2017, originally used to estimate the Hessian inverse].
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Our algorithm is parameterised by two scalars, x and J, which trade off estimator

variance with sample complexity. All proofs can be found in [Appendix 5.B]|

To begin, consider an arbitrary matrix ® € R¥*¢ and denote [|-||op the spectral

norm. For any 0 < k < 2||®TZ®||; !, the Moore-Penrose pseudo-inverse of (&' =®)T

op’

has a Neumann series expansion of the form

[o¢]
(@"20) = kD> (I — kD 'ZD)". (5.13)
i=0
Here, k is a scaling parameter that ensures the convergence of the series. Denoting

S; the first j terms of the above series, we have that
S; =kl + (I —k®TZD)S;

We use this observation to build an estimator of (®T=®)" with access to a finite

number of samples from S.

Definition 12 (LISSA estimator). Let ® € R°*? be a feature matriz. Let si.; =
{s1,82,...,8;} be J i.i.d. row indices sampled from &. Let ko € (0,2) and k =

Ko/ sup,, | [|¢(s:)|5. The j-LISSA estimator A, is recursively given by

AOIF.}I

A; =kl + (I —rp(s;)p(s;,) VA1, 0 <5 < J. (5.14)

Lemma 13 (Bias of LISSA). For 0 < k < sup,, , 2|¢(s;)||3°, the bias of Aj with

respect to (PTE®)T is given by
E(A;) — (®T20) = —(¢TED)(I — k®TZD)/H
In particular, this bias asymptotically vanishes, in the sense that

lim E(A;) — (¢T20)" = 0.

Jj—00
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While for any finite value of J, the LISSA estimator Aj is not an unbiased
estimate, establishes that its bias can be made arbitrarily small with
enough samples. In our experiments, we will show that with few row samples
this results in substantially better convergence compared to a naive estimate
of the covariance matrix.

In [Definition 12} the parameter x controls the rate of convergence of the full
Neumann series: larger values of x result in faster convergence, requiring fewer
samples to obtain an estimate that has little bias with regards to the inverse
covariance matrix. However, larger values of k (k is bounded above as per
also produce estimators that have higher variance. Although here

we consider the simplest setting in which a single sample is used at each iteration

J in [Equation (5.14)| the variance of the estimator can of course be reduced by

using several samples per iteration.

5.3.3 Algorithm Based on LISSA

Provided that we use the LISSA procedure twice to construct two independent

estimates 0y, W} of the optimal weight vector Wg ,, it is straightforward to demon-

strate that gp.(s) ([Equation (5.12)) becomes an unbiased estimate of the gradient

of the loss L£(®) as J — oo; furthermore, for finite J its bias is controlled as a
consequence from [Lemma 13 We may then perform gradient descent with this

estimate, adjusting the s'" row of the matrix ® according to

¢(s) < ¢(s) — agou(s), (5.15)

where a € [0, 1) is a suitable step size. Based on our derivation, we call this procedure
the Danskin-LISSA algorithm. In practice, it is usually desirable to update ¢ for
N > 1 rows at once and use M > 1 samples to estimate @w; and w}; we give this
more general form in [Algorithm 1} Note that while larger values of .J are desirable
in order to reduce estimation bias, larger values of M and N contribute to reducing

the variance of the gradient estimate g, and speeding up the learning process.
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An important case is when the row representation ¢ is given by a mapping

that is parametrized by a collection of weights 6, in particular a neural network.

In this case, [Equation (5.15)| should be replaced by an update rule that adjusts

the weights 6. In practice, this can be done by determining the Jacobian % of

¢ with respect to the weights 6, and applying the update

%QDL(S)-

An alternative particularly suited to automatic differentiation frameworks [Bradbury
et al., 2018, |Abadi et al., 2016| [Paszke et al., [2019], is to define a loss function whose

gradient corresponds to g—ﬁgm(s). One can verify that the sample loss function

L (en + y) — (i) — (i)
tw) = (9(s) TsG(w) — 1 (s))”

satisfies this requirement, where sG denotes the stop-gradient operation (in the

sense that VysG(w) = 0). Additionally, the recursion in [Equation (5.14)| can be

implemented efficiently by first computing the vector-matrix product (b(sj)TAj_l

and then taking the outer product of the result with ¢(s;).

Algorithm 1: Danskin-LISSA
1: Parameters: Dimension d € Nt J M, N € Nt a, o € (0,2)
2: repeat
3:  Sample independent rows s1.n, $1.07, STy ~ €

4: SAample a column ¢t ~ A\

5: (' < LISSA(Ko, J)

6: O+ IjISSA(/-io, J)

oWy = M Zk 1 9(83) (%)

8 W = G Yaly o(s))ve(s)

9: gQLISSA Sk = wt( th (Sk))

10 @(sk) < P(sk) — agpr(sg) for k=1,...,N

11: until satisfied
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5.4 Related Work

LISSA Estimator. Agarwal et al|[2017] consider an empirical risk minimization
problem with convex functions and rely on a Taylor expansion to estimate an
Hessian Inverse. Our method contrasts with the paper from Agarwal et al.| [2017]
in several ways. Our algorithm consists in constructing an unbiased estimate of
the gradient of a least square objective where the weights are expressed implicitly
(non convex objective). To do so, we estimate the pseudoinverse of a covariance
matrix by following an observation from |Agarwal et al|[2017]. We write it as
a Neumann series in a recursive formulation, and combine it with an unbiased

estimate of the covariance from one row sample.

Streaming PCA. |Ojal[1982] and |[Krasulinal[1970] proposed the original streaming
PCA algorithms. They approximate the top eigenvector of a matrix through a
stochastic approximation of the power method. Tang [2019] extends this method to
other principal components but requires explicit normalization. /Amid and Warmuth
[2020] extends it without the need to explicitly performing orthonormalization after
each gradient step at the cost of a batch having to be of size 1.

Pfau et al.| [2019] recovers the subspace spanned by the top eigenfunctions of
symmetric infinite dimensional matrices by parametrizing them with neural networks
and performing gradient descent on a kernel-based loss. It is itself a generalization
of slow feature analysis [Wiskott and Sejnowski, 2002 in the tabular setting. Deng
et al.|[2022] extends the objective from (Gemp et al. [2021] to the function space
and propose an algorithm to learn the top d-eigenfunctions of symmetric matrices
by representing them with d neural networks. To find the principal subspace of
a general infinite dimensional matrix ¥, the approaches above require computing
eigenfunctions of YWY which requires full row access to ¥. By contrast, our
method can recover the principal subspace of any infinite dimensional matrix using

samples entries from rows of W.
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Low-rank Matrix Completion. In this setting, we observe a subset of entries
from a data matrix and aim to find a low-rank matrix that matches these observations
[Srebro and Jaakkolay, 2003]. Matrix factorization is a common technique to solve
this problem where the matrix of interest is expressed as a product ®W. It can be
solved efficiently by standard optimization algorithms [Sun and Luol |2016]. Hardt
[2014], |Jain et al.|[2013] rely on alternating minimization over the representation
and weight matrices and guarantee convergence towards the true matrix. Other
methods perform gradient descent [Li et al. 2019, |Ye and Du, 2021] or stochastic
gradient descent [Jin et al. [2016, Ge et al., 2015, De Sa et al.| |2015]. [Keshavan et al.
[2010], Keshavan and Oh|[2009] minimize simultaneously over the representation
® and the weights W by gradient descent. Dai and Milenkovic| [2010] first solves
the inner optimization problem and find the optimal weight matrix W and then
takes a gradient step on the outer optimization problem, with respect to the
representation matrix ®. The Grassmannian Rank-One Subspace Estimation
(GROUSE) algorithm [Balzano et al.; 2010] is a stochastic manifold gradient descent
algorithm for tracking subspaces from incomplete data which was recently shown
to be equivalent to Oja’s algorithm [Balzano| 2022|. In comparison, we consider
the problem of learning low-dimensional embeddings of higher dimensional vectors
through neural networks and propose an optimization procedure which performs
gradient descent on the representation matrix ® only and where the weight matrix

W4 is expressed implicitly, as a function of .

5.5 Experiments

We now conduct an empirical evaluation demonstrating that the Danskin-LISSA
algorithm described in recovers the d-dimensional principal subspace
of different types of data: synthetic matrices, MNIST images [LeCun et al., [2010]
and the successor measure for the modified PuddleWorld domain [Sutton, [1995]. In

all cases, we measure convergence using the normalized subspace distance [Tang,
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Figure 5.1: Subspace distance over the course of training LISSA for different dimensions
(left, L = 25,J = M = N = 5) and for different total number of samples per update
(right, d = 10) on synthetic matrices with a spectrum decaying linearly and exponentially,
averaged over 30 seeds. Shaded areas represent estimates of 95% confidence intervals.

2019] between ® and the principal subspace of W:
1
1— T (FuFy Ps) € [0,1].

Here, F; are the top-d left singular vectors of ¥ and Py = (®'®)'d' is the
orthogonal projector onto the column space of ®. For simplicity, we take M =
N = J in all experiments. The parameter k = ro/ maxe,, , ||¢(s)||3, where kg is a
hyperparameter, is computed from the sampled feature vectors but we note that

it can also be estimated online by a running average.

5.5.1 Synthetic Matrices

To begin, we consider a random matrix ¥ € R59%°0 whose entries are sampled from

a standard normal distribution. In order to study our algorithm’s behaviour under

different conditions, we follow Gemp et al.| [2021] and set the matrix’s singular values

from 1000 to 1 linearly or exponentially (see [Appendix 5.C.1| for more details). We

selected the step size a = 0.001 and the parameter ko = 1.9 from a hyperparameter

sweep. [Figure 5.5|in [Appendix 5.C.1 compares performance for different values

of kg, in particular illustrating how ko > 2 fares poorly.
left illustrates that the Danskin-LISSA algorithm successfully recovers
the d-dimensional principal subspace given sufficiently many training steps, with

smaller values of d being easier to learn for the exponentially decaying spectrum

(results for d > 25 are given in [Appendix 5.C.1)). However, we see that learning the
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Figure 5.2: Subspace distance (d = 10) after 10° training steps according to the method
used to estimate the loss gradient. Here, the = axis represents the total number of row
samples L from the ® matrix with J = M = N (L = 2J 4+ 2M + N for the Danskin
methods, J + M + N for the naive method). Shaded areas represent estimates of 95%
confidence intervals. Note that because we are sampling with replacement, the gradient
estimate for L = 250 still differs from the gradient given in (The naive
method diverges for very small values of L).

subspace spanned by a representation of dimension d = 25 is easier than d = 1 for
linearly decaying spectrum. right demonstrates that empirically, it is
possible to obtain a reasonable approximation of the principal subspace even for a
very smaller number of samples (J = 1 being the extreme), despite our theoretical
expectation of a biased covariance estimate. As described in the
Danskin-LISSA approach stems from a combination of several algorithmic concepts.
First, it uses two independent estimates of the weight vectors. Second, it embeds a
LISSA procedure to estimate the inverse covariance matrix. To understand better
their relative importance in the performance of the Danskin-LISSA algorithm, we
compare it to two sample-based baselines which have access to the same amount of
information and memory. The first one uses the naive gradient estimator described in
The second uses two separate weight estimates, following the derivation
from Danskin’s theorem, but uses the inverse of the empirical covariance matrix
rather than the LISSA procedure used in the Danskin-LISSA method — accordingly,
we call this the Danskin-Empirical method. illustrates the bias-reducing
advantage of the LISSA covariance estimator, in particular in the low-sample regime.
The naive method, which constructs a single weight estimate, has high bias and

underperforms compared to both of these methods.
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Figure 5.3: Training curves for LISSA on MNIST (d = 16) that updates only a subset
of pixels at a time (left). *: see main text. Reconstruction on MNIST test images (right).
First row show samples from test images. Second are images reconstructed from the true
principal components of ¥ and third row are images reconstructed from the principal
components learnt by Danskin-LISSA (N = 64). Reconstruction MSE errors for true
components and Danskin-LISSA are 21.46 and 21.53 respectively.

5.5.2 MNIST Dataset

We now consider learning the principal subspace of MNIST images from a training
dataset with the Danskin-LISSA algorithm. We represent the data as a matrix
U ¢ R784x60000 where each column is a 28 x 28 sample image (flattened to size
784) of one of the ten possible digits and from which the mean image has been

subtracted. To accelerate learning speed we use the second-order Adam optimizer

[Kingma and Bal, 2015]. [Figure 5.3| shows that it is possible to effectively learn

the principal subspace of this data even while updating as few as 32 pixels (rows)
at a time; naturally, using more samples per step results in improved learning

speed. As a point of comparison, we provide the subspace distance obtained by

Eigengame [Gemp et al., 2021], a state-of-the-art method that performs PCA by

sampling full columns (images) at a time.

To quantify the goodness of the representation learnt on the MNIST training set,
we use it to reconstruct MNIST images on the test set. Denoting Wy € R784x10000
the test dataset and ® € R™**? a representation learnt from the training set,
the reconstructed images on the test set are given by Pg Wi Where Pg denotes
the orthogonal projector onto the column space of ®. [Figure 5.3 right, shows
that the MNIST digits reconstructed from the subspace learnt by Danskin-LISSA
qualitatively look similar to the images reconstructed from the true principal

components of the training set and achieve a similar reconstruction error.
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5.5.3 Learning the Successor Measure

In reinforcement learning (RL), the successor representation |[Dayan, 1993] encodes
an agent’s future trajectories from any given state in terms of the vistation frequency
to various states. Of immediate relevance, it is often used as a building block in
representation learning for RL, in particular by directly learning its principal
subspace [Mahadevan and Maggioni, 2007, |Behzadian and Petrik|, 2018, |Machado
et al.| |2018]. Its extension to continuous state spaces is called the successor measure
[Blier et al. 2021], and is naturally described by an infinite dimensional matrix.
Our last experiment illustrates how the Danskin-LISSA algorithm can be used
to approximate the principal subspace of the successor measure of the Puddle
World domain [Sutton) 1995].

In our version of this environment, traversing puddles requires more time,

resulting in asymmetric successor measure; details of the environment and the

reinforcement learning framework are given in [Appendix 5.C.3| Here, s € [0, 1]* cor-

responds to a particular two-dimensional state in the environment. For a collection
of sets X = {X C [0,1]?} to be described below, we define the successor measure as
U(s,X)=> +'"P(S; e X|Sy=5s), 7€(0,1)
t=>0
The successor measure describes the expected, discounted number of visits to
the set X when the agent begins in state s and moves randomly. We take v =
0.99. Compared to the experiments of the previous sections, we parametrize the
representation by a neural network. We are interested in understanding the degree to
which this neural network can be trained to approximate the d-dimensional principal
subspace of the successor measure. We take the collection X to be the set of non-
overlapping cells of a 100 x 100 grid (illustrated by [Figure 5.4). For computational
reasons, we assign the same value of U(-, X) to all states within a grid cell; this value
is computed by 1,000 truncated Monte-Carlo rollouts from a start state sampled
uniformly at random within a cell. This produces a 10,000 x 10,000 matrix which

we treat as ground truth for measuring the accuracy of our predicted subspace.
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Figure 5.4: The Puddle World domain [Sutton, |1995|, with the shaded area indicating
regions where the agent moves slowly (left). In our experiments, each grid cell is
associated with a column of the implied data matrix. Subspace distance as a function
of the dimension d after 10% gradient steps for three methods: Danskin-LISSA, Explicit,
and the Large Batch baseline (right).

To gain an understanding of the effectiveness or our method, we compare it with
two other gradient-based methods commonly used in reinforcement learning. As the

name indicates, the Explicit method maintains a weight vector w; for each column

and relies on the pair of updates from [Equation (5.7)| similar to the method used

by [Bellemare et al. [2019], Lyle et al|[2021]. Note that we present this method only
for completeness, as it is not applicable to an infinite number of columns and may
otherwise carry an impractically large memory cost. The Large Batch method, on

the other hand, estimates the weight vector w; using ¢ and ¥ evaluated at center of

each of the 10,000 grid cells (close in spirit to the Naive method of [Subsection 5.5.1)).

All three methods use Adam [Kingma and Ba) 2015] to optimize a two-layer
MLP with 512 hidden units and ReLLU activations. We take J = M = N = 50
for Danskin-LISSA and N = 250 for the two other methods. The step size a was
tuned for each method according to a small hyperparameter sweep and after 10%

gradient steps averaged across 5 runs. Details outlining these sweeps and complete

experimental methodology can be found in [Appendix 5.Cl

Figure 5.4] right compares the final subspace distance of these three algorithms
for various values of d. We find that the performance of the Danskin-LISSA
algorithm degrades gracefully as d is increased, while the Large Batch method is
only practical for small values of d. In part, this is explained by the fact that even

with such a large batch, there is a residual bias in the latter method’s covariance
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estimate. The poor performance of the Explicit method is explained by the fact that
a single column is updated at any given time, resulting in stale weight vectors w;.
Although in practice this can be mitigated by updating multiple columns at once,

the result illustrates an important pitfall with the use of an explicit weight vector.

5.6 Discussion & Conclusion

In this paper, we presented an algorithm that learns principal components of
very large or infinite dimensional matrices by stochastic gradient descent. Our
experiments on synthetic matrices and MNIST images demonstrate that indeed the
method converges towards their top principal subspace. Our analysis on the Puddle
World domain also demonstrates that our algorithm can learn a low-dimensional,
neural-network state representation. This algorithm would benefit online PCA
applications where the columns, whose total number can be unknown, and the rows
of the data matrix of interest are sampled i.i.d. at each time step. For instance,
in deep reinforcement learning (RL), training a network on supervised auxiliary
predictions results in its representation corresponding to the principal components
of this set of tasks, assuming the network is other unconstrained [Bellemare et al.,
2019]. The rows of the auxiliary task matrix are the states and the columns are
value functions, for instance corresponding to different discount factors sampled
from the interval (0,1) |Fedus et al., 2019]. Incorporating the Danskin-LISSA
procedure within a deep RL architecture may provide performance improvements
by incorporating more knowledge about the world into the network’s representation.

For simplicity, in this paper we assumed that all samples used in computing a
given gradient estimate are drawn independently. In practice, samples are naturally
expensive and it may appear undesirable to require a total of N + 2J + 2M for
a single gradient estimate. However, one can improve on this state of affairs by
permuting the order in which samples from the batch are presented, constructing
different gradient estimates from these permutations, and noting that the average

of multiple unbiased estimates remains unbiased (and generally has lower variance).
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5.A Proofs for [Section 5.2

Lemma 14. Following the notations from [Section 5.3, we have
W= (2'20)10 =V (5.16)
Proof. For a fixed ® € R5*¢,

Vi L(®, W) = V| EV2(@W — W)AY?|%

= 20TE(OW — V)A

ViwL(®, W) =0<+=20"Z(0dW; — U)A =0
— O'E(@W; — W) =0as A(t) >0forallt €T
— O'EOW; = ¢ EV

— Wi = (0'Z0)10 =0

Proposition 1. Let GLy(R) be the set of d x d invertible matrices. Assume ¥
has strictly decreasing singular values and rank(¥) = r < oo Write ¥ = FX.BT
for the SVD of U with respect to the inner products (x,y)= for all x,y € RS and
(m,y)a for all z,y € RT. For an integer £ € {1,..., S}, let F, € RS*! be the matriz
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containing the first € columns of F (sorted by decreasing singular value). For a fized

de{l,..,r},

argmin_ min_||Z2(®W — W)Az||2 = {& € RS*? | IM € GL4(R), ® = F;M} .
PcRSxd WeRIXT
(5.17)

Proof. We have U = FYBT where ' € R®*" ¥ € R™ and B € R™" sat
isfy FT2F = I,BTAB = I. Let F;,¥; and B, the matrices containing the
first d columns of F,¥ and B respectively. For a fixed ® € R%*? and if ®
is full rank, the unique solution of miny,cgaxr |||E%(<I>W — \I/)A%H% is given by
Wi = (®TZ2®)1®T=V. When & is orthonormal with respect to the inner product
induced by =, we have ®T=® = [ and W; = ®T=V. Moreover, rank(®W;) <
min(rank(®), rank(®'=¥)) < min(d, min(d, S,r)) = d. By the Eckart-Young
theorem, given a target matrix W, the best approximating matrix of rank at
most d, with respect to the norm induced by Z, is F;X4B] which can be written in

terms of an orthogonal projection as follows FyF;=W. By identification, ®W3 =

Q(®T=V) = Fy(F]=V) and & = Fy is a solution to [Equation (5.17)|

As we can turn the basis ¢ for span(Fy) into any other basis & = &R with R €
R¥4 an invertible matrix, the set of solutions for ® is {FyR : R € R™ invertible}

]

5.B Proofs for [Section 5.3

Let = = E,,[ese]] and A = E;op[esef].

Lemma 15. The j-LISSA estimator Aj is an unbiased estimator of the partial Neu-

mann series defined in|Equation (5.13)| That is, given j samples s1.; = {s1, s, ..., S;}

drawn i.i.d. from &, we have that

J
=£k> (I — kO ED)

S1: jNé. i=0
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Proof. By induction.

0
E[Ao] =E[kI] = kI and £ > (I — k®TED)" = kI
=0

Eo ne[A1] = Eg e[ 4+ (I — kps, b3 )KI] = kI + k(I — kPTED)

as E[p;i¢7] = T=® and RZ(J — k®TED) = kI + k(] — kOTED).

=0

Let’s suppose that Eslzjfl%[ﬁj,l] = kY1 (I — k®TN®)’. Then,

ESl:jNE[Aj] = Esl:j [’KLI + (I - "iqﬁsj(b!-j)A —1]
)

=kl +E, [(I - f<:¢sj¢sTv Aj,l]
=kl +]E5ng[ - RQSS ¢T] S1:j— 1NV[A]' 1]

=kl + (I — kPN nz — k®TNP)
1=0

J
=k (I —Kk®'NOD)

=0

Hence, the conclusion. O

Lemma 13 (Bias of LISSA). For 0 < k < sup,, , 2|[¢(s;)||27, the bias of A; with

respect to (PTE®)T is given by
E(A;) — (T20) = —(¢T2d) (I — k® ZD)/H
In particular, this bias asymptotically vanishes, in the sense that

lim E(A;) — (@T20)" = 0.

Jj—00

J
= 1Y (I - #2TZP) — (PTZ®)" by [Comma 17
= k(I — (I —KkPTED)) (I — (I — k®TED)T) — (TZD)T
= —(PTED)(I — kOTED)IH!

In the third line, we use the closed form of a geometric series. O]
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Theorem 8. Let e, € R denote a basis vector. Given two independent unbiased

estimates C' and C" of the inverse covariance, for s ~ £, the gradient estimate gpr(s)

given in |Equation (5.12)| satisfies

Elesgn(s) '] = Z(@Wg — W)AW, "
Proof. By definition,
G (5) = W) (6(s) T1b; — ¢i(s))
Plugging in w; = Cp(s')1bs(s") and @) = C'¢(s")i;(s"), we have
Gon(5)" = (6(5)TCo(s)huls) = i) ) (C'ls")hu(s") T
Now taking the expectation,
Es 5 5 510,51 [€5901.(5) ']

= Bt 51.0.5%. [es (6(5)TCo(si(s') — 1i(5) ) (C'o(s" yiu(s") T
= Eot s (6(5) "Ear., [CIE[0(5)0il(s)] = 0i(s) ) (B, [C'NEwr (5" (5" )]) T

m

— B, |e,(e] OB, [CIE [0 eye] We] — ] We;) (B, [C')E. [@Tesue;r,/‘lle,-])T]

= Bys|eae] (OB, [CIB[®Tegel W] — W)eie] Bor[W el ®)(By, [C])T

mn

= Eueae] (K., [C10 Eyfevel ]|V — W) Eifeie] [0 B [egel, ] DRy, [C']
= E(®E.,, [C|2TEY — U)A(FTED(E,, [C)")

m l:n

where in the last line, we used the fact that = = E,.,[e,e]] and A = E;op[ese]].

Now, given two unbiased estimators C and ¢ , we have
E,,,[C] = (P2®")" and B, [C"] = (2= T)f
It then follows that
Bt s ales30(5)] = Z(G(OZOT) OTZW — W) A(UTE) (02T
=E(®(@22)f e T2V — W)A((220 )T eTEY)T

= Z(dW; — AW "
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5.C Additional Experimental Results

5.C.1 Synthetic Matrices
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Figure 5.5: Subspace distance after 10° training steps of the LISSA algorithm for
different kg

We follow the experimental protocol from Gemp et al|[2021]. We initialize

U € R%%%%0 randomly from a normal distribution. We compute its SVD such
that U = FXB. Let Yjpe, = diag(l,...,1000) and X, = diag(10°,...,10%). We
rescale the matrix W such that Winear = F' 2 linear B and Wey, = F'Xep B. The matrix
® ¢ R%*? is also initialized randomly from a standard normal distribution. We
sweeped over the step size o and chose a = 0.001 which was working well in all

the synthetic experiments. We used the SGD otpimizer but found that there was

not a big performance difference with the Adam otpimizer [Kingma and Bal [2015]

in most of these synthetic experiments. In [Figure 5.5 we also sweeped over the
hyperparameter ko and found that ko = 1.9 was performing well across dimensions
and for both linear and exponential spectra. We trained the Danskin-LISSA method
for 10° time steps. As a complement to we show inthe training
curves of the Danskin-LISSA algorithm for a broader range of dimensions d. For the

exponential spectrum, when d > 25, larger dimensions are easier to learn. This is
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Figure 5.6: Subspace distance over the course of training LISSA for different dimensions
on synthetic matrices with a spectrum decaying linearly and exponentially, averaged over
30 seeds. The total number of samples used is 50. Shaded areas represent 95% confidence
intervals.

the opposite trend to the behavior found when d < 25 where smaller dimensions are
easier to learn. For the linearly decaying spectrum, when d > 25, larger dimensions

are easier to learn which is also the same trend as what we observed for d < 25.

5.C.2 MNIST

We found that the Adam optimizer |[Kingma and Bay, 2015 performed best for our
MNIST experiments. We performed a sweep over the step-size a and found that
a = 0.005 worked best for 128 and 64 pixels. a = 0.01 performed best for 32 pixels.
We trained the Danskin-LISSA algorithm for 2.5 x 10° steps.

5.C.3 Puddle World

A Puddle World [Sutton| [1995] is a square arena, with x, y both in [0, 1]. It has a
continuous state space and a discrete action space. There are four actions (up, down,
left, right) that move the agent by 0.05 in each of the corresponding directions. A
random gaussian noise with standard deviation 0.01 is also added to transitions
in both directions. For our experiments, we used the same puddle configuration
found in [Sutton, (1995]. This configuration contains two puddles. The first puddle
lies between the points (0.1,0.75) and (0.45,0.75) with a radius of 0.1. The second
puddle lies between the points (0.45,0.4) and (0.45,0.8), also with a radius of 0.1.
While the original Puddle World gives negative rewards for being in a puddle, our

puddles instead cause a slowing affect by a factor of 0.5. That is, when in a puddle,
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Principal Component 1 Principal Component 2 Principal Component 3 Principal Component 4  Principal Component 5

Principal Component 6  Principal Component 7  Principal Component 8  Principal Component 9  Principal Component 10

Figure 5.7: First 10 principal components of the successor measure of the Puddle World
domain.

the agent only moves by 0.025 in each direction. The puddles compound, meaning
that in the area where the two puddles overlap the agent will only move a distance
of 0.0125. We chose to use slowing puddles because our task is reward-agnostic, and
the successor measure task that we chose would capture the dynamics of the slowing
puddles. We visualize in [Figure 5.7] the top-10 principal components of the successor
measure of Puddle World, demonstrating that they are non-trivial. The successor
measure was computed using 1000 Monte Carlo rollouts from each starting grid cell,
truncated after 700 steps. We used a discount factor v = 0.99. We subtracted the
row sums to center-mean each column of the ground truth matrix ¥ € R10"x10%,
For each of the methods, we performed a sweep of learning rates and optimizers
(between Adam and SGD) and found that Adam with a learning rate of 107
worked well across the board. We ran each method for 100 million gradient steps.
For Danskin-LISSA, we kept x fixed at 1.9, which we found worked well in our
previous experiments. Danskin-LISSA used a batch size of 50 for each of its 5
batches, while Large Batch and Explicit used a main batch size of 250 to ensure
that each method saw the same number of samples. To compute ¢(s) we used a

two hidden-layer MLP with 512 hidden units per layer.
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Abstract

In reinforcement learning (RL), state representations are key to dealing with large
or continuous state spaces. While one of the promises of deep learning algorithms is
to automatically construct features well-tuned for the task they try to solve, such a
representation might not emerge from end-to-end training of deep RL agents. To mit-
igate this issue, auxiliary objectives are often incorporated into the learning process
and help shape the learnt state representation. Bootstrapping methods are today’s
method of choice to make these additional predictions. Yet, it is unclear which fea-
tures these algorithms capture and how they relate to those from other auxiliary-task-
based approaches. In this paper, we address this gap and provide a theoretical char-
acterization of the state representation learnt by temporal difference learning [Sutton),
1988]. Surprisingly, we find that this representation differs from the features learned
by Monte Carlo and residual gradient algorithms for most transition structures of
the environment in the policy evaluation setting. We describe the efficacy of these
representations for policy evaluation, and use our theoretical analysis to design new
auxiliary learning rules. We complement our theoretical results with an empirical
comparison of these learning rules for different cumulant functions on classic domains
such as the Four Rooms domain [Sutton et al.,1999] and Mountain Car [Moore, [1990]
and demonstrate that these pretrained representations speed up online learning.



6.1 Introduction

State Representation Value
W :\‘7@,11:(%)
€T |l— -
—urv
— ~ “Implied
P(T)  puxiliary Task
matrix

Figure 6.1: In deep RL, we see the penultimate layer of the network as the representation
¢ which is linearly transformed into a value prediction V4, and auxiliary predictions
U(z) by bootstrapping methods.

The process of representation learning is crucial to the success of reinforcement
learning at scale. In deep reinforcement learning, a neural network is used to
parameterise a representation ¢ which is linearly mapped into a value function
Yu and Bertsekas|, 2009, Bellemare et al., 2019, Levine et al., [2017]; this
approach often leads to state-of-the-art performance in the field [Mnih et al., [2015].
State representations are key to the stability and quality of this learning process.

However, a representation supporting the downstream task of interest might not
emerge from end-to-end training. Hence, auxiliary objectives are often incorporated
into the training process to help the agent combine its inputs into useful features
[Sutton et al., [2011, |Jaderberg et al.| [2017, Bellemare et al., 2017, Lyle et al., 2021]
and the resulting network’s representation can help the agent estimate the value
function. To construct representations supporting these characteristics, different
kind of auxiliary tasks have thus been incorporated into the learning process such
as controlling visual aspects of observed states [Jaderberg et all 2017], predicting
the values of several policies [Bellemare et al., 2019, Dabney et al., 2021|, predicting

values over multiple discount factors [Fedus et al. 2019 or prediction of next state
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observations [Jaderberg et al., 2017, |Gelada et al., [2019] and rewards [Dabney et al.,
2021}, Lyle et all 2021} Farebrother et al. 2023].

While these tasks have mainly been trained by bootstrapping, a precise char-
acterization of the resulting representation is lacking. This paper aims to fill
this gap. We study the representations learnt by TD learning when training
auxiliary tasks consisting in predicting the expected return of a fixed policy for
several cumulant functions . More generally, this analysis informs
bootstrapped representations arising from algorithms such as Q-learning

and Dayan, [1992], n-step Q-learning [Hessel et al., 2018, |[Kapturowski et al., |2019,

Schwarzer et all [2021] or Retrace [Munos et al., [2016]. Our key insight is that

the way we train these value functions, for instance by TD learning, Monte Carlo
or residual gradient, influences the resulting features. In particular, we show that
when trained by TD learning, these features converge to the top-d real invariant
subspace of the transition matrix P", when it exists . We present an
empirical evaluation that supports our theoretical characterizations and show the
importance of the choice of a learning rule to learn the value function in [Section 6.5

In [Section 6.4} we characterise the goodness of these representations by quan-
tifying the approximation error of a linear prediction of the value function from

these frozen representations in the TD learning and batch Monte Carlo settings

((Subsection 6.4.1)). We find that to minimize this error, the cumulants need to depend

on the dynamics of the environment but in a different way whether we learn the

main value function by batch Monte Carlo or TD learning. Then, we show random

cumulants which have been used in the literature [Lyle et al., 2021, Farebrother et al.,

2023| can be good pseudo-reward functions for some particular structures of the
successor representation [Dayan| [1993] by providing an error bound that arises from

sampling a small number of random pseudo-reward functions (Subsection 6.4.2)).

Finally, we find that one way to improve this bound is to sample pseudo-reward
functions which depend on the dynamics of the environment and inspired by this

observation, we propose a novel auxiliary task method with adaptive cumulants
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and show that the resulting pretrained features outperform training from scratch

on the Four Rooms and Mountain Car domains [Subsection 6.5.3l

6.2 Background

We consider a Markov decision process (MDP) M = (S, A, R, P,v) [Puterman,
1994] with finite state space S, finite set of actions A, transition kernel P : S x A —
P(S), deterministic reward function R : § X A — [—Ruax, Rmax), and discount
factor v € [0,1). A stationary policy 7 : § — Z(A) is a mapping from states
to distributions over actions, describing a particular way of interacting with the
environment. We denote the set of all policies by II. We write P, : § — Z(S)

the transition kernel induced by a policy m € 11

P.(s,8') = Z P(s,a)(s)m(als)

acA
and r; : § = [~ Rumax, Rmax] the expected reward function

7(5) = Ex[R(So, Ao) | So = s, Ag ~ (-] So)]-

For any policy 7w € II, the value function V7 (s) measures the expected discounted

sum of rewards received when starting from state s € S and acting according to :
V™(s) = WI%) g}th(St, A)|So =5, A ~7(-|St)
It satisfies the Bellman equation [Bellman, |1957]
V() = rx(s) + Y Esrep, 15 [V (S)],

which can be expressed using vector notation |[Puterman, |1994] (viewing r, and

V7™ as vectors in R® and P, as an RS transition matrix) as
VT =re+ PV = (1 —Pr) 'ra.

We are interested in approximating the value function V™ using a linear combination
of features [Yu and Bertsekas, 2009, Levine et al.| [2017, Bellemare et al., 2019]. We

call the mapping ¢ : S — R? a state representation, where d € N*. Usually, we are
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interested in reducing the number of parameters needed to approximate the value
function and have d < |S|. Given a feature vector ¢(s) for a state s € S and a

weight vector w € R?, the value function approximant at s can be expressed as

Vow(s) = gb(s)Tw.

We write the feature matriz ® € R%*? whose rows correspond to the per-state feature

vectors (¢(s), s € S). This leads to the more concise value function approximation
V¢7w = dw.

In the classic linear function approximation literature, the feature map ¢ is held fixed,
and the agent adapts only the weights w to attempt to improve its predictions. By
contrast, in deep reinforcement learning, ¢ itself is parameterized by a neural network
and is typically updated alongside w to improve predictions about the value function.

We measure the accuracy of the linear approximation Vy,, in terms of the

squared ¢-weighted [y norm, for & € P2(S), E|

Vow = V7liE = D_&(s)(d(s) w — V7(s))*.

seS

The &-weighted norm describes the importance of each state.

6.2.1 Auxiliary Tasks

In deep reinforcement learning, the agent can use its representation ¢ to make
additional predictions on a set of T auxiliary task functions {1, € Rs}te{l,m,qﬂ} where
each 1, maps states to real values [Jaderberg et al., 2017, Bellemare et al., 2019,
Dabney et al.l [2021]. These predictions are used to refine the representation itself.

RSXT

We collect these targets into an auxiliary task matriz U € whose rows are

P(s) = [1(s), ..., r(s)]. We are interested in the case of linear task approximation
U = oW,

where W € R™7 is a weight matrix, and want to choose ® and W such that

U ~ U™, In this paper, we consider a variety of auxiliary tasks that ultimately

'We assume that £(s) > 0 for all states s € S.
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involve predicting the value functions of auxiliary cumulants, also referred to as
general value functions [GVFs; [Sutton et al.,|2011]. By construction, these tasks can
be decomposed into a non-zero cumulant function g : S — R”, mapping each state to

T real values, and an expected discounted next-state term when acting according to
V(s) = g(s) + YEsimp. 15[V (S)].

In matrix form, this recurrence can be expressed as follows
U™ =G +yP. U™ = (I —yP™) G,

where G € R%*7T is a cumulant matriz whose columns correspond to each pseudo-
reward vector. An example of a family of auxiliary tasks following this structure
is the successor representation [SR; [Dayan, |1993]. The SR encodes a state in
terms of the expected discounted time spent in other states and satisfies the

following recursive form
V7 (5,8") = L[s = "] + 1Egnpoii [0 (5 8")]

for all s” € S. The SR is a collection of value functions associated with the cumulant
matrix G = I. Here we focus our analysis in its tabular form, noting that it can be
extended to larger state spaces in a number of ways [Barreto et al., 2017b| Janner

et al., 2020, Blier et al., |2021}, [Thakoor et al., 2022 Farebrother et al., 2023].

6.2.2 Monte Carlo Representations

To understand how auxiliary tasks shape representations, we start by presenting the
simple case where the values of auxiliary cumulants are predicted in a supervised
way. Here, the targets U™ = (I — yP™)"'G are obtained by Monte Carlo rollouts,
that is using the fixed policy to perform roll-outs and collecting the sum of rewards.

The goal is to minimize the loss below

LYMCD W)= min_ ||EV3(@W — ¥)|%.

aux WeRIXT
This method results in the network’s representation ®, assuming a linear, fully-
connected last layer, corresponding to the k principal components of the auxiliary

task matrix U™ if the network is other unconstrained [Bellemare et al., 2019].
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Proposition 2 (Monte Carlo representations). If rank(V™) > d, all representations

spanning the top-d left singular vectors of W™ with respect to the inner product (x,y)=

MC

ame and can be recovered by stochastic gradient descent.

are global minimizers of L

In large environments, it is not practical to collect full trajectories to estimate

U7, Instead, practitioners learn them by bootstrapping [Sutton and Barto, |1998].

6.2.3 Temporal Difference Learning with a Deep Network

Temporal difference [TD; |[Sutton, |1988| is the method of choice for these auxiliary
predictions. The main idea of this approach is bootstrapping |[Sutton and Barto,
1998]. It consists in using the current estimate of the auxiliary task function
to generate some targets replacing their true value U™ in order to learn a new
approximant of the auxiliary task function. In this paper, we consider one-step
temporal difference learning where we replace the targets by a one-step prediction
from the currently approximated auxiliary task function. In deep reinforcement
learning, both the representation ¢ and the weights W are learnt simultaneously
by minimizing the following loss function
2
LIRG.W) = B [osW —s6(g(s) +10()W)]

s~E
§/~Pr(]s)

where SG denotes a stop gradient and means that ¢ and W are treated as a constant

when taking the gradient from automatic differentiation tools [Bradbury et al., 2018,

Abadi et all 2016, [Paszke et al., [2019). Written in matrix form, we have

LID(®, W) = [|(2)2 (@W — $G(G + yP"OW))|1%

aux

Here, = € R5*S is a diagonal matrix with elements {£(s) : s € S} on the diagonal.
For clarity of exposition, we express this loss with universal value functions but the
analysis can be extented to state-action values at the cost of additional complexity.
The idea is to reduce the mean squared error between the approximant Qﬂ and the

target values by stochastic gradient descent (SGD). Taking the gradient of £ with
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respect to ® and W, we obtain the semi-gradient update rule

D d—aZ ([ —yP")OW - G)WT
W+ W —a® Z (I —yP™)OW —G) (6.1)

for a step size a. Because the values of the targets change over time, the loss £
does not have a proper gradient field [Dann et al., 2014] except in some particular
cases |Barnard}, |1993, Ollivier, 2018| and hence classic analysis of stochastic gradient

descent [Bottou et al., [2018] does not apply.

6.3 Bootstrapped Representations

We now study the d-dimensional features that arise when performing value estimation
of a fixed set of cumulants and how the choice of a learning method such as
TD learning affects the learnt representations. Our first result characterizes

representations that bootstrap themselves. We assume that the features ® are

updated in a tabular manner under the dynamics in [Equation (6.1)] To simplify

the presentation, we now make the following invertibility assumption.

Assumption 2. We assume that ®T=Z(I — yP™)® is invertible for any full rank

representation ® € R5*4,

This standard assumption is for instance verified when £ is the stationary
distribution over states under 7 of an aperiodic, irreducible Markov chain [see

e.g. |Sutton et all 2016].

An interesting characterization of the dynamical system in [Equation (6.1)|is

its set of critical points. For a given ®, we write

W € {W € R¥T |V Lo (@, W) =0}

aux

Using classic linear algebra, we find that the weights Wrp obtained at conver-
gence correspond to the LSTD solution [Bradtke and Barto, 1996, Boyan, 2002,
Zhang et all 2021]

Wb = (2T=(1 - 7P7)®)  ®T=C.
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A key notion for our analysis is the concept of invariant subspace of a linear mapping.

Definition 13 (Gohberg et al., 2006). A representation ® € R¥*? spans a real
invariant subspace of a linear mapping M : S — RIS if the column span of ® is

preserved by M, that is in matriz form
span(M @) C span(®).

For instance, any real eigenvector of M generates one of its one-dimensional
real invariant subspaces.

We are now equipped with the tools to enumerate the set of critical represen-

tations {® € R4 | V4 LID(® WIP) = 0} in the lemma below.

aux

Lemma 16 (Critical representations for TD). All full rank representations which

TD
aux

is span((I — yP™)"'\GGTZ®) C span(P).

are critical points to LI span real invariant subspaces of (I —yP™)"*GGTZ, that

Proof. The proof is given in [Appendix 6.C| and relies on the view of LSTD as an

oblique projection |Scherrer} 2010]. ]

In the particular case of an identity cumulant matrix and a uniform distribution
over states, this set can be more directly expressed as the representations invariant

under the transition dynamics.

Corollary 6. If G = I and = = I/|S|, all full rank representations which are

TD

aux

critical points to L. - span real invariant subspaces of the invariant subspaces of

PT.

Similarly to how the top principal components of a matrix explain most of its
variability [Hotelling, [1933], these critical representations are not equally informative
of the dynamics of the environment.

This motivates the need to understand the behavior of the updates from

I[Equation (6.1)l To ease the analysis, we assume that the weights W have converged
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Figure 6.2: A simple 3-state MDP (left). Five subspaces, each represented by a circle,
spanned by ® during the last training steps of gradient descent on LD for d = 2 (right).

aux

perfectly to Wg ¢ at each time step [Le Lan et al., 2023a] and consider the following

continuous-time dynamics.

jtcb = —VoLl(®, ng) = —F(®), (6.2)

where:
F(®) =22 (I —yP")OWap — G) (Wag) .

Our key result is that the stable critical points of this ordinary differential equation

correspond to the real top-d invariant subspace of P™, when this exists.

Theorem 9 (TD representations). Assume G = I, P™ symmetric and a uniform
distribution & over states. Let Ay, .., \jg| be the (possibly complex) eigenvalues of P,
ordered by decreasing real part Re(\;) = Re(Nit1), i € {1,..,|S|}. If @ is initialized

to be orthogonal, under the dynamics in|Equation (6.2)|, all real invariant subspaces

of dimension d are critical points, and any non top-d real invariant subspace, if it

exists, is unstable.

The result above implies that the TD algorithm converges towards a real top-
d invariant subspace or diverges with probability 1. While real diagonalisable
transition matrices always induce real invariant subspaces, complex eigenvalues

do not guarantee their existence and in such a case, where there is no top-d real
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invariant subspace, the representation learning algorithm does not converge. As
an illustration, consider the three-state MDP depicted in [Figure 6.2] left, whose

transition matrix is complex diagonalisable and given by

0

10
PT =10 0
10

1
0
Its eigenvalues are A\; = 1 associated to the real eigenvector e; and the complex

627m/37

6727”’/3)

conjugate pair (Mg, Xo) = ( , associated to the pair of real eigen-
vectors (es,e3). Hence, the real invariant subspaces of P™ are {0},span(e;),
span(es, e3), span(ey, es, €3). Note that there is no 2-dimensional real invariant sub-
space containing the top eigenvector e;. Consequently, the 2-dimensional representa-
tion learnt by gradient descent on the TD learning rule with G' = I does not converge
and rotates in the higher dimensional subspace span(ey, es, e3) (see [Figure 6.2} right).

To understand the importance of the stop-gradient in TD learning, it useful to

study the representations arising from the minimization of the following loss function

L (D, W) = |22 (W — (G +yPTOW)) |12,

aux

which corresponds to residual gradient algorithms [Baird, [1995]. While it has been
remarked on before that the weights minimizing £ (®, W) for a fixed ® differ from

ng [see Lagoudakis and Parr} 2003, Scherrer|, [2010], this objective

function also has a different optimal representation

Proposition 3 (Residual representations). Let d € {1,...,S} and Fy be the top d
left singular vectors of G with respect to the inner product (x,y)= = y' =z, for all
x,y € RISI.All representations spanning (I — yP™)"'F; are global minimizers of

L5 and can be recovered by stochastic gradient descent.

While TD and Monte Carlo representations are in general different, in the
particular case of symmetric transition matrices and orthogonal cumulant matrices,

they are the same.
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MAIN  [1-BALL OPTIMAL REPRESENTATION LEARNT
ALGORITHM REPRESENTATION Loss REPRESENTATION
Barce MC  SVD ((I —~P™)~! MC SVD ((I-~P7)7'G)
RESIDUAL  SVD ((I —~4P™)7 ') %y, RESIDUAL (I —~vP™)"' SVD (G)
TD &k, TD Inv ((I—4P7)"GGTE)

Table 6.1: Different types of representation loss and their induced representations. The
supervised targets ¥ € R5*T are (I —yP™)"'G. SVD(M) denotes the top-d left singular
vectors of M, INV(M) the top-d invariant subspace of M and ¥y € R%*? the diagonal
matrix with the top-d singular values of (I —yP™)~! on its diagonal.

Corollary 7 (Symmetric transition matrices). If a cumulant matriz G € RS*T
(with T' > S ) has unit-norm, orthogonal columns (e.g. G = 1), the representations
learnt from the supervised objective LMC and the TD update rule L2 are the same

aux aux

for symmetric transition matrices P™ under a uniform state distribution &.

This is because eigenvectors and singular vectors are identical in that setting

and the eigenvalues of the successor representation are all positive.

6.4 Representations for Policy Evaluation

With the results from the previous section, the question that naturally arises
is which approach results in better representations. To provide an answer, we
consider a two-stage procedure. First, we learn a representation ® by predicting
the values of T" auxiliary cumulants simultaneously, using one of the learning rules
described in [Section 6.3] Then, we retain this representation and perform policy
evaluation. If the value function is estimated on-policy, it converges towards the

LSTD solution [Tsitsiklis and Van Roy} [1996]
{0 — v

~1
where wiP = (@T:(I — 7P“)<I>> ®T=r,. We are interested in whether this value
function results in low approximation error on average over random reward functions

rr, that is we want the following error to be small

E. [|Pwg” — V7IE] (6.3)
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Figure 6.3: MC (left) and TD (right) approximation errors as a function of the
misalignment of the top left and right singular vector of the SR induced by greedifying
the policy. Trained with £MC, £TD G =1, d =1 on a 4-state room.

aux?’ aux’

where the expectation is over the reward functions r, sampled uniformly over the [y
ball {r, € RS |||rz|l: < 1}. This set models an unknown reward function.

We say that a representation @75 is [1-ball optimal for TD learning when

it minimizes the error in [Equation (6.3)} Here ®% depends on the transition

dynamics of the environment but not on the reward function.

Lemma 17. A representation @k is l1-ball optimal for TD learning iff it is a

solution of the following optimization problem.

iy, € argming [EV2(@WER — (1 —P7) )| .

When P7 is symmetric and = = I/|S], the minimum is achieved by both the
top-d left singular vectors and top-d invariant subspace of the SR. However, as the
misalignment between the top-d left and top-d right singular vectors of (I — yP™)
increases, the top-d invariant subspace results in lower error compared to the top-d
singular vectors (see [Figure 6.3)); note that here, none of them achieves ®7, and
hence G = I is not [y-ball optimal for TD learning.

As a comparison, we study which representations are [;-ball optimal for linear
batch Monte Carlo policy evaluation. In that setting, we are given a dataset
consisting of states and their associated value, which can be estimated by the

realisation of the random return [Bellemare et al. 2017, |[Sutton and Barto, 2018],
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and the weights are learnt by least square regression. As above, we want the

features minimizing

E, [[®wy® — V7] (6.4)

where VMC = ®wlI€ is the value function learnt at convergence and wy© =

(®T=P) 1P TEV™.
Lemma 18. A representation @y is l1-ball optimal for batch Monte Carlo policy

evaluation if its column space spans the top-d left singular vectors (with respect to

the inner product (x,y)=z) of (I —~vP™)7L.

Unlike TD, ®}, is achieved by training LMY with G = I.

aux

We summarize in our representation learning results mentioned

throughout [Section 6.3 and [Section 6.4 For completeness, we also include [;-

ball optimal representations for residual algorithms. Proofs can be found in

[Appendix 6.D}

6.4.1 TD and Monte Carlo Need Different Cumulants

Having characterized which features common auxiliary tasks capture and what
representations are desirable to support training the main value function, we
now show that MC policy evaluation and TD learning need different cumulants.
In large environments, we are interested in cumulant matrices encoding a small

number of tasks T < S.

Lemma 19. Denote By the top-T right singular vectors of the SR and O(T,S) the
set of orthogonal matrices in RT*. Training auziliary tasks in a MC way with any
G from the set {G € R¥>T|AM € O(T,S),G = ByM?} results in an l1-ball optimal

representation for batch Monte Carlo.

We showed in that training auxiliary tasks by TD does not always
converge when the transition matrix has complex eigenvalues. Maybe surprisingly,
we find that this is not problematic when learning the main value function by TD.
Indeed, the rotation of its own weights balances the rotation of the underlying

representation.
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Lemma 20. Let {®,} be the set of rotating representations from learnt

by TD learning with G = I and d = 2. All these representations are equally good

for learning the main value function by TD learning, that is Yw € [0, 1],

2
TD ™
Ejrz<1 H(wa% 4 P

is constant and independent of w.

Although G = I does not always lead to ®%p when training £1D | by analogy
with the MC setting, we assume that G = I leads to overall desirable representations.
Assuming = = [/|S|, this means we would like the subspace spanned by top-d
invariant subspaces of (I — yP™)~! to be the same as the subspace spanned by

the top d invariant subspaces of (I — yP™)"!GGT.

Lemma 21. The set of cumulant matrices G € R¥*T that preserve the top-T
invariant subspaces of the successor representation by TD learning are the top-T
orthogonal invariant subspaces of (I — yP™)~L, that is satisfying G'G = I by
orthogonality and (I — yP™)~"'G C G by the invariance property.

Unlike the MC case, a desirable cumulant matrix should encode the exact same
information as the representation being learnt and the choice of a parametriza-

tion here matters.

6.4.2 A Deeper Analysis of Random Cumulants

We now study random cumulants which have mainly been used in the literature
[Dabney et al., 2021}, [Lyle et al. 2021} Farebrother et al., [2023] as a heuristic
to learn representations. We aim to explain their recent achievements as a pre-
training technique [Farebrother et al. 2023] and their effectiveness in sparse reward

environments |Lyle et al., |2021].

Proposition 4 (MC Error bound). Let G € R¥*T be a sample from a standard
gaussian distribution and assume d < T. Let Fy be the top-d left singular vectors

of the successor representation (I —yP™)~! and Ey be the top left singular vectors
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of (I —yP™)"'G. Denote oy > 09 > ... > 05 the singular values of the SR and

dist(Fy, ﬁd) the sin @ distance between the subspaces spanned by F; and ﬁ’d. We have

. ~ d g1 | eVT SN
Eldist(Fy, Fy)] < P
[dist(Fy, Fy)] Ead T4 gﬂg

Proof. A proof can be found in and follows arguments from random

matrix theory. O]

This bound fundamentally depends on the ratio of the singular values 441 /04
of the successor representation. As the oversampling parameter (7" — d) grows, the
right hand side tends towards 0. In particular, for the right hand side to be less than

¢, we need the oversampling parameter to satisfy (T — d) > 1/¢*. We investigate to

which extent this result holds empirically for the TD objective in [Subsection 6.4.1}

6.5 Empirical Analysis

In this section, we illustrate empirically the correctness of our theoretical character-
izations from and compare the goodness of different cumulants on the
Four Rooms [Sutton and Barto, [2018] and Mountain Car [Moore| 1990] domains.
Let Pp = ®(®'®)TdT. Here, any distance between two subspaces ® and ®* is

measured using the normalized subspace distance, ﬂ [Tang), 2019 defined by

1
dist(®,9") = 1 — - Tr (Pp-Po) € [0, 1]

6.5.1 Synthetic Matrices

To begin, we train the TD, supervised and residual update rules from
up to convergence knowing the exact transition matrices P™. In left and
middle, we randomly sample 30 real diagonalisable matrices P™ € R?%*%0 to prevent
any convergence issue from the TD update rule. In right, we generate
symmetric transition matrices P™ € R399, To illustrate the theory, we run gradient

descent on each learning rule by expressing the weights implicitly as a function of

2Tt is equivalent to the sin @ distance up to some constant
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Figure 6.4: Subspace distance between ® and the top-d left singular vectors of the SR
on the left (resp. and a top-d P7-invariant subspace in the middle over the course of
training £I2 LMC and £1 for 10° steps, averaged over 30 seeds (d = 3). MDPs with
real diagonalisable (left, middle) and symmetric (right) transition matrices are randomly

generated. Shaded areas represent 95% confidence intervals.

the features (see [Equation (6.2) for TD for instance). [Figure 6.4} left, middle show

that these auxiliary task algorithms learn different representations and successfully
recover our theoretical characterizations (Proposition 2| [Theorem 9)) from [Table 6.1}
right. right illustrates that the supervised and TD rules converge to the

same representation for symmetric P™, as predicted by our theory (Corollary 7)).

6.5.2 Effectiveness of Random Cumulants

Following our theoretical analysis from |[Subsection 6.5.2 our aim is to illustrate

the goodness of random cumulants at recovering the left singular vectors of the
successor representation on the four room domain [Sutton et al., |1999] and to
investigate to which extent an analogous result holds empirically for the TD rule.
We investigate the importance of three properties of a distribution: isotropy, norm
and orthogonality of the columns. We consider random cumulants from different
distributions: a standard Gaussian N(0, ), a Gaussian distribution which columns
are normalized to be unit-norm, the O(N) Haar distribution and random indicators
functions. [Figure 6.5] left shows that the the indicator distribution which is not
isotropic performs worse overall for the supervised objective and when the number
of tasks is large enough, orthogonality between the columns of the cumulant matrix
leads to better accuracy. In comparison, [Figure 6.5 right studies the goodness
of random cumulants at recovering the top-d invariant subspaces of the SR and

depicts a different picture. Here, the Gaussian distribution achieves the highest error
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Figure 6.5: Subspace distance after 5 x 10° training steps and averaged over 30 seeds
(d = 5) between ® learnt with £MC and the top left singular vectors of the SR, (left) and

aux

between ® learnt with £12 and the top invariant subspaces of the SR (right) for different

aux
random cumulants, on the Four Rooms domain. Shaded areas represent estimates of

95% confidence intervals

irrespective of the number of tasks sampled while the normalized Gaussian achieves
lower error suggesting the norm of the columns matter for TD training. The indicator
distribution performs well for many number of sampled tasks indicating that the
isotropy of the distribution is not as important for TD as it is for supervised training.
Finally, the orthogonal cumulants achieve the lowest error when the number of tasks

is large enough, showing this is an important property for both kinds of training.

6.5.3 Offline Pre-training

In this section we follow a similar evaluation protocol as that of [Farebrother et al.
[2023], but applied to the four room and Mountain car domains to allow a clear
investigation of the various cumulant generation methods and the effects of their

corresponding GVFs as a representation pre-training method for reinforcement

learning. Details can be found in [Appendix 6.A|

We consider four cumulant functions. The first two are stationary and are
generated before offline pre-training begins. For ExactSVD, we compute the top-
k right singular vectors of the successor representation matrix of the uniform
random policy. For Normal, we generate cumulant functions sampled from a

standard Normal distribution.
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Figure 6.6: Comparing effects of offline pre-training on the Four Rooms (left) and sparse
Mountain Car (right) domains for different cumulant generation methods. Results are
averages over three seeds.

The second two cumulant functions are learned during offline pre-training using
a separate neural network. RNI [Farebrother et al., 2023], learns a set of indicator
functions which are trained to be active in a particular percentage of the states
(15% in this experiment). Clustering Contrastive Representations (CCR) learns
cumulants by learning a representation of the state using CPC [Oord et al., [2018],
and then performs online clustering of the learned representations with k clusters.
The online clustering method we use differs slightly from standard approaches in
that we maintain an estimate of the frequency that each cluster center is assigned to
a state, p;, and the assigned cluster is identified with arg min; p;||¢(z) — b;||, where
¢(z) is the learned CPC representation and b; is cumulant i’s centroid. Examples

of the cumulants produced by these four methods, and their corresponding value

functions, are given in [Appendix 6.Al

compares the online performance after pre-training, for various
cumulant functions, with the online performance of DQN without pre-training.
Two take-aways are readily apparent. First, that offline pre-training, speeds up
online learning, as expected. Second, that the two best performing methods are
both sensitive to the structure of the environment dynamics, directly in the case of

ExactSVD and indirectly through the CPC representation for CCR.
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6.6 Related Work

Optimal representations. [Bellemare et al.|[2019] define a notion of optimal
representations for batch Monte Carlo optimization based on the worst approx-
imation error of the value function across the set of all possible policies, later
relaxed by |Dabney et al| [2021]. Instead, we do not consider the control setting
but focus on policy evaluation. Ghosh and Bellemare [2020] and Le Lan et al.
[2022] characterize the stability, approximation and generalization errors of the SR
[Dayanl, [1993] and Schur representations which are P™-invariant, a key property
to ensure stability. In contrast, we formalize that predicting values functions by

TD learning from G = I leads to P™-invariant subspaces.

Auxiliary tasks. |[Lyle et al. [2021] analyse the representations learnt by several
auxiliary tasks such as random cumulants [Osband et al.,|2018| Dabney et al., 2021]
assuming real diagonalizability of the transition matrix P™ and constant weights
W. They found that in the limit of an infinity of gaussian random cumulants,
the subspace spanned by TD representations converges in distribution towards
the left singular vectors of the successor representation. Instead, our theoretical
analysis holds for any transition matrix and both the weights W and the features
® are updated at each time step. Recently, |[Farebrother et al. [2023] rely on a
random binary cumulant matrix which sparsity is controlled by means of a quantile
regression loss. Finally, other auxiliary tasks regroup self-supervised learning
methods [Schwarzer et al., [2021} |Guo et al., [2020]. [Tang et al.|[2023] demonstrate
that these algorithms perform an eigendecompositon of real diagonalisable transition
matrix P™, under some assumptions, suggesting a close connection to TD auxiliary
tasks. [Touati and Ollivier| [2021], Blier et al| [2021] propose an unsupervised
pretraining algorithm to learn representations based on an eigendecomposition of
transition matrix P™. They demonstrate the usefulness of their approach on discrete

and continuous mazes, pixel-based MsPacman and the FetchReach virtual robot arm.
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6.7 Conclusion

In this paper, we have studied representations learnt by bootstrapping methods
and proved their benefit for value-based deep RL agents. Based on an analysis
of the TD continuous-time dynamical system, we generalized existing work |Lyle
et al., 2021] and provided evidence that TD representations are actually different
from Monte Carlo representations.

Our investigation demonstrated that an identity cumulant matrix provides as
much information as the TD and supervised auxiliary algorithms can carry; this
work also shows that it is possible to design more compact pseudo-reward functions,
though this requires prior knowledge about the transition dynamics. This led us to
propose new families of cumulants which also proved useful empirically.

We assumed in this paper that the TD updates are carried out in tabular way;,
that is that there is not generalization between states when we update the features.
An exciting opportunity for future work is to extend the theoretical results to the
case where the representation is parametrized by a neural network. Other avenues for

future work include scaling up the representation learning methods here introduced.
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6.A Additional Empirical Results

6.A.1 Additional Details for |Subsection 6.5.1

In this experiment, we selected a step size a = 0.08 for all the algorithms.
We also choose a uniform data distribution = = I/|S| and a cumulant matrix

G = 1 for simplicity.

6.A.2 Additional Details for [Subsection 6.5.2

In this experiment, we use a step size o = 5e~® and train the different learning rules

for 500k steps with 3 seeds. We consider the transition matrices induced by an

epsilon greedy policy on the Four Rooms domain [Sutton et al., 1999] with e = 0.8

and train the supervised and TD update rules as described in [Subsection 6.5.1}

We provide additionnal empirical results in
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Figure 6.7: Monte Carlo and TD approximation errors after 5.10° training steps on
the learning rules £ (on the left column) and £12 (on the right column) in the Four
Rooms domain for different distributions of cumulant, averaged over 30 seeds, for d = 5.

Shaded areas represent estimates of 95% confidence intervals.
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6.A.3 Additional Details for Subsection 6.5.3

Four Rooms is a tabular gridworld environment where the agent begins in a room
in the top left corner and must navigate to the goal state in the lower right corner.
The actions are up, down, left and right and have deterministic effects. The reward
function is one upon transitioning into the goal state and zero otherwise.

Mountain Car is a two-dimensional continuous state environment where the
agent must move an under-powered car from the bottom of a valley to a goal state
at the top of the nearby hill. The agent observes the continuous-valued position and
velocity of the car, and controls it with three discrete actions which apply positive,
negative, and zero thrust to the car. In this sparse reward version of the domain
the reward is one for reaching the goal and zero otherwise. In this domain, we
compute the ExactSVD by first discretizing the state space into approximately 2000
states, and compute an approximate P™ by simulating transitions from uniformly
random continuous states belonging to each discretized state.

In this evaluation, we first pre-train a network representation offline with a large
fixed dataset produced from following the uniform random policy. During offline
pre-training the agent does not observe the reward, and instead learns action-value
functions, GVFs, for each of several cumulant functions. After pre-training, the GVF
head is removed and replaced with a single action-value function head. This network
is then trained online with DQN on the true environmental reward. Note that we
allow gradients to propagate into the network representation during online training.

In the Four Rooms domain, all methods use k£ = 40 cumulants and in Mountain
Car all methods use & = 80 cumulants.

The inputs to the network were a one-hot encoding of the observation in the
Four Rooms domain and the usual position and velocity feature vector in Mountain
car. The offline pre-training dataset contains 100000 and 200000 transitions for
Four Rooms and Mountain Car respectively. In both cases the dataset is generated
and used to fill a (fixed) replay buffer, and then the agent is trained for 400000
updates (each update using a minibatch of 32 transitions sampled uniformly from

the buffer/dataset). The learning rate for both offline and online training was the
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same as the standard DQN learning rate (0.00025), and similarly for the optimizer

epsilon. The network architecture is a simple fully connected MLP with ReLU

activations [Nair and Hinton|, |2010] and two hidden layers of size 512 (first) and

256 (second), followed by a linear layer to give action-values.

We provide visualizations of the cumulants produced by each method and their

corresponding value functions in [Figure 6.8] [Figure 6.9] [Figure 6.10] [Figure 6.11],

[Figure 6.12] [Figure 6.13] [Figure 6.14] and [Figure 6.15]

Figure 6.8: Example for ExactSVD of the learned cumulants (first two rows) and value
functions (last two rows) during offline pre-training in Four Rooms under the uniform
random policy.
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Figure 6.9: Example for Normal of the learned cumulants (first two rows) and value
functions (last two rows) during offline pre-training in Four Rooms under the uniform
random policy.
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P

Figure 6.10: Example for CCR of the learned cumulants (first two rows) and value
functions (last two rows) during offline pre-training in Four Rooms under the uniform
random policy.
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Figure 6.11: Example for RNI of the learned cumulants (first two rows) and value
functions (last two rows) during offline pre-training in Four Rooms under the uniform
random policy.

6.B Proofs for [Section 6.2

Proposition 2 (Monte Carlo representations). If rank(V™) > d, all representations

spanning the top-d left singular vectors of W™ with respect to the inner product (x,y)=

£MC

aux

are global minimizers of and can be recovered by stochastic gradient descent.

Proof. Let Fy denote the top d left singular vectors of W.

EVHOW — W[5 = P20
f{{)rg;RIggwggg I=75( )NE = 'c};egmmH =1/20 I

={® € R | IM € GL4(R),® = F;M}
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6.C. Proofs for

Figure 6.12: Example for ExactSVD of the learned cumulants (first two rows) and value
functions (last two rows) during offline pre-training in sparse Mountain Car under the

uniform random policy.

Figure 6.13: Example for Normal of the learned cumulants (first two rows) and value
functions (last two rows) during offline pre-training in sparse Mountain Car under the

uniform random policy.

This set of representations can be recovered by stochastic gradient descent efficiently,

i.e., with number of SGD iterations scaling at most polynomially in all problem

specific parameters [Ge et all, 2017, [Jin et al [2017] in the context of SGD. O

6.C Proofs for

Section 6.3

Throughout this appendix, we will use the notation L := I — yP".

The beginning of this section is dedicated to proving the main result of

[Theorem 9 Before that, we introduce the following necessary lemma.
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Figure 6.14: Example for CCR of the learned cumulants (first two rows) and value
functions (last two rows) during offline pre-training in sparse Mountain Car under the
uniform random policy.

Figure 6.15: Example for RNI of the learned cumulants (first two rows) and value
functions (last two rows) during offline pre-training in sparse Mountain Car under the
uniform random policy.

Lemma 22. Let ® € R%*9 and ¥ € R*T. Let Py be a (possibly oblique) projection

onto span(®). We have

PV = ¥ <= span(¥) C span(P)

Proof. Pp can be written as Pp = ®(X T®)" !XT where ®, X € R%*? and X'® €
R4 is invertible. Write Py = ®Q with Q = (X T®)7 !XT,
(=) Suppose ¥ € R%*T such that Pp¥ = ¥. Then, ¥ = ®(QV). Let w € RT.
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Vw = O(QV¥)w so Yw € span(P) Hence span(¥) C span(P).

( <= ) Suppose span(V¥) C span(®). Denote (e;) the standard basis. We
have Po¥ = (3, Pp(Ves)e) ). Note that We, € span(¥) C span(®). Hence,
there exists y; € R? such that We; = ®y;. Now, Pp¥ = (X, Ps(Py)e)) =
(55 B(XT®) X Thye]) = (5 Bye ) = (5, Wee]) = 0. =

Lemma 16 (Critical representations for TD). All full rank representations which

TD
aux

are critical points to LD span real invariant subspaces of (I — yP™)*GGTE, that

is span((I — yP™)"'\GGTZ®) C span(P).
Proof. Start with these equations.

For a fixed ®, Vi LIP (&, W) = 20TZ(dW — G — yP"OW)

aux

For a fixed W, Vo LID (&, W) = 2Z(dW — G — yPTOW )W

aux

By 7 ®TZL® is invertible for all full rank representations ®. Hence,
for a fixed full rank @,

Vill(2)} (BW — G — 1P sc[dW])|3 = 0 <= W; = (2T=L8)  $'=C

Using the second fixed-point equation:
0= (LOW — G)WT <= LOWWT = GWT.
Now plugging in the expression for Wy,
1 1 T 1 T
Lo (@TEL®) OTEC <(<I>TEL<I>) @TEG) Sye. ( (¢T=L0) cIJTEG>
- -T -T
& L& (PTELD) LOTEGGTED (eTEL®) = GGTED (PTELD)
& ©(0T=L8)  ®T=GGTE0 = LT'GGTED
& 126 L 'GGT20 = L7I1GGT=d
where Iy = ®(XT®)"1XT is the oblique projection onto span(®) orthogonally to

span(X). This is equivalent to [I3r-, L7*GGTE® = 0, which is equivalent to saying
that span(®) must be an invariant subspace of L-'\GGTZ by [Lemma 22|
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In other words, we have shown that all non-degenerate full-rank ® which are
critical points span invariant subspaces of L7'GGTZ. We can enumerate these
via the real Jordan normal form of L-'GGT=Z. Each block of the real Jordan
normal form corresponds to an invariant subspace of L='GGTZ=. Suppose that the
real Jordan block sizes of L'GGTZ are ny,ny,...,n, (L"'GGTZ has b real Jordan
blocks), and suppose L !GGT= = SJS! is the real Jordan decomposition, with
J = blkdiag(Jy, (A1), ..., Jn, (Ap)). Partition the columns of S into Sy, ..., Sp. Then if

® € R5**, the set of non-degenerate stationary full rank representations is:
{[S“ Sig:| | Ny, + ...+ n;, = k)}
O

Corollary 6. If G = I and = = I/|S|, all full rank representations which are

TD

aux

critical points to L

PT.

span real invariant subspaces of the invariant subspaces of

Proof. Let G =1 and = = [/|S|. By all full rank representations which
are critical points of LI span real invariant subspaces of (I —~vP™)~!.

Let @ be a representation spanning an invariant subspace of (I —~vP™)~!. By
definition, span((I —yP™)~'®) C span(®). Because (I —~yP7) is invertible, we have
dim((I — yP™)7'®) = dim(®). Hence, we actually have span((I — yP™)"'1®) =
span(®). There exists w;,w; € R? such that dw; = (I — yP™) 1wy so (I —
yP™)®w; = dw,. It follows that CID(“”,Y;“}Q) = P"®w;. Hence, P"®w; € span(P)
and span(P7®) C span(®). We conclude that ® spans an invariant subspace of
PT. [l

Theorem 9 (TD representations). Assume G = I, P™ symmetric and a uniform
distribution & over states. Let A1, .., \jg| be the (possibly complex) eigenvalues of P™,
ordered by decreasing real part Re(\;) = Re(Nit1), i € {1,..,[S|}. If ® is initialized

to be orthogonal, under the dynamics in|Equation (6.2)|, all real invariant subspaces

of dimension d are critical points, and any non top-d real invariant subspace, if it

exists, is unstable.
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Proof. Consider this objective:
£(®) = J|(EH)@WER ~ G — 1 PmsG@WR]) 3,
and Wg'g = (@TEL(I)>_1 ®T=G and define L := I — yP™. Observe that:
For a fixed W, Vg |®W — G — yPTsc[®W]||% = 22(LOW — G)(W)T

So now we consider the continuous time dynamics:

d
= —Val(®) = —F(D), (6.5)

F(®) :=E(LoWg ¢ — G)Wa )" =EL( e — )L 'GGTER(QTELD) T

Consider the case G = I and Z = I/|S|. The proof strategy consists in constructing
an eigenvector A € R4 of 95 F(®) as a function of ®, L, G such that 05 F(P)[A] =
—AA for some Re(\) > 0. For every non top-d invariant subspace, we prove that
the Jacobian of the dynamics —F has a positive real part eigenvalue.

Let ® be a stationary point which columns are orthogonal such that ®T® = I.
® is an invariant subspace of P™. Assume that ® does not contain any of the
eigenvectors corresponding to the top d eigenvalues. Define A = diag(Aq, ..., Ag) its
associated eigenvalues assumed distinct. We have P® = ®A. Hence, (I — yP™)® =
O(I — yA). Let A\jax the largest eigenvalue of P™ not contained in ® and let
i € {1,..,d} be the largest index such that \; < Apax. Let A be the matrix with the

eigenvector corresponding to the eigenvalue Ay in its i-th column and 0 elsewhere.

OsWiA] = —(®TLO) H(ATLD + ®TLA)(®TLO)'dTG + (#TLO)'ATE
= —(®TR(I —~yA) H(ATR(I —~A)
+ (1 = Y Amax) P TA)(@TR (I — yA))TLOTG + (OTO(I — yA)) AT

= —~yN) " (@T®) AT as AT® =0
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0a F(®)[A] = (LAWG + LO(dW3))(Wg)" + (LW — G)(dWg)"
= (1 = Y Ama) A(L = 7A) (27 0) 7!
+ LO(I —yA) H(OTO) TATO(®T L) T
+ LO(OTL®) ' OTA(® D) (I —yA) T — A(®T®) (I —yA)T
= AL = YAna) (L =y A)2(2T0) ™ = A(@TR)TH (I —yA) 7T
= A(1 = YAmax) (I =yA) 2 = A(T —yA) 7!
= YA(=Amax] + A) (I —~yA) 72

= YA(=Amax + M) (1 —7A) 2 <0

Hence, any non top-d invariant subspace is unstable for gradient descent.

]

Proposition 3 (Residual representations). Let d € {1,...,S} and Fy be the top d
left singular vectors of G with respect to the inner product (x,y)z = y'=x, for all
z,y € RISI. All representations spanning (I —yP™)~'Fy are global minimizers of

LIS and can be recovered by stochastic gradient descent.

Proof. We can write the loss function to be minimized as

J(®) = min ||EV2(@W — (G + ~P"dW))|%

WeRdxT
= min_||EV3(@W — yP"OW — Q)|
i {|=E( gl )l
= min_[|EY3((I —yP™)0W - Q)|
pin (EYET = PT) )l

Now,

argmin min_||[ZY2((I — yP™)®W — G)||%

dcRSxd WeRdxT

= arg min |‘PEJ‘_1/2(I_7PW)<I>E’1/2G||%
HcRS*d

= {® R | ® = (I —yP") 'F;M, M € GLy(R)}
This set of representations can be recovered by stochastic gradient descent efficiently,

i.e., with number of SGD iterations scaling at most polynomially in all problem

specific parameters [Ge et al., [2017, Jin et al., [2017] in the context of SGD. ]
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Corollary 7 (Symmetric transition matrices). If a cumulant matriz G € RS*T
(with T > S) has unit-norm, orthogonal columns (e.g. G = I), the representations

and the TD update rule LXY are the same

X

learnt from the supervised objective LM

X

for symmetric transition matrices P™ under a uniform state distribution &.

Proof. Assume that P is symmetric so that L and L~! are also symmetric.

Bym running SGD on the supervised objective £MC using ¥ = L71G
as targets results in a representation spanning the top-d left singular vectors of
L~'G which are the same as the top-d left singular vectors of L~!.

By assumption G is orthogonal, hence GGT = I. Because L~ !GGT is symmetric,
all its eigenvalues are real. By m running gradient descent on £ using
G as the cumulant matrix converges to the top-d eigenvectors of L-'GGT = L7,
Indeed, the subspaces given by the span of the right eigenvectors of L=! are the
only L~!-invariant subspaces. These eigenvectors are also the singular vectors of
L~ as this matrix is symmetric.

Because P is a row stochastic matrix, we have that the spectral radius of P

satisfies p(P) = 1, and therefore A\(P) C [—1,1]. Hence:

e /=)

Hence, the eigenvalues of L™! are positive. Because L1 is symmetric, the singular
values of L1 are exactly its eigenvalues. Hence, the top-d eigenvectors are the

top-d singular vectors and the conclusion follows. O]

6.D Proofs for |Section 6.4

Lemma 17. A representation ®%p is l1-ball optimal for TD learning iff it is a

solution of the following optimization problem.

iy, € argming [EV2(@WER — (1 — 7)) .
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Proof. By definition, a representation is enough for TD learning when it is a

minimizer of [Equation (6.3), that is,

®%p, € argminE, ||Pwg” — V72, (6.6)

PeRS*d

where the expectation is over the reward functions 7, sampled uniformly over the [;

ball ||r;]|? < 1 and
wg? = (@TE(I - fyP”)CI)) T,

Write Piroy = I — Pprzg and Py = ®(XT®)7'XT the oblique projection onto

span(®) orthogonally to span(X). We have

Ejpz<i[|[Pwg? = VTI[Z = Bzt |22 Pirzg (I — v P7) 713
= Eur\@ngEl/QP vz (1 — v P7) 1|3
= Ejpp< tr(r" LT (Pirag) ' Pz L)
=tr(L" " (Pfrzg)  EPfap Ll 'E(rr"))
o |22 Preg LI
o |[E2@WdY — (1 7P|

The penultieme line comes from the fact that r is sampled from an isotropic

distribution. O

Lemma 18. A representation ®3; is l1-ball optimal for batch Monte Carlo policy
evaluation if its column space spans the top-d left singular vectors (with respect to

the inner product (x,y)=) of (I —~yP™)~?
Proof. We have

Enruingch VT = Ey, ||2<1HP~1/2<1>H1/2(I —yP™) " r|l3
= E”T”%<1 tr( L TH1/2P =1/25p ’_‘1/2L )
= tr(L7 2V P o EV AL E (7))

1/2L

= ||Pzi20= L7 [E



166 6.D. Proofs for

Write (I —yP™)~! = FXBT the weighted SVD of (I —yP™)~! where F' € R9*¥
such that FTZF = I and B € R%*% such that BB = I. Write F; the top-d left
singular vectors corresponding to the top-d singular values on the diagonal of . By
definition, an [;-ball optimal representation is solution to the following optimization
problem

arg min By 2, [ VMY — V7|2 = arg min || Pai 2= L7 3
HcRSxd HcRSxd

= argmin || P5 ., =2 FXBT||%
PeRS*d

By the Eckart-Young theorem, HPldElﬂFEBTH% < ||PEEV2FEBT||%. Hence, the

set of optimal representations is {FyM, M € GL4(R)}. O

Lemma 23. Write Fy%;B, the truncated weighted SVD of the successor represen-
tation (I —~yP™)~t. A representation is l,-ball optimal for residual policy evaluation

if its column space spans Fz>4.

Proof. Write (I — vP™)™! = FYXBT the weighted SVD of (I — vP™)~! where
F € R%%S such that FTZF = I and B € R%* such that B"B = I. Write F; the
top-d left singular vectors corresponding to the top-d singular values on the diagonal
of ¥.. For a fixed ® € R5*?, the solution of minyecpa [|Z/2(dw — (ry + P 0w))||%
is the Bellman residual minimizing approximation [Lagoudakis and Parr} 2003] and

is given by
— T -1 T —
wg* = ((® = Y P™0)TE(® — yP™®)) (& — 4 P"D) Er,.

Hence, the value approximant can be expressed by means of an orthogonal projection

matrix as follows
dwys = (I —yP") 'E 2 Paro_ypryo=*rn

where Py = X(XTX)7 !XT denotes an orthogonal projection. By definition, a

representation [1-ball optimal for residual policy evaluation is solution to the
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following optimization problem
arg min B, 2, [V — VT2
PecRSXd
= argmin ||EY2( — yP™) 272 Py prye =Y 2re — V(I — A PT) g B

DcRSxd

— argmin ||ZY2(I — WP”)*1571/2]351/2([,7”)@51/2 —ZV2(I — AP Y2
DERSxd

= argmin HEl/ZU - 'YPW)APELW(FWPW)@H%
PERSxd

Using an oblique projection,

Qwy® = (I —yP") ' Payor_yprya BV 21

arg min E”TH%@ ||‘A/'res - V”II?
eRSxd

= argmin |ZY3(T — ’yPﬂ)71571/2P51/2(]_7P7r)q>51/27'7r —EVAI = P") a7
PecRSxd

= argmin ||ZY2(I — VP”)—15—1/2P51/2(,_7pﬂ)¢51/2 —ZV2(I =~ P72
DcRSxd

= arg min HEI/QU - VPW)_IPELI/Q(I—qpﬂ)@H%
HcRSxd

L '=uxvT’

L~'x the top d right singular vectors of (I —yP™)~!is a solution. Let Uy, g, Vy
correspond to the top d svals. Lets say that U is S x d, ¥4 is square, and Vj is
also S x d. What is VTV, = ]Od .

We want L® = Vys0 & = LYW, = USVTV; = UsXy. If L® = V,, then

Piy = Py, so L™'Py = UsS(ViH)T, so the objective is now sum of the last

(S — d) singular values squared.

6.E Proofs for |Subsection 6.4.1

Lemma 19. Denote Br the top-T right singular vectors of the SR and O(T,S) the

set of orthogonal matrices in RT>S. Training auxiliary tasks in a MC way with any
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G from the set {G € RS>*T|AM € O(T,S),G = BrM} results in an l1-ball optimal

representation for batch Monte Carlo.

Proof. By[Lemma 18| a representation is /;-ball optimal for batch Monte Carlo policy
evaluation if it spans the top-d left singular vectors of the successor representation.

Let G € R*T be a cumulant matrix.

LN (@)= min [|(@W — (I —vP™)"'G)|%

aux WeRdxS

By |Proposition 2|, we know that training on such a loss with G = I results in a

representation spanning the same subspace as the left singular vectors of the SR, that
is {® € R4 | IM € GL4(R),® = F;M} where Fy are the left singular vectors of
the SR. We note that there is not a unique matrix G resulting into a representation
spanning that subspace. In particular, training with any of the matrices from the
set of cumulant matrices G(G) = {G' € R¥*T|3IM € O(T, S), G’ = GM} results in
the same representation, where O(T, S) denotes the set of orthogonal matrices in
RT*5 (rows have 12 norm 1).

We are interested in finding a cumulant matrix G € R®*T with T' < S such that

MC

aux

training the Monte Carlo loss L. results in a representation spanning the top-d
left singular vectors of the successor representation.

Denote Br the top T right singular vectors of the SR. Then the set G(Br)
satisfies the requirement.

In particular, this finding is consistent in the case where S = T" because
G(Bs) = {G' e R*T|IM € O(T),G' = BsM} = G(I5).

Indeed, let G' € G(Bg). There exists M € O(S) such that G' = BsM =
Is(BsM). Because BsM € O(S), we have G’ € G(Is). Hence G(Bs) C G(Is).

Let G' € G(Is). There exists M € O(S) such that G' = [¢M = (BsBS)M =
Bs(BIM). Because BIM € O(S), we have G’ € G(Bg). Hence G(Is) C G(Bs).

As a conclusion, we have G(Ig) = G(Bg). O
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Lemma 20. Let {®,} be the set of rotating representations from learnt
by TD learning with G = I and d = 2. All these representations are equally good

for learning the main value function by TD learning, that is Yw € [0, 1],
TD x||?
B [|[@uws? = V7,
is constant and independent of w.

Proof. Let’s start by considering the case of the three-state circular example. We
consider an orthogonal basis for the invariant subspaces of ®. By definition,
PTe; = ey, P™[eg, e3] = [ea, e3]A so Le; = (1 —7)e; and Lles, e3] = (I —vP)[eq, e3] =
[e2, €3] — V[e2, e3]A = [ea, e5](1 — YA).

Assume that there exists w € [0, 1] such that the representation is ® = [e;, wes +

1 0
(1 —w)es] = [e1, €2, €3] with Q = |0 w o |. L® =[(1—")eq, [e2, e3](1 —yA)]Q.
0 (1-w)
Hence, we have L® = [eq, e, €3] 1= 0 Q
! Bl RV )
and ®TLD = QT[ey, 9, €3] ey, €9, €3] ll 67 7 —OvA] Q=0T [1 6 7 7 —07/\] Q.
Hence, (®TLP)™! = l(l -7 0 ] with u = (w, (1 —w))T. Note
’ 0 (w" (I —~yA)u)™ ’

that u' (I —yA)u = w? 1+ (1 —w)?A
The TD value function is given by VP = &(GTLD) 1dT

o TD (1—~)"t 0 N .

vV = [61762v63]Q [ 07 (UT(I—’)/A)U)_I‘| Q [61,62763]
_ (1= 0 T
- [617 €2, 63] [ 0 u(uT(I _ vA)u)luT] [61, €2, 63]

1/(1 —7)ere] +w?egeq +w(l —w)esed +w(l —w)eged + (1 — w)?ezed
(,L)2)\1’1 + (1 — W)Q)\Ll

Now ||®(®TL®)"1®T — V™||2 is independent of w. O

Lemma 21. The set of cumulant matrices G € R¥*T that preserve the top-T
invariant subspaces of the successor representation by TD learning are the top-T
orthogonal invariant subspaces of (I — yP™)~L, that is satisfying G'G = I by
orthogonality and (I —yP™)~'G C G by the invariance property.
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Proof. Let ® € R®*? spanning an invariant subspace of L='. By definition, there
exists a block diagonal matrix Jg € R¥? such that L™'® = ®J5. Let G € O(S,T)
spanning the top 7' invariant subspaces of L~!. By definition, there exists a block

diagonal matrix Jg € R¥? such that L~'G = GJg. Hencer, we have

(L7'GGTNY® = (L7'Q)GTd
=GJrGTd

= (®Jp) by orthonormality

Then, ® is an invariant subspace of L~'GGT. O

6.F Proofs for Subsection 6.4.2

We now proceed to the proof of |[Proposition 4] Before that, we introduce some

necessary notations and lemmas.

6.F.1 Notations

Let O(S,d) := {A € R . ATA = [}.

Definition 14. Let A, B € O(S,d). The principle angles © between A and B are

given by writing the SVD of ATB = U cosOVT.

Definition 15. Let A, B € O(S,d) with principle angles ©. We define the distance

d(A,B) as d(A, B) := ||sin O|op.
Proposition 5. Let A, B € O(S,d). We have the following identities:
d(A,B) = [[AAT — BB |lop = [[sin Ol|op = [|A" Bllop,

where B € O(S, S — d) satisfies BBT + BBT = 1I.
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6.F.2 Approximate Matrix Decompositions

Lemma 24 (Deterministic error bound). Let A be an S x S matriz. Fiz d < S,

and partition the SVD of A as:

_ ¥ 0|V
et s 2]
where ¥y is d X d (the dimensions of all the other factors are determined by this

selection). Put Aq := U X, V|" as the rank-d approximation of A. Let Q be an S x {
test matriz (( > d). PutY = AQ, Q; = V,'Q and Qy = V,' Q. We have that:

(I = Py)Ag|2, < [1S20:91 ]2,

[

Proof. This proof is adapted from Theorem 9.1 of |[Halko et al.| [2011].
Write A; = USVT the full SVD of Ay. By invariance of the spectral norm to

unitary transformations,

I = Py)Adllz, = 10T (I = Pr)U(UT A3, = (1 = Pyry ) (U7 Ag)

lop

Assume the diagonal entries of 35 are not all strictly positive. Then ¥4 is zero
as a consequence of the ordering of the singular values.

A

) T
range(U'Y) = range [21091] = range [213/1 ] = range(U " Ay)

So we can conclude that [|(1 — Py)A4|2, = 0 assuming that V;" and Q; have full
row rank.

Now assume that the diagonal entries of ¥, are strictly positive. Let Z =

U7y -Qixt = [ﬂ with F = $,0,QI 87! € RS-dxd,

By construction, range(Z) C range(UTY'), hence we have,

(7 = Pyry )(UT A2, < (T = P2)UT A2,

lep

VAN

JAJU(I — P2)U " Agllop

S B = Pz)Xop

Following the proof from Theorem 9.1 of [Halko et al.|[2011], we have

F'F B
(I_PZ) < lBT [Sd‘|
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where B = —(I; — FTF)7'FT ¢ R¥x(5=d),

Consequently, we have

“ “ T
S(1 - P)E < FlFOFZl 8}

ZAl(I — Pz)f] is PSD by the conjugation rule, hence the matrix on the right hand
side is PSD too. It follows that

12U = P2)Ellop < B FTFS1llop = [|FEAI3, = IS0

50

O

Lemma 25 (Average spectral error). Let A be an S x S matriz with singular values
o1 = 09 > ... Fiz a target rank 2 < d < S and an oversampling parameter p > 2
where p+d > S. Draw and S X (d + p) standard gaussian matriz 2 and construct

the sample matriz Y = AQ. Then, we have

1/2
d ex/Jd+p [ &
EI|( ~ Py)Adlop < | ——0ar + YL S o2
p—1 p a1

Proof. By and linearity of the expectation, we have

E|l(I — Pr)Adllop < E|Z22:2]lop

1/2
d e\/d+ 2 /
10d+1 Z ] )
j=d+1

where the last inequality comes from Theorem 10.6 of |Halko et al. [2011]. O

Lemma 26. Let A € R™*" and fir ad <n. Let o1 > 09 > ... > 0, denote the
singular values of M listed in decreasing order, and suppose that o, > 0. Let Ay

denote the rank-d approzimation of A. Fix any matriz Y € R™ 1. We have:

1 = Py)Adllop = L = Py) P, llpr
Proof. Decompose P Ay as:

Py Ay, = PPy, Ay,
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||P1}Ak||0p = ||P}%PAI€AIC||OP 2 ||P#PAk||0p||Ak||op = ”PS}PA;@”opak

where the inequality comes from the sub-multiplicativity of the the operator norm

]

Proposition 6. Let A be an S x S matriz with singular values o1 > o9 > .... Fix
a target rank 2 < d < n and an oversampling parameter p > 2 where p+d > S.

Draw and n x (d + p) standard gaussian matriz Q0 and construct the sample matriz

Y = AQ. Then, we have

1/2
[ d ad 1 e\/d—l— o2

EH(I PY PAdHOP * ( Z ]2 :
j=d+1 04

Proof. By and linearity of the expectation, we have

1
;dEH(f — Py)Adllop = E[[(I — Py)Pa,llop
Now applying [Lemma 25| we have

1/2
d d i
Od+1 6\/T ( Z O-J) > EH(I — PY)PAdHOP
J

-1 o4 P 104

[]

Observe that, as the oversampling factor p grows, the RHS tends to zero.
However, the dependence will be something like p 2> 1/, if you want the RHS to
be < e. This actually makes sense I think— you are using concentration of measure

to increase the accuracy, so you should pay 1/e? sample complexity.

6.F.3 Analysis

Proposition 4 (MC Error bound). Let G € R¥*T be a sample from a standard
gaussian distribution and assume d < T'. Let F; be the top-d left singular vectors

1

of the successor representation (I —yP™)~' and E be the top left singular vectors

of (I — ’yP”)_lG. Denote 01 = 09 > ... > 0g the singular values of the SR and

dist(Fy, Fd) the sin @ distance between the subspaces spanned by F; and ﬁ’d. We have

) A d Od+1 ev'T AN
E[dist(Fy, F;)] < P
[dist(Fy, Fy)] \/: = +T—d j:zd;rl o;
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Proof. Let I €{d,...,S}. F; € O(S,1) be the top [ left singular vectors of (I —~P™)~!
and £} € O(S, d) be the top left singular vectors of (I —yP™)~1G.

d(Fa, Fa) = | Fi [lop
= 1P, Pr, llon
< HPL—lgp}J;TdHOp as span(ﬁd) C span(L™'Q)
= [1E7 F lop
- ||FJFTL||OP
= || Pr. Pz llop
= HPFfT Pr,|lop by symmetry of the projection matrices
= [I( = Pg,.) Pr, lop
= [|({ = Pr-1c)Pr-1),llop

1
< ;dH(I — Pr-16) (L™ Nallop by

Now taking the expectation with respect to G and applying

1/2
. d oa1 | VT S
E[d(Fy, Fy)] < o '
il e (5
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Discussion

To conclude, we summarize the main contributions presented in this dissertation

and discuss promising avenues for future work.

7.1 Conclusion

The thesis defended in this dissertation is that topological tools, statistical learning
and dynamical systems theory can help shape principled state representations
that enhance RL agents.

We demonstrated this thesis by considering state representations through

two approaches, state abstraction (Chapter 3) and state features (Chapter 4,

|Chapter 5| [Chapter 6€)), and introduced a framework to improve reinforcement

learning algorithms in a theoretically-grounded manner.

In we studied the goodness of a state-aggregation depending on how
well it can extrapolate values or g-values. This is key for algorithms like approximate
value iteration, policy iteration and for exploration algorithms on continuous state
spaces |Pazis and Parr, 2013|. This work also informs the choice of a behavioral
metric and corroborates the empirical success of follow-up state-similarity based

algorithms [Castro et al., 2021, |Zhang et al., [2020].
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In [Chapter 4] we compared the generalization capacity of different state repre-
sentations by looking at their effective dimension, a quantity we introduced and
which drives the generalization to unseen states. Our analysis also motivated a
new auxiliary learning rule aiming at improving generalization of deep RL agents
and our work inspired several empirical investigations, in particular in the offline
setting [Fu et al., 2022].

In [Chapter 5| we provided an algorithm to scale Monte Carlo auxiliary tasks
without increasing the amount of memory space required all while recovering the
desired state representation. We believe this approach will be crucial to scale up
auxiliary tasks such as proto-value networks [Farebrother et al., 2023].

In [Chapter 6] we set up a mathematical model with which we characterize
the representations learned when predicting a collection of auxiliary tasks. This
analysis is important because, given a desired state representation, it informs
which additional predictions the agent should make and how it should make these
predictions. Together with this analysis, we developed scalable algorithms for
sparse reward settings and offline pre-training which proved useful on the Four

Rooms and Mountain Car domains.

7.2 Future Directions

There are a number of exciting directions for future work following from this

dissertation. We discuss a few of them in the following sections.

7.2.1 Further Theoretical Analysis of Representation Learn-
ing Schemes

A direct continuation of the work presented in this thesis would be to extend our
work from by deriving a generalization bound from a given representation
in the temporal difference setting. A promising way would be to use concentration
inequalities and arguments for the analysis of random design linear least-squares
problems |Hsu et al [2014]. We believe that the effective dimension from
would also play an important role. Recently, Duan et al. [2021] analyzed the
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estimation error when learning by kernel least-squares temporal difference (LSTD)
under a generative model. However, their proof is more complex than the one
suggested above and Duan et al. [2021] do not aim at comparing state representations
under the lens of generalization. A generalization bound in the TD setting would
be beneficial because it could lead to novel auxiliary update rules in the future.

We believe it is also essential to develop a better theoretical understanding of
how different representation learning schemes relate to each other.

Recent approaches about representation learning in RL are generally categorized
into three different families of methods: auxiliary tasks on which we focus in this
thesis, contrastive [Chen et al. 2020a, He et al., [2020, Chen et al., 2020b] and
non contrastive self-supervised approaches [Grill et al., 2020, Chen and He| 2021].
Usually, practitioners tend to think of them separately.

Lately, [HaoChen et al.| [2021] analysed contrastive learning in the setting of
classification and showed a close relationship with spectral decomposition. We
demonstrated in that training auxiliary tasks in a supervised way also
performs a spectral decomposition on the auxiliary task matrix. It would thus
be interesting to characterize to which extend the representations learned with
contrastive losses (e.g. by means of a latent embedding) are connected with the
ones learned with auxiliary tasks.

Recently, |Garrido et al| [2023] showed that contrastive and non-contrastive
methods are to some extend theoretically equivalent. Following their theoretical
insights, they demonstrated that careful design choices could close the gap between
the two approaches empirically.

Looking forward, we believe that extending some of these theoretical results
to the RL setting would be an exciting path for future research. Understanding
similarities and potential differences between the representations resulting from
training contrastive, self-supervised and auxiliary tasks methods could result in the

development of more principled representation learning algorithms for RL.
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7.2.2 Benchmarks

In addition to the theoretical comparison suggested in [Subsection 7.2.1] a complemen-

tary approach would be to develop a unified benchmark of different representation

learning approaches.

In this dissertation, we relied on the Atari 2600 video games [Bellemare et al.

2013 and smaller domains such as the Four Rooms domain [Sutton et al., 1999,
Mountain Car [Moore| [1990] or Puddle World 1995] to demonstrate that

our theoretical insights made useful predictions about value-based deep RL agents

(Chapter 4/and [Chapter 6|) and led to efficient novel algorithms (Chapter 4}, (Chapter 5|
. Several approaches also rely on spectral representations ,
2017albl [Janner et al 2020, Blier et al.,[2021], [Touati and Ollivier} [2021], [Farebrother]
et al., 2023| [Schwarzer et al., 2021}, (Guo et al., 2020 but have often been evaluated

on different benchmarks and regimes.
Moving forward, an interesting direction would be to carefully tune the hyperpa-

rameters and the network architectures of these methods on the same benchmarks,

in line with the possible equivalences suggested in [Subsection 7.2.1l Recently,
12023| started to compare different representation learning algorithms on more

tasks and environments from the Unsupervised RL benchmark [Laskin et al., 2021]

but their experiments are still small-scale and the environments deterministic. It
would be exciting to evaluate these methods on other domains, for instance focusing

on complex or sparse reward environments. The NetHack learning environment

[Kittler et al., [2020] is a large-scale stochastic domain which would be an interesting

evaluation platform for the auxiliary tasks methods presented in [Chapter 6 The

video game Minecraft could also be used as a testbed. It is a challenging benchmark

due to the high dimensionality of its state and action space as well as the sparsity of

its reward signal. The Balloon Learning Environment [BLE; Greaves et al.| 2021] is a

partially observable and non-stationary environment which simulates the real-world

problem of navigating stratospheric balloons [Bellemare et al., 2020]. It would be

useful to evaluate the sample and compute-efficiency of the various representation

learning algorithms we mentioned on this task. Finally, as a way to measure the



7. Discussion 181

goodness of these representation learning methods for performing actions in the real
world, we could rely on some robotics benchmarks, for instance the robotic block
stacking environment [Lee et al.,|[2021]. Two settings would be particularly of interest:
1) first pretraining representations from offline data and then using them to learn a
policy in an online phase [Farebrother et al.| 2023] and 2) pretraining representations
from offline data and fine-tuning them during second offline training phase.
Applying the methods presented in this thesis to these benchmarks would require
scaling them up. [Farebrother et al| [2023] suggested that, given fixed capacity, the
performance of value-based agents saturated as the number of auxiliary tasks used
to pre-train representations kept increasing. Fully scaling up auxiliary-task based
methods would require revisiting some of the architectural choices made so far. For
instance, modern architecture, more depth, adaptive width and combining features
in a non-linear way could provide a path to keep scaling up these methods. We
also demonstrated theoretically in and empirically in that
learning dynamics differ when the weights of the last linear layer of a deep RL
architecture are parameterized explicitly or implicitly, as a function of the state
features. Comparing both training dynamics on the above benchmarks would also
be a way to work towards scaling up auxiliary tasks in reinforcement learning.
In addition, we presented in this thesis several quantities to measure the
usefulness of a representation such as the approximation error, the generalization
error , the computational cost an [y-ball optimality criterion
(Chapter 6) and the stability |Ghosh and Bellemare, [2020]. Reporting these
quantities for different representation learning methods would be an additional

helpful tool to evaluate them.

7.2.3 Pre-training Representations and Reincarnating Re-
inforcement Learning

A thrilling direction we touched upon in is the idea of pre-training
representations. It is part of an emerging trend of reusing computation in RL,

also referred to as reincarnating RL |Agarwal et al., 2022]. Leveraging prior
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computation is exciting because it can speed up training which is necessary to
develop large scale RL systems. In particular, reusing computation in the forms of
pre-trained representation can help learning a control policy faster than learning
it tabula rasa. These representations are often learned from offline datasets of
transitions as part of an unsupervised pre-training phase [Touati and Ollivier} 2021}
Farebrother et al., [2023, [Touati et al., |2023]. They can be fixed and used for

linear function approximation [Farebrother et al., [2023] or fine-tuned throughout

training (see e.g. [Subsection 6.5.3)).

In this thesis, we looked at designing algorithms in single-environment settings.
However, learning more general agents capable of solving several tasks (e.g. games)
could further increase their generalization capacities. A possible research goal is to
develop universal pre-training methods of reinforcement learning agents [Guo et al.|
2020, |Chen et al., [2021, Reed et al. 2022, [Venuto et al., 2022, Taiga et al., 2023]. We
could therefore investigate the goodness of some of the auxiliary-task based methods
introduced in this thesis at learning universal features, for instance on Atari video
games. Following |Agarwal et al|[2022], open-sourcing these features would enable
the research community to tackle RL problems requiring significant computational
resources by focusing on credit assignment separately from representation learning.

There are several promising real-world applications to reusing pre-trained
representations. Specifically, some of the work in this thesis could be leveraged
for dialogue systems. Current conversational response models such as ChatGPT
[OpenAl, 2023] are trained to predict the next text token, which simply corresponds
to behavior cloning |[Pomerleau), 1991 |[Bagnell et al., |2006} Ross and Bagnell, |2010].
However, the Internet can be seen as an environment with non-trivial dynamics
providing high quantity but low quality data and |Schwarzer et al.| [2021], [Farebrother
et al. [2023] demonstrated that self-supervised and auxiliary losses outperformed
behavioral cloning on "suboptimal" Atari data. Hence, investigating alternative
ways to pre-train large language models by leveraging the successor representation

is an exciting challenge ahead of us.
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