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Abstract

This dissertation reports some first steps towards a compositional account of active inference
and the Bayesian brain. Specifically, we use the tools of contemporary applied category theory
to supply functorial semantics for approximate inference. To do so, we define on the ‘syntactic’
side the new notion of Bayesian lens and show that Bayesian updating composes according to the
compositional lens pattern. Using Bayesian lenses, and inspired by compositional game theory,
we define fibrations of statistical games and classify various problems of statistical inference as
corresponding sections: the chain rule of the relative entropy is formalized as a strict section, while
maximum likelihood estimation and the free energy give lax sections. In the process, we introduce
a new notion of ‘copy-composition’.

On the ‘semantic’ side, we present a new formalization of general open dynamical systems
(particularly: deterministic, stochastic, and random; and discrete- and continuous-time) as certain
coalgebras of polynomial functors, which we show collect into monoidal opindexed categories (or,
alternatively, into algebras for multicategories of generalized polynomial functors). We use these
opindexed categories to define monoidal bicategories of cilia: dynamical systems which control
lenses, and which supply the target for our functorial semantics. Accordingly, we construct functors
which explain the bidirectional compositional structure of predictive coding neural circuits under
the free energy principle, thereby giving a formal mathematical underpinning to the bidirectionality
observed in the cortex. Along the way, we explain how to compose rate-coded neural circuits
using an algebra for a multicategory of linear circuit diagrams, showing subsequently that this is
subsumed by lenses and polynomial functors.

Because category theory is unfamiliar to many computational neuroscientists and cognitive
scientists, we have made a particular effort to give clear, detailed, and approachable expositions
of all the category-theoretic structures and results of which we make use. We hope that this
dissertation will prove helpful in establishing a new “well-typed” science of life and mind, and in

facilitating interdisciplinary communication.
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1. Introduction

The work of which this dissertation is a report began as a project to understand the brain’s “cognitive
map’, its internal representation of the structure of the world. Little of that work is reported here,
for it rapidly became clear at the outset that there was no coherent framework in which such a
project should most profitably be undertaken. This is not to say that no progress on understanding
the cognitive map can be made, a claim which would be easily contradicted by the evidence. Rather,
each research group has its own language and its own research questions, and it is not always
evident how to translate concepts from one group, or even one moment in time, faithfully to
another; what translation is done is performed at best highly informally.

If the aim of scienceﬂ is to tell just-so stories, or if the aim is only to answer one’s own research
questions in isolation, then this state of affairs may be perfectly satisfactory. But the brain and the
behaviours that brains produce are so marvellous and so complex, and the implications of a finer
understanding so monumental, that one cannot but hope that science could do better. Of course, of
late, science has not been doing better, with disciplines as socially important as psychology [201]
and medicine [23][135| [188]] and machine learning 134} [149]] struck by crises of reproducibility.
At the same time, as broadband internet has spread across the globe, the sheer amount of output
produced by scientists and other researchers has ballooned, contributing to the impossibility of
verification and the aforementioned translational difficulties, at least if one desires to do other than
simply following the herd. In some sense, although scientists all now speak English, science still
lacks a lingua franca, or at least a sufficiently precise one.

As luck would have it, while mainstream science has been suffering from this loss of faith,
the first phrases of a potentially adequate precise new language have begun to spread, with the

coalescence of a new community of researchers in applied category theoryﬂ One part of the present

10r indeed, “if the aim of scientists”, as science itself may not have volition of its own.

*The first major interdisciplinary meeting of applied category theorists (or at least the first meeting sufficiently confident
to take Applied Category Theory as its name) was held in 2018 in Leiden, although categorical methods have for
some time been used in computer science [[210] and physics [[16], and especially at their nexus [2}[68}|69]. More
sporadically, category theory had shown up elsewhere, such as in biology [86}|220]], network theory [93H95], game
theory [3/89,|119], cognitive science [37,85}(183}|209] and linguistics [[67,70}|130], and in 2014 a workshop was held
at Dagstuhl bringing together some of these researchers [4]], in what was to be a precursor to the Applied Category



difficulty of scientific translation is that each research group has not only its own language, but
also its own perspective; and another part of the difficulty is that these languages and perspectives
are not well connected, with the English language a very lossy medium through which to make
these connections. Fortunately, the language of category theory—being a mathematical rather than
a natural language—resolves both of these difficulties.

Category theory is the mathematics of pattern, composition, connection, and interaction; its
concepts are as crisp and clear as the water of a mountain pool; its simplicity lends it great power.
Categories describe how objects can be constructed from parts, and such compositional descriptions
extend to categories themselves: as a result, the language of category theory is ‘homoiconic’, and
can be used to translate constructions between contexts. One is able to abstract away from irrelevant
details, and show precisely how structures give rise to phenomena; and by choosing the abstractions
carefully, it becomes possible to see that, sometimes, important constructions are ‘universal’, able
to be performed in any relevant context. As a result, category theory resolves both problems of
scientific translation indicated above: concepts expressed categorically are inevitably expressed in
context, and not in isolation; and these contexts are naturally interconnected as if by a categorical
web (with the connections also expressed categorically). Moreover, not being English, categorical
definitions tend to be extremely concise and information-dense; and since the basic concepts of
category theory are themselves simple, concepts so expressed are not biased by geography or
geopolitics.

From the middle of the 20" century, the concepts of category theory began to revolutionize much
of mathematicsﬂ and applied category theorists such as the present author believe that the time is
nigh for this revolution to spread throughout the sciences and alleviate some of their struggles.
Just as the internet constitutes physical infrastructure that fundamentally accelerates human
communications, we expect category theory to constitute conceptual infrastructure of similar
catalytic consequence. This thesis is a contribution to building this infrastructure, in the specific
domain of computational neuroscience and the general domain of (what was once, and will be again,

called) Cyberneticsﬂ In particular, we show that a prominent theory of brain function—predictive

Theory meetings; many of those researchers still work in this new interdisciplinary field.

*The basic concepts of category theory were originally written down by Eilenberg and Mac Lane in order to formalize
processes of translation, and so clarify structures in the ways indicated in the main text above, in the field of algebraic
topology. This occurred at the end of the first half of the 20" century, in 1945 [87]]. The ideas soon spread beyond
algebraic topology, gathering momentum rapidly from the 1950s, in which Cartan defined the concept of sheaf [56,
57] and Grothendieck reconceived the foundations of algebraic geometry [[121f]. By the mid-1960s, and especially
through the work of Lawvere on logic [165]] and set theory [166], it was clear that category theory would be able to
supply supple but sturdy new foundations for all of mathematics.

*Owing to its affinity for pattern and abstraction, it is hard to do interesting domain-specific work in category theory
without there being at least some more general results to be found, and indeed this is the case here: what began as



coding—has a clear compositional structure, that explains the bidirectional circuitry observed in
the brain [21], and that renders precise connections to the structure of statistical and machine
learning systems [187, (221, 278]], as well as to the structure of much larger scale adaptive systems
traditionally modelled by economic game theory [[119].

Predictive coding models were originally developed in the neuroscience of vision to explain
observations that neural activity might decrease as signals became less surprising [216]] (rather
than increase as signals became more ‘preferred’), as well as to explain the robustness of sensory
processing to noise [246] and as a source of metabolic efficiency [32]ﬂ The typical form of these
models involves a neuron or neural ensemble representing the system’s current prediction of (or
expectation about) its input, alongside another neuron or ensemble representing the difference
between this prediction and the actual input (i.e., representing the prediction error). We can think
of the former ensemble as directed from within the brain towards the sensory interface (such as
the retina), and the latter ensemble as carrying information from the world into the brain: this is
the aforementioned bidirectionality.

Another important observation about visual processing in the brain is that its circuitry seems
to be roughly hierarchical [179]], with regions of cortex further from the retina being involved in
increasingly abstract representation [212]. Given a model of predictive coding at the level of a single
circuit, accompanied by models of how sensory circuits are coupled (and their representations
transformed), a natural next step is to construct hierarchical predictive coding models, in an attempt
to extend the benefits of the single circuit to a whole system; and indeed such hierarchical circuits
were prominently proposed in the literature [[104; 216].

This hierarchical structure is a hint of compositionality, and thus a sign that a categorical
approach may be helpful and enlightening. This impression is strengthened when one considers
a particularly influential class of predictive coding models, obtained in the context of the “free
energy principle” 100} 104, |107|], where the underlying equations themselves exhibit a form of
compositionality which is (more or less explicitly) used to obtain the hierarchical modelﬂ Despite
this hint of compositionality, the equations of motion for these hierarchical systems are typically

derived from scratch each time [21} 48} 76, |108} 148|264} 265, a redundant effort that would not be

a project in theoretical neuroscience swiftly became a study of adaptive and cybernetic systems more broadly, of
which the brain is of course the prime exemplar.

’If the prediction is good, then communicating the difference between prediction and actuality can be done much more
efficiently than transmitting the whole incoming signal, which would contain much redundant information. This is
the principle underlying most data compression algorithms.

SThat is to say, the dynamics of each level of hierarchy i are governed by a quantity F;, and the dynamics of two
adjacent levels ¢ and 7 + 1 are governed by F; + F;11; see Buckley et al. [48| Eq. 72].



required had a compositional formalism such as category theory been used from the start. This
thesis supplies such a categorical formalism and exemplifies it with hierarchical predictive coding
under the free energy principle.

The “free energy” framework not only underpins a modern understanding of predictive coding,
but has more broadly been proposed as a unified theory of brain function [[100], and latterly of all
adaptive or living systems [38,/102, 159, |204]]. In the neuroscientific context, it constitutes a theory
of the Bayesian brain, by which most or all brain function can be understood as implementing
approximate Bayesian inference [160[]; in the more broadly biological (or even metaphysical)
contexts, this claim is generalized to state that all life can be understood in this way. However,
despite these claims to universality, these proposals have to date been quite informally specified,
leading to confusion [28} [103]] and charges of unfalsifiability [38}|71}[281]. As we will see, category
theory has a rich formal vocabulary for precisely describing universal constructions, and so not
only does a categorical formulation of the free energy framework promise to clarify the current
confusions, but it may be expected also to shed light on its potential universality. In particular, as
we discuss in Chapter|[8] we will be able to make precise the questions of whether any dynamical
system of the appropriate type can universally be seen as performing approximate inference (in our
language, “playing a statistical game”), and of whether any cybernetic system (such as an economic
game player) can be expressed as an active inference system.

The notion of active inference is closely related to the free energy framework: an active inference
model of a system describes both the processes by which it updates its internal states on the
basis of incoming signals, and the processes by which it chooses how to act, using approximate
Bayesian inference. In this thesis, we do not get as far as a completely general formulation of active
inference, but we hope that our development of statistical games and their “dynamical semantics” in
approximate inference doctrines will provide a useful starting point for such a formulation, and in our
final chapter (8)) we sketch how we might expect this formulation to go. Because active inference
models, and the free energy framework more broadly, are descriptions of systems that are ‘open’
to an environment, interacting with it, and therefore situated “in context”, they are particularly
suited to a category-theoretic reformulation. Likewise, Bayesianism and the free energy framework
lend themselves to a subjectivist metaphysics [[102} 114, |115], which is itself in alignment with
the unavoidable perspective-taking of categorical models, and which is not dissimilar from the
emerging ‘biosemiotic’ reconceptualization of biological information-processing [20]. As we have

indicated, categorical tools help us to draw connections between concepts, and we see our efforts



as a contribution to this endeavour.

It is through these connections that we hope eventually to make contact again with the cognitive
map. As noted above, the state of the art is fragmented, but there exist current models that are
expressed in the language of approximate (variational) inference [279], models expressed in the
language of reinforcement learning [257], and models that attempt to combine the two [[185]]. We
will see throughout the thesis that reinforcement learning (and its cousin, game theory) is closely
related to approximate inference, and so we expect that the foundations developed here, along
with the extensions proposed in will help us unify these accounts. The key observation that
we expect to drive such a development is that learning a cognitive map (alternatively, learning
a “world model”) means internalizing a representation of the structure of the environment; and
comparing and translating structures is category theory’s forte.

Of course, even if the theory that we develop is sufficient to unify these computational-
phenomenological models, this is not to say it will satisfy all neuroscientists, many of which
may be expected to desire more biologically detailed models. In the contemporary undergraduate
neuroscience curriculum, one is taught informally to relate models at a high ‘computational’ level
to lower level models concerned with biological ‘implementation’, following Marr’s “three levels
of explanation” [[179]. As we discuss in this story is a shadow of the categorical notion
of functorial semantics, by which structures are translated precisely between contexts formalized
as categories. Although we concentrate on the more abstract computational level in this thesis,
our discussion of functorial semantics foreshadows the introduction of formal algebraic tools for
building biologically plausible neural circuit models (§3.3).

Our treatment of cognitive and neural systems is not the first to adopt categorical methods,
but we do believe that it is the first to do so in a comprehensively integrated and wide-ranging
way, taking functorial semantics seriously. Categorical concepts have been variously proposed in
biology as early as 1958 [220], and in cognitive science (with one eye toward the brain) since at
least 1987 [84}[85]]; more recently, category theory has been used to study classic cognitive-science
concepts such as systematicity [[209]. While inspirational, these studies do not make the most of
the translational power of categories, using only some concepts or methods in isolation. Moreover,
by working almost purely categorically, these works were invariably rather abstract, and did not
make direct contact with the tools and concepts of mainstream mathematical science. As a result,
they did not have the unifying impact or adoption that we hope the new wave of applied category

theoretical developments to have.



Our primary motivation in writing this thesis is to lay the groundwork for well-typed cognitive
science and computational neuroscience. ‘Types’ are what render categorical concepts so precise,
and what allow categorical models to be so cleanly compositional: two systems can only “plug
together” if their interface types match. Because every concept in category theory has a type (i.e.,
every object is an object of some category), categorical thinking is forced to be very clear. As we
will sketch in the “type theories” (or “internal languages”) of categories can be very richly
structured, but still the requirement to express concepts with types is necessarily burdensome. But
this burden is only the burden of thinking clearly: if one is not able to supply a detailed type, one
can resort to abstraction. And, to avoid the violence of declaring some object to be identified as of
some typeﬂ it is necessary to understand the relationships between types; fortunately, as we will
soon make clear, and as we have attempted to emphasize, category theory is fundamentally the
mathematics of relationship.

Contemporary science is unavoidably computational, and the notion of ‘type’ that we invoke
here is closely related to (though not identical with) the informal notion of type that is used in
computer programming. Just as one of the strategies adopted to overcome the crises of modern
science that we invoked at the opening of this introduction is the making available of the code and
data that underlie scientific studies, we can envisage a near future in which accompanying these is
a formal specification of the types of the concepts that each study is aboulﬂ Some work along these
lines has already begun, particularly with the development of the Algebraic Julia ecosystem [122].

The free energy framework, like the structurally adjacent framework of compositional game
theory, has a strong flavour of teleology (that follows directly from its mathematics): systems act in
order to make their predictions come true. We therefore hope that, although we do not quite get as
far as a full compositional theory of active inference, the contributions reported in this dissertation
may in some small way help to make this particular prediction (of a well-typed science) come
true, and thereby help to overcome some of the aforenoted crises of scientific faith—as well as to
shed light not only on the form and function of ‘Bayesian’ brains, but also other complex adaptive

systems, such as the whole scientific community itself.

’A perspective for which we must thank Brendan Fong.

80One might think of this specification as akin to a scientifically elaborated version of the notion of header file in
programming languages such as C or C++: these files specify the types of functions and data structures, typically
without instantiating these types with detailed implementations. We can thus think of category theory as a very rich
metaprogramming language for the mathematical sciences (and this analogy goes quite far, as categorical proofs are
typically ‘constructive’ and hence correspond to computable functions, as we also sketch in .



1.1. Overview of the dissertation

Category theory being quite alien to most researchers in computational neuroscience (and the
cognitive sciences more broadly), we begin the work of this dissertation in Chapter [2| with
a comprehensive review of the concepts and results needed to understand our mathematical
contributions. Using three hopefully familiar examples, we introduce categories as contrapuntal
to graphs, which are more familiar to scientists, but which lack important features of categories
such as composition and, somehow, dynamism. We then explain how enriched categories allow us
to “connect the connections” of categories, and attach extra data to them, and we exemplify these
concepts with the 2-category of categories, functors, and natural transformations—as well as a more
formal discussion of functorial ‘translation’ and semantics. The remainder of Chapter|[2]is dedicated
to introducing the remaining key concepts of basic category theory: universal constructions, and
the Yoneda Lemma (categories’ fundamental theorem). All of these ideas are very well known to
category theorists.

In Chapter [3] we begin to reapproach neural modelling, and more generally the ‘algebraic’
modelling of the structure of interacting systems. We explain how ‘monoidal’ categories allow us to
consider processes “in parallel” (as well as just sequentially), and how this gives us a formal account
of the concept of ‘parameterized’ system. We then change the perspective a little, and introduce
our first piece of original work: an account of how to connect neural circuits into larger-scale
systems, using ‘multicategorical” algebra. The remainder of the chapter is dedicated to developing
the theory of such algebra to the point needed later in the thesis, ending with the introduction
of polynomial functors which will supply a rich syntax for the interaction of systems, as well as a
language in which to express their dynamical semantics.

Chapter [4] presents our first main result, that Bayesian updating composes according to the
categorical ‘lens’ pattern. This result is abstractly stated, and so applies to whichever compositional
model of probability one might be interested in—but because we are later interested in concrete
models, we spend much of the chapter recapitulating compositional probability theory using the
tools introduced in Chapters [2] and [3|and instantiating it in discrete and continuous settings. We
also introduce and contextualize the lens pattern, in order to define our new notion of Bayesian lens,
which provides a mathematical formalization of the bidirectionality of predictive coding circuits.

Our main aim in this thesis is to formalize predictive coding through functorial semantics, and
Bayesian lenses will provide an important part of the ‘syntax’ of statistical models that we need. But

the Bayesian lenses that satisfy the main result of Chapter [4]are ‘exact’, while natural systems are



inherently approximate. In order to measure the performance of such approximate systems, Chapter
[5introduces our next new notion, the concept of statistical game, which attaches loss functions to
lenses. These statistical games collect into a categorical structure known as a fibration (a kind of
categorified fibre bundle), and we can use the sections of this fibration to classify well-behaved
systems of approximate inference into loss models. These loss models include well-known quantities
such as the relative entropy, (maximum) likelihood, the free energy, and the Laplace approximation
of the latter. However, in order to make this classification work, we first introduce a new kind
of categorical composition, which we call copy-composition, and which seems to cleave the basic
process of composition in categories of stochastic channels, which typically proceeds first by
copying and then by marginalization (‘discarding’).

Having developed the syntactic side of predictive coding, we turn in Chapter [6|to the semantics,
which is found in a new abstract formalization of the concept of open dynamical system. We
make much use here of the language of polynomial functors: these will represent the interfaces of
interacting systems, and the dynamical systems themselves will be defined as particular classes of
morphisms of polynomials. We extend the traditional notion of polynomial functor to a setting
which allows for non-determinism, and thereby obtain new categories of open Markov process
and random dynamical system, both in discrete and continuous time. We then synthesize these
developments with the algebraic structures of Chapter [3] to define monoidal bicategories of
‘hierarchical’ cybernetic systems that we call cilia, as they control lenses.

Connecting these pieces together, Chapter [7] presents our functorial formalization of predictive
coding, using a new notion of approximate inference doctrine, by which statistical models are
translated into dynamical systems. This formalizes the process by which research in active inference
turns the abstract specification of a “generative model” into a dynamical system that can be simulated
and whose behaviours can then be compared with experimentally observed data. We explain how
this functorial process is decomposed into stages, and then exhibit them in two ways: first, with
the basic ‘Laplacian’ form of predictive coding; and then by introducing ‘Hebbian’ plasticity.

Finally, Chapter [§| reviews the prospects for future work, from the mathematics of the cognitive
map (a programme that we call compositional cognitive cartography), to the composition of multi-
agent systems and ecosystems and the connections with compositional game theory, categorical
cybernetics, and categorical systems theory. We close with some speculation on a new mathematics

of life, along with associated developments of fundamental theory.



1.2. Contributions

The main individual contribution of this thesis is the formalization of models of predictive coding
circuits as functorial semantics, and the associated development and exemplification of fibrations of
statistical games, as well as the introduction of Bayesian lenses and the proof that Bayesian updates
compose optically. We believe our presentation of general open dynamical systems as certain
polynomial coalgebras also to be novel, along with the concept of cilia and their associated monoidal
bicategories. The categories of statistical games (and of Bayesian lenses) supply the syntax, and
the monoidal bicategories of cilia the semantics, for our functorial treatment of predictive coding,
and hence the basis for our compositional active inference framework. Each of these structures is
to our knowledge new, although of course inspired by much work that has gone before, and by
interactions with the beneficent community of researchers of which this author finds himself a
member.

Each of these strands of work has in some way been exhibited through publication, principally
as refereed presentations at the conference on Applied Category Theory (ACT) in 2020 [251]], 2021
[252]], and 2022 [[254] (each published in the conference proceedings); but also in preliminary form at
the NeurIPS 2019 Context and Compositionality workshop [247]], through a number of more informal
invited talks (e.g. [249]), as one main theme of a full-day workshop at the 2022 Cognitive Science
Society conference [12]], and our ongoing series of preprints on compositional active inference
[250L[253]]. Our work on Bayesian lenses, in collaboration with Dylan Braithwaite and Jules Hedges
[42]ﬂ, has been accepted for publication at MFCS 2023; and we are presently preparing for journal
publication an account of our compositional framework for predictive coding aimed explicitly at
computational neuroscientists.

Besides these specific novel contributions, we hope that this dissertation contributes to a
renaissance of cognitive and computational (neuro)science through the adoption of categorical
methods; it is for this reason that we have been so diligent in our exposition of the basic theory.
We hope that this exposition proves itself a useful contribution for interested researchers, and that
its cognitive-neuroscientific framing is sufficiently novel to be interesting,.

Some work performed during the author’s DPhil studies is not included in this dissertation.
In particular, there has unfortunately not been the scope to include our simulation results on a
fragment of the circuitry underlying the cognitive map—a study on the development of place and

head-direction cells, which was published as [255]—although this did motivate our algebra of

’See Remark for the scholarly history.



rate-coded neural circuits (§3.3), which is to the best of our knowledge novel (though much inspired
by earlier work on wiring-diagram algebras 237, [282]). We have also not exhibited our work on
Bayesian optics (as an alternative to Bayesian lenses) [248]], as this would require a digression
through some unnecessarily complicated theory; and we have not presented in detail the examples
of “polynomial life” presented at ACT 2021 [252].

A first draft of this thesis was produced in December 2022, at which point the author intended to
submit it. However, shortly before submission, the author realized that the then-current treatment
of statistical games could be much improved. This led to the present fibrational account, and the
new notion of loss model (which formalizes the chain rule of the relative entropy), but which also
demanded a corresponding revision of the treatment of predictive coding. At the cost of some
higher-categorical machinery, we believe these changes amount to a substantial improvement,
worth the delay in submission. The new account of statistical games has been accepted as a

proceedings paper at ACT 2023.
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2. Basic category theory for computational
and cognitive (neuro)scientists

This chapter constitutes a comprehensive review of the concepts and results from basic category
theory that scaffold the rest of the thesis, written for the computational neuroscientist or cognitive
scientist who has noticed the ‘network’ structure of complex systems like the brain and who wonders
how this structure relates to the systems’ function. Category theory gives us a mathematical
framework in which precise answers to such questions can be formulated, and reveals the
interconnectedness of scientific ideas. After introducing the notions of category and diagram
(, we swiftly introduce the notions of enriched category, functor, and adjunction (, with
which we can translate and compare mathematical concepts. We then explain how category theory
formalizes pattern as well as translation, using the concept of universal construction (§2.3), which
we exemplify with many common and important patterns. Finally, we introduce the fundamental
theorem of category theory, the Yoneda Lemma, which tells us that to understand a thing is to see
it from all perspectives (§2.4).

Category theory is well established in the foundations of mathematics, but not yet explicitly in
the foundations of science. As a result, although the only slightly original part of this chapter is its
presentation, we have given proofs of most results and plentiful examples, in order to familiarize

the reader with thinking categorically.

2.1. Categories, graphs, and networks

We begin by motivating the use of category theory by considering what is missing from a purely
graph-theoretic understanding of complex computational systems. Later in the thesis, we will see
how each of the diagrams depicted below can be formalized categorically, incorporating all the

scientifically salient information into coherent mathematical objects.
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2.1.1. Three examples

2.1.1.1. Neural circuits: dynamical networks of neurons

In computational and theoretical neuroscience, it is not unusual to encounter diagrams depicting

proposed architectures for neural circuits, such as on the left or right below:

On the left, we have depicted a standard “excitatory-inhibitory circuit” motif, in which one neuron
or ensemble of neurons FE receives input from an external source as well as from a counterposed
inhibitory circuit I which itself is driven solely by E. On the right, we have reproduced a figure
depicting a “predictive coding” circuit from Bogacz [33]], and we see that the F-I circuit is indeed
motivic, being recapitulated twice: we could say that the predictive coding circuit is composed
from interconnected E-I motifs, in a sense similarly to the composition of the E-T circuit from the
subnetworks E and I of neurons.

Both circuits have evident graphical structure — the nodes are the white circles, and the edges
the black wires between them — but of course there is more to neural circuits than these graphs:
not only do graphs so defined omit the decorations on the wires (indicating whether a connection
is excitatory or inhibitory), but they miss perhaps the more important detail, that these are circuits
of dynamical systems, which have their own rich structure and behaviours. Moreover, mere graphs
miss the aforementioned compositionality of neural circuits: we can fill in the white circles with
neurons or ensembles or other circuits and we can wire circuits together, and at the end of doing
so we have another ‘composite’ neural circuit.

Working only with graphs means we have to treat the decorations, the dynamics, and the
compositionality informally, or at least in some other data structure, thereby increasing the overhead

of this accounting.

2.1.1.2. Bayesian networks: belief and dependence

In computational statistics, one often begins by constructing a model of the causal dependence
between events, which can then be interrogated for the purposes of inference or belief-updating.

Such models are typically graphical, with representations as shown below; the nodes are again the
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circles, and the dashed edge implies the repetition of the depicted motif:

On the left, the graph represents a model of an event with two possible antecedents; on the right, a
set of events (or an event, repeated) with a recurrent cause. Although these graphical models —
otherwise known as Bayesian networks — may encode useful information about causal structure,
in themselves they do not encode the information about how events are caused; this is data that
must be accounted for separately. And once again, mere graphs are unlike causality in that they
are non-compositional: the structure does not explain how, given the causal dependence of B on A

and A’ and of C on B, one might model the dependence of C' on A.

2.1.1.3. Computations: sets and functions

In a similar way, pure computations — in the sense of transformations between sets of data — are

often depicted graphically:

Here, we have depicted a single ‘cell’ from a long short-term memory network [132]: a function
that ingests three variables (c;—1, an internal state; x;, an external input; and h;_1, an internal
‘memory’), and emits two (¢, a new internal state; and h;, an updated memory). This function is
itself composed from other functions, depicted above as boxes. (One typically takes the variables
ct, Tt, hy as vectors of given dimension for all ¢, so that the domain and codomain of the function
are products of vector spaces; the boxes W; and Uj; represent matrices which act on these vectors;

the boxes + and ® denote elementwise sum and product; the box ¢ represents the elementwise
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application of a logisitic function; and the splitting of wires represents the copying of data.) The
nodes of the graph in this instance are the functions (boxes), and the edges encode the flow of
information. Once more, however, a purely graphical model does not account for the compositional
structure of the computation: we could fill in the boxes with other graphs (representing elaborations
of the computations implied), and we could adjoin another such diagram beside and connect the
wires where the types match. To account for this compositionality — here and in the examples

above — we will need to add something to the structure: we need to move from graphs to categories.
2.1.2. From graphs to categories

A category is a directed graph in which edges can be composed: whenever the target of an edge f
is the source of another edge g, then there must be a composite edge denoted g o f whose source is
the source of f and whose target is the target of g, as in the following diagram.

gof

e R
This composition rule incorporates into the structure a way to allow systems with compatible
interfaces to connect to each other, and for the resulting composite system also to be a system
of the same ‘type’; but as we will see, it has some other important consequences. Firstly, every
(‘small’) category has an underlying directed graph: but because of the composition rule, this
underlying graph typically has more edges than the graphs of the examples above, in order to
account for the existence of composites. Secondly, it is the edges, which in a categorical context we
will call morphisms, that compose: the nodes, which we will call objects, represent something like
the ‘interfaces’ at which composition is possible. This means that we cannot just interpret a circuit
diagram “as a category”, whose objects are ensembles of neurons and whose morphisms are their
axons: as we will see in we need to do something a bit more sophisticated.

Before we get to that, however, we must first define categories precisely. We will take a graphical
approach, with a view to interpreting the above examples categorically, starting with the diagram
demonstrating the composition of g o f: how should we interpret this in a category? To answer

this question, we first need to specify exactly what we mean by ‘graph’.

Definition 2.1.1. A directed graph G is a set Gy of nodes along with a set G(a, b) of edges from

a to b for each pair a, b : Gy of nodes. We will sometimes write G; to denote the disjoint union
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of the sets of edges, G := >}, , G(a,b). If e : G(a,b) is an edge from a to b, we will write this as
e : a — b and call a its source or domain and b its target or codomain. This assignment of domain
and codomain induces a pair of functions, dom, cod : G; — Gy respectively, such that fore : @ — b

we have dom(e) = a and cod(e) = b.

A category is a graph whose edges can be ‘associatively’ composed together, and where every

node has a special edge from itself to itself called its ‘identity’.

Definition 2.1.2. A (small) category C is a directed graph whose nodes are each assigned a
corresponding identity edge and whose edges are equipped with a composition operation o that is
associative and unital with respect to the identities. In the context of categories, we call the nodes
Co the objects or 0-cells, and the edges C; the morphisms or 1-cells.

Identities are assigned by a function id : Cy — C; satisfying dom(id,) = a = cod(id,) for every
object a. The composition operation is a family of functions o, . : C(b,c) x C(a,b) — C(a, c) for
each triple of objects a, b, c. The notation C(a, b) indicates the set of all morphisms a — b, for each
pair of objects a and b; we call this set the hom set from a to b.

Given morphisms f : @ — band g : b — ¢, their composite a 1, b 5, ¢is written g o f, which
we can read as “g after f”.

Associativity means that h o (g o f) = (h o g) o f, and so we can omit the parentheses to

write h o g o f without ambiguity. Unitality means that, for every morphism f : a — b, we have

idyof = f = foida.

Remark 2.1.3. We say small category to mean that both the collection of objects Cy and the
collection of morphisms C; is a true set, rather than a proper class. We will say a category is locally
small if, for every pair a, b of objects in C, the hom set C(a, b) is a set (rather than a proper class);
this allows for the collection of objects still to be a proper class, while letting us avoid “size issues”
such as Russell’s paradox in the course of normal reasoning.

More precisely, we can fix a ‘universe’ of sets, of size assumed to be smaller than a hypothesized
(and typically inaccessible) cardinal R;. Then we say that a category is locally small with respect to
N; if every hom set is within this universe, or small if both Cy and C; are. We say that a category is
large if it is not small, but note that the ‘set’ of objects or morphisms of a large category may still
be a ‘set’, just in a larger universe: a universe whose sets are of cardinality at most X; 11 > N;.

In the remainder of this thesis, we will typically assume categories to be locally small with

respect to a given (but unspecified) universe.
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Our first example of a category is in some sense the foundation of basic category theory, and

supplies a classic illustration of size issues.

Example 2.1.4. The category Set has sets as objects and functions as morphisms. The identity on
a set A is the identity functionid4 : A — A : a — a. Composition of morphisms in Set is function
composition: given f : A — B and g : B — C, their composite is the functiongo f : A — C
defined for each a : Aby (go f)(a) = g(f(a)); it is easy to check that function composition is
associative.

Note that Set is a large category: the set Set of all sets of at most size N; must live in a larger

universe.

Not all categories are large, of course. Some are quite small, as the following examples

demonstrate.

Example 2.1.5. There is a category with only two objects 0 and 1 and four morphisms: the
identities idg : 0 — 0 and id; : 1 — 1, and two non-identity morphisms s,¢ : 0 — 1, as in the
following diagram:

S

t

When depicting categories graphically, we often omit identity morphisms as they are implied by

the objects.

Example 2.1.6. There is a category, denoted 1, with a single object * and a single morphism, its

identity.

Example 2.1.7. The natural numbers N form the morphisms of another category with a single
object *: here, composition is addition and the identity morphism id, : * — = is the number 0.

Since addition is associative and unital with respect to 0, this is a well-defined category.

Since a category is a directed graph equipped with a composition operation, we can ‘forget’ the

latter to recover the underlying graph on its own.

Proposition 2.1.8. Given a category C, we can obtain a directed graph (Cp,C1) by keeping the

objects Cy and morphisms C; and forgetting the composition and identity functions.

Proof. Take the objects to be the nodes and the morphisms to be the edges. O
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However, in the absence of other data, obtaining a category from a given graph is a little
more laborious, as we must ensure the existence of well-defined composite edges. The following

proposition tells us how we can do this.

Proposition 2.1.9. Given a directed graph G, we can construct the free category generated by G,
denoted F'G, as follows. The objects of F'G are the nodes Gy of G. The morphisms F'G(a,b) from
a to b are the paths in G from a to b: finite lists (e, f, g) of edges in which the domain of the first
edge is a, the codomain of any edge equals the domain of its successor (if any), and the codomain
of the last edge is b. Composition is by concatenation of lists, and the identity morphism for any

node is the empty list ().

Proof. Let f :=(f1,...,fi1):a—b,g:=(91,...,9m):b— c,and h := (hy,...,hy) : c — dbe
paths. Then

ho(gof)=(hiy....hn)o (fiye o s f1,915 -3 9m)
:(fla"')flagly'"7gm7h1)~'-7hn)
:(glﬂ"'vgmahla"'ahn)O(fla"'vfl):(hog)of

so concatenation of lists is associative. Concatenation is trivially unital on both right and left:
Oo(fr,---s fi)=(f1, -5 f1)) = (f1,---, f1) © (). So the free category as defined is a well-defined
category. O

Remark 2.1.10. Observe that the underlying graph of F'G is not in general the same as the original
graph G: because the edges of G have no composition information (even if, given a pair of edges
a — band b — c, there is an edge a — c¢), we needed a canonical method to generate such
information, without any extra data. Since there is a notion of path in any graph, and since paths

are naturally composable, this gives us the canonical method we seek.

We begin to see some important differences between categories and graphs, as foreshadowed
above. Categories are somehow more ‘dynamical’ objects, more concerned with movement and
change than graphs; later in Chapter[6] we will even see how a general definition of dynamical
system emerges simply from some of the examples we have already seen.

At this point, to emphasize that categories allow us to study not just individual structures
themselves but also the relationships and transformations between structures, we note that directed

graphs themselves form a category.
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Example 2.1.11. Directed graphs (G, G1,domg, codg) are the objects of a category, denoted
Graph. Given directed graphs G := (Go, G1,domg, codg) and H := (Ho, H1,domy, cody), a
morphism f : G — H is a graph homomorphism from G to H: a pair of functions fy : Go — Go
and fi : G; — H; that preserve the graphical structure in the sense that for every edge e in G,
fo(domg(e)) = domy(fi(e)) and fo(codg(e)) = cody(fi(e)). Since graph homomorphisms are
pairs of functions, they compose as functions, and the identity morphism on a graph G is the pair

(idg,,idg, ) of identity functions on its sets of nodes and edges.

In large part, the power of category theory derives from its elevation of relationship and
transformation to mathematical prominence: objects are represented and studied in context, and
one we gain the ability to compare patterns of relationships across contexts. By expressing these
patterns categorically, we are able to abstract away irrelevant detail, and focus on the fundamental
structures that drive phenomena of interest; and since these patterns and abstract structures
are again expressed in the same language, we can continue to apply these techniques, to study
phenomena from diverse perspectives. Indeed, as we will soon see, category theory is ‘homoiconic’,
able to speak in its language about itself.

Accordingly, it is often helpful to apply graphical or diagrammatic methods to reason about
categories: for example, to say that two (or more) morphisms are actually equal. We can illustrate
this using the category Graph: the definition of graph homomorphism requires two equalities to
be satisfied. These equalities say that two (composite) pairs of functions are equal; since functions
are morphisms in Set, this is the same as saying that they are equal as morphisms there. Using the
fact that Set has an underlying graph, we can represent these morphisms graphically, as in the

following two diagrams:

Gi S SN Hy g1 S | SN Hi
domg domyy codg cody (2-1)
Go — Ho Go — Ho

Then to say that fy o domg = domy of; and fy o codg = cody of; is to say that these diagrams

commute.

Definition 2.1.12. We say that two paths in a graph are parallel if they have the same start and
end nodes. We say that a diagram in a category C commutes when every pair of parallel paths in

the diagram corresponds to a pair of morphisms in C that are equal.
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To clarify this definition, we can use category theory to formalize the concept of diagram, which

will have the useful side-effect of simultaneously rendering it more general and more precise.

2.1.2.1. Diagrams in a category, functorially

The richness of categorical structure is reflected in the variety of diagrammatic practice, and in this
thesis we will encounter a number of formal diagram types. Nonetheless, there is one type that is
perhaps more basic than the rest, which we have already begun to call diagrams in a category: these
are the categorical analogue of equations in algebra. Often in category theory, we will be interested
in the relationships between more than two morphisms at once, and expressing such relationships
by equations quickly becomes cumbersome; instead, one typically starts with a directed graph and
interprets its nodes as objects and its edges as morphisms in one’s category of interest.

Formally, this interpretation is performed by taking the category generated by the graph and
mapping it ‘functorially’ into the category of interest. However, in order to account for relationships
such as equality between the morphisms represented in the graph, the domain of this mapping
cannot be as ‘free’ as in Proposition [2.1.9] as it needs to encode these relationships. To do this, we

can quotient the free category by the given relationships, as we now show.

Proposition 2.1.13 (Mac Lane [[175| Prop. I1.8.1]). Let G be a directed graph, and suppose we are
given a relation ~ ; on each set F'G(a, b) of paths @ — b; write ~ for the whole family of relations,
and call it a relation on the category C. Then there is a category F'G/~, the quotient of the free
category F'G by ~, which we call the category generated by G with relations ~ or simply generated
by (G, ~).

The objects of F'G/~ are again the nodes Gy. The morphisms are equivalence classes of paths
according to ~, extended to a congruence: suppose p ~g p'; then they both belong to the same

equivalence class [p], and correspond to the same morphism [p] : a — bin FG/~.

Before we can make sense of and prove this proposition, and thus establish that composition in

FG/~ does what we hope, we need to define congruence.

Definition 2.1.14. Suppose ~ is a relation on the category C. We call ~ a congruence when its
constituent relations ~ j are equivalence relations compatible with the compositional structure of

C. This means that
Liff~ep ffra—bandg~p.g :b—cthengo f~,.g of;and

2. for each pair of objects a, b : C, ~, is a symmetric, reflexive, transitive relation.
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The notion of congruence is what allows us to extend the family of relations ~ to composites of
morphisms and thus ensure that it is compatible with the categorical structure; constructing the

most parsimonious congruence from ~ is the key to the following proof.

Proof sketch for Proposition[2.1.13 First of all, we extend ~ to a congruence; we choose the smallest
congruence containing ~, and denote it by . Explicitly, we can construct = in two steps. First,
define an intermediate relation ~ as the symmetric, reflexive, transitive closure of ~. This means
that if f ~ f’, then either f ~ f/, or f' ~ f (symmetry), or f = f’ (reflexivity), or there exists
some ¢ : a — csuch that f ~ ¢ and ¢ ~ f' (transitivity). Next, define = as the closure of ~ under
composition. This means that if ¢ =~ ¢’ : @ — ¢, then either ¢ ~ ¢/, or there exist composable
pairs f, f' :a — band g,¢' : b — csuch that f ~ f’ and g ~ ¢/, and such that ¢ = g o f and
¢ = ¢’ o f'. To see that = is the least congruence on F'G, observe that every congruence must
contain it by definition.

Having constructed the congruence =, we can form the quotient of F'G by it, which we denote
by F'G/~ in reference to the generating relation ~. As in the statement of the proposition, the
objects of F'G/~ are the nodes of G and the morphisms are equivalence classes of paths, according
to =; since = is by definition an equivalence relation, these equivalence classes are well-defined.
Moreover, the composite of two equivalence classes of morphisms [f] : @ — band [g] : b — ¢

coincides with the equivalence class [g o f]. O

Example 2.1.15. To exemplify the notion of category generated with relations, let 7 denote the

following directed graph
G]. # Hl

5G 6H

Go ——;— Ho
and let ~ be the relation ¢y o d¢ ~ df © 1. Then the category F\J/~ generated by (7, ~) has
four objects (G1, Go, H1, Hg) and nine morphisms: an identity for each of the four objects; the
morphisms g : Go — Hy, 1 : G1 — Hi,0g : G1 — Go, and 0 : Hi — Hy; and a single

morphism G| — Hy, the equivalence class consisting of ¢y o dg and df o 1.

The category F'J/~ generated in this example expresses the commutativity of one of the
diagrams defining graph homomorphisms, but as things stand, it is simply a category standing
alone: to say that any particular pair of functions (fy, f1) satisfies the property requires us to

interpret the morphisms g and ¢; accordingly as those functions. That is, to interpret the diagram,
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we need to translate it, by mapping F' 7/~ into Set. Such a mapping of categories is known as a

functor.

Definition 2.1.16. A functor F' : C — D from the category C to the category D is a pair of
functions Fy : Cp — Dy and F; : C; — D; between the sets of objects and morphisms that preserve
domains, codomains, identities and composition, meaning that Fy(dome(f)) = domp(Fi(f))
and Fp(codc(f)) = codp(F1(f)) for all morphisms f, Fi(id,) = idp(q) for all objects a, and
Fi(go f) = Fi(g) o Fi(f) for all composites g o f inC.

Remark 2.1.17. Note that we could equivalently say that a functor C — D is a homomorphism
from the underlying graph of C to that of D that is additionally functorial, meaning that it preserves

identities and composites.

Notation 2.1.18. Although a functor F' consists of a pair of functions (Fp, F), we will typically
write just F' whether it is applied to an object or a morphism, since the distinction will usually be
clear from the context. Since function composition (and hence application) is associative, we will

also often omit brackets, writing F'a for F'(a), except where it is helpful to leave them in.

For each object cin a category C, there are two very important functors, the hom functors, which

exhibit C in Set “from the perspective” of ¢ by returning the hom sets out of and into c.

Definition 2.1.19. Given an object ¢ : C, its covariant hom functor C(c, —) : C — Set is defined
on objects x by returning the hom sets C(¢, ) and on morphisms g : © — y by returning the
postcomposition function C(c, g) : C(c,z) — C(c,y) defined by mapping morphisms f : ¢ —
in the set C(c, x) to the composites g o f : ¢ — y in C(c,y). To emphasize the action of C(c, g)
by postcomposition, we will sometimes write it simply as g o (—). (That C(c¢, —) is a well-defined

functor follows immediately from the unitality and associativity of composition in C.)

The covariant hom functor C(c, —) “looks forward” along morphisms emanating out of ¢, in
the direction that these morphisms point, and therefore in the direction of composition in C: it is
for this reason that we say it is covariant. Dually, it is of course possible to “look backward” at
morphisms pointing into c. Since this means looking contrary to the direction of composition in C,
we say that the resulting backwards-looking hom functor is contravariant. To define it as a functor
in the sense of Definition [2.1.16] we perform the trick of swapping the direction of composition in

C around and then defining a covariant functor accordingly.
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Definition 2.1.20. For any category C there is a corresponding opposite category C °® with the
same objects as C and where the hom set C°P(a, b) is defined to be the ‘opposite’ hom set in C,
namely C(b, a). Identity morphisms are the same in C °P as in C, but composition is also reversed. If
we write o for composition in C and o°P for composition in C °P, then, given morphisms g : ¢ — b
and f : b — a in C°P corresponding to morphisms g : b — cand f : a — b in C, their composite
fo®g:c— ainC° is the morphism g o f : @ — cin C. (Observe that this makes C°P a

well-defined category whenever C is.)

Remark 2.1.21. Because we can always form opposite categories in this way, categorical
constructions often come in two forms: one in C, and a ‘dual’ one in C°P. Typically, we use
the prefix co- to indicate such a dual construction: so if we have a construction in C, then its dual

in C °P would be called a coconstruction.
The dual of the covariant hom functor C(c, —) : C — Set is the contravariant hom functor.

Definition 2.1.22. Given an object ¢ : C, its contravariant hom functor C(—,c) : C°? — Set is
defined on objects x by returning the hom sets C(z, ¢). Given a morphism f : x — y in C, we
define the precomposition function C(f,c) : C(y,c¢) — C(x, c) by mapping morphisms g : y — ¢
in the set C(y, ¢) to the composites g o f : © — ¢ in C(x, ¢). To emphasize the action of C(f, ¢)
by precomposition, we will sometimes write it simply as (—) o f. (That C(—, ¢) is a well-defined

functor again follows from the unitality and associativity of composition in C and hence in C °P.)
Remark 2.1.23. A contravariant functor on C is a (covariant) functor on C °P.

Notation 2.1.24. In line with other mathematical literature, we will also occasionally write the
precomposition function (—) o f as f*; dually, we can write the postcomposition function g o (—)
as g«. In these forms, the former action f* is also known as pullback along f, as it “pulls back”
morphisms along f, and the latter action g, is also known as pushforward along g, as it “pushes
forward” morphisms along g. There is a close relationship between the pulling-back described here
and the universal construction also known as pullback (Example[2.3.43): f*(—) defines a functor

which acts by the universal construction on objects and by precomposition on morphisms, which

we spell out in Definition [4.2.28

Functors are the homomorphisms of categories, and just as graphs and their homomorphisms

form a category, so do categories and functors.
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Example 2.1.25. The category Cat has categories for objects and functors for morphisms. The
identity functor id¢ on a category C is the pair (id¢,,idc,) of identity functions on the sets of
objects and morphisms. Since functors are pairs of functions, functor composition is by function
composition, which is immediately associative and unital with respect to the identity functors so

defined. Note that, without a restriction on size, Cat is a large category, like Set.

As an example, we observe that the construction of the category F'G/~ generated by (G, ~)

from the free category F'G is functorial.

Example 2.1.26. There is a ‘projection’ functor [-] : F'G — FG/~. It maps every object to
itself, and every morphism to the corresponding equivalence class. The proof of Proposition [2.1.13
demonstrated the functoriality: identities are preserved by definition, and we have [go f] = [g] o[ f]

by construction.
With the notion of functor to hand, we can formalize the concept of diagram simply as follows.

Definition 2.1.27. A J-shaped diagram in a category C is a functor D : J — C. Typically, J is a
small category generated from a graph with some given relations, and the functor D interprets J

inC.

Example 2.1.28. The diagrams expressing the commutativity conditions for a graph homomor-
phism are therefore witnessed by a pair of functors F'J/~ — Set from the category F'J/~
generated in Example [2.1.15|into Set: each functor interprets g and ¢; as fp and f; respectively,
while one functor interprets dg as domg and Jg as domy, and the other interprets dg as codg and
dpr as cody. The fact that there is only a single morphism Gy — Hj in F'J /~ (even though there

are two in F'J) encodes the requirements that fp o domg = domy o f; and fy o codg = cody of;.

Throughout this thesis, we will see the utility of diagrams as in Definition [2.1.27} not only will
they be useful in reasoning explicitly about categorical constructions, but in they will also be
used to formalize ‘universal constructions’, another concept which exhibits the power of category
theory.

Despite this, ‘mere’ categories and their diagrams are in some ways not expressive enough:
often we will want to encode looser relationships than strict equality, or to compose diagrams
together by ‘pasting’ them along common edges; we may even want to consider morphisms between

morphisms! For this we will need to ‘enrich’ our notion of category accordingly.
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2.2. Connecting the connections

As we have indicated, basic category theory is not sufficient if we want to encode information
about the relationships between morphisms into the formal structure. In this section, we will see
how to enrich the notion of category by letting the morphisms collect into more than just sets,
and how this leads naturally to higher category theory, where we have morphisms between the
morphisms, and from there to the notion of adjunction, with which we can translate concepts
faithfully back and forth between contexts. Amidst the development, we discuss the concept of
“functorial semantics” from a scientific perspective, considering how categorical tools let us supply

rich semantics for structured models of complex systems such as the brain.

2.2.1. Enriched categories

We can think of the condition that a diagram commutes — or equivalently the specification of an
equivalence relation on its paths — as a “filling-in’ of the diagram with some extra data. For example,
we can ‘fill’ the diagram depicting the graph homomorphism condition fy o domg = domy, o f1

with some annotation or data witnessing this relation, as follows:

Q1$>’H1

domg / domyy

Go ———— Ho

If we have a composite graph homomorphism g o f : G — Z, we should be able to paste the

commuting diagrams of the factors together and fill them in accordingly:

f1

gl Hl £ Il

domg / domy / domz

Go 1y

fo 90

and we should be able to ‘compose’ the filler equalities to obtain the diagram for the composite:

domg / domz -
Go T Ho m Iy
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The extra data with which we have filled these diagrams sits ‘between’ the morphisms, and so
if we wish to incorporate it into the categorical structure, we must move beyond mere sets, for
sets are just collections of elements, with nothing “in between”. What we will do is allow the hom
sets of a category to be no longer sets, but objects of another ‘enriching’ category. Now, observe
that, in pasting the two diagrams above together, we had to place them side by side: this means
that any suitable enriching category must come equipped with an operation that allows us to place
its objects side by side; in the basic case, where our categories just have hom sets, the enriching

category is Set, and this side-by-side operation is the product of sets.

Definition 2.2.1. Given sets A and B, their product is the set A x B whose elements are pairs

(a,b) of an element a : A with an element b : B.

We have already made use of the product of sets above, when we defined the composition
operation for (small) categories in Definition In general, however, we don’t need precisely a
product; only something weaker, which we call tensor. In order to define it, we need the notion of

isomorphism.

Definition 2.2.2. A morphism ! : ¢ — d in a 1-category is an isomorphism if there is a morphism

r:d — csuchthatlor =idg and id, = r o l. We say that [ and r are mutually inverse.

Definition 2.2.3. We will say that a category C has a tensor product if it is equipped with a functor

® : C x C — C along with an object [ : C called the tensor unit and three families of isomorphisms:
1. associator isomorphisms @, : (a ®b) ® ¢ — a ® (b ® c) for each triple of objects a, b, c;
2. left unitor isomorphisms \, : I ® a — a for each object a; and
3. right unitor isomorphisms p, : a ® I — a for each object a.

Remark 2.2.4. The notion of tensor product forms part of the definition of monoidal category,
which we will come to in Beyond having a tensor product, a monoidal category must have
structure isomorphisms that are coherent with respect to the ambient categorical structure, which
itself satisfies properties of associativity and unitality; this is an echo of the microcosm principle
which we discuss in Remark However, to give the full definition the notion of monoidal
category requires us to introduce the notion of natural transformation, which we otherwise do not

need until Definition [2.2.17} moreover, questions of coherence of tensor products will not yet arise.

Unsurprisingly, the product of sets gives us our first example of a tensor product structure.
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Example 2.2.5. The product of sets gives us a tensor product x : Set x Set — Set. To see
that it is functorial, observe that, given a product of sets A x B and a function f : A — A’, we
naturally obtain a function f x B: A x B — A x A’ by applying f only to the A-components of
the elements of the product A x B; likewise given a function g : B — B’. The unit of the tensor
product structure is the set 1 with a single element *. The associator and unitors are almost trivial:

for associativity, map ((a, b), ¢) to (a, (b, c)).

Using the tensor product to put morphisms side by side, we can define the notion of enriched

category.

Definition 2.2.6. Suppose (£,®, I, a, A, p) is a category equipped with a tensor product. An

E-category C, or category C enriched in &, constitutes

—_

. a set Cy of objects;

R

for each pair (a, b) of C-objects, an £-object C(a, b) of morphisms from a to b;
3. for each object a in C, an E-morphism id, : I — C(a, a) witnessing identity; and

4. for each triple (a, b, c) of C-objects, an £-morphism o, ;. : C(b,c) ® C(a,b) — C(a,c)

witnessing composition;

such that composition is unital, i.e. for all a,b : C

Clab) @1 S oo ) @Claa)  Clab)®Cla,a) <22 1@ c(a,b)
%a,a,b and Oa,b,b 9
PC(a,b) )‘C(a,b)
C(a,b) C(a,b)

and associative, ie. for all a,b,c,d : C

(C(e;d) ®C(b,¢)) ®C(a,b) C(e,d) ® (C(b,c) ®C(a,b))
Ob,c,d®c(a7b) C(Cvd)®oa,b,c
C(b,d) ®C(a,b) C(c,d)®C(a,c)

N /

Our first example of enriched categories validates the definition.
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Example 2.2.7. A locally small category is a category enriched in (Set, x, 1).

Remark 2.2.8. In Set, morphisms 1 — A out of the unit set 1 correspond to elements of A: each
such morphism is a function mapping the unique element = : 1 to its corresponding element of A.
This is why identities in enriched category theory are given by morphisms I — C(a, a), and it is
also why we will call morphisms out of a tensor unit generalized elements. (Even more generally,
we might say that morphisms X — A are generalized elements of shape X, reflecting our use of

the word ‘shape’ to describe the domain of a diagram.)
To incorporate nontrivial fillers into our diagrams, we move instead to enrichment in prosets.

Example 2.2.9. A preordered set or proset is a category where there is at most one morphism
between any two objects. The objects of such a ‘thin’ category are the points of the proset, and the
morphisms encode the (partial) ordering of the points; as a result, they are often written a < a’.
Functors between prosets are functions that preserve the ordering, and the restriction of Cat to
prosets produces a category that we denote by Pro. The product of sets extends to prosets as
follows: if A and B are prosets, then their product is the proset A x B whose points are the points
of the product set A x B and a morphism (a,b) < (a’,b") whenever there are morphisms a < d
and b < V' in A and B respectively.

A category enriched in Pro is therefore a category whose hom sets are (pre)ordered and whose

composition operation preserves this ordering, which we can illustrate as follows:

I’ g g'of!
We can see how enrichment in Pro generalizes the situation with which we introduced this
section, where we considered filling diagrams with data witnessing the equality of morphisms:

here we have inequality data, and it is not hard to see how enriched composition encompasses the

pasting-and-composing discussed there (just replace the cells here by the squares above).

In order to make these filled diagrams precise, we need to extend the notion of functor to the

enriched setting; and so we make the following definition.
Definition 2.2.10. Suppose C and D are £-categories. Then an £-functor I constitutes
1. a function Fj : Cg — Dg between the sets of objects; and

2. for each pair (a, b) : Cy x Cy of objects in C, an E-morphism F, , : C(a,b) — D(Fya, Fyb)
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which preserve identities

ida idFOa

C(a,a) ——— D(Fpa, Fpa)

and composition

Oa,b,c

C(b,c) ®C(a,b)

C(a,c)
Fb,c®Fa,b Fa,c

D(Fob, F()C) ®D(F0a, Fob) —_—> D(Foa,FQC)

OFgya,Fyb,Fyc

A diagram in an £-enriched category C is therefore a choice of £-enriched category J (the
diagram’s shape) and an £-functor J — C. J encodes the objects, morphisms and relationships
of the diagram, and the functor interprets it in C. In this enriched setting, we need not quotient
parallel paths in the shape of a diagram (which destroys their individuality); instead, we have extra

data (the fillers) encoding their relationships.

2.2.2. 2-categories

We have seen that filling the cells of a diagram with inequalities pushes us to consider enrichment
in Pro. Since Pro is the category of categories with at most one morphism (i.e., the inequality)
between each pair of objects, a natural generalization is to allow a broader choice of filler: that is,
to allow there to be morphisms between morphisms. This means moving from enrichment in Pro
to enrichment in Cat, and hence to the notion of 2-category. We therefore make the following

definition.

Definition 2.2.11. A strict 2-category is a category enriched in the 1-category Cat. This means
that, instead of hom sets, a 2-category has hom categories: the objects of these hom categories are
the I-cells of the 2-category, and the morphisms of the hom categories are the 2-cells; the 0-cells
of the 2-category are its objects. To distinguish between the composition defined by the enriched
category structure from the composition within the hom categories, we will sometimes call the

former horizontal and the latter vertical composition.

Remark 2.2.12. We say I-category above to refer to the ‘1-dimensional” notion of category defined

in Definition[2.1.2]
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Remark 2.2.13. We say strict to mean that the associativity and unitality of composition hold up
to equality; later, it will be helpful to weaken this so that associativity and unitality only hold up to
“coherent isomorphism”, meaning that instead of asking the diagrams in Definition simply to
commute (and thus be filled by equalities), we ask for them to be filled with ‘coherently’ defined
isomorphism. Weakening 2-categorical composition in this way leads to the notion of bicategory

(§3.1.4).

In order to give a well-defined notion of enrichment in Cat, we need to equip it with a suitable

tensor product structure; for this, we can extend the product of sets to categories, as follows.
Proposition 2.2.14. Given categories C and D, we can form the product category C x D. Its set
of objects (C x D)y is the product set Cyp x Dy. Similarly, a morphism (c,d) — (¢/,d’) is a pair
(f,g) of amorphism f : ¢ — ¢ in C with a morphism g : d — d’ in D; hence (C x D), = C; x D;.
Composition is given by composing pairwise in C and D: (f',¢') o (f,g) := (f' o f, ¢’ 0 g).

Proof. That composition is associative and unital in C x D follows immediately from those properties

in the underlying categories C and D. O

Remark 2.2.15. Using the product of categories, we can gather the co- and contravariant families
of hom functors C(c, —) and C(—, ¢) into a single hom functor C(—,=) : C°P? x C — Set, mapping
(x,y): C°P x C to C(x,y).

Proposition 2.2.16. The product of categories extends to a functor x : Cat x Cat — Cat. Given
functors F': C — C’ and G : D — D', we obtain a functor F' x G by applying F to the left factor
of the product C x D and G to the right.

Proof. Sufficiently obvious that we omit it. O

The archetypal 2-category is Cat itself, as we will now see: morphisms between functors are

called natural transformation, and they will play an important réle throughout this thesis.

Definition 2.2.17. Suppose F' and G are functors C — D. A natural transformation o : F = G
is a family of morphisms a. : F'(¢) — G(c) in D and indexed by objects ¢ of C, such that for any

morphism f : ¢ — ¢ in C, the following diagram — called a naturality square for c — commutes:

Fe—2 4 Ge

Ff Gf -

FC/ a—/> GCI
C'
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When the component 1-cells of a natural transformation « are all isomorphisms, then we call o a

natural isomorphism.

Example 2.2.18. Every morphism f : a — b in a category C induces a (contravariant)
natural transformation C(f,—) : C(b,—) = C(a,—) between covariant hom functors, acting
by precomposition. Dually, every morphism h : ¢ — d induces a (covariant) natural transformation
C(—,h):C(—,c) = C(—,d) between contravariant hom functors, acting by postcomposition. To
see that these two families are natural, observe that the square below left must commute for all
objects a, b, ¢ : C and morphisms f : @ — band h : ¢ — d, by the associativity of composition in C

(as illustrated on the right)

cb,e) —22 c(a,e) g gof
cb,h) C(a,h)
C(b,d)WC(a,d) hogr——— hogof

and that it therefore constitutes a naturality square for both C(f, —) and C(—, h). Note also that we
can take either path through this square as a definition of the function C(f, h) : C(b,¢) — C(a,d)
which thus acts by mapping g : b - ctohogo f:a —d.

Remark 2.2.19. We will see in §3.1.2|that the families of structure morphisms for a tensor product
(and hence used in the definition of enriched category) are more properly required to be natural

transformations.

The existence of morphisms between functors implies that the collection of functors between

any pair of categories itself forms a category, which we now define.

Proposition 2.2.20. The functors between two categories C and D constitute the objects of a
category, called the functor category and denoted by Cat(C, D) or D€, whose morphisms are the
natural transformations between those functors. The identity natural transformation on a functor

is the natural transformation whose components are all identity morphisms.

Proof. First, observe that the identity natural transformation is well-defined, as the following

diagram commutes for any morphism f : ¢ — ¢
id
FC i Fc

Ff Ff

id g s
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(Note that in general, we will depict an identity morphism in a diagram as an elongated equality
symbol, as above.) Given two natural transformations o : F' = G and § : G = H, their composite
is the natural transformation defined by composing the component functions: (5 o ). := . © .
We can see that this gives a well-defined natural transformation by pasting the component naturality

squares:

Fe Ge Ge Pe He

Ff Gf Hf

Fd Gd H

o B

Since the two inner squares commute, so must the outer square. And since the composition
of natural transformations reduces to the composition of functions, and the identity natural
transformation has identity function components, the composition of natural transformations

inherits strict associativity and unitality from composition in Set. O
This gives us our a first nontrivial example of a 2-category.

Example 2.2.21. Functor categories constitute the hom categories of the strict 2-category Cat,
and henceforth we will write Cat; to denote the 1-category of categories and functors; we can
therefore say that Cat is enriched in Cat;. The 0-cells of Cat are categories, the 1-cells are
functors, and the 2-cells are natural transformations. If «v is a natural transformation ' = G, with

F and G functors C — D, then we can depict it as filling the cell between the functors:

(More generally, we will depict 2-cells in this way, interpreting such depictions as diagrams of
enriched categories in the sense discussed above.)

Since Cat is a 2-category, it has both vertical composition (composition within hom-categories)
and horizontal (composition between them). In Proposition we introduced the vertical
composition, so let us now consider the horizontal, which we will denote by ¢ to avoid ambiguity.
The horizontal composition of 1-cells is the composition of functors (as morphisms in Cat;),
but by the definition of enriched category, it must also extend to the 2-cells (here, the natural

transformations). Suppose then that we have natural transformations ¢ and -y as in the following
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diagram:

/E\ /G\
B ﬂso C Hv D
\F'/ \G//

The horizontal composite v ¢ ¢ is the natural transformation GF = G’'F’ with components
GFb <2 Gy 220 GIF'D

Notation 2.2.22 (Whiskering). It is often useful to consider the horizontal composite of a natural
transformation o : F' = G with (the identity natural transformation on) a functor, as in the

following diagrams, with precomposition on the left and postcomposition on the right:

P g .
D ﬂidL ﬂa C’ C ﬂa C’ ﬂidR D’
T T e e

We will often write the left composite o« ¢ L : FFLL = GL as «f, since its components are
arq : FLd — GLd for all d : D; and we will often write the right composite R ¢ o : RF = RG
as Ra, since its components are Ro, : RFc — RGc for all ¢ : C. This use of notation is called

whiskering.

2.2.3. On functorial semantics

At this point, we pause to consider category theory from the general perspective of our motivating
examples, to reflect on how category theory might surprise us: as we indicated in categories
are more ‘dynamical’ than graphs, more preoccupied with change, and so behave differently; in fact,
they have a much richer variety of behaviours, and just as categories can often be very well-behaved,
they can also be quite unruly. Through its homoiconicity—its ability to describe itself—the use
of category theory impels us to consider not only how individual systems are constructed, nor
only how systems of a given type can be compared, but also how to compare different classes of
system. In this way, category theory rapidly concerns itself with notions not only of connection
and composition, but also of pattern and translation.

Scientifically, this is very useful: in the computational, cognitive, or otherwise cybernetic sciences,
we are often concerned with questions about when and how natural systems ‘compute’. Such
questions amount to questions of translation, between the abstract realm of computation to the
more concrete realms inhabited by the systems of interest and the data that they generate; one often

asks how natural structures might correspond to ‘algorithmic’ details, or whether the behaviours of
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systems correspond to computational processes. It is for this reason that we chose our motivating
examples, which exhibited (abstract) natural structure as well as two kinds of informational
or computational structure: a central question in contemporary neuroscience is the extent to
which neural circuits can be understood as performing computation (particularly of the form now
established in machine learning). This question is in some way at the heart of this thesis, which
aims to establish a compositional framework in which the theories of predictive coding and active
inference may be studied.

The dynamism of categories is a hint that it is possible to describe both the structure of systems
and their function categorically, with a ‘syntax’ for systems on the one hand and ‘semantics’ on the
other. This is the notion of functorial semantics 165, by which we translate syntactic structures
in one category to another category which supplies semantics: the use of functors means that
this translation preserves basic compositional structure, and we often ask for these functors to
preserve other structures, too; a typical choice, that we will adopt in Chapter 3]is to use lax monoidal
functors, which preserve composition in two dimensions, allowing us to place systems “side by
side” as well as “end to end”.

Of course, the particular choices of syntactic and semantic category will depend upon the subject
at hand—in this thesis we will be particularly interested in supplying dynamical semantics for
approximate inference problems—but typically the syntactic category will have some ‘nice’ algebraic
structure that is then preserved and interpreted by the functorial semantics. This is, for instance,
how functorial semantics lets us understand processes that “happen on graphs”, and as a simple
example, we can consider diagrams in Set: the shape of the diagram tells us how to compose the
parts of a system together, while the diagram functor gives us, for each abstract part, a set of possible
components that have a compatible interface, as well as functions realizing their interconnection.

In categorical ‘process’ theory, and the more general categorical theory of systems, one therefore
often considers the objects of the ‘syntactic’ category as representing the shapes or interfaces of
systems and the morphisms as representing how the different shapes can plug together. This is
an algebraic approach to systems design: mathematically, the syntactic structure is encoded as a
monad, and the functorial semantics corresponds to a monad algebra, as we explain in Chapter 3}
and the desire for composition richer than merely end-to-end is another motivation for venturing
into higher category theory. In Chapter|6] we will ‘unfold’ a combination of these ideas, to construct
bicategories whose objects represent interfaces, whose 1-cells are processes ‘between’ the interfaces

that can be composed both sequentially and in parallel, and whose 2-cells are homomorphisms of
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processes. This bicategory will then in Chapter [7|supply the semantics for models of predictive
coding.

In science, there is rarely only one way to study a phenomenon, and our collective understanding
of phenomena is therefore a patchwork of perspectives. At the end of this chapter, we will discuss
the Yoneda Lemma, which formalizes this observation that to understand a thing is to see it from all
perspectives, and it is for this reason that we expect category theory to supply a lingua franca for the
mathematical sciences. In computational neuroscience specifically, an influential methodological
theory is David Marr’s “three levels of explanation” [179]], in which complex cognitive systems are
profitably studied at the levels of ‘computation’, ‘algorithm’, and ‘implementation’. These levels
are only very informally defined, and the relationships between them not at all clear. We hope
that functorial semantics and other categorical approaches can replace such methodologies so that
instead of a simplistic hierarchical understanding of systems, we can progressively and clearly

expose the web of relationships between models.

2.2.4. Adjunction and equivalence

We discussed above the use of functors to translate between mathematical contexts. Often, we
are interested not only in translation in one direction, but also in translating back again. When
we have a pair of functors—or 1-cells more generally—in opposite directions and when the two
translations are somehow reversible, we often find ourselves with an adjunction; for example, the
functorial mappings of graphs to categories and back are adjoint (Example [2.2.25|below), and we
conjecture in Chapter [|that the mapping of “statistical games” to dynamical systems forms part
of an adjunction, too. Adjunctions are particularly well-behaved ‘dual’ translations, and they will
therefore be of much use throughout this thesis. For its conceptual elegance, we begin with an

abstract definition, which exhibits the fundamental essence.

Definition 2.2.23. Suppose L : C — D and R : D — C are 1-cells of a 2-category. We say that
they are adjoint or form an adjunction, denoted L. - R, if there are 2-cells y : id¢ = RL and
€ : LR = idp, called respectively the unit and counit of the adjunction, which satisfy the triangle

equalities €7, o Ln = idf, and Re o nr = idp, so called owing to their diagrammatic depictions:

L— ™ . IRL R—" __ RLR

€1 and Re
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The unit and counit of the adjunction measure ‘how far’ the round-trip composite functors

LR :C — Cand RL : D — D leave us from our starting place, as indicated in the following

diagrams:
D C
%’ H‘ \RJ and y ﬂ \LJ
n €

The triangle identities then ensure that the round-trips have an isomorphic ‘core’, so that it is
possible to translate morphisms on one side to the other losslessly (which we will exemplify in
Proposition [2.2.26), and that the adjunction has a natural ‘algebraic’ interpretation (which we will
encounter in Proposition 3.4.13).

In the specific case of the 2-category Cat, we can make the following alternative characterization
of adjunctions. Here we see that the “isomorphic core” of the adjunction can be characterized by
saying that morphisms into objects in C that come from D via R are in bijection with morphisms

out of objects in D that come from C via L.

Definition 2.2.24. Suppose L : C — D and R : D — C are functors between categories C and
D. We say that they are adjoint functors when there is an isomorphism between the hom-sets
D(Le,d) = C(c, Rd) that is naturalinc : Cand d : D.

Given a morphism f : Lc — d in D, we denote its (right) adjunct in C by ft: ¢ — Rd. Inversely,
given a morphism g : ¢ — Rd in C, we denote its (left) adjunct in D by ¢’ : Le — d. The existence

of the isomorphism means that fﬁb = fand g = gbﬁ.

Example 2.2.25. The functor F' : Graph — Cat mapping a graph to the corresponding free
category (Proposition [2.1.9) is left adjoint to the forgetful functor U : Cat — Graph mapping
a category to its underlying graph (Proposition [2.1.8). To see this, we need to find a natural
isomorphism Cat(FG,C) =~ Graph(G,UC). A graph homomorphism G — UC is a mapping
of the nodes of G to the objects of C and of the edges of G to the morphisms of C that preserves
sources (domains) and targets (codomains). A functor F'G — C is a mapping of the nodes of G to
the objects of C along with a mapping of paths in G to morphisms in C that preserves domains,
codomains, identities and composites. A path in G is a list of ‘composable’ edges, with the identity
path being the empty list, so such a mapping of paths is entirely determined by a mapping of
edges to morphisms that preserves domains and codomains. That is to say, a functor FG — C
is determined by, and determines, a graph homomorphism G — UC, and so the two sets are

isomorphic: in some sense, functors between free categories are graph homomorphisms. To see that
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the isomorphism is natural, observe that it doesn’t matter if we precompose a graph homomorphism
G" — G (treated as a functor between free categories) or postcompose a functor C — C’ (treated as
a graph homomorphism): because graph homomorphisms compose preserving the graph structure,

we would still have an isomorphism Cat(F'G’,C") ~ Graph(G',U(C’).

Before we can properly say that adjoint functors form an adjunction, we need to prove it. As the
following proof shows, the mappings (—)* and (—)” define and are defined by the unit and counit

of the adjunction.
Proposition 2.2.26. Functors that form an adjunction in Cat are exactly adjoint functors.

Proof. We need to show that functors that form an adjunction are adjoint, and that adjoint functors
form an adjunction; that is, we need to show that any pair of functors L : C > Dand R: D — C
satisfying the definition of adjunction in Definition [2.2.23|necessarily constitute adjoint functors
according to Definition and that if L and R are adjoint according to Definition then
they form an adjunction according to Definition [2.2.23} i.e., the two definitions are equivalent.

We begin by showing that if L - R, then L and R are adjoint functors. This means we need
to exhibit a natural isomorphism D(Lc, d) = C(c, Rd). We define a function (—)* : D(Lc,d) —
C(c, Rd) by setting

fi= e RLe B Ra

and a function (—)” : C(¢, Rd) — D(Lc, d) by setting
gb = Le X5 LRd > d.

We then use naturality and the triangle equalities to show that f - fand gbti =g

= Le 2 LRa < g ¢ = pre B9, Ry
= Le 2% LRLe 22 LRA 4 4 = ¢ RLe B RLRd B4 Rd
= Le 2 LRLe 5 e Lo d = ¢ % Rd ™% RLRd % Rd
—Leld —c% Rd

In each case the first two lines follow by definition, the third by naturality, and the fourth by the
triangle equality; hence we have an isomorphism D(Lc,d) = C(c, Rd). The naturality of this

isomorphism follows from the naturality of 7 and e. We first check that the isomorphisms (—)* are
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natural in ¢, which means that the following squares commute for all ¢ : ¢ — cinC:

(-
D(Le, d) _ Dea C(c, Rd)

D(L¢,d) C(¢,Rd)

D(LC/, d) T C(C/, Rd)
B cd

This requires in turn that (f o L¢)! = f* o ¢, which we can check as follows:

(f o Lo)* :c’MRLc’ﬂLﬂRLcﬁRd

Y, RLe 2L Ra

=C

9 .
r 9,

=c c—>Rd

where the second equality holds by the naturality of 7. The naturality of (—)* in d requires that
(¢' o f)¥ = R¢ o ft forall ¢’ : d — d’, which can be checked almost immediately:

(@ o /)t = ¢ RLe *s R4 B9 Ra

— e Ra B R

Dually, the naturality of (—)” : C(¢, Rd) — D(Le, d) in d requires that (R¢’ o g)* = ¢’ o ¢ for all
¢’ : d — d', which obtains by the naturality of e:

(Rd 0 g)’ = Le 2 LR E29 LRd s &
e LRa S g 2

b /
—LeSa S d
The naturality of (—)” in ¢, which requires that (g o ¢)” = ¢’ o L¢, obtains similarly immediately:

(god) = Ld X% Le 2% LRd <% d

b
=Lc’ﬁ>ch—>d

Thus (—)* and (—)” are both natural in ¢ and d, and hence L and R are adjoint functors.

To show the converse, thatif L : C — D and R : D — C are adjoint functors then L - R,
we need to establish natural transformations 7 : idc = RL and ¢ : LR = idp from the natural
isomorphisms (—)* and (—)?, such that the triangle equalities ¢;, o L) = id;, and Reonp = idp, are

satisfied. We first define 77 componentwise, by observing that 7. must have the type ¢ — RLc, and
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that the image of idy. : Lc — Lc under (—)F is of this type, and therefore defining 7. := (idy.)".
Dually, we define € by observing that €; must have the type LRd — d, and that the image of idrq
under (—)” has this type. We therefore define e := (idgg)”. To see that these definitions constitute
natural transformations, observe that they are themselves composed from natural transformations.
Explicitly, the naturality of 7 means that for any f : ¢ — ¢/, we must have RLf o7, = n o f, and

the naturality of € means that for any g : d — d’, we must have g o ¢; = €5 © LRg. These obtain

as follows:
C(idpo)? RLf , B (idra)® ;g 4
RLfon.,=c¢c——> RLc— RLc goeg=LRd—>d>d
oi # oi b
—c (Lf ch) RLCI _ LRd (Rg de) d/

(id g oRg)’
L

i /7 O f
= o e MV pr — LRd d
id ./)F idpar)’
:CLC/ (ch) RLCI :LRd LRg LRd/ (de) d/
—noof — ey o LRy

In each case, the first equality holds by definition, the second by naturality of (—)* and (—)° (left
and right, respectively) in d, the third by naturality of id, the fourth by naturality in ¢, and the last
by definition. It remains to check that 1 and € so defined satisfy the triangle equalities. Expressed

componentwise, we demonstrate that ey, o L1, = idr. and that Rey o nrq = idgrg as follows:

i : i ' i 4 i b
ELCOan:LCM—’LRLC—(M—)LC RedOan:Rd (dLRd) RLRd R(de) Rd

— Le (idrreo(idre)?)? Le — Rd ((idgq)’oidr, ra)* Rd
id o) idRa)’*

PG — Ra 14r)”, pg

— L9, e — Rd 98, Rg

The first equality (on each side) holds by definition, the second (on the left) by naturality of (7)b in
c and (on the right) by naturality of (—)* in d, the third by unitality of composition, and the fourth
by the #/b isomorphism. This establishes that L 4 R, and hence the result. t

Sometimes, the ‘distances’ measured by the unit and counit are so small that the categories C
and D are actually ‘equivalent’: this happens when the unit and counit are natural isomorphisms,
meaning that the isomorphic core of the adjunction extends to the whole of C and D. This gives us

the following definition.

Definition 2.2.27. Suppose L - R in a 2-category. When the unit and counit of the adjunction

are additionally isomorphisms, we say that L and R form an adjoint equivalence.
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Remark 2.2.28. More generally, an equivalence of categories is a pair of functors connected by
natural isomorphisms of the form of the unit and counit of an adjunction, but which may not
necessarily satisfy the triangle identities; however, given any such equivalence, it is possible to
modify the unit or counit so as to upgrade it to an adjoint equivalence. Henceforth, we will have
no need to distinguish equivalences from adjoint equivalences, so we will say simply ‘equivalence’
for both. If there is an equivalence between a pair of categories, then we will say that the two
categories are equivalent.

Note that the notion of equivalence of categories can be generalized to equivalence in a 2-category,
by replacing the categories by 0-cells, the functors by 1-cells, and the natural isomorphisms by

invertible 2-cells.

The structure of an equivalence of categories can alternatively be specified as properties of the

functors concerned, which in some situations can be easier to verify.
Definition 2.2.29. We say that a functor /' : C — D is

1. full when it is surjective on hom sets, in the sense that the functions Fy,; : C(a,b) —

D(Fa, Fb) are surjections;
2. faithful when it is injective on hom sets, in the sense that the functions F7, ; are injections;
3. fully faithful when it is both full and faithful (i.e., isomorphic on hom sets); and

4. essentially surjective when it is surjective on objects up to isomorphism, in the sense that for

every object d : D there is an object ¢ : C such that F¢ =~ d.

Proposition 2.2.30. Categories C and D are equivalent if and only if there is a functor ¥ : C — D

that is fully faithful and essentially surjective.

Proof [213, Lemma 9.4.5]. First, we show that if F' 4 G : D — C is an equivalence of categories,
then F' : C — 7D is fully faithful and essentially surjective. For the latter, observe that G gives
us, for any d : D, an object Gd : C and ¢ is by definition an isomorphism F'Gd — d; hence
F is essentially surjective. To show that F' is fully faithful means showing that each function

Fup : C(a,b) — D(Fa, Fb) is an isomorphism; we can define the inverse F,, | as the following

composite:
a c ay -
D(Fa, Fb) S22 ¢(GFa,GFp) U2, C(a,b)
-1
g — Gg — (ahGFaﬂGanb—M))
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Here, the function C(7q, 7, 1) is the function f — m, 16 f o, obtained from the hom functor
(Remark [2.2.15). Hence F;bl (g9) := ngl o (Gg o 1. To see that this is indeed the desired inverse,

consider applying the functor F' to the morphism ngl (g); we have the following equalities:

F —1
Fa 2 pGFa 299 rary 2 Fp
Ft

— Fa % Fb E™ pGaFy s Fb

= Fa % Fb

where the first equality holds by the naturality of n and the second equality holds since 7 is an
isomorphism. Since F' is therefore isomorphic on hom sets, it is fully faithful.

Next, we show that if F' : C — D is fully faithful and essentially surjective, then there is a
functor G : D — C and natural isomorphisms 7 : id¢ = GF and € : FFG = idp. On objects d : D,
we can define Gd : C as any choice of object such that F'Gd — d: such an object must exist since
F is essentially surjective. We then define ¢4 to be the associated isomorphism F'Gd — d; it is
easy to verify that € so defined is natural. On morphisms, let the functions G; . be defined as the
composite functions

—1

D(eg.ec ') Fod,e
D(d,e) ——> D(FGd, FGe) DS C(Gd, Ge)
1 .
g — (FGdidieLFGe) — Féj’Ge(eglogoed)

Since F' is a fully faithful functor and € is a natural isomorphism, this makes G a well-defined
functor. Finally, we define 7 as having the components 7, := F cjé Fe (e}i), since € is a natural
isomorphism, so is e !, which is thus preserved as such by the inverse action of F in defining 7.
This establishes all the data of the equivalence.

(Note that we can actually prove a little more: it is not hard to verify additionally that the two
constructions are inverse, so that equivalences are themselves equivalent to fully faithful essentially

surjective functors.) O

Remark 2.2.31. In the above proof, we assumed the axiom of choice, defining Gd as a choice
of object such that FGd —> d. It is possible to avoid making this assumption, by asking for
the surjection on objects Fyy : Co — Dy to be ‘split’ in the sense that it comes with a function

s: Dy — Cy such that Fy(s(d)) = d in D for every object d : D; then we just set Gd := s(d).
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2.3. Universal constructions

In the preceding sections, we have used diagrams to represent some patterns in a categorical
context, and we have discussed how functors allow us to translate patterns and structures between
contexts; indeed, we used functors to formalize diagrams themselves. But an important facet of
the notion of pattern is replication across contexts, and in many important situations, we will
encounter patterns that apply to all objects in a category. We call such patterns universal, and much
of science is a search for such universal patterns: for example, much of physics, and by extension
much of the theory of the Bayesian brain, is a study of the universal principle of stationary action.
In this section, we introduce the formal characterization of universality and exemplify it with some
examples that will be particularly important later on — as well as some examples that we have

encountered already.

2.3.1. The universality of common patterns

We begin with some basic examples of universal patterns.

2.3.1.1. Disjunctions, or coproducts

Our first example of a universal pattern is the coproduct, which captures the essence of the following

examples — situations like disjunction, where there is an element of choice between alternatives.

Example 2.3.1. Given two propositions, such as Py := “ — is flat” and Py := “ — is sharp”, we
can form their disjunction Py v Py (meaning “ — is flat or sharp”). Similarly, given two subsets
P, P, € X, we can form their join or union, P; U Ps: an element x is an element of P; U Py if

(and only if) it is an element of P; or an element of Ps.

Example 2.3.2. Given two numbers, we can form their sum; for instance, 1 + 2 = 3. More
generally, given two sets A and B, we can form their disjoint union, denoted A + B. The elements
of A + B are pairs (i, x) where z is an element of A or of B and 7 indicates which set = is drawn
from (this ensures that if an element x of A is the same as an element of B, it is added twice to the

disjoint union). Therefore, if A has 1 element and B has 2, then A + B has 3 elements.

Remark 2.3.3. The preceding example illustrates how we can think of numbers equivalently as
sets of the indicated cardinality. Many operations on sets are generalizations of familiar operations

on numbers in this way.
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Example 2.3.4. Given two graphs, G and G’, we can form the sum graph G + G’, whose set of

nodes is Gy + G{, and whose set of edges is G; + GY.

Example 2.3.5. Given two vector spaces V and V', we can form their direct sum V @ V', whose

vectors are linear combinations of vectors either in V or in V.
Each of these is an example of a coproduct, which we now define.

Definition 2.3.6. Given objects A and B in a category C, their coproduct (if it exists) is an object,
canonically denoted A+ B, equipped with two morphismsinj4 : A - A+ Bandinjg: B - A+B
such that, for any object () equipped with morphisms f : A — @) and g : B — @), there is a unique
morphism v : A + B — @ such that f = woinj, and g = u o injg. The morphisms inj 4 and injg

are called injections, and the morphism w is called the copairing and often denoted by [f, g].

Example 2.3.7. Morphisms of subsets are inclusions, so given subsets P;, P, < X, there are
evident inclusions P; € P} u P; and P, € P; U P». Moreover, given a subset () such that P, € Q)
and P, € @), itis clearly thecasethat P S Pi+ P, €S Qand P, € P+ P, € Q).

Similarly, morphisms of propositions are implications, so given P; and P2 such that P; — () and
P2 — @, then it is necessarily the case that Py — Py v Py — @ and Py — P v P2 — Q: clearly,
both Py and Py imply P; v P2 by definition, and if both P; and Py imply @), then so does P v Pa.

Example 2.3.8. Given sets A and B, the injections injy : A > A+ Bandinjg: B > A+ B
are the corresponding inclusions: inj,4 maps a to (1,a) and injz maps b to (2,b), where 1 tags
an element as coming from A, and 2 tags an element as coming from B. Given f : A — @ and
g : B — Q the copairing [f,g] : A+ B — (@ is the function that takes an element (i, x) and
returns f(x) if i = 1 or g(z) if i = 2; it is from this that the ‘choice’ interpretation arises for the

coproduct.

Example 2.3.9. Morphisms of vectors spaces are linear maps, and if the spaces are finite-
dimensional, then we can represent these maps as matrices: if V is n-dimensional and W is
m-dimensional, then a morphism V' — W is a matrix of shape (m, n); writing the elements of V'
and W as column vectors, such a matrix has m rows and n columns. Moreover, in this case, the
direct sum V @ W is (n + m)-dimensional.

Therefore suppose that V, V' and W have respective dimensions n, n’ and m, and suppose we
have linear maps f : V. — W and g : V' — W. The injection V' — V @ V" is the block matrix

1
<On> where 1,, is the n-by-n identity matrix and 0, is the n’-by-n’ zero matrix; similarly, the
n/
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injection V' — V @ V" is the block matrix <?n ) And the copairing [f,g] : V@ V' — W is the
block matrix ( f g).

Remark 2.3.10. The coproducts we have considered so far have all been binary, being coproducts
of only two objects. More generally, we can often consider coproducts of more objects, by repeating
the binary coproduct operation; typically, there is an isomorphism (A + B) + C = A + (B + C).
We can extend this further to finite (and, often, infinite) collections of objects. Suppose then that
{A;} is a collection of objects indexed by ¢ : I, where I is a set, and form the iterated coproduct
.7 Ai; we will call this object a dependent sum, because the summands A; depend on i : I. In the
case where the objects A; are all sets, the dependent sum ), A; is again a set, whose elements are
pairs (i, z) where i is an element of I and x is an element of A;. In other categories C, typically the
name dependent sum is reserved for the case when all of the objects A; and the object I are objects

of C. But when I remains a set, we may still be able to form the /-indexed coproduct >, A; in C.

2.3.1.2. Conjunctions, products, and sections

Our next example of a universal pattern is the product, which captures situations like conjunction,

in which things come along in separable pairs of individuals.

Example 2.3.11. Given two propositions, suchas P := “— is small” and Py := “— is connected”,
we can form their conjunction P; A P2 (meaning “ — is small and connected”). Similarly, given
two subsets P, P» © X, we can form their meet or intersection, P, n P»: an element x is an

element of P; n P, if (and only if) it is an element of P, and an element of P>.

Example 2.3.12. Given two numbers, we can form their product; for instance, 2 x 3 = 6. More
generally, as we saw in Definition [2.2.1} we can form the product of any two sets A and B, denoted
A x B. The elements of A x B are pairs (a, b) where a is an element of A and b is an element of

B. Therefore, if A has 2 elements and B has 3, then A x B has 6 elements.

Remark 2.3.13. When all the summands of a dependent sum are the same set or object A regardless
of their associated index i : I, then the object } ;. ; A is isomorphic to the product I x A: this is

simply a categorification of the fact that “multiplication is repeated addition”.

Example 2.3.14. Given vector spaces V and V' (of respective dimensions n and n’), their product
is again the direct sum V @ V’. Since the direct sum of vector spaces is both a product and a

coproduct, it is also said to be a biproduct.
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Categorically, the product is the dual of the coproduct.

Definition 2.3.15. Given objects A and B in a category C, their product (if it exists) is an object,
canonically denoted A x B, equipped with two morphisms proj, : A x B — A and projg :
A x B — B such that, for any object () equipped with morphisms f : Q - Aandg: Q — B,
there is a unique morphism u : Q — A x B such that f = proj, o u and g = projg o u. The
morphisms proj 4 and projg are called projections, and the morphism w is called the pairing and

often denoted by (f, g).

Example 2.3.16. Given subjects P, P, € X, there are evident inclusions P, n P» € P; and
P n P, € P,. Moreover, given a subset () such that ) € P; and () € P, it is clearly then the
casethat QS PLn Phbc PlandQ S P n P, C P,

Similarly, given propositions P; and Py such that @ — Py and Q) — Py, it is (by the definition
of “and”) the case that Q — P; A P —> Pyand Q — Py A Py — Pa.

Example 2.3.17. Given sets A and B, the projections proj4 : Ax B — Aandprojg: AxB — B
are the functions (a,b) — a and (a,b) — b respectively. Given f : Q — Aand g : Q — B, the
pairing (f, g) : @ — A x B is the function z — (f(x), g(z)); note that this involves ‘copying’ z,

which will be relevant when we come to consider copy-discard categories in

Remark 2.3.18. Above, we observed that a coproduct with constant summands A is equivalently
a product I x A of the indexing object I with A; we therefore have a projection proj; : [ x A — I.
More generally, for any dependent sum .. ; A;, there is a projection ) ,.; A; — I; in the case of

dependent sums in Set, this is unsurprisingly the function (i, x) — i.

Example 2.3.19. Suppose we have vector spaces V, V' and W of respective dimensions n, n’ and
m. The projection V @ V' — V is the block matrix (1n On/), and the projection V@V’ — V'
is the block matrix (On ln/). Given linear maps f : W — V and g : W — V’, the pairing
(f,g) : W — V@®V'is the block matrix (£> . Note that, in a sign of the duality between products
and coproducts, the projections and the pairing are respectively the injections and the copairing

transposed.

Remark 2.3.20. Just as in the case of coproducts, we can also consider products of more than two
objects, by repeating the product operation; there is again typically an isomorphism (A x B) x C' =

A x (B x C).If {4;} is a collection of objects indexed by ¢ : I (with I again a set), we can form
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the dependentproduc [ I;.; Ai- In the case where I is finite and the objects A; are all sets, the
dependent product [ [,.; A; is again a set, whose elements can equivalently be seen as lists (a;, . .. )
indexed by ¢ with each element a; drawn from the corresponding set A; or as functions s with
domain I and codomain the dependent sum . ; A; such that each s(¢) is tagged by 4. This situation

is summarized by the commutativity of the diagram

I —— XA

1

where 7 is the projection and which therefore requires that m o s = idz. Such a function s is known
as a section of p, and we can think of sections therefore as dependent functions, since the types of

their output values (i.e., A;) may depend on the input values 3.
The notion of section is important enough to warrant a general definition.

Definition 2.3.21. Suppose p : E' — B is a morphism. A section of p is a morphisms: B — E

such that po s = idp.
2.3.1.3. Subobjects and equalizers

Our next examples of universal patterns do not involve pairing or grouping objects together to make
new ones. For instance, in many situations, it is of interest to restrict our attention to ‘subobjects’
(of a single given object) that satisfy a certain property, which may not extend to the whole object

at hand.

Example 2.3.22. In examples above, we saw that subsets and propositions behave similarly with
respect to disjunctions and conjunctions. More broadly, there is a correspondence between subsets
and propositions, if we think of propositions on a set X as functions X — 2, where 2 is the
2-element set {_L, T} of truth values (where we interpret | as ‘false’ and T as ‘true’). Every subset
A € X has an associated injection, A < X, and there is a correspondence between such injections

and propositions P4 : X — 2, where P 4 () is true whenever z is an element of A. This situation

!This set-indexed product is also known as an indexed product, to emphasize that the factors are indexed by the set I;
since I has elements, we can properly think of these as indices, which may not be true for other kinds of object. We
will see in Definition [2.3.63|how to use categorical structure to abstract away the requirement that I be a set.
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can be summarized by the commutativity of the diagram
A— 1

-
X — 5, 2

where 1 is the singleton set {«}, ! is the unique function sending every element of A to %, and T is
the function = — T picking the truth value T. If, in a category C, there is an object such that, for
any subobject A < X, there is a unique morphism X — 2 such that the above diagram commutes
(and moreover defines a pullback square in the sense of Example below), then we say that
the object 2 is a subobject classifier in C; in this case, we interpret 1 as the ‘terminal’ object in C

(introduced below, in Example [2.3.41).

A pattern that will be particularly common is that in which we care about a subset of elements
of a set that make two functions equal. This can be generalized to arbitrary categories using the

following notion.

Definition 2.3.23. Suppose f and g are both morphisms X — Y. Their equalizer is an object £
equipped with a function e : ' — X such that f o e = g o e (so that e is said to equalize f and g)

as in the commuting diagram

f
E—— X Y
g

and such that, for any d : D — X equalizing f and g, there is a unique morphism v : D — E such

that d = e o u, as in the diagram

!
o J— Uiy E < X 'y
\7 —

Example 2.3.24. Via the correspondence between subsets and propositions, we can express the
conjunction of propositions as an equalizer. Suppose have have two propositions P4 : X — 2

and Pp : X — 2, corresponding to subsets A < X and B — X, whose inclusions we denote by
L AOProj 4

14 and ¢ respectively. The equalizer of A x B X is the subset of A x B whose
LBOproj g

elements are pairs (a, b) in which a = b in X. This subset is isomorphic to the meet A n B, which

corresponds as a proposition to the conjunction P4 A Pp.
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2.3.1.4. Coequalizers and quotients

We can also make objects ‘smaller’ by dividing them into equivalence classes, as we did when
quotienting free categories by given relations (cf. Proposition|2.1.13). In general, this pattern is
captured by the notion of coequalizer, which is dual to the notion of equalizer in the same way that

coproducts are dual to products.

Definition 2.3.25. Suppose f and g are both morphisms X — Y. Their coequalizer is an object P
equipped with a function p : Y — P such that p o f = p o g (with p said to coequalize f and g) as

in the commuting diagram

f
_—> p
X _ Y —— P

and such that, for any ¢ : Y — @) coequalizing f and g, there is a unique morphism v : P — Q)

such that ¢ = u o p, as in the diagram

Example 2.3.26. A relation ~ on a set X is a proposition on X x X, and thus equivalently a
projjot
subset R < X x X let ¢ denote the inclusion. The coequalizer of R —— X isthe set
2

of equivalence classes of X according to ~, which is precisely the quotient X /~.

2.3.2. The pattern of universality

There is a common pattern to the common patterns above: in each case, we described an object
U equipped with some morphisms, such that, given any object X with morphisms of a similar
shape, there was a unique morphism  relating X and U. The existence of such a unique morphism
for any comparable X makes the object U a universal representative of the situation at hand and
has a number of powerful consequences: in particular, it entirely characterizes the object U up to
isomorphism. Much of the power of category theory comes from the use of universal properties to
classify, compare, and reason about situations of interest — for the general notion of universality

itself can be characterized categorically.

Definition 2.3.27. Suppose F' : C — D is a functor and X : D an object. We define two dual
universal constructions. A universal morphism from X to F is a morphism v : X — FU for a

corresponding universal object U : C such that for any f : X — F'V in D there exists a unique

e:U — Vsuchthat f = X % FU L% Fv.
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Dually, a universal morphism from F' to X is a morphism v : FU — X for a given U : C such

that for any f : F'V — X in D there exists a unique e : V' — U such that f = v £ Fu s x.

We can now formalize the universal properties of the examples we met above, beginning with

the coproduct.

Example 2.3.28. Let A : C — C x C denote the functor X — (X, X). A coproduct of X and
Y in C is a universal morphism from the object (X,Y) in C x C to A: that is, an object X + Y
in C and a morphism (injy,injy) : (X,Y) —» (X +Y,X +Y) in C x C such that, for any
(fy9) : (X,Y) - (Q,Q) in C x C, the copairing [f,g] : X + Y — @ uniquely satisfies the
equation (f, g) = (X, V) L), x4y x4 yy WD, g ).

Example 2.3.29. Againlet A : C — C x C denote the functor X — (X, X). A product of X and
Y in C is a universal morphism from the object (X,Y’) : C x C to A: that is, an object X x Y
in C and a morphism (projy, projy-) : (X x Y, X xY) — (X,Y) in C x C such that, for any
(f,9):(Q,Q) = (X,Y)inC x C, the pairing (f, g) : @ — X x Y uniquely satisfies the equation
(f,9) = (Q,Q) ((:9),(1,9)) (X xY,X xY) (proj x ,projy) (X,Y).

Remark 2.3.30. If we let 2 denote the two-object discrete category {e e}, then there is an
equivalence C x C = C2 and so a pair of morphisms in C is equivalently a natural transformation

in C2. (This is a categorification of the familiar fact that “exponentiation is repeated multiplication”,

which we will explore in §2.3.4])

Consequently, the functor A from the preceding examples can equivalently be defined as a
functor C — C2. Letting the exponent take a more general shape, we obtain a family of constant

functors.

Proposition 2.3.31. Suppose C and D are categories, and d : D is an object. Then there is a
constant functor on d, denoted A; : C — D, which takes each object ¢ : C to d : D and each
morphism f : ¢ — ¢ to idg; note that Fc = d = F¢. The assignment d — Ay is itself trivially

functorial, giving a functor A : D — D€ which we call the constant functor functor.

Example 2.3.32. Let 7 be the category with two objects, 1 and 2, and two non-identity morphisms
a, 1 — 2,as in the diagram 1 i; 2 , and let A be the constant functor functor C — C7.
Now suppose f and g are two morphisﬁms X — Y in C. To construct their equalizer as a universal
morphism, let D be the diagram J — C mapping o — f and 8 — ¢. Then an equalizer of

f and g is a universal morphism from A to D (with D being an object of the functor category
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C7): that is, an object E : C equipped with a natural transformation ¢ : A = D satisfying the
universal property that, for any ¢ : Ap = D there exists a unique morphism u : ' — E such
that p = €0 A,.

Unraveling this definition, we find that such a natural transformation € consists of a pair of

morphisms €; : ' — X and €2 : E — Y making the following naturality squares commute:

E—23 X E—23 X
" I
E——Y E——Y

We can therefore set €; = e, where e is the equalizing morphism £ — X. The commutativity of
the naturality squares enforces that f o e = €3 = g o e and hence that f o e = g o e, which is the
first condition defining the equalizer. Unwinding the universal property as expressed here shows

that the morphisms ¢ and u correspond exactly to the morphisms d and u of Definition [2.3.23

Example 2.3.33. The case of a coequalizer is precisely dual to that of an equalizer. Therefore, let
J, A, and D be defined as above. A coequalizer of f,g : X — Y is then a universal morphism
from D to A.

Example 2.3.34. In Proposition we constructed a category generated with relations F'G/~
as a quotient of a free category on a graph F'G. Since this category F'G/~ is a quotient and
quotients are coequalizers (by Example , the projection functor FG — FG/~ (Example
constitutes the associated universal morphism, in the sense dual to the morphism ¢; of

Example [2.3.32

Example 2.3.35. The free category construction itself (Proposition exhibits a universal
property, as a consequence of the free-forgetful adjunction (Example [2.2.25): given a graph G and a
category C, any functor F'G — C is uniquely determined by a graph homomorphism G — UC from
G to the underlying graph of C. More precisely, there is a universal morphism from the singleton set
1 to the functor Cat(F —, C) for every category C. This means that, for any graph G, every functor
f:+ FG — C factors as F'G £h, PUC % C where u is the universal morphism and h is the unique
graph homomorphism. This universal property follows abstractly from facts that we will soon
encounter: that adjoint functors are ‘representable’ (Proposition [2.4.16); and that representable
functors are universal (Proposition [2.4.23). We hinted at this property in Example where we
observed that functors between free categories ‘are’ graph homomorphisms: the homomorphism h

here is the graph homomorphism corresponding to the functor f, and u renders it as a functor into

C.
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When an object satisfies a universal property, then this property characterizes the object uniquely:
as a result, universal properties are powerful constructions, telling us that for certain questions,
there can be only one possible answer. Characterizing an object by a universal property abstracts
away from contextually irrelevant details (for example, the particular elements making up a set),
and crystallizes its essence.

The uniqueness of universal morphisms is formalized by the following proposition.

Proposition 2.3.36 (Universal constructions are unique up to unique isomorphism). Suppose
u:X — FU and v’ : X — FU’ are both universal morphisms from X : C to F' : C — D. Then

there is a unique isomorphism i : U — U’.
To prove this, we need to know that functors preserve isomorphisms.

Proposition 2.3.37. If F' : C — D is a functor and f : x* — y is an isomorphism in C, then

Ff: Fx — Fyis an isomorphism in D.

Proof. For f to be an isomorphism, there must be a morphism f~! : y — x such that f~'o f = id,
and fo f~! =id,. We have idp, = F(id;) = F(f 1o f) = Ff~! o Ff, where the first and third
equations hold by the functoriality of F' and the second equation holds ex hypothesi. Similarly,
idpy = F(idy) = F(f o f~!) = Ff o Ff~!. Therefore F f~! is both a right and left inverse for
Ff,and so F'f is an isomorphism. O

Proof of Proposition Since v’ is a morphism from X to F, the universal property of u says
that there exists a unique morphism i : U — U’ such that v’ = F'i o u. Similarly, the universal
property of v’ stipulates that there exists a unique morphism ¢’ : U’ — U such that u = Fi’ o /.

We can substitute the latter into the former and the former into the latter:

J = x % rur S Fru B U w=X%Fru L pur I py
— x ¥ py E00, gy —x % pu 2 pp
_x Y py 29 p —x & py Y, gy

and since functors preserve isomorphism, we have i o i’ = idy» and ¢/ o ¢ = idy. Therefore, i is an

isomorphism which is unique by definition. O
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2.3.3. Limits and colimits: mapping in to and out of diagrams

Many of the universal constructions aboveE] fall into their own general pattern, in which a diagram
of objects and morphisms is specified, and a universal morphism is produced which encodes the
data of mapping into or out of that diagram, in a sufficiently parsimonious way that any other
way of mapping into or out of the diagram factors through it. In the case of the (co)product, the
diagram is simple: simply a pair of objects, with no morphisms between them. In the case of the
(co)equalizer, the diagram is a little more complex, being a ‘fork’ of the form 1 %; 2. We
can generalize these examples further, to consider the most parsimonious ways of mapping into
or out of diagrams of arbitrary shape: these universal constructions are called colimits and limits
respectively, and to formalize them, we need to define what it means to map into or out of a diagram.

For this purpose, we use the following notion of cone over a diagram.

Definition 2.3.38. A cone over the J-shaped diagram D in C is a natural transformation A, = D
for a given object ¢ : C which we call its apex. Dually, a cocone under D with apex c is a natural

transformation D = A.. We say that J is the shape of the cone.
With this definition to hand, the notions of limit and colimit are easy to define.

Definition 2.3.39. A limit is a universal cone, and a colimit is a universal cocone. More explicitly,
if D is a J-shaped diagram in C, then the limit of D is a universal morphism from the constant
diagram functor functor A : C — C” to D (considered as an object of the functor category), and
the colimit of D is a universal morphism from D to A; alternatively, a colimit in C is a limit in C °P.
In both cases, the apex of the cone is the universal object of the construction, which in the case of
the limit of D we denote by lim D, and in the case of the colimit, colim D.

Note that we will often say ‘(co)limit’ to refer to the apex of the universal (co)cone, even though
the (co)limit is properly the whole universal construction. We are entitled to say “the (co)limit”
thanks to the uniqueness of universal constructions.

We will often denote a universal cone by proj and call its component morphisms projections;

dually, we will often denote a universal cocone by inj and call its morphisms injections.

Example 2.3.40. We can now exemplify the pattern of the limiting examples above. We will draw
diagrams to depict the shape categories, with each symbol e indicating a distinct object and each

arrow — indicating a distinct non-identity morphism.

2 . .
Products, coproducts, equalizers, and coequalizers.
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1. A coproduct is a colimit of shape { o o };
2. a product is a limit of shape { ) ) };

3. an equalizer is a limit of shape { L R— ) }; and
4. a coequalizer is a colimit of shape {  P— }

Of course, these are not the only possible shapes of limits and colimits. Some others will be

particularly important, too.

Example 2.3.41. Let O denote the category with no objects or morphisms. A limit of shape 0 is
known as a terminal object. This is an object 1 such that, for every object X, there is a unique
morphism ! : X — 1. The terminal object in Set is a singleton set {x}.

Dually, a colimit of shape 0 is known as an initial object: an object 0 such that, for every object

X, there is a unique morphism i : 0 — X. The initial object in Set is the empty set.

Remark 2.3.42. In Remark 2.2.8] we noted that morphisms 1 — A in Set correspond to elements
of A. In general categories C with a terminal object, one sometimes calls morphisms out of the
terminal object global elements. The word ‘global’ emphasizes the special position of the terminal

object in a category, which has a unique view of every object.

Example 2.3.43. A pullback is a limit of shape { e — S ei—— o } That is, given morphisms
f:A— Xandg: B — X, their pullback is an object P and morphisms proj,4 : P — A and

projg : P — B making the following diagram commute

P projp B
PVOJ'Al : lg
A T> X

in the universal sense that, for any object () and morphisms 74 : Q — Aand 7 : Q — B such
that f o m4 = g o mp, then there is a unique morphism v : ) — P such that 74 = proj4 o v and
TR = projg o u. We indicate a pullback square using the symbol | as in the diagram above, and will
variously denote the limiting object P by A x x B, f*B, or g* A, depending on the context.

The interpretation of the pullback is something like a generalized equation: in the category Set,
the pullback A x x B is the subset of the product A x B consisting of elements (a, b) for which
f(a) = g(b). Alternatively, it can be understood as a kind of generalized intersection: given two

objects A and B and “ways of assigning them properties in X” f and g, the pullback A x x B is
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the generalized intersection of A and B according to these X -properties. In fact, we already saw
this latter interpretation in Example [2.3.24] where we exhibited an intersection as an equalizer;

now we can see that that equalizer was ‘secretly’ a pullback.

Remark 2.3.44. Dually, a colimit of shape { o ——> e <i—— } is known as a pushout. Whereas
a pullback has an interpretation as a subobject of a product, a pushout has an interpration as a

quotient of a coproduct. In this work, we will make far more use of pullbacks than pushouts.

The observation that pullbacks can be interpreted as subobjects of products (and dually that
pushouts can be interpreted as quotients of coproducts) is a consequence of the more general result
that all limits can be expressed using products and equalizers (and hence dually that colimits can

be expressed using coproducts and coequalizers).

Proposition 2.3.45. Let D : J — C be a diagram in C, and suppose the products [ [, ; D(j) and

[ 1., D(cod f) exist. Then, if it exists, the equalizer of

H/‘;Jl (DfO projdomf)

[T, PG~ 7Tl D(cod f)

Hf;]l projcod f

is the limit of D.

Proof sketch. Observe that the equalizer of the diagram above is an object L such that, for every

morphism f : j — j" in J, the diagram

Dy—>D]

commutes, and such that any cone over D factors through it. This is precisely the universal property

of the limit of D, and so by Proposition [2.3.36} (L, proj) is the limit. O

Remark 2.3.46. As we indicated above, a dual result holds expressing colimits using coequalizers
and coproducts. Because results obtained for limits in C will hold for colimits in C °P, we will

henceforth not always give explicit dualizations.
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2.3.3.1. Functoriality of taking limits

In the statement of Proposition we used the fact that taking products extends to morphisms,
too: a fact that was exemplified concretely in Example and which follows from the fact that a
pair of morphisms in C is equivalently a morphism in C x C. We then saw in Remark [2.3.30] that
C x C = C2. By letting the exponent again vary, the functoriality of taking products generalizes to

the functoriality of taking limits, as long as C has all limits of the relevant shape.

Proposition 2.3.47 (Taking limits is functorial). Suppose C has all limits of shape J (i.e., for any
diagram D : J — C, the limit lim D exists in C). Then lim defines a functor Cat(.J,C) — C.

Proof. We only need to check the assignment is well-defined on morphisms and functorial. Suppose
D and D’ are two diagrams J — C with corresponding limiting cones u : Ay, p = D and
w' @ Ajmp = D', and suppose § : D = D’ is a natural transformation. Observe that the
composite natural transformation Ay, p =D 6: D' is a cone on D’, and that cones on D’ are in
bijection with morphisms in C into the apex object lim D’. Therefore, by the universal property of
the limit, there is a unique morphism d : lim D — lim D’ such that ¢ o u = «’ o A,. This situation
is summarized by the commutativity of the following diagram, where the dashed arrow indicates

the uniqueness of Ag:

We define the action of the functor lim : Cat(J,C) — C on the natural transformation § by this
unique morphism d, setting lim § := d : lim D — lim D’.

It therefore only remains to check that this assignment is functorial (i.e., that it preserves identities
and composites). To see that lim preserves identities, just take § = idp in the situation above;
clearly, by the uniqueness of d, we must have limidp = idjj, p. Now suppose ¢’ : D' — D" is
another natural transformation. To see that lim (¢’ 0 §) = lim ¢’ o lim 4, consider the pasting of the

associated diagrams:

Add
///”//;Z’ \\::\\\\;S
Ag Ay
AllmD Coooooooooh AhmD’ Ccoooooooooh AhmD//
u u/ ,LL//
!
D d D’ ) D"
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We have lim (¢’ o §) = d'd, which is unique by definition. Therefore we must have d'd = d' o d =
lim(0”) o lim(§), and hence lim (¢’ o §) = lim(4") o lim(0) as required. O

2.3.3.2. (Co)limits as adjoints

Since taking limits is functorial, it makes sense to ask if the functor lim has an adjoint, and indeed

it does, in a familiar form.

Proposition 2.3.48. The functor lim : C’/ — C is right adjoint to the constant diagram functor

functor A : C — C”, ie. A - lim.

Proof. We need to show that C’(A., D) =~ C(c,lim D) naturally in ¢ : Cand D : J — C. Itis
sufficient to demonstrate naturality in each argument separately, by the universal property of
the product in Cat. We have already established naturality in ¢ : C in Lemma|2.3.51]and shown
that taking limits is functorial (Proposition [2.3.47). So it only remains to show that this extends
to naturality in D : J — C, which requires the commutativity of the following diagram for any

§ : D — D', where we write ap for the isomorphism C(c, lim D) = C’/(A., D):
C(c,limD) —*2— ¢/(A., D)
C(c,lim §) CI(Ac,0)
C(c,limD') — 2 CI(A,, D)

Chasing a morphism 3 : ¢ — lim D around this diagram, we find that its commutativity amounts

to the commutativity of the following diagram of cones for all ¢ : ¢ — j in J, where by definition

ap(p)i=mioPfand ap/(limd o f); = 7, olimé o S

D D'i
w083 w-/ D 7r’./ I
T ¢ P ¢
¢ - B----» lim D ------ lim§ —-1------- > lim D/
\WJ_ \W;
m— T . 3y
J

This diagram commutes by definition, so the isomorphism is natural in D, which therefore

establishes the desired adjunction. O

Remark 2.3.49. Dually, if all colimits of shape .J exist in C, then colim is left adjoint to A.
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Later, we will see that every adjoint functor exhibits a universal property (Propositions|2.4.16,
and [2.4.23| results that we’ve already seen exemplified in Example [2.3.35), and this therefore gives

us another perspective on the universality of limits.

2.3.3.3. Hom preserves limits

We end this section with a useful result on the interaction between the covariant hom functors

C(ec,—) : C — Set and taking limits.

Proposition 2.3.50 (Hom functor preserves limits). Suppose D : J — C is a diagram in the

category C. There is an isomorphism C(c¢,lim D) = lim C(¢, D(—)) which is naturalin ¢ : C.

To prove this proposition, it helps to have the following lemma, which establishes a natural
isomorphism between the set of morphisms into a limit and the set of cones on the corresponding

diagram.
Lemma 2.3.51. C(c,lim D) = C’(A,, D), naturally in c : C.

Proof. For a given ¢ : C, the isomorphism C(c,lim D) = C’(A., D) follows directly from the
universal property of the limit: morphisms from c into the limiting object lim D are in bijection
with cones A. = D. So it only remains to show that this isomorphism is natural in ¢ : C. Writing
a:C(—,limD) = ¢’ (A=), D) for the natural transformation that takes each morphism into the
limit to the corresponding cone on D, naturality amounts to the commutativity of the following

square for each f : ¢ — cinC:
C(c,lim D) —2—— ¢’ (A, D)
C(f,lim D) ¢’ (Ayf,D)
c(d,limD) — 2 ¢/(Ay, D)

Commutativity of this naturality square witnesses the fact that, given a morphism g : ¢ — lim D,
you can either take the corresponding cone a.(g) and pull it back along A (at its apex) to obtain
the cone a.(g) © Ay, or you can form the composite morphism g o f and take its cone a (g o f),
and you’ll have the same cone: a.(g) © Ay = a (g o f). This is illustrated by the commutativity

of the following diagram, which shows fragments of the limiting cone denoted 7, the cone a.(g),
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and the cone o (g o f), for a morphism ¢ : i — jin J:

R———
//hmD Dy
\\ \

(901); \g)]_>> Dj

By the universal property of the limit, we must have a (g o f); = ac(g)i o f = m 0 go f naturally

in ¢, and hence a (g o f) = ac(g) o Ay. O

Proof of Proposition[2.3.5( By Lemma we have a natural isomorphism C’(A., D) =
lim C(c, D(—)), so it suffices to establish a natural isomorphism C/(A., D) = limC(c, D(—)).
This says that cones on D with apex ¢ are isomorphic to the limit of C(¢, D(—)) : J — Set,
naturally in c. First, note that this limiting cone in Set is constituted by a family of functions

{pi : imC (¢, D(—)) — C(¢, Di)};.7, as in the following commuting diagram:

C(c, Di)

/

pi

C(c,Dy)

/
lim C(c, D(—))
\

bj

T

C(c, Dj)

Next, note there is a bijection between cones A, = D on D in C with apex c, as in the commuting

diagram below-left, and cones A; = C(c, D(—)) in Set, as in the commuting diagram below-right.

Di C(c, Di)
C D(p 1 C(C’D‘P)
x . x
Dj C(e, Dj)

By the univeral property of the limit, any cone {3;} as on the right factors uniquely through
lim C(c, D(—)), as in the following commuting diagram. Similarly, any element 3 of lim C (¢, D(—))
induces a corresponding cone {p;(/3)}, by composition with the limiting cone p. To see that this
correspondence is an isomorphism, observe that the element of the set lim C(¢, D(—)) assigned to

the cone {p;(3)} must be exactly 3, since the universal property of lim C(¢, D(—)) ensures that (3



is uniquely determined.

C(c, Di)

C(e,Dy)

ﬁj C(Ca Dj)

It only remains to check that this correspondence is natural in ¢, so suppose f is any morphism
d — cinC. If we write p_ : limC(c, D(—)) — C’(A., D) to denote the function 5 — {p;(3)},

and p’_ to denote the corresponding function for ¢/, naturality requires the following square to

commute:
limC (¢, D(—)) ———— C’(A., D)
lim C(f,D(-)) c’(Ay,D)
limC(c/, D(-)) ——— ¢’ (Ay, D)

The commutativity of this square in turn corresponds to the commutativity of the following diagram
in Set, for any cone /3:

C(f,Di)

C(e, Di) C(d, Di)

e e

Di v}

C(c,Dyp) C(c',Dy)

\
\

1 7 limC(c, D(-))

) , ~
7D lim C(¢, D(—))

pj p;

.

C(c, Dy)

/ .

By the correspondence between cones A, = D in C and cones Ay = C(c, D(—)) in Set, this

diagram commutes if and only if the following diagram commutes:

— D1

/M/m/

f— ¢ Dy

\ \Bj\

Bief—__ $ Dj

C/

This diagram commutes by the definition of 3 and of the composites {3; o f}, thereby establishing
the naturality of the isomorphism lim C(c, D(—)) = C’(A., D). Since we also have a natural

isomorphism C’(A., D) = C(c,lim D), we have established the result. O
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The preceding proof established more than just the hom functor’s preservation of limits: it gave
us another useful natural isomorphism, this time betwen the set of cones A. = D in C and the set

of cones A; = C(c, D) on the diagram C(c, D) : J — Set with apex the terminal set 1.
Corollary 2.3.52. There is an isomorphism C’ (A, D) = Set”(Ay,C(c, D)), natural in ¢ : C.

Remark 2.3.53. Since limits in C°P are colimits in C, Proposition [2.3.50| implies that the

contravariant hom functors C(—, ¢) turn limits into colimits; i.e. C(lim D, ¢) = colim C(D(—), ¢).

2.3.4. Closed categories and exponential objects

A distinguishing feature of adaptive systems such as the brain is that they contain processes
which themselves control other processes, and so it is useful to be able to formalize this situation
compositionally. When a category contains objects which themselves represent the morphisms of
the category, we say that the category is closed: in such categories, we may have processes whose
outputs are again processes, and we may think of the latter as controlled by the former.

A basic instance of this mathematical situation is found amidst the natural numbers, where
repeated multiplication coincides with exponentiation, as in 2 x 2 x 2 = 23, If we think of numbers
as sets of the corresponding size, and let 23 denote the set of functions 3 — 2, then it is not hard
to see that there are 8 such distinct functions. If we generalize this situation from numbers to
arbitrary objects, and from functions to morphisms, we obtain the following general definition of

exponentiation.

Definition 2.3.54. Let x denote the product in a category C. When there is an object e : C
such that C(x, e) =~ C(z x y, z) naturally in x, we say that e is an exponential object and denote
it by zY. The image of id,»v under the isomorphism is called the evaluation map and is written

evy . :2Y xy— 2z

Example 2.3.55. In Set, given sets A and B, the exponential object B* is the set of functions

A — B. Given a function f : A — B, the evaluation map evp 4 acts by applying f to elements of
A:ie,evp A(f,a) = f(a).

Typically, we are most interested in situations where every pair of objects is naturally
exponentiable, which induces the following adjunction, formalizing the idea that exponentiation is

repeated multiplication.
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Proposition 2.3.56. When the isomorphism C(z x y, z) = C(z, 2¥) is additionally natural in z, we
obtain an adjunction (—) x y - (—)Y called the product-exponential adjunction, and this uniquely

determines a functor C°? x C — C : (y, z) — 2zY that we call the internal hom for C.

Proof. That the natural isomorphism induces an adjunction is immediate from Proposition [2.2.26;
the counit of this adjunction is the family of evaluation maps ev : (—)¥ x y = id¢. The uniqueness

of the internal hom follows from the uniqueness of adjoint functors (which we will establish in

Corollary [2.4.18). O

Definition 2.3.57. A category C in which every pair of objects has a product is called Cartesian. A

Cartesian category C with a corresponding internal hom is called Cartesian closed.

Example 2.3.58. We've already seen that Set is Cartesian closed. So is Cat: the internal hom C3

is the category of functors B — C.

Example 2.3.59 (A non-example). The category Meas of measurable spaces with measurable
functions between them is Cartesian but not Cartesian closed: the evaluation function is not always
measurable [15]]. In this context, we will introduce quasi-Borel spaces (originally due to Heunen

et al. [131]]) in §4.1.5] in order to construct stochastic processes which emit functions.

It is not hard to prove the following result, which says that Cartesian closed categories can

“reason about themselves”.
Proposition 2.3.60. A Cartesian closed category is enriched in itself.

This ‘internalization’ is witnessed by the hom functors, which in the case of a Cartesian closed

enriching category £ become £-functors.

Proposition 2.3.61. Suppose C is an £-category where £ is Cartesian closed. Then the hom
functor C(—, =) is an E-functor C°P x C — £. On objects (¢, d), the hom functor returns the object
C(c,d) in € of morphisms ¢ — d. Then, for each quadruple (b, ¢, a, d) of objects in C, we define an
&-morphism C°P(b,a) x C(c,d) — E(C(b,c),C(a,d)) as the image of the composite

(C(a,b) x C(c,d)) x C(b,c) = C(a,b) x (C(c,d) x C(b,c)) -

C(a‘zb) XOp.c,d
_—

Cla,b) x C(b,d) L C(b,d) x C(a,b) —22% C(a, d)
under the product-exponential isomorphism

£(Cla,b) x C(c,d), C(a, d)°)) = 8<(C(a, b) x C(c,d)) x C(b,c), C(a,d))
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where « is the associativty of the product and o is its symmetry X x Y = Y x X, and where we

have used that C°P(b,a) = C(a, b).

Remark 2.3.62. The rdle of the symmetry here is testament to the fact that we can read a composite

morphism g o f as either “g after f” or “f before g”.

Proof sketch. To give an £-functor (Definition [2.2.10) is to give a function on objects and a family
of £-morphisms (corresponding to the hom objects of C) such that identities and composites are
preserved. We have given such a function and such a family in the statement of the proposition,

and so it remains to check the axioms: these follow by the unitality and associativity of composition

in an £-category (Definition [2.2.6). O
When € is Cartesian closed, then as a corollary its hom functor £(—, =) is an £-functor.

When a diagram commutes, every parallel path is equal when interpreted as a morphism. If a
diagram commutes up to some 2-cell or 2-cells, then parallel paths can be transformed into each
other using the 2-cell(s). Much categorical reasoning therefore consists in using morphisms in the
base of enrichment to translate between different hom objects; the simplest such of course being
pre- and post-composition. In the next section, we will see many explicit examples of this kind of
reasoning when we prove the Yoneda Lemma—which says that the hom objects contain all the data
of the category—but we have already seen examples of it above, when we considered adjunctions:
after all, adjunctions are families of isomorphisms between hom objects.

When a category is Cartesian closed, it is its own base of enrichment, and so one does not have
to move to an external perspective to reason categorically about it: one can do so using its ‘internal
language’. We have already seen a correspondence between the language of logic and that of sets,
in which we can think of elements of sets as witnesses to the proof of propositions represented
by those sets, and where logical operations such as conjunction and disjunction correspond to
operations on sets. This correspondence extends to Cartesian closed categories generally: universal
constructions such as those we have introduced above can be interpreted as encoding the logic of
the internal language.

More precisely, Cartesian closed categories are said to provide the semantics for dependent type
theory: a higher-order logic in which propositions are generalized by ‘types One can construct

a ‘syntactic’ category representing the logic of the type theory, and then interpret it functorially

*A type is something like a proposition in which we’re ‘allowed’ to distinguish between its witnesses, which we call
terms of the given type.
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in a Cartesian closed category. This correspondence is known as the Curry-Howard-Lambek
correspondence, which says that logical proofs correspond to morphisms in a Cartesian closed
category, and that such morphisms can equally be seen as representing the functions computed
by deterministic computer programs. (In general, the correspondence is an adjoint one: dually,
one can construct from a given category a ‘syntactic’ category encoding the logic of its internal
language.)

When a category moreover has (internal) dependent sums and products, then it can be interpreted
as a model of dependent type theory, in which types themselves may depend on values; for instance,
one might expect that the type of a weather forecast should depend on whether one is on land or at
sea. We will not say much more about dependent type theory, although we will make implicit use
of some of its ideas later in the thesis. Therefore, before moving on to the Yoneda Lemma, we will

say just enough to define the notion of dependent product ‘universally’, without reference to sets.

2.3.4.1. Dependent products

In Remark[2.3.20] we discussed products where the factors were indexed by an arbitrary set and
explained how they correspond to sets of generalized ‘dependent’ functions, where the codomain
type may vary with the input. In that case, we were restricted to considering products indexed by
sets, but with the machinery of limits at hand, we can ‘internalize’ the definition to other Cartesian

closed categories.

Definition 2.3.63. Suppose C is Cartesian closed and has all limits, and suppose p: EE — Bisa
morphism in C. The dependent product of p along B is the pullback object | [ 5 p as in the diagram

where 1 is the terminal object, id3 is the element picking the identity morphism B — B, and p® is

the postcomposition morphism induced by the functoriality of exponentiation.

Remark 2.3.64. When p is the projection ) ;. ; P, — B out of a dependent sum, we will write its
dependent product as [ [, 5 P). Since a product B x C'is isomorphic to the dependent sum », 5 C,

note that this means we can alternatively write the exponential object C7 as [[,.5 C.

To understand how Definition [2.3.63| generalizes Remark [2.3.20| we can interpret the former in

Set and see that the two constructions coincide. The set EZ is the set of functions s : B — E,
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and p? acts by s > p o 5. The indicated pullback therefore selects the subset of EZ such that
po s = idp. This is precisely the set of sections of p, which is in turn the dependent product of p in

Set.

Remark 2.3.65. Definition [2.3.63|is entirely internal to C: it depends only on structure that is
available within C itself, and not on ‘external’ structures (such as indexing sets) or knowledge
(such as knowledge of the make-up of the objects of C). It is epistemically parismonious: a purely

categorical definition, stated entirely in terms of universal constructions.

Remark 2.3.66. Under the Curry-Howard-Lambek correspondence, exponential objects represent
the propositions that one proposition implies another; in type theory, they represent the type
of functions from one type to another. As dependent exponential objects, dependent products
could therefore be seen as representing ‘dependent’ implications; as we have already seen, they do
represent the type of dependent functions. However, dependent products and sums have another
kind of logical interpretation: as quantifiers. That is, the logical proposition represented by [ [,. 5 P»
is Vb : B.P(b): an element of | [,. 5 P is a proof that, for all b : B, the proposition P(b) is satisfied.
Dually, the proposition represented by > ;. 5 P, is 3b : B.P(b): an element of ), 5 P, is a pair

(b, x) of a witness to B and a witness x of the satisfaction of P(b).

2.4. The Yoneda Lemma: a human perspective

We end this chapter by introducing the fundamental theorem of category theory, the Yoneda
Lemma, which expresses mathematically the idea that to know how a thing is related to other
things is to know the identity of the thing itself. The notion of relational identity is recognized
throughout human endeavour. In linguistics, it underlies the observation of Firth [92] that “you
shall know a word by the company it keeps!”, which in turn is the foundation of distributional
semantics and thus much of contemporary natural language processing in machine learning. In
culture, it is illustrated by the ancient parable of the blind men and the elephant, in which the
identity of the creature is only known by stitching together evidence from many perspectives.
In society, it is reflected in the South African philosophy of ubuntu (meaning “I am because we
are”) and the Maori notion of whanaungatanga (in which personal identity is developed through
kinship), and the observation that “actions speak louder than words”. Finally, the Yoneda Lemma is
manifest in science, where our understanding of phenomena derives from the accumulation across
contexts of results and their interpretation and translation: no single individual understands the

totality of any subject, and no subject or phenomenon is understood in isolation.
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2.4.1. Formalizing categorical reasoning via the Yoneda embedding

In we saw how Cartesian closed categories allow us to internalize categorical reasoning. The
category Set is the archetypal Cartesian closed category, and constitutes the base of enrichment
for all locally small categories. The Yoneda embedding allows us to move from reasoning about
the objects in any given category C to reasoning about the morphisms between its hom sets: the
natural transformations between hom functors. In this context, the hom functors constitute special
examples of functors into the base of enrichment, which we call ‘presheaves’ (contravariantly) and

‘copresheaves’ (covariantly), and which can be thought of as C-shaped diagrams in Set.

Definition 2.4.1. Let C be a category. A presheaf onC is a functor C°® — Set. Dually, a copresheaf

is a functor C — Set. The corresponding functor categories are the categories of (co)presheaves on

C.

Remark 2.4.2. In the enriched setting, when C is enriched in £, an £-presheaf is an £-functor

C°P — &£ and an E-copresheaf is an £-functor C — £.
As a first example of a presheaf, we have an alternative definition of the notion of directed graph.

Example 2.4.3. Let G denote the category of Example containing two objects 0 and 1 and

two morphisms s,¢ : 0 — 1. Then a directed graph is a presheaf on G.
This definition is justified by the following proposition.

Proposition 2.4.4. There is an equivalence of categories Graph = Set®”, where Graph is the

category of directed graphs introduced in Example[2.1.11

Proof. To each graph G we can associate a presheaf G : G — Set by defining G(0) := Gy,
G(1) := Gi1, G(s) := domg and G(t) := codg; and to each presheaf we can likewise associate a
graph, so that we have defined a bijection on objects. It therefore only remains to show that there
is a bijection between graph homomorphisms and natural transformations accordingly: but this is
easy to see once we have observed that the graph homomorphism axioms are precisely the law of

naturality, as illustrated diagrammatically in (2.1). O

Taking again a general perspective, the Yoneda embedding is the embedding of a category C into
its presheaf category, obtained by mapping c : C to the presheaf C(—, ¢); and there is of course a

dual ‘coYoneda’ embedding.
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Remark 2.4.5. We say ‘embedding’ to mean a functor that is injective on objects and faithful
(injective on hom sets). The Yoneda embedding will turn out to be fully faithful (bijective on hom

sets), as a consequence of the Yoneda lemma.
Owing to its importance, we make a formal definition of the Yoneda embedding.

Definition 2.4.6. Let C be a category. By applying the product-exponential adjunction in Cat to
the hom functor C(—, =) : C°? x C — Set, we obtain a functor &: C — Set®” : ¢ — C(—,¢)
of C into its presheaf category, and dually a functor £ : C°? — Set® : ¢ — C(c, =) into the
copresheaf category. We call the former functor the Yoneda embedding and the latter the coYoneda
embedding. When C is an £-category and &£ is Cartesian closed, then the Yoneda embedding is

instead an £-functor C — £¢°" (and likewise for the coYoneda embedding).

Remark 2.4.7. This abstract definition does not make explicit how J acts on morphisms. However,
we have already seen this action, when we first exemplified natural transformations in Example

2218

As we discussed in much categorical reasoning corresponds to following morphisms
between hom objects, and often the reasoning is agnostic either to where one starts, or to where
one ends up. The Yoneda embedding witnesses such proofs as morphisms in the (co)presheaf
categories. As an example, consider the proof of Proposition [2.4.20| below: each step corresponds to

the application of a natural transformation.

Remark 2.4.8. It also so happens that every (co)presheaf category is very richly structured,
inheriting its structure from the base of enrichment. For example, this means that the presheaf
category Set®” has all limits, is Cartesian closed, has a subobject classifier, and dependent sums
and products, even when C has none of these. (Interestingly, this means that the category of directed
graphs is accordingly richly structured, being a presheaf category by Proposition [2.4.4]) As a result,

(co)presheaf categories are very powerful places to do categorical reasoning.

2.4.2. Knowing a thing by its relationships

The Yoneda lemma says that every (co)presheaf on C is determined by “how it looks from C”. Since
under the (co)Yoneda embedding every object gives rise to a (co)presheaf, a corollary of the Yoneda

lemma is that every object can be identified by its relationships.
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Remark 2.4.9. If the base of enrichment of a category is Cartesian closed, then one can prove an
analogous enriched version of the Yoneda lemma. We will only prove the standard Set-enriched
case here.

We will also only prove the Yoneda lemma for presheaves; there is of course a dual coYoneda

lemma for copresheaves, which follows simply by swapping C for C °P.

Theorem 2.4.10 (Yoneda lemma). Let F' : C°P? — Set be a presheaf on C. Then for each ¢ : C,
there is an isomorphism Fec =~ Set®”" (C (—,¢), F'). Moreover, this isomorphism is natural in both

F:C% — Setandc:C.

Proof. We first define a mapping v : Fc — Set®” (C(—,c), F) as follows. Given h : Fc, we
define the natural transformation (k) : C(—,¢) = F to have components v(h);, : C(b,c) —
Fb: f — Ff(h); note that since h : Fcand f : b — ¢, we have F'f : Fc — Fb and hence
Ff(h) : Fb. To check that this definition makes (k) into a natural transformation, suppose
g : a — b. We need to check F'go~y(h), = y(h)q 0 C(g,c). Since C(g,c)(f) = f o g, this means
verifying Fgo F f(h) = F(f o g)(h). But F is a contravariant functor, so F'(f o g) = Fgo F'f,
thereby establishing naturality.

Conversely, we define a mapping 7' : Set®™ (C(—,¢), F) — Fc as follows. Suppose « is a
natural transformation C(—, ¢) = F, so that its component at c is the function «. : C(c,c) — Fe.
We define 7/ () := a(id.).

Next, we need to establish that v and 4" are mutually inverse. First, we check that 7' 0 v = id ..

Given h : Fc, we have

V' (v(h) = y(h)e(ide) = F(ide)(h) = idpe(h) = h

as required. We now check that v 0 7/ = idg,cop (C(—c),F)- Clven a : C(—,c) = F, we have
7' () = ac(id.) by definition. Hence vy(v/'(ct)) : C(—,¢) = F has components v(7'(«)) :
C(b,c) — Fbwhich act by f — F f(ac(id.)). So we need to show that F'f(a.(id:)) = ap(f).
This follows directly from the naturality of a. The commutativity of the naturality square on the

left in particular holds at id. : C(c, ¢) as on the right:

Cle,¢) —2— Fe id, a.(id,)
C(f,c) Ff
C(b,c) ——5,— Fb [ a(f) = Ff(a(idc))
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Note that C(f, ¢)(id.) = id.of = f. This establishes that y o 4/ = idgcor (C(—c),F)> and since
v 0 = idp., we have Fic = Set®™ (C(—, ¢), F).

It remains to verify that this isomorphism is natural in F’ and c¢. Suppose ¢ : F' = F” is a natural
transformation, and write +/,, for the function »’ defined above, and 7}, for the corresponding
function for F’. Naturality in F' means that the diagram on the left below commutes, which we

can see by chasing the natural transformation « as on the right:

SetcOp(C(—,C),F) L Fe ot ’YIFC(OZ)
Set¢ "’ (C(—,0),») Pe
Set” (C(—,c), F') — ' Flc poa ————— Vp(poa)=pcovp(e)

Since Y, (@)c := ac(ide) and v (@ o @) 1= e 0 ac(ide), the equation v (@ o) = @0V, ()
holds by definition, thereby establishing naturality in F'. Finally, suppose f : b — ¢ in C, and write
~r. for the function y defined above and gy for the corresponding function for b : C. Naturality

in ¢ means the commutativity of the following diagram:
Fe —2 5 Set®”(C(—,¢), F)
Ff Set®” (C(—.f),F)
Fb — 5 Set®™"(C(—,b), F)

Suppose h : Fe. The component of vr.(h) at a : C is the function yp.(h)q : C(a,c) — Fa
defined by g — Fg(h). The component of Set®”” (C(—, f), F) o yrc(h) at a : C is thus the
function v.(h), o C(a, f) : C(a,b) — Fataking g : a — bto F(f o g)(h). On the other hand,
the component of yp(F f(h)) at a : C is the function vp(F f(h)) : C(a,b) — Fa taking g
to Fig(F f(h)). Since F is a contravariant functor, we have F(f o g)(h) = Fg(F f(h)). This

establishes the commutativity of the naturality square, and thus naturality in c as well as F'. [

The identification of an object with its collection of hom sets is formalized by the following

corollary.

Corollary 2.4.11 (Representables are unique up to isomorphism). Suppose there is an isomorphism

of presheaves C(—,a) = C(—,b). Thena = binC.

This corollary follows from the next one, which expresses that the image of the Yoneda embedding

is isomorphic with C itself.
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Corollary 2.4.12. The Yoneda embedding is fully faithful.

Proof. The Yoneda embedding defines a family of functions on the hom sets of C:

Yy : C(b,c) — SetC ™ (C(—,b),C(—,c))
f = C(_v f)

By the Yoneda lemma, we immediately have Set®™ (C(—,b),C(—,¢)) = C(b,c), which is the

required isomorphism of hom sets. O

Next, we have the following fact, that fully faithful functors transport isomorphisms in their

codomain to their domain (they ‘reflect’ them).

Proposition 2.4.13 (Fully faithful functors reflect isomorphisms). Suppose F': C — D is a fully
faithful functor. If f : @ — b is a morphism in C such that F'f is an isomorphism in D, then f is an

isomorphism in C.

Proof. F'f: Fa — Fbbeing an isomorphism means that there is a morphism ¢’ : Fb — Fa in D
such that ¢’ o F'f = idp, and F'f o ¢’ = idpy. By the functoriality of F, we have idp, = F'id, and
idpp = Fidy. Hence g/ o F'f = Fidgand F'fog’ = F'idy. Since F is isomorphic on hom sets, there
is a unique g : b — a such that ¢’ = F'g. Hence Fgo F'f = Fid, and F f o Fig = F'idy. By the
functoriality of F', we have Fgo F'f = F(go f)and Ffo Fg = F(fog). Hence F(go f) = Fid,
and F(f o g) = F'idy. Finally, since F is isomorphic on hom sets, we must have g o f = id, and

f o g = idy, and hence f is an isomorphism in C. O
And this gives us the proof we seek:

Proof of Corollary[2.4.11} Since the Yoneda embedding is fully faithful (Corollary [2.4.12), it reflects
isomorphisms by Proposition [2.4.13] O

Presheaves in the image of the Yoneda embedding consequently play a special réle in category
theory: to show that an arbitrary presheaf F' is isomorphic to C(—, ¢) is to identify it with the object
c itself, and in this case, we can say that F’ is represented by c. We therefore make the following

definition.

Definition 2.4.14. Suppose F'is a presheaf on C. We say that it is representable if there is a natural
isomorphism F' = C(—, ¢) for some object ¢ : C which we call its representing object; we call the

natural isomorphism C(—, ¢) = F its representation. Dually, if F' is instead a copresheaf, we call
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it corepresentable if there is a natural isomorphism F' =~ C(c, =), with c being the corepresenting

object; we call the natural isomorphism C(c, =) = F' its corepresentation.

Remark 2.4.15. Corepresentable copresheaves will play an important réle later in this thesis: their
coproducts are called polynomial functors (§3.5)), and these will be used to formalize the interfaces

of interacting adaptive systems.

Via the uniqueness of representables, the Yoneda lemma underlies universal constructions, since
knowing the morphisms into or out of an object is enough to identify that object. The definition of
a limit, notably, is the statement that morphisms into it correspond to morphisms into a diagram;
and this in turn is equivalently the statement that lim is right adjoint to A. Indeed, adjointness
is itself a certain kind of representability: the definition of adjoint functor is precisely a

natural characterization of morphisms into and out of objects, as related by the adjunction!

Proposition 2.4.16 (Adjoints are representable). Suppose R : D — C is right adjoint to L. Then
for every d : D, the presheaf D(L—, d) : C°P — Set is represented by the object Rd : C. Dually,
the copresheaf C(c, R—) : D — Set is corepresented by the object Lc : D.

Proof. Since L - R, we have an isomorphism D(Lc, d) = C(c, Rd) natural in ¢ and d. Therefore
in particular we have a natural isomorphism of presheaves C(—, Rd) = D(L—, d) and a natural
isomorphism of copresheaves D(Lc, —) = C(c, R—); the former is a representation and the latter

a corepresentation. 0
From this, we can formalize the representability of limits and colimits.

Corollary 2.4.17 (Limits are representations). Suppose D : J — C is a diagram in C. A limit
of D is a representation of CJ(A(,), D) : C°P — Set, or equivalently of Set”(A1,C(—, D)).
Dually, a colimit of D is a corepresentation of C”(D, Ay) : C — Set, or equivalently of
Set’(A1,C(D, —)).

Proof. If C has all limits of shape .J, then this follows directly from the facts that lim is right adjoint
to A (Proposition [2.3.48) and that adjoints are representable (Proposition [2.4.16); the dual result

follows similarly from the fact that colim is left adjoint to A.
Otherwise, the limit case follows immediately from Lemma (or equivalently Corollary
2.3.52) and the definition of representation (2.4.14); the colimit case is formally dual. O

Accordingly, we recover the uniqueness of universal constructions.
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Corollary 2.4.18. Adjoint functors are unique up to unique isomorphism.
Corollary 2.4.19. Limits and colimits are unique up to unique isomorphism.
Using these ideas, we obtain the following useful result relating limits and adjoint functors.

Proposition 2.4.20 (Right adjoints preserve limits). Suppose D : J — D is a diagram in D and
L+ R:D — Cisan adjunction. Then Rlim D =~ lim RD in C.

Proof. We have the following chain of natural isomorphisms:

C(c, Rlim D) =~ D(Le,lim D) since R is right adjoint to L
=~ limD(Le, D) since hom preserves limits
~ limC(c, RD since R is right adjoint to L

)
~ C(c,lim RD)

since hom preserves limits

Since representables are unique up to isomorphism and we have established an isomorphism of

presheaves C(—, Rlim D) =~ C(—,lim RD), we must have Rlim D ~ lim RD in C. O
Remark 2.4.21. There is of course a dual result that left adjoints preserve colimits.

Remark 2.4.22. One might speculate about the converse: is it the case that the preservation of
limits by a functor is enough to guarantee the existence of its left adjoint? The answer to this
question is, “under certain conditions” on the size and structure of the categories and functors
involved, and a positive answer is called an adjoint functor theorem. The “certain conditions” hold
quite generally, and so it is often sufficient just to check whether a functor preserves limits (or

colimits) to see that it is a right (or left) adjoint.
We end this chapter by closing the loop between universality and representability.

Proposition 2.4.23 (Universality of representability). Representable presheaves F': C°P? — Set

correspond bijectively to universal morphisms from 1 : Set to F'.

Proof. A representation of F'is a choice of object ¢ : C and a natural isomorphism v : C(—, ¢) = F.
We construct a bijection between the set of representations of F' and the set of universal morphisms
from 1 to F'. Therefore suppose given a representation v : C(—, ¢) = F of F'; its component at ¢ : C
is the isomorphism v, : C(¢, ¢) — Fc. The Yoneda lemma assigns to v an element v/(v) : 1 — Fe¢

satisfying 7/ (v) = v.(id.). We now show that this element v..(id..) satisfies the universal property
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that for all f : 1 — F'b there exists a unique morphism h : b — cin C such that f = F'h o v.(id.).
Therefore let f be any such element 1 — F'b. Since v is a natural isomorphism, it has an inverse
component at b : C, denoted v} : Fb — C(b,c), and so we obtain by composition an element
hi=15L Fb b, C(b,c) of C(b,c). Such an element is precisely a morphism h : b — cin C.

Consider now the following diagram:

1M o) —M e
ve(ide)

Fe—fh .y

The triangle on the left commutes by definition and the square on the right commutes by the
naturality of v, so that the whole diagram commutes. The composite morphism C(h, ¢) o id. along
the top of the diagram picks out the element id. oh of C(b, ¢). By the unitality of composition, this

element is equal to h itself, so we can rewrite the diagram as follows:

1 h C(b,c)
ve(ide) vp
Fe Lh Fb

Next, we can substitute the definition h := U;) o f, and observe that v o v;) = id gy (since vy is an

isomorphism with vy its inverse):

1 ! Fb — 5 (b, c)
ve(ide) vp
Fe Fh Fb

The commutativity of this diagram means that f = Fhowv,(id.). Moreover, since h = vy o f and v}
is an isomorphism, h is unique for a given f. Therefore v.(id.) : 1 — F'c is a universal morphism
from 1 to F.

Next, suppose given a universal morphism w : 1 — F'c. The Yoneda lemmea associates to this
element a natural transformation -y(u) whose component at b is the function y(u);, : C(b,c) — Fb
which acts by f — F'f(u). We need to show that this function is an isomorphism for every b : C, so
that y(u) : C(—, c) = F is a natural isomorphism and hence F' is represented by c. We therefore

need to define an inverse function ¢y, : F'b — C(b, ¢), which we do using the universal property
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of u: for each element f : 1 — F'b, we have a unique morphism h : b — ¢ such that f = Fh(u).
This unique & is an element of C(b, ¢), and so we can simply define ¢;(f) := h. The uniqueness
of h ensures that ¢y, is an inverse of y(u)p: observe that y(u) o ¢y acts by f — h — Fh(u) and
f = Fh(u) by definition; in the opposite direction, we necessarily have f — F'f(u) — f.

We have constructed mappings between the set of representations of F' and universal morphisms
from 1 to F, so it remains to show that these mappings are mutually inverse. This again follows
directly from the Yoneda lemma: the mapping of representations to universal morphisms takes a
representation v to the element 4’(v) induced by the Yoneda lemma; and the mapping of universal
morphisms to representations takes a universal morphism u to the natural transformation 7 (u)
induced by the Yoneda lemma. Since the functions «y and 4/ are mutually inverse, so must these

mappings be: vy 0/ (v) = vand v o y(u) = . O

Using the universality of representability, and the uniqueness of universal morphisms, and the
representability of limits and adjoints, we therefore obtain alternative proofs of the uniqueness of

those universal constructions.
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3. Algebraic connectomics

In Chapter 2] we motivated applied category theory in the context of complex systems like brains
by its abilities to relate structure and function, to translate between models and frameworks, and
to distil phenomena to their essences. However, the focus in that chapter was on ‘one-dimensional’
morphisms, which can be understood as connecting one interface to another, with the composition
of 1-cells representing something like the ‘end-to-end’ composition of processes; although we
considered some higher-dimensional category theory, this was largely restricted to weakening
equalities and thus comparing morphisms.

Because systems can be placed ‘side-by-side’ as well as end-to-end, and because two systems
placed side by side may be nontrivially wired together, in this chapter we extend the higher-
dimensional categorical language accordingly, with a particular focus once more on the graphical
and diagrammatic representation of systems and processes. In line with the distinction made in
§2.2.3]between syntax and semantics, our treatment here of the syntax of wiring—of connectomics—is
largely ‘algebraic’. Later, in Chapter[6] we will see how our semantic focus will be ‘coalgebraic’.

We will begin therefore by introducing the graphical calculus of monoidal categories, which
allow us to depict and reason about sequential and parallel composition simultaneously. We follow
this with the formal underpinnings of the structure—to use the term from Chapter 2| a monoidal
structure is a ‘well-behaved’ tensor product—before explaining how monoidal categories relate
to the higher category theory of Chapter [2|using the notion of bicategory. We then make use of
the extra freedom afforded by bicategories to consider parameterized systems, with which we can
model systems that not only act but also learn.

By this point, we will find ourselves ready to apply our new toolkit, and so in we use
functorial semantics to define a graphical algebra for neural circuits, revisiting our first example
from Chapter 2] This involves a change of perspective from the graphical calculus with which we
begin the chapter: instead of using the composition of morphisms to encode the plugging-together
of systems at the same ‘scale’ or “level of hierarchy”, we use composition to encode the wiring of

circuits at one level into systems at a higher level. Although formally closely related to monoidal
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categories, this ‘hierarchical’ perspective is strictly speaking multicategorical and allows morphisms’
domains to take very general shapes.

After this extended example, we return to algebra, explaining what makes monoidal categories
monoidal, and using the related concept of monad to explain how we think of them as algebraic;
monads will later prove to be of importance in categorical approaches to probability theory. Finally,
we end the chapter by introducing the richly structured category of polynomial functors Set — Set,
which we will use in Chapter [6|both to formalize a wide variety of open dynamical systems as well
as to specify the shapes of those systems’ interfaces.

Excepting the extended example of the content of this chapter is well known to category-
theoreticians. However, since it is not well known to mathematical scientists, we have again

endeavoured to supply detailed motivations for the concepts and results that we introduce.

3.1. Categories and calculi for process theories

In this section, we introduce an alternative way of depicting morphisms and their composites in
categories equipped with notions of both sequential and parallel composition. Such categories
are useful for representing processes in which information flows: we formalize the processes
as morphisms, and consider the flow as from domain to codomain, even when the categories
themselves are quite abstract and lack a notion of time with which to make sense of ‘flow’. In
such contexts, the categories are often not only monoidal, but also copy-discard categories, since a
distinctive feature of classical information is that it can be copied and deleted. Monoidal categories
will therefore be important not only in depicting composite computations (as indicated in §2.1.1.3),
but also in depicting and manipulating the factorization of probabilistic models (as indicated in

§2.1.1.2).

3.1.1. String diagrams

Rather than beginning with the formal definition of “monoidal category”, we start with the

associated graphical calculus of string diagrams and its intuition.

Sequential and parallel composition Diagrams in the graphical calculus depict morphisms
as boxes on strings: the strings are labelled with objects, and a string without a box on it can
be interpreted as an identity morphism. Sequential composition is represented by connecting
strings together, and parallel composition by placing diagrams adjacent to one another; sequential

composition distributes over parallel, and so we can of course compose parallel boxes in sequence.
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Because monoidal structures are “well-behaved tensor products”, we will typically denote them
using the same symbols that we adopted in Chapter[2} with sequential composition denoted by o and
parallel composition (tensor) denoted by &®. Diagrams will be read in the direction of information
flow, which will be either bottom-to-top or left-to-right; we will adopt the former convention in
this section.

In this way,c: X — Y, idx :X—>X,doc:X£>Yi>Z,andf®g:X®Y—>A®Bare
depicted respectively as:

Y X

<]

X X
A monoidal structure comes with a monoidal unit, which we will also continue to call a tensor unit,
and which will be not be depicted in diagrams, but rather left implicit. (Alternatively, it is depicted as
the “empty diagram”.) This is justified, as we will see, by the requirement that /@ X ~ X =~ X ®1

naturally in X.

States and costates In Remark we called a morphism I — X out of the tensor unit a
generalized element, but owing to the many roles they play, such morphisms go by many names.
When we think of X as representing a system, we will also call such morphisms states of X . Dually,
morphisms X — [ can be called costates, or sometimes effects. When the unit object is the terminal
object (such as when the monoidal structure is given by the categorical product), then these costates
are trivial. In other categories, costates may be more effectful, and so carry more information: for
example, in a category of vector spaces, states are vectors, costates are linear functionals, and so
the composite of a state with a costate is an inner product.

Graphically, states 7 : I — X and costates € : X — [ will be represented respectively as follows:

X

X

Discarding, marginalization, and causality In a category with only trivial effects, we can

think of these as witnessing the ‘discarding’ of information: in electronics terms, they “send the
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signal to ground”. For this reason, we will denote such trivial effects by the symbol T, writing
Tx : X — [ for each object X.

We can use discarding to depict marginalization. Given a ‘joint’ state (a state of a tensor product)
w:I —> X ®Y, we can discard either Y or X to obtain ‘marginal’ states w; of X and wy of Y’

respectively, as in the following depiction:

X

X = = Y Y

T and =

We will see in Chapter [4|how this corresponds to the marginalization familiar from probability

w1 w

theory.
To make the notion of discarding more mathematically precise, we can use it to encode a causality

condition: physically realistic processes should not be able to affect the past.

Definition 3.1.1. Whenever a morphism c satisfies the equation

-]

we will say that c is causal: the equation says that, if you do ¢ and throw away the result, the effect

is of not having done c at all—and so ¢ could not have had an anti-causal effect on its input.

Remark 3.1.2. If in a category every morphism is causal, then this is equivalently a statement of
the naturality of family of discarding morphisms Tx : X — I, which implies that there is only one
such morphism X — I for every object X, and which therefore means that I must be a terminal

object.

Some categories of interest will have nontrivial costates, yet we will still need notions of
discarding and marginalization. In these categories, it suffices to ask for each object X to be
equipped with a ‘comonoid’ structure (to be elaborated in §3.4.1), of which one part is a ‘counit’

morphism X — [ which can play a discarding role, and which we will therefore also denote by

TX.

Copying The other part of a comonoid structure on X is a ‘copying’ map ¥x : X - X ® X,
which has an intuitive graphical representation. As we will see in §3.4.1] the comonoid laws say
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that copying must interact nicely with the discarding maps:

T9-%%

These equations say that making a copy and throwing it away is the same as not making a copy (left,

counitality; and that in copying a copy, it doesn’t matter which copy you copy (right, coassociativity).

Definition 3.1.3. A category with a comonoid structure (¥ i, Tx) for every object X is called a

copy-discard category [60]].

Symmetry In all our applications, the tensor product structure will be symmetric, meaning that
X ®Y can reversibly be turned into Y ® X simply by swapping terms around. In the graphical

calculus, we depict this by the swapping of wires, which we ask to satisfy the following equations:

The equations say that swapping is self-inverse (on the left), and that copying is invariant under the
symmetry (on the right). (Strictly speaking, the right equation is an axiom called cocommutativity

that we additionally ask the comonoid structure to satisfy in the presence of a symmetric tensor.)

3.1.2. Monoidal categories

It being important to use tools appropriate for the jobs at hand, we will not always work just with
the graphical calculus: we will need to translate between string diagrams and the symbolic algebra
of Chapter 2] In the first instance, this means making mathematical sense of the graphical calculus

itself, for which the key definition is that of the monoidal category.

Definition 3.1.4. We will call a category C monoidal if it is equipped with a functor ® : C xC — C
called the tensor or monoidal product along with an object I : C called the monoidal unit and three

natural isomorphisms
1. an associator a: ((=) ® (=) ® (=) = (=) ® (=) ® (-));

2. aleft unitor A\ : I ® (—) = (—); and
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3. aright unitor p: (—)® I = (—)

such that the unitors are compatible with the associator, i.e. for all a, b : C the diagram

Qq, T,b

(a®I)®Db a® (I®b)

Pa®idp ida @Xp

a®b
commutes, and such that the associativity is ‘order-independent’, i.e. for all a, b, ¢, d : C the diagram

Qg bQc,d

(e®(b®c)®d a® ((b®c)®d)

Qq,b,cQidg ida @b, c,d

(e®b)®c)®d a® (b®(c®d))
Qa@b,c,d

(a®b)®(c®d)
commutes.
We call C strict monoidal if the associator and unitors are equalities rather than isomorphisms;

in this case, the diagrams above commute by definition.

Example 3.1.5. Any category equipped with a tensor product in the sense of Definition [2.2.3]
where the structure isomorphisms are additionally natural and satisfy the axioms of compatibility

and order-independence is a monoidal category.

Example 3.1.6. If (C,®, ) is a monoidal category, then so is (C°P,®°P, I'), where ®°P is the
induced opposite functor C°P x C°P — C°P.

»

The associativity of the tensor is what allows us to depict string diagrams “without brackets
indicating the order of tensoring, and the unitality is what allows us to omit the monoidal unit
from the diagrams. Note that the functoriality of the tensor means that ® distributes over o as in

(ffof)® (g og) =(f®J)o(f®g),both of which expressions are therefore depicted as

FinEl

The symmetry of a monoidal structure is formalized as follows.
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Definition 3.1.7. A symmetric monoidal category is a monoidal category (C,®, I, a, A, p) that
is additionally equipped with a natural isomorphism ¢ : (—) ® (=) = (=) ® (—), called the
symmetry, such that 0y, , 0 04 = id,gp for all a, b : C, and whose compatibility with the associator

is witnessed by the commutativity of the following diagram:

Ta,b@c

(a®b)®c%a®(b®0) b®c)®a

Ua,b®idc Ap.c,a

(b@a)@c T b®(a®0) W b@(c@a)

Here is a familiar family of examples of symmetric, but not strict, monoidal categories.

Example 3.1.8. Any category within which every pair of objects has a product is said to have
finite products, and any category with finite products and a terminal object is a monoidal category.
This includes the Cartesian products of sets (Definition[2.2.1|and Example and of categories
(Propositions[2.2.14|and [2.2.16).

To see that the Cartesian product of sets is not strictly associative, observe that the elements
of A x (B x () are tuples (a, (b, ¢)) whereas the elements of (A x B) x C are tuples ((a,b), c);
evidently, these two sets are isomorphic, but not equal, and the same holds for the product of
categories.

At the same time, it is easy to see that a Cartesian product is symmetric: we have Ax B~ Bx A

by the mapping (a,b) < (b, a).
And here is a family of examples of strict, but not symmetric, monoidal categories.

Example 3.1.9. IfC is any category, then the category CC of endofunctors C — C is a strict monoidal
category, where the monoidal product is given by composition o of endofunctors and the monoidal
unit is the identity functor id¢ on C. That the monoidal structure here is strict follows from the fact

that composition in a category is strictly associative and unital.

In practice, we will tend to encounter strict monoidal categories only when the monoidal structure
derives from the composition operator of a category, as in the preceding example. However, when
we work with the graphical calculus, we are often implicitly working with strict monoidal structure,

as a result of the following important theorem.

Theorem 3.1.10 (Mac Lane [175, Theorem XI.3.1]). Every monoidal category is strong monoidally

equivalent to a strict monoidal one.
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As a consequence of this coherence theorem, any two string diagrams where one can be
transformed into the other by a purely topological transformation are equal, as in the following

example (read from left to right):

This follows because the coherence theorem renders parallel morphisms entirely constructed from
identities, associators and unitors (and the symmetry, as long as it is strictly self-inverse) equal “on

the nosel

To make sense of the notion of strong monoidal equivalence, we need a notion of functor that

preserves monoidal structure; we define the ‘weak’ case first.

Definition 3.1.11. Suppose (C,®c¢, I¢) and (D, ®p, Ip) are monoidal categories. A lax monoidal
functor (C,®¢, Ic) — (D,®p, Ip) is a triple of

1. afunctor F : C — D;

2. astate e : Ip — F(I¢) called the unit; and

3. a natural transformation, the laxator, i : F(—) ®p F (=) = F((—) ®¢ (=))
satisfying the axioms of

(a) associativity, in that the following diagram commutes

(F(a) @ F(8) @ F(6) 598 p(a) @ (F(b) @p FI(c))

Ha,b®@pF(c) F(a)®pusp,c
Fa®cb) ®p F(c) F(a)®p F(b®c¢ c)
Ha®cb,c HF(a),b®cc
F(ag,b (‘)
F((a®c b) ®c c) Fla®c (b&c c))

where o and oP are the associators of the respective monoidal structures on C and D; and

'This process of turning natural isomorphisms into equalities is called strictification.
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(b) (left and right) unitality, in that the following diagrams commute

e®pF(a) F(a)®pe

Ip ®p F(a) _ F(Ic) QRp F(a) F(a) Qplp ——— F(a) QRp F(Ic)
M) Hig.a and PP (a) fia,To
F(a) 00 F(Ie ®c a) F(a) o0 Fla®c I¢)

where X\ and AP are the left, and pc and pD the right, unitors of the respective monoidal

structures on C and D.

A strong monoidal functor is a lax monoidal functor for which the unit and laxator are isomorphisms.
A strong monoidal equivalence is therefore an equivalence of categories in which the two functors

are strong monoidal.

Remark 3.1.12. Laxness can be read as a sign of an “emergent property”: if F is lax monoidal,
then this means there are systems of type F'(X ® Y') that do not arise simply by placing a system
of type F'(X) beside a system of type F(Y') using ®; whereas if F' is strong monoidal, then there
are no such ‘emergent’ systems. More generally, we can think of emergence as an indication of
higher-dimensional structure that is hidden when one restricts oneself to lower dimensions (and
hence can appear mysterious). In this example, the higher-dimensional structure is the 2-cell of the

laxator.

There is of course a notion of monoidal natural transformation, making monoidal categories, lax

monoidal functors, and monoidal natural transformations into the constituents of a 2-category.

Definition 3.1.13. If (F, 1, €) and (F’, ¢/, €') are lax monoidal functors (C, ®c, I¢) — (D, ®p, Ip),
then a monoidal natural transformation o : (F,p,€) = (F', 1/, €') is a natural transformation

« : F' = F’ that is compatible with the unitors

Ip
F(le) ot F'(Ic)

aa®pap

Fa®p Fb ————— F'a®c¢ F'b

and the laxators

Ha,b Ma,b
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foralla,b: C.

Proposition 3.1.14. Monoidal categories, lax monoidal functors, and monoidal natural transfor-

mations form the 0-cells, 1-cells, and 2-cells of a 2-category, denoted MonCat.

Proof. Given composable lax monoidal functors (F,e, ) : (C,®c,Ic) — (D,®p,Ip) and
(F', ¢, 1) : (D,®p, Ip) — (£,®¢, I¢), form their horizontal composite as follows. The functors
compose as functors, G o F. The composite state is given by I¢ e, F'(Ip) e, F'F(I¢). The

laxator is given by

/

F Ha,b

FI(F(-)®p F(=) —=

(). F (=)
) L),

F'F(-)®¢ F'F(= F'F((-) ®c (=))-

The identity lax monoidal functor on C is given by (idc, idj., id(_)g,(=))- Unitality and associativity
of composition of lax monoidal functors follow straightforwardly from unitality and associativity
of composition of morphisms, functors, and natural transformations. Monoidal natural transforma-
tions compose vertically as natural transformations, and it is easy to see that the composites satisfy

the compatibility conditions by pasting the relevant diagrams. O

3.1.3. Closed monoidal categories

Since one source of monoidal structures is the generalization of the categorical product, it is no
surprise that there is a corresponding generalization of exponentials: a ‘tensor-hom’ adjunction
that induces a concept of closed monoidal category. Such categories will be important later in the
thesis when we consider learning and adaptive systems: our compositional model of predictive

coding, for example, will be built on a certain generalized exponential (see Remark[6.3.2).

Definition 3.1.15. Let (C,®, I) be a monoidal category. When there is an object e : C such
that C(z,e) =~ C(z ® y, z) naturally in x, we say that e is an internal hom object and denote it
by [y, z]. The image of id, .} under the isomorphism is called the evaluation map and is written

evy . [y,2] @y — 2

Proposition 3.1.16. When the isomorphism C(x ® y, z) = C(z, [y, z]) is additionally natural in
z, we obtain an adjunction (—) ® y - [y, —] called the tensor-hom adjunction, which uniquely

determines a functor C°? x C — C : (y, z) — [y, z] that we call the internal hom for C.
Proof. A direct generalization of the Cartesian case (Proposition [2.3.56). O

Definition 3.1.17. A monoidal category C with a corresponding internal hom is called monoidal

closed.
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Example 3.1.18. The category of finite-dimensional real vector spaces and linear maps between
them is monoidal closed with respect to the tensor product of vector spaces, as each space of linear

maps is again a vector space and the tensor is necessarily bilinear.
As in the Cartesian case, monoidal closed categories can reason about themselves.
Proposition 3.1.19. A monoidal closed category is enriched in itself.

And when a category is enriched in a symmetric monoidal category, then its hom functor is

likewise enriched.

Proposition 3.1.20. Suppose C is an £-category where £ is symmetric monoidal closed. Then the

hom functor C(—, =) is an £-functor.
Proof. A direct generalization of Proposition|2.3.61 O

Remark 3.1.21. Since Cartesian closed categories have a rich internal logic, via the Curry-Howard-
Lambek correspondence, one might wonder if there is an analogous situation for monoidal closed
categories. To a certain intricate extent there is: the internal logic of monoidal closed categories
is generally known as linear logic, and its corresponding language linear type theory. These are
‘refinements’ of intuitionistic logic and type theory which of course coincide in the Cartesian case,
but which more generally clarify certain logical interactions; we shall say no more in this thesis,
except that such logics find application in quantum mechanics, owing to the monoidal closed
structure of vector spaces, where the linear structure constrains the use of resources (in relation,
for example, to the famous quantum ‘no-cloning’ and ‘no-deleting’ theorems).

With respect to dependent types, the situation is a little more vexed, as the existence of well-
behaved dependent sums and products classically depends on the existence of pullbacks and their
coherence with products (and, for example, the tensor product of vector spaces is not a categorical
product); this means that classical dependent data is somehow not resource-sensitive. Nonetheless,
various proposals have been made to unify linear logic with dependent type theory[14}|111,/174}
1821/269]: the simplest of these proceed by requiring dependence to be somehow Cartesian, which is
the approach we will take in Chapter [ when we face a similar quandary in the context of defining
a category of polynomial functors with non-deterministic feedback. (We will see in Chapter [4] that

the property of Cartesianness is equally closely related to determinism.)
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3.1.4. Bicategories

Monoidal categories are not the first two-dimensional categorical structures we have so far
encountered, the other primary example being 2-categories. These two classes of examples are
closely related: a strict monoidal category is a 2-category with one object; and so just as a monoidal

category is a correspondingly weakened version, a bicategory is a ‘weak 2-category’.
Definition 3.1.22. A bicategory B is constituted by
1. a set By of objects or 0-cells;

2. for each pair (A, B) of B-objects, a category B(A, B) called the hom category, the objects of
which are the morphisms or 1-cells from A to B, and the morphisms of which are the 2-cells

between those 1-cells;
3. for each 0-cell A4, a 1-cell id, : B(A, A) witnessing identity; and

4. for each triple (A, B,C) of 0-cells, a functor o4 pc : B(B,C) x B(A,B) — B(A,C)
witnessing horizontal composition (with vertical composition referring to composition within

each hom category);

5. for each pair (A, B) of 0-cells, natural isomorphisms p4 p (the right unitor) and A4 p (the
left unitor) witnessing the unitality of horizontal composition, as in the diagrams

B(A,B) xid idg xB(A,B)
% <—

B(A, B) x 1 B(A,B) x B(A,A)  B(B,B) x B(A, B) 1 x B(A, B)
PA,B A4.B
/ ©A,A,B and ©A,B,B \
B(A, B) B(A, B)

where A : 1 x (=) = (=) and P : (=) x 1 = (—) are the (almost trivial) left and right

unitors of the product x on Cat; and

6. for each quadruple (A, B, C, D) of 0-cells, a natural isomorphism a4 g ¢, p Witnessing the
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associativity of horizontal composition, as in the diagram

AB(c,D),B(B,C),B(A,B)

(B(C,D) x B(B,()) x B(A, B) B(C,D) x (B(B,C) x B(A, B))

[0
op.c.pxB(A,B) 2500 B(C,D)xoa p.c

B(B,D) x B(A, B) D) x B(A,C)

R%

where A : ((—) x (—)) x (=) = (=) x ((—=) x (—)) is the (almost trivial) associator of the

product x on Cat;

such that the unitors are compatible with the associator, i.e. for all 1-cells a : B(A, B) and
b: B(B,(C) the diagram

Qb,idp,a

(boidp) ca bo (idpoa)

opoida idp Xa
boa
commutes (where we have omitted the subscripts indexing the 0-cells on «, p, and \); and such that
the associativity is ‘order-independent’, i.e. for all 1-cells a : B(A, B), b : B(B,C), ¢ : B(C, D),
and d : B(D, E) the diagram

Qg boc,d

(ao(boc))od o((boc)od)

Qap,c0idg idg oy c.a

((aob)oc)od ao(bo(cod))
QXaob,c,d QXa,b,cod

(aob)o(cod)
commutes (where we have again omitted the subscripts indexing the 0-cells on «).

Remark 3.1.23. Just as a 2-category is a category enriched in Cat, a bicategory is a category
weakly enriched in Cat. This is easy to see by comparing Definition (3.1.22|with Definition the

former is obtained from the latter by taking £ to be Cat and filling the unitality and associativity
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diagrams with nontrivial fillers which are required to satisfy coherence laws generalizing those of
the monoidal category structure (Definition [3.1.4). Conceptually, we can see this weakening in the
context of our brief discussion of emergence above (Remark [3.1.12): we recognize the property of
axiom-satisfaction as a shadow of a higher-dimensional structure (the fillers), which we categorify

accordingly.

Bicategories will appear later in this thesis when we construct categories of dynamical hierarchical
inference systems: the construction proceeds by using polynomial functors to “wire together”
categories of dynamical systems, and the composition of polynomials distributes weakly but
naturally over the categories of systems, thereby producing a category weakly enriched in Cat.
Before then, we will encounter bicategories in the abstract context of general parameterized
morphisms, where the 2-cells witness changes of parameter.

For now, our first examples of bicategories are induced by monoidal categories, which are

equivalently single-object bicategories.

Proposition 3.1.24. Suppose (C,®, I) is a monoidal category. Then there is a bicategory BC with
a single 0-cell, *, and whose category of 1-cells BC(x, *) is C. The identity 1-cell is I, and horizontal
composition is given by the monoidal product C; vertical composition is just the composition
of morphisms in C. The unitors and associator of the bicategory structure are the unitors and

associator of the monoidal structure. We call BC the delooping of C.

Proof. The bicategory axioms are satisfied immediately, because the structure morphisms satisfy

the (in this case identical) monoidal category axioms. O
In the opposite direction, the equivalence is witnessed by the following proposition.

Proposition 3.1.25. Suppose B is a bicategory with a single 0-cell, *, and whose horizontal

composition is denoted ¢. Then (B (%, %), 0, id*) is a monoidal category.

Remark 3.1.26. It is possible to define a notion of monoidal bicategory, as something like a
monoidal category weakly enriched in Cat, or as a one-object ‘tricategory’, and in many cases the
bicategories considered below are likely to have such structure. We will say a little more about this
in Remark below, but will not define or make formal use of this higher structure in this thesis.

More generally, there are analogues of the other structures and results of basic category theory
introduced both in this chapter and in Chapter|[2|that are applicable to higher-dimensional categories

such as bicategories, but they too will not play an important réle in this thesis.
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3.2. Parameterized systems

A category does not have to be monoidal closed for us to be able to talk about “controlled processes”
in it: its being monoidal is sufficient, for we can consider morphisms of the form P ® X — Y and
treat the object P as an object of adjustable parameters. Parameterized morphisms of this form
can easily be made to compose: given another morphism QQ ® Y — Z, we can straightforwardly
obtain a composite parameterized morphism (Q ® P) ® X — Z, as we elaborate in §3.2.1]below.

Categories of such parameterized morphisms play a central réle in the compositional modelling
of cybernetic systems[54} [251]], where we typically see the parameter as controlling the choice of
process, and understand learning as a ‘higher-order’ process by which the choice of parameter is
adjusted. More concretely, consider the synaptic strengths or weights of a neural network, which
change as the system learns about the world, affecting the predictions it makes and actions it takes;
or consider the process of Bayesian inference, where the posterior is dependent on a parameter
that is typically called the ‘prior’.

In this section, we introduce two related formal notions of parameterization: ‘internal’, where the
parameter object constitutes a part of the domain of morphisms in a category; and ‘external’, where
the parameters remain outside of the category being parameterized and the choice of morphism
is implemented as a morphism in the base of enrichment. We will make use of both kinds of

parameterization in this thesis.

Remark 3.2.1. Parameterization can be understood as introducing a new dimension into a category
of processes. Consequently, the parameterization (either internal or external) of a category will
produce a bicategory. When representing processes graphically, such as when using the string
diagram calculus, this extra dimension becomes particularly explicit, and although we won’t make
use of graphical representations of parameterized processes in this thesis, they are typical in the
applied-categorical literature, particularly in the literature on categorical cybernetics; for example,

see Capucci et al. [54} Fig. 1], Cruttwell et al. [74, pp.1-2], and Capucci 51} Fig. 1].

3.2.1. Internal parameterization

Internal parameterization generalizes the case with which we opened this section, of morphisms
P ® X — Y, to a situation in which the parameterization may have different structure to the
processes at hand, so that the parameterizing objects live in a different category. For this reason, we
describe the ‘actegorical’ situation in which a category of parameters M acts on on a category of

processes C to generate a category of parameterized processes. Nonetheless, even in this case, the
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parameter ends up constituting part of the domain of the morphism representing the parameterized
process.
The first concept we need is that of an ‘actegory’, which categorifies the better known

mathematical notion of monoid actionl

Definition 3.2.2 (M-actegory). Suppose M is a monoidal category with tensor [x] and unit object
I. We say that C is a left M-actegory when there is a functor © : M x C — C called the action along
with natural unitor and associator isomorphisms )\)Q( IOX S Xand a% NX: (MXIN)OX =
M ® (N ® X) compatible with the monoidal structure of (M, [X], I), in a sense analogous to the
coherence data of a monoidal category (Definition [3.1.4). This means that the following triangle
and pentagon diagrams must commute, where p and « are the right unitor and the associator of

the monoidal structure on M.

a§
(MRI)OC M1C MOIOC)
p]bl®idC id]w @)\g
MoC
a(ID( MXN,C
(KR(MEN))OC AT, KO(MRN)OC)
ak, v, NQidc idg ®a?/I,N,C
(KRM)XKIN)OC KOMO(NGO))
aO aO
KXM,N,C K,M,NOC
(KKM)O(NOCO)

Given an actegory, we can define a category of correspondingly parameterized morphisms.

Proposition 3.2.3 (Capucci et al. [54])). Let (C,®, A®, a®) be an (M, [x], [ )-actegory. Then there is
a bicategory of M-parameterized morphisms in C, denoted Para(®). Its objects are those of C. For
each pair of objects X, Y, the set of 1-cells is defined as Para(®)(X,Y) := >}, , C(M O X,Y);
we denote an element (M, f) of thissetby f : X M.y Given 1-cells f:X M, Yandg:Y ELR Z,

their composite go f : X Z is the following morphism in C:

©
AN, M, X

(NEM)OX M NoMeX) o yoy 4 7

®For a comprehensive reference on actegory theory, see Capucci and Gavranovié [52].
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Given 1-cells f : X M,y and X ELN Y,a2-cella: f = f’isamorphisma : M — M'in

M such that f = f’ o (¢ ®idx) in C; identities and composition of 2-cells are as in C.

And when the action is ‘strong’ and the monoidal structure on C is symmetric, these parameterized

categories inherit a monoidal structure.

Definition 3.2.4. Suppose C is a monoidal category and F' : C — C is an endofunctor. A right
strength for I is a natural transformation str'y y- : FX ® Y — F(X ® Y) making the following

diagrams commute:

FX® (Y ®Z) X ez FIX® (Y ® Z))

OéFX,Y,ZI IF(&XJ/’Z)

FX®Y)®Z —— FIXQY)®Z —— F(XQY)® Z)

strg(,y®idz Str&@Y,Z
"S(,I
FX®I F(X®I)
A A
FX

An action ® : M x C — C induces a family of functors M ® (=) : C — C, natural in M : M.
If each of these is equipped with a right strength, also natural in M : M, then we call the
resulting transformation strjy, y - a right strength for ©. Dually, there are notions of left strength,
stery : X®FY — F(X ®Y) and costrength, with the latter obtained in the usual way as a
strength in C °P (reverse all the defining arrows).

Note that, if C is symmetric monoidal, then a left strength induces a right strength (by swapping)

and likewise a right strength induces a left strength.

Proposition 3.2.5 (Capucci et al. [54, §2.1]). When C is equipped with both a symmetric monoidal
structure (®, I) and an (M, [x], I )-actegory structure (, and these are compatible in that the action
O has a strength isomorphism, the symmetric monoidal structure (®, I) lifts to Para(®).

The tensor of objects in Para(®) is then defined as the tensor of objects in C, and the tensor of

morphisms (1-cells) f : X M, Y and g:A N Bis given by the composite

FRg: XRAMI, yoRB = (MEN)OX®A) XYY, (o A)@((NeA) %% veB
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where the interchanger upr v x4 1 (MRIN)O(X®A) = (M OX)® (N ®A) is obtained using

the associator of the actegory structure and the costrengths:

@
N xA = (MEN)O(X®A) 22280 Mo (NGO (X ®A)) -

. M@costrlN’X,A )) COStrR{,X,N@A (

MOXQINOA MOX)®(NOA).

(Note that the costrengths are obtained as the inverses of the strengths.)

We can see a monoidal product ® : C x C — C as an action of C on itself, and this induces the

self-parameterization of C.

Proposition 3.2.6 (Self-parameterization). If (C,®, I) is a monoidal category, then it induces a
parameterization Para(®) on itself. For each M, X, Y : C, the morphisms X My of Para(®)
are the morphisms M ® X — Y inC.

Notation 3.2.7. When considering the self-paramterization induced by a monoidal category

(C,®, I), we will often write Para(C) instead of Para(®).

It will frequently be the case that we do not in fact need the whole bicategory structure. The
following proposition tells us that we can also just work 1-categorically, as long as we work with
equivalence classes of isomorphically-parameterized maps, in order that composition is suffiently

strictly associative.

Proposition 3.2.8. Each bicategory Para(®) induces a 1-category Para((®); by forgetting the
bicategorical structure. The hom sets Para(®);(X,Y) are given by UPara(®)(X,Y)/ ~ where
U is the forgetful functor U : Cat — Set and f ~ g if and only if there is some 2-cella : f = ¢
that is an isomorphism. We call Para(®); the I-categorical truncation of Para(®). When Para(®)

is monoidal, so is Para(®);.

Remark 3.2.9. We can understand the 1-categorical truncation of Para(®) as grouping the objects

of each hom-category into their isomorphism-connected components.

3.2.2. External parameterization

In a monoidal closed category, morphisms P ® X — Y correspond bijectively to morphisms
P — [X,Y]. The fact that monoidal closed categories are enriched in themselves presents an

opportunity for generalization in a different direction to the actegorical approach taken above:
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that is, given a category of processes C enriched in £, we can think of an externally parameterized
process from X to Y as a morphism P — C(X,Y ) in &.

This notion of external parameterization can be operationally more faithful to the structure of
systems of interest, even though in the case of monoidal closed categories it is equivalent. For
example, the improvement of the performance of a system of inference due to learning is often
treated ‘externally’ to the inference process itself: the learning process might proceed by observing
(but not interfering with) the inference process, and updating the parameters accordingly; and, if
treated dynamically, the two processes might be assumed to exhibit a separation of timescales such
that the parameters are stationary on the timescale of inference. We will make such assumptions
when we formalize learning in Chapter 7, and so we will make use of external parameterization.

The definition of external parameterization is simplified by using the ‘slice’ construction.

Definition 3.2.10. Suppose X is an object of a category £. We define the slice of £ over X, denoted
E/X, as the category of ‘bundles’ over X in &: its objects are morphisms p : A — X into X for
any A : £, which we call bundles over X and write as (A, p). The morphisms f : (4,p) — (B, q)
in £/X are morphisms f : A — B in £ such that g o f = p, as in the diagram

A—T1 B

N

X

We therefore define external parameterization using slices over hom objects.

Definition 3.2.11. Given a category C enriched in (£, x, 1), we define the external parameterization
PC of C in & as the following bicategory. 0-cells are the objects of C, and each hom-category
PC(A, B) is given by the slice category £/C(A, B). The composition of 1-cells is by composing
in C after taking the product of parameters: given f : © — C(A, B) and g : Q — C(B, C), their

composite g o f is
gof:=Qx0 2L ¢(B,0)xC(A B) > C(A,C)

where e is the composition map for C in £. The identity 1-cells are the points on the identity
morphisms in C. For instance, the identity 1-cell on A is the corresponding pointid4 : 1 — C(4, A).
We will denote 1-cells using our earlier notation for parameterized morphisms: for instance,
fA ©, Bandid A A L, A. The horizontal composition of 2-cells is given by taking their

product.
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Remark 3.2.12. External parameterization is alternatively obtained as the change-of-enrichment
induced by the covariant self-indexing, the functor £/(—) : £& — £-Cat, given on objects by
X — £/X and on morphisms by the functor induced by post-compositio A base of enrichment
must a fortiori be a monoidal category, and in this case £/(—) is a lax monoidal functor. A lax
monoidal functor out of the base of enrichment induces a corresponding change-of-enrichment
pseudofunctor’} and P is obtained precisely as the change-of-enrichment induced by £/(—).
One important consequence of this is that P defines a pseudofunctor P : £-Cat —
(E-Cat)-Cat. Note that we take enrichment here to mean weak enrichment, in the sense indicated
by Remark 2.2.13] In the case of locally small categories, where & = Set, this means that P has the
type Cat — Bicat, as suggested above. (We will discuss the definition of Bicat in where

we also define pseudofunctors between bicategories.)

Remark 3.2.13. In prior work, this external parameterization has been called ‘proxying’ [53].
We prefer the more explicit name ‘external parameterization’, reserving ‘proxying’ for a slightly

different double-categorical construction to appear in future work by the present author.

Remark 3.2.14. Both internal and external parameterization are jointly generalized by the notion
of locally graded category [172], which can be understood to mean “presheaf-enriched category”.
If M acts on C by ©, then the hom category Para(®)(A, B) is the category of elements of the
presheaf C(— ® A, B) : M°P — Set. Similarly, the hom category PC(A, B) is the category of
elements of the presheaf 5(—, C(A, B)) : £ — Set. We will see in ~. that the category
of elements construction yields an equivalence between presheaves and categories-of-elements,
and so we may as well consider Para(®) to be enriched in the presheaf category [M °P, Set]
and PC to be enriched in [€ °P, Set]. The phrase “locally graded” indicates that the ‘hom sets’ of
Para(®) and PC are ‘graded’ by the objects of M and & respectively. We learnt about locally

graded categories from Dylan Braithwaite.

3.3. Systems from circuits

The dominant motivation for the use of monoidal categories so far has been in modelling the

compositional structure of processes, on the basis of the observation that processes may generally

3Later, in Deﬁnition we will encounter the contravariant self-indexing, which has the same action on objects but
is given on morphisms by pullback. Whereas the covariant self-indexing is always well-defined, the contravariant
self-indexing is therefore only well-defined in the more restricted situation where £ has all pullbacks.

*A pseudofunctor is a kind of ‘weakened’ functor, for which functoriality only needs to hold up to isomorphism; see

Definition
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be composed both sequentially and in parallel, and so 1-dimensional category theory alone is
insufficient. The processes for which this kind of structure is most suited are those that exhibit a
flow of information. For example, if we take the morphisms of the category Set as computable
functions, then we see that the corresponding “process theory” is adequate for interpreting diagrams
of the form of and we will encounter in Chapter[4]a process-theoretic framework formalizing
probabilistic graphical models of the kind discussed in

In these monoidal categories, processes are represented by morphisms, with composition used
to connect processes together: the composite of two processes is again a process. However, some
morphisms are purely ‘structural’, implementing the plumbing of information flow—such as copying,
discarding, and swapping—and so these categories somewhat blur the boundary between syntax
and semantics. At the same time, it is strange to think of something like a neural circuit as a
‘process’: although it might reify some process in its behaviour, it is rather a system.

To sharpen the syntax-semantics boundary, one can show that every monoidal category arises
as an algebra for a certain monad. We will make these notions precise in below, and here
it will suffice to provide some intuition: the monad defines the syntax, and the algebra supplies
a compatible semantics. Algebra in this sense is a vast generalization of the abstract algebra of
familiar mathematics, and typically involves defining symbolic operations and rules by which they
can be combined, substituted, compared, and reduced.

In this section, although we do not explicitly make use of the technology of monads, we exemplify
this approach with an example of compositional connectomics: on the syntactic side, we will
introduce a ‘multicategory’ of linear circuit diagrams which govern patterns of neural connectivity;
while on the semantic side, we will equip this multicategory with a functorial algebra of rate-coded
neural circuitsﬂ We will find that this more explicitly algebraic approach resolves the dilemma
observed above between the compositional structure of processes and that of systems: algebraic
syntax is in some sense about substitution, and so circuit diagrams will have ‘holes’ into which can
be substituted other circuit diagrams. That is to say, a circuit diagram is a morphism which takes a

given pattern of holes and connects them together into a single circuit, as in the following diagram,

’In the Appendix (, we sketch the connection between this multicategorical story and the monadic one.
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which brings us back to our first motivating example from §2.1.1.1|and which we formalize below.

We will use a similar approach when we supply dynamical semantics for approximate inference,
although there, for our general syntax of systems, we will use categories of polynomial functors,
which we introduce in at the end of this chapter. In any case, it will turn out that linear
circuit diagrams embed naturally into polynomials, and so the circuits below can be understood as

providing a sample of what is to come.

3.3.1. Multicategorical algebra for hierarchical systems

A multicategory is like a category, but where morphisms may have a ‘complex’ domain, such as a
list of objects [168]]. A morphism whose domain is an n-length list is called ‘n-ary’, and we can
abstractly think of such morphisms as ‘n-ary operations’: for example, we will use them to model
connecting n circuits together into a single system. Because these morphisms effect a kind of

‘zooming-out’, we can use them to construct hierarchical or ‘nested’” systems-of-systems.
Definition 3.3.1. A multicategory O consists of

1. a set Qg of objects;

2. a set O; of morphisms, equipped with

a) a codomain function cod : O; — Oy, and

b) a domain function dom : 07 — List(Qp), where List(Oy) is the set of finite lists of

objects (01, ...,0p),

so that each n-ary morphism f has a list of n objects as its domain and a single object as its

codomain, written f : (01,...,0,) — p;

3. an identity function id : Oy — O; such that cod(id,) = 0 and dom(id,) = (0), so that the

identity on o is written id, : 0 — 0;
4. a family of composition functions

1 k 1 kn
O (o0(0]) O(o1,...,0n;p) X O01,...,0{"501) X -+ X O(0p,...,0.";0p)

1 k1 1 kn.
— O(07,...,01 ..., 0, ...,00":D)
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written as
(fafl""afn)'_)fo(fla"'afn)

for each object p, n-ary list objects (01, ... ,0y,), and n k;-ary lists of objects (o}, ...,0;");

satisfying the equations of associativity

folfio(flyees ey fao (L ) fEm))
= (folfioifa)) o (flve o f e iy )

whenever such composites make sense, and unitality

folido,,...,idy,) = f=idyof
for every f : (01,...,0n) — p.

For our purposes, the order of objects in the lists will not matter, which we formalize with the

notion of symmetric multicategory—analogous to the symmetric monoidal categories of §3.1.2)

Definition 3.3.2. Let S, be the symmetric group on n elements. A symmetric multicategory O is a
multicategory O which is additionally equipped, for each n : N, with an action o,, of .S;, on the set
O7 of n-ary morphisms

on : Sp x O = OF

such that composition o preserves this action.

Remark 3.3.3. In other applied-category-theoretical contexts, multicategories of this kind are
sometimes called operads (cf. e.g. [1181/97,(98,(171, 206|222} 231} 237, [243| [244}|268, |282]). Traditionally,
an operad is the same as a multicategory with one object[168]]; sometimes therefore, multicategories
are called coloured or typed operads[[17, 59,98} |168]]. In order to avoid confusion, we will stick with

‘multicategory’.

Although the multicategorical intuition—of hierarchically constructing complex systems—is
valuable, the following fact means that there is a close connection between multicategories and
monoidal categories, for in a monoidal category, we can interpret an n-ary tensor 1 ® - - - ® , as

an n-ary list of objects.

Proposition 3.3.4. Any monoidal category (C,®, I) induces a corresponding multicategory OC.
The objects OCy are the objects Cy of C. The n-ary morphisms (c1, . .., ¢,) — d are the morphisms
A®- - ®cy, — d;ie, OCcy,...,cp;d) = C(c1 ® -+ ® ¢y, d). Identities are as in C, and
composition is defined by (f, f1,..., fn) — fo (fi® - ® fn). When C is symmetric, so is OC.
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Example 3.3.5. An example that will soon become important is the operad Sets of sets and n-ary

functions, which is obtained from the symmetric monoidal category Set by Sets := O Set.

Aswe discussed above, we will consider multicategories as supplying a syntax for the composition
of systems, and so actually to compose systems requires the extra data of what those systems are
and how they can be composed according to the syntax. This extra semantic data is called an

‘algebra’ for the multicategory.
Definition 3.3.6. An algebra for a multicategory M is a multifunctor M — Sets.

Multifunctors are the multicategorical analogues of functors; but fortunately (even though the
definition is not a hard one), we will not need to define them, owing to the following result, which

relates multifunctors and lax monoidal functors.

Proposition 3.3.7 (Leinster [[168, Example 4.3.3, Definition 2.1.12]). If the multicategory M arises
from a monoidal category (C,®, I) as M = OC, then an algebra for M is determined by a lax
monoidal functor (C,®, I) — (Set, x,1).

Remark 3.3.8. In we will encounter the concept of “algebra for a monad”, which is perhaps
the more familiar concept in mathematics and computer science. One might therefore wonder
what the relationship between the two notions of ‘algebra’ is: why do they both have this name?
The answer is provided by Leinster [168]]: every ‘shape’ of multicategory corresponds to a certain
monad; and every multicategory algebra corresponds to an algebra for a monad derived (in the
context of the particular multicategory at hand) from this multicategory-shape monad. For the
interested reader, we review these results in the Appendix (§A.1). In we will exemplify the
notion of monad algebra with the more basic result that every small category corresponds to an
algebra for a certain monad. Monad algebras will also prove useful later in the thesis in the context

of compositional probability theory.

3.3.2. Linear circuit diagrams

Let us now exhibit the multicategory formalizing circuit diagrams of the type with which we
opened this section. Although our motivation is multicategorical, for simplicity we will proceed by
defining a symmetric monoidal category. Its objects will represent the ‘output-input’ dimensions of
a circuit, written as pairs of numbers (n,, n;), and its morphisms (n,, n;) — (m,, m;) encode how
to wire a circuit with n, outputs and n; inputs together to produce a circuit of m,, outputs and m;

inputs: this may involve connecting some of the n,, outputs to the m, outputs; or connecting some
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of the m; inputs, or (to allow recurrence) the n, outputs, to the n; inputs. The definition may seem

somewhat mysterious at first, but its form is owed to a more abstract structure (lenses) that we will

define later, in

Example 3.3.9. We define a symmetric monoidal category (LinCirc7 +, (0, 0)) of linear circuit
diagrams and consider the induced multicategory OLinCirc. The objects of LinCirc are pairs
(no,n;) of natural numbers. A morphism (n,,n;) — (m,, m;) is a pair of real-valued matrices
(A, B) with A of shape (m,,n,) and semi-orthogonal (i.e., such that AAT = 1,,, ) and B of shape
(nj,no + m;); equivalently, A is a semi-orthogonal linear map R — R™° and B is a linear map
R7e*™: — R™. The identity morphism id,, ,) on (n,,n;) is the pair of matrices (1,,,01y,)
where 01, is the block matrix (0,, 1y,). Given morphisms (A4, B) : (ne, n;) — (Mo, m;) and
(A", B’) : (mo, m;) — (ko, k;), their composite is the pair (A’A, BB';) where A’A is the usual

matrix product and BB/, is defined as the following block matrix multiplication:

l,, 0
BB :—B<18° 12') A 0
0 1

(3

Unitality and associativity of composition follow from those properties of matrix multiplication,
and AA’ is easily seen to be semi-orthogonal (by AA'(AA)T = AA' AT AT = AAT =1,,)), so
LinCirc is a well-defined category.

We now turn to the monoidal structure. The monoidal unit is the pair (0, 0); note that R° =~ 1.
The monoidal product + is defined on objects as the pointwise sum: (n,,n;) + (Mo, mM;) 1= (N +
Mo, N + M;); note that R™*™Me ~ R x R™e. Given morphisms (4, B) : (ny,n;) — (Mo, m;)
and (A', B') : (n},n) — (m],m}), their monoidal product (A, B) + (A’, B') is defined as the

pair (A@ A", B® B') : (n, + nl,,n; + n) — (me + ml,, m; + m}) with

l, 0 0 0
A 0 B 0 0 0 1, O
/. /. mg
A A = (0 A’) and B®B = (0 B’) 0 1y, 0 0
0 0 1
For each pair of objects (n,,n;) and (m,,m;), the symmetry o, n.) (mom;) © (T0,1i) +

Mo, m;) — (Mg, m;) + (ne, n;) is defined as the pair of matrices (¢, ,o? . ),
P n,m> Yn,m

o . 0 1mo 7 . 00 0 1ni
Opm 1= 1, 0 and o, 1= 001, 0)°

That this definition produces a well-defined symmetric monoidal structure follows from more
abstract considerations that we explain in Remark [4.2.33| and Corollary [4.2.36f LinCirc is a

subcategory of Cartesian lenses, with the monoidal structure inherited accordingly.
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The category of linear circuit diagrams is a syntactic category: on its own, it does not do anything.

We need to equip it with semantics.
3.3.3. An algebra of rate-coded neural circuits
We begin by defining a notion of ‘rate-coded’ neural circuit.

Definition 3.3.10. An n,-dimensional rate-coded neural circuit with n;-dimensional input is an

ordinary differential equation
&=-AQz+h(W(@di);a,Bb,7)

where x, A, o, 53,7y are real vectors of dimension n,, i a real vector of dimension n;, W a real
matrix of shape (n,, n, + n;), © elementwise multiplication, @ the direct sum (so that = @ i is the

concatenation ( 2) ), and h the logistic function

v

h(z;a, B,7v) = 1 +exp(—B(z —a))

applied elementwise. We summarize the data of such a circuit as the tuple (\, o, 8, v, W).

Remark 3.3.11. Rate-coded neural circuits are a coarse phenomenological model of neural
dynamics. The state variable x represents the firing rates of an ensemble of neurons, either
averaged over time or over subpopulations. Neural activity is of course not so simple: neurons
communicate by the transmission of discrete ‘action potentials’ along their axons. The emission of
an action potential is governed by the electrical potential of its cellular membrane: if this potential
crosses a threshold, then the neuron ‘fires’ an action potential down its axon. The axon crosses the
dendrites of other neurons at junctions called synapses, which modulate and transmit the activity
accordingly: it is these afferent signals which in large part determine the neurons’ membrane
potentials.

There are of course detailed physiological models of this process (cf. e.g. (79,133,181} 226]), as
well as many models which aim to capture its statistics and phenomenology in a more explicitly
computational setting (cf. e.g. [81}82, (117,136} 146, [202} 227, |273])), but in some situations, one
can simply model neural firing as an inhomogeneous Poisson process: in this case the variable
x encodes the rate parameters of the processes. We expect there to be functorial connections
between the different classes of models: in particular, we expect adjoint functors between certain

spike-emission models and firing rate models of the class defined above; and in the specific case of
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‘efficient balanced’ networks[32, 82|, the relationships are expected to be quite simple. Nonetheless,
we leave the exploration of such functors to future work.

The parameters of a rate-coded neural circuit—the terms A, a, 3, v, W— have a neurological
interpretation, even though this dynamical model is not physiologically faithful. The term A
represents the ‘leak’ of voltage from the neuron’s membrane, which has the effect of determining
the timescale of its memory or signal-sensitivity (effectively, the voltage leak entails a process of
filtering). The term « represents an abstraction of the neuron’s firing threshold, and the term /3 its
sensitivity (i.e., how much its firing rate increases with incoming signals); the term ~ determines
the maximum firing rate of the neuron (and is typically normalized to 1). Finally, the matrix W
records the strengths of the synaptic connections within the circuit: positive coefficients represent

excitatory connections, while negative coefficients represent inhibitory connections.

Rate-coded neural circuits can be organized into complex ‘hierarchical’ systems using linear
circuit diagrams: the linear connectivity of the diagrams is used to define the synaptic connection
matrix of the complex, algebraically. The proof that the following construction does actually
constitute an algebra ensures that composing systems from circuits using diagrams is predictably

well-behaved, as we will subsequently exemplify.

Proposition 3.3.12 (Algebra of rate-coded neural circuits). There is a LinCirc-algebra (R, i, €) :
(LinCirc, +, (0,0)) — (Set, x, 1) of rate-coded neural circuits. On objects (n,,n;), define
R(no,n;) to be the set of n,-dimensional rate-coded neural circuits with n;-dimensional input.

Then, given a linear circuit diagram (A, B) : (n,, n;) — (me, m;), define a function

R(A, B) : R(ne,ni) — R(mey, m;)
()‘a «, Ba v, W) g (A)‘a AO[, Aﬁa Ar% WAB)

where W 4p is the following block matrix product:

1 0
l,, O o AT 0
Wap = AW< 0 B> 180 10 ( 0 1mi> .

The laxator y is defined componentwise as the family of functions
(ng ), (mo,ms) - R(ny,n;) x R(my, m;) — R((no,ni) + (Mo, ml))

taking a pair of circuits (X, . 5,7, 1V) : R(ng.n;) and (X.o/, #.7/, W) : R(my. m;) to the
circuit A@ N, a® o, B[, 7B+, WW') where x @ y is again the direct sum (Zj) and where
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the matrix WW’ is defined as

l,, 0 0 0
. (W0 0 0 1, O
ww ‘_(o W’) 0 1n, 0 0
0 0 0 1y

The unitor € is the isomorphism € : 1 — R(0,0).

Proof. We need to check that R is a lax monoidal functor, and begin by verifying functoriality.
So suppose (A’, B') is a linear circuit diagram (m,, m;) — (ko, k;). On the terms X, a, 3,7, the
functoriality of R is immediate from matrix multiplication, so we concentrate on the action of
R on W. We need to show that R((A', B') o (4, B))(W) = R(A’,B’) o R(A, B)(W), where
R(A, B)(W) = Wap as defined above. Note that we can alternatively write W4 as the following

composite linear map

AT £, ¥ rm; no+B w A
No +Mj ——— Ny + Ny + Mj ———— Ny + Nj —> Ny —> My -

me + my;

We can therefore write R(A’, B')(Wap) as

A/T+k‘i AT+k‘i +ki
ko + k; mo—i-ki—»no—i-kil/—»no—l—no—i—ki-‘-
no+ ¥ +k; no+no+A+k;
Lno—l—no—l—no—l—ki—»no—i—no—i—mo—kki
B/ B w A A
Dot R0t 2, n + Mo 4+ My 22 ny 4+ 0y o 1y > g o Ky
and R((A',B') o (A,B))(W) as
AT vk, +k; ot+B’ AT +m;
ko+ki————>mo+kiL—3m0+mo+kiumo+mi -
+m; o+B w A A
: no+miLno+no+mi"——>no+ni—>no—>m0—>ko

so it suffices to check that

e o AT Wtk no+ ¥ +k;
o (2

S e+ ki —Ne+Ne+ ki ————>np+np+np+ ki -

no+no+A+k; No+ne+B’
—_—

No + No + My + ki ——"——> 1y +np +my

+ki mo+B’ AT +m; +m;
mo+ki1—i>mo+mo+ki°—>m0+mi————l—>no+miL>no+no+mi
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which we can do using the graphical calculus:

where the equality (1) holds because A” is a comonoid morphism (Definition (2) likewise,
(3) because A is semi-orthogonal, (4) by the coassociativity of copying, and (5) again because A7 is

a comonoid morphism. Finally, we observe that the last string diagram depicts the linear map

\?/-i-ki AT+ B’ \?/-i-mi

Mo+ ki —— Mo +Mp+ ki —— Np + My —— N +np+my

which equals the required map

¥tk +B’ AT +m, ¥ rm;
Mo + ki ——> My + My + ki 2" My + My —— Ny + My ———— Ny + N + My

by the unitality of composition. This establishes that 2 preserves composites; it remains to check
that it preserves identities. Once again, this follows immediately on the terms A, o, 3,, so we

concentrate on the action on W. We have

l,, O

R(1,, 01, )W) = 1w (e O O [0 o |t O
0 0 1,)\ " 0 L,

which is easily seen to be equal to W itself. Therefore R defines a functor.
We now need to verify that the unitor and laxator satisfy the unitality and associativity axioms of a

lax monoidal functor. We begin by checking associativity, so suppose that we are given three circuits:

5This in turn because @ is the Cartesian product, and so every morphism is a @-comonoid morphism.
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(Ao, 8,7, W)
R(ko, k). Associativity on all the terms but W, W', W” follows from the associativity of the
direct sum @, and so we just need to check that u(W, (W', W")) = p(u(W, W’), W”) where
w(W, W) = WW’" and u(W’',W") = W'W”, according to the definition above. Once more, we

. R(ng,n;), and (N, a/, 58,94, W') : R(mey,m;), and (N, a”, 8", ~", W")

use the graphical calculus. Observe that we can depict W' and W/W” as

No mo
No mo
me w ko w’
) w! Mo " ko
m; k; w
respectively. Hence u(W, (W', W")) satisfies the equality
No o
- No No
me w me w
ko ko
me me
M(W M(W,’ W”)) = n; = n; w’
m; wW'w" ms
ko W ko
k; k;
and likewise p(pu(W, W’), W") satisfies
No o
— No No
Mo Mo W
ko ww’ ko
me Mo
M(/L(W¢ Wl)? Wﬂ) = n; = N4 w’
m; m;
k" W/l k;o k‘ W/l ko

The two diagrams on the right hand side are equal up to a topological deformation, and so the
depicted morphisms are equal by the coherence theorem for monoidal categories. This establishes
the associativity of the laxator. It remains to establish unitality: but this follows immediately,
because R(0,0) =~ R and the 0-dimensional space is the unit for the direct sum @. Hence (R, j, €)

is a lax monoidal functor, and hence an algebra for (LinCirc, +, (0, 0)) O

Remark 3.3.13. At points in the preceding proof, we used the fact that a linear map is a comonoid

morphism, which implies that it commutes with copying. We will define the notion of comonoid
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morphism in §3.4.1/below; meanwhile, the fact that A” is one follows from the fact that @ is the

categorical product of vector spaces, and so every linear map is a @-comonoid morphism.

Remark 3.3.14. Let us return briefly to the distinction made at the beginning of this section
between processes and systems, and their corresponding categorical incarnations. One might be
tempted to try constructing a symmetric monoidal category of neural circuits using this algebra
whose objects would be natural numbers and whose morphisms ¢ — o would be circuits in
R(o,1), treated thus as ‘processes’. But this won’t work, because there is no neural circuit that
will function as an identity morphism! Later in the thesis (§6.3), we will see one way around
this problem, building monoidal categories of hierarchical dynamical systems that are in some
sense analogous to these circuits (while being more general): there, we will use the rich structure
of polynomial functors to define both the syntax of composition as well as the hom categories
(for our construction will be bicategorical) of dynamical systems, and the extra generality will
mean we will have identity systems (that compose appropriately unitally). Until then, we note
that the moral of this observation might be that it affirms that the composition of neural circuits is

multicategory-algebraic (formalizing a notion of hierarchy), rather than merely categorical.

The weight matrices resulting from the linear circuit algebra encode the pattern of connectivity

specified by the diagram, as we now exemplify.

Example 3.3.15. Let us consider the circuit example from the beginning of this section, the wiring

of an inhibitory circuit to an excitatory circuit, as in the diagram

which depicts a linear circuit diagram E + I — EI. In such a diagram, the input dimension of
an object (such as F) must have dimension equalling the sum of the dimensions of the incoming
wires. Dually, the dimension along a wire emanating from an object must have dimension equal to
the output dimension of that object. To distinguish the source and target of a wire, we decorate the
target ends: a filled circle denotes an inhibitory connection, interpreted in the linear circuit as the
negative identity matrix —1 of the appropriate dimension; and an inverted arrowhead denotes an
excitatory connection, interpreted as the positive identity 1 of the appropriate dimension. We will

write the dimensions of the object E' as (og, ig), of I as (o7,i7),and of ET as (opy,igs). Therefore,
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in this example, the following equalities must hold: ¢ = oy + ¢g1; i1 = 0p; and og; = o + o5.
The last equation holds because the circuit E is formed from the sum of the circuits £ and I.

To give a circuit diagram (A, B) : (og,ig) + (or1,i1) — (0gr1,iEr) is to give a semi-orthogonal
real matrix A of shape (ogr, 0p + or) and a real matrix B of shape (ig + i7,0p + o +ips). Using
the preceding equalities, these are equivalently shaped as (op + o7,0r + or) and (o7 + igr +
0g,0E + or + igr), and we just choose the identity matrix 1,, 4., for A. To define B, we read it

off from the diagram as

0 -1, O
B:=|0 0 1,
l,, 0 0

Now suppose (A\g, o5, BE, Ve, WE) and (A1, «,1, B, v1, Wr) are two rate-coded neural circuits,
the former of type R(og, i) and the latter of type R(os, 7). How does R(A, B) act upon them to
give our composite circuit?

On all the parameters but the weight matrices, R(A, B) acts trivially (since A is just the identity
matrix), and so we will concentrate on the action on Wg, W7. Firstly, we need to form the monoidal

product of the weight matrices, u(Wg, W), which is defined by

l,, 0 0 0
(Wg 0 0 0 1, O
“(WE’WI)_<0 W1> 0 1, 0 0
0 0 0 1,

l, 0 0 0 0

We 0 0 0 1, 0 0

="y )0 0 0 1, o0

10 1,, 0 0 0

0 0 0 0 1,

where the second equality holds by applying the equalities between the dimensions defined above.
The weight matrix R(A, B)(u(Wg, Wr)) is then defined as

1 0
1 0\ (=" AT 0
AM(WE,WI) < 0E0+01 B> 10E+01 0 < 0 1. .
0 lig, o1

Since A = 1, +0,, and by substituting the definition of u(Wg, W), this reduces to

l,, 0 0 0 0
S 0 0 Loy 0 0|\ (lopto O
o w,)l 0 00 1 0 o 5 [ Losrer O
0 1, 0 0 0 0 1y,

0 0 0 0 1,
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Then, by substitution and matrix multiplication, we have the following equalities:

l,, 0 0 0 0
0 0 1, 0 0|, o\ (Lostor O
0 0 0 L, O (0150*‘” B) logto; O
0 1, 0 0 0 0 1y,
0 0 0 0 1,
l,, 0 0 0 O0\/l,, 0O 0 0 0 l,y 0 0
0 0 1, 0 0 0 1,, 0 0 0 0 1, 0
=0 0o 0 1, O o 0 0 -1, O loy, 0 0
0 1, 0 0 0 0 0 0 0 Ly,|lo 1, o
o 0 0 0 1,,/\0 0 1,, 0 0 0 0 1y,
l,, 0 0 0 0O l,, 0 0
0 0 1, 0 0 0 1, O
=0 0 0 1, O 0 -1, O
0 1, 0 0 0 0 0 1,
0 0 0 0 1,,/\l,, 0 0
l,, 0 0
0 -1, O
=0 0 1
0 1, O
loy, 0 0

so that the resulting weight matrix R(A, B)(u(Wg, Wy)) is

l,, 0 0
We 0 0 —1, 0
0w 0 0 1,
1o 1, 0
l, 0 0

Reading off this weight matrix, we see that the E neurons receive external input plus recurrent
excitatory input from themselves as well as inhibitory input from I, and that the I neurons receive
only recurrent excitatory input plus excitatory input from F. This is exactly as it should be,
given the diagram: by formalizing these computations, we render them mechanical (and hence
computer-implementable). In particular, we can treat the resulting ET circuit as a “black box” and

substitute it into other diagrams to construct still larger-scale systems.

Since linear circuit diagrams allow for any linear pattern of connectivity, we can of course

generalize the picture above to allow for more subtle interconnections.

Example 3.3.16. Suppose that instead of incorporating only excitatory or inhibitory connections,
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we sought something a little more complex, as in the following circuit diagram:

— — El |

Now, we have decorated the wires with fleches, to indicate the flow of activity; and besides the
circular boxes (representing circuits), we have incorporated square boxes (representing linear
patterns of interconnection). Using the same notation for the dimensions of the circuits £, and
ET as in Example this means that the boxes square boxes represent matrices C' of shape
(ig +ir,mn + ipr) and D of shape (n, o0 + o), where n is the dimension of the D-C wire. If we
again write (A, B) for the implied circuit diagram, and we can again set A to be the identity matrix,
and read B from the diagram as the composite matrix

. Dol . C . .
B:=0E+01+2E1i>n+131—>2p;+21.

The rest of the calculation follows mechanically, just as before.

One feature missing from the construction in this section is synaptic plasticity: although we have
shown how to compose circuits into systems, it is only the neural firing rates that are dynamical;
the connection matrices remain fixed. In the preceding section, we motivated the introduction of
parameterized categories by their application to learning problems, and indeed one could factorize
the linear circuit algebra above by extracting the connection matrices into parameters; if one
wanted to retain a choice of initial weight matrix, this could also be incorporated into a ‘pointed’
version of the structure.

This parameterized construction would be bicategorical, and so a faithful semantics for it
would no longer land in Set, but rather in Cat: we would have categories of circuits related by
reparameterizations of the weight matrices, and with the dynamics also incorporating plasticityﬂ

With a sufficiently sophisticated algebra, it would even be possible to allow the circuit diagrams
themselves to be dynamical and subject to learning. We will not pursue this line of enquiry further
here, but we will return to it when we introduce plasticity into approximate inference doctrines:

there, our structures will be sufficiently supple to incorporate all of the concepts sketched here.

’An even more faithful dynamical semantics would land in “bundle dynamical systems”, of the form that we introduce
in Chapter|[6} two two levels of the bundle would witness the dynamics of the firing activity and the plasticity, and
the bundles themselves would witness the timescale separation.
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3.4. From monoids to monads

In order to reach the level of suppleness required by plastic dynamical approximate inference, it will
help to understand the structures underlying the definitions and constructions introduced so far in
this chapter—in particular, we will need a firm grasp of the concepts of monad and comonoid—and
so at this point we return to an expository mode.

The fundamental concept underlying many of the structures we have seen so far is the monoid:
an object equipped with two operations, one binary and one ‘nullary’, with the latter acting as a
‘unit’ for the former, and although the major operation is only binary, it can be chained in order to
form n-ary operations. For this reason, monoids are fundamental to abstract algebra: categories
themselves are “monoids with many objects” (in the same way that a multicategory is an operad
with many objects). Both monads and comonoids can be defined using monoids.

Even though monoids are fundamental and intimately familiar to mathematicians and computer
scientists, they remain underappreciated in computational and cognitive neuroscience. For this

reason, we once again take a fairly pedagogical approach in this section.

Definition 3.4.1. Suppose (C,®, I) is a monoidal category. A monoid object in C is an object m
equipped with a multiplication morphism p : m @ m — m and a unit morphism n : I — m,

satisfying the axioms of (left and right) unitality

o

and associativity

If C is symmetric monoidal then we say that the monoid (m, u,n) is commutative if ;1 commutes
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with the symmetry as in

Since we are doing category theory, it is important to understand morphisms of monoids.

Definition 3.4.2. Suppose (m, u,n) and (m/, i/, n') are monoids in (C,®, I). A monoid morphism
(m, p,m) — (m',p’',n') is a morphism f : m — m’ in C that is compatible with the monoidal

structures, i.e. by satisfying the axioms

f = and =

N

Monoids and their morphisms in C constitute a category Mon(C); composition and identities are

as in C, and it is easy to check that the composite of two monoid morphisms is again a monoid
morphism.

If C is symmetric monoidal, then there is a subcategory CMon(C) < Mon(C) of commutative
monoids and their morphisms.

In the names Mon(C) and CMon(C), we leave the monoidal structure implicit; should it be

necessary to be explicit, we write Mong (C) and CMong/(C).
Let us consider some first examples of monoids in monoidal categories.

Example 3.4.3. The natural numbers N equipped with addition + : N x N — N and zero 0

constitute a monoid in Set. (In fact, (N, +,0) is the free monoid generated by a single element.)

Example 3.4.4. If A is a set, then there is a monoid (List(A), o, ()) of lists of elements of A: the
elements of the set List(A) are finite lists (a, b, . . . ) of elements of A; the multiplication o : List(A) x
List(A) — List(A) is given by concatenation of lists (b1,...) o (a1,...) = (a1,...,b1,...); and
the unit 1 — List(A) is given by then empty list (). We saw in the proof of Proposition[2.1.9| that

list concatenation is associative and unital.
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Example 3.4.5. A monoid (m, o, *) in Set is a category with a single object, denoted . We
already saw an example of this, in Example the monoid (N, +, 0), treated as a category. More

generally, a monoid in a monoidal category (C,®, I) is a C-enriched category with a single object.

Example 3.4.6. A monoid (C,®, ) in the monoidal category (Cat, x,1) of categories and
functors is a strict monoidal category: the tensor is the monoid multiplication, and its unit is the
monoid unit. In fact, this explains the name “monoidal category”: a (strict) monoidal category is a

monoid object in Cat.

Remark 3.4.7. Non-strict monoidal categories are ‘weak’ in the same sense that bicategories
are weak 2-categories; after all, a monoidal category is a one-object bicategory. In this way, we
can also weaken the notion of monoid object in a bicategory, so that the axioms of unitality and
associativity only hold up to ‘coherent isomorphism’: that is, up to isomorphisms that cohere with
the weak unitality and associativity of the ambient bicategory. Such weak monoid objects are
called pseudomonoid and when interpreted in the monoidal 2-category (Cat, x, 1) their formal
definition[77, §3] yields exactly the non-strict monoidal categories.

But note that to make sense in general of the notion of pseudomonoid, we first need to have a
notion of monoidal bicategory. Abstractly, such a thing should be a one-object tricategory, but this
often doesn’t help: in those cases, we need something more concrete. Informally, then, a monoidal
bicategory is a bicategory equipped with a monoidal structure that is coherent with the 2-cells, but
as we have begun to see here, to specify all this coherence data quickly becomes quite verbose,
and to prove their satisfaction by any given structure quite arduous, so we will only make use
informally in this thesis of the notions of monoidal bicategory and pseudomonoid — and when we
do, it will be by reference to the familiar structures on and in Cat: its Cartesian monoidal structure;
and (non-strict) monoidal categories.

Finally, we note that the general phenomenon, of which we observe an instance here, wherein
algebraic structures (such as monoids) may be defined internally to categories equipped with

higher-dimensional analogues of that same structure is known as the microcosm principle[17]).

In Example|3.1.9] we saw that categories of endofunctors are strict monoidal categories. Following
Example [3.4.6] this means that endofunctor categories are equivalently monoid objects. In fact,
since categories are monoids with many objectf], this means we can consider any object of

endomorphisms as an appropriately typed monoid object.

¥0One often uses the prefix ‘pseudo- in category theory to denote a weak structure.
*This pattern—of extending structures to “many objects’—is sometimes called horizontal categorification, to distinguish
it from the ‘vertical’ categorification of adding an extra dimension of morphism.
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Example 3.4.8. If ¢ : C is any object in any category C, then the hom-set C(c, ¢) is a monoid
(C(c,c),0,id.) in Set. More generally, if C is enriched in &, then (C(c, ¢), 0, id.) is a monoid in &.

In each case, we call the monoid the endomorphism monoid on c.

In the case when the endomorphism objects are categories, as in the case of Example [3.1.9] the
monoidal structure makes them into monoidal categories, and so we can consider monoids objects
defined internally to them. More generally, we can do this inside any bicategory, and the resulting

monoids will play an important role subsequently.

Remark 3.4.9. Just as a monoidal category is a bicategory with a single object, the hom-category
B(b, b) for any 0-cell b in a bicategory B is a monoidal category: the objects are the 1-cells b — b, the
morphisms are the 2-cells between them, composed vertically; the tensor is horizontal composition
of 1-cells, and its unit is the identity 1-cell id,. We can therefore define a monoid in a bicategory B

to be a monoid in B(b, b) for some 0-cell b : B, using this induced monoidal structure.

Since Cat is morally a 2-category (and a fortiori a bicategory), and thus to avoid confusion with
monoid objects in (Cat, x, 1) (i.e. strict monoidal categories), we will introduce a new term for

monoids in the bicategory Cat.

Definition 3.4.10. A monad on the category C is a monoid object in the strict monoidal category

(Cc, o,ide).

Monads are often defined in a more explicit way, by expressing the monoid structures and axioms

directly and diagrammatically.

Proposition 3.4.11. A monad on C is equivalently a triple (7, u1,n) of
1. afunctor T : C — C;
2. anatural transformation p : TT' = T called the multiplication; and
3. anatural transformation 7 : ide = T called the unit;

such that, for all ¢ : C, the following diagrams commute:

TTTe — Tt TT¢ Te — M PTe T T
KTe te and He
TTe —t  + T¢ Te
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A monad is like a monoidal structure for composition: instead of taking two objects and
constructing a single object representing their conjunction (like the tensor of a monoidal category),
a monad takes two levels of nesting and composes them into a single level; this is the source of the

connection between multicategory algebras and monad algebras.

Example 3.4.12. Recall the list monoid from Example The mapping A — List(A) defines
the functor part of a monad List : Set — Set; given a function f : A — B, List(f) : List(4) —
List(B) is defined by applying f to each element of the lists: (a1, ag,...) — (f(a1), f(a2),...).
The monad multiplication z : List?> = List is given by “removing inner brackets” from lists of lists:
MA((G%; ai,...),(ad,...),.. ) = (al,a3,...,ad,...,...); equivalently, form the perspective of
Example this is the concatenation of the ‘inner’ lists into a single list. The monad unit

7 : idget = List is defined by returning ‘singleton’ lists: 74 : A — List(A) : a — (a).
There is a close connection between monads and adjunctions: every adjunction induces a monad.

Proposition 3.4.13. Suppose L -/ R : D — C is an adjunction, with unit n : idc = RL and
counit € : LR = idp. Then (RL, Rey,,n) is a monad.

Proof. To see that the associativity axiom is satisfied, observe that Rerrr, = RLerr, = RLRey,
by naturality. Right unitality follows by the triangle identity e, o Ln = idy, which entails the
required equation Rey, o RLn = idgy; and left unitality follows from right unitality by naturality,

asnrr = RLn. O

It is also true that every monad arises from an adjunction: in fact, there are typically multiple

adjunctions inducing the same monad, and we will exhibit one extremal case in

Remark 3.4.14. This dual correspondence is itself an example of an adjunction—in the quite
general bicategorical sense, following the definition of monad as a monoid in a bicategory—though

we leave the demonstration of this to the reader.

Before we show in generality how every monad arises from an adjunction, we can exhibit the

list monad as a classic special case.

Example 3.4.15 (Lists are free monoids). There is a forgetful functor U : Mon(Set) — Set,
taking each monoid (M, o, *) (or monoid morphism f) and forgetting the monoid structure to
return just the set M (or the morphism f). This functor has a left adjoint ' : Set — Mon(Set),

which takes each set A to the free monoid on A; this free monoid F'(A) is precisely the monoid
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(List(A), o, ()) of lists in A, equipped with concatenation as multiplication and the empty list as
unit, as described in Example The induced monad (List, x4, n7), described in Example is

then precisely the monad induced by this adjunction, with List = UF.

At this point, with an example of a monad to hand, we can start to explore their connection to

algebra.

Definition 3.4.16. Suppose (7', i1, 1) is a monad on C. A T'-algebra is a choice of object A : C and

a morphism a : TTA — A such that the following diagrams commute:

A" TA TTA — T2 T4
a and HA a
A TA — % 4 A

Once again, this being category theory, we are interested less in individual 7T-algebras than in

their category.

Definition 3.4.17. A morphism of T-algebras (A,a) — (B,b) is a morphism f : A — B that

preserves the T-algebra structures, in the sense that the following diagram commutes:

TA — 1B

A—71 B
T-algebras and their morphisms constitute a category, denoted Alg(7’) and called the category of
T-algebras or the Eilenberg-Moore category for T'. (Algebra morphisms compose by the composition

of morphisms; a composite morphism of T-algebras is again a morphism of T-algebras by pasting.

Identities are the usual identity morphisms in C.)
We now demonstrate the ‘algebra’ of monad algebras using two familiar examples.

Example 3.4.18. The category of monoids in (Set, x, 1) is equivalent to the category of List-
algebras. A List-algebra is a pair of a set A and a function a : List(A) — A satisfying the algebra
axioms, which mean that ¢ must map singleton lists to their corresponding elements, and that a
must respect the ordering of elements in the list (so that it doesn’t matter whether you apply a to
the lists in a lists of lists, or to the collapsed list resulting from the monad multiplication). To obtain

a monoid, we can simply take the set A. The monoid multiplication is given by the action of @ on
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2-element lists; and the monoid unit is given by the action of a on the empty list. Since a satisfies
the monad algebra laws, the resulting multiplication and unit satisfy the monoid axioms: the monad
laws are a categorification of the monoid axioms, and the algebra laws ensure compatibility with
them.

Dually, given a monoid (A4, m, e), we can construct a List algebra a by induction: on empty lists,
return e; on singleton lists, return their elements; on 2-element lists, apply m; on lists of length
n, apply m to the first two elements to obtain a list of length n — 1 repeatedly until reaching the

2-element case. The monoid laws then ensure that the monad axioms are satisfied.

Example 3.4.19. Recall from Proposition that one can obtain from any category a directed
graph by forgetting the compositional structure and retaining only the objects and morphisms as
nodes and edges. Recall also from Proposition [2.1.9) that one can obtain from any directed graph G
a category F'G, the free category on G whose objects are the nodes of G and whose morphisms are
paths in G. These two constructions form a free-forgetful adjunction, ' - U : Cat — Graph,
and the induced monad U F' : Graph — Graph is called the path monad: on objects, it takes a
graph G and returns a graph with the same nodes but whose edges are the paths in G. The category
Alg(UF) of algebras of U F' is equivalent to the category Cat of (small) categories.

To see this, note that a U F'-algebra is a graph homomorphism UFG — G, for some graph G:
a mapping of nodes in U F'G to nodes in G, and a mapping of edges in U F'G to edges in G that
preserves domains and codomains. Since U F'G and G have the same nodes, the simplest choice is
to map each node to itself: we will consider the nodes as the objects of the resulting category. The
mapping of paths to edges induces a composition operation on the edges of G, which we henceforth
think of as morphisms. The reasoning proceeds inductively, much like the List-algebra case: we
take paths of length 0 to be identity morphisms; paths of length 1 are taken to their constituent
morphisms; paths of length 2 are taken to their composites; and one obtains the composites of
longer paths by induction. Associativity and unitality then follow easily from the monad algebra

laws.

Remark 3.4.20. Both the preceding examples suggest a connection between monad algebras
and inductive reasoning, and indeed one can formalize inductive reasoning (as inductive types)
in terms of algebras. Dually, there is a close connection between ‘coalgebras’ and ‘coinduction’,
which can be used to formalize the behaviours of systems that can be iterated, such as dynamical

systems. As an informal example, the coinductive type corresponding to List is the type of “streams”:
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possibly infinite lists of the states or outputs of transition systems. In Chapter|[6] we use coalgebra to

formalize the compositional structure of ‘open’ (i.e., interacting) dynamical systems quite generally.

In the Appendix (§A.1), we pursue the monad algebra story a little further, to demonstrate the
connection with multicategory algebra. However, since that connection is not strictly germane to
the rest of the thesis, and with the suggested notion of coalgebra to whet our appetite, we now

turn to monoids’ duals, comonoids.

3.4.1. Comonoids

We introduced comonoids graphically at the beginning of as a structural manifestation of
copying and discarding, but in the fullest of generality, comonoids are simply monoids in opposite

categories.

Definition 3.4.21. A comonoid in (C,®, I) is a monoid in C °P, when C °P is equipped with the
opposite monoidal structure induced by (®), I). Explicitly, this means an object ¢ : C equipped with
a comultiplication § : ¢ — ¢ ® c and counit € : ¢ — I, satisfying counitality and coassociativity laws
formally dual to the corresponding unitality and associativity laws of monoids: read the diagrams
of Definition [3.4.1|top-to-bottom, rather than bottom-to-top. Likewise, if C is symmetric monoidal,

we say that a comonoid in C is cocommutative if its comultiplication commutes with the symmetry.

Example 3.4.22. Every object in a category with finite products x and a terminal object 1 is a
comonoid with respect to the monoidal structure (x, 1). The comultiplications dx : X — X x X
are defined by the pairing (idx,idx) (recall Definition [2.3.15) and the counits ex : X — 1 are
(necessarily) the unique morphisms into the terminal object.

Coassociativity follows because (idx, (idx,idx)) = ax x x o ((idx,idx),idx), where « is the
associator of the product. Counitality follows by the naturality of pairing, (idx x !) o (idy,idy) =
(idx, !), and because projy o (idx, !) = idx by the universal property of the product; note that
proj y is the X component of the right unitor of the monoidal structure, and (idy, !) is its inverse.

Instantiating this example in Set, we see that the comultiplication is given by copying, i.e.,
x — (x,x); and the counit is the unique map = — = into the singleton set. This justifies our

writing of the comonoid structure in copy-discard style as (% y, T x).

In general, when a comonoid structure is to be interpreted as a copy-discard structure, we will
therefore write the struture morphisms as (¥, 7) and depict them accordingly in the graphical

calculus, rather than using the boxed forms of Definition However, copy-discard structures
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are not the only important comonoids that we will encounter. In the next section, we introduce
the category of polynomial functors Set — Set, and since these are endofunctors, their category
inherits a monoidal structure given by functor composition. Comonoids for this monoidal structure
in Poly give us another definition for a now multifariously familiar concept: they are again small
categories, although their morphisms are not functors but rather cofunctors.

Of course, a morphism of comonoids is much like a morphism of monoids.

Definition 3.4.23. A comonoid morphism f : (¢,0,€) — (¢',0',€') in (C,®,I) is a morphism
f : ¢ —  that is compatible with the comonoid structures, in the sense of satisfying axioms dual
to those of Definition There is thus a category Comon(C) of comonoids in C and their

morphisms, as well as a subcategory CComon(C) — Comon(C) of commutatitve comonoids.

In the more familiar copy-discard setting, comonoid morphisms also play an important réle. In
the next chapter, we will see concretely that, in the context of stochastic maps, comonoid morphisms
(with respect to the tensor product) correspond to the deterministic functions. This result is closely

related to the following fact.

Proposition 3.4.24. If every morphism in the monoidal category (C, ®, I) is a comonoid morphism,
then a ® b satisfies the universal property of the product for every a,b : C, and hence ® is the

categorical product and I the terminal object in C (up to isomorphism).

Proof. If every morphism is a comonoid morphism, then every object a : C carries a comonoid
structure; assume a choice of comonoid structure (¥, : a > a®a, T, : a — I) for every a : C.

The universal property of the product says that every morphism f : z — a ® b factors as

a a

. . —1/a
IRy
[, fbi

where f, : x — a and f; : ¥ — b are uniquely defined as

a

T x

i
f and fo =
) o

Since f is ex hypothesi a comonoid morphism, we have

fa =

— ﬂ f %b
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where the first equality holds by counitality, the second since f commutes with ¥ ex hypothesi,
and the third by definition. This establishes that a ® b satisfies the universal property, and hence
that ® is the categorical product.

To see that I is the terminal object up to isomorphism, suppose that 1 is the terminal object. Since
® is the categorical product, there is an isomorphism a — a ® 1 for any a : C, by the universal
property. In particular, there is an isomorphism I — I ® 1. But since I is the monoidal unit for ®,
the component of the left unitor at 1 is an isomorphism I ® 1 — 1. Hence we have a composite

isomorphism [ S IT®1 5 1,andso I =~ 1. O

Remark 3.4.25. The preceding proposition gives us another way to look at comonoids: we can
think of them as “products without the universal property”. The reason for this is that, since products
are characterized by their (universal) projections, we can use the counits to define projections for

the monoidal product of comonoids: that is, if @ and b are comonoids in C, then we can define

(non-universal) projections a P a @b 22 b by

idg ®%b

0l a®l a®b %% rop 2 p

where p and A denote the right and left unitors of the monoidal structure respectively. The failure
of universality means that the family of projections {proj, }4.c in C does not constitute a natural

transformation.

Remark 3.4.26. Abstractly, we can use naturality as a way to characterize deterministic morphisms:

the naturality law for % requires that

Y,

aLb—>b®b=aL>

a®a&>b®b

and this says that first doing f and the copying its output is the same as copying the input and
feeding each copy into f. If f were non-deterministic, then there would be a correlation between
the copies in the former case but not in the latter, and so this equation would not hold. Therefore,
we can think of those morphisms f for which copying is natural as the deterministic morphisms in

C. We will return to this perspective in Remark[4.1.19

Finally, there is also a notion of comonad, dual to monad: a comonad is quite generally a comonoid
in a bicategory, in the sense of Remark[3.4.9] or, less generally, a comonoid with respect to the
composition product in a category of endofunctors. This means that the polynomial comonoids we

discussed above are by definition comonads.
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In Remark 3.4.20] we introduced the notion of ‘coalgebra’, and indeed there is a notion of comonad
coalgebra that is dual to the notion of monad algebra; and indeed we will use coalgebras later
to formalize dynamical systems. But although these coalgebras will be morphisms of the form
FX — X, for F an endofunctor and X an object, the endofunctor F' will not necessarily have a
comonad structure, and so the coalgebras will be more general than the algebras we considered
above: there will be no comonad compatibility axioms to satisfy.

In many cases, the endofunctor F' will be a polynomial functor, so let us now introduce these.

3.5. Polynomial functors

In order to be considered adaptive, a system must have something to adapt to. This ‘something’ is
often what we call the system’s environment, and we say that the system is open to its environment.
The interface or boundary separating the system from its environment can be thought of as
‘inhabited’ by the system: the system is embodied by its interface of interaction; the interface
is animated by the system. In this way, the system can affect the environment, by changing the
shape or configuration of its interfac through the coupling, these changes are propagated to the
environment. In turn, the environment may impinge on the interface: its own changes, mediated
by the coupling, arrive at the interface as immanent signals; and the type of signals to which the
system is alive may depend on the system’s configuration (as when an eye can only perceive if its
lid is open). Thus, information flows across the interface.

The mathematical language capturing this kind of inhabited interaction is that of polynomial
functors, which we adopt following Spivak and Niu [235]]. We will see that this language—or rather,
its category—is sufficiently richly structured to provide both a satisfactory syntax for the patterns
of interaction of adaptive systems, generalizing the circuit diagrams of as well as a home for
the dynamical semantics that we will seek.

Polynomial functors are so named because they are a categorification of polynomial functions:
functions built from sums, products, and exponentials, of the form y — > .. ; b; y*. To categorify
a function of this kind, we can simply interpret the coefficients and exponents and the variable
y as standing for sets rather than mere numbers. In this way, we reinterpret the term y* as
the representable copresheaf Set(a;, —), so that we can substitute in any set X and obtain the
exponential X (just as in the classical case). To categorify the sums and products, we can simply

use the universal constructions available in the copresheaf category SetSet: these are still available

°Such changes can be very general: consider for instance the changes involved in producing sound (e.g., rapid vibration
of tissue) or light (e.g., connecting a luminescent circuit, or the molecular interactions involved therein).
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in the subcategory Poly, since Poly is by definition the subcategory of the copresheaf category

on sums of representables (and as we have seen, products are equivalently iterated coproducts).

Remark 3.5.1. Limits and colimits in (co)presheaf categories are computed ‘pointwise’. Therefore,
if F' and G are two copresheaves C — Set, then their sum F' + G is the copresheaf defined by
x +— F(z) + G(x) and their product is the copresheaf defined by z — F(x) x G(x).

We will adopt the standard notation for polynomial functors of Spivak and Niu [235]], so that
if p is a polynomial, we will expand it as Zi:p(l) Pl When treating p as encoding the type of a
system’s interface, we will interpret p(1) as encoding the set of possible configurations (or ‘shapes’)
that the system may adopt, and for each configuration i : p(1), the set p[i] is the set of possible

immanent signals (‘inputs’) that may arrive on the interface in configuration i.

Definition 3.5.2. First, if A be any set, we will denote by y* its representable copresheaf y* :=
Set(A,—) : Set — Set. A polynomial functor p : Set — Set is then an indexed coproduct of
such representable copresheaves, written p := Zi:p(l) yPi, where p(1) denotes the indexing set and
pli] the representing set for each i. The category of polynomial functors is the full subcategory

tSet

Poly — Se of the copresheaf category spanned by coproducts of representables. A morphism

of polynomials is thus a natural transformation.

Remark 3.5.3. Note that, given a polynomial functor p : Set — Set, the indexing set p(1) is
indeed obtained by applying p to the terminal set 1.

We will make much use of the following ‘bundle’ representation of polynomial functors and

their morphisms.

Proposition 3.5.4. Every polynomial functor Zi:p(l) yPi corresponds to a bundle (a function)
Pt 2ip1) Pi — p(1), where the set 33, ) p; is the p(1)-indexed coproduct of the representing
objects p; and p is the projection out of the coproduct onto the indexing set p(1).

Every morphism of polynomials f : p — ¢ corresponds to a pair (f1, f¥) of a function f; :
p(1) — ¢(1) and a p(1)-indexed family of functions fiti : q[f1(1)] — p[i] making the diagram

below commute. We adopt the notation p[i] := p;, and write f* to denote the coproduct D f}.

Sty Pl < Sy dlfi0)] —— Yty ald]

/| | [

p(1) =———=p(1) ———— ¢(1)
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Given f : p — g and g : ¢ — 7, their composite go f : p — r is as marked in the diagram

S pli] <25 S rlare A@] —— Sy, 7k

gl | |

p(1) p(1) el r(1)

where (gf)* is the coproduct of the p(1)-indexed family of composite maps

. * gk . # .
oy (R (0] T ala (D] 5 pli]
The identity morphism on a polynomial p is (id,(1), id).

Proof. We just need to show that every natural transformation between polynomial functors
corresponds to a pair of maps (fi, f!) as defined above. The set of natural transforma-
tions ;.1 Pl = 2ia(1) y9l7] is the hom-set SetSet (Zi:p(l) yp[i],zj:q(l) qu). Since the
contravariant hom functor takes colimits to limits (Remark [2.3.53), this hom-set is isomor-
phic to [ [, SetSet (yp[i],zj:q(l) y9l71). By the Yoneda lemma, this is in turn isomorphic
to [ Tip1) 25:9(1) p[i]?U].  And since products distribute over sums, we can rewrite this as
2fip(—g) L Lipa) p[i]271@] The elements of this set are precisely pairs of a function f; :
p(1) — ¢(1) along with a family of functions ¢[ f1(7)] — p[i] indexed by i : p(1), such that the

diagram above commutes. O

We now recall a handful of useful facts about polynomials and their morphisms, each of which
is explained in Spivak and Niu [235]] and summarized in Spivak [241]].

We will consider the unit polynomial y to represent a ‘closed’ system, since it has no nontrivial
configurations and no possibility of external input. For this reason, morphisms p — y will represent
ways to make an open system closed, and in this context the following fact explains why: such
morphisms correspond to a choice of possible input for each p-configuration; that is, they encode

“how the environment might respond to p”.

Proposition 3.5.5. Polynomial morphisms p — y correspond to sections p(1) — . p[i] of the

corresponding function p : Y, p[i] — p(1).

The following embedding of Set into Poly will be useful in constructing ‘hierarchical’ dynamical

systems.

Proposition 3.5.6. There is an embedding of Set into Poly given by taking sets X to the linear

polynomials Xy : Poly and functions f : X — Y to morphisms (f,idx) : Xy — Y.
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There are many monoidal structures on Poly, but two will be particularly important for us. The

first represents the parallel composition of systems.

Proposition 3.5.7. There is a symmetric monoidal structure (®, y) on Poly that we call tensor,
and which is given on objects by p®q := Zi:p(l) Zj:q(l) yPli1%4li] and on morphisms f := (f1, f%) :
p—pandg:=(91,6°) : ¢ > ¢ by f®g:= (f1 x g1,2(f*, g%)), where X(f*, ¢) is the family
of functions

f.uxgu.
S(f4 6% =P [A6)] % d[91(5)] = pli] x al4]

indexed by (7, j) : p(1) x g(1). This is to say that the ‘forwards’ component of f ® g is the product

of the forwards components of f and g, while the ‘backwards’ component is the pointwise product

of the respective backwards components.

Proposition 3.5.8. (Poly,®, y) is symmetric monoidal closed, with internal hom denoted [—, =].

Explicitly, we have [p,q] = >;,,,, yzi:p(l) 1] Given an set A, we have [Ay,y] =y

The second important monoidal structure is that inherited from the composition of endofunctors.
To avoid confusion with other composition operators, we will in this context denote the operation

by <.

Proposition 3.5.9. The composition of polynomial functors gop : £ — & — &£ induces a monoidal

structure on Poly ., which we denote <, and call ‘composition’ or ‘substitution’. Its unit is again y.

Comonoids with respect to <1 play a particularly important réle in the theory of polynomial

functors, and we will make accordingly much use of them.

Proposition 3.5.10 (Ahman and Uustalu [7, §3.2]). Comonoids in (Poly, <, y) correspond to
small categories. If (¢, d, €) is a comonoid, then the shapes ¢(1) are the objects of the corresponding
category C. For each object z : ¢(1), c[4] is the set 3}, .4y C(x,y) of morphisms out of z. The
counit morphism € : ¢ — y is, following Proposition a section of ¢, and assigns to each
x : ¢(1) its identity morphism id, : £ — x. The comultiplication  : ¢ — ¢ <l ¢ encodes morphisms’
codomains (its forward action) and their composition (its backward action). Finally, the comonoid

laws ensure that the category is well defined.

Remark 3.5.11. <1-comonoid homomorphisms are not, as one might expect, functors; rather, they
are ‘cofunctors’: they act backwards on morphisms. We will not explore the theory of cofunctors
any further in this thesis, although we will make frequent use of them later in the context of

dynamical systems.
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The following <I-comonoids will play a prominent réle in our dynamical developments.

Proposition 3.5.12. If T is a monoid in (Set, x, 1), then the comonoid structure on y” witnesses

it as the category BT.

Proposition 3.5.13. Monomials of the form Sy° can be equipped with a canonical comonoid
structure witnessing the codiscrete groupoid on S the category with an object for every element s

of S and a morphism s — ¢ for every pair of elements (s, t).
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4. The compositional structure of Bayesian
inference

This chapter introduces the fundamental concepts and structures needed for the development
of statistical games in Chapter [5| and proves the crucial result that Bayesian updating composes
according to the ‘lens’ pattern. To make sense of this statement, we first introduce compositional
probability (§4.1), motivating it as a resolution of some imprecision that arises when one works
informally with probability and statistics, particularly in the context of ‘hierarchical’ models. We
exhibit categorical probability theory both abstractly (§4.1.2 and and concretely (using
discrete probability in and ‘continuous’ probability in §4.1.4). We then move on to construct
categories of bidirectional processes in by first categorifying our earlier discussion of dependent
data using the Grothendieck construction (§4.2.1) and then using this to introduce the lens pattern
(§4.2.2).

In we present our novel results. First, we introduce the indexed category of “state-dependent
channels” in These formalize the type of Bayesian inversions, and so in §4.3.2] we define the
associated notion of Bayesian lens, and show in §4.3.3|that Bayesian updating composes according

to the lens pattern. We end with a brief discussion of the ‘lawfulness’ of Bayesian lenses.

Remark 4.0.1. To gain some intuition about the hierarchical compositional structure of Bayesian
inference, consider sitting close to the screen at a cinema. Your neural activity encodes a belief
about where the characters are on the screen and what they are doing, but your visual field can
only capture a part of the image at any one time. These incoming visual signals contain “low-level”
information, about the light intensity over the patch of screen you can see, and the first job of the
visual system is to infer what this means for what’s going on in this patch. Of course, having been
following the film so far, your brain encodes a high-level belief about what is going on across the
whole screen, and it uses this to predict what to expect in the patch. This intermediate-level belief
is then updated using the received visual signals, through a process of (approximate) Bayesian
inference. The resulting intermediate-level posterior then supplies the input for a second inference

process, updating the prior high-level belief accordingly. Notice that this means that the process of
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prediction in such a hierarchical inference system points from inside an agent “towards the world”;

and the belief-updating process points the other way, from the world into the agent.

4.1. Compositional probability

In informal literature, Bayes’ rule is often written in the following form:

P(B|A)-P(4)
P(B)

P(A|B) =
where P(A) is the probability of the event A, and P(A|B) is the probability of the event A given
that the event B occurred; and vice versa swapping A and B. Unfortunately, this notation obscures
that there is in general no unique assignment of probabilities to events: different observers can hold
different beliefs. Moreover, we are usually less interested in the probability of particular events
than in the process of assigning probabilities to arbitrarily chosen beliefs; and what should be done
if P(B) = 0 for some B? The aim in this section is to exhibit a general, precise, and compositional,
form of Bayes’ rule; we begin, as before, by introducing the intuition.

In the categorical setting, the assignment of probabilities or beliefs to events will formally be the
task of a state (in the sense of on the space from which the events are drawn; we should
think of states as generalizing distributions or measures. With this notion to hand, we can write
P~ (A) to denote the probability of A according to the state 7.

The formalization of conditional probability will be achieved by morphisms that we will call
channels, meaning that we can write P.(B|A) to denote the probability of B given A according to
the channel c¢. We can think of the channel ¢ as taking events A as inputs and emitting states c¢(A)
as outputs. This means that we can alternatively write P.(B|A) = P.4)(B).

If the input events are drawn from the space X and the output states encode beliefs about Y,
then the channel ¢ will be a morphism XY . Given a channel ¢ : X-+Y and a channel d : Y+ Z,
we will understand their composite d e ¢ : X7 as marginalizing (averaging) over the possible

outcomes in Y. We will see precisely how this works in various settings below.

Notation 4.1.1. In a stochastic context, we will denote channels by the arrow -, and write
their composition operator as o. We do this to distinguish stochastic channels from deterministic
functions, which we will continue to write as — with composition o; in a number of situations, it

will be desirable to work with both kinds of morphism and composition.
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Given two spaces X and Y of events, we can form beliefs about them jointly, represented by
states on the product space denoted X ® Y. The numerator in Bayes’ rule represents such a joint

state, by the law of conditional probability or ‘product rule’:
Pu(4, B) = Po(B|A) - Px(4) (@)

where - is multiplication of probabilities, 7 is a state on X, and w denotes the joint state on X @ Y.

By composing c and 7 to form a state c e m on Y, we can write

Pw’(BvA) = PCL(A|B) ) Pcﬂr(B)

T

where ¢ will denote the Bayesian inversion of ¢ with respect to 7.

Joint states in classical probability theory are symmetric—and so the tensor ® is symmetric—
meaning that there is a family of isomorphisms swap : X ® YSY ® X, asin and which
will satisfy the symmetric monoidal category axioms (Definition [3.1.4). Consequently, we have
P,(A, B) = P,/ (B, A) where w' = swap e w, and thus

PC(B’A) ) PF(A) = Pc;fr (A‘B) ’ PCOTI'(B) (4.2)

where both left- and right-hand sides are called disintegrations of the joint state w [[60]. From this
equality, we can write down the usual form of Bayes’ theorem, now with the sources of belief

indicated:
P.(BJA) - Pr(A)
Peer(B)

P (A]B) = (4.3)

Aslong as Peer(B) # 0, this equality defines the inverse channel ck. If the division is undefined,
or if we cannot guarantee P e, (B) # 0, then ¢} can be any channel satisfying (4.2).

There is therefore generally no unique Bayesian inversion ¢! : Y- X for a given channel
¢ : XY rather, we have an inverse cir : Y-+ X for each prior state 7 on X. Moreover, ch is
not a “posterior distribution” (as written in some literature), but a process which emits a posterior
distribution, given an observation in Y. If we denote our category of stochastic channels by C, then,
by allowing 7 to vary, we obtain a map of the form cJ((.) : PX — C(Y, X), where PX denotes a
space of states on X. Note that here we are not assuming the object PX to be an object of C itself
(though it often will be), but rather an object in its base of enrichment, so that here we can think of

cJ(r.) as a kind of externally parameterized channel (in the sense of §3.2.2). Making the type of this

‘state-dependent’ channel CZ) precise is the task of §4.2.1
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Remark 4.1.2. There are two easily confused pieces of terminology here. We will call the channel
ch the Bayesian inversion of the channel ¢ with respect to 7. Then, given some y € Y, the state
ch(y) is a new ‘posterior’ distribution on X. We will call ¢} (y) the Bayesian update of 7 along ¢

given y.

In the remainder of this section, we instantiate the ideas above in categories of stochastic channels
of various levels of generality, beginning with the familiar case of discrete (i.e., finitely supported,

or ‘categorical’) probability.
4.1.1. Discrete probability, algebraically

Interpreting the informal Bayes’ rule is simplest in the case of discrete or finitely-supported
probability. Here, every event is a set, generated as the disjoint union of so many atomic (singleton)
events, which one can therefore take as the elements of the set. A finitely-suported probability
distribution is then simply an assignment of nonzero probabilities to finitely many elements, such
that the sum of all the assignments is 1. This condition is a convexity condition, and so in this
subsection we will introduce discrete compositional probability theory from a geometric perspective,

using the algebraic tools of the previous chapter.

Definition 4.1.3. Suppose X is a set. A function ¢ : X — [0, 1] such that ¢(z) > 0 for only
finitely many = : X and ).y c¢(x) = 1 will be called a discrete or finitely-supported distribution on
X. We write DX to denote the set of discrete distributions on X. A (real-valued) convex set is a set

X equipped with a function ¢ : DX — X called its evaluation.

Convex sets X are sets in which we can form convex combinations of elements. Algebraically,
we can model these convex combinations as distributions on X, and the evaluations realize the
convex combinations (distributions) as elements again of X: geometrically, the evaluation returns
the barycentre of the distribution.

In light of Chapter [3] this situation may seem familiar. Indeed, the assignment X — DX is
the functor part of a monad on Set, whose algebras are convex sets. This monad arises from a
free-forgetful adjunction between the category of convex sets (the category of algebras of the
monad) and the category Set. Later, we will find that the category of finitely-supported conditional
probability distributions—the category of discrete stochastic channels—is equivalent to the category
of free convex sets and their morphisms: a free convex set on X is equivalently a distribution on X.

Let us first formalize the functor D.
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Proposition 4.1.4. The mapping of sets X — DX is functorial. Given a function f : X — Y, we
obtain a function Df : DX — DY mapping ¢ : DX to the distribution D f(c) : DY,

Df(e): Y — [0,1]
y— >, ).
z:f(x)=y
Proof. Given f : X - Y andg:Y — Z, we have

Dyg(Df(e)) : Z — [0,1]

Z Z Z c(x)

y:9(y)=z x: f (x)=y

= Z c(x)

z:gof(x)=z2

hence Dgo Df = D(g o f). We also have

D(idx)(c) : X — [0,1]

and hence D(id) = idp. O

To obtain the monad structure of D, we will exhibit the free-forgetful adjunction. We start by

defining the category of convex sets, and the specific case of a free convex set.

Definition 4.1.5. The category of (real-valued) convex sets Conv has convex sets (X, x ) as objects.
Its morphisms (X, sx) — (Y, cy) are functions f : X — Y that preserve the convex structure, in
the sense that the following square commutes:

px — P21 py

x— 71 Ly

Definition 4.1.6. If X is any set, then the free convex set on X is the set DX equipped with the
evaluation px : DDX — DX which maps « : DDX to the distribution px () : DX,

px(a) : X — [0,1]
x — Z alc) - c(x) .

cDX
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Notation 4.1.7. To emphasize the algebraic nature of finitely-supported distributions 7 : DX,
instead of writing them as functions x — 7 (x), we can write them as formal sums or formal convex
)

with the coefficient 7(x). If X is a convex set, then the evaluation realizes this formal sum as an

combinations ).y m(x) |x), with each element x : X corresponding to a formal “basis vector”

actual element (‘vector’) in X.

We are now in a position to exhibit the adjunction: the reasoning behind the following proposition
follows the lines of Example (3.4.19|and Proposition [2.2.25|(on the free-forgetful adjunction between

graphs and categories).

Proposition 4.1.8. The mapping of X : Set to the free convex set (DX, 1x) defines a functor
F : Set — Conv which takes functions f : X — Y to morphisms F'f : (DX, ux) — (DY, uy)
defined by Df : DX — DY. This functor F' is left adjoint to the forgetful functor U : Conv —
Set which acts by (X,sx) — X.

Using Proposition [3.4.13] the adjunction gives us a monad.

Corollary 4.1.9. The functor D : Set — Set is equivalently the functor part of the monad
induced by the free-forgetful adjunction on convex sets. It therefore acquires a monad structure
(1, m) where the components of the multiplication p are the free evaluations px : DPDX — DX,
and the unit 7 has components nx : X — DX which return the ‘Dirac’ distributions, as in
nx(z): X — [0,1]
, 1 iffe=2a
T —
0 otherwise.

And Conv is the category of algebras for this monad.
Corollary 4.1.10. Conv = Alg(D).

Using Corollary we can actually exhibit the relationship between the monad D and
its defining adjunction tautologously: every monad 7" on a category C induces an free-forgetful
adjunction between its category of algebras Alg(7T') and C itself, such that the monad generated

by this adjunction is again 7T'. This is precisely the situation here.

Proposition 4.1.11. Suppose (T, i1, 1) is a monad on the category C. There is a forgetful functor
U : Alg(T) — C which has a left adjoint F' : C — Alg(T) taking each object X : C to the free
T-algebra (T X, pux) on X, where ux : TTX — T X is the component of the monad multiplication
p at X. The unit of the adjunction is the monadic unit 7, the counit € is defined by €(x () := <x,

and the monad induced by the adjunction is (T, i, 7).
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Proof sketch. The proof that F'is left adjoint to U is standard (see Borceux [39, Prop. 4.1.4]), and
that the adjunction generates the monad follows almost immediately from Proposition O

Remark 4.1.12. It must be emphasized that, although every monad arises from such a free-forgetful
adjunction, not every adjunction does! (Consider for example the adjunction A - lim of Proposition
A does not assign to each ¢ : C the “free J-shaped diagram on ¢”, and lim does not simply
forget diagrammatic structure.) Those adjunctions which do arise from monads in this way are

called monadic.
There is a special name for subcategories of free algebras.

Definition 4.1.13. Suppose (7', i1,7) is a monad on C. The subcategory of Alg(T") on the free
T-algebras (T'X, px) is called the Kleisli category for T', and denoted /().

The following proposition gives us an alternative presentation of X/(T") which, when applied to
the monad D, will yield a computationally meaningful category of finitely-supported stochastic

channels.

Proposition 4.1.14. The objects of X/(T") are the objects of C. The morphisms X +Y of K/(T')
are the morphisms X — 7Y of C. Identity morphisms idy : XX are given by the monadic unit
nx : X — TX. Composition is defined by Kleisli extension: given g : Y-+ 7, we form its Kleisli
extension g~ : T'Y <> Z as the composite TY Ty, TTZ 22, TZ in C. Then, given f : XY, we
form the composite ge f : X-Z asg” o f: X Loy 29, prg 2, 1y

Proof. Observe that there is a bijection between the objects X of C and the free T-algebras (T'X, .x ).
We therefore only need to establish a bijection between the hom-sets Alg(T") ((T'X, px ), (TY, py))
and K¢(T')(X,Y), with the latter defined as in the statement of the proposition.

First, we demonstrate that Kleisli extension defines a surjection
KUT)(X,Y) — Alg(T)((TX, px), (TY, py)) -

Suppose ¢ is any algebra morphism (T'X, ux) — (TY, uy); we show that it is equal to the Kleisli
extension of the Kleisli morphism X 2 T'X 2 1Y

)|>

rx )7y _px Dx, prx L9 pry By, Ty

—Tx X, prx PX, xS Ty

idr x

—TX TX & Ty

-TXx S T1Y
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where the first equality holds by definition, the second line by naturality of y, and the third by
the unitality of the monad (7', i1, ). Hence every free algebra morphism is in the image of Kleisli
extension, and so Kleisli extension defines a surjection.

Next, we show that this surjection is additionally injective. Suppose f, g are two Kleisli morphisms

X — TY such that their Kleisli extensions are equal
Tf Ty Tg HTY
TX —TTY —TY =TX —-TTY —TY
and recall that the identity in X¢(T') is ). We therefore have the following equalities:

x 2, rx I pry 2oy, py — x X px B9, pry BTV, Ty
—x Loy I ey 2oy, oy - x 5y D pry B2, Ty

_xLy X%y,

where the equality in the first line holds ex hypothesi, the second by naturality, and the
third by monadic unitality. Since f = ¢ when their Kleisli extensions are equal, Kleisli
extension is injective. Since it is also surjective, we have an isomorphism between X/(T)(X,Y)
and Alg(T)((TX,ux), (TY,puy)). Hence K{(T) is the subcategory of Alg(T)) on the free
algebras. O

If T is a monad on C, there is a canonical embedding of C into K/(T'). In the case of K¢(D), this

will yield the subcategory of deterministic channels: those which do not add any uncertainty:.

Proposition 4.1.15. Suppose 7" is a monad on C. Then there is an identity-on-objects embedding
C — K{(T) given on morphisms by mapping f : X — Y in C to the Kleisli morphism X I,
rx 1y,

Proof sketch. Functoriality follows from the unitality of 1 in the monad structure, since Kleisli

composition involves post-composing the monad multiplication, and pr o T'n = id. O
4.1.1.1. Stochastic matrices

At this point, let us exhibit K¢(D) a little more concretely, by instantiating Proposition[4.1.14} Since
a distribution 7 on the set X is a function X — [0, 1], and following the “formal sum” intuition, we
can alternatively think of 7 as a vector, whose coefficients are indexed by elements of X (the basis
vectors |z)). Morphisms X Y in K/(D) are functions X — DY, and so we can similarly think of

these as stochastic matrices, by the Cartesian closure of Set: a function X — DY is equivalently
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a function X — [0, 1]¥, which in turn corresponds to a function X x Y — [0, 1], which we can
read as a (left) stochastic matrix, with only finitely many nonzero coefficients and each of whose
columns must sum to 1. We will adopt ‘conditional probability’ notation for the coefficients of
these matrices: given p : XY,z € X and y € Y, we write p(y|z) := p(x)(y) € [0, 1] for “the
probabilty of y given x, according to p”.

Composition in /(D) is then matrix multiplication: given p: X — DY andq: Y — DZ, we
compute their composite g @ p : X — DZ by ‘averaging over’ or ‘marginalizing out’ Y via the

Chapman-Kolmogorov equation:

gep: X >DZ =z Y | Y q(zly) plylz)||2).
z:Z |yY

Here we have again used the formal sum notation, drawing a box to indicate the coefficients (i.e.,

the probabilities returned by the conditional distribution ¢ e p(x) for each atomic event z in 2).
Via the monadic unit, identity morphisms idx : X-+X in K/(D) take points to ‘Dirac delta’

distributions: idx := x — 1|x). The embedding Set — K/(D) makes any function f : ¥ — X

into a (deterministic) channel f = nx o f : Y — DX by post-composing with 7.
4.1.1.2. Monoidal structure

We will want to equip /(D) with a copy-discard category structure, in order to represent joint
states (joint distributions) and their marginalization, as well as the copying of information. The first
ingredient making a copy-discard category, after the category itself, is a monoidal structure. Once
again, in the case of X/(D), this can be obtained abstractly from a more fundamental structure—the
categorical product (X, 1) on Set—as a consequence of D being a ‘monoidal’ monad. We will write

the induced tensor product on K¢(D) as ®; its monoidal unit remains the object 1.

Definition 4.1.16. A monoidal monad is a monad in MonCat. This means that it is a monad
(T, ,m) in Cat whose functor 7" : C — C is additionally equipped with a lax monoidal structure
(e, €) such that the monad multiplication p and unit 7 are monoidal natural transformations

accordingly.

With this extra structure, it is not hard to verify that the following proposition makes K/(7")

into a well-defined monoidal category.

Proposition 4.1.17. The Kleisli category X/(T") of a monoidal monad (7', o, €, (1, 1) is a monoidal

category. The monoidal product is given on objects by the monoidal product & of the base category
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C. On Kleisli morphisms f : XY and f’ : X'=>Y", their tensor f ® g is given by the following
composite in C:

xox &L rxerx 2 v(x @ X)

The monoidal unit is the monoidal unit I in C. The associator and unitor of the monoidal category
structure are inherited from C under the embedding C — /(7). When (C,®, I) is symmetric
monoidal, then so is (K¢(T'), ®, I).

In the specific case of K/(D), the tensor product ® is given on objects by the product of sets and
on stochastic channels f : X — DAandg:Y — DB as

X xY L% DA x DB 5, D(A x B).

Note that because not all joint states have independent marginals, the monoidal product & is not
Cartesian: that is, given an arbitrary w : D(X ® Y'), we do not necessarily have w = (p, o) for
some p : DX and o : DY The laxator takes a pair of distributions (p, o) in DX x DY to the joint
distribution on X x Y given by (x,y) — p(x)-o(y); p and o are then the (independent) marginals
of this joint distribution. (Of course, the joint distribution (p, ) is not the only joint distribution
with those marginals: other joint states may have these marginals but also correlations between
them, and this is what it means for not all joint states to have independent marginals.)

Since (Set, x, 1) is symmetric monoidal, K¢(D) is too, with swap isomorphisms swapy y- :

XYY RX similarly inherited form those of x.

4.1.1.3. Copy-discard structure

The copy-discard structure in X¢(D) is inherited from Set through its embedding: since every
object in K/(D) is an object in Set, and every object in Set is a comonoid (Example , and
since functors preserve equalities, these comonoid structures are preserved under the embedding.
More explicitly, the discarding channels Tx are given by x — 1|%), and the copiers ¥y by
x +— 1|z, x). Note that the copiers are not natural in X/(D): in general, ¥ o f # f® f o ¥, asa
result of the possibility of correlations.

Since the projections projy : X x Y — X in Set satisfy projy = px o (idx xTy) where
px : X x 1 — X is component of the right unitor, we can see how discarding and projection
give us marginalization, thereby explaining the string diagrams of Given some joint state

w: 1+ X ®Y,its X-marginal wx : 1-X is given by projy e w, which in K¥(D) is given by the

formal sum formula >}, v | >y w(z,y) ||z), where we have again drawn a box to distinguish the
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probability assigned to |z), which we note coincides with the classical rule for marginal discrete

probability. (The Y -marginal is of course symmetric.)

Remark 4.1.18. A semicartesian category is a monoidal category in which the monoidal unit is
terminal. In a semicartesian monoidal category, every tensor product X ® Y is equipped with a
natural family of projections projy : X ® Y — X and projy : X ® Y — Y given by ‘discarding’
one of the factors and using the unitor; the existence of such projections is not otherwise implied
by a monoidal structure (though of course it does follow when the tensor is the product).

A related notion is that of an affine functor, which is one that preserves the terminal object, and
of which D is an example. As a result, and following the discussion above, we can see that K/(D)
is an example of a semicartesian category.

Semicartesian copy-discard categories are also known as Markov categories, following Fritz [[109]].

Remark 4.1.19. Since 1 is therefore terminal in K/(D), Proposition tells us that those
channels f that do commute with copying (i.e., for which '# is natural; Remark[3.4.26), and which are
therefore comonoid morphisms, are precisely the deterministic channels: those in the image of the
embedding of Set (and which therefore emit Dirac delta distributions). As a result, we can think of
Comon(K{(D)) as the subcategory of deterministic channels, and write Comon (K/(D)) =~ Set.
(Intuitively, this follows almost by definition: a deterministic process is one that has no informational
side-effects; that is to say, whether we copy a state before performing the process on each copy, or
perform the process and then copy the resulting state, or whether we perform the process and then

marginalize, or just marginalize, makes no difference to the resulting state.)
4.1.1.4. Bayesian inversion

We can now instantiate Bayesian inversion in K¢(D), formalizing Equation (4.3). Given a channel
p : X — DY satisfying the condition in Remark [4.1.20|below, its Bayesian inversion is given by

the function

P DX XY o DX = (1.0 s p(ylz) - m(x) o N | Plylr) - (@)
pT DX x Y - DX := (r,y) ;{ S ) @ | ;{ e

)

(4.4)

so that the Bayesian update of p along 7 is the conditional distribution defined by

pylz) - m(z)

(ol —

Note that here we have used the Cartesian closure of Set, writing the type of p as DX x Y — DX
rather than DX — K/(D)(Y, X), where K{(D)(Y, X) = (DX)Y.
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Remark 4.1.20. In the form given above, p' is only well-defined when the support of p e 7 is the
whole of Y, so that, for all y, (p e 7)(y) > 0; otherwise, the division is ill-defined. Henceforth,
in the context of Bayesian inversion, we will therefore assume that p e 7 has full support (see
Definition [4.1.21).

To avoid this (rather ugly) condition, one can replace it by the assumption that the notion of
‘support’ is well-defined, and modify the type of p' accordingly: this is the refinement made by
Braithwaite and Hedges [41], and were it not for the presently-uncertain nature of support objects
in general, it would now be this author’s preferred approach. This leads to writing the type of
the inversion p' as D px supp(p e m) — DX, where supp(p e 7) is the subobject of Y on which
p e 7 is supported: with this type, pir is always a well-defined channel. One can then proceed with
the definition of ‘dependent’ Bayesian lenses accordingly; for the details, we refer the reader to

Braithwaite and Hedges [41]]. In this thesis, for simplicity of exposition and faithfulness to this

author’s earlier work, we will proceed under the full-support assumption.

4.1.2. Abstract Bayesian inversion

Beyond the concerns of Remark[4.1.20] in a more general setting it is not always possible to define
Bayesian inversion using an equation like Equation or Equation (4.3): the expression p(y|z)
might not be well-defined, or there might not be a well-defined notion of division. Instead being
guided by Equation in defining Bayesian inversion, we can use Equation (4.2). Therefore,
supposing a channel ¢ : XY and a state 7 : /->X in an ambient copy-discard category C, we

¥

can ask for the Bayesian inversion c to be any channel satisfying the graphical equality [60| eq. 5]:

Y

(4.5)

This diagram can be interpreted as follows. Given a prior 7 : I+ X and a channel ¢ : XY, we
form the joint distribution w := (idx ®c) ® ¥y e 7 : [ X ® Y shown on the left hand side: this

formalizes the product rule, P, (A, B) = P.(B|A)-P:(A), and 7 is the corresponding X -marginal.
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As in the concrete case of K/(D), we seek an inverse channel Y -+ X witnessing the ‘dual’ form of
the rule, P, (A, B) = P(A|B) - P(B); this is depicted on the right hand side. By discarding X, we
see that c e 7 : [-=>Y is the Y-marginal witnessing P(B). So any channel i YVeXx witnessing
P(A|B) and satisfying the equality above is a Bayesian inverse of ¢ with respect to 7.

In light of Remark [4.1.20] we therefore make the following definition.

Definition 4.1.21. We say that a channel ¢ : XY admits Bayesian inversion with respect to
7 : I+>X if there exists a channel ¢} : Y- X satisfying equation (4.5). We say that ¢ admits

Bayesian inversion tout court if ¢ admits Bayesian inversion with respect to all states 7 : I+ X.

Remark 4.1.22. We need to be careful about the existence of inversions as a consequence of the
fact that ¢ e ™ may not always be fully supported on Y (recall Remark [4.1.20). In this thesis we will
henceforth assume that c e 7 is always fully supported, in order to keep the exposition clear. This
is justified in two ways: first, because we can always restrict to a wide subcategory all of whose
channels do admit inversion; and second, because we may equally work with dependent Bayesian

lenses (as described by Braithwaite and Hedges [41] and noted in Remark [4.1.20).

4.1.3. Density functions

Abstract Bayesian inversion (4.5) generalizes the product rule form of Bayes’ theorem (4.2)) but
in most applications, we are interested in a specific channel witnessing P(A|B) = P(B|A) -

P(A)/P(B). In the typical measure-theoretic setting, this is often written informally as

_plylz)-plx) _ plyle) - ple)
PE =00 T L) o) a7 49

but the formal semantics of such an expression are not trivial: for instance, what is the object
p(y|x), and how does it relate to a channel ¢ : X+Y?

Following Cho and Jacobs [60], we can interpret p(y|z) as a density function for a channel,
abstractly witnessed by an effect X ® Y -1 in our ambient category C. Consequently, C cannot be
semicartesian—as this would trivialize all density functions—though it must still supply comonoids.
We can think of this as expanding the collection of channels in the category to include acausal or

‘partial’ maps and unnormalized distributions or states.

Example 4.1.23. An example of such a category is K¢(D«1), whose objects are sets and whose
morphisms X <Y are functions X — D(Y + 1). Then a stochastic map is partial if it sends any
probability to the added element *, and the subcategory of total (equivalently, causal) maps is
Kl(D) (see [61] for more details).
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A morphism X -1 in K¢(Dx,) is therefore a function X — D(1 + 1). Now, a distribution 7 on
1 + 1 is the same as a number 7 in [0, 1]: note that 1 + 1 has two points, and so 7 assigns 7 to one
of them and 1 — 7 to the other. Therefore an effect X1 is equivalently a function X — [0, 1],

which is precisely the type we expect for a density function.
We therefore adopt the following abstract definition.

Definition 4.1.24 (Density functions [[60, Def. 8.1]). A channel ¢ : XY is said to be represented
by an effect p : X ® Y -1 with respect to p : [+Y if

X X

In this case, we call p a density function for c.
We will also need the concepts of almost-equality and almost-invertibility.

Definition 4.1.25 (Almost-equality, almost-invertibility [60, Def. 8.2]). Given a state 7 : [+ X,
we say that two channels ¢ : XY and d : XY are w-almost-equal, denoted c 2 d,if

X Y X Y

and we say that an effect p : X -1 is w-almost-invertible with w-almost-inverse q : X -1 if
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The following basic results about almost-equality will prove helpful.
Proposition 4.1.26 (Composition preserves almost-equality). If ¢ ~ d, then f e c ~ f o d.
Proof. Immediate from the definition of almost-equality. O

Proposition 4.1.27 (Almost-inverses are almost-equal). Suppose ¢ : X1 and r : X1 are both

Then, by the definition of almost-equality (Definition [4.1.25)

g A A |
NS\
\/
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m-almost-inverses for the effect p : X-+I. Then g ~ 7.

Proof. By assumption, we have

s
)

&
4“‘

3

We seek to show that



Substituting the right-hand-side of for 7 in the left-hand-side of (4.8), we have that

which establishes the result. The second equality follows by the coassociativity of ¥ and the third

by its counitality. O

With these notions, we can characterise Bayesian inversion via density functions. The result is
due to Cho and Jacobs [60], but we include the graphical proof for expository completeness, as an

example of string-diagrammatic reasoning.

Proposition 4.1.28 (Bayesian inversion via density functions 60, Thm. 8.3]). Suppose ¢ : XY

is represented by the effect p with respect to p. The Bayesian inverse ¢l 1 Yo X of c with respect

tom : I X is given by
X
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where p~! : Y1 is a pi-almost-inverse for the effect

Proof. We seek to establish the relation (4.5) characterizing Bayesian inversion. By substituting the

density function representations for ¢ and ¢l into the right-hand-side of (4.5), we have
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\/

as required. The second equality holds by the coassociativity of ¥, the third since p~

lis an

almost-inverse ex hypothesi, and the fourth by the counitality of (¥, ) and the density function

representation of c. 0

The following proposition is an immediate consequence of the definition of almost-equality and

of the abstract characterisation of Bayesian inversion (4.5). We omit the proof.

Proposition 4.1.29 (Bayesian inverses are almost-equal). Suppose . : Y+ X and 8 : Y-+ X are

both Bayesian inversions of the channel ¢ : XY with respect to 7 : I+>X. Then a X" 3.

4.1.4. S-finite kernels

To represent channels by concrete density functions, we can work in the category sfKrn of
measurable spaces and s-finite kernels. We will only sketch the structure of this category, and refer
the reader to Cho and Jacobs [60] and Staton [258]] for elaboration.

Objects in sfKrn are measurable spaces (X, X x); often we will just write X, and leave the
o-algebra ¥ x implicit. Morphisms (X, ¥ x )= (Y, Xy ) are s-finite kernels. A kernel k from X to

Y is a function k : X x Xy — [0, 0] satisfying the following conditions:
« forallz € X, k(z,—) : ¥y — [0, 0] is a measure; and
« forall B e Xy, k(—, B) : X — [0, o] is measurable.

Akernel k : X x Xy — [0, 00] is finite if there exists some r € [0, o0) such that, for all x € X,

k(z,Y) < r. And k is s-finite if it is the sum of at most countably many finite kernels &,

k = Zn:N k.
Identity morphisms idx : X-X are Dirac kernels 6y : X x X¥x — [0,0] := 2 x A 1iff

x € A and 0 otherwise. Composition is given by a Chapman-Kolmogorov equation, analogously to
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composition in K¢(D). Suppose ¢ : XY and d : Y-+Z. Then
dec: X x ¥z —[0,0]:=xx C’Hf d(Cly) c(dy|z)
yY

where we have again used the ‘conditional probability’ notation d(C|y) := d o (y x C'). Reading
d(Cly) from left to right, we can think of this notation as akin to reading the string diagrams from

top to bottom, i.e. from output(s) to input(s).

Monoidal structure on sfKrn There is a monoidal structure on sfKrn analogous to that on
K{(D). On objects, X ® Y is the Cartesian product X x Y of measurable spaces. On morphisms,
f®g: X®Y-+AQR B is given by

F®9: (X x¥)x Saupi=@x ) x B | | Sagn(Ble.s) f(dala) g(ably)

where, as above, dagp(F|a,b) = 1iff (a,b) € E and 0 otherwise. Note that (f ® g)(E|z,y) =
(9® f)(E|y, x) for all s-finite kernels (and all E, - and y), by the Fubini-Tonelli theorem for s-finite
measures 60} [258]], and so & is symmetric on sfKrn.

The monoidal unit in sfKrn is again I = 1, the singleton set. Unlike in K¢(D), however, we do
have nontrivial effects p : X1, given by kernels p : (X x X;) = X — [0, 00|, with which we

will represent density functions.

Comonoids in sfKrn Every object in sfKrn is a comonoid, analogously to /(D). Discarding
is given by the family of effects Tx : X — [0,0] := = — 1, and copying is again Dirac-like:
¥y X X Yxxx =2 x Ew— 1liff (z,z) € FE and 0 otherwise. Because we have nontrivial
effects, discarding is only natural for causal or ‘total’ channels: if ¢ satisfies T e ¢ = 7, then ¢(—|z)
is a probability measure for all x in the domai And, once again, copying is natural (that is,

¥ ec=(c®c)e¥)if and only if the channel is deterministic.

Channels represented by effects We can interpret the string diagrams of §4.1.3|in sfKrn, and
we will do so by following the intuition of the conditional probability notation and reading the string
diagrams from outputs to inputs. Hence, if ¢ : XY is represented by the effectp: X ® Y -1
with respect to the measure p : [-+Y, then

c: X xX¥y - [0,0] :=2x B~ p(dy) p(y|x).
y:B

'This means that the subcategory of total maps in sfKrn is equivalent to the Kleisli category K4(G) of the Giry monad
G taking each measurable space X to the space GX of measures over X; see Examplefor more details.
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Note that we also use conditional probability notation for density functions, and so p(y|x) :=

po(z xy).
Suppose that ¢ : XY is indeed represented by p with respect to x4, and that d : Y2 is
represented by ¢ : Y ® Z-1 with respect to v : [+Z. Then in sfKrn, d e c : X+ 7 is given by

dec: X xYy:=xxCr— J v(dz) f q(z|y) p(dy) p(y|z)
z:C y:Y
Alternatively, by defining the effect (puq) : X ® Z-+1 as
(pma) : X x Z = 00 s= 5 2> | alely) ) o)
y:
we can write d e c as

dec: X xYy:=xx(Cw— J.C v(dz) (ppq)(z|x).

Bayesian inversion via density functions Once again writing 7 : I+ X for a prior on X, and
interpreting the string diagram of Propositionfor ¢k 1 Y-+X in sfKrn, we have
v xsx o0l yx A ([ an) sl ) o)
x

—p 1 x) m(dx
p <y>L:Ap<yr> (da),

A (4.9)

where p~! : Y1 is a y-almost-inverse for effect pe (7®idy ), and is given up to p-almost-equality
by
~1
Y iy ([ s nan))
T

Note that from this we recover the informal form of Bayes’ rule for measurable spaces (4.6). Suppose

X

m is itself represented by a density function p, with respect to the Lebesgue measure dx. Then

o p(y]) pa(2)
taw = | T P pr(a) A

4.1.5. On probability monads

Later, it will at times be helpful to work in a category of stochastic channels that is the Kleisli category
for a monad, without fixing that monad in advance; in this case we will speak of a probability monad.
Unfortunately, an abstract characterization of probability monads is not presently known to the
author, and so we use this term informally. However, when we do so, we have in mind a monoidal
monad that maps spaces to spaces of measures or valuations on them, and that maps morphisms to
the corresponding pushforwards. In the setting of finitary probability, we have already seen one

example, the monad D explored in §4.1.1] Here we note the existence of others.
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Example 4.1.30 (Giry monad [120]]). Let Meas denote the category of measurable spaces, whose
objects are sets equipped with o-algebras and whose morphisms are measurable functions. The Giry
monad G : Meas — Meas maps each measurable space (X, X x) to the space GX of probability
measures @ : Lx — [0, 1] over it, equipped with the smallest o-algebra making the evaluation

functions

evy : GX — [0,1]

a— a(U)

measurable for all U € X x. Given a measurable function f : X — Y, the functionGf : GX — GY

is defined by pushforwards: that is, for each o : GX, we define

gf(Oé) Xy — [07 1]
Visa(f7(V)) .

(We may also write f,« to denote G f(«).) The unit of the monad 7 has components nx : X — GX
mapping each point z to the corresponding Dirac measure d,, which is defined by 6, (U) = 1 iff
x € U and 0;(U) = 0 otherwise. Finally, the multiplication p has components px : GGX — GX
defined by integration, analogous to the ‘evaluation’ of D (Def. : for each v : GGX, define

NX(V) : ZX — [0, 1]

U a(U)dv .
a:GX

Note that the subcategory of total morphisms in sfKrn is equivalent to K/(G).

The category Meas has all finite limits (it has products and equalizers), and this will mean
that we will be able in Chapter [6] to define “effectful polynomials” in K/(G), and hence obtain
categories of continuous-time continuous-space open Markov processes. However, Meas does
not have exponentials and is therefore not Cartesian closed, because the evaluation function
evgr : Meas(R,R) x R — R : (f,z) — f(x) is not measurable, for any choice of o-algeba
on the function space Meas(R,R) [15]. This means that K¢(G) cannot be enriched in Meas,
and so we cannot define Bayesian lenses internally to Meas. Circumnavigating this obstruction
would complicate our construction of cilia — dynamical systems that control lenses — which are
central to our formalization of predictive coding. This is because the output maps of stochastic
dynamical systems are deterministic functions: in the case of systems in K/(G), this means they

are morphisms in Meas; for a general probability monad P : £ — &, they are morphisms in &.
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For a system to be able to emit a lens, therefore, the hom objects of BayesLens must be objects in
&, and this in turn requires /(P) to be enriched in €. Fortunately, as the following example notes,

a suitable probability monad does exist.

Example 4.1.31 (Quasi-Borel spaces [131]]). A quasi-Borel space is a set X equipped with a set
Mx of ‘random variables’ on X taking samples from the real line, Mx < X R The set M is
taken to satisfy three closure properties: (i) Mx contains all constant functions; (ii) Mx is closed
under composition with measurable functions, such that if p € Mx and f : R — R is measurable
with respect to the standard Borel structure on R, then p o f € Mx; and (iii) Mx is closed under
gluing ‘disjoint Borel domains’, meaning that if R is countably partitioned by R =~ } .  S;, and
if {o;}i:n © My, then the function (z € S;) — «;(z) is in Mx. A function f : X — Y isa
morphism of quasi-Borel spaces if for all p € Mx, f o p € My. Quasi-Borel spaces and their
morphisms form a category, QBS, and this category is Cartesian closed: if X and Y are quasi-Borel

spaces, then QBS(X,Y) can be given a quasi-Borel structure M yy by defining
Myy :={p:R—> QBS(X,Y) | (pb RxX —>Y)eQBS(Rx X,Y)}.

A probability measure on a quasi-Borel space X is defined to be a pair of a (standard) probability
measure v on R and a random variable p € M. Since two different pairs (v, p) and (u, 7) may
produce equal pushforward measures, p,v = T.u, it makes sense to consider two such QBS
measures to be equivalent if their pushforwards are equal. The set PX of such equivalence classes
of QBS measures on X can then be equipped with the structure of a quasi-Borel space, and the
assignment P is made functorial by the pushforwards action. Finally, the functor P : QBS — QBS
can be equipped with the structure of a (monoidal) monad in a manner analogous to the Giry

monad: the unit yields Dirac measures, and the multiplication acts by integration.

We end this section by noting that the notions of s-finite measure and s-finite kernel can be
reconstructed within QBS, so that we may interpret sfKrn to be enriched accordingly 270} §11].
Moreover, Vakar and Ong [270]] show that the set X of s-finite measures on X can be given a
quasi-Borel structure, and this assignment actually yields a monad 7' : QBS — QBS (by analogy
with the ‘continuation’ monad). This licenses us to take sfKrn to be instead defined as 1C¢(T").

For further examples of probability monads, we refer the reader to Jacobs [[139].
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4.2. Dependent data and bidirectional processes

Two properties of Bayesian inversion are particularly notable. Firstly, given a channel X Y, its
inversion yields a channel in the opposite direction, Y-+ X. Secondly, this inverse channel does
not exist in isolation, but rather depends on a supplied ‘prior’ distribution. In Chapter 7| we will
want to assign functorially to stochastic channels dynamical systems that invert them, and to do
this requires understanding how inversions compose. The general pattern for the composition
of dependent bidirectional processes is called the lens pattern, and this section is dedicated to
introducing it. The more fundamental aspect is that of dependence, which we began to explore
in the context of dependent sums and products in Chapter [2} we therefore begin this section by
introducing the Grothendieck construction, a ‘fibrational’ framework for composing dependent

processes.

4.2.1. Indexed categories and the Grothendieck construction

At various point above, we have encountered ‘dependent’ objects and morphisms: indexed and
dependent sums (Remark [2.3.10); indexed products (Remark [2.3.20); dependent products (§2.3.4.1);
hints at dependent type theory (end of §2.3.4); parameterized morphisms (§3.2.2); circuit algebras
(; and, of course, Bayesian inversions. The Grothendieck construction classifies each of these
as examples of a common pattern, allowing us to translate between ‘indexed’ and ‘fibrational’
perspectives: from the indexed perspective, we consider functors from an indexing object into a
category (think of diagrams); from the fibrational perspective, we consider bundles as projection
maps. The correspondence is then, roughly speaking, between “the object indexed by i” and “the
subobject that projects to i”, which is called the ‘fibre’ of the bundle over i.

For this reason, categories of bundles are an important part of the story, from which much else
is generalized. Recall from Definition [3.2.10| that these categories of bundles are slice categories:
the category of bundles over B in C is the slice C/B, whose objects are pairs (F, p) of an object E
and a morphism p : E — B; and whose morphisms (E,p) — (E’,p’) are morphisms o : £ — E’
of C such that p = p’ o a. We call this the category of bundles over B as a generalization of the

notion of “fibre bundle”, from which we inherit the notion of ‘fibre’.

Definition 4.2.1. Suppose C is a category with finite limits. Given abundle p : E — B inC, its
fibre over b : B is the subobject Ej, of E such that p(e) = b for all e : Ej. The fibre E} can be
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characterized as the following pullback object, where 1 is the terminal object in C:

Eb*>E
Lok

In the case where C = Set, there is an equivalence between the slice Set /B and a certain
presheaf category: the category of B-diagrams in Set, which we can equivalently think of as the

category of B-indexed sets.

Definition 4.2.2. Suppose B is a set. The discrete category on X is the category whose objects are
the elements of B and whose only morphisms are identity morphisms idy, : b — b for each element

b : B. We will denote the discrete category on B simply by B.

Proposition 4.2.3. For each set B, there is an equivalence Set /B ~ Set?.

Proof. In the direction Set /B — Set?, let p : E — B be a bundle over B. We construct a functor
P : B — Set by defining P(b) := Ej, where Ej, is the fibre of p over b; there are no nontrivial
morphisms in B, so we are done. Now suppose f : (E,p) — (F,q) is a morphism of bundles. A
natural transformation ¢ : P = Q in Set? is just a family of functions ¢y, : Pb — Qb indexed by
b. Hence, given f, we define ¢, as the restriction of f to F} for each b : B.

In the direction Set” — Set /B, let P : B — Set be a functor. We define F as the coproduct
Y5 P(b), and the bundle p : E — B as the projection (b, z) — b for every (b,x) in Y}, 5 P(b).
Now suppose ¢ : P = (@ is a natural transformation in Set”. We define the function f : (E,p) —
(F, q) by the coproduct of the functions ¢y, as f := > ;. 5 ©b.

These two constructions are easily verified as mutually inverse. O

If the B in Set? is not just a set, but rather a category, then there is a correspondingly categorified

notion of the category of bundles.

Definition 4.2.4. Suppose F' : C — Set is a copresheaf on C. Its category of elements C/F has
for objects pairs (X, z) of an object X : C and an element z : F'X. A morphism (X, z) — (Y,y)
is a morphism f : X — Y in C such that F f(z) = y, as in the following diagram, where the top

2N

FX ——— FY -

triangle commutes in Set:

X Y
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Identities are given by identity morphisms in C, and composition is composition of the underlying
morphisms in C. There is an evident forgetful functor 7z : C/F — C, which acts on objects as

(X, z) — X and on morphisms as f — f.

To validate that the category of elements construction is a good generalization of the slice

category, we have the following example.

Example 4.2.5. The category of elements of a representable copresheaf C(C, —) is equivalent to

the slice category C/C, from which we derive the similar notation.

Remark 4.2.6. Another way to look at the morphisms (X, z) — (Y,y) in C/F is as pairs (f, ),
where f is a morphism X — Y in C and ¢ is an identification F'f(x) = y. Then composition
in C/F is not just composition of morphisms in C, but also composition of identifications: given
(f,0): (X,2) = (Y,y)and (g,k) : (Y,y) — (Z, 2), the composite (g, )o(f,¢)is (gof, koFg(1)),
Lot Fg(y) = z. We can think of

where k o Fg(1) is the composite identification F'(g o f)(x)

these identifications as witnesses to the required equalities. This perspective on C/F is analogous
to the process of categorification we considered in Chapter[2] where we added witnesses (fillers) to

equations and diagrams.

A better way to validate the category of elements construction is to generalize the Grothendieck
" . . B.

correspondence, Proposition [4.2.3) which means we need something to correspond to Set®: a

category of categories of elements. These generalized categories of elements are called “discrete

opfibrations”, and constitute our first examples of categorified bundles.

Definition 4.2.7. A discrete opfibration is a functor F' : £ — B such that, for every object F in
& and morphism g : FE — B in B, there exists a unique morphism h : E — E’ in £ such that
Fh = g (called the lift of g):

FE—— B
Write DOpfib(B) to denote the full subcategory of Cat/B on those objects which are discrete
opfibrations. The subcategory £p of £ all of whose objects are mapped by F' to B and all of whose

morphisms are mapped to idp is called the fibre of F' over B.

Example 4.2.8. The forgetful functor 7 : C/F — C out of the category of elements of a copresheaf
F is a discrete opfibration: for any object (X, x) in C/F and morphism g : X — Y inC, there is a
unique morphism g : (X, z) — (Y, y), namely where y = F f(z).
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And thus we obtain a Grothendieck correspondence at the next level of categorification.
Proposition 4.2.9. For any category B, there is an equivalence DOpfib(B) =~ Set®.

Proof sketch. We only sketch the bijection on objects; the correspondence on morphisms subse-
quently follows quite mechanically.

Given a discrete opfibration p : £ — B, it is easy to check that each fibre L}, is a discrete category
and hence a set. Given a morphism f : b — cin B, we define a function ¢ : £, — E, by mapping
each e : Fj to the codomain of the unique lift h. This defines a functor B — Set; functoriality
follows from the uniqueness of lifts.

In the inverse direction, given a copresheaf ' : B — Set, take the forgetful functor 7p : B/F —
B out of its category of elements, which is a discrete opfibration by the example above. Given a
natural transformation o : F' = G, define a functor S : B/F — B/G on objects as S(X,x) =
(X,o0x(x)) and on morphisms f : (X,z) — (Y,y) as Sf = (X,0x(x)) ER (Y,oy(y)); this is
well-defined by the naturality of ¢ and the definition of f, since Gf o ox(z) = oy o F f(x) and
Ff(x) =y.

The verification that these two constructions are mutually inverse is straightforward. O

In many cases, the dependent data of interest will have more structure than that of mere sets. For
example, in §3.3| we introduced a rate-coded circuit diagrams as an indexing of sets of rate-coded
circuits by a category of circuit diagrams; later, we will see that dynamical systems have a canonical
notion of morphism, and so our dynamical semantics will take the form of an indexed collection of
categories. This requires us to categorify not only the domain of indexing (as we have done above),
but also the codomain of values (as we do now). As with monoidal categories—and as in the case
of circuit algebras—in this higher-dimensional setting, it becomes necessary to work with weak

composition, and the relevant notion of weak functor is the ‘pseudofunctor’.

Definition 4.2.10. Suppose C is a category and B is a bicategory. A pseudofunctor F': C — B is

constituted by
1. a function Fj : Co — By on objects;
2. for each pair of objects a, b : C, a function F,, ; : C(a,b) — B(Fypa, Fob)o on morphisms;

3. for each object ¢ : C, a 2-isomorphism Fig, : idp,c = F¢ .(id.) witnessing weak unity, natural

in ¢; and
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4. for each composable pair of morphisms f : @ — band g : b — cin C, a 2-isomorphism
Fyr: Fye(g) o Fou(f) = Faclg o f) witnessing weak functoriality, natural in f and g,

where we have written composition in C as o and horizontal composition in B as ¢;
satisfying the following conditions:

(a) coherence with left and right unitality of horizontal composition, so that the respective

diagrams of 2-cells commute:

. AF, 5 () _ PFy4(f)
id b 0 F 0 p(f) Fou(f) Fou(f) oidpya Fou(f)
FidbOFa,b(f) Fa,b(f)OFida
. Fay,f . . Ftidg )
Fyp(idy) © Fup(f) === F,(idyof) Fop(f) © Faalidy) === F,;(f oid,)

(b) coherence with associativity of horizontal composition, so that the following diagram of

2-cells commutes:

QF, q(h),Fy (9),Fq p(f)

(Fc,d(h) o Fb,c(g)) < Fa,b(f) Fc,d(h) < (Fb,c(g) < Fa,b(f))

Fh,goFa(f) Fea(h)oFy, s
Fya(hog)o Fap(f) Fea(h)o Fyc(go f)
Frog, f Fn.gor
Faa((hog)o f) Faa(ho(go f))

Remark 4.2.11. If C is in fact a nontrivial bicategory, then the definition of pseudofunctor is
weakened accordingly: the functions Fy, ; are replaced by functors between the corresponding
hom-categories, and the equalities in the functoriality conditions (a) and (b) are replaced by the
relevant unitor or associator isomorphism. We will encounter this more general case in the next
chapter, where we introduce the (yet weaker) concept of lax functor: see Definition[5.2.8] and the

associated footnote [5|for the relationship with the present notion of pseudofunctor.
With pseudofunctors, we gain a notion of indexed category.

Definition 4.2.12. An indexed category is a pseudofunctor F' : C°? — Cat, for some indexing
category C. An opindexed category is a pseudofunctor F' : C — Cat. Given an (op)indexed category

F, we call the categories F'c its fibres, for each object ¢ : C.
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Working with indexed categories rather than indexed sets, the relevant notion of (op)fibration
is no longer discrete, as there are now (non-trivial) morphisms to account for. Following the
Grothendieck logic, fibrations p : £ — B should be in bijective correspondence with indexed
categories ' : B°? — Cat. This means that we should be able to turn any indexed category
into a fibration by appropriately gluing together its fibres; and conversely, given a fibration p, the
assignment b — 5 should define a pseudofunctor B°? — Cat. These considerations yield the

following definition.

Definition 4.2.13. A fibration is a functor p : £ — B such that, for every pair of morphisms
f:E — Eand ¢ : E” — FE in &, and for every morphism g : p(E”) — p(E’) such that
p(¢) = p(f) o g in B, there exists a unique morphism h : E” — E’ in £ such that p(h) = g and
¢ = foh:

The subcategory £p of all those objects mapped by p to B : B and all those morphisms mapped to
idp is called the fibre of p over B. An opfibration is a functor p : £ — B for which p°P : £°P — B°P

is a fibration.

Remark 4.2.14. Note that a discrete (op)fibration is a(n) (op)fibration each of whose fibres is
a discrete category: this means that in each fibre, there are no non-identity morphisms, so that

morphisms f and ¢ in the definition above are trivialized, thereby recovering the form of Definition

The Grothendieck construction then tells us how to translate from (op)indexed categories to
(op)fibrations: in some situations, it will be easier to work with the one, and in others the other.
In particular, categories of lenses (and polynomial functors) will be seen to arise as Grothendieck

constructions.

Definition 4.2.15. Suppose F' : C°? — Cat is a pseudofunctor. Its (contravariant) Grothendieck

construction is the category { F defined as follows. The objects of { F" are pairs (X, ) of an object

2with &, being the subcategory of £ sometimes denoted p~ " (b) all of whose objects are mapped by p to b, as in the
proof of Proposition[4.2.9]
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X : C and an object z : FX. A morphism (X,z) — (Y,y) is a pair (f,¢) of a morphism
f:X - Y inC and a morphism ¢ : © — F f(y) in F X, as in the following diagram, where the

upper triangle is interpreted in Cat (note the contravariance of F'f):

1
T Y
:¢>
Ff

FX «&—— FY

X 7 Y

We can thus write the hom set § F/((X, z), (Y, y)) as the dependent sum 2o FX (z,Ff(y)).

The identity morphism on (X, x) is (idy,id,), and composition is defined as follows. Given
(f;¢) + (X, 2) = (Y,y) and (g,7) : (Y, y) = (Z, 2), their composite (g,7) o (f, ) is the pair
(go f,Ff(v)ee).
The following well-known result tells us that the Grothendieck construction yields fibrations.

Proposition 4.2.16 (Johnson and Yau [145, Prop. 10.1.10]). Suppose F' : C°P — Cat is an indexed
category. Then there is a ‘projection’ functor 7p : { ' — C mapping (X,z) — X and (f, ) — f,

and this functor is a fibration.

Remark 4.2.17. Dually, there is a covariant Grothendieck construction, for opindexed categories
F : C — Cat. The objects of { F" are again pairs (X : C,z : FX), but now the morphisms
(X,z) — (Y,y) are pairs (f, ) with f : X — Y in C as before and now ¢ : F f(z) — y; all
that we have done is swapped the direction of the arrow F'f in the diagram in Definition
(compare the identifications in the category of elements of a copresheaf, in Definition[4.2.4). As a
result, we can write the hom set { F'((X,z), (Y,y)) in this case as 2rexy) FX (Ff(z),y).

Remark 4.2.18. The Grothendieck construction induces an analogue of Proposition [4.2.9|between
the bicategory of pseudofunctors B°? — Cat and the bicategory of Grothendieck fibrations on B
[145| Theorem 10.6.16]. Indeed there are analogues of Propositions[4.2.9 and[4.2.3|in any categorical
dimension. Because fibrations are the higher-dimensional analogues of bundles, they have a base
category (the codomain) and a ‘total’ category (the domain), which is a kind of colimit of the
fibres (constructed by the Grothendieck construction): strictly speaking, what we have called
the Grothendieck construction above is total category of the full fibrational construction; the
fibration itself is the corresponding forgetful (projection) functor. For a highly readable exposition

of Grothendieck constructions, we refer the reader to Loregian and Riehl [[173].
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4.2.1.1. The monoidal Grothendieck construction

When C is a monoidal category with which F' is appropriately compatible, then we can ‘upgrade’
the notions of indexed category and Grothendieck construction accordingly. In this chapter, we
will restrict ourselves to locally trivial monoidal indexed categories, those for which the domain C
is only a category; Moeller and Vasilakopoulou [[189] work out the structure for bicategorical C.
(As noted in Remark [4.2.11] in Chapter[5} we will sketch a notion of monoidal indexed bicategory
which amounts to a categorification of the present notion; but that will also in some sense be locally

trivial.)

Definition 4.2.19 (After Moeller and Vasilakopoulou [189} §3.2]). Suppose (C,®, I) is a monoidal
category. We say that F' is a monoidal indexed category when F' is a lax monoidal pseudofunctor
(F,p,m) : (C°P,®°,I) — (Cat, x, 1). This means that the laxator 4 is given by a natural family
of functors 4 p : FA x FB — F(A® B) along with, for any morphisms f : A — A’ and
g : B — B'inC, a natural isomorphism /it : par,p o (Ff x Fg) = F(f ® g) o pa,p. (This
makes / into a pseudonatural transformation in the sense of Definition [5.2.9]) The laxator and the
unitor  : 1 — F'I together satisfy axioms of associativity and unitality that constitute indexed
versions of the associators and unitors of a monoidal category (Definition [3.1.4).

Explicitly, this means that there must be three families of natural isomorphisms, indexed by

objects A, B,C : C,
1. an associator family as g c : pags,c(ta,B(—,—), —) = pta,Boc(— 1Bc(—,—));
2. aleft unitor Ay : pir,A(n, —) = idp4; and
3. a right unitor pa : pa(—,n) = idpa

such that the unitors are compatible with the associator, i.e. for all A, B : C the diagram

O‘A,I,B(fvnrf)

pagr.s(par(—mn),—) pai@B(— pr,B(n, —))

be 4,B(PA—) paAg(—AB)
pa,B(—,—)

commutes (where P and A are the right and left associators of the monoidal structure (®, ) on

C), and such that the associativity is ‘order-independent’, i.e. for all A, B, C, D : C, the diagram
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QA ,BRC,D

ta,(Bac)oD(— kBec,D(kB.C(—5 =), —))

tagBeC),p(HaBeC(—, 1B,c(—,—)), —)
“AA,B,CvD(‘X&BvC’)n “llA,AB’C?D(:OCB,C,D)

tAaeB)ec,p(tag.c(kaB(— =), =), —) 1A, Be(coD)(—> tB,cop(— tto,p(—, —)))

QA®B,C,D QA B,CQD

pagB,oep(ta,B(—, =), pe,p(—,—))

commutes (where A is the associator of the monoidal structure on C).

The following proposition exhibits the monoidal structure carried by the Grothendieck

construction when the indexed category is monoidal.

Proposition 4.2.20 (Moeller and Vasilakopoulou [[189, §6.1]). Suppose (F, i, 1) : (C°P,®°P, I) —
(Cat, x,1) is a monoidal indexed category. Then the total category of the Grothendieck

construction { F' obtains a monoidal structure (®,,, I,,). On objects, define
(C, X) Op (D,Y) := (C®D7NCD(X7 Y))

where jucp : FC x FD — F(C ® D) is the component of ; at (C, D). On morphisms (f, fT) :
(C, X) = (C', X"} and (g,g1) : (D,Y) - (D', V"), define

(f. N ®u (9,9") = (f® g, nep (T, g").

The monoidal unit I, is defined to be the object I, := (I,n(x)). Writing A : I ® (=) = (—)
and p : (—) ® I = (—) for the left and right unitors of the monoidal structure on C, the left and
right unitors in { F" are given by (), id) and (p, id) respectively. Writing « for the associator of the

monoidal structure on C, the associator in { F' is given by («, id).

Remark 4.2.21. Sometimes, rather than (or in addition to) an indexed category F' being lax
monoidal as a pseudofunctor (which yields a ‘global’ monoidal structure), it may in fact be fibrewise
monoidal, meaning that each fibre F'X is itself a monoidal category (yielding ‘local’ monoidal
structures); in this case, the pseudofunctor F' can be written with the type C°® — MonCat.
In general, the fibrewise monoidal structures may be independent both of each other and of
the lax monoidal structure on F' itself, but when C is in fact Cartesian monoidal, the local and
global monoidal structures coincide. For more reading on this, we refer the reader to Moeller and

Vasilakopoulou [[189, §4].
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4.2.2. Grothendieck lenses

Lenses formalize bidirectional processes in which the ‘backward’ process depends on data in the
domain of the ‘forward’ process. The name originates in database theory [34, 99], where the
forward process gives a zoomed-in ‘view’ onto a database record, and the backward process is used
to update it. Following an observation of Myers and Spivak [238]], lenses of this general shape can
be given a concise definition using the Grothendieck construction. In order to obtain the backward

directionality of the dependent part, we use the “pointwise opposite” of a pseudofunctor.

Definition 4.2.22. Suppose F': C°? — Cat is a pseudofunctor. We define its pointwise opposite

FP : C°° — Cat to be the pseudofunctor ¢ — F'c°P returning the opposite of each category Fc;

given f : ¢ — ¢, FPf : Fc°? — Fc P is defined as (F f)°P : Fc°P — Fc/°P.

Categories of Grothendieck lenses are then obtained via the Grothendieck construction of

pointwise opposites of pseudofunctors.

Definition 4.2.23 (Grothendieck lenses [238]). We define the category Lensr of Grothendieck
lenses for a pseudofunctor F' : C°P — Cat to be the total category of the Grothendieck construction
for the pointwise opposite F? of F. Explicitly, its objects (Lensy)g are pairs (C, X) of objects C'
in C and X in F(C), and its hom-sets Lensp ((C, X), (C’, X")) are the dependent sums
Lensp((C,X),(C",X")) = > F(C)(F(f)(X'),X) (4.10)
F:C(CCn)
so that a morphism (C,X) - (C',X') is a pair (f,f") of f : C(C,C") and fT
F(C)(F(f)(X'),X). We call such pairs Grothendieck lenses for F or F-lenses. We say that the
morphism f is the forward component of the lens, and the morphism fT the backward component.
The identity Grothendieck lens on (C, X) is id(¢ x) = (idc, idx). Sequential composition is
as follows. Given (f, fT) : (C, X) - (C’,X') and (g,¢") : (C", X') - (D,Y), their composite
(9,9") o (f, fT) is defined to be the lens (g o f, fT o F(f)(g")) : (C,X) - (D,Y).

Notation 4.2.24. In the context of lenses, we will often write the backward map as f or %, with
the former particularly used for Bayesian lenses. We will also use + to denote a lens, and ¢ for
lens composition. Above, we additionally used e for composition in the base category and o for
composition in the fibres.

Since lenses are bidirectional processes and English is read horizontally, when it comes to string
diagrams for lenses, we will depict these horizontally, with the forwards direction read from left to

right.
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Whenever C is a monoidal category, it gives rise to a canonical category of lenses, in which the
forwards morphisms are comonoid morphisms in C and the backwards morphisms are (internally)
parameterized by the domains of the forwards ones. Comonoids and their morphisms are necessary
to copy parameters during composition. The resulting ‘monoidal’ lenses are a natural generalization
of the ‘Cartesian’ lenses used in the database setting, and we will see that Bayesian lenses are

similarly constructed using an indexed category of (externally) parameterized morphisms.

Example 4.2.25. Suppose (C,®, I) is a monoidal category and let Comon(C) be its subcategory
of comonoids and comonoid morphisms. A monoidal lens (X, A) - (Y, B) is a pair (f, f*) of a
comonoid morphism f : X — Y in Comon(C) and a morphism f# : X ® B — A in C. Such
lenses can be characterized as Grothendieck lenses, following Spivak [238] §3.2].

First, define a pseudofunctor P : Comon(C) °? — Cat as follows. On objects X : Comon(C),
define PX as the category with the same objects as C and with hom-sets given by PX (A, B) :=
C(X®A, B); denote a morphism f from Ato BinPX by f: A ~, B. The identity id4 : A XA
is defined as the projection proj4, : X ® A m I®RA A4, A. Given f : A X, B and

g:B BNVl , their composite go f : A X Cis given by the following string diagram in C:

A ]

Given h : X — Y in Comon(C), the functor Ph : PY — PX acts by precomposition on
morphisms, taking f : A Y, Bto the morphism Ph(f) : A 5B given by

XA yoal b,

(An alternative way to obtain PX is as the ‘coKleisli’ category of the comonad X ® (—).)

The category of monoidal lenses is then defined to be the category of Grothendieck P-lenses.
The objects of Lensp are pairs (X, A) of a comonoid X and an object A in C, and the morphisms
are monoidal lenses. Given lenses (f, f!) : (X, A) — (Y, B) and (g, ¢) : (Y, B) — (Z,C), the
composite lens has forward component given by g o f : X — Z and backward component given
by fioPf(gf) : C 5 A.

We can depict monoidal lenses string-diagrammatically, with the forward and backward

components oriented in opposite directions. To exemplify this, note that, because the forwards
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components are comonoid morphisms, the following equality holds for all composite monoidal

lenses (g,gﬁ) o (f, fﬁ):

Here, we have decorated the strings with fletches to indicate the direction of information-flow
and disambiguate the bidirectionality, and drawn boxes around the pairs that constitute each lens.
Note however that the parameterizing input to the backwards component of the first lens is not
constrained to be a copy of the input to the forwards component; it is only for compositional

convenience that we depict lenses this way:.

Definition 4.2.26. When C is Cartesian monoidal, so that its monoidal structure (x, 1) is the

categorical product, we will call monoidal lenses in C Cartesian lenses.

Remark 4.2.27. The string-diagrammatic depictions of lenses above were not strictly formal, or at
least we have not explain how they might be; we have not exhibited a coherence theorem such as
In this case, the diagrams above are depictions in the graphical calculus of Boisseau [35].
An alternative graphical language for a generalization of lenses called optics[184,217]] has been

described by Roman [219].

Monoidal lenses find uses not only in database theory, but in many other situations, too: the
general pattern is “interacting systems where information flows bidirectionally”. In economics
(specifically, compositional game theory), lenses are used to model the pattern of interaction of
economic games: the forward maps encode how players act in light of observations, and the
backward maps encode how utility is passed “backwards in time” from outcomes, in order to
assign credit[119]. In non-probabilistic machine learning, lenses can be used to formalize reverse
differentiation and hence the backpropagation of error (another kind of credit assignment): the
forwards maps represent differentiable processes (such as neural networks), and the backward maps

are the reverse-derivatives used to pass error back (e.g., between neural network layers)[74, 96].
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Generalizations of lenses known as optics[|184}[217]] have also been used both to model economic
games with uncertainty (‘mixed’ strategies)[36] and to model the process of dynamic programming
(Bellman iteration) used in the related field of reinforcement learning[|128], as well as to model
client-server interactions in computing[277].

In systems theory, lenses can be used to formalize various kinds of dynamical system: the forward
maps encode their ‘outputs’ or ‘actions’, and the backward maps encode how states and inputs
give rise to transitions[191]]. This latter application will be a particular inspiration to us, and is
closely related to Example which expresses polynomial functors as lenses (thereby explaining
Proposition[3.5.4), and for which we need the following canonical family of indexed categories.

Definition 4.2.28. When a category C has pullbacks, its slice categories C/C' collect into an indexed
category C/(—) : C°P? — Cat called the (contravarianﬂ) self-indexing of C, and defined as follows.
On objects C' : C, the self-indexing unsurprisingly returns the corresponding slice categories C/C.

Given a morphism f : A — B, the functor C/f : C/B — C/A is defined by pullback. On objects
(E,p) : C/B, we define (C/f)(E,p) := (f*E, f*p), where f*FE is the pullback object A xp F
and f*p is the associated projection to A. On morphisms ¢ : (E,p) — (E’,p’) in C/B, we define
(C/f)(¢) as the morphism f*¢ : (f*E, f*p) — (f*E’, f*p') induced by the universal property

of the pullback f*FE’, as in the commuting diagram

Remark 4.2.29. The functors C/f : C/B — C/A are also known as base-change functors, as they

change the ‘base’ of the slice category.

Example 4.2.30. The category Poly of polynomial functors (§3.5) is equivalent to the category
of Grothendieck lenses for the self-indexing of Set: that is, Poly =~ Lensge /(). To see this,
observe that the objects of Lensge /() are bundles p : £ — B of sets. If we define the set pli] to
be the fibre E; of p for each i : B, we have an isomorphism E = .  p[i]. We can then define

*Contravariant’ in contradistinction to the covariant self-indexing of Remark [3.2.12| (in the context of external
parameterization as change-of-enrichment).
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a polynomial functor P := ", »4*’l, and then find that P(1) = B, which justifies writing the

original bundle as p : >... 1\ p[i] — p(1). We saw in Proposition how to associate to any

ip(1) P
polynomial functor P a bundle p, and it is easy to check that applying this construction to the P
defined here returns our original bundle p. This shows that the objects of Poly are in bijection
with the objects of Lensgt /(). What about the morphisms?

A morphism p — ¢ in Lensgeg /), forp : X — Aand ¢ : Y — B is a pair of functions

fi:A— Band f*: ffY — X such that f{q = p o f*, as in the following diagram:

Vi
X f{"Y Y

7| ’

A ALB

Replacing the bundles p and ¢ by their polynomial representations p : 3.,y p[i] — p(1) and
q: 201 L] — a(1), we see that the pair (f1, f*) is precisely a morphism of polynomials of the
form established in Proposition [3.5.4 and that every morphism of polynomials corresponds to such

a lens. This establishes an isomorphism of hom-sets, and hence Poly =~ Lensgeg /().

Lenses are also closely related to wiring diagrams(239, |282] and our linear circuit diagrams

(§33.2).

Example 4.2.31. Let FVect denote the category of finite-dimensional real vector spaces and
linear maps between them; write n for the object R”. FVect has a Cartesian monoidal product
(+,0) given by the direct sum of vectors (n + m = R" @ R™ = R"*"), and whose unit object

is 0. The category of monoidal lenses in (F'Vect, +, 0) is the category of linear circuit diagrams

(Example [3.3.9).

Cartesian lenses (X, A) - (Y, B) are in some sense ‘non-dependent’ lenses, because the domain
of the backwards map is a simple product X x B, in which the object B does not depend on x : X.

We can see polynomial functors as a dependent generalization of Cartesian lenses in Set.

Proposition 4.2.32. The category of monoidal lenses in (Set, x,1) is equivalently the full

subcategory of Poly on the monomials Xy

Proof sketch. A morphism of monomials (f, f*) : Xy — Y is a pair of functions f; : X — Y
and f* : X x B — A; this is a Cartesian lens (X, A) — (Y, B). There is clearly a bijection of
objects Xy — (X, A). O
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In particular, this situation encompasses linear circuit diagrams, which embed into Poly

accordingly.

Remark 4.2.33. There is a forgetful functor from vector spaces to sets, U : FVect — Set. If we
write Lens(C) to denote the category of monoidal lenses in C (with the relevant monoidal structure
left implicit), this forgetful functor induces a ‘change of base’ Lens(U) : Lens(FVect) —
Lens(Set), since the Grothendieck construction is functorial by Remark[4.2.18] and hence so is
the Lens construction. There is therefore a canonical embedding of linear circuit diagrams into

Poly, Lens(FVect) Lens(@), Lens(Set) — Poly.

Our dynamical semantics for approximate inference (Chapter[7) can, if one squints a little, be
therefore seen as a kind of probabilistic generalization of our algebra for rate-coded neural circuits:
it will be an algebra for (a stochastic analogue of) the multicategory OPoly with semantics in
categories of (stochastic) dynamical systems. One can see a morphism of polynomials therefore
as a kind of ‘dependent’ circuit diagram, with the forwards component transporting ‘outgoing’
information from inside a (‘nested’) system to its boundary (its external interface), and the backward
component transporting ‘incoming’ information (“immanent signals”) from the boundary internally,
depending on the configuration of the boundary.

Of course, to give an OPoly-algebra is to give a lax monoidal functor, which means knowing
the relevant monoidal structure. While we saw this in the case of polynomial functors of sets in
Proposition it will be helpful when it comes to generalizing Poly to see how this structure is
obtained. Moreover, we will want a monoidal structure on Bayesian lenses, in order to define joint

approximate inference systems. For these reasons, we now turn to monoidal categories of lenses.

4.2.2.1. Monoidal categories of lenses

The monoidal structures on categories of Grothendieck lenses—at least those of interest here—are a

direct corollary of the monoidal Grothendieck construction, Proposition [4.2.20

Corollary 4.2.34. When F' : C°? — Cat is equipped with a monoidal indexed category structure
(12,m), its category of lenses Lensy becomes a monoidal category (Lensg, ®),, [,,). On objects
®, is defined as ®,, in Proposition as is I,,. On morphisms (f, f7) : (C, X) - (C’, X') and
(9,97 : (D,Y) = (D', Y"), define

(£, M &, (9.9") = (@9, ugp(f,9")
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where (17, : F(C)°P x F(D)° — F(C'® D) P is the pointwise opposite of zicp. The associator
and unitors are defined as in Proposition

As an example, this gives us the tensor product on Poly, which is inherited by the category of

Cartesian lenses in Set.

Example 4.2.35. The tensor product structure (®), y) on Poly is induced by a monoidal indexed
category structure (u,7) on the self-indexing of (Set, x, 1). To define the unitor 7, first note that
Set /1 = Set, so that 7 equivalently has the type 1 — Set; we thus make the natural choice for 7,

the terminal element * — 1. The laxator y is defined for each B, C : Set by the functor

UBC Set/B  x Set /C - Set /(B x C)
(p: > plill = B, q: ) qlil > C)— >, plil x qlj]
i:B j:C (4,§):BxC

the naturality and functoriality of which follow from the functoriality of x. Applying Corollary
to this structure, we obtain precisely the tensor product of polynomials introduced in
Proposition [3.5.7}

Corollary 4.2.36. Since the category of Cartesian lenses in Set is the monomial subcategory
of Poly, to which the tensor structure (®), y) restricts, the latter induces a symmetric monoidal
structure on the former, the unit of which is the object (1, 1). Given objects (X, A) and (X', A'),
their tensor (X, A) ® (X', A') is (X x X', A x A’). Given lenses (f, f*) : (X, A) — (Y, B) and
(f', f*) : (X', A") = (Y', B'), their tensor has forward component f x f': X x X' > Y x Y’
and backward component

idX XOxr BXidB’
A N

fy £/
XxX' xBxB XxBx X' xB 20 Axn

where o is the symmetry of the product x.

We will see that the monoidal structure on Bayesian lenses is defined similarly. First of all, we

need to define Bayesian lenses themselves.

4.3. The bidirectional structure of Bayesian updating

In this section, we define a collection of indexed categories, each denoted Stat, whose morphisms can
be seen as generalized Bayesian inversions. Following Definition [4.2.23] these induce corresponding
categories of lenses which we call Bayesian lenses. In §4.3.3] we show abstractly that, for the
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subcategories of exact Bayesian lenses whose backward channels correspond to ‘exact’ Bayesian
inversions, the Bayesian inversion of a composite of forward channels is given (up to almost-
equality) by the lens composite of the corresponding backward channels. This justifies calling these
lenses ‘Bayesian’, and provides the foundation for the study of approximate (non-exact) Bayesian

inversion in Chapter

Remark 4.3.1. Bayesian lenses, and the result that “Bayesian updates compose optically”, were
first introduced by the present author in [248]]. Braithwaite and Hedges [41]] then elaborated the
structure to define dependent Bayesian lenses, solving the ‘divide-by-zero’ issue already indicated
in Remark [4.1.22] All three authors then joined forces to produce a paper [42]], published at MFCS

2023, which we take to be a canonical summary of the definitions and basic results.

4.3.1. State-dependent channels

As we saw in a channel ¢ : X+Y admitting a Bayesian inversion induces a family of inverse
channels ¢} : Y X, indexed by ‘prior’ states 7 : 1->X. Making the state-dependence explicit, in
typical cases where c is a probability kernel we obtain a function ¢ : GX x Y — GX, under the
assumption that c e 7 is fully supported for all 7 : GX (see Remark[4.1.20]for our justification of this
simplifying assumption). In more general situations, and in light of the full-support assumption,
we obtain a morphism ¢ : C(I, X) — C(Y, X) in the base of enrichment of the monoidal category
(C,®,I) of ¢, which for simplicity we take to be Set (although the construction still succeeds for
an arbitrary Cartesian base of enrichment). We call morphisms of this general type state-dependent

channels, and structure the indexing as an indexed category.

Definition 4.3.2. Let (C,®, ) be a monoidal category. Define the C-state-indexed category

Stat : C°P — Cat as follows.

Stat : C°® — Cat

Stat(X)o = Co
- Stat(X)(A,B) :=  Set(C(I,X),C(A,B))
X o= Stat(X) = | ida: C(ILX) — C(A, A)
idg : Stat(X)(4,4) := { A S
(4.11)
Stat(f) : Stat(X) — Stat(Y')
£10V, X) Stat(X)o = Stat(Y)o
Set(C(I,X),C(A,B)) — Set(C(I,Y),C(A, B))
o' — (0:C(I,Y)) — (es : C(A,B))
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Composition in each fibre Stat(.X) is as in C. Explicitly, indicating morphisms C(I, X) — C(A, B)
in Stat(X) by A-5B, and given o : A=5Band B: B=5C, their composite foa : A= is defined
by (8o ), := B, ® a,, where here we indicate composition in C by e and composition in the
fibres Stat(X) by o. Given f : Y-+ X in C, the induced functor Stat(f) : Stat(X) — Stat(Y) acts
by pre-composition (compare Definition [4.2.28| of the functorial action of the self-indexing); for

example:
Stat(f)() ¢ Cc(1,Y) < e x) 2 c4,B)
o — feo — Qfeo

Remark 4.3.3. If we do not wish to make the full-support assumption, and instead we know that
the category C has a well-defined notion of support object[41,109,259], then for a given general
channel ¢ : XY, we can write the type of its Bayesian inversion c' as HW:C(I,X) C (supp(co ), Y).
As Braithwaite and Hedges [41] show, this corresponds to a morphism in a certain fibration, and

gives rise to a category of dependent Bayesian lenses; see Remark [4.1.20

Notation 4.3.4. Just as we wrote X 2, Y for an internally M -parameterized morphism in
C(MOX,Y) (see Proposition and A 2 B for an externally ©-parameterized morphism
in€& (@, C(A, B)) (see Definition [3.2.11)), we write AZSB foran X -state-dependent morphism
in Set (C(I, X),C(A, B)). Given a state p in C(/, X) and an X -state-dependent morphism f :

A=5 B, we write [, for the resulting morphism in C(A, B).

Remark 4.3.5. The similarities between state-dependent channels and externally parameterized
functions are no coincidence: the indexed category Stat is closely related to an indexed category
underlying external parameterization in Set, which in previous work, reported by Capucci,
Gavranovi¢, and St Clere Smithe [53], we called Prox (for ‘proxies’).

When C is a Kleisli category K¢(T), it is of course possible to define a variant of Stat on the
other side of the product-exponential adjunction, with state-dependent morphisms ASB having
the types T X x A — T'B. This avoids the technical difficulties sketched in the preceding example
at the cost of requiring a monad 7T'. However, the exponential form makes for better exegesis, and

so we will stick to that.

We will want to place inference systems side-by-side, which means we want a monoidal category
structure for Bayesian lenses. Following Corollary [4.2.34] this means Stat needs to be a monoidal

indexed category.

Proposition 4.3.6. Stat is a monoidal indexed category, in the sense of Definition The
components pxy : Stat(X) x Stat(Y) — Stat(X ® Y) of the laxator are defined on objects
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by uxy (A4, A’) := A® A’ and on morphisms f : A% Band f : A'“5>B' as the X ® Y-state-
dependent morphism denoted f ® f’ and given by the function
pxy(f.f):C1,X®Y) > C(A® A, B® B')
W= fux @ fl,
Here, wx and wy are the X and Y marginals of w, given by wx := projyx e w and wy := projy- e w.
(Note that this makes p into a strict transformation in the sense of Definition[5.2.9]) The unit

1 : 1 — Stat(I) of the lax monoidal structure is the functor mapping the unique object * : 1 to the

unit object I : Stat(7).

Remark 4.3.7. Note that Stat is also fibrewise monoidal in the sense of Remark[4.2.21} as an almost
trivial consequence of C being monoidal. We will not make use of this structure in this chapter, but

we will return to it in the construction of statistical games in §5.3.1]
At this point, we can turn to Bayesian lenses themselves.

4.3.2. Bayesian lenses

We define the category of Bayesian lenses in C to be the category of Grothendieck Stat-lenses.

Definition 4.3.8. The category BayesLens; of Bayesian lenses in C is the category Lenss;,: of
Grothendieck lenses for the functor Stat. A Bayesian lens is a morphism in BayesLens,. Where

the category C is evident from the context, we will just write BayesLens.

Unpacking this definition, we find that the objects of BayesLens, are pairs (X, A) of objects
of C. Morphisms (that is, Bayesian lenses) (X, A) + (Y, B) are pairs (c, c') of a channel ¢ : X +Y

and a generalized Bayesian inversion ¢ : B—)-(—>A; that is, elements of the hom objects

BayesLens; ((X, A), (Y, B)) : = Lenssy: ((X, A), (Y, B))

=~ C(X,Y) x Set (C(I,X),C(B, A)) .

The identity Bayesian lens on (X, A) is (idx,id4), where by abuse of notationid4 : C(I,Y) —
C(A, A) is the constant map id 4 defined in Equation that takes any state on Y to the identity
on A.

The sequential composite (d,d") ¢ (¢, c') of (¢, c!) : (X, A) = (Y, B) and (d,d") : (Y, B) -
(Z,C) is the Bayesian lens ((d e c), (c! o ¢*d")) : (X, A) - (Z,C) where (c' o c*dl) : Cc5A

takes a state w : [ X to the channel c;rr . dl.ﬂ : C-A.
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To emphasize the structural similarity between Bayesian and monoidal lenses, and visualize the
channel c}; o df., note that following Example [4.2.25] we can depict Bayesian lens composition

using the graphical calculus of Boisseau [35]] as

Remark 4.3.9. Strictly speaking, these depictions are diagrams in Boisseau [35]’s calculus of
string diagrams for optics, which means that they are not direct depictions of the Bayesian lenses
themselves; rather they are depictions of the corresponding optics, which we define and elaborate
in [248]]. Briefly, these optics are obtained by embedding the categories of forrwards and backwards
channels into their corresponding (co)presheaf categories and coupling them together along the
‘residual’ category C; in the depictions, the string diagrams in the forwards and backwards directions
are thus interpreted in these different categories. This explains why we are allowed to ‘copy’ the
channel c in the depiction above, producing the right-hand side by pushing c through the copier as
if it were a comonoid morphism: it is because the comonoids in question are C(I, X) and C(1,Y),

and the function C(I, ¢) is indeed a comonoid morphism, even though c is in general not!

Remark 4.3.10. Note that the definition of Stat and hence the definition of BayesLens, do
not require C to be a copy-delete category, even though our motivating categories of stochastic
channels are; all that is required for the definition is that C is monoidal. On the other hand, as
we can define Bayesian lenses in any copy-delete category, we can define them in Set, where

Set(1, X) = X for every set X: in this case, Bayesian lenses coincide with Cartesian lenses.
Of course, since Stat is a monoidal indexed category, BayesLens; is a monoidal category.

Proposition 4.3.11. BayesLens, is a monoidal category, with structure ((®, (1, I)) inherited
from C. On objects, define (A4, A') ® (B,B’) := (A® A, B® B’). On morphisms (f, 1) :
(X,A) = (Y,B) and (g,9") : (X', A") =+ (Y, B'), define (£, /1) ® (9,97) := (f @9, [T @),
where fT®¢' : B® B’i@x—lnél ® A’ acts on states w : T+X ® X’ to return the channel
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fl v ® g:[, o following the definition of the laxator y in Proposition The monoidal unit in
BayesLens; is the pair (1, I) duplicating the unit in C. When C is moreover symmetric monoidal,

so is BayesLens,.

Proof sketch. The main result is immediate from Proposition and Corollary 4.2.34) When ® is

symmetric in C, the symmetry lifts to the fibres of Stat and hence to BayesLens,. O
But BayesLens; is not in general a copy-discard category.

Remark 4.3.12. Although BayesLens; is a monoidal category, it does not inherit a copy-discard
structure from C, owing to the bidirectionality of its component morphisms. To see this, we can
consider morphisms into the monoidal unit (7, I), and find that there is generally no canonical
discarding map. For instance, a morphism (X, A) + (I, I) consists in a pair of a channel X -/
(which may indeed be a discarding map) and a state-dependent channel 1 =5 A, for which there is
generally no suitable choice satisfying the comonoid laws. Note, however, that a lens of the type
(X,I) -+ (I, B) might indeed act by discarding, since we can choose the constant state-dependent
channel B=>T on the discarding map T : B->1. By contrast, the Grothendieck category { Stat
is a copy-delete category, as the morphisms (X, A) — (I, I) in { Stat are pairs X -1 and AT,

and so for both components we can choose morphisms witnessing the comonoid structure.

4.3.3. Bayesian updates compose optically

In this section we prove the fundamental result that justifies the development of statistical games as
hierarchical inference systems in Chapter[5} that the Bayesian inversion of a composite channel is
given up to almost-equality by the lens composite of the backwards components of the associated

‘exact’ Bayesian lenses.

Definition 4.3.13. Let (c,c') : (X, X) - (Y,Y) be a Bayesian lens. We say that (c, cl) is exact
if ¢ admits Bayesian inversion and, for each 7 : [->X such that ¢ e 7 has full support, ¢ and ck

together satisfy equation (4.5) (p.|133). Bayesian lenses that are not exact are said to be approximate.

Theorem 4.3.14. Let (¢, c') and (d, d') be sequentially composable exact Bayesian lenses. Then,
for any state 7 on the domain of ¢, the contravariant component ¢ o c*d' of the composite lens
(d,d") ¢ (c, c!) is the Bayesian inversion of d e c. That is to say, Bayesian updates compose optically:

(d ° C)Ir dogw C;rr L dioﬂ'-
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Proof. For any suitably-typed 7, the state-dependent channel ¢ oc*d' returns the channel chodler :

Z X, so to establish the result it suffices to show that

We have

where the first obtains because dy is by assumption a Bayesian inverse of d with respect to c e 7,
and the second because cir is likewise a Bayesian inverse of ¢ with respect to 7. Hence, c;(r ° dz.,r

and (d e c)jT are both Bayesian inversions of d e ¢ with respect to 7. Since Bayesian inversions are

almost-equal (Proposition [4.1.29), we have chodlar dogem (de C)I.—, as required. t
This theorem has the following important immediate consequence.

Corollary 4.3.15. Suppose C is a subcategory of C all of whose channels admit Bayesian inversion,

and consider the restriction to C' of the fibration 7| ens : BayesLens, — C of Bayesian lenses,

denoted Trlens' Then there is an almost sure section { : C — BayesLens, of ﬂ{ens taking each

object X to (X, X) and each channel ¢ : X+Y toalens (c,c) : (X, X) - (Y,Y) where ¢l is an
TLens

almost-surely unique Bayesian inversion of c¢. Hence the composite C 1 BayesLens, —=> (C is

equal to the identity functor id¢.

Remark 4.3.16. A morphism o : B — Eisasectionof 7 : F — Bwhenmoo = idg. In

standard category theory, a section of a fibration 7 is therefore a functor: but, since Bayesian
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inversion is only defined up to almost-equality, the functoriality of the preceding corollary is
accordingly weakened. This leads to the notion of almost sure section, which we formalize by
lifting the relation of almost-equality from C to BayesLens,, as follows. Suppose (c, c*) and
(d,d") are lenses (X, X) + (Y,Y). Then we may say that they are equivalent up to almost
equality, denoted (c,c?) ~ (d,d"), if for all states a : [-+>X, we have ¢ ~ d and ¢, ~' . If
additionally we have ¢ = d, we write (c, ¢*) ~ (d, d*) and say that they are strongly equivalent.
Note then that the mapping f of the preceding corollary is functorial up to this strong equivalence:

T(d) ¢ T(c) ~ f(d e c); this is what we mean by almost sure section. We believe this notion (and the

implicit more general one of almost sure functor) to be new, but do not study it further here.

Remark 4.3.17. In the context of finitely-supported probability (i.e., in K¢(D)), almost-equality
coincides with simple equality over the support, and so Bayesian inversions are then just equal
(over the support). This suggests that, in this context, { may be strengthened to a strict functor: but
the qualification over the support means we must use the machinery of dependent Bayesian lenses

(Remark [4.1.20); then, { does yield a strict functor.

Remark 4.3.18. Note that the functor T is not monoidal, because inverting the tensor of two
channels with respect to a joint distribution is not the same as inverting the two channels
independently with respect to the marginals and tensoring them together (unless the joint is
already the product of two independent states); that is, (¢ ® d)I, #* cLl ® dLQ, where wy and wo
are the two marginals of the joint state w. Technically, this situation obtains because there is no
channel X ® X2+ X ® X5 that performs this marginalization-then-tensoring that could play the
part of the laxator of {. (But note that typically a probability monad P will be ‘bimonoidal’, with
the ‘opmonoidal’ structure P(X; x X2) — PX; x PX, witnessing this joint-marginalization
operation [[110, §4]; the technical hurdle is that this structure typically interacts nicely with the
monad structure, since the tensor of two Dirac deltas is again a Dirac delta.)

In we will use the machinery of statistical games to measure the error produced by inverting

two channels independently, versus inverting them jointly.

Historically, lenses have often been associated with ‘lens laws’: additional axioms guaranteeing
their well-behavedness. These laws originate in the context of database systems, and we now
investigate how well they are satisfied by Bayesian lenses, where one might see an inference system
as a kind of uncertain database. We will find that Bayesian lenses are not lawful in this traditional

sense, because they ‘mix’ information.
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4.3.4. Lawfulness of Bayesian lenses

The study of Cartesian lenses substantially originates in the context of bidirectional transformations
of data in the computer science and database community [34,99], where we can think of the view
(or get) function as returning part of a database record, and the update (or put) function as ‘putting’
a part into a record and returning the updated record. In this setting, axioms known as lens laws
can be imposed on lenses to ensure that they are ‘well-behaved’ with respect to database behaviour:
for example, that updating a record with some data is idempotent (the ‘put-put’ law).

We might hope that well-behaved or “very well-behaved” lenses in the database context should
roughly correspond to our notion of exact Bayesian lens: with the view that an inference system,
formalized by a Bayesian lens, is something like a probabilistic database. However, as we will see,
even exact Bayesian lenses are only weakly lawful in the database sense: Bayesian updating mixes
information in the prior state (the ‘record’) with the observation (the ‘data’), rather than replacing
the prior information outright.

We will concentrate on the three lens laws that have attracted recent study [35}217]]: GetPut,
PutGet, and PutPut. A Cartesian lens satisfying the former two is well-behaved while a lens
satisfying all three is very well-behaved, in the terminology of Foster et al. [99]]. Informally, Get Put
says that getting part of a record and putting it straight back returns an unchanged record; PutGet
says that putting a part into a record and then getting it returns the same part that we started with;
and PutPut says that putting one part and then putting a second part has the same effect on a
record as just putting the second part (that is, update completely overwrites the part in the record).
We will express these laws graphically, and consider them each briefly in turn.

Note first that we can lift any channel c in the base category C into any state-dependent fibre
Stat(A) using the constant (identity-on-objects) functor taking c to the constant-valued state-
indexed channel p — c that maps any state p to c. We can lift string diagrams in C into the fibres

accordingly.

GetPut

Definition 4.3.19. A lens (c, c!) is said to satisfy the Get Put law if it satisfies the left equality
in (4.12) below. Equivalently, because the copier induced by the Cartesian product is natural (i.e.,
Yo f = (f x f)o¥V),for any state 7, we say that (c, ') satisfies Get Put with respect to 7 if it
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satisfies the right equality in below.

= — C] = (4.12)

(Note that here we have written the copying map as Y, since we are assuming an ambient Cartesian

monoidal structure; hence for a Bayesian lens we interpret the left diagram above in the image of

the Yoneda embedding.)

Proposition 4.3.20. When c is causal, the exact Bayesian lens (c, c') satisfies the Get Put law

with respect to any state 7 for which ¢ admits Bayesian inversion.

Proof. Starting from the right-hand-side of (4.12), we have the following chain of equalities

where the first holds by the counitality of ¥, the second by the causality of ¢, the third since ¢
admits Bayesian inversion (4.5) with respect to 7, and the fourth again by counitality. O

Note that by Bayes’ law, exact Bayesian lenses only satisfy Get Put with respect to states. This
result means that, if we think of c as generating a prediction c e 7 from a prior belief , then if our
observation exactly matches the prediction, updating the prior 7 according to Bayes’ rule results in

no change.
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PutGet The PutGet law is characterized for a lens (v, u) by the following equality:

In general, PutGet does not hold for exact Bayesian lenses (c, ¢'). However, because Get Put

holds with respect to states 7, we do have c e c;fr e ce T = cem;thatis, PutGet holds for exact

Bayesian lenses (c, c) for the prior 7 and ‘input’ ¢ e 7.

The reason PutGet fails to hold in general is that Bayesian updating mixes information from
the prior and the observation, according to the strength of belief. Consequently, updating a belief
according to an observed state and then producing a new prediction need not result in the same

state as observed; unless, of course, the prediction already matches the observation.

PutPut Finally, the PutPut law for a lens (v, u) is characterized by the following equality:

IS

PutPut fails to hold for exact Bayesian lenses for the same reason that PutGet fails to hold in

general: updates mix old and new beliefs, rather than entirely replace the old with the new.

Comment In the original context of computer databases, there is assumed to be no uncertainty,
so a ‘belief” is either true or false. Consequently, there can be no ‘mixing’ of beliefs; and in database
applications, such mixing may be highly undesirable. Bayesian lenses, on the other hand, live in a
fuzzier world: our present interest in Bayesian lenses originates in their application to describing
cognitive and cybernetic processes such as perception and action, and here the ability to mix beliefs
according to uncertainty is desirable.

Possibly it would be of interest to give analogous information-theoretic lens laws that characterize

exact and approximate Bayesian lenses and their generalizations; and we might then expect the
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‘Boolean’ lens laws to emerge in the extremal case where there is no uncertainty and only Dirac
states. We leave such an endeavour for future work: Bayes’ law (4.5) is sufficiently concise and

productive for our purposes here.
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5. Statistical games

In this chapter, we characterize a number of well known systems of approximate inference as loss
models (defined in §5.3.2): lax sections of 2-fibrations of statistical games, themselves constructed
(in by attaching internally-defined loss functions to Bayesian lenses. Our examples include
the relative entropy (§5.3.3.1), which constitutes a strict section, and whose chain rule is formalized
by the horizontal composition of the 2-fibration. In order to capture this compositional structure,
we first introduce the notion of ‘copy-composition’ (in §5.2.1), alongside corresponding bicategories
through which the composition of copy-discard categories factorizes. These latter bicategories are
obtained as a variant of the Copara construction [54, §2] (dual to the internal parameterization of
§3.2.1), and so we additionally introduce coparameterized Bayesian lenses (§5.2.3), proving that
coparameterized Bayesian updates compose optically (§5.2.4), as in the non-coparameterized case.

Besides the relative entropy, our other examples of loss models are given by maximum likelihood
estimation (§5.3.3.2), the free energy (which gives us in a characterization of autoencoders),
and the ‘Laplace’ approximation to the free energy (§5.3.3.4). It is this latter loss model which will,
in Chapter (7] finally yield the dynamical semantics for predictive coding.

We begin with a discussion of compositional approximate inference from the ‘lens’ perspective,

focusing on the relative entropy.

5.1. Compositional approximate inference, via the chain rule for
relative entropy

In Chapter |4} we observed that the Bayesian inversion of a composite stochastic channel is (almost
surely) equal to the ‘lens composite’ of the inversions of the factors; that is, Bayesian updates
compose optically (BUCO’, Theorem [4.3.14). Formalizing this statement for a given category C
yields a fibration of Bayesian lenses as a Grothendieck construction of the indexed category of
state-dependent channels (Definition [4.3.8), and Bayesian inversion almost surely yields a section f
of the corresponding fibration (Corollary[4.3.15). This section f picks out a special class of Bayesian
lenses, which we call exact as they compute ‘exact’ inversions (Definition [4.3.13), but although
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the category BayesLens(C) has many other morphisms, its construction is not extravagant: by
comparison, we think of the non-exact lenses as representing approximate inference systems. This
is particularly necessary in computational applications, because computing exact inversions is
usually intractable, but this creates a new problem: choosing an approximation, and measuring
its performance. In this chapter, we formalize this process, by attaching loss functions to Bayesian
lenses, thus creating another fibration, of statistical games. Sections of this latter fibration encode
compositionally well-behaved systems of approximation that we call loss models.

A classic example of a loss model will be supplied by the relative entropy, which in some sense
measures the ‘divergence’ between distributions: the game here is then to minimize the divergence
between the approximate and exact inversions. If 7 and 7’ are two distributions on a space X,
with corresponding density functions p, and p,s (both with respect to a common measure), then
their relative entropy D(7,7’) is the real number given by E, ., [log px(z) — log p (z) ]} Given
a pair of channels o, @’ : A-> B (again commensurately associated with densities), we can extend
D toamap D, o : A — Ry in the natural way, writing a — D ((a), o/ (a)). We can assign such
amap D, o to any such parallel pair of channels, and so, following the logic of composition in
(ﬂ we might hope for the following equation to hold for all a : A and composable parallel pairs
a, : A=Band 3,5 : B-C:

Dg.aﬁ/.o/(a) = b~IE(a) [Dg}gl(b)] + Da,a’ (a)

The right-hand side is known as the chain rule for relative entropy, but, unfortunately, the

equation does not hold in general, because the composites 3 ® o and 3’ ® o’ each involve an extra

expectation:
Dgea,prear(a) = C~ﬁ1?a(a) [108 Pgea(a)(€) — 108 Pgrear(a)(€)]
= E log E bl —loe E (elb
c~Bec(a) |: gb~a(a) [pﬁ( ’ )] gb~a’(a) [pﬁ ( ’ )]]

However, we can satisfy an equation of this form by using ‘copy-composition’: if we write ¥ 5 to

denote the canonical ‘copying’ comultiplication on B, and define 3 o2 o := (idp ®3) @ ¥ 5 ® , as

'For details about this ‘expectation’ notation E, see
*In which, following the Chapman-Kolmogorov rule, a composite channel 3 o can be expressed as the expectation of
B under a, i.e. a — Eyoq(a) [B(D)].

depicted by the string diagram
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then Dg,2,, gre24/(a) does equal the chain-rule form on the right-hand side:

Dpeapearla) = B B [log ps(clb)pa (bla) — log pp (c|b)par (bla)]

= b~IE(a) LN%@) [log ps(c|b) — log psr(clb)] + log pa(bla) — logpaf(bla)]

=, E_[D55(®)] + Dor(@)

where the second line follows by the linearity of expectation. This result exhibits a general pattern
about copy-discard categories (Definition [3.1.3) such as C: composition e can be decomposed into
first copying ¥, and then discarding T. If we don’t discard, then we retain the ‘intermediate’
variables, and this results in a functorial assignment of relative entropies to channels.

The rest of this chapter is dedicated to making use of this observation to construct loss models,
including (but not restricted to) the relative entropy. The first complication that we encounter
is that copy-composition is not strictly unital, because composing with an identity retains an
extra variable. To deal with this, in we construct a bicategory of copy-composite channels,
extending the Copara construction, and build coparameterized (copy-composite) Bayesian lenses
accordingly; we also prove a corresponding BUCO result. In we then construct 2-fibrations
of statistical games, defining loss functions internally to any copy-discard category C that admits
“bilinear effects”. Because we are dealing with approximate systems, the 2-dimensional structure of
the construction is useful: loss models are allowed to be lax sections. We then characterize the
relative entropy, maximum likelihood estimation, the free energy, and the ‘Laplacian’ free energy
as such loss models.

Unsurprisingly, each of these loss functions are moreover (lax) monoidal, and, assuming C is
symmetric monoidal, each of the constructions mentioned here result in monoidal (2-)fibrations.

We explore this monoidal structure in

5.2. ‘Copy-composite’ Bayesian lenses
5.2.1. Copy-composition by coparameterization
In a locally small copy-discard category C (Definition [3.1.3), every object A is equipped with a

canonical comonoid structure (¥ 4, 4), and so, by the comonoid laws (Definition [3.4.21), it is

almost a triviality that the composition functions e : C(B,C) x C(A, B) — C(A, C) factorize as

(idp @-)xc(idA,YB)

C(B,C) x C(A, B) C(B®B,B®C) xC(A,B®B) ---

QC(A,B®C)M>C(A,C)
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where the first factor copies the B output of the first morphism and tensors the second morphism
with the identity on B, the second factor composes the latter tensor with the copies, and the
third discards the extra copy of This is, however, only almost trivial, since it witnesses the
structure of Chapman-Kolmogorov style composition in categories of stochastic channels such as
Kt(D), the Kleisli category of the (finitary) distributions monad D : Set — Set (§4.1.1.1). There,
given channels ¢ : A+ B and d : B+>C, the composite d e c is formed first by constructing the
‘joint’ channel, denoted d ¢ ¢ and defined by (d 2 ¢)(b, c|a) := d(c|b)c(b|a), and then discarding

(marginalizing over) b : B, giving

(dec)(cla) = > (de*c)(b,cla) = . d(c|b)c(b
b:B

b:B
Of course, the channel d 2 ¢ is not a morphism A--C, but rather A-B ® C; that is, it is
coparameterized by B, in a sense formally dual to the notion of parameterization of §3.2.1]

Moreover, as noted above, o2

is not strictly unital: given the composites idp 2 f and fe?id 4,
we need 2-cells that discard the coparameters introduced by the copying; and, inversely, we need
2-cells f — idp @2 f and f — fe2id4 that introduce them. The former are of course given by the

discarding structure

- A f (5.1)

= A f (5.2)

M
B
— A f (5.3)
B

% We define proj~ := BQC B-1-U=N I®C 2o, C, using the comonoid counit T 5 and the left unitor Ac of C’s
monoidal structure.
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A |y - A 7 (5.4)
B B

These putative 2-cells clearly need access to copies of the domain and codomain of f, and hence
are not available in the standard Copara construction obtained by formally dualizing Para. For
this reason, we construct a bicategory Copara,(C) as a variant of the Copara construction, in
which a 1-cell A — B may be any morphism A->M ® B in C, and where horizontal composition
is precisely copy-composition. We will henceforth drop the cumbersome notation e2, and write
simply e for horizontal composition in Copara,(C), matching the composition operator of C itself.

(Later, if we need to be explicit about horizontal composition, we will sometimes use the symbol ©.)

Theorem 5.2.1. Let (C,®, I) be a copy-discard category. Then there is a bicategory Coparay(C)
as follows. Its 0-cells are the objects of C. A 1-cell f : A oY B isamorphism f: A > M ® B in
C.A2celly: f= f,with f: A - Band f: A - B, isamorphismp : AQ M ® B — M’

of C, satisfying the change of coparameter axiom:

M’ M’

S f : f

B f B

Given 2-cells ¢ : f = f'and ¢ : f' = f”, their vertical composite o' ® o : f = f” is given by

the following string diagram:

R

¥ ¥

—_

The identity 2-cell id; : f = fonf : A - B is given by the projection morphism proj,; :
A® M ® B — M obtained by discarding A and B, as in footnote

The horizontal composite go f : A Cofl-cells f: A - Btheng: B ~ C is given

M@BRN
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by the following string diagram in C:

Strictly speaking, we define the coparameter of g o f to be (M ® B) ® N. The identity 1-cell id 4 on
A is given by the inverse of the left unitor of the monoidal structure on C, i.e. id4 := )\;‘1 A 7> A,
with coparameter thus given by the unit object I.

The horizontal composite yo ¢ : (go f) = (¢’ o f/) of 2-cellsp: f = fandy:g = ¢ is

given by the string diagram

/
M goM
B‘ B

!/
N ’YN
C

Proof. To show that Copara,(C) is a bicategory, we need to establish the unitality and associativity
of vertical composition; verify that horizontal composition is well-defined and functorial; establish
the weak unitality and associativity of horizontal composition; and confirm that the corresponding
unitors and associator satisfy the bicategorical coherence laws. Then, to prove that Copara,(C)
is moreover monoidal, we need to demonstrate that the tensor as proposed satisfies the data of a
monoidal bicategory. However, since the monoidal structure is inherited from that of C, we will
elide much of this latter proof, and demonstrate only that the tensor is functorial; the rest follows
straightforwardly but tediously.

We begin by confirming that vertical composition ©® is unital and associative. To see that © is
unital, simply substitute the identity 2-cell (given by projection onto the coparameter) into the
string diagram defining ©® and then apply the comonoid counitality law twice (once on the left,

once on the right). The associativity of ® requires that ©” © (¢’ ©® ¢) = (¢" ® ¢’) ® ¢, which
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corresponds to the following graphical equation:

To see that this equation is satisfied, simply apply the comonoid coassociativity law twice (once
left, once right).

Next, we check that horizontal composition o is well-defined, which amounts to checking whether
the horizontal composite of 2-cells satisfies the change of coparameter axiom. Again, we reason

graphically. Given 2-cells ¢ and -y between composable pairs of 1-cells f, f" and g, ¢’, our task is to

verify that
M/
Yo B
N/
4y - 4 / g
{ —c

Since ¢ and -y satisfy change of coparameter ex hypothesi, the left hand side is equal to the morphism

M/

B
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By comonoid coassociativity, this is in turn equal to

which, by the definition of o, is precisely equal to

Yo

f C

and so this establishes the result.

We now verify that o so defined is functorial on 2-cells, beginning with the preservation of
composition. We need to validate the equation (7 0 ¢') ® (yo ) = (Y ®7) o (¢’ ® ) (for

appropriately composable 2-cells). This amounts to checking the following equation, which can be

seen to hold by two applications of comonoid coassociativity:

A
—e M o o M
/ "
M 0 o | M
B ‘ ‘ B _ B B
"
N ~ y N
"
iﬁ N g 5 N

It is easy to verify that o preserves identities, i.e. that id, oid; = idy.; just substitute the identity

2-cells into the definition of o on 2-cells, and apply comonoid counitality four times.
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Next, we establish that horizontal composition is weakly associative, which requires us to supply
isomorphisms a ¢4 : (hog)o f = ho(go f)natural in composable triples of 1-cells h, g, f.
Supposing the three morphisms have the types f : A - B,g:B ~ C,and h: C > D, we can

choose a4 1, to be the 2-cell represented by the morphism

AR (M®B)®@(N®C)®0))®D 2% (M@B)®@ (N®C)®O0) ---

OLC/
~HEREED, ((M®B)®(N®C)®O0 -

of ®ido
(M®B),N,C
— (((

M®B)QN)®C)® O

where the first factor is the projection onto the coparameter and o denotes the associator of
the monoidal structure (®,) on C. In the inverse direction, we can choose the component
a;; niho(gof)= (hog)o f tobe the 2-cell represented by the morphism

AR (M®B)®N)®C)®0)®D 2% (M®B)®@ N)®C)®O0 ---

c,—1 .
Auen),N,c®ido

(M®B)®(N®C))®O0 -

Y(M®B),(N®C),0
_(M®B),(N®),0

MeB)®(N®C)®O0)

where a©~1 denotes the inverse of the associator on (C,®, I). That the pair of f,g,h and a;j], h
constitutes an isomorphism in the hom category follows from the counitality of the comonoid
structures. That this family of isomorphisms is moreover natural follows from the naturality of the
associator on (C,®, I).

We come to the matter that motivated the construction of Copara,(C): the weak unitality of
copy-composition, witnessed here by the weak unitality of horizontal composition. We need to
exhibit two families of natural isomorphisms: the left unitors with components Ay : idgof = f,
and the right unitors with components p; : foids = f, for each morphism f : A - B. Each such
component will be defined by a projection morphism, and weak unitality will then follow from the
counitality of the comonoid structures. More explicitly, Ay is witnessed by proj,, : AQM®B®B —
M its inverse )\JTI is witnessed by Projyen - ARM®B — M ® B; p; is witnessed by
projys 1 AQAQM®B — M; and its inverse ,0}71 is witnessed by Proj sgns ARQMRB — AQM.
Checking that these definitions give natural isomorphisms is then an exercise in counitality that
we leave to the reader.

All that remains of the proof that Copara,(C) is indeed a bicategory is to check that the unitors
are compatible with the associator (i.e., (idg oA f) Oy id,,f = pgoids) and that associativity is order-

dependent (i.e.,, the associator « satisfies the pentagon diagram). The latter follows immediately
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from the corresponding fact about the associator a° on (C,®, I). To demonstrate the former, it is
easier to verify that (idg oAf) ©® agidy.f © (p;1 oid¢) = idgof. This amounts to checking that the

following string diagram is equally a depiction of the morphism underlying id, s:

fg\idg

(Note that here we have elided the associator from the depiction. This is allowed by comonoid

counitality, and because string diagrams are blind to bracketing.) Substituting the relevant

morphisms into the boxes, we see that this diagram is equal to

M M
[ I
B !
B
N

I
and six applications of counitality give us idy.s. This establishes that Copara,(C) is a bicategory.

O

Remark 5.2.2. When C is symmetric monoidal, Copara,(C) inherits a monoidal structure,

elaborated in Proposition 5.4.1}

Remark 5.2.3. In order to capture the bidirectionality of Bayesian inversion we will need to
consider left- and right-handed versions of the Copara, construction. These are formally dual,
and when C is symmetric monoidal (as in most examples) they are isomorphic. Nonetheless, it
makes formalization easier if we explicitly distinguish Coparab(C), in which the coparameter is
placed on the left of the codomain (as above), from Coparaj(C), in which it is placed on the right.

Aside from the swapping of this handedness, the rest of the construction is the same.
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We end this section with three easy (and ambidextrous) propositions relating C and Copara,(C).

Proposition 5.2.4. There is an identity-on-objects lax embedding (—)¥ : C — Coparay(C),

mapping f : X - Yto f*: X - Y, which (in the left-handed case) has the underlying morphism

)\71
xLy g ® Y (where A is the left unitor of the monoidal structure on C). The laxator

t(g) o t(f) — t(g o f) discards the coparameter obtained from copy-composition.

Remark 5.2.5. We will define the notion of lax functor in Definition below. A lax embedding
is a lax functor that is an embedding in the sense of Remark that is, a lax functor that is

faithful on hom categories.

Proposition 5.2.6. There is a ‘discarding’ functor (—)™ : Copara,(C) — C, which takes any
coparameterized morphism and discards the coparameter.

)Y )
Proposition 5.2.7. (—) is a section of (—)™. Thatis, id¢c = C LN Copara,(C) LN C; more

suggestively, this can be written (—) = (—)*".

5.2.2. Lax functors, pseudofunctors, their transformations, and indexed
bicategories

In order to define bicategories of statistical games, coherently with loss functions like the relative
entropy that compose by copy-composition, we first need to define coparameterized (copy-
composite) Bayesian lenses. Analogously to non-coparameterized Bayesian lenses, these will
be obtained by applying a Grothendieck construction to an indexed bicategory [[19, Def. 3.5] of
state-dependent channels, Staty. Constructing copy-composite Bayesian lenses in this way is the
subject of in this section, we supply the necessary higher-categorical prerequisites.

An indexed category is a homomorphism of bicategories with codomain Cat and locally trivial
domain, and analogously an indexed bicategory will be a homomorphism of tricategories with
codomain Bicat (appropriately defined) and locally ‘2-trivial’ domain. In order to stay as close as
possible to the matter at hand, we do not give here an explicit definition of ‘tricategory’ or indeed
of ‘indexed bicategory’, and instead refer the reader to [19, §3]. The definition of Stat, will of
course provide an example of an indexed bicategory, but in order to state it we will nonetheless
need to extend the notion of pseudofunctor from Definition [4.2.10]to the case where the domain is
a true bicategory; and we will also need morphisms of pseudofunctors, called pseudonatural (or

strong) transformations.
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We will begin by defining the notion of lax functor, of which pseudofunctors constitute a
special case. Just as a lax monoidal functor F' is equipped with a natural family of morphisms
F(X)® F(Y) - F(X ®Y) (the laxator; cf. Definition [3.1.11), a lax functor is a weak functor
equipped with a natural family of 2-cells F'(g) ¢ F'(f) = F(g o f); this lax functoriality will be
important when we come to study loss models in

Definition 5.2.8 (Johnson and Yau [145, Def. 4.1.2]). Suppose B and C are both bicategories. A lax

functor F' : B — C is constituted by
1. a function Fj : By — Cy on 0-cells;
2. for each pair of 0-cells a, b : B, a functor Fy,, : B(a,b) — C(Foa, Fub);
3. for each 0-cell b : B, a natural transformation

11— Bb,b)

Fl/’ lFb’b
b S C(Fyb, Fyb)

witnessing lax unity, with component 2-cells F}, : id g, = Fp,5(idp);

4. for each triple of 0-cells a, b, ¢ : B, a natural transformation

B(b,c) x B(a,b) = B(a,c)

Iy
Fb,cXFa,bl / lpa,c

C(F()b, FoC) X C(Foa, F()b) —2 C(F()a, F(]C)
witnessing lax functoriality and called the laxato with component 2-cells
FQ:f : Fb,C(g) < Flhb(f) = Fa,c(g o f)
where o and ¢ denote horizontal composition in B and C respectively;

satisfying the following conditions:

By analogy with the laxator of a lax monoidal functor (Definition [3.1.11). Since monoidal category is a special case of
bicategory, the notion of lax functor (between bicategories) generalizes the notion of lax monoidal functor (between
monoidal categories).
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(a) coherence with the left and right unitality of horizontal composition, so that for all 1-cells

f + a — b the following diagrams commute:

. AFrs () _ P y(F)
id b OFa,b(f) Fa,b(f) Fa,b(f) o idpya Fa,b(f)
FyoFq 5 (f) Fap(AF) Fap(f)oFa Fau(p§)
. Fa, .5 . . Fyidg .
Fyp(idp) © Fup(f) Fap(idyof) Fop(f) 0 Faa(ide) === F,(f oidq)

where A3, X€ and pB, p€ are the left and right unitors for the horizontal composition in B

and C respectively;

(b) coherence with the associativity of horizontal composition, so that for all 1-cells f : a — b,

g:b—cand h: ¢ — d, the following diagram commutes:

aC
Fe q(h),Fp (9),Fq p(f)

(Fc7d(h) < Fb,c(g)> o Fa,b(f) Fc,d(h) < (Fb7c(g) < Fa,b(f))

FhﬁgOFa,b(f) Fcyd(h)OFg,f
Fb,d(hog)OFa,b(f) Fc,d(h)QFa,c(gof>
Fhrog, ¢ Fp,gof

Fa,d(af’g,f)

Fad((hog)of) Fog(ho(gof))
where o and o are the associators for the horizontal composition in B and C respectively.

A pseudofunctor is a lax functor F' for which F} and F5 are natural isomorphismﬂ

The variable laxness of lax functors is recapitulated in the laxness of their morphisms; again, we

begin with the weakest case.

Definition 5.2.9. Suppose F' and G are lax functors B — C. A lax transformation o : F' — G

consists of
1. al-cell o : F'b — Gbin C for each 0-cell b : B;

2. anatural transformation oy . : 0*G = o, F' (Where o™ denotes pre-composition by oy,

and .. denotes post-composition by ) for each pair b, ¢ of objects in I3, with component

> Compare Definition [4.2.10] treating C there as a bicategory with discrete hom-categories.
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2-cells
Fy— 5 pe

|k
ab —S1 s Ge

for each 1-cell f : b — cin B;

satisfying conditions of lax unity and lax naturality whose precise general form the reader may
find in Johnson and Yau [145, Def. 4.2.1].
A strong transformation (or pseudonatural transformation) is a lax transformation for which the

component 2-cells constitute natural isomorphisms.

It is notable that, unlike natural transformations, lax transformations do not compose, not
even laxly; see Johnson and Yau [145, Motivation 4.6.1]. This means that there is no bicategory
of bicategories, lax functors, and lax transformations, analogous to Cat. However, strong
transformations between pseudofunctors do compose, weakly, up to isomorphism. These
isomorphisms collect into 3-cells known as modifications, producing a tricategory Bicat whose
0-cells are bicategories, 1-cells are pseudofunctors, 2-cells strong transformations, and 3-cells

modifications. This tricategory constitutes the codomain of an indexed bicategory.

Remark 5.2.10. There is another notion of composable morphism between lax functors, called icon,
which yields a bicategory Bicat;. of bicategories, lax functors, and icons. Icons are, however, more
restrictive than lax transformations, as their 1-cell components must be identities. Nonetheless,
this restriction is satisfied by loss models as defined in and so morphisms of loss models will

be icons.

5.2.3. Coparameterized Bayesian lenses

With that categorical background out of the way, we are able to define copy-composite Bayesian
lenses, starting with the corresponding indexed bicategory. Let disc denote the functor Set — Cat

taking sets to discrete categories (cf. Definition 4.2.2).

Definition 5.2.11. We define the indexed bicategory Stat, : Copara)(C)“°°P — Bicat fibrewise

as follows.
(i) The 0-cells Stata(X)g of each fibre Staty(X) are the objects Cy of C.

(i) For each pair of 0-cells A, B, the hom-category Stats (X )(A, B) is defined to be the functor
category Cat(discC(I, X ), Coparaj(C)(A, B)).
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(iii) For each 0-cell A, the identity functor id4 : 1 — Staty(X)(A, A) is the constant functor on
the identity on A in Coparaj(C); i.e. discC(I, X) R LR Coparaj(C)(A4, A).
(iv) For each triple A, B, C' of 0-cells, the horizontal composition functor o4 g ¢ is defined by

oa.B,c : Stata(X) (B, C) x State(X)(A,B) ---

. — Cat(discC(I, X ), Coparaj(C)(B, C)) x Cat(discC(I, X), Copara;(C)(A, B)) -

-5 Cat(discC(1, X)?, Coparah(C)(B,C) x Copara5(C)(A, B)) -

(), Cat (discC(1, X), Copara;(C)(4,C)) -

- — Staty(X)(A,C)

where Cat (¥, o) indicates pre-composition with the universal (Cartesian) copying functor in

(Cat, x, 1) and post-composition with the horizontal composition functor of Coparaj(C).

For each pair of 0-cells X,V in Copara!(C), we define the reindexing pseudofunctor Staty yy :

Copara'(C)(X,Y)°P — Bicat(Staty(Y), Stata (X)) as follows.

(a) For each 1-cell f in Copara’(C)(X,Y), we obtain a pseudofunctor Staty(f) : Staty(Y) —

Stato(X') which acts as the identity on 0-cells.

(b) For each pair of 0-cells A, B in Staty(Y"), the functor Stata(f) 4, is defined as the precompo-
sition functor Cat (discC(I, f7), Coparaj(C)(A, B)), where (—)7 is the discarding functor
Coparab(C) — C of Proposition

(c) For each 2-cell ¢ : f = f’ in Coparah(C)(X,Y), the pseudonatural transformation
Stata(¢p) : Stata(f’) = Stata(f) is defined on 0-cells A : Stata(Y') by the discrete natural
transformation with components Stata ()4 := id4, and on 1-cells ¢ : Stata(Y')(A4, B) by
the substitution natural transformation with constitutent 2-cells Stata (). : Stata(f)(c) =
Stata(f’)(c) in Staty(X) which acts by replacing Cat (discC(I, f7), Coparaj(C)(4, B))
by Cat (discC(I, f'7), Copara}(C)(A, B)); and which we might alternatively denote by
Cat(discC(I, "), Coparas(C)(A, B)).

Notation 5.2.12. We will write f : A—]\-)%B to denote a state-dependent coparameterized channel

f with coparameter M and state-dependence on X.

Remark 5.2.13. We could give an alternative definition of Stats, for which the definition above

would give a sub-indexed bicategory, by defining the state-dependence on the whole hom-category
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Copara,(C)(I, X) rather than just C(I, X'). However, doing this would cause the reindexing
pseudofunctors to introduce coparameters (from the now-coparameterized priors), which would

contradict the type signature of coparameterized Bayesian inversion: imagine the equation of

Definition below but without the discarding on the right-hand side.

Remark 5.2.14. Similarly, the same definitions would go through upon substituting Copara(C)

for Copara,(C); but, as noted above, we need copy-composition for the relative entropy.

As we saw in lenses in 1-category theory are morphisms in the fibrewise opposite of a
fibration. Analogously, our bicategorical Bayesian lenses are obtained as 1-cells in the bicategorical
Grothendieck construction of (the pointwise opposite of) the indexed bicategory Stats; this yields
a 2-fibration. So as not to over-complicate the presentation, we do not present all the details of this

construction, and refer the reader instead to Bakovic¢ |19, §6].

Definition 5.2.15. Fix a copy-discard category (C,®, I). We define the bicategory of coparameter-
ized Bayesian lenses in C, denoted BayesLens, (C) or simply BayesLens,, to be the bicategorical
Grothendieck construction of the pointwise opposite of the corresponding indexed bicategory

Statg, with the following data:

(i) A 0-cell in BayesLens, is a pair (X, A) of an object X in Copara)(C) and an object A in

Staty(X); equivalently, a 0-cell in BayesLens, is a pair of objects in C.

(ii) The hom-category BayesLens, (X, A), (Y, B)) is the product category Coparaj(C)(X,Y) x
Staty(X) (B, A).

(ili) The identity on (X, A) is given by the pair (idx,id4).

(iv) For each triple of 0-cells (X, A), (Y, B), (Z, C), the horizontal composition functor is given
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BayesLens, ((Y, B), (Z,C)) x BayesLens, ((X, A), (Y, B))

Coparal,(C)(Y, Z) x Staty(Y)(C, B) x Copara,(C)(X,Y) x Staty(X)(B, A)

= > > Staty(Y)(C, B) x Staty(X)(B, A)
g:Coparal (C)(Y,Z) f:Coparah(C)(X,Y)
Sta xid
2o 2y St2)crs 3 3 Stata(X)(C, B) x Stats(X)(B, A)
g:Copara(C)(Y,Z) f:Coparal(C)(X,Y)
Z ooaral oStata (X)
ofoparez @ 3 Staty (X)(C, A)

gof:Coparal (C)(X,Z)
= BayesLens,((X, A),(Z,0))

where the functor in the penultimate line amounts to the product of the horizontal

composition functors on Coparab(C) and Staty(X).

Proposition 5.2.16. There is a projection pseudofunctor 7| ¢ns : BayesLens,(C) — Copara)(C)
mapping each 0-cell (X, A) to X, each 1-cell (f, f') to f, and each 2-cell (p, ') to . This

pseudofunctor is a 2-fibration in the sense of Bakovi¢ |19} Def. 4.7].
Proof. The claim follows as a consequence of Bakovié¢ 19, Theorem 6.2]. O

Remark 5.2.17. When C is symmetric monoidal, Staty acquires the structure of a monoidal indexed

bicategory (Definition and Theorem [5.4.4), and hence BayesLens, becomes a monoidal
bicategory (Corollary [5.4.5).

5.2.4. Coparameterized Bayesian updates compose optically

So that our generalized Bayesian lenses are worthy of the name, we should also confirm that
Bayesian inversions compose according to the lens pattern (‘optically’) in the coparameterized

setting. Such confirmation is the subject of the present section.

Definition 5.2.18. We say that a coparameterized channel y : A+ M ® B admits Bayesian inversion
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if there exists a dually coparameterized channel p, : B-+>A ® M satisfying the graphical equation
A M B A M B

v = Pr

E

N/

In this case, we say that p, is the Bayesian inversion of ~ with respect to .

With this definition, we can supply the desired result that “coparameterized Bayesian updates

compose optically”.

Theorem 5.2.19. Suppose (v,77) : (A4, A)—]\?(B’ B) and (4,0T) : (B, B)—]\?(C’ C) are
coparameterized Bayesian lenses in BayesLens,. Suppose also that 7 : I+>A is a state on
A in the underlying category of channels C, such that *y;rr is a Bayesian inversion of v with respect
to 7, and such that 5% is a Bayesian inversion of § with respect to (y7)7; where the notation (—)~
represents discarding coparameters. Then vjr o 5% is a Bayesian inversion of ) e v with respect to
7. (Here e denotes copy-composition.) Moreover, if (§ e y)jr is any Bayesian inversion of J e y with

respect to 7, then Ale 5:(” is (0ym)T-almost-surely equal to (J e 7)17: thatis, (0 e fy)IF oy Ve 5:5”.

Proof. We only need to show that ’y;fr . (ﬂwr is a Bayesian inversion of § e v with respect to ; the
‘moreover’ claim follows immediately because Bayesian inversions are almost surely unique (by
Proposition [4.1.29). Thus, § e y e 7 has the following depiction;

Al M| Bl N ©c©

J
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Since %TT is a Bayesian inversion of v with respect to 7, this is equal to

By the coassociativity of copying, this in turn is equal to
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And since 5:577 is a Bayesian inversion of § with respect to (), this is equal to

A M B N C
Ul
olx
)
~y
which establishes the result. O

In order to satisfy this coparameterized Bayes’ rule, a Bayesian lens must be of ‘simple’ type.

Definition 5.2.20. We say that a coparameterized Bayesian lens (¢, ¢’) is simple if its domain
and codomain are ‘diagonal’ (duplicate pairs of objects) and if the coparameter of ¢ is equal to
the coparameter of . In this case, we can write the type of (¢, ) as (X, X)—J\+/[—>(Y, Y') or simply

X—+Y.
M

Remark 5.2.21. In Remark|5.2.13] we explained that we should restrict the type of state-dependent
coparameterized morphisms so that they cohere with the coparameterized Bayes’ rule of Definition
The restriction here to simple lenses is by contrast not enforced by the type system, an
oversight which (like the failure to restrict to supports noted in Remark [4.1.20) is comparatively
inelegant, but which is forced upon us by the Grothendieck construction, which does not have a
place for such constraints. We expect that the use of (a bicategorical instance of) dependent optics
(43} 50, [276]] would allow such a constraint to be enforced (alongside support objects), at the cost of
requiring yet more high-powered categorical machinery, of which there is probably enough in this

thesis. We therefore leave this avenue unexplored for now.
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By analogy with Corollary [4.3.15] we have the following important consequence of Theorem

Corollary 5.2.22. Suppose Coparal,(C)T is a subbicategory of Copara),(C) all of whose channels
admit Bayesian inversion. Then there is almost surely a pseudofunctor f : Coparal(C)" —
BayesLens, mapping each 1-cell to its almost-surely unique corresponding exact Bayesian lens.
Moreover, { is a section of the 2-fibration 7| ¢ : BayesLens, — Coparal(C) induced by the

bicategorical Grothendieck construction.

5.3. Statistical games for local approximate inference

5.3.1. Attaching losses to lenses

Statistical games are obtained by attaching to Bayesian lenses loss functions, representing ‘local’
quantifications of the performance of approximate inference systems. Because this performance
depends on the system’s context (i.e., the prior 7 : I-+>X and the observed data b : B), a loss
function at its most concrete will be a function C(, X) x B — R. To internalize this type in C, we
may recall that, when C is the category sfKrn of s-finite kernels or the Kleisli category K¢(D<1)
of the subdistribution mona(ﬂ a density function p. : X x Y — [0, 1] for a channel ¢ : XY
corresponds to an effect (or costate) X @ Y -+1. In this way, we can see a loss function as a kind of
state-dependent effect B BN (and not a coparameterized one).

Loss functions will compose by sum, and so we need to ask for the effects in C to form a monoid.
Moreover, we need this monoid to be ‘bilinear’ with respect to channels, so that Stat-reindexing

(cf. Definition |4.3.2) preserves sums. These conditions are formalized in the following definition.

Definition 5.3.1. Suppose (C,®, I) is a copy-discard category. We say that C has bilinear effects if

the following conditions are satisfied:

(i) effect monoid: there is a natural transformation + : C(—, I) xC(=,I) = C(—®=, I) making
Y4.cC(A,I) into a commutative monoid with unit 0 : - 1;

(ii) bilinearity: (g+ g') e ¥ o f =ge f+ ¢ e f forall effects g, ¢’ and morphisms f such that
(g+ ') e ¥ e fexists.

Example 5.3.2. A trivial example of a category with bilinear effects is supplied by any Cartesian

category, such as Set, in which there is a unique effect for each object, so the effect monoid

SWeaken the definition of the distribution monad D : Set — Set so that distributions may sum to any number in the
unit interval.

191



structure is given only by the product of objects, and bilinearity follows from the terminality of the

unit object 1.

Example 5.3.3. We might hope that K/(D«1) has bilinear effects, but this is not the case, because
the sum of two effects may exceed 1: the effects only form a partial monoi(ﬂ But if M is any
monoid in Set, then there is a monad D) taking each set X to the set D/ (X) of formal M -linear
combinations of elements of X. This is the free M-module on X, just as traditionally DX is the
free convex space on X, and the monad structure is obtained from the adjunction in the same
way [[137, §2]. An effect Y ->1 then corresponds to a function Y — M, and the monoid structure
follows from the monoid structure on M; bilinearity follows from the linearity of the (free) module

structure:

(9+9’)°Y°f($)=2(9( )+9'(y) - fylo)
—Zg fle) +d'(y) - flylz)
=Zg f(yle) +Zg fylz)
=gy-f(w)+g -f(x)

Example 5.3.4. The category sfKrn of s-finite kernels [270] has bilinear effects. An effect Y1

is a measurable function Y — [0, o], and bilinearity follows from the linearity of integration:

(g+g)e¥efla)= f (9(v) + ¢ ) F(dyl2)
Yy

We will typically assume sfKrn as our ambient C for the examples below.

Example 5.3.5. Given a category C with bilinear effects, we can lift the natural transformation +,

and hence the bilinear effect structure, to the fibres of Statc, using the universal property of the

"Indeed, an effect algebra is a kind of partial commutative monoid [[141} §2], but we do not need the extra complication
here.
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product of categories:

+x : Stat(X)(—, I) x Stat(X)(=,I) = Set(C(I,X),C(—,I)) x Set(C(I,X),C(=,1))
Y, Set(C(1, X),C(—. 1) x C(=, 1))

Set (C(1,X),+)
_ 7 Set(C(I,X),C(— ® =, I))

= Stat(X) (- ® =, 1)

Here, (-, ) denotes the pairing operation obtained from the universal property. In this way, each
Stat(X) has bilinear effects. Note that this lifting is (strictly) compatible with the reindexing of Stat,
so that +(_) defines an indexed natural transformation. This means in particular that reindexing
distributes over sums: given state-dependent effects g, ¢’ : B~ and a channel ¢ : X <Y, we have
(94+v ¢)e = gc +x g.. We will thus generally omit the subscript from the lifted sum operation,

and just write +.
We are now ready to construct the bicategory of statistical games.

Definition 5.3.6. Suppose (C,®,I) has bilinear effects, and let BayesLens, denote the
corresponding bicategory of (copy-composite) Bayesian lenses. We will write SGamec to denote

the following bicategory of (copy-composite) statistical games in C:
« The 0-cells are the 0-cells (X, A) of BayesLens,;

« the 1-cells, called statistical games, (X, A) — (Y, B) are triples (¢, ¢/, L°) consisting of a
1-cell (¢, ) : (X, A) - (Y, B) in BayesLens, and a loss L¢ : BT in Stat(X)(B, I);

« given 1-cells (¢, ', L°), (e, €', L) : (X, A) — (Y, B), the 2-cells (¢, L¢) = (e, L€) are pairs
(a, K¥) of a 2-cell v : (¢,’) = (e, €’) in BayesLens, and a loss K : B-51 such that

LC — Le + Ka;
« the identity 2-cell on (c, ¢/, L) is (id (¢ ), 0);

. given 2-cells (a, K®) : (¢,¢, L) = (d,d’,L%) and (3, K®) : (d,d',L%) = (e, ¢, L°),
their vertical composite is (§ o o, K? + K@), where o here denotes vertical composition in

BayesLens,;

. given 1-cells (¢, ¢, L¢) : (X, A) — (Y, B)and (d,d’, L) : (Y, B) — (Z,C), their horizontal
composite is ((d,d) ¢ (c,c), L% + L° o d); and
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- given 2-cells (a, K*) : (¢,, L¢) = (e,€/, L¢) and (8, KP®) : (d,d', LY) = (f, f', L),
their horizontal composite is (8 ¢ «, KP + K%o d..), where ¢ here denotes horizontal

composition in BayesLens,,.

Remark 5.3.7. In earlier work (such as versions 1 and 2 of our preprint [250]]), we gave a more
elaborate but less satisfying definition of “statistical game”, as a Bayesian lens equipped with a
function from its ‘context’ to R (which we also called a loss function). The construction given here
shows that the complicated earlier notion of context, which follows the ideas of ‘Bayesian open
games’ [36], is actually unnecessary for the purposes of statistical games. Considering a Bayesian
lens in /(D) of type (X, A) — (Y, B), its ‘context’ is an element of DX x Set(DY, DB). By
comparison, a corresponding loss function of the type given above is equivalently a function with
domain DX x B, and so we have replaced the dependence on ‘continuations’ in Set(DY, DB)

with a simple dependence on B.
Theorem 5.3.8. Definition generates a well-defined bicategory.

The proof of this result is that SGamec is obtained via a pair of bicategorical Grothendieck
constructions: first to obtain Bayesian lenses; and then to attach the loss functions. The proof
depends on the following intermediate result that our effect monoids can be ‘upgraded’ to monoidal
categories; we then use the delooping of this structure to associate (state-dependent) losses to

(state-dependent) channels, after discarding the coparameters of the latter.

Lemma 5.3.9. Suppose (C,®, I) has bilinear effects. Then, for each object B, C(B, I) has the
structure of a symmetric monoidal category. The objects of C(B, I) are its elements, the effects.
If g, g’ are two effects, then a morphism « : g — ¢’ is an effect such that g = ¢’ + k; the identity
morphism for each effect id, is then the constant 0 effect. Likewise, the tensor of two effects is their
sum, and the corresponding unit is the constant 0. Precomposition by any morphism ¢ : A+B

preserves the monoidal category structure, making the presheaf C(—, I) into a fibrewise-monoidal

indexed category C °® — MonCat (cf: Remark [4.2.21).
As already indicated, this structure lifts to the fibres of Stat.

Corollary 5.3.10. For each object X in a category with bilinear effects, and for each object
B, Stat(X)(B, I) inherits the symmetric monoidal structure of C(B, I); note that morphisms of
state-dependent effects are likewise state-dependent, and that tensoring (summing) state-dependent
effects involves copying the parameterizing state. Moreover, Stat(—)(=, I) is a fibrewise-monoidal

indexed category »; y.cop Stat(X) °» — MonCat.
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Using this corollary, we can give the abstract proof of Theorem There are two further
observations of note: first, that we can deloop a monoidal category into a bicategory with one

object; second, that we can extend Stat(—)(=, I) to Stat via discarding.

Proof of[5.3.8 Recall from Proposition that every monoidal category M can be transformed
into a one-object bicategory, its delooping BM, with the 1-cells and 2-cells being the objects
and morphisms of M, vertical composition being composition in M, and horizontal composition
being the tensor. This delooping is functorial, giving a 2-functor B : MonCat — Bicat which,
following Corollary [5.3.10] we can compose after Stat(—)(=, I) (taking its domain as a locally
discrete 2-category) to obtain indexed bicategories; we will assume this transformation henceforth.
Next, observe that we can extend the domain of Stat(—)(=, I) to ZX:COpal‘alz (C) coop Staty(X) P
by discarding the coparameters of the (coparameterized) state-dependent channels as well as the

coparameter on any reindexing, as in the following diagram of indexed bicategories:

ZX:Coparal2 (C)coop Staty (X) coop

State(—)(=,1)

5,
=

ZX:COP Stat(X) op m Bicat

Here, the 2-cell indicates also discarding the coparameters of the ‘effects’ in Staty(—)(=, I).

If we let L denote the composite functor in the diagram above, we can reason as follows:

L: ZX:Coparalz(C) coop Staty (X) ©°P — Bicat

: Stats (X) 0P sum/product
l_IX:Coparal2 (C)coop Bicat

I_IX:Coparal2 (C)coopr 2Fib (Stat? (X))
Coparal,(C)©°°P — Bicat
G : Coparah(C)°°P — Bicat

where the first step uses the adjointness of (dependent) sums and products; the second applies the

[1§

forget

op

bicategorical Grothendieck construction in the codomain; the third forgets the 2-fibrations, to leave
only the total bicategory; and the fourth step takes the pointwise opposite. We can thus write the
action of G as G(X) = (§L(X,—)) .

Since each bicategory L(X, B) has only a single 0-cell, the 0-cells of each G(X) are equivalently
just the objects of C, and the hom-categories G(X)(A, B) are equivalent to the product categories
Stata(X)(B, A) x Stat(X)(B, I). That is to say, a 1-cell A — B in G(X) is a pair of a state-
dependent channel B5A along with a correspondingly state-dependent effect on its domain B.

We therefore seem to approach the notion of statistical game, but in fact we are already there:
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SGamec is simply { G, by the bicategorical Grothendieck construction. To see this is only a matter

of further unfolding the definition. O

Remark 5.3.11. There are two notable details that the abstractness of the preceding proof obscures.
Firstly, the horizontal composition of effects in SGameg is strict. To see this, let (¢,.) : A —> B
and (d, k) : B— C and (e, \) : C'— D be 1-cells in G(X), and for concision write the horizontal
composite of effects by concatenation, so that Kt = k + ¢ o d™ (by the Grothendieck construction).

Then strict associativity demands that A(kt) = (Ax)¢. This obtains as follows:

AKL) =X+ (k) oeT by Grothendieck
=A+(k+erod)oe” by Grothendieck
=A+(koeT+1od oeT) by bilinearity
=A+(koe +1o(doe)’) by functoriality
=X+ (koe +ro(eoPd)T) by “pointwise opposite”
=A+koe")+ro(eo®d)” by monoid associativity
= (&)L by Grothendieck

Since the identity effect is the constant 0, it is easy to see that horizontal composition is strictly
unital on effects:
0k =0+kKkoid=k=r+00d" =k0
Secondly, note that the well-definedness of horizontal composition in SGame: depends
furthermore on the distributivity of reindexing over sums (cf. Example [5.3.5). Suppose we have
1-cells and 2-cells in SGameg as in the following diagram:

(c,L°) (d,L%)

S T )

(X, 4) (@ (Y,B) @) (Z,0)
~_ Y v
(@) (L)
Then, writing ¢ for horizontal composition in SGamec and o for composition in Staty (and leaving
the discarding of coparameters implicit):
LYo LY = (L + KP) o (L° + K®) ex hypothesi

= (L4 + KP). + (L + K% o d, by Grothendieck

=L+ KP + (Lfod,) + (K% od,) by distributivity and bilinearity

—L¢ 4+ (Lod.) + KP + (K% od,) by commutativity of the effect monoid

=L¥o L+ KP o K© by Grothendieck
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Remark 5.3.12. Of course, we don’t strictly need to use BayesLens, in the preceding; the
structure equally makes sense if we work only with ‘marginalized’ lenses in BayesLens. In this
case, although BayesLens is a 1-category, one still obtains 2-cells between statistical games,

because it remains possible to consider their differences.

5.3.2. Inference systems and loss models

In the context of approximate inference, one often does not have a single statistical model to evaluate,
but a whole family of them. In particularly nice situations, this family is actually a subcategory
D of C, with the family of statistical models being all those that can be composed in D. The
problem of approximate inference can then be formalized as follows. Since both BayesLens, and
SGamec were obtained by bicategorical Grothendieck constructions, we have a pair of 2-fibrations
SGame; —==, BayesLens, I, Coparal,(C). Each of 7| ss, Tl ens, and the discarding functor
(=)" can be restricted to the subcategory D. The inclusion (—)* : D — Copara),(D) restricts to
a section of this restriction of (—)7; the assignment of inversions to channels in D then corresponds

to a 2-section of the 2-fibration 7| ¢ns (restricted to D); and the subsequent assignment of losses is a

further 2-section of 7| oss. This situation is depicted in the following diagram of bicategories:

SGamep ——— SGamec

( lﬂ'Loss Ip \LFLOSS

BayesLens,|p —— BayesLens,

{ lﬂ-Lens‘D lﬂ-Lens

Coparah(D) ——— Copara)(C)
K l%b l%
D « C

This motivates the following definitions of inference system and loss model, although, for the sake of

our examples, we will explicitly allow the loss-assignment to be lax: if L is a loss model and c and d
are composable lenses, then rather than an equality or natural isomorphism L(d) ¢ L(c) = L(d¢¢),
we will only require a natural transformation L(d) ¢ L(c) = L(d ¢ ¢).

Before defining loss models and inference systems, it helps to recall the concept of essential

image: a generalization of the notion of image from functions to functors.

Definition 5.3.13 ([[196]). Suppose F' : C — D is an n-functor (a possibly weak homomorphism
of weak n-categories). The image of F' is the smallest sub-n-category of D that contains F'(«) for
all k-cells « in C, along with any (k + 1)-cells relating images of composites and composites of

images, for all 0 < k < n. We say that a sub-n-category D is replete if, for any k-cells « in D
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and § in C (with 0 < k < n) such that f : @ = [ is a (k + 1)-isomorphism in C, then f is also a
(k + 1)-isomorphism in D. The essential image of F', denoted im(F"), is then the smallest replete

sub-n-category of D containing the image of F'.
With these concepts in mind, we state our definitions.

Definition 5.3.14. Suppose (C,®, I) is a copy-delete category. An inference system in C is a pair
(D, ?) of a subcategory D < C along with a section ¢ : DY — BayesLens,|p of 7| ens|p, where

D" is the essential image of the canonical lax inclusion (—)* : D < Coparab(D).

Definition 5.3.15. Suppose (C,®, I) has bilinear effects and B is a subbicategory of BayesLens,.
A loss model for B is a lax section L of the restriction 7| oss|3 Of TLoss to 3. We say that L is a strict

loss model if it is in fact a strict 2-functor, and a strong loss model if it is in fact a pseudofunctor.

Remark 5.3.16. We may often be interested in loss models for which B is in fact the essential
image of an inference system, but we do not stipulate this requirement in the definition as it is not

necessary for the following development.

In order for two loss models F' and GG to be comparable, they must both be sections of the same
fibration of statistical games. One consequence of this is that both F' and G must map each 0-cell
(X, A) in the bicategory of lenses to the same 0-cell in the bicategory of games, which (by the
definition of the bicategory of games) must again be (X, A). In such circumstances, the relevant

type of morphism of lax functors is the icon, whose definition we now review.

Definition 5.3.17 (Johnson and Yau [[145} Def. 4.6.2]). Suppose F' and G are lax functors B — C
such that, for all b : B, F'b = Gb. An icon (or identity component oplax natural transformation)

a : F — G consists of a family of natural transformations

C(Fa, Fb) =C(Ga,Gb)

for each pair a, b of 0-cells in B, satisfying coherence conditions corresponding to unity and oplax

naturality, and whose component 2-cells we write as oy : F'f = G f for each 1-cell f in B.

Lax functors B — C and icons between them constitute the objects and morphisms of a category,
Bicat;.(B,C), which we can use to construct categories of loss models. Moreover, owing to the

monoidality of +, this category will be moreover monoidal: a property that we will use to define
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the free energy loss model below. (Note that this monoidal structure, on the category of loss models,

is distinct from the monoidal structure that we will attach to loss models themselves in §5.4])

Proposition 5.3.18. Loss models for 53 constitute the objects of a symmetric monoidal category
(Loss(B), +,0). The morphisms of Loss(13) are icons between the corresponding lax functors, and

they compose accordingly. The monoidal structure is given by sums of losses.

Proof sketch. From Johnson and Yau [[145, Theorem 4.6.13], we know that icons compose, forming
the morphisms of a category. Next, note that for any two loss models F' and GG and any k-cell
a (for any k € {0, 1,2}), F(«) and G(«) must only differ on the loss component, and so we can
sum the losses; this gives the monoidal product. The monoidal unit is necessarily the constant 0

loss. Finally, observe that the structure is symmetric becauase effect monoids are commutative (by

Definition [5.3.1). O

5.3.3. Examples

Each of our examples involves taking expectations of log-densities, and so to make sense of them it

first helps to understand what we mean by “taking expectations”.

Notation 5.3.19 (Expectations). Written as a function, a density p on X has the type X — R;
written as an effect, the type is X+ 1. Given a measure or distribution 7 on X (equivalently, a
state 7 : 1> X)), we can compute the expectation of p under 7 as the composite p e 7. We write the
resulting quantity as E[p], or more explicitly as E, [p(z)]. We can think of this expectation as

representing the ‘validity’ (or truth value) of the ‘predicate’ p given the state 7 [142].

5.3.3.1. Relative entropy and Bayesian inference

For our first example, we return to the subject with which we opened this paper: the compositional

structure of the relative entropy. We begin by giving a precise definition.

Definition 5.3.20. Suppose «, 3 are both measures on X, with « absolutely continuous with
respect to 8. Then the relative entropy or Kullback-Leibler divergence from « to (3 is the quantity

Dir(a,pB) :==Eq [log %], where % is the Radon-Nikodym derivative of o with respect to 3.

Remark 5.3.21. When « and 3 admit density functions p,, and pg with respect to the same base
measure dz, then Dy (cv, B) can equally be computed as E; o [log pa () — log ps()]. It it this

form that we will adopt henceforth.
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Proposition 5.3.22. Let B be a subbicategory of simple lenses in BayesLens,, all of whose
channels admit density functions with respect to a common measure and whose forward channels
admit Bayesian inversion (and whose forward and backward coparameters coincide), and with
only structural 2-cells. Then the relative entropy defines a strict loss model KL : B — SGame.
Given alens (¢,d) : (X, X) - (Y,Y), KL assigns the loss function KL(¢, ¢) : Y 251 defined, for
m:I+X and y : Y, by the relative entropy KL(c, ¢')x(y) := D1 (ck(y), cjr(y)) where cf is the

exact inversion of c.

Proof. Being a section of 7| oss

B> KL leaves lenses unchanged, only acting to attach loss functions.
It therefore suffices to check that this assignment of losses is strictly functorial. Writing e for
composition in C, o for horizontal composition in Stats, ¢ in BayesLens,, and ¢ for horizontal
composition of losses in SGame, we have the following chain of equalities:

k(@ d)o(ed) ()= E | ogpeea), @my.nl)
- Ing(cTodl)ﬁ (x,m,y, n\z)]

= E E log pes (z,m / ,n|z
(y,n)~dier (2) (ﬂﬁam)W%(y)[ BPe, v) Pet,, (9 12)

—logpi (x,mly)pg (y, nIZ)]

()~ e (2 08 Pa,, (¥, nlz) —logp, (y,nl2)

+ E [logpc;r (z,mly) —logp (”"’mw)] ]

(z,m)~cl(y)
= Dir(dear (2), dix(2) +( : £ ( )[DKL (), k()]
Y,M)~0cqr\Z
= KL(d,d)¢or (2) + (KL(c, d)o dé)ﬁ(z)

= (KL(d, d) o KL(c, ) (2)

The first line obtains by definition of KL and ¢; the second by definition of o; the third by the log
adjunction (log ab = log a + log b) and by linearity of [E; the fourth by definition of D ; the fifth
by definition of KL and of o; and the sixth by definition of ©.

This establishes that KL((d, d’) ¢ (¢,’)) = KL(d, d) » KL(c, ¢’) and hence that KL is strictly
functorial on 1-cells. Since we have assumed that the only 2-cells are the structural 2-cells (e.g.,
the horizontal unitors), which do not result in any difference between the losses assigned to the
corresponding 1-cells, the only loss 2-cell available to be assigned is the 0 loss; which assignment is
easily seen to be vertically functorial. Hence KL is a strict 2-functor, and moreover a section of

TLoss|B as required. d
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Successfully playing a relative entropy game entails minimizing the divergence from the
approximate to the exact posterior. This divergence is minimized when the two coincide, and so

KL represents a form of approximate Bayesian inference.

Remark 5.3.23. We opened the chapter by observing that the relative entropy satisfies a chain
rule defined not on Bayesian lenses, but simply on pairs of channels: to formalize this simpler case,
we do not need the full machinery of statistical games (which is useful when we have bidirectional
inference systems); but we do need some of it.

If ¢ and ¢’ are parallel channels XY, then Dk, (¢(—),c(—)) defines an effect X +>1. This
means we can use the statistical games idea to equip parallel (copy-composite) channels in C with
such non-state-dependent loss functions; and the relative entropy will again form a strict section
of the resulting Grothendieck fibration.

Therefore, let B be the bicategory whose 0-cells are the objects of C, but whose 1-cells and
2-cells are parallel pairs of 1-cells and 2-cells in Copara,(C); equivalently, the subbicategory of
Copara,(C)? which is diagonal on 0-cells.

Next, let K denote the indexed bicategory B°°? — Bicat obtained as the composite

= coop

. (-1
Beoor PO, Gopara,(C)©? T ¢ S0, MonCat 2. Bicat

where proj; indicates the projection of the 1st factor of the parallel pairs of 1-cells and 2-cells.
Applying the Grothendieck construction to K yields a 2-fibration | K K, B. The 0-cells of
{ K are the objects of C. The 1-cells X — Y are triples (¢, ¢/, L) where ¢ and ¢’ are parallel
coparameterized channels X+ and L is an effect (loss function) X +I. Given composable 1-cells
(¢,d,L): X > Y and (d,d’, M) : Y — Z, their horizontal composite is defined on the parallel
channels as copy-composition, and on the loss functions as M e ¢™ + L (where o here is composition
in C). 2-cells are pairs of 2-cells in Copara,(C) and differences of losses.

Finally, the relative entropy Dy, defines a strict section of 75, mapping the parallel pair (¢, ¢')

to (c, d,Dkr(e,d )) Its chain rule is thus formalized by the horizontal composition in { K. [
5.3.3.2. Maximum likelihood estimation

A statistical system may be more interested in predicting observations than updating beliefs. This

is captured by the process of maximum or marginal likelihood estimation.

Definition 5.3.24. Let (¢,¢) : (X, X) = (Y, Y) be a simple lens whose forward channel ¢ admits
a density function p.. Then its log marginal likelihood is the loss function given by the marginal

log evidence MLE(c, ) (y) := —1og perer ().
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Proposition 5.3.25. Let B3 be a subbicategory of lenses in BayesLens, all of which admit density
functions with respect to a common measure, and with only structural 2-cells. Then the assignment

(¢,d") — MLE(c, ) defines a lax loss model MLE : B — SGame.

Proof. We adopt the notational conventions of the proof of Proposition[5.3.22] Observe that
MLE((d,d") ¢ (c, c’))ﬂ(z) = —10g Pgrecter(2) = MLE(d, d')cer(2) .
By definition, we have
(MLE(d, d') o MLE(c, ¢')) _(2) = MLE(d, d')cer (2) + (MLE(c, ¢') 0 d,) (2)
and hence by substitution
(MLE(d, d") o MLE(c, c'))ﬂ(z) = MLE((d,d") ¢ (c, c’))ﬂ(z) + (MLE(c, ) o d’c)ﬂ(z) .

Therefore, MLE(c, ¢) o d,, constitutes a 2-cell from MLE(d, d') oMLE(c, ') to MLE((d, d’) (¢, ¢')),

and hence MLE is a lax functor. It is evidently moreover a section of 7| oss|5, and, like KL, acts

trivially on the (purely structural) 2-cells. O

Successfully playing a maximum likelihood game involves maximizing the log-likelihood that the
system assigns to its observations y : Y. This process amounts to choosing a channel c that assigns

high likelihood to likely observations, and thus encodes a valid model of the data distribution.

5.3.3.3. Autoencoders via the free energy

Many adaptive systems neither just infer nor just predict: they do both, building a model of their
observations that they also invert to update their beliefs. In machine learning, such systems are
known as autoencoders, as they ‘encode’ (infer) and ‘decode’ (predict), ‘autoassociatively’ [161]]. In
a Bayesian context, they are known as variational autoencoders [[154], and their loss function is the

free energy [80].

Definition 5.3.26. The free energy loss model is the sum of the relative entropy and the likelihood
loss models: FE := KL + MLE. Given a simple lens (¢, ') : (X, X) - (Y, Y') admitting Bayesian
inversion and with densities, FE assigns the loss function

FE(c, )x(y) = (KL + MLE)(c, ¢)x(y)

= Drr(ch(y), ch(y)) —log perar(y)
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Note that this means that optimizing the free energy is not guaranteed to optimize either KL
or MLE individually, although by definition FE is an upper bound on them both (and hence often
known in machine learning by the alternative name, the evidence upper bound, thinking of MLE as

encoding a measure of ‘evidence’).

Remark 5.3.27. Beyond its autoencoding impetus, another important property of the free energy
is its improved computational tractability compared to either the relative entropy or the likelihood
loss. This property is a consequence of the following fact: although obtained as the sum of terms
which both depend on an expensive marginalizatiorﬁ the free energy itself does not. This can be

seen by expanding the definitions of the relative entropy and of cl and rearranging terms:

FE(c,)n(y) = Dicr(¢r(y), ch(y)) — 108 perer(y)
- m)Ich w [log per (x, mly) — logp, (, m|y)| — 10g Perer (y)
- E  [logpe, (x,mly) —log P, (z,mly) —log Peren(y)]

(z,;m)~c(y)

pe(m, ylz)p= ()

= E log per (z,m|y) —lo —logperer
<w,m>~c;<y>[ 87, (7, miy) —log Peron(y) ® ]
= E  [logpe (z,mly) —logpe(m,y|z) — logpx(z)] (5.5)

(z,;m)~cr(y)

= Drr(c(y), m®1) — e ) [log pe(m, ylz)]

Here, 1 denotes the measure with density 1 everywhere. Note that when the coparameter is trivial,
FE(c, ') (y) reduces to
Dir(cr(y),m) = E  [logpe(yla)] .
z~ci(y)
Remark 5.3.28. The name free energy is due to an analogy with the Helmholtz free energy in
thermodynamics, as we can write it as the difference between an (expected) energy and an entropy

term:

FE(c,d)x(y) = E  [—logpe(m,ylz) —logpr(z)] — Sxen|c:(¥)]

= E [E(c,ﬂ') (.’E, m, y)] - SX®M [C;r(y)] =U-T5
(z,m)~c(y)

where we call E(c,w) XM Y—)-(—J the energy, and where Sxgs : IMI is the Shannon
entropy. The last equality makes the thermodynamic analogy: U here is the internal energy of the

system; T' = 1 is the temperature; and S is again the entropy.

$Evaluating the pushforward ¢” e 7 involves marginalizing over the intermediate variable; and evaluating c}. () also
involves evaluating c™ e 7.
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5.3.3.4. The Laplace approximation

Although optimizing the free energy does not necessitate access to exact inversions, it does still
entail computing an expectation under the approximate inversion (cf. equation of Remark
above), which may remain non-trivial. When one is interested in optimizing a model by
gradient descent, this becomes particularly pressing, as one needs to form an estimate of the
gradient of this expectation with respect to the parameters (which is not in general equal to the
expectation of the gradient of the energy). In machine learning, optimizing variational autoencoders
typically involves a “reparameterization trick” [155, §2.5] to circumvent this difficulty, but in the
context of neuroscientific modelling (where one is concerned with biological plausibility), this
option is not generally available.

An alternative strategy is to make simplifying assumptions, enabling the desired computations
without totally sacrificing biological realism. In the context of predictive coding, a typical such
assumption is that all measures are Gaussian [21} |33} [48}|104} |216]. This is motivated not only by
hypotheses about the nature of biological noise (related to the Central Limit Theorem), but also by
expediency, as a Gaussian distribution is determined by just two sufficient statistics: its mean and
variance. If one first restricts to lenses with Gaussian channels, and then to lenses whose inversion
morphisms are constrained to emit ‘tightly-peaked’ Gaussians (i.e., with small variances), then one
can eliminate the expectation from the expected energy, and simply evaluate the energy at the
posterior mean.

The conceptual justification for this approximation is due to Laplace [[163, p.367], who observed

nh(®) with h having a maximum at g, the only

that, given a function of the form f(z) = e
non-negligible contributions to its integral as n — o0 are those near to a:(ﬂ Consequently, the
function h can be approximated by the quadratic form obtained from its its 2nd-order Taylor

expansion about xg, so that, in the one-dimensional (univariate) case,
Jf(x) dz ~ e"M@0) je%b(w:ro)Q dz

for o = (n éﬁh(l‘o)) 12 Notably, the integrand on the right-hand side is a Gaussian function: it
has the form of the density of a normal distribution.

In the present context, we are generally interested in expectations of the form E, ., [g(ac)],
which correspond to integrals § g(z) eloeP=(?) dz. It is possible to extend the foregoing reasoning

to this case: supposing that log p,(z) oc n h(z) for some function h with a maximum at x¢, then as

A demonstration of this can be found on Wikipedia at https://en.wikipedia.org/w/index.php?
title=Laplace%27s_method&oldid=1154930495|

204


https://en.wikipedia.org/w/index.php?title=Laplace%27s_method&oldid=1154930495
https://en.wikipedia.org/w/index.php?title=Laplace%27s_method&oldid=1154930495

n — 00, we can approximate both g and h by their 2nd-order expansions, thereby approximating 7
by a Gaussian and g by a quadratic form.

This method of approximating integrals is known as Laplace’s method, and it has been widely
applied in statistic (220|101, 151} 280]] [176, Chp. 27], in some circumstances, even yielding exact
posteriors [267, §10.2]. For further exposition (and more rigour) in the finite-dimensional case, we
refer the reader to Bruijn [46, Ch. 4] and Olver [200, §3.7]; for the general case in Banach spaces,
the reader may consult Piterbarg and Fatalov [211]. And for an analysis of the specific case of
approximating Bayesian posteriors (beyond the exact case), with consideration of the approximation
errors, one may refer to Kass, Tierney, and Kadane [150] or the technical report accompanying
Tierney and Kadane [263]].

This latter situation is of course closely related to the matter at hand. Here, rather than

approximating the posterior by a Gaussian, we assume it to have Gaussian form.

Remark 5.3.29. We say that a channel ¢ : XY is Gaussian if ¢(x) is a Gaussian measure for
every x in its domain. We denote the mean and variance of ¢(z) by u.(x) and ¥.(x) respectively,

and write its (log) density function as

log pe(ylz) = % <ec(y, ), Xe(z) ec(y, :n)> — log/(27)" det B ()

having also defined the ‘error’ functione. : Y x X — Y by e.(y,z) = y — pe(z). In we give

a full definition of a category of (nonlinear) Gaussian channels.

We will still be concerned with approximating expectations E, . 4(,) [g(x)] by the quadratic
expansion of g, and so to license Laplace’s method we need an analogue of the condition n — 0.
This will be supplied by the further assumption that ¥;(y) has small eigenvalues: that is, we work

in the limit tr (X4(y)) — 0. With these two assumptions, we can write

B lo@)] e [ o) expeale ). Zaly) eute )y da

z~d(y)

and observe that as tr (X4(y)) — 0, we must have tr <Ed(y)_1) — 0. Thus, by Laplace’s
reasoning, the contributions to the integral are only appreciably non-zero near the mean p4(y).
This licenses the approximation of g by its quadratic expansion around p4(y), and leads to the
following approximation of the free energy, known in the predictive coding literature as the
Laplace approximation [101]. (Consistent with the other examples in this chapter, we consider the

coparameterized case.)

"In statistics, making Gaussian assumptions about Bayesian posteriors, or equivalently using second-order approxima-
tions to log posteriors, is also known as variational Laplace [101].
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Definition 5.3.30. A Cartesian space is an object X that is isomorphic to R" for some n : N.

Proposition 5.3.31 (Laplacian free energy). Suppose (7, p) : (X, X) - (Y,Y) is a Bayesian lens
with Gaussian channels between finite-dimensional Cartesian spaces, for which, for all y : ¥ and
Gaussian priors 7 : [-+>X, the eigenvalues of ¥, (y) are small. Then the free energy FE(v, p)~(y)

can be approximated by the Laplacian free energy

FE(v, p)x(y) ~ LFE(v, p)x(y) (5.6)
= Etym) (0. (1), y) — Sxenm|or(y)] (5.7)

= —log p(ttp, (): y) — 10g pr (ko (W) x) — Sxen [P (y)]

where we have written the argument of the density p,, in “function’ style; where (—)x denotes the
projection onto X; and where Sxgn[0x(Y)] = E(zm)~p () [~ 108 Py, (7, m|y)] is the Shannon

entropy of pr(y). The approximation is valid when ¥, satisfies

S (y) = (5?x,m>E<w,w)) (1t (1)) " (5.8)
We call E(, ) the Laplacian energy.

Proof. Recall that we can write the free energy FE(, p)(y) as the difference between expected
energy and entropy:

FE(v,p)x(y) = (Lm)@pﬁ w [—log py(m, ylz) —log pr(z)] — Sxen|px(y)]

= E  [Eym(emy)] - Sx[pxy)]
(z,m)~pr(y)

Next, since the eigenvalues of ¥, (y) are small for all y : Y, we can approximate the expected

energy by its second-order Taylor expansion around the mean 1, (y), following Laplace:

FE(7, p)n(y) ~ E
(v, )= (y) e )

E(’Y,ﬂ’) (/Lpn (y)v y) + <€p7r (1‘, m, y)7 (a(x,m)E(vﬂr)) (:upﬂ— (y)> y)>

+ é <€p7r (x,m,y), (8(2“71)}3(%@) (Lor (¥),Y) - €p. (2, m7y)>]
— Sxem[pr(y)]
(a)

2 B + (| E )[epw (@2, (@ B Gt 0 )

+ %tr [( Cem) B ) (1o (y W(y)] — Sxem|[pr(y)]
(b

Y By (10 ) ) + [ (7 W) b ():9) Sy, ()] = Sxenlp=(v)]
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where ((3(23c m)E(wr)> (4o, (y), ) is the Hessian of E, r) with respect to (x,m) evaluated at
(Kpr (¥),y). The equality marked (a) holds first by the linearity of expectations and second because

(z,m)~px(y)

E [< (@.m.9), (P Eerm) (e (0):9) - 65, <x,m,y>>]

(z;m)~px

— 2 T
- E (y) [tr |:<a(x7m)E(’Y77l')) (/"LPTF (y>7y) Epﬂ' (ZB? m7y) 6p7r (x7 m7 y) ]]

=tr [(@?WE@,”)) (1o @)9) B |epn ) e m, y)TH

=t | (B By ) (1. (0):9) S5, ()] 59

where the first equality obtains because the trace of an outer product equals an inner product;
the second by linearity of the trace; and the third by the definition of the covariance ¥, (y). The
equality marked (b) above then holds because E ;. )~ .. (4) [ €0 (2, m, y)] = 0.

Next, note that the entropy of a Gaussian measure depends only on its covariance,

Sxen[pe(y)] = 5 logdet (2me %, (1))

and that the energy E(, (1, (y),y) does not depend on %, (y). We can therefore write down

directly the covariance % (y) minimizing FE(v, p)~(y) as a function of y. We have

=

1 1 -
@Epﬁ FE(77 p)ﬂ(y) 5 (a%x,m)E(’er)> (Mpﬂ (y)7 y) + izpn— 1

by equation (b) above. Setting ds;, FE(7,p)~(y) = 0, we find the optimum as expressed by
equation (5.8):
-1
5. 1) = (2B qm) (pa (9),9)

Finally, by substituting 3% (y) in equation (5.9), we obtain the desired expression, equation (5.6):
FE(Y, p)x(y) = E(y,x) (o= (4),y) — Sxem [px(y)] = LFE(7, p)x(y) -
[

Remark 5.3.32. The usual form of the Laplace model in the literature omits the coparameters. It

is of course easy to recover the non-coparameterized form by taking M = 1.

As well as being an approximation to a particular statistical game, the Laplacian free energy

defines a lax loss model.

207



Proposition 5.3.33. Let B be a subbicategory of BayesLens, of Gaussian lenses between
Cartesian spaces whose backward channels have small variance, and with only structural 2-ce11

Then LFE defines a lax loss model B — SGame.

Proof. Again we follow the notational conventions of the proof of Proposition Additionally,
if w is a state on a tensor product such as X ® Y, we will write wx and wy to denote its X and ¥
marginals. We will continue to write ¢™ to denote the result of discarding the coparameters of a
coparameterized channel c.

Observe that, by repeated application of the linearity of [E, the log adjunction, and the definitions

of e and o,

(LFE(d,d") o LFE(c,c)) ()

= LFE(d, d')cer(2) + (LFE(c, d)o d’c)ﬂ(y)

= LFE(d,d")cer(2) + (y,n)j%'c,ﬁ(z)[LFE(c’ c )W(y)]
= —logpa(pa, (2),2) —1og perer (1, (2)y)

+ E [Ingdg,,r (y,n|2) —log pe(pe (v),y) — log pr (1o (¥) x)
(yan)"d/cnr (Z

B, y)[logpc (x,mly)] |

(
= —logpqg (,“d’c.,r( ), ) logch-Tr( do ( )

+ (y, n)~Ed’ )[ logpc (IU’C; (y)7 y) - logpﬂ' (,U/c;r (y)X)]

ceT (

t o losre )+ B Togpe (rmly)] |

—logpa(pa, (2),z) —10g perer (1, (2)y)

+ E [_ logpc(lulcér (y)vy) - logpﬂ (,U/cér (y)X)]
(ym)~dier (2)

+  E E  [logpy (y.n]2) + logpe (z.m
(ym)~ dc.,r<z>(x,m>~c;(y>[ gpa, (y,n]2) + log per (z,m|y)]

—log pa(pa, (2),2) —logperer (1ar, (2)y)

(y;n)~diar ()

—1ng cod )\ L, M, Y, N2
(mvm,y,n)~(c/odg)ﬂ(z)[ (¢odt) 12)]

= —logpi(pa., (2),2) —logperer (par, (2)y)

T n)j%, (z)[— log pe(pter (4),y) —log pr (e (V) x)] = Sxmyn|[(¢ 0 dl)x(2)]

"An example of B here is obtained by restricting BayesLens, to the category FdGauss of Deﬁnition and by
excluding all but the structural 2-cells
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—log pa(pa, (), 2) = 10g perar (b, . (2)v)
ol Eem (e, W), 9) | = Sxaryi[(¢h 0 de)a(2)]
= E(d,coﬂ) (/‘Ld’c..,r (Z)a Z) + 3 n)j%’ ) I:E(C,T(') (:ucér (y)a y)] — SxMYN [(C, o dlc)ﬂ(z)]
where X MY N is shorthandfor X @ M Y ® N.

Now, writing Eéi,w) (y) == E(cm) (/J,c;r (y), y), by the Laplace assumption, we have

1 2
o Een ]~ Bl () + 3| (G0 (. () T, (v

and so we can write

(LFE(d, d") o LFE(c, c’))ﬂ(z)
~ B eor) (B, (2):2) + Bl o (1, (2)y) = Sxuyn|(c 0 di)x(2)]
sul(2EL ) (., () S, (2)vy ]
—log pa(pa, (2),2) —logpe(pe (par, (2)y)s bar., (2)y) —1og pr (pter (par, (2)y)x)
— Sxmyn|[(¢ 0d.)x(2)] — log perer (Hdg.,, (2)y)
Lo GE ) (Ha.,, (2)y) Ba, (2
+ 2
= Elgac,m) (W(eodr), (2),2) = Sxmyn[(¢ 0 dp)x (Z)]
Nogperan (e () + 5 00 [ (BB ) (. ()v) B, (2 |
= LFE((d,d") 0 (¢,¢)) .(2) = 108 Per or (e, (2)v)

+ étr [(aiEéLc w)) (ta, (2)y) Za, (2 YY]

Therefore, if we define a loss function by

Kr(2) = %tr [((%Eé‘cm)) (tar, (2)y) Za, (2)y ] 108 peron (Har, (2)y)

then x constitutes a 2-cell LFE(d, d") o LFE(c, ') = LFE((d,d’) ¢ (¢,)), as required.

Effectively, this proposition says that, under the stated conditions, the free energy and the

Laplacian free energy coincide. Consequently, successfully playing a Laplacian free energy game

has the same autoencoding effect as playing a free energy game in the sense of §5.3.3.3

Remark 5.3.34. We formalized the idea of a Gaussian having small or tightly-peaked variance as

meaning its covariance matrix X has small eigenvalues. We do not specify precisely what ‘small’

means here: only, it must be enough to license the use of Laplace’s method. Of course, as the
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eigenvalues approach 0, the Gaussian approaches a Dirac delta distribution. In this case, one may
truncate the approximating expansion at first order and just work with the means — in fact, the
inversions become deterministic — and indeed, this is the choice made in some of the predictive

coding literature [33].

5.4. Monoidal statistical games

In Remark [4.3.18] we noted that the canonical section f taking a channel c to the lens equipped
with its exact inversion ¢! is not monoidal, because inverting the tensor of two channels with
respect to a joint state is in general not the same as inverting the two channels independently with
respect to the marginals, owing to the possibility of correlations. At the same time, we know from
Proposition[4.3.11] that the category BayesLens; of non-coparameterized Bayesian lenses in C
is nonetheless a monoidal category (and it is moreover symmetric monoidal when C is); and we
saw in Corollary [5.3.10| that Stat, and hence BayesLens;, are additionally fibrewise monoidal.
In this section, we establish analogous results for copy-composite Bayesian lenses, and statistical
games and loss models in turn, as well as demonstrating that each of our loss models is accordingly
monoidal. This monoidal structure on loss models can then be used to measure the error obtained
by inverting channels independently with respect to the marginals of a joint prior.

Because statistical games are defined over copy-composite channels, our starting point must be

to establish a monoidal structure on Copara,(C).

Proposition 5.4.1. If the copy-discard category C is symmetric monoidal, then Copara,(C)
inherits a monoidal structure (®, I'), with the same unit object I as in C. On 1-cells f : A V B

and f/: A’ Y B',thetensor fRQ f/: AQ A’ B ® B’ is defined by

MM’

a0

\f’

B/

L

On2-cellsp: f=gand ¢ : f' = ¢, thetensor p® ¢’ : (f ® f') = (g ® ¢') is given by the
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string diagram

B , N/
B/

Proof. To establish that (Copara,(C),®, I) is a monoidal bicategory, we need to show that ® is a
pseudofunctor Copara,(C) x Copara,(C) — Copara,(C) and that I induces a pseudofunctor
1 — Copara,(C), such that the pair of pseudofunctors satisfies the relevant coherence data. We
will omit the coherence data, and only sketch that the pseudofunctor & is well defined, leaving a
full proof for later work. (In the sequel here, we will not make very much use of this tensor.)
First, we confirm that ® is locally functorial, meaning that our definition gives a functor on
each pair of hom categories. We begin by noting that ® is well-defined on 2-cells, that ¢ ® ¢’
satisfies that change of coparameter axiom for f ® f’; this is immediate from instantiating the
axiom’s string diagram. Next, we note that ® preserves identity 2-cells; again, this is immediate
upon substituting identities into the defining diagram. We therefore turn to the preservation of
composites, which requires that (Y® ¢) ® (Y O ¢') = (v ® ") ® (¢ ® ¢’), and which translates

to the following graphical equation:

It is easy to see that this equation is satisfied: use the naturality of the symmetry of (C,®, I'). This

establishes that ® is locally functorial.
Next, we confirm that ® is horizontally (pseudo) functorial. First, we note that id; ®id; =

id s by the naturality of the symmetry of (C,®, I). Second, we exhibit a multiplication natural
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isomorphism, witnessing pseudofunctoriality, with components jig o . : (9 ®¢") o (f® f') =

(go f)® (¢’ o f') for all composable pairs of 1-cells g, f and ¢’, f’. Let these 1-cells be such that

(9®9g’) o (f ® f') has the underlying depiction

It is then easy to see that defining s, o/ r r and its inverse ,ug_;, f.pr a8 the 2-cells with the following
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respective underlying depictions gives us the desired isomorphism:

2y 2y
4“\ 4“\
M M

M M
M’ B B M’
B N N B
B’ M’ and M’ B’
N B’ B’ N
N’ N’ N’ N’

c_,
S )
The naturality of this definition is a consequence of the naturality of the symmetry of (C,®, I).
That this tensor satisfies the monoidal bicategory axioms — of associativity, unitality, and
coherence — follows from the fact that the monoidal structure (®, I) satisfies correspondingly

decategorified versions of these axioms; we leave the details to subsequent exposition. O

Following the monoidal Grothendieck recipe, establishing that BayesLens, is monoidal entails

establishing that Stats is a monoidal indexed bicategory. But first we must define the latter concept,
by categorifying Definition [4.2.19

Definition 5.4.2. Suppose (B, ®, I) is a monoidal bicategory. We will say that F' : B°°°P? — Bicat
is a monoidal indexed bicategory when it is equipped with the structure of a weak monoid object in the
3-category of indexed bicategories, indexed pseudofunctors, indexed pseudonatural transformations,
and indexed modifications.

More explicitly, we will take F' to be a monoidal indexed bicategory when it is equipped with
(i) an indexed pseudofunctor i1 : F(—) x F(=) — F(—® =) called the multiplication, i.e.,
(a) afamily of pseudofunctors pxy : FX x FY — F(X ®Y'), along with

(b) for any 1-cells f : X — X'and g : Y — Y’ in B, a pseudonatural isomorphism
fpg:bxy o (Ff xFg)=F(f®g)ouxy:;

(ii) a pseudofunctor n7: 1 — F'I called the unit;

as well as three indexed pseudonatural isomorphisms — an associator, a left unitor, and a right
unitor — which satisfy weak analogues of the coherence conditions for a monoidal indexed category

(189, §3.2], up to invertible indexed modifications.
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Remark 5.4.3. Because it is not our main purpose, and because the coherence data for higher-
dimensional structures rapidly becomes cumbersome, the preceding definition only suggests the
form of this coherence data. Unfortunately, we are not presently aware of a full explicit definition

in the literature of the concept of monoidal indexed bicategory.
Using this notion, we can establish that Stats is monoidal.
Theorem 5.4.4. Stats is a monoidal indexed bicategory, in the explicit sense of Definition [5.4.2}

Proof sketch. We only check the explicit requirements of the preceding definition, and expect that
the higher coherence data is satisfied by the fact that each of our high-dimensional structures is
obtained from a well-behaved lower-dimensional one using canonical categorical machinery.

In this way, the multiplication 4 is given first by the family of pseudofunctors p1x y : Stata(X) x
Staty(Y) — State(X ® Y') which are defined on objects simply by tensor

pxy(A,B)=A®B
since the objects do not vary between the fibres of Staty, and on hom categories by the functors

Staty(X) (A4, B) x Stata(Y)(4', B)
= Cat(discC(I, X), Copara;(C)(A, B)) x Cat(discC(I,Y), Coparas(C)(A’, B'))

~ Cat(discC(I, X) x discC(I,Y), Coparaj(C)(A, B) x Coparaj(C)(A’, B'))
Cat(disc C(I,proj x ) xdisc C(,projy ),®)

Cat(discC(I, X ® Y)?, Copara}(C)(A® A', B® B'))
M Cat(discC(I,X ® Y), Copara}(C)(A® A', B® B')

=Stats( X ®Y)(A® A, B B) .

where Cat (¥, id) indicates pre-composition with the universal (Cartesian) copying functor. For

all f: X - X'and g : Y — Y’ in Copara(C), the pseudonatural isomorphisms

ffg X!y’ O (Statg(f) x Statg(g)) = Stata(f®g) o uxy

are obtained from the universal property of the product x of categories. The unit 7 : 1 — Stats(7)
is the pseudofunctor mapping the unique object of 1 to the monoidal unit I. Associativity and
unitality of this monoidal structure follow from the functoriality of the construction, given the

monoidal structures on C and Cat. O
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Just as the monoidal Grothendieck construction induces a monoidal structure on categories of
lenses for monoidal pseudofunctors [[189]], we obtain a monoidal structure on the bicategory of

copy-composite bayesian lenses.

Corollary 5.4.5. The bicategory of copy-composite Bayesian lenses BayesLens, is a monoidal
bicategory. The monoidal unit is the object (I, I). The tensor ® is given on 0-cells by (X, A) ®
(X', A") := (X ® X', A® A’), and on hom-categories by

BayesLens, ((X, A), (Y, B)) x BayesLens, ((X, A), (Y, B))

— Copara(C)(X,Y) x Staty(X)(B, A) x Copara,(C)(X',Y") x Staty(X')(B', A"

=, Coparab(C)(X,Y) x Coparah(C)(X',Y") x Staty(X)(B, A) x Staty(X')(B', A')

op
® x Hx xt

Copara,(O)(X @ X'\ Y ®Y') x Staty( X ® X') (BB, A® A)
= BayesLens, ((X,4)® (X', 4"),(Y,B)® (Y',B")) .

And similarly, we obtain a monoidal structure on statistical games.

Proposition 5.4.6. The bicategory of copy-composite statistical games SGame is a monoidal
bicategory. The monoidal unit is the object (/, ). The tensor & is given on 0-cells as for the tensor

of Bayesian lenses, and on hom-categories by

SGame ((X, A), (Y, B)) x SGame ((X', A"), (Y', B'))

= BayesLens, ((X, A), (Y, B)) x Stat(X)(B,I)
x BayesLens, (X', A"),(Y', B')) x Stat(X')(B',I)

> BayesLens, ((X, A), (Y, B)) x BayesLens, (X', 4"), (Y, B))
x Stat(X)(B,I) x Stat(X")(B’,I)

® X pux x

BayesLens, ((X,4)® (X', 4"),(Y,B)® (Y',B)) x Stat( X @ X')(B® B', I ®1I)
~, SGame((X, 4)® (X', 4), (Y. B) ® V', B')

where here p indicates the multiplication of the monoidal structure on Stat (c¢f. Proposition [4.3.6).

Having obtained a monoidal structure on statistical games, we are in a position to ask for

monoidal structures on inference systems and loss models:

Definition 5.4.7. A monoidal inference system is an inference system (D, {) for which ¢ is a lax
monoidal pseudofunctor. A monoidal loss model is a loss model L which is a lax monoidal lax

functor.

215



To make sense of this definition, we need a notion of lax monoidal structure appropriate for
strong (pseudo-) and lax functors: a lax-functor generalization of the notion of lax monoidal
functo from Deﬁnition Just as a lax monoidal structure on a functor is given by equipping
the functor with natural transformations, a lax monoidal structure on a lax functor is given by
equipping it with pseudonatural transformations. The general structure is given by Moeller and
Vasilakopoulou [[189, §2.2] for the case of pseudofunctors; the lax case is similar.

In the following remark, we instantiate this structure for loss models.

Remark 5.4.8. Aloss model L : 5 — SGame is lax monoidal when it is equipped with strong

transformations
B x B % SGame x SGame
TR
B — SGame B — SGame

where ®p and ®g denote the monoidal products on B — BayesLens, and SGame respectively,
and when A and )\ are themselves equipped with invertible modifications satisfying coherence
axioms, as in Moeller and Vasilakopoulou [189, §2.2].

Note that, because L must be a (lax) section of the 2-fibration 7 oss|s : SGame|sz — B, the
unitor )\ is forced to be trivial, picking out the identity on the monoidal unit (7, I). Likewise, the

laxator A : L(—) ® L(=) = L(— ® =) must have 1-cell components which are identities:
LX,A)QL(X",A) = (X, )@ (X A) = (X®X A®A') = L((X,A) @ L(X', A))

The interesting structure is therefore entirely in the 2-cells. We follow the convention of [145|
Def. 4.2.1] that a strong transformation is a lax transformation with invertible 2-cell components.
Supposing that (¢, ) : (X, A) - (Y, B) and (d,d’) : (X', A") - (Y’, B’) are 1-cells in B, the
corresponding 2-cell component of A has the form A..q : L((c, ) @ (d,d)) = L(c,d) ® L(d,d'),
hence filling the following square in SGame:

(X, A) ® (x', A) LD (v gy @ (v, BY)

| == H
X, A X' A B’
(X, 4)® (X, )W)( B’)

Intuitively, these 2-cells witness the failure of the tensor L(c, ¢’) ® L(d, d’) of the parts to account
for correlations that may be evident to the “whole system” L((c, ') @ (d,d")).

”Note that, although lax functors themselves generalize lax monoidal functors (as bicategories generalize monoidal
categories), lax monoidal lax functors are different again, adding another dimension (as monoidal functors add a
dimension to functors): a lax monoidal lax functor is equivalently a homomorphism of one-object tricategories.
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Just as there is a notion of monoidal natural transformation accompanying the notion of monoidal
functor (recall Definition [3.1.13)), there is a notion of monoidal icon between lax monoidal lax

functor from which we obtain a symmetric monoidal category of monoidal loss models.

Proposition 5.4.9. Monoidal loss models and monoidal icons form a subcategory MonLoss(B) of

Loss(B), and the symmetric monoidal structure (4, 0) on the latter restricts to the former.

5.4.1. Examples

In this section, we present the monoidal structure on the loss models considered above. Because
loss models L are (lax) sections, following Remark[5.4.8] this monoidal structure is given in each
case by a lax natural family of 2-cells Ao 4 : L((c,c') ® (d,d")) = L(c,c’) ® L(d, d’), for each
pair of lenses (¢,c) : (X,A) - (Y,B) and (d,d’) : (X', A") - (Y',B). Such a 2-cell A4 is
itself given by a loss function of type B® B’ XX satisfying the equation L((c, ) ® (d,d')) =
L(c,d)® L(d,d") + A¢,q; we can think of it as measuring the difference between the joint game
L((¢,d)® (d,d’)) and the “mean field” games L(c, ¢’) and L(d, d’) taken together.

Following Johnson and Yau [145} Eq. 4.2.3], lax naturality requires that \ satisfy the following
equation of 2-cells, where K denotes the laxator (with respect to horizontal composition ¢) with

components K (e,c) : Leo Le¢ = L(e ¢ ¢):

(V,B)® (Y',B)

L(c®d) L(e®f)
K(e®f,c®d) \

(X, A)® (X', A) L((ev0)@(fod)) —— (Z,C) @ (Z',C")

A(edc, fod)

L(edc)QL(fod)

L(c®d) (Y’ B) ® (Y/’ B,) L(e®f)

&v\(ad) Ae,f) j/

(X, A)® (X', A"y — L2 (v Bye (v!, B) =2 (z,0)0 (7, C")

K(e,c)®K(f,d)

L(edc)®L(fod)

The notion of monoidal icon can be obtained by weakening the notion of monoidal pseudonatural transformation
given by Moeller and Vasilakopoulou [189, §2.2].
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Since vertical composition in SGame is given on losses by +, we can write this equation as

AMedve,fod) +K(e® f,c®d)
= )‘(eyf)o)‘(cvd) +K(€,C)®K(f,d)

= Xe, flega + Ae,d) o (€' ® fega + K(e,¢) @ K(f,d) . (5.10)

In each of the examples below, therefore, we establish the definition of the laxator A and check that

it satisfies equation

We will often use the notation (—) x to denote projection onto a factor X of a monoidal product.

5.4.1.1. Relative entropy

Proposition 5.4.10. The loss model KL of Proposition is lax monoidal. Supposing that
(e,d) : (X, X) - (Y,Y)and (d,d) : (X', X') - (Y',Y’) are lenses in B, the corresponding
component AL (¢, d) of the laxator is given, for w : I+X ® X’ and (y,7') : Y ® Y’, by

p(c@d)frow (y7 y/)
Plc@d)To(wx@wyr) (y, y/)

NYe,d)u(y, y) = i
(o ®l, ) (wy)

+ lo
Pu (T, 2) } &

(Note that the first term has the form of a “posterior mutual information” and the second a

log-likelihood ratio.)

Proof. We have

(KL(c) ® KL(d)) (5. %)

= B [lospe emly) —logp,y (. mly)|

(z,m)~c{uX
+  E hmawmw>mw<ﬂmﬁ
(x/7m,)~d<l.ux/ (") X’ wx/

= E [logpan@d;X, (2", m,m'ly.y) —logpy g1 (w.a'sm,m'ly, y’)]
X/

(x,x’,m,m/) ~

(Cox®di ) (YY)

and

(KL(c® d)u(y,9)

= E [logpchcgdgxl (x,x’,m,m'|y,y/) —]ogp(c®d)L(x,x’7m’m”y7y/)] .

(z7$,7m7ml) ~
(o ®dL, ) (w:5)
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Using Bayes’ rule, we can rewrite the exact inversions in these expressions, obtaining

(KL(c) @ KL(d)) (4. %/)

= E [IngcL,X(@dL,X/ (':valvmv m/|y7y,) —logpc(y,m|x) _logpd(ylvm/pj,)

(z7x,7m7ml) ~
(Cox®di ) (Wy)

—log puy () = log pu, (') +108 Perewx (¥) + 108 Parews ., (y’)]

and

(KL(c®d)w(y,y)

= E [IngcL,X(@dL,X, ($,LL’/,’I7’L, m/|y7y,) —logpc(y,m|x) _logpd(ylvm/pj,)

(z,2';m,m’) ~
(cox®di ) (Wy)

— log p, (.1‘, .CC/) + 10gp(c®d)%ow(y7 y,)] :

We define A" (c, d),,(y, ') as the difference from (KL(c ® d)..(y,¢/) to (KL(c) ® KL(d))_(y,%),

and so, with a little rearranging, we obtain the expression above:

(e, d)w(y,y) == (KL(c®d)w(y,) — (KL(c) @ KL(d)) (y,1/)
/ _ /
_ E |:10g Pux®@w (:L;7 T ):| + log p(c@d)*ow(ya Yy ) _.
)~ pw(fL‘,l’ ) p(c@d)%-(w;{@wxx)(yay )

(z,x’' ;m,m’

(coy ®dLy ) (w:0')

Next, we need to validate lax naturality. Since KL is strict on losses, we need only check that
Mbeoe, fod) = e, fogd + M, d) o (€ @ fewa -

By definition, we have

(A (e, flega) (2, 2)

c®d)Te(wx®uw s ) ! eRf)To(cRd)Tow %) -4
T ) [lgp(®;) (X®(Z)y(’zy)]+logp een e (z): 2')
v,y ') ~ (c®d)Tow\Y> (e®f)To(cRd)To(wx®uw )\ <
CLTAMERD e

and

(A e, d) o (¢ ® ewd) (2,2")

Pox@uwy (2,7) Plegd) e (¥:Y')

= E E [1 ; ] +1 p
.y mn') ~ (z,2"m,m’) ~ pW(xa Zz ) Ple@d)To(wx@wyr) <y7 Y )
(0 1o | (e ® L )

wX,
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And so we also have

)\KL(e e, fod)y(z,2)

/ = - /
- E [10g M@cvx(“)} +1og Mo e enl®?)
)~ pu(z,2) D(e@f)7 o(c@d)To(wx@uwyr) (25 2')

(z,x’' ;m,m’

((oep@(dofy) (=2
= ()‘KL(C’ d) © (6/ ® f/)c®d)w(2’ Z/) + (/\KL(€7 f)0®d)w(2’ Zl)

thereby establishing the lax naturality of A\, by the commutativity of +. O

Remark 5.4.11. Although KL is lax monoidal, its laxness arises from the state-dependence of the
inversions, and we saw in the opening of this chapter, and then more formally in Remark[5.3.23]
that in its simplest form the relative entropy does not depend on the inversions; in some sense, the
statistical game structure is extraneous.

In Remark we saw that D, defines a strict section of a 2-fibration SK I5, B, attaching
relative entropies to parallel pairs of channels and capturing their chain rule compositionally.
Since this section does not involve any inversions, we may thus wonder whether it is more than
lax monoidal: and indeed it is! D7y is in fact a strong monoidal section which is moreover
strict monoidal on the losses themselves. The laxator simply maps (¢,c, Dgr(c,c')) and
(d,d',Dgr(d,d")) to (c®d,d ® d',Dkr(c,d) + Dir(d,d")); and indeed it is easy to verify
that D (c®d,d ®d') = Dkr(c,d) + Dir(d,d).

5.4.1.2. Maximum likelihood estimation
Proposition 5.4.12. The loss model MLE of Proposition|[5.3.25|is lax monoidal. Supposing that

(e,d) (X, X) -+~ (Y,Y)and (d,d) : (X', X') - (Y',Y’) are lenses in B, the corresponding
component AMLE (¢, d) of the laxator is given, for w : I+ X ® X’ and (y,') : Y ® Y, by

Plc@d)To(wx@wyr) (ya y/>

)‘MLE ¢, d)y yvy/ := log
( ) ( ) p(c@d)%ow(yqu

Proof. To obtain the definition of AMLE(c, d), we consider the difference from MLE(c ® d) to
MLE(c) ® MLE(d):

AME (e, d)u(y,y') == MLE(c® d)o(y, y') — (MLE(c) @ MLE(d)) (y,)

= —log P(c@d)Tew (y7 y/) + log Pcrewx (y) — log Patewy (y/)
Plc@d)To(wx@wyr) (y7 y,)

= log
P(c®d)Tow (y7 y/)
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To demonstrate lax naturality, recall that MLE is a lax section, so we need to consider the
corresponding ¢o-laxator. From Proposition the laxator KM'E(e, ¢) : MLE(e) o MLE(c) =
MLE(e ¢ ¢) is given by KME(e, ¢) := MLE(c) o €. Next, observe that

/
P((ewcy @(fea) stwxox) 7

MLE o e, Fod)y(z,2) = log

| e P((engy@(od)) o #)

P(e@f)™ o (c@d)To(wx@uyr) (7: Z')
P(e®f)To(c@d)Tow (2, 2')

= MM (e, ) epayen (2, 7)) -

= log

Consequently, we need to verify the equation
MLE(c®d) o (e ® f)ega = A E(c,d) o (€' ® f)e@a + (MLE(c) ® MLE(d)) © (¢/ ® f')ega
which, by bilinearity of effects, is equivalent to verifying
MLE(c® d) = \ME(¢,d) + MLE(c) ® MLE(d)..

But, since + is commutative, this is satisfied by the definition of AMLE(c, d) as a 2-cell of type

MLE(c ® d) = MLE(c) ® MLE(d). O
5.4.1.3. Free energy

Since KL and MLE are both lax monoidal, it follows that so is FE.

Corollary 5.4.13. The loss model FE of Deﬁnitionis lax monoidal. Supposing that (¢, ) :
(X, X) -~ (Y,Y)and (d,d') : (X', X") - (Y’,Y”) are lenses in B, the corresponding component
AFE (¢, d) of the laxator is given, for w : I+>X ® X’ and (y,7/) : Y ® Y/, by

pw Qw ,((L‘,IE/)
NE(e d)(y o) = ”]

E 0
(22" )~ (¢, @] >(y,y'>[ 8 Pu(z,2')

Wt
Proof. FE is defined as KL + MLE, and hence AFE is obtained as At + AMLE_ Since + is functorial,

it preserves lax naturality, and so AFE is also lax natural. AFE is thus a strong transformation

FE(—) ® FE(=) = FE(— ® =), and hence FE is lax monoidal by Remark 5.4.8] O

5.4.1.4. Laplacian free energy

In order to demonstrate that the lax monoidal structure on FE is not destroyed by the Laplace

approximation, we prove explicitly that LFE is also lax monoidal.
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Proposition 5.4.14. The loss model LFE of Propositions [5.3.31] and [5.3.33| is lax monoidal.
Supposing that (¢, ) : (X, X) - (Y,Y) and (d,d’) : (X', X") - (Y',Y’) are lenses in B, the

corresponding component A-7E (¢, d) of the laxator is given, for w : I+ X® X’ and (y,7/) : Y ®Y”,
by
Pux@wy (Mewady, (YY) xx7)

Po(beway, (Y, V') x x7)

AFE (e, d)u(y, y) = log
where fi(.gay, (4, y') x x’ is the (X ® X')-mean of the Gaussian distribution (¢, ® d;, ,)(y, V).

Proof. We have

LFE(c® d)w(y,y')
= —l1og ped(teea). W ¥), ¥, ¥') —10g pu(ieaa). (U ¥ xx)
= Sxxmm [( ®@d)w(y,y)]

= —logpe(pe, (4):y) —logpa(pa, ,¥),y") — pu(ieai). (¥, ¥)xx")

U
w et

— Sxu [cloy (¥)] = Sxoar [dZJX, (y’)]

and
(LFE(c) ® LFE(d))_(y,¥/)
— LFE(¢)uy () + LFE(d), (v/)
= —logpe(per, (),y) = Pux (pew (¥)x) — Sxar [ ()]
—10gpa(ua, , (1):9) = Py (., (4')x0) = Sxconrr [, ()]
so that

AFE(e,d)w(y, o) = LFE(c®d)u(y,y') — (LFE(c) ® LFE(d)) (. ¥)
Pwx®wys (M@;@d); (v, v")xx")

= log
Po(tegay, (¥, V') xx1)

as given above.

We need to verify lax naturality, which means checking the equation
A (eoc, fod)+r(e® f,e®d) = AFE(e, flaga + A TE (e, d) o (¢/® f')ega + hie, ) @ k(£ d)

where £ is the ¢-laxator with components k(e, ¢) : LFE(e) ¢ LFE(c) = LFE(e ¢ ¢) given by

Kk(e,c)x(2) = %tr [(%Eém)) (tter, (2)y) Ee’c,.,r(z)YY] —logperer (Her, (2)y) -
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(see Proposition [5.3.33). We have

Pax@wxr (e@d), ((e@f)! gy, (7 2 YY) xx7)

Puw (M(c@d)’w (M(e@f)'(@d)w (2,2 )yy)xx)

= )\LFE(c, d)w(ﬂ(e(gf)’(C@d)w

AFE(e e, fod) =log

(2,2 )yy)xx’)

and, by the Laplace approximation,

()\LFE(C, d) e} (6/ ® f/)c®d)w(z’ Z,)
_ E [ALFE(C, d)w(y, y’)]

(y,y' ') ~
(ee® f1)w(2,2")

~ )\LFE(c, d)w(ﬂ(e(@f)’(c@d)w (Z, z’)yY/)

1 2 LFE
+ 5 tr [(a(yy/))\ (C, d)w) ('LL(E@f)/(c@d).w (27 Z/)Yy/) E(e®f)/(c®d)tw (Z’ Z,)(YY/)(YY/)] .

We also have

(H(e,c)@fi(f,d)) (2,2))
= k(e C)ux (2) + K(f, )wx/()

1
S| (BEL o)) (e (D) T, (2Dvy | =108 Pty (1w ()¥)

1
+3 [(32 (d wx/)> (Mf,gle/ ()y") Efé.wx/ (Z/)Y/Y/] — log Pgrews ., (Mf;l,wX, (z")y)

1 2 1 /
= 5 tr [ (a(yay/)E(C®d,wX®wX/)> (u(8®f)/(c®d)'(wx®wx/) (Z’ z )YY/)

E(e®f)/<6®d>'(u)x®wx,) (2, z’)(YY/)(YY/)]

— 108 P(e@a) o (wx@w ) (M(e®f)l(c®d)0(wx®wxl) (2,2 )yvy) -

The left-hand side of the lax naturality equation is therefore given by

(AFEede, fod) +r(e® f,c®d)) (2,7)

= )\LFE(c, d)w <M(e®f)l(c®d)om (2, z’)YY/)

1
totr [(5?y,y'>EfZ®d,w)) (1Y, gy 3 2 )7Y7) Tiep) 0, (%0 Z’><YY’>(YY’)]
(2, Z/) YY’)

— 10g Peadyews (@) ..,
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while the right-hand side is given by

(ALFE(ea f)c@d + )‘LFE(Ca d) © (6/ ® f/)c®d + H(ea C) ® H(f? d))w(Z, Z,)
P(ed) s (wx@wxer) (H(e®f), o, (52 )1Y7)

(Zv Z/)YY’)

P(c®d)Tow (M(B@)f)/(c@d).w

+ AT (e d)u (e, (52 )vy)

1
+ 5 tr |:<a(2y7y/))\LFE(C7 d)w) ('Lt(e®f)/(e®d)ow (27 Z/)YY/> E(e®f),(c®(i).u (Z’ z/)(YY/)(YY/)]
1 2
5 tr [ (6(y,y')Eétc®d,wx®wX/)) (M(e®f),(c®d)o(wx®w (27 Z/>YY/)

x)
’
2(6®f),(c®d)o(wx®wx,) (2,2 >(YY')(YY’)]

—log P(c@d)To(wx@wxr) (’u(e®f)/(c®d)o(wx®wx/) (2, Z/)YY')

= —10g P(ea)tow(e@ ) ., (2 2y y) + ATE (e Do (piesgy o, (22 )y y7)
1 2 LFE
+otr K%,y'% (c, d>w) (@ g, (= 1r7) Z(e@f)/(c@d).w(z’Z')<YY'>(YY0]
1 2 1 /
ot [ (a(y’y’)E(@d»W@wX')) (M(6®f)/(6®d)'(WX®wxl) (2 )yy)

E(e®f)/(c®d)-(wx®wx,) (2, Z,)(YY’)(YY’)] .

The difference from the left- to the right-hand side is thus

1 2
Qi [(%,yoEfi@d,w)) (@) gayn, (32 IVY") Die@ ), g (5 z/)(YY’)(YY/)]

1 9 " /
-3 tr [ (a(yvy’)E(c®d,wX®wX/)) (N(e@f)'(@d).(w)(@wxn(z, yyr)

/
E(s@f)’(@d),(wx@wx,) (2,2 )(YY’)(YY’)]

1 2 \LFE
— 5 tr [(a(%y/))\ (C, d)w> <'u(e®f)/(c®d)-w (z, z/)YY’) Z(e®f)/(c®d)ow (Z, Z/)(YY’)(YY')] .

Now, by definition ¥, 1 , and so by the linearity of the trace and of

=X
(c®d)ew (€®F ) (c@dye (wx @w 1)
derivation, this difference simplifies to

%tr [ (a?y’y/) (E&®d,w) N Eéf:®d)wX®wxl) - ALFE(Cv d)cu))

(M(e®f)/(c®d)ow (Z’ Z,)YY/) Z(e®f)/(c®d)ow (27 Z/)(YY/)(YY/)] :
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Recall from the proof of Propositionthat Eé‘c ) (y) == E(cm) (e (y),y), and hence

I I /
(E(c®d,w) - E(c@d,wx®wx/)) (y’ Y )
= (E(c®d,w) - E(c@d,wx®wxl)) (N(c@d)’w (ya y/)v Y, y/)
= —log pu(ti(egay, ¥ ¥ ) xx1) +108 Pux@wys (Weay, (¥, ¥ ) xx)
Pwx®wy (M(@d); (v, 9 ) xx)
Po(t(eay, (YY) xx1)
= AFE (e, d)u(y.y))

= log

so that Eé@d v~ Eé‘@d wox @) T AFE (e, d),, = 0. This establishes that A\-FE is lax natural. []

5.5. Discussion

Having established the basic structure of statistical games and a handful of examples, there is much
more to be done, and so in this section we discuss a number of seemingly fruitful avenues of future
research.

An important such avenue is the link between this structure and the similar structure of
diegetic open (economic) games [51], a recent reformulation of compositional game theory [119]],
which can also be understood as a constituting a fibration over lenses. Accordingly, the close
connection between game theory and reinforcement learning [25, 128]] suggests that algorithms
for approximate inference (such as expectation-maximization) and reinforcement learning (such
as dynamic programming) are more than superficially similar. More broadly, we expect all three
of active inference, game theory, and reinforcement learning to fit into the general programme
of categorical systems theory [[192] (with cybernetic extensions [54, [251]]), and we expect that
reframing these disciplines in this way will elucidate their relationships. In Chapter [7} we supply
functorial dynamical semantics for approximate inference — a form of approximate inference
algorithm — but we leave the expression of this in systems-theoretic terms to future work. Likewise,
we leave to the future the study of the performance and convergence of algorithms built upon these
compositional foundations{fl

Another avenue for further investigation concerns mathematical neatness. First, we seek an

abstract characterization of copy-composition and Copara,: Owen Lynch has suggested to us

"It is not clear that the fixed points of jointly optimizing the factors of a composite statistical game are the same
as those of the optimization of the composite. If one is only concerned with optimizing the inversions, then the
lens-like composition rule tells us that we may proceed by backward induction, first optimizing the factor nearest the
codomain, and then optimizing each remaining factor in turn back towards the domain. But the problem is harder if
we also wish to optimize the forward channels, as the inversion nearest the codomain still depends on the forward
channel nearest the domain.

225



that the computation by compilers of “static single-assignment form” (SSA) [152] by compilers may
have a similar structure, and so we expect an abstract characterization to capture both SSA and our
examples; we also hope that a more abstract approach will alleviate some of the higher-categorical
complexity resulting from the weakness of copy-composition. Second, the explicit constraint
defining simple coparameterized Bayesian lenses is inelegant; as indicated in Remark [5.2.21] we
expect that using dependent optics [43, 50, [276] may help to encode this constraint in the type
signature, at the cost of higher-powered mathematical machinery.

Finally, we seek further examples of loss models, and more abstract (and hopefully universal)
characterizations of those we already have; for example, it is known that the Shannon entropy has
a topological origin [40] via a “nonlinear derivation” [[169], and we expect that we can follow this
connection further. In following this path, we expect to make use of the duality between algebra
and geometry [180,[194]] (and their intersection in (quantitative) categorical logic [55} [140])), for
as we have already noted, loss functions have a natural algebraic structure. We consider such

investigations part of the nascent field of categorical information geometry.
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6. Open dynamical systems, coalgebraically

In Chapter [3] we saw how to compose neural circuits together using an algebraic approach
to connectomics. These neural circuits are dynamical systems, formalized as sets of ordinary
differential equations. However, simply specifying these sets obscures the general compositional
structure of dynamical systems themselves, the revelation of which supports a subtler intertwining
of syntax and semantics, form and function—or, as it happens, algebra and coalgebra. In this
chapter we begin by introducing categorical language for describing general dynamical systems
‘behaviourally’. These systems will be ‘closed’ (non-interacting), and so we then explain how the
language of coalgebra, and specifically polynomial coalgebras, can be used to open them up.

However, traditional coalgebraic methods are restricted to discrete-time dynamical systems,
whereas we are also interested in the continuous-time systems that are commonly used in science,
such as our earlier neural circuits. This motivates the development of a class of generalized
polynomial coalgebras that model open systems governed by a general time monoid, and which
therefore encompass systems of dynamically interacting ordinary differential equations. In order to
account for stochastic dynamics, we generalize the situation still further, by redefining the category
of polynomial functors so that it can be instantiated in a nondeterministic setting. This will show us
how to define open Markov processes coalgebraically, and we also demonstrate related categories
of open random dynamical systems.

Finally, we use the polynomial setting to package these systems into monoidal bicategories of
‘hierarchical’ cybernetic systems, of which some are usefully generated differentially. In the next
chapter, these bicategories will provide the setting in which we cast the dynamical semantics of

approximate inference.

Remark 6.0.1. The story told in this chapter is of a form similar to that of categorical systems
theory [[191,|192], in which systems on interfaces collect into (doubly) indexed (double) categories.
That story tells a general tale, but here we are interested in a specific case: coalgebraic systems
with polynomial interfaces whose time evolution is governed by an arbitrary monoid and which

may have non-determinism or side effects governed by a monad. Such systems appear to sit at a
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sweet spot of scientific utility; in particular, the next chapter will use them to formalize models of
predictive coding. In future work, we intend to connect the two stories, expressing our generalized

polynomial coalgebras in the double-categorical framework.

6.1. Categorical background on dynamics and coalgebra

In this section, we introduce the background material needed for our development of open dynamical

systems as polynomial coalgebras.

6.1.1. Dynamical systems and Markov chains

We begin by recalling a ‘behavioural’ approach to dynamical systems popularized by Lawvere
and Schnauel [164] (who give a pedagogical account). These systems are ‘closed’ in the sense that
they do not require environmental interaction for their evolution. Later, when we consider open
systems, their ‘closures’ (induced by interaction with an environment) will constitute dynamical
systems of this form.

The evolution of dynamics is measured by time, and we will take time to be represented by
an arbitrary monoid (T, +, 0). This allows us to consider time-evolution that is not necessarily
reversible, such as governed by N or R, as well as reversible evolution that is properly governed
by groups such as Z or R. With this in mind, we give a classic definition of dynamical system, as a

T-action.

Remark 6.1.1. We will work in an abstract category £ whose objects are considered to be “state
spaces”; its morphisms will determine the nature of the dynamical evolution. Therefore, for
deterministic systems, we can take £ simply to be Set, or alternatively some other Cartesian
category or category of comonoid homomorphisms. For stochastic systems, we may take £ to be
a copy-discard category such as K{(D) or sfKrn, or some other category whose morphisms are
considered to be stochastic maps. For differential systems, we will require £ to be equipped with a

tangent bundle endofunctor T; more on this in §6.3.2]

Definition 6.1.2. Let (T, +,0) be a monoid, representing time. Let X : £ be some space, called
the state space. Then a closed dynamical system 9 with state space X and time T is an action of
T on X. When T is also an object of £, then this amounts to a morphism ¥ : T x X — X (or
equivalently, a time-indexed family of X -endomorphisms, ¥(t) : X — X), such that 9(0) = idx
and 9(s + t) = 9(s) o ¥(t). In this dynamical context, we will refer to the action axioms as the

flow conditions, as they ensure that the dynamics can ‘flow’.
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Note that, in discrete time, this definition implies that a dynamical system is governed by a single

transition map.

Proposition 6.1.3. In discrete time T = N, any dynamical system 4} is entirely determined by its
action at 1 : T. That is, letting the state space be X, we have 9(t) = 9(1)°* where 9(1)°! means
“compose ¥(1) : X — X with itself ¢ times”.

Proof. The proof is by induction on ¢ : T. We must have ¥(0) = idx and ¥(t + s) = ¥(t) o ¥(s). So
for any ¢, we must have (¢ + 1) = ¥(¢t) o ¥(1). The result follows immediately; note for example
that 9(2) = 9(1 + 1) = 9(1) o 9(1). O

An ordinary differential equation # = f(z) defines a vector field 2 — (x, f(x)) on its state
space X, and its solutions x(¢) for ¢ : R define in turn a closed dynamical system, as the following

example sketches.

Example 6.1.4. Let T denote a tangent bundle functor £ — £ on the ambient category of spaces
E. Suppose X : U — TU is a vector field on U, with a corresponding solution (integral curve)
Xz : R — Uforall z : U; thatis, x'(t) = X (x2(t)) and x5 (0) = 2. Then letting the point z vary,
we obtain a map x : R x U — U. This y is a closed dynamical system with state space U and time

R.

So far, we have abstained from using much categorical language. But these closed dynamical

systems have a simple categorical representation.

Proposition 6.1.5. Closed dynamical systems with state spaces in £ and time T are the objects of
the functor category Cat(BT, £), where BT is the delooping of the monoid T. (Recall delooping
from Prop. [3.1.24]) Morphisms of dynamical systems are therefore natural transformations.

Proof. The category BT has a single object * and morphisms ¢ : * — = for each point ¢ : T; the
identity is the monoidal unit O : T and composition is given by +. A functor ¥ : BT — & therefore
picks out an object ¥(x) : &, and, for each ¢t : T, a morphism ¥(t) : ¥(x) — (), such that
the functoriality condition is satisfied. Functoriality requires that identities map to identities and
composition is preserved, so we require that ©/(0) = idy(,) and that (s + t) = ¥(s) o J(t). Hence
the data for a functor ¥ : BT — £ amount to the data for a closed dynamical system in £ with
time T, and the functoriality condition amounts precisely to the flow condition. A morphism of

closed dynamical systems f : ¥ — 1) is a map on the state spaces f : ¥(*) — () that commutes
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with the flow, meaning that f satisfies f o ¥(t) = ¢ (¢) o f for all times ¢ : T; this is precisely the

definition of a natural transformation f : ¥ — 1 between the corresponding functors. O

By changing the state space category &, this simple framework can represent different kinds of
dynamics. For example, by choosing £ to be a category of stochastic channels, such as K¢(D) or

sfKrn, we obtain categories of closed Markov processes.

Example 6.1.6 (Closed Markov chains and Markov processes). A closed Markov chain is given by
a stochastic transition map X - X, typically interpreted as a Kleisli morphism X — PX for some
probability monad P : £ — & (cf. on probability monads). Following the discussion above, a
closed Markov chain is therefore an object in Cat (BN , Kl (77)) With more general time T, one
obtains closed Markov processes: objects in Cat (BT, Kl (77)) More explicitly, a closed Markov
process is a time-indexed family of Markov kernels; that is, a morphism ¢ : T x X — PX such
that, for all times s,¢ : T, Y544 = U5 ® ¥4 as a morphism in K/(P). Note that composition e in
KL(P) is typically given by the Chapman-Kolmogorov equation, so this means that

Dear(ylz) = j Dy(yla’) Oy(da'|z)

z': X

6.1.2. Coalgebra

We saw above that a closed discrete-time deterministic dynamical system is a function X — X,
and that a closed discrete-time Markov chain is a function X — PX. This suggests a general
pattern for discrete-time dynamical systems, as morphisms X — F'X for some endofunctor F":

such a morphism is called a coalgebra for the endofunctor F'.

Definition 6.1.7. Let ' : £ — £ be an endofunctor. A coalgebra for F', or F'-coalgebra, is a pair
(X, c) of an object X : £ and a morphism ¢ : X — FX.
A morphism of F-coalgebras or coalgebra morphism (X, c) — (X', ') is a morphism f : X —

X' that commutes with the coalgebra structures; i.e., that makes the following diagram commute:

x 1, x

L

/
FXTf>FX

F-coalgebras and their morphisms constitute a category, denoted Coalg(F'). The identity

morphism on (X, ¢) is simply the identity morphism idy : X — X.
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Remark 6.1.8. In §3.4.1] we briefly discussed the notion of coalgebra for a comonad, which is a
coalgebra in the sense of the preceding definition that additionally satisfies axioms dual to those
defining algebras for a monad (Definition [3.4.16). In our dynamical applications, the endofunctors

not in general be comonads, and so it does not make sense to demand such axioms.

Remark 6.1.9. At the same time, the duality of algebra and coalgebra underlies the subtle powers
of the field of coalgebraic logic, in which the algebraic structure of logical syntax is used to define
constraints on or propositions about the behaviours of dynamical systems[62}/72, (138|162, 207].
These tools are particularly useful in setting of formal verification, where it is desirable to prove

that systems behave according to a specification (for instance, for safety reasons).

With the notion of F'-coalgebra to hand, we immediately obtain categories of closed discrete-time

deterministic systems and Markov chains:

Example 6.1.10. The category of closed discrete-time deterministic dynamical systems in & is the

category Coalg(id) of coalgebras for the identity endofunctor idg : £ — £.

Example 6.1.11. Let P : £ — & be a probability monad on £. The category of Markov chains is
the category Coalg(P) of P-coalgebras.

Of course, polynomial functors are endofunctors Set — Set, so they come with a notion of

coalgebra, and we may ask how such objects behave.

Example 6.1.12. Suppose p : Set — Set is a polynomial functor. A coalgebra for p is a
function ¢ : X — pX for some set X. By Definition we can write p as Zi:p(l) yp[i], and
hence the p-coalgebra c has the formc : X — Zi:p(l) X7l Such a function corresponds to a

choice, for each = : X, of an element of p(1) which we denote ¢°(z) and an associated function

U

U plei(z)] — X. We can therefore write ¢ equivalently as a pair (¢°, c*) where ¢ is the

c
coproduct Y ¢ : >, p[c’°(x)] — X. We think of p as defining the interface of the dynamical
system represented by ¢, with p(1) encoding the set of possible ‘outputs’ or ‘configurations’ of the
system, each p[i] the set of possible ‘inputs’ for the system when it is in configuration 7 : p(1), and
X as the dynamical state space. The coalgebra c can then be understood as an open discrete-time
dynamical system: the map c* takes a state x : X and a corresponding input in p[¢°(z)] and returns

the next state; and the map ¢ takes a state x : X and returns the system’s corresponding output or

configuration ¢°(x).
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A pair of functions ¢® : X — p(1) and ¢* : > p[c°(x)] — X is precisely a morphism
¢ : Xy* — p of polynomials, and so we have established a mapping from p-coalgebras (X, ¢) to

morphisms Xy~ — p. In fact, we have a stronger result.

Proposition 6.1.13. There is an isomorphism of hom-sets Poly(Ay”, p) =~ Set(A, pB) natural
in A, B,p, and hence adjunctions (—=)y® —H (=) o B : Poly — Set and Ay(~) - po (—) :
Poly °®» — Set.

Proof sketch. In Example we established a mapping Set(A4,pB) — Poly(Ay?, p) for the
case where A = B; the general case is analogous. The inverse mapping follows directly from
Proposition Naturality in A and B follows from naturality of pre-composition; naturality in

p follows from naturality of post-composition. O

Polynomial coalgebras therefore constitute a type of open discrete-time dynamical systems. But
what if we want open continuous-time dynamical systems: do these fit into the coalgebra formalism?
In a different direction, what if we want open Markov chains? In discrete time, we should be able to
consider coalgebras for composite endofunctors pP, but what if we want to do this in general time?

Let us turn now to answering these questions.

6.2. Open dynamical systems on polynomial interfaces

In this section, we begin by incorporating dynamical systems in general time into the coalgebraic
framework, before generalizing the notion of polynomial functor to incorporate ‘side-effects’ such
as randomness. The resulting framework will allow us to define types of system of interest, such as
open Markov processes, quite generally using coalgebraic methods, and in the subsequent sections

we will make much use of the newly available compositionality.

6.2.1. Deterministic systems in general time

In this section, let us suppose for simplicity that the ambient category £ is Set. We will begin by

stating our general definition, before explaining the structures and intuitions that justify it.

Definition 6.2.1. A deterministic open dynamical system with interface p : Poly, state space
S : Set and time T : Set is a morphism 3 : Sy° — [Ty, p] of polynomials, such that, for any
section ¢ : p — y of p, the induced morphism

[Ty,0]

3 ~
Sy® = [Ty, p] —> [Ty,y] = y*

is a <J-comonoid homomorphism.
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To see how such a morphism [ is like an ‘open’ version of the closed dynamical systems
of note that by the tensor-hom adjunction, 8 can equivalently be written with the type
Ty®Sy® — p. In turn, such a morphism corresponds to a pair (3°, %), where 3° is the component
‘on configurations’ with the type T x S — p(1), and 5* is the component ‘on inputs’ with the
type X1 2.5 PIB°(t, 8)] — S. We will call the map 3° the output map, as it chooses an output
configuration for each state and moment in time; and we will call the map 3“ the update map, as it
takes a state s : .S, a quantity of time ¢ : T, and an input in p[3°(¢, s)], and returns a new state. We
might imagine the new state as being given by evolving the system from s for time ¢, and the input
as supplied while the system is in the configuration corresponding to (s, t).

It is, however, not sufficient to consider merely such pairs 5 = (5°, %) to be our open dynamical
systems, for we need them to be like ‘open’ monoid actions: evolving for time ¢ then for time s
must be equivalent to evolving for time ¢ + s, given the same inputs. It is fairly easy to prove the
following proposition, whose proof we defer until after establishing the categories Coalg” (p),

when we prove it in an alternate form as Proposition [6.2.4}

Proposition 6.2.2. Comonoid homomorphisms Sy° — y” correspond bijectively with closed

dynamical systems with state space .5, in the sense given by functors BT — Set.

This establishes that seeking such a comonoid homomorphism will give us the monoid action
property that we seek, and so it remains to show that a composite comonoid homomorphism of the
form [Ty, o] o 3 is a closed dynamical system with the “right inputs”. Unwinding this composite,
we find that the condition that it be a comonoid homomorphism corresponds to the requirement
that, for any ¢ : T, the closure 57 : T x S — S of 8 by o given by

B7(t) == 5 2O Y oplg(ts)] £
5:9
constitutes a closed dynamical system on S. The idea here is that o gives the ‘context’ in which we
can make an open system closed, thereby formalizing the “given the same inputs” requirement
above.

With this conceptual framework in mind, we are in a position to render open dynamical systems
on p with time T into a category, which we will denote by Coalg” (p). Its objects will be pairs
(S, ) with S and /3 an open dynamical on p with state space S; we will often write these pairs
equivalently as triples (S, 8°, "), making explicit the output and update maps. Morphisms will be

maps of state spaces that commute with the dynamics:
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Proposition 6.2.3. Open dynamical systems over p with time T form a category, denoted
Coalg” (p). Its morphisms are defined as follows. Let ¥ := (X, 9°,9%) and ¢ := (Y, 9°, ") be
two dynamical systems over p. A morphism f : ¥ — 1 consists in a morphism f : X — Y such

that, for any time ¢ : T and section ¢ : p(1) — >, p|i] of p, the following naturality squares
izp(1)

commute:
o *0. u
x YOI s oot 2)] 20 x
: X
f f
Y ° Y
W y:Yp[q/J (t,y)] W

The identity morphism idy on the dynamical system 4} is given by the identity morphism idx on
its state space X. Composition of morphisms of dynamical systems is given by composition of the

morphisms of the state spaces.

Proof. We need to check unitality and associativity of composition. This amounts to checking that
the composite naturality squares commute. But this follows immediately, since the composite of

two commutative diagrams along a common edge is again a commutative diagram. O

We can alternatively state Proposition as follows, noting that the polynomial y represents
the trivial interface, exposing no configuration to any environment nor receiving any signals from

it:

Proposition 6.2.4. Coalg}(y) is equivalent to the classical category Cat(BT, Set) of closed

dynamical systems in Set with time T.

Proof. The trivial interface y corresponds to the trivial bundle id; : 1 — 1. Therefore, a dynamical
system over y consists of a choice of state space S along with a trivial output map J° = T :
T x S — 1 and a time-indexed update map 9* : T x S — S. This therefore has the form of a
classical closed dynamical system, so it remains to check the monoid action. There is only one
section of id;, which is again id;. Pulling this back along the unique map 9°(¢) : S — 1 gives
¥°(t)* id; = idg. Therefore the requirement that, given any section o of y, the maps 9" o 9°(t)*o
form an action means in turn that so does 9" : T x S — S. Since the pullback of the unique section

id; along the trivial output map ¥°(t) = ¥ : S — 1 of any dynamical system in Coalgy(y) is the

identity of the corresponding state space idg, a morphism f : (9(x),9%,F) — (¢ (*),9", ) in

Coalg(y) amounts precisely to a map f : () — 1(*) on the state spaces in Set such that the
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naturality condition f o ¥*(t) = ¥“(t) o f of Proposition[6.1.5)is satisfied, and every morphism in

Cat (BT, Set) corresponds to a morphism in Coalg(y) in this way. O

Now that we know that our concept of open dynamical system subsumes closed systems, let us

consider some more examples.

Example 6.2.5. Consider a dynamical system (S, 9°,9"%) with outputs but no inputs. Such a
system has a ‘linear’ interface p := Oy for some O; alternatively, we can write its interface p as
the ‘bundle’ idp : O — O. A section of this bundle must again be idp, and so ¥9°(¢)* idp = idg.
Once again, the update maps collect into to a closed dynamical system in Cat(BT, Set); just now

we have outputs ¥° : T x S — p(1) = O exposed to the environment.

Proposition 6.2.6. When time is discrete, as with T = N, any open dynamical system (X, 9#°, 9")
over p is entirely determined by its components at 1 : T. That is, we have 9°(t) = 9°(1) : X — p(1)
and 9% (t) = 9"(1) : X,y p[V¥°(z)] — X. A discrete-time open dynamical system is therefore a
triple (X, 9°,9"), where the two maps have types ¥° : X — p(1) and 9" : Y p[0°(x)] — X.

Proof. Suppose o is a section of p. We require each closure 97 to satisfy the flow conditions, that
97(0) = idx and 97 (t +s) = ¥7(t) 097 (s). In particular, we must have 97 (¢t + 1) = 97 (t) o 97 (1).
By induction, this means that we must have 97 (¢) = 97 (1)°* (compare Proposition[6.1.3). Therefore
we must in general have ¥°(t) = 9°(1) and 9" (t) = 9*(1). O

Remark 6.2.7. Note that the preceding proposition means that the objects of Coalg™ (p) are

the objects of the traditional category Coalg(p) of p-coalgebras. In fact, we have more than this:

Coalg" (p) = Coalg(p); cf. Example and Proposition

Example 6.2.8. We can express ‘open’ vector fields in this framework. Suppose therefore that X is
a differentiable manifold (and write X equally for its underlying set of points), and let # = f(z, a)
and b = g(x),with f : X x A - TX and g : X — B. Then, as for the ‘closed’ vector fields
of Example this induces an open dynamical system (X, § f,g) : Coalg®(By"), where
§f:Rx X x A— X returns the (X, A)-indexed solutions of f.

Example 6.2.9. The preceding example is easily extended to the case of a general polynomial
interface. Suppose similarly that & = f(x,a,) and b = g(x), now with f : >, ¢ plg(z)] = TX
and g : X — p(1). Then we obtain an open dynamical system (X, § f,g) : Coalg®(p), where
now § f: R x >,y p[g(xz)] — X is the ‘update’ and g : X — p(1) the ‘output’ map.
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By letting the polynomial p vary, it is quite straightforward to extend Coalg” (p) to an opindexed

category Coalg”.

Proposition 6.2.10. Coalg” extends to an opindexed category Coalg” : Poly — Cat. On
objects (polynomials), it returns the categories above. On morphisms of polynomials, we simply
post-compose: given ¢ : p — g and 3 : Sy — [Ty, p], obtain Sy* — [Ty, p] — [Ty, q] in the

obvious way.

When we introduced Poly in it was as a “syntax for interacting adaptive systems”, and
we know that we can understand Poly multicategorically, as it has a monoidal structure (®, y)
allowing us to place systems’ interfaces side-by-side (and which therefore gives us a multicategory,
OPoly by Proposition 3.3.4). We motivated our development of coalgebraic dynamical systems as
a compositional extension of the sets of ordinary differential equations that we used to formalize
rate-coded neural circuits (Definition [3.3.10), and we have seen that linear circuit diagrams embed
into Poly (Remark [4.2.33).

One may wonder, therefore, whether the opindexed categories Coalg” might supply the general
“semantics for interacting adaptive systems” that we seek: more precisely, is Coalg’ a Poly-
algebra? This question can be answered affirmatively, as Coalg” is lax monoidal: more precisely,

it is a strong monoidal opindexed category.
Proposition 6.2.11. Coalg” is a monoidal opindexed category (Poly,®,y) — (Cat, x,1).

Proof. We need to define a natural family of functors p,, : Coalg’(p) x Coalg®(q) —
Coalg” (p ® ¢) constituting the laxator, and a unit  : 1 — Coalg” (y), along with associators o
and left and right unitors A and p satisfying the pseudomonoid axioms of Definition

The unit 7 : 1 — Coalg" (y) is given by the trivial system (1,!,!) with the trivial state space
and the trivial interface: the output map is the unique map 1 — 1 (the identity); likewise, the
update map is the unique map 1 x 1 — 1. Note that 1 x 1 =~ 1.

The laxator i, is given on objects (X,9) : Coalg” (p) and (Y,¢) : Coalg’(q) by the
Lip,q(9, ) := (XY, (9p)) where the state space XY = X x Y and () is the system given by

the right adjunct of

~® b'e X T ’l9b b
XYyXY®Ty —>\’/y XyX®YyY®Ty®Ty Xy~ GswapQTy, XyX®Ty®YyY®Ty AN PRq

under the tensor-hom adjunction in Poly, where ¢” and ¢” are the corresponding left adjuncts of

¥ and ¢, and where ~ is the isomorphism XYy*Y = XyX @ Yy¥. On morphisms f : (X, ) —
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(X',9")and g : (Y, ) = (Y, @), ppq actsas pip o(f, g) := f x g; functoriality hence follows from
that of x.

Next, we need to define 1 on morphisms ¢ : p — p’ and £ : ¢ — ¢ of polynomials, giving
natural isomorphisms fi¢ ¢ © fiyr o © (CoalgT(C) X CoalgT(ﬁ)) = Coalg" ((®¢) oy 4. Butitis
easy to see in fact that i,y o o (CoalgT(() X CoalgT(f)) = Coalg” (¢ ® &) 0 j1p 4, as both sides
act by post-composing ( ® &.

The associator is defined componentwise on objects as
V)R IR (p&p
Apqr + ((XY)2y0N7 L22EL, [(p@q)@r, Ty]) > (X (¥ 2)y* 2 2222, [peger), Ty])

and on morphisms as vy, 4 : (f X g) x h— f x (g x h), implicitly using the associators of ® on
Poly and x on Set.

Likewise, the left unitor is defined by

Ap : <1Xy1X 2000, 1y @ p, Ty]) — (XyX % p, Ty])

implicitly using the left unitors of ® on Poly and x on Set; and the right unitor is defined dually,
using the corresponding right unitors on Poly and Set.

That the associators and unitors satisfy the indexed monoidal category axioms follows from
the satisfaction of the monoidal category axioms by (Poly,®, y) and (Set, x, 1). (But it is easy,

though laborious, to verify this manually.) O

Remark 6.2.12. We emphasize that the functor Coalg” is lax monoidal—the laxators are not
equivalences—since not all systems over the parallel interface p ® q factor into a system over p

alongside a system over q.

With this indexed monoidal structure, we can show that, as we might hope from a general
semantics for interacting dynamical systems, Coalg subsumes our earlier linear circuit algebra of

rate-coded neural circuits.
Proposition 6.2.13. There is an inclusion ¢ of monoidal indexed categories as in the diagram
(LinCirc, +, (0,0)) ——— (Set, x, 1)

/

R
(POIY7 ®7 y) Coalg — (Cat, X, 1)

where R is the algebra from Proposition
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Proof sketch. 1 is defined by a family of functors ¢(,,, .y : R(1n0, 1) — Coalg® (R yR"), where
each set R(n,,n;) is treated as the corresponding discrete category; this means that ¢, ) is
trivially functorial, and needs only be defined on objects (rate-coded neural circuits). Each such
circuit (A, o, 8,7y, W) defines an ‘open’ ordinary differential equation by Definition with
inputsi : R". ¢(,,, »,) is then defined by taking this ordinary differential equation to a corresponding
open dynamical system following Example where the output space is the same as the state
space R™ and the output map is idgn,.

We then need to check that this definition of ¢ is natural, meaning that the following diagram
commutes for each linear circuit diagram (A4, B) : (ny,n;) — (Mg, m;), where Coalg® (A, B) is
defined by treating (A, B) as a lens and hence a morphism of monomials of the type indicated.

R(no, nl) R(A,B)

R(mg, m;)

L(no,mng) t(mo,my)

Coalg® (R yR") %C s (4.5 Coalg®(R™eyR™)

To see that this diagram commutes, observe that we can write a rate-coded neural circuit « as

TR"o

a morphism Ry — R"%yR" of polynomials, where T is the tangent bundle functor; and

observe that the action of R(A, B) is to post-compose the lens (A, B) after &, as in Ry R"* %,

n; A,B m, . no n;
RnoyR" B, R™oyR™  Now, L(non;) acts by taking £ to a system R7oyR™ — [Ty, RreyR™],

and Coalg® (A, B) post-composes [Ty, (A, B)], so we obtain the system

L(no,ni) (H)

[Ty,(A,B)]

R™oy®" [Ty, R™ey®"] [Ty, R™oy®™ ] .

This is precisely the system obtained by applying ¢, m,) to (4, B) o x, and hence ¢ is natural.
Finally, it is easy to check that ¢ is a monoidal natural transformation (Definition [3.1.13), which

by Moeller and Vasilakopoulou 189, Proposition 3.6] entails that ¢ is a morphism of monoidal

indexed categories. That it is additionally an inclusion follows from the evident fact that each

7

functor ¢(,,, ;) is an embedding. O

At some point during the preceding exposition, the reader may have wondered in what sense
these open dynamical systems are coalgebras. To answer this, recall from Proposition that a
polynomial morphism Sy® — ¢ is equivalently a function S — ¢S and hence by Example
a g-coalgebra. Then, by setting ¢ = [Ty, p], we see the connection immediately: the objects of
Coalg”(p) are [Ty, p]-coalgebras that satisfy the <-comonoid condition, and the morphisms of

Coalg” (p) are coalgebra morphisms.
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In the following subsection, we generalize the constructions above to allow for non-deterministic

(‘effectful’) feedback, using a generalization of the category Poly.

6.2.2. Polynomials with ‘effectful’ feedback, and open Markov processes

The category Poly of polynomial functors Set — Set can be considered as a category of
‘deterministic’ polynomial interaction; notably, morphisms of such polynomials, which we take to
encode the coupling of systems’ interfaces, do not explicitly incorporate any kind of randomness
or uncertainty. Even if the universe is deterministic, however, the finiteness of systems and their
general inability to perceive the totality of their environments make it a convenient modelling
choice to suppose that systems’ interactions may be uncertain; this will be useful not only in
allowing for stochastic interactions between systems, but also to define stochastic dynamical
systems ‘internally’ to a category of polynomials.

To reach the desired generalization, we begin by recalling that Poly is equivalent to the category
of Grothendieck lenses for the self-indexing of Set (Example [4.2.30). We define our categories of
generalized polynomials from this perspective, by considering Kleisli categories indexed by their
“deterministic subcategories”. This allows us to define categories of Grothendieck lenses which
behave like Poly when restricted to the deterministic case, but also admit uncertain inputs. In

order to apply the Grothendieck construction, we begin by defining an indexed category.

Definition 6.2.14. Suppose £ is a category with all limits, and suppose M : £ — £ is a monad
on £. Define the indexed category £y7/— : £°P — Cat as follows. On objects B : £, we define
En/B to be the full subcategory of K/(M)/B on those objects tp : E-->B which correspond
to maps £ % B 2 MB in the image of .. Now suppose f : C — B is a map in £&. We
define Eyr/f : Ep/B — En/C as follows. The functor €/ f takes objects tp : E-»B to
L(f*p) : f*E->C where f*p is the pullback of p along f in &, included into /(M) by .

To define the action of £ys/f on morphisms « : (E,tp : E+-B) — (F,1q : F+B), note
that since we must have tq @ @ = p, we can alternatively write « as the B-dependent sum
D5 2.5 Plb] = D5 Mq[b]. Then we can define (E/ f) () accordingly as (Ear/f) () :=
20 () e PL()] = 2 Malf(0)]-

Definition 6.2.15. We define Poly,, to be the category of Grothendieck lenses for £y;/—. That

is, Poly; := { Ex/— °P, where the opposite is again taken pointwise.

Example 6.2.16. When £ = Set and M = idget, Definition recovers our earlier definition
of Poly.
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Example 6.2.17. When M is a monad on Set, we find that the objects of Poly,, are the same
polynomial functors as constitute the objects of Poly. The morphisms f : p — q are pairs (fi, f ti),
where f; : B — C is a function in Set and f* is a family of morphisms g[ f; (x)]=>p[z] in K¢(M),

making the following diagram commute:

S Mpla] <E S palfi(e)] —— 3,0 dly]

] [

B B%C

Remark 6.2.18. Consequently, we can think of Poly,; as a dependent version of the category of

M -monadic lenses, in the sense of Clarke et al. [[65} §3.1.3].

Remark 6.2.19. Any monad (M, 1, 1) on Set induces a comonad (M, 6, €) on the category Poly
of polynomial functors Set — Set, and Poly,,; can be recovered as the coKleisli category of this
comonad, Poly,; = cok¥(M). We heard of this idea from David Spivak.

On objects (polynomial functors), M : Poly — Poly acts to map p : 2ipy Pli] — p(1)
to Mp : 2ip1) Mplt] — p(1). Given a morphism of polynomials ¢ : p — ¢, M returns the
morphism M () whose forward component is again (1 and whose backward component is defined
by M(gp)g = M((pg) for each 7 in p(1).

The counit € : M = idpoly is defined for each p as the morphism ¢, : Mp — p whose
forward component is id,,(;) and whose backward component is given for each i : p(1) by the unit
Mpi] : Pli] — Mpli] of the monad M. Similarly, the comultiplication 6 : MM = M is defined for
each p as the morphism &, : M Mp — Mp whose forward component is again the identity and
whose backward components are given by the multiplication of the monad y, i.e. (55,)i = Up[i]-

Finally, the coKleisli category cok/(M) has the same objects as Poly. A morphism p — ¢ in
coKl(M) is a morphism Mp — q in Poly. Composition in cokX/(M ) is the usual composition in

the forward direction and Kleisli composition in the backward direction.

Remark 6.2.20. Since £ is assumed to have all limits, it must have a product structure (x, 1).
When M is additionally a monoidal monad (Definition [4.1.16), then Poly ,; acquires a tensor akin
to that defined for Poly in Proposition[3.5.7] and which we also denote by (®, I): the definition
only differs by substituting the structure (®, I) on K¢(M) for the product (x,1) on Set. This
monoidal structure follows as before from the monoidal Grothendieck construction: £y7/— is lax
monoidal, with laxator taking p : Ey;/Band ¢ : Ep/Ctop®q: En/(B® C).

On the other hand, for Poly,, also to have an internal hom [¢, r| requires each fibre of £;7/—

to be closed with respect to the monoidal structure. In cases of particular interest, £ will be
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locally Cartesian closed, and restricting £37/— to the self-indexing £/— gives fibres which are thus
Cartesian closed. In these cases, we can think of the broader fibres of £3;/—, and thus Poly ;, itself,
as being ‘deterministically’ closed. This means, for the stochastic example Poly for P a probability
monad, we get an internal hom satisfying the adjunction Poly,(p®q,r) = Polyp(p, [¢,7]) only

when the backwards components of morphisms p ® ¢ — r are ‘uncorrelated’ between p and q.

Remark 6.2.21. For Poly;, to behave faithfully like the category Poly of polynomial functors of
sets and their morphisms, we should want the substitution functors Exs/f : Ear/C — Epr/B to
have left and right adjoints (corresponding respectively to dependent sum and product). Although
we do not spell it out here, it is quite straightforward to exhibit concretely the left adjoints. On
the other hand, writing f* as shorthand for £y//f, we can see that a right adjoint only obtains
in restricted circumstances. Denote the putative right adjoint by Il : £3//B — &3//C, and for
up : E->B suppose that (I E)[y] is given by the set of ‘partial sections’ o : f~1{y} - ME of p

over f~!{y} as in the commutative diagram:
FHy — {}

Sl
ME nB*pB f

C

Then we would need to exhibit a natural isomorphism Ey/B(f*D, E) = £y/C(D,11;E). But
this will only obtain when the ‘backwards’ components h% : Dly] — M (I1;E)[y] are in the image
of t1—otherwise, it is not generally possible to pull f~1{y} out of M.

Despite these restrictions, we do have enough structure at hand to instantiate Coalg” in Poly .
The only piece remaining is the composition product <, but for our purposes it suffices to define
its action on objects, which is identical to its action on objects in Polyﬂ and then to consider
<-comonoids in Poly ,. The comonoid laws force the structure maps to be deterministic (i.e., in
the image of ¢), and so <-comonoids in Poly ), are just <-comonoids in Poly;q , .

Finally, we note that, even if the internal hom [—, —] is not available in general, we can define
morphisms 3 : Sy® — [Ty, p]: these again just correspond to morphisms Ty ® S y° — p, and the
condition that the backwards maps be uncorrelated between Ty and p is incontrovertibly satisfied
because Ty has a trivial exponent. Unwinding such a £ according to the definition of Poly ;; indeed
gives precisely a pair (3°, ") of the requisite types; and a comonoid homomorphism Sy — yT in
Poly,, is precisely a functor BT — K/(M), thereby establishing equivalence between the objects
of Coalg” (p) established in Poly ,, and the objects of Coalg (p).

'We leave the full exposition of <1 in Poly ,, to future work.
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Henceforth, therefore, we will write Coalg}{/[ to denote the instantiation of Coalg” in Poly M-
We will call the objects of Coalg},(p) pM -coalgebras with time T, and to get a sense of how, in
the case where M is a probability monad, they provide a notion of open Markov process, we can

read off the definition a little more explictly.

Proposition 6.2.22. A pM -coalgebra with time T consists of a triple ¥ := (S, 9°,9%) of a state
space S : £ and two morphisms ¥° : T x .S — p(1) and 9" : >},1 > s P[V°(t,5)] = MS, such
that, for any section o : p(1) — >}, 1y pli] of pin &, the maps 7 : T x S — M given by
S5 O SO 9, 5)] L MS
tT tT 5:S
constitute an object in the functor category Cat (B'I[', Ke(M )), where BT is the delooping of T
and /(M) is the Kleisli category of M. (Once more, we call the closed system 97, induced by a

section o of p, the closure of J by o0.)

Following Example and the intuition of Example[6.2.9] we can see how this produces an
open version of a Markov process.
Since stochastic dynamical systems are often alternatively presented as random dynamical

systems, we now briefly consider how these can be incorporated into the coalgebraic framework.

6.2.3. Open random dynamical systems

In the analysis of stochastic systems, it is often fruitful to consider two perspectives: on one side,
one considers explicitly the evolution of the distribution of the states of the system, by following
(for instance) a Markov process, or Fokker-Planck equation. On the other side, one considers the
system as if it were a deterministic system, perturbed by noisy inputs, giving rise to the frameworks
of stochastic differential equations and associated random dynamical systems.

Whereas a (closed) Markov process is typically given by the action of a time monoid on an
object in a Kleisli category of a probability monad, a (closed) random dynamical system is given
by a bundle of closed dynamical systems, where the base system is equipped with a probability
measure which it preserves: the idea being that a random dynamical system can be thought of as
a ‘random’ choice of dynamical system on the total space at each moment in time, with the base
measure-preserving system being the source of the randomness [[13].

This idea corresponds in non-dynamical settings to the notion of randomness pushback [109,
Def. 11.19], by which a stochastic map f : A — PB can be presented as a deterministic map

f:Q x A— B where (Q,w) is a measure space such that, for any a : A, pushing w forward
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through f°(-, a) gives the state f(a); that is, w induces a random choice of map f’(w,-) : A — B.
Similarly, under nice conditions, random dynamical systems and Markov processes do coincide,
although they have different suitability in applications.

In this section, we sketch how the generalized-coalgebraic structures developed above extend also
to random dynamical systems. We begin by defining the concept of measure-preserving dynamical
system, which itself requires the notion of measure space (in order that measure can be preserved);

we define the corresponding category abstractly, using a notion of slice category dual to that of

Definition [3.2.10

Definition 6.2.23. Suppose X is an object of a category £. The slice of £ under X, denoted X /&,
is the category whose objects (A, i) are morphisms X %, Aout of X in &, and whose morphisms

f: (A1) — (B, j) are the evident triangles:

2N

A—— B

There is a projection functor F' : X /€ — £ mapping each object (A, i) to A and each morphism
f:(Ai) > (B,j)tof: A— B.

We can use this notion to define a notion of ‘pointed’ category.

Definition 6.2.24. Let (C,®, I) be a monoidal category, D be a subcategory D < C, and let F
denote the projection I/C — C. We define the category D; to be the pullback category over the
diagram D — C Xil 1/C.

The category D, has objects ‘pointed’ by corresponding states in C, and its morphisms are those

that preserve these states. The category of measure spaces is obtained as an example accordingly.

Example 6.2.25. Consider the deterministic subcategory Meas — sfKrn. The pointed category
Meas, obtained from Definition [6.2.24]is the category whose objects are measure spaces (M, 1)
with p a measure 1-+>M, and whose morphisms f : (M, ) — (N, v) are measure-preserving
maps; i.e., measurable functions f : M — N such that v = f e i in sfKrn. Likewise, if P is a
probability monad on &, then we have £ < K/(P) and hence can understand &, as a category of

abstract measure spaces.

Proposition 6.2.26. There is a projection functor U : £, — & taking measure spaces (B, f3)

to the underlying spaces B and their morphisms f : (A,«a) — (B, ) to the underlying maps
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f: A — PB. We will write B to refer to the space in £ underlying a measure space (B, /3), in the

image of U.

Proof. The functor is obtained as the projection induced by the universal property of the pullback.
O]

Definition 6.2.27. Let (B, [3) be a measure space in £ < K{(P). A closed metric or measure-
preserving dynamical system (¢, ) on (B, 3) with time T is a closed dynamical system ¢ with
state space B : £ such that, for all ¢ : T, PJ(t) o3 = [3; that is, each ¥(t) is a (B, 3)-endomorphism
in 1/K((P).

Proposition 6.2.28. Closed measure-preserving dynamical systems in £ with time T form the
objects of a category Cat(BT, £,) whose morphisms f : (¢, ) — (1, ) are maps f : ¥(x) —
(%) in € between the state spaces that preserve both flow and measure, as in the following

commutative diagram, which also indicates their composition:

PI(x) —22 L py(s)

Proof. The identity morphism on a closed measure-preserving dynamical system is the identity
map on its state space. It is easy to check that composition as in the diagram above is thus both

associative and unital with respect to these identities. O

As we indicated in the introduction to this section, closed random dynamical systems are bundles

of deterministic systems over metric systems.

Definition 6.2.29. Let (¢, 3) be a closed measure-preserving dynamical system. A closed random
dynamical system over (1, ) is an object of the slice category Cat(BT, £)/v; it is therefore a

bundle of the corresponding functors.

Example 6.2.30. The solutions X (t,w;xz) : Ry x Q x M — M to a stochastic differential
equation dX; = f (¢, X;)dt + o(t, X;)dWy, where W : Ry x Q@ — M is a Wiener process in M,
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define a random dynamical system Ry x Q x M — M : (t,w,x) — X (t,w;xo) over the Wiener

base flow 0 : Ry x Q — Q: (t,w) — W(s +t,w) — W(t,w) forany s : R.

We can use the same trick, of opening up closed systems along a polynomial interface, to define
a notion of open random dynamical system — although at this point we do not have an elegant

concise definition.

Definition 6.2.31. Let (6, 3) be a closed measure-preserving dynamical system in £ with time
T, and let p : Poly,y, be a polynomial in £. Write §2 := §(x) for the state space of ¢, and let
7w : S — Q be an object (bundle) in £/€2. An open random dynamical system over (0, 3) on the
interface p with state space w : S —  and time T consists in a pair of morphisms ¥° : T x .S — p(1)
and 9% : > > p[v°(t,s)] — S, such that, for any section o : p(1) — ] )p[i] of p, the maps

t:T s:5 2:p(1
¥ : T x S — S defined as

9°(—)*o o
D8 ——=5 > N p[0°(—,5)] — S
t:T t:T s:5
form a closed random dynamical system in Cat(BT, £)/0, in the sense that, for all ¢ : T and

sections o, the following diagram commutes:

o *0’ u
§ O S plee(t )] — s s
J S.S J
Q Q

0(t)
Proposition 6.2.32. Let (0, 3) be a closed measure-preserving dynamical system in £ with time
T, and let p : Poly,y. be a polynomial in £. Open random dynamical systems over (6, 3) on
the interface p form the objects of a category RDyn" (p, ). Writing 9 := (7x,9°,9") and
¥ = (my,¥°,¢¥"),amorphism f : 9 — ¢pisamap f : X — Y in £ making the following diagram

commute for all times ¢ : T and sections o of p:

9°(t)*o YU (t
b v S pl[9°(t, )] = b
: X
TX X
TY Ty
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Identities are given by the identity maps on state-spaces. Composition is given by pasting of

diagrams.

Proposition 6.2.33. The categories RDyn” (p, §) collect into a doubly-indexed category of the
form RDyn" : Polyy, x Cat(BT, &) — Cat. By the universal property of the product x in
Cat, it suffices to define the actions of RDyn” separately on morphisms of polynomials and on
morphisms of closed measure-preserving systems.

Suppose therefore that ¢ : p — ¢ is a morphism of polynomials. Then, for each measure-
preserving system (6, 3) : Cat(BT, &), we define the functor RDyn" (¢, ) : RDyn"(p,0) —
RDyn"(q, ) as follows. Let ¥ := (mx : X — Q,9°,9%) : RDyn"(p, #) be an object (open
random dynamical system) in RDyn”(p, #). Then RDyn" (¢, 6)(?) is defined as the triple
(mx, @1 0 9°,9% o *pf) : RDyn"(q,6), where the two maps are explicitly the following
composites:

Tx X 2 p1) 2 q1), 3 Y aler o9t 2)] 25 30N p[oo(t 2)] 2 X
t:T x: X t:T x: X
On morphisms f : (mx : X — Q,9°,9%) — (7y : Y — Q,4°,¢%), the image RDyn" (¢, 8)(f) :
RDyn” (p,0)(7x,9°,9*) — RDyn" (g, 8)(my,1°,1") is given by the same underlying map
f X — Y of state spaces.

Next, suppose that ¢ : (6,8) — (¢',5’) is a morphism of closed measure-preserving
dynamical systems, and let ' := 6'(x) be the state space of the system ¢’. By Proposition
the morphism ¢ corresponds to a map ¢ : 2 — Q' on the state spaces that preserves
both flow and measure. Therefore, for each polynomial p : Poly;y., we define the functor
RDyn”(p, ¢) : RDyn"(p,6) — RDyn"(p,#’) by post-composition. That is, suppose given
open random dynamical systems and morphisms over (p, ) as in the diagram of Proposition
Then RDyn” (p, ¢) returns the following diagram:

9o (t)* o V(1)

X 2 plv°(t, )] X
: X
gomx pomx
! ’ ’ f
Q e Q
oty oy
Y ot Y
wo(t)*o, y%:/p[@z) ( 7y)] d)u(t)
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That is, RDyn"(p, ¢)(¥) := (¢ o mx,9°,9%) and RDyn"(p, ¢)(f) is given by the same

underlying map f : X — Y on state spaces.

6.3. Cilia: monoidal bicategories of cybernetic systems

Whereas it is the morphisms (1-cells) of process-theoretic categories—such as categories of lenses,
or the categories of statistical games to be defined in Chapter [7|-that represent open systems, it is
the objects (0-cells) of the opindexed categories Coalg that play this réle; in fact, the objects of
Coalg}, each represent both an open system and its (polynomial) interface. In order to supply
dynamical semantics for statistical games—functors from categories of statistical games to categories
of dynamical systems—we need to cleave the dynamical systems from their interfaces, making the
interfaces into 0-cells and systems into 1-cells between them, thereby letting the systems’ types
and composition match those of the games. Doing this is the job of this section, which we first
perform in the case of the general categories Coalg},, followed by the specific case of systems

generated differentially, as in the vector-field Examples and

6.3.1. Hierarchical bidirectional dynamical systems

To construct “hierarchical bidirectional systems”, we will associate to each pair of objects (A, S)
and (B, T) of a category of (for our purposes, Bayesian) lenses a polynomial [Ay®, By” | whose
configurations correspond to lenses and whose inputs correspond to the lenses’ inputs. The
categories Coalg%r; ([[Ays , ByTﬂ) will then form the hom-categories of bicategories of hierarchical
inference systems called cili(ﬂ and it is in these bicategories that we will find our dynamical
semantics.

Throughout this subsection, we will fix a category C of stochastic channels, defined by C :=
KCl(P) as the Kleisli category of a probability monad P : £ — &£, which we will also take to define
a category Polyp of polynomials with stochastic feedback. We will assume P to be a monoidal
monad, and we will write the monoidal structure on C as (®, I). Finally, we will assume that C is

enriched in its underlying category of spaces £.

Definition 6.3.1. Let BayesLens be the category of Bayesian lenses in C. Then for any pair of
objects (A, S) and (B, T) in BayesLens, we define a polynomial [Ay®, By’ ] in Polyp by

[[AyS, ByT]] — Z yC(I,A)XT )
I:BayesLens ((A,5),(B,T))

®or, more precisely, their corresponding opfibrations § Coalg?,
*Cilia’, because they “control optics”, like the ciliary muscles of the eye.
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Remark 6.3.2. We can think of [Ay®, By’ as an ‘external hom’ polynomial for BayesLens,
playing a role analogous to the internal hom [p, ¢] in Polyp. Its ‘bifunctorial’ structure—with
domain and codomain parts—is what enables cleaving systems from their interfaces, which are
given by these parts. The definition, and the following construction of the monoidal bicategory, are

inspired by the operad Org introduced by Spivak [240].

Remark 6.3.3. Note that [Ay®, By”] is strictly speaking a monomial, since it can be written
in the form Iy’ for I = BayesLens((4, 5), (B,T)) and J = C(I, A) x T. However, we have
written it in polynomial form with the view to extending it in future work to dependent lenses and

dependent optics [43}276]] and these generalized external homs will in fact be true polynomials.

Proposition 6.3.4. Definition[6.3.1]defines a functor BayesLens °® x BayesLens — Polyp.
Suppose ¢ := (c1,¢f) : (Z,R) + (A, S) and d := (dy,d?) : (B, T) - (C,U) are Bayesian lenses.
We obtain a morphism of polynomials [c, d] : [Ay®, By”] — [Zy®, CyY] as follows. Since the
configurations of [Ay”, ByT] are lenses (A, S) + (B, T), the forwards map acts by pre- and

post-composition:

[c,d]i :==d o (=) ¢ c : BayesLens((4, S), (B,T)) — BayesLens((Z, R), (C,U))

l—doloc

For each such [, the backwards map |c, d]]ljj hastype C(1,Z)®U — C(I,A)®T in C, and is

obtained by analogy with the backwards composition rule for Bayesian lenses. We define

ledl = C(1, 2) @ U <22, o1, A) @ U 2% (1, A) @ C(1, A) @ U - -

C(1,A)®l1 QU c( C(I,A)@dIQU
RS At i AkalA il

I,A)®C(I,B)®U C(I,ARCUT)QU - --

. C(I,A)@evU’T C(I A) ® T

where [ is the forwards part of the lens [ : (A, S) + (B,T),andc14 := C(I,¢1)andly, :=C(I,11)
are the push-forwards along c; and /1, and evy 7 is the evaluation map induced by the enrichment
of Cin &.

Less abstractly, with C = K/(P), we can write [c, d}]? as the following map in &, depicted as a
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string diagram:

PA

PZ

Clx

[e, dﬂ? =

PT

b
U d

Here, we have assumed that X((P)(I, A) = PA, and define d’ : PB x U — PT to be the image
of d* : PB — K((P)(U,T) under the Cartesian closure of £, and str : PA x PT — P(PA x T)
the (left) strength of the monoidal monad P.

The morphism [c, d]; acts to ‘wrap’ the lens [ by pre-composing with ¢ and post-composing with
d. The backwards component [c, d]}ﬁi therefore acts to take the inputs of the resulting composite

d ¢ 1 ¢ ¢ to appropriate inputs for /; that is, it maps a pair (7, u) to (c; e, dlﬁl_qw(u)).

Proof. We need to check that the mappings defined above respect identities and composition. It is
easy to see that the definition preserves identities: in the forwards direction, this follows from the
unitality of composition in BayesLens; in the backwards direction, because pushing forwards
along the identity is again the identity, and because the backwards component of the identity
Bayesian lens is the constant state-dependent morphism on the identity in C.

To check that the mapping preserves composition, we consider the contravariant and covariant
parts separately. Suppose b := (by,b*) : (Y, Q) - (Z,R) and e := (e1,¢e) : (C,U) - (D,V)
are Bayesian lenses. We consider the contravariant case first: we check that [c ¢ b, By'] =
[b, By™] o [c, By™]. The forwards direction holds by pre-composition of lenses. In the backwards
direction, we note from the definition that only the forwards channel ¢; plays a rdle in [c, ByTﬂlﬁ,
and that role is again pre-composition. We therefore only need to check that (c; e b)), = ¢14 0 b1y,
and this follows immediately from the functoriality of C(I, —).

We now consider the covariant case, that [Ay®, e ¢ d] = [Ay®, e] o [Ay®, d]. Once again, the
forwards direction holds by composition of lenses. For simplicity of exposition, we consider the

backwards direction (with C = K/(P)) and reason graphically. In this case, the backwards map on
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the right-hand side is given, for alens [ : (A, S) + (B, T') by the following string diagram:

PA

str ——
PA

PU

d

v e

It is easy to verify that the composition of backwards channels here is precisely the backwards

channel given by e ¢ d—see Theorem [4.3.14—which establishes the result. O

Remark 6.3.5. Above, we claimed that a monoidal monad P : £ — £ on a symmetric monoidal
category (€, x, 1) is equipped with a (left) strength stry )y : X x PY — P(X x Y), in the sense
of Definition [3.2.4] This can be obtained from the unit 7 and the laxator o of the monad as follows:

stryy : X x PY XY, px o opy 2, pix x Y)

Using the monad laws, a strength obtained in this way can be shown to satisfy the following axioms

(that the strength commutes with the monad structure), and so one may say that P is a strong

monad:
AxB
idAV XAXT
AxPB s P(A x B)
stra,pB P(StrA,B)
A x PPB P(A x PB) ———— PP(A x B)
AXMB\L lﬂAxB
AxPB an P(A x B)

Now that we have an ‘external hom’, we might expect also to have a corresponding ‘external
composition’, represented by a family of morphisms of polynomials; we establish such a family

now, and it will be important in our bicategorical construction.

Definition 6.3.6. We define an ‘external composition’ natural transformation ¢, with components

[Ay®, By ® [By”, CyY] — [Ay®,CyY]
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given in the forwards direction by composition of Bayesian lenses. In the backwards direction, for

each pair of lenses ¢ : (A,S5) - (B,T)and d : (B,T) - (C,U), we need a map
¢t CLARU - CI,ARTRC(I,B)@U)

which we define as follows:

%wzaLM®U1@LaLM®aLM®U®Um

. C(1,A)®c1 +QURQU

C(I,A)®C(I,B)U®U ---
_ C(I,A)Q ¥ RC(I,B)YQURQU

C(I,A)®C(I,B)®C(I,B)@U U
. C(I,A)RC(I,B)R@d'QURU c(

[LA®CI,BRCUTI®Y QU
. C(I,A)@C(I,B)evU,T(@U

C(I,A)®RC(I,B)®T®U

ALAER8Y, (1, A) @ T ®C(I, B)®U

where c1,, and evy 7 are as in[6.3.4]

With C = K/(P), we can equivalently (and more legibly) define Ci, 4 by the following string

diagram:

PA

PA T
Cly
c =
e " PB str
U
U

where d” and str are also as in Propositionm

We can therefore understand cg 4 as mapping forward and backward inputs for the composite
lens d ¢ ¢ to appropriate inputs for the constituent lenses ¢ and d; that is, cg’ 4 maps (m,u) to
(, dﬁcl.7r (u), 1 ® w,u). The resulting inputs to the lens ¢ are therefore (7, dﬁcl.7r (u)), and those to
d are (c1 o 7, u). (This is precisely as the law of lens composition stipulates: the forwards input to
d is obtained by pushing forwards through d; and the backwards input to c is obtained from the

backwards component of d.)
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We leave to the reader the detailed proof that this definition produces a well-defined natural
transformation, noting only that the argument is analogous to that of Proposition[6.3.4t one observes
that, in the forwards direction, the definition is simply composition of Bayesian lenses (which is
immediately natural); in the backwards direction, one observes that the definition again mirrors
that of the backwards composition of Bayesian lenses.

Next, we establish the structure needed to make our bicategory monoidal.

Definition 6.3.7. We define a distributive law d of [—, =] over ®, a natural transformation with

components
[[AyS,ByTﬂ ® [A/yS/,B'yT,}] - [[AyS ®A,yS,,ByT®B/yT/]] ’

noting that Ay® @ A'y% = (A® A')y5®5) and By ® B'y" = (B® B')yT®T"). The forwards
component is given simply by taking the tensor of the corresponding Bayesian lenses, using the

monoidal product (also denoted ®) in BayesLens. Backwards, for each pair of lenses ¢ : (4, S) -+

(B,T)and ¢ : (A", S") - (B',T'), we need a map
&, CULA®A)®T T — C(I,A) x T x C(I,A') x T’

for which we choose

C(I,A@A’)@T@T’I®—T®Z;C

. C(I,proj 4 )®C(I,proj 4/ )QTRT’

(ILLARANQCI,AQANQT T -

. LA, (1, )@ TR C(I, A) @ T’
where swap is the symmetry of the tensor ® in C. Note that dg o S0 defined does not in fact depend

on either c or .

We now have everything we need to construct a monoidal bicategory Cilia;rp of dynamical
hierarchical inference systems in C, following the intuition outlined at the beginning of this section.
We call systems over such external hom polynomials cilia, as they “control optics”, akin to the
ciliary muscles of the eye. In future work, we will study the general structure of these categories
and their relationship to categorical systems theory [191, 192] and related work in categorical

cybernetics [51].

Definition 6.3.8. Let Cilian denote the monoidal bicategory whose 0-cells are objects

A,S) in BayesLens, and whose hom-categories Ciliak ((4,9),(B,T)) are given by
P
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Coalg;r;([[AyS,ByT]]). The identity 1-cell id 4y : (4,5) — (A,S) on (4,5) is given by
the system with trivial state space 1, trivial update map, and output map that constantly emits
the identity Bayesian lens (A, S) - (A, S). The composition of a system (A, S) — (B, T) then a
system (B,T) — (C,U) is defined by the functor

Ciliap((4, 5), (B, T)) x Ciliap((B,T), (C,U))
= Coalg%([AyS,ByT]]) X Coalg%([ByT,C’yUﬂ)
2 Coalg ([Ay°, By'] ® [By", CyV])

oalgh (c
Lo, Goalgh([4y®, CyV]) = Ciliah((4, ), (C, 1))

where A is the laxator and c is the external composition morphism of Definition

The monoidal structure (®), y) on Cilia;rp derives from the structures on Poly, and BayesLens,
justifying our overloaded notation. On 0-cells, (4, 5) ® (A", S") := (A® A, S® S’). On 1-cells
(A,S) - (B,T)and (A", S") — (B',T"), the tensor is given by

Cilia},((4,5), (B,T)) x Ciliap ((4', '), (B, T")
= Coalg};([AyS,ByT]]) X Coalg};([A’yS/,B'yT,}])
A ’ /
= Coalgp ([Ay®, By | @ [A'y®, B'y"'])

Coalgh,(d)

Coalgy ([[Ays ® A'yY, By" ® B,yTlﬂ)

= Cilia} (4, 9) ® (4, 5),(B,T) ® (B, T")
where d is the distributive law of Definition[6.3.7] The same functors
Cilia}, (4, S), (B,T)) xCilia}, (4, S'), (B',T")) — Cilia}, (4, S)®(A’,S"), (B, T)®(B',T"))

induce the tensor of 2-cells; concretely, this is given on morphisms of dynamical systems by taking

the product of the corresponding morphisms between state spaces.

We do not give here a proof that this makes Cilia;rp into a well-defined monoidal bicategory;
briefly, the result follows from the facts that the external composition c and the tensor ® are
appropriately associative and unital, that Coalg}; is lax monoidal, that [—, =] is functorial in both
positions, and that [—, =] distributes naturally over ®.

Before we move on, it will be useful to spell out concretely the elements of a ‘cilium’ (a 1-cell)

(A,S) — (B, T) in Cilia).
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Proposition 6.3.9. Suppose P is a monad on a Cartesian closed category £. Then a 1-cell ¥ :

(A, S) — (B, T) in Cilia}, is given by a tuple ¢ := (X, 99,93, 9*) of
« a choice of state space X,
« aforwards outputmap 97 : T x X x A - PBin €,
+ a backwards output map 9§ : T x X x PAxT — PSin &, and
« anupdatemap 9" : T x X x PAxT - PX in€,

satisfying the ‘flow’ condition of Proposition

Proof. The result follows immediately upon unpacking the definitions, using the Cartesian closure

of €. O

6.3.2. Differential systems

Approximate inference doctrines describe how systems play statistical games, and are particularly
of interest when one asks how systems’ performance may improve during such game-playing. One
prominent method of performance improvement involves descending the gradient of a statistical
game’s loss function, and we will see below that this method is adopted by both the Laplace and
the Hebb-Laplace doctrines. The appearance of gradient descent prompts questions about the
connections between such statistical systems and other ‘cybernetic’ systems such as deep learners or
players of economic games, both of which may also involve gradient descent [51, 74]; indeed, it has
been proposed [54] that parameterized gradient descent should form the basis of a compositional
account of cybernetic systems in generaﬂ

In order to incorporate gradient descent explicitly into our own compositional framework,
we follow the recipes above to define here first a category of differential systems opindexed by
polynomial interfaces and then a monoidal bicategory of differential hierarchical inference systems.
We then show how we can obtain dynamical from differential systems by integration, and sketch

how this induces a “change of base” from dynamical to differential hierarchical inference systems.

“Our own view on cybernetics is somewhat more general, since not all systems that may be seen as cybernetic are
explicitly structured as gradient-descenders, and nor even is explicit differential structure always apparent. In earlier
work, we suggested that statistical inference was perhaps more inherent to cybernetics [251], although today we
believe that a better, though more informal, definition of cybernetic system is perhaps “an intentionally-controlled
open dynamical system”. (Slightly more formally, we can understand this as “an open dynamical system clad in a
controller”, with the possible ‘cladding’ collected into a fibration over systems of each given type.) Nonetheless, we
acknowledge that this notion of “intentional control” may generally be reducible to a stationary action principle,
again indicating the importance of differential structure. We leave the statement and proof of this general principle
to future work.
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Differential systems require differential structure, but we are here still concerned with statistical
systems whose time evolution is stochastic. This means that a differential system will be given by
a stochastic vector field: a stochastic section of the tangent bundle over the system’s state space.
However, as we have seen, the state spaces of stochastic systems are naturally found in a category
of measurable spaces, but such a categorical setting does not generally supply differential structure
too, and without this we cannot define tangent bundles. This poses our first hurdle.

We will not here entirely vault this hurdle, for the interplay of randomness and smoothness is
subtle and untangling it is not our purpose in this thesis. However, we can overcome it in a manner
which is satisfactory for our present needs, by noting that all our state spaces of later interest will
be Euclidean, meaning that we can equip them with their standard Borel measurable structure. In

future work, we hope to generalize this situation, possibly using the notion of relative monad [8].

Definition 6.3.10. Let Euc denote the category whose objects are finite-dimensional Fuclidean

spaces R™ and whose morphisms are smooth maps between them.

Euclidean spaces are trivially manifolds: the tangent space over each point z € R" is again
R"™. Hence, if X is a Euclidean space, then the tangent bundle TX — X is simply the projection
X x X — X mapping (z,v) to x. As in general differential geometry, T yields a functor Euc —

Euc.

Proposition 6.3.11. The tangent bundle functor T : Euc — Euc maps each Euclidean space R"
to R” x R™ and each smooth map f : R™ — R to its differential df : R™ x R™ — R" x R",
which in turn maps (z,v) to (f(x), 35 f(v)), where 0, f denotes the (total) derivative of f at z,

which can be represented by its n x m Jacobian matrix.

Remark 6.3.12. Differentials compose by pushforward, which yields the chain rule of differential
calculus. Earlier we have seen that chain rules indicate the presence of a fibration, and indeed this
is also the case here: T is properly a functor into the fibration of vector bundles over the category
of spaces; composing this functor with the projection out of the fibration yields the endofunctor

we have sketched in the preceding proposition.

Ordinary differential equations define vector fields, which are (deterministic) sections of the
tangent bundle over a space; these are deterministic closed differential systems. We are interested
in open differential systems that may have effectful (e.g. stochastic) evolution: for openness, we will
use the trick of for stochasticity, we will need stochastic sections, which means transporting

the tangent bundles into a category of stochastic maps and considering their sections there.
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Proposition 6.3.13. There is a functor J : Euc — Meas that takes each Euclidean space and
exhibits it as a measurable space equipped with its standard Borel o-algebra, and which takes each

smooth map and exhibits it as a measurable function. This functor preserves products.

Proposition 6.3.14 (Heunen et al. 131} §IILB]). There is a functor R : Meas — QBS which is

full and faithful when restricted to the subcategory Borel < Meas of standard Borel spaces.

Using these functors, we can transport a tangent bundle 7x : TX — X in Euc to QBS, as
RJ7mx. Then, if we let P : QBS — QBS denote the probability monad on quasi-Borel spaces
introduced in Example we can take the sections of RJ7mx in K/(P) to be the stochastic
vector fields over the space X. Moreover, since QBS is finitely complete and Cartesian closed, it is
sufficiently structured that we may instantiate the category Polyp of polynomials with P-effectful
feedback.

Using these two ideas, we may define our desired categories of stochastic differential systems.

Recall that morphisms Ay® — p in Polyp correspond to morphisms A->pB in K{(P).
Notation 6.3.15. In this section, let us write (:) to denote the functor R.J : Euc — QBS.

Definition 6.3.16. For each p : Polyp, define a category DiffSys(p) as follows. Its objects are
pairs (M, m) of a Euclidean space M : Euc and a morphism m : M ym — p of polynomials in
Polyp, such that for any section o : p — y of p, the composite morphism o o m : Mym -y
corresponds to a stochastic section m? : M-+>TM of the tangent bundle TM — M under RJ.
A morphism « : (M, m) — (M',m') in DiffSys(p) is a smooth map o : M — M’ in Euc such

that the following diagram commutes:

M —" s pTM

S

M/ﬁp:l:\M_/l
m

We obtain a monoidal opindexed category from this data in much the same way as we did for

Coalg”.

Proposition 6.3.17. DiffSys defines an opindexed category Poly, — Cat. Given a morphism
¢ : p — q of polynomials, DiffSys(yp) : DiffSys(p) — DiffSys(q) acts on objects by

postcomposition and trivially on morphisms.

Proposition 6.3.18. The functor DiffSys is lax monoidal (Poly,,®,y) — (Cat, x, 1).
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Proof sketch. Note that T is strong monoidal, with T(R?) = R? and T(M) x T(N) = T(M x N),
that RJ preserves products, and that RJ(R") = 1. The unitor 1 — DiffSys(y) is given by the
isomorphism @)y?ﬁﬁ ~ 1y! =~ y induced by the strong monoidal structure of T. The laxator
Ap,q - DiffSys(p) x DiffSys(¢) — DiffSys(p ® ¢) is similarly determined: given objects m :
Mym — pand n : ]\nyﬁv — g, take their tensor m ® n : (]\7@ N)yﬁJ@ﬁV - p®q
and precompose with the induced morphism (W N )yT(WN ) — (]\7 QN )ym@)m; proceed

similarly on morphisms of differential systems. The satisfaction of the unitality and associativity

laws follows from the monoidality of T. O]

We now define a monoidal bicategory DiffCilia of differential hierarchical inference systems,

following the definition of Cilia above.
Definition 6.3.19. Let DiffCilia denote the monoidal bicategory whose 0-cells are the objects
(A, S) of BayesLensyp) and whose hom-categories DiffCilia((4, S), (B,T)) are given by
DiffSys([Ay®, By']). The identity 1-cell id(45) : (A,5) — (A,S) on (A,S) is given by
the differential system y — [Ay®, By” | with state space RY, trivial backwards component, and
forwards component that picks the identity Bayesian lens on (A, S). The composition of differential
systems (A, S) — (B, T) then (B,T) — (C,U) is defined by the functor

DiffCilia((4, S), (B,T)) x DiffCilia((B,T), (C,U))

= DiffSys([Ay®, By"]) x DiffSys([By", Cy"])

A DiffSys([[AyS, Byl ® [By', CyUﬂ)

DifSys©), piftSys([Ay®, 0yV]) = DiffCilia((4, S), (C,U))

where ) is the laxator of Proposition[6.3.18]and c is the external composition morphism of Definition
.3.6
The monoidal structure (®, y) on DiffCilia is similarly defined following that of Cilia;ﬂ;. On

0-cells, (A4, S)® (A, 5") == (AR A, S®S’). On 1-cells (A4, S) — (B,T) and (A", S") — (B, T")
(and their 2-cells), the tensor is given by the functors

DiffCilia((4, S), (B,T)) x DiffCilia((A’, S"), (B',T"))

= DiffSys([Ay®, By"]) x DiffSys([A'y*", B'y"'])

2 DiffSys([Ay°, By"] @ [A'y*, B'y")

DIy, DiffSysp ([Ay° ® Ay, By’ @ B'y"'])
= DiffCilia((4,5) ® (4',5"),(B,T)® (B',T"))

257



where d is the distributive law of Definition[6.3.7]

Following Proposition [6.3.9] we have the following characterization of a differential hierarchical
inference system (A, S) — (B, T) in K((P).

Proposition 6.3.20. A 1-cell 6 : (A,S) — (B,T) in DiffCilia is given by a tuple ¢ :=
(X, 69,03, 0%) of

« a choice of state space X : Euc;

+ aforwards output map 69 : X x A— PB,

+ a backwards output map 49 : X x PAxT — PS,
« a stochastic vector field 5% : X x PAx T — PTX.

At least for deterministic differential systems, we can obtain continuous-time dynamical systems
from differential systems by integration. We may then discretize these flows to give discrete-time

dynamical systems.

Proposition 6.3.21. For the purposes of this proposition, let P be the identity monad on a
finitely complete category € of manifolds, let (=) be the corresponding inclusion Euc < &,
and let DiffSys be instantiated accordingly. Then integration induces an indexed functor Flow :

DiffSys — Coalg%

Proof. Suppose (M, m) is an object in DiffSys(p). The morphism m : Mym — p consists of
functions my : M — p(1) and m? : 2 g7 plmi(z)] — TM. Since, for any section o : p — v, the
induced map m? : M — TM is a vector field on a compact manifold, it generates a unique global

flow Flow(p)(m)? : R x M — M [167, Thm.s 12.9, 12.12], which factors as

ZM m—l*o) Z Z p[ml(x)] Flow(p)(m)* M
t:R tR .07

We therefore define the system Flow(p)(m) to have state space M, output map m; (for all ¢ : R),
and update map Flow(p)(m)*. Since Flow(p)(m)? is a flow for any section o, it immediately
satisfies the monoid action condition. On morphisms « : m — m/, we define Flow(p)(«) by
the same underlying map on state spaces; this is again well-defined by the condition that « is
compatible with the tangent structure. Given a morphism ¢ : p — ¢ of polynomials, both the
reindexing DiffSys() and Coalgh () act by postcomposition, and so it is easy to see that

Coalgh () o Flow(p) = Flow(q) o DiffSysp (i) naturally. O
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Remark 6.3.22. The question of integration of stochastic systems is more vexed and we will not

treat it in this thesis.

Not only may we integrate a differential system to obtain a continuous-time dynamical system,

we can also variously discretize the continuous-time system to obtain a discrete-time one.

Proposition 6.3.23. Any map f : T — T of monoids induces an indexed functor (a natural

transformation) Coalg;r; — Coalgg .

Proof. We first consider the induced functor Coalgp(p) — Coalgh (p), which we denote by
Az}. Note that we have a morphism [ fy,p] : [Ty,p] — [Ty, p] of polynomials by substitution
(precomposition). A system [ in Coalg% is a morphism Sy® — [Ty, p] for some S, and so we
define A?(ﬁ) to be [f,p] o B : Sy° — [Ty,p] — [T'y,p]. To see that this satisfies the monoid
action axiom, consider that the closure AZ} (8)? for any section o : p — y is given by

35 U S S 0,9 7 5

¢ tT’ S
which is an object in the functor category Cat (B’]I" , Kl (77)) since f is a monoid homomorphism.
On morphisms of systems, the functor A’} acts trivially.

To see that A ¢ collects into an indexed functor, consider that it is defined on each polynomial p

by the contravariant action [f, p] of the internal hom [—, =], and that the reindexing Coalg” (¢)
for any morphism ¢ of polynomials is similarly defined by the covariant action [Ty, ¢]|. By

the bifunctoriality of [—, =], we have [T'y, ¢] o [fy,p] = [fy,¢] = [fy,q] o [Ty, ¢], and so
Coalg} () o Al = A% o Coalgp. O

Corollary 6.3.24. For each k : R, the canonical inclusion ¢, : N < R : ¢ — ki induces a

corresponding ‘discretization’ indexed functor Discy, := A, : Coalgy — Coalg?.

Remark 6.3.25. From Proposition and Corollary we obtain a family of composite
indexed functors DiffSys Flow, Coalg% Discs, Coalgg taking each differential system to a
discrete-time dynamical system in C. Below, we will define approximate inference doctrines in
discrete time that arise from processes of (stochastic) gradient descent, and which therefore factor
through differential systems, but the form in which these are given—and in which they are found
in the informal literature (e.g., Bogacz [33]])—is not obtained via the composite Discy, o Flow for any
k, even though there is a free parameter k that plays the same role (intuitively, a ‘learning rate’).
Instead, one typically adopts the following scheme, sometimes known as Euler integration or the

Euler method.

259



Euler integration induces a family of indexed functors Euler; : DiffSys — Coalg7N;, for

" m) over a fixed polynomial p, with m :

k : R, which we illustrate for a single system (R
R7R**R" . p. This system is determined by a pair of morphisms m; : R® — p(1) and
m* Y pa p[mi(z)]-R™ x R", and we can write the action of m* as (z,y) — (z, v, (y)).

Using these, we define a discrete-time dynamical system 3 over p with state space R". This
B is given by an output map (°, which we define to be equal to m;, 8° := my, and an update
map 3% : Y, gn p[B°(x)]R", which we define by (x,y) — « + kv, (y). Together, these define a
system in Coalg%\; (p), and the collection of these systems 3 produces an indexed functor by the
definition Eulerg(p)(m) := .

By contrast, the discrete-time system obtained via Discy, o Flow involves integrating a continuous-
time system for k units of real time for each unit of discrete time: although this in general produces
a more accurate simulation of the trajectories implied by the vector field, it is computationally
more arduous; to trade off simulation accuracy against computational feasibility, one may choose a

more sophisticated discretization scheme than that sketched above, or at least choose a “sufficiently

small” timescale k.

Finally, we can use the foregoing ideas to translate differential hierarchical inference systems to

dynamical hierarchical inference systems.

Corollary 6.3.26. The indexed functors Discy, : Coalg% — Coalgg, Flow : DiffSys —
Coalg%, and Euler; : DiffSys — Coalgg\; induce functors (respectively) HDiscy, : Ciliag% -
Cilial}, HFlow : DiffCilia — Cilia} and HEuler;, : DiffCilia — Cilial} by change of base of

enrichment.
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7. Approximate inference doctrines for
predictive coding

The construction of the predictive coding models that underlie the theory of the Bayesian brain
involves mapping a (‘generative’) statistical model, representing how the modeller believes the
brain to understand the world, to a dynamical system which plays the réle of the neural circuits
which are hypothesized to instantiate that model. This dynamical system is then simulated and the
resulting trajectories studied: for instance, to compare with experimental neural or psychological
data, or to judge against a synthetic benchmark.

Typically, both the generative model and the resulting dynamical systems are ‘modular’, and
the mapping from the former to the latter preserves this structure: that is to say, predictive coding
forms an example of functorial semantics, of which we saw a rudimentary example in when we
considered an algebra of rate-coded neural circuits. This chapter makes this functoriality explicit,
which we hope to have a useful scientific consequence: it often seems to be the case that researchers
manually derive complicated dynamical systems from their statistical models [21} 48} 76,108, 148,
264} 1265]] [205, Chapter 5], but once functoriality is established, this manual labour is unnecessary;
the functor represents a machine with which the process may be automated.

We call such functors approximate inference doctrines. In defining them, we bring together the
statistical games of Chapter |5 (which supply the ‘syntax’ of generative models) and the open
dynamical systems of Chapter [6|(which supply the ‘semantics’), and we explain precisely how these
doctrines may factorize through the various components we have seen: the stochastic channels,
the inference systems, the loss models, the differential systems, and the cilia. This is the work of
which also establishes the functoriality of predictive coding under the (Laplacian) free energy
principle. Before we get there, we construct some final pieces of technical machinery, aspects of
which we have seen before: stochastic channels with Gaussian noise, to model functions of the
form f(z) + w with w Gaussian-distributed (§7.1); and externally parameterized Bayesian lenses,

so that our constructions have the freedom to learn (§7.2).
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7.1. Channels with Gaussian noise

Our motivating examples from the predictive coding literature in computational neuroscience are
defined over a subcategory of channels between Cartesian spaces with additive Gaussian noise
(33l 48, |101]; typically one writes x — f(z) + w, with f : X — Y a deterministic map and w
sampled from a Gaussian distribution over Y. This choice is made, as we saw in §5.3.3.4] because
it permits some simplifying assumptions, and the resulting dynamical systems resemble known
neural circuits.

In this section, we develop some categorical language in which we can express such Gaussian
channels, expanding on the informal definition given in Remark [5.3.29} We do so by thinking of
x — f(z) + w as a map parameterized by a noise source, and so to construct a category of such
channels, we can use the Para construction, following Proposition [3.2.3] Because the noise comes
from the parameter, we need a category whose objects are spaces equipped with measures. For this,
we can use the ‘pointing’ construction introduced in as we saw in Example this gives
us a category of measure spaces. The next step is to spell out an actegory structure that induces

the parameterization we seek.

Proposition 7.1.1. Suppose (C,®, I) is a monoidal category, and suppose D < C is a subcategory
to which the monoidal structure restricts. Then there is a D -actegory structure D, — Cat (D, D)
on D as follows. For each (M, p) : Dy, define (M, ) % (—) : D —> Dby (M,p) * X := M ® (—).
For each morphism f : (M, u) — (N, v) in Dy, define f * (—) := f ® (—).

Proof sketch. The action on morphisms is well-defined because each morphism f : (M, pu) —
(N, v) in D, projects to amap f : M — N in D; it is clearly functorial. The unitor and associator
of the actegory structure are inherited from the monoidal structure, and they satisfy the actegory

axioms for the same reason. O

Remark 7.1.2. Note that the construction of = is easily extended to an action on the whole of C.

We will however be concerned only with the action of D, on D.

When we instantiate * in the context of Meas — sfKrn, the resulting Para bicategory
Para(x) can be thought of as a bicategory of maps each of which is equipped with an independent
noise source; the composition of maps takes the product of the noise sources, and 2-cells are
noise-source reparameterizations.

In this case, the actegory structure * is moreover symmetric monoidal, and the 1-categorical

truncation Para(x); (cf Proposition|3.2.8) is a copy-delete category, as we now sketch.
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Proposition 7.1.3. Suppose (C,®, I) is a symmetric monoidal copy-discard category, and let
the symmetry and copy-discard structure restrict to D < C. Then Para(x); is also a symmetric

monoidal copy-delete category.

Proof sketch. The monoidal structure is defined following Proposition [3.2.5] We need to define a
right costrength p with components (N, v) * (X ®Y) — X ® ((NV,v) * Y). Since = is defined by
forgetting the pointing and taking the monoidal product, the costrength is given by the associator

and symmetry in D:
(N,1)*(X®Y) = N®(X®RY) = NR(YRX) = (NQY)®X — XQ(NRY) = XQ((N,v)+Y)

As the composite of natural isomorphisms, this definition gives again a natural isomorphism; the
rest of the monoidal structure follows from that of the monoidal product on C.

We now need to define a symmetry natural isomorphism Sxy : X Y — Y ® X in Para(x).
This is given by the symmetry of the monoidal product in D, under the embedding of D in Para(x)
that takes every map to its parameterization by the monoidal unit.

The rest of the copy-delete structure is inherited similarly from C via D. O

When C is a category of Markov kernels, we will typically think of the morphisms of Para(x);
as kernels whose uncertainty arises from a noisy parameter. To formalize this we can push forward

the noise to obtain again a morphism in C. This yields a functor Push : Para(x); — C.

Proposition 7.1.4. There is a strict monoidal functor Push : Para(x); — C. Given a morphism
in Para(x); represented by f : X LN Y, let Push(f) be the composite f o (u®idx) : XY

inC.

Proof sketch. First, the given mapping preserves identities: the identity in Para(x) is trivially

parameterized, and is therefore taken to the identity in C. The mapping also preserves composites, by
Q7

the naturality of the unitors of the symmetric monoidal structure on C. Thatis, given f : X (), Y

(©,v) (00Q,rQu)

and g : Y —— Z, their composite go f : X Z is taken to

X511 X228 0000 x4z
where here g o f is treated as a morphism in C. Composing the images of g and f under the given

mapping gives

X5l X% o xdhyvsiey @0y bz

263



which is equal to
X»1elex 2NN egoe x 2 ogyhs

which in turn is equal to the image of the composite above.
Since the monoidal structure on Para(x) is inherited from that on C (with identical objects), the

embedding is strict monoidal. O

Remark 7.1.5. Note that Push is not an embedding, since the mapping on hom sets need not
be injective: pushing forward the noise of two parallel morphisms in Para(x); may yield equal
morphisms in C without the noise sources being isomorphic, and hence without the original
morphisms being equivalent in Para(x); that is to say, the parameterization of noise sources is

not generally unique.
We now restrict our attention to Gaussian morphisms in C = sfKrn.

Definition 7.1.6. We say that f : XY in sfKrn is Gaussian if, for any = : X, the measure f(z)
is Gaussia Similarly, we say that f : X (), Y in Para(x) is Gaussian if its image under Push
is Gaussian. We will write Gauss to denote the subcategory of sfKrn generated by Gaussian
kernels and their composites; likewise, we will write Gauss, to denote the Gaussian subcategory

of Para(x). Given a separable Banach space X, we will write Gauss(X) for the space of Gaussian

states on X.

Example 7.1.7. Random functions of the form x — f(z) + w, where w : Q is distributed
according to a Gaussian, are therefore morphisms in Gauss.. Under the embedding into Gauss,
the corresponding kernel emits, for each x : X, a Gaussian distribution with mean f(x) + .,

where 1, is the mean of the Gaussian random variable w, and variance the same as that of w.

Remark 7.1.8. In general, Gaussian morphisms are not closed under composition: pushing a
Gaussian distribution forward along a nonlinear transformation will not generally result in another
Gaussian. For instance, consider the Gaussian functions z — f(z) + w and y — g¢(y) + .
Their composite in Gauss, is the morphism z — g¢(f(z) + w)) + w'; even if g(f(z) + w)) is
Gaussian-distributed, the sum of two Gaussians is in general not Gaussian, and so g (f(z) +w)) +w’
will not be Gaussian. This non-closure underlies the power of statistical models such as the

variational autoencoder, which are often constructed by pushing a Gaussian forward along a

"We admit Dirac delta distributions, and therefore deterministic morphisms, as Gaussian, since delta distributions can
be seen as Gaussians with infinite precision.

264



learnt nonlinear transformation [[155]], in order to approximate an unknown distribution; since
sampling from Gaussians is relatively straightforward, this method of approximation can be
computationally tractable. The Gauss construction here is an abstraction of the Gaussian-
preserving transformations of Shiebler [232], and is to be distinguished from the category with
the same name introduced by Fritz [[109], whose morphisms are affine transformations (which do
preserve Gaussianness) and which are therefore closed under composition; there is nonetheless an

embedding of Fritz’s Gauss into our Gauss.

For Laplacian statistical games (in the image of LFE), and for the associated approximate inference

doctrines, we are interested only in Gaussian channels between finite-dimensional Cartesian spaces

R™ forn : N.

Definition 7.1.9. Denote by FdGauss the full subcategory of Gauss spanned by the objects R™
forn : N.

Proposition 7.1.10. Every channel ¢ : XY in FdGauss admits a density functionp, : ¥ x X —
[0, 1] with respect to the Lebesgue measure on Y. Moreover, since Y = R" for some n : N,
this density function is determined by two maps: the mean p. : X — R", and the covariance
Yo : X > R™™in £ We call the pair (fi,,, 2¢) : X — R™ x R"*™ the statistical parameters of ¢

(to be distinguished from any parameterization in the category-theoretic sense of §3.2).

Proof. The density function p. : Y x X — [0, 1] is defined by

log pe(y|r) = % <6c(y, 2), () ey, :c)> —log+/(2m)" det X ()

where the ‘error’ function €. : Y x X — Y is defined by €.(y, z) := y — pc(x). O

7.2. Externally parameterized Bayesian lenses and statistical games

The statistical games of Chapter [5|are simply Bayesian lenses equipped with loss functions. Given a
statistical game, its lens is therefore fixed, and the only way to a high score on its loss is through its
openness to the environment—the dependence on a prior and an observation. But this seems like a
strange model of adaptive or cybernetic systems, which should also be free to change themselves
in order to improve their performance.

Indeed, this changing-oneself is at the heart of the construction of approximate inference

doctrines, and in order to incorporate it into the structure, there must be some more freedom in
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the model: the freedom to choose the lens. This freedom is afforded by the use of parameterized

statistical games, and in particular, externally parameterized statistical games, in the sense of §3.2.2]

Remark 7.2.1. It is of course possible to define an actegorical (internal) parameterization of

statistical games, but this seems to prove more complicated than necessary for our purposes.

In advance of our use of external parameterization in the construction of approximate inference
doctrines, recall that we denote the external parameterization of an enriched category C in its base
of enrichment £ by PC. This section is dedicated to exhibiting the external parameterizations
PBayesLens, and PSGame of Bayesian lenses and statistical games, and the notion of

parameterized loss model.

Remark 7.2.2. Because BayesLens, and SGame are both bicategories, they are weakly enriched
in Cat. Consequently, following Remark [3.2.12] P has the type Cat-Cat — (Cat-Cat)-Cat,
or equivalently, Bicat — Tricat. This means that, in full generality, PBayesLens, and
PSGame are tricategories: if B is a bicategory, then the hom-bicategory PB(a,b) is the
bicategory Cat/B(a, b). Because we are now working with weakened structures (weak enrichment,

bicategories, lax loss models), we take this to be a lax slice of Cat.
We pause to define this new notion, generalizing our earlier Definition [3.2.10|(slice category).

Definition 7.2.3. Suppose X is a 0-cell in a bicategory B. The lax slice of B over X, denoted B/ X,
is the following bicategory. Its 0-cells are pairs (A, p) where A is a 0-celland pisa 1-cell A — X
in B. A 1-cell (A, p) — (B, q) is a pair (f, ¢) where fisa 1-cell A - Band ¢isa2-cellp = go f

P N
9]

=
X

A2-cell (f,¢) = (g,7)isa2-cell a: f = g in B such that

in B3, as in the diagram

¢ goa vy
P qo f gog = p=—=qog

(In this definition, o denotes horizontal composition in B.) The horizontal composition in B/X is
given in the obvious way by the horizontal composition of the relevant 1- and 2-cells. Likewise,
vertical composition in B/X is vertical composition in . (It is easy to check that these definitions

all satisfy the relevant axioms, hence constituting a valid bicategory.)
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We will see how this structure works in practice in our examples of parameterization below.

Remark 7.2.4. To avoid venturing into 3- and 4-dimensional category theory, we will restrict the
hom-bicategories of PBayesLens, and PSGame to be locally discrete, with the parameterizing
objects being mere sets (treated as discrete categories). Strictly speaking, our parameterizing sets
will be the underlying sets of differential manifolds — specifically, the trivial manifolds R™ — and we
could treat them properly as parameterizing categories by using their groupoidal (path) structure,
but we do not pursue this here. (Alternatively, we could follow the idea of Proposition [3.2.8and
truncate the hom-categories by quotienting by connected components; but this turns the 1-cells
into equivalence classes of functors, which are again more complicated than we have the need or

appetite for here.)

Restricting P to discrete parameterization means that we instantiate PBayesLens, and
PSGame as follows. Both being constructed over Copara,(C), we build up from PCopara,(C),

after first sketching the horizontal composition of externally parameterized bicategories.

Remark 7.2.5. Given a bicategory B, horizontal composition in PB is obtained from the strong
monoidal structure of the covariant self-indexing (which follows from the universal property of
the product of categories) and the horizontal composition in . For each triple of 0-cells a, b, ¢ : B,

the composition pseudofunctor is given by

PB(b,c) x PB(a,b) = Cat/B(b,c) x Cat/B(a,b) ---
Cat/oa’b’c

- = Cat/(B(b, c) x B(a,b)) Cat/B(a,c) = PB(a,c) .

Observe that this generalizes the lower-dimensional case of Definition [3.2.11} first, we take the

product of the parameterizing functors, and then we compose in their codomain.

Example 7.2.6. The 0-cells of PCopara,(C) are the 0-cells of Copara,(C), which are in turn
the objects of C. A 1-cell from X to Y is a choice of (discrete) parameterizing category (hence a
set) ©, along with a functor © — Copara,(C)(X,Y'). More intuitively, we can think of such a
1-cell as a morphism in C that is both (externally) parameterized and (internally) coparameterized,
and write itas f : X % Y, denoting a 1-cell with parameter © (in the base of enrichment of C),
domain X, codomain Y, and coparameter M.

A 2-cell from f : X % Ytof :X % Y is a pair (¢, ¢) of a functor ¢ : © — O and a

natural transformation ¢ : f = f’ o ¢. The functor ¢ changes the parameterization; and the
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natural transformation ¢ permits additionally a compatible change of coparameterization, being

given by a natural family of 2-cells in Copara,(C)
0. (0. x 0%, 190) .y 20
go.(f.XMY):>(f X — Y)

indexed by the parameters § : ©. (With discrete parameterization, such a family is trivially
natural.) Recalling the definition of Copara, in Theorem 5.2.1] this means that each component
¢? corresponds to a morphism X ® M ® Y — N in C satisfying the change of coparameter axiom

with respect to f? and f/¢(9).

Horizontal composition in PCopara, (C) is as sketched in Remark|7.2.5} given 1-cells f : X %

Yandg:Y % Z, their composite is the evident go f : X % Y S—]\ZI> Z whose parameter is the
product 2 x © and whose coparameter is the tensor of M and N. The horizontal composition
of 2-cells is likewise by first forming the product of their parameters. Vertical composition in

PCopara,(C) is given by the horizontal composition in each lax slice hom (bi)category.
The structure of PBayesLens, and PSGame follows the same pattern.

Example 7.2.7. The 0-cells of PBayesLens, are the same pairs (X, A) as in BayesLens,. A
1-cell from (X, A) to (Y, B) is a biparameterized Bayesian lens: a pair (¢, ¢’) of a biparameterized
forwards channel ¢ : X —S{—»Y and a biparameterized inversion (state-dependent) channel ¢’ :
B%Zi»/l; here we have denoted the state-dependence and the parameterization together as O; X.
(Note that in all our examples, the forwards and backwards coparameters will be equal, i.e., M = M’;

cf. Remark[5.2.21| on dependent optics.)

A 2-cell from (¢, ¢) : (X, A)EQM—/%Y, B)to (d,d) : (X, A)ﬁv(yp B) is a triple (v, ay, o)
such that « is a functor © — §, («, 1) is a 2-cell ¢ = d in PCopara,(C) (cf. Example[7.2.6), and
(a, ') is a 2-cell ¢ = d’ in PStaty(X)(B, A). The latter means that ¢ is a family of 2-cells in

Copara,(C)(B, A)

o (0B Y5 A) = (do® , p 2O,
M 4 N/

™ m

A)

natural in 6 : © and indexed by 7 : C(I, X). (The preceding example shows how this corresponds
to an indexed natural family of change-of-coparameter morphisms in C.)

Horizontal composition in PBayesLens, is of course by taking the product of the parameters
and then applying horizontal composition in BayesLens,; and vertical composition is horizontal

composition in the lax slices making up each hom (bi)category.
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Example 7.2.8. Statistical games are obtained by attaching loss functions to Bayesian lenses, and
hence to understand parameterized statistical games having elaborated parameterized Bayesian
lenses in the preceding example, it suffices to exhibit parameterized loss functions.

A parameterized statistical game (X, A) ﬁ (Y, B) consists of a parameterized Bayesian

!
)

lens (X, A)M@]\T(Y’ B) along with a parameterized loss function B I in PStat(X) (B, I).
Since Stat(X)(B,I) is a discrete category, such a loss function is given by a function Oy —
Stat(X)(B,I), or equivalently (by the Cartesian closure of Set) a function ©y x C(/, X) —
C(B,I). In the case where C = sfKrn, this means a function ©y x sfKrn(1,X) x B — R,

which is measurable in B.

A 2-cell from the parameterized statistical game (¢, ¢, K) : (X, A) ﬁ» (Y,B) to (d,d’, L) :

)

(X, A) % (Y, B) is a quadruple (o, a1, o/, @) where (a, a1, ') is a 2-cell of Bayesian lenses

)

~ . . . . 0;X ~ .
and @ is a family of parameterized loss functions B—+=1I such that K¢ = L) 4 G naturally in
0:0.

Horizontal and vertical composition of parameterized statistical games and their 2-cells follow

the pattern of the preceding examples.

Because P is functorial, we can consider parameterized versions of the inference systems and
loss models that we introduced in §5.3.2l We can think of parameterization as introducing a ‘hole’
in a structure (such as an extra input to a system), and parameterized inference systems and loss

models are inference systems and loss models that account for (and possibly modulate) such holes.

Example 7.2.9. Suppose (D, ¢) is an inference system in C. P acts on the canonical inclusion
(=) : D — Copara)(D) to return the inclusion P(—)* : PD < PCoparal,(D), which maps
a parameterized channel d : X DY toits trivially coparameterized form d : X %Y.

¢ then maps a channel d to a lens (d, ¢d). If d is parameterized by ©, then its inversion ¢d under ¢
will be parameterized accordingly, so that the whole lens (d, £d) has parameter ©. This mapping is
the action of the pseudofunctor P/ : PD* — PBayesLens,
of £.

D, induced by the parameterization

However, in the next section, we will want approximate inference systems that do not just
preserve an existing parameterization, but which also add to it, equipping (possibly parameterized)
morphisms with inversions that may have their own distinct capacity for improvement or learning.

For this reason, we make the following definition.
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Definition 7.2.10. Suppose (C,®, I) is a copy-delete category. A parameterized inference system
in C is a pair (B, {) of a sub-bicategory B — PC along with a (strong functorial) section ¢ : B¥ —
PBayesLens, |5 of the restriction P (7 ens)| to B of the parameterized 2-fibration P (7| ens) :
PBayesLens, — PCopara),(C), where B is the essential image of the restriction to B of the
(parameterized) canonical lax inclusion P(—)* : PC < PCopara)(C). We say lax parameterized

inference system when / is a lax functor.

A trivial example of a lax parameterized inference system is obtained by taking the parameters

to be hom categories, and the choice functor to be the identity, as the following example shows.

Example 7.2.11. The following data define a lax parameterized inference system ¢ acting on
the entirety of PC. First, let P(X, Y, M) denote the full subcategory of Stata(X)(Y, X) on those

objects (state-dependent morphisms) with coparameter M. Then / is defined as follows.

(i) Each 0-cell X is mapped to the 0-cell (X, X).

OxP(X,Y,M)
—_—

(ii) Each1-cellc: X%Y is mapped to the parameterized lens (¢, ¢’) : (X, X) (YY)

whose forward channel is chosen by

O xP(X,Y,M) L IRYON Coparal,(C)(X,Y)

P(X,Y,M);
e >

. X .
and whose inverse channel ¢’ : Y X is chosen by

O x P(X,Y, M) ™2, P(X,Y, M) < Staty(X)(Y, X)

(iii) Each 2-cell (a, o) : (c: X—E—»Y) = (d: X%Y) is mapped to the 2-cell (a x ay, a, @),
where o is the functor defined by post-composing with « taken as a family of 2-cells in

Coparaj(C) and hence in P(X, Y, M).

Proof. First, we confirm that the mapping is well-defined on 1-cells (taking it to be evidently so on
0-cells): in general, the coparameters in PCopara,(C) may depend on the parameters, but here
the parameters arise from the embedding (—)* : PC — PCopara,(C). The only coparameters
are therefore those that arise by copy-composition, and their type is thus not parameter-dependent.
It is therefore legitimate to map a 1-cell ¢ : X % Y to alens with type (X, X)GX—P(A);K—M)»(Y, Y).

Next, we check well-definedness on 2-cells. Note that the 2-cell (a, a) : (c : X%Y) = (d :
X%Y) in PCoparal(C) is constituted by a family of morphisms o : X ® M ® Y =M, and

that a 2-cell (Y_J\.ZX ) = (Y—]\}?X ) in Coparaj(C) has an underlying morphism of the same
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type; hence each o witnesses such a 2-cell in Coparaly(C). In particular, for each 7 : [+ X inC,

and for each state-dependent p : Y—]\o)f[—»X , o yields a 2-cell from p; to

A

X

Y
a*(evp)ﬂ = Pr "

The functor as is thus defined by mapping (0, p) : © x P(X,Y, M) to a.(0,p) : P(X,Y, M'); its
own action on 2-cells is likewise by parameterized post-composition. Finally, note that d’ is also

given by evaluation, and so « also defines an indexed natural family of 2-cells
ozfr’p : (c;f = pr: Y—J\-/;»X) = (d;o‘*(e’p) = ax(0,p)r : Y—]\;/—»X)

as required (cf. Example . Therefore, (a X o, o, ) defines a 2-cell in PBayesLens,. This
is compatible with ¢ being a section of P ens, as (a X o, a, ) — (a, ).

To establish lax unity, we need to exhibit a family of 2-cells (ix,ix1,7) : id(x,x) = (idx, id)
natural in X, where id(x x) is the identity lens on (X, X) in PBayesLens, with trivial parameter
1, idy is the likewise trivially parameterized identity on X in PC, and id’y is the parameterized

1xP(X,X,1)
—_——>

state-dependent channel id’, : X X defined by the inclusion

1x P(X,X,1) 5 P(X, X,1) — Staty(X) (X, X) .

Clearly id’y is not constantly the identity morphism, and this is why ¢ is only laxly unital. By
defining the functor ix : 1 — 1 x P(X, X, 1) to pick the element idx, the 2-cell ix; to be the
identity on idx, and likewise i/, we obtain the required family of witnesses.

Lax functoriality is witnessed by a family of 2-cells
(fae: facrs fae) = (d,d) & (e, c) = (dec,(dec))
naturalin ¢ : X —]\-(}Y and d : Y%Z . We define the functor
fac : OxP(X,)Y M) x®xP(Y,Z,N) >0 x®dxP(X,Z,M®N)

by composition, fi.(0, p, ¢, x) := (0, ¢, p o X0); it is the fact that not all morphisms X -+ Z factor
through Y that makes ¢ lax functorial. With fj. so defined, we can set both f;.; and f/_ to be

identity 2-cells, and thus obtain the requisite witnesses. O
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On the other hand, the only parameterized loss models we encounter will be those of
under the action of P. This is because the ability to change is part of the system itself, rather than
part of how we measure the syste we do not seek to “move the goalpoasts”. (In future work, we
may consider systems whose performance is dependent on some broader context; but not here.)

Therefore, our parameterized loss models will all be of the following form.

Example 7.2.12. If L is a loss model for B, then its parameterization P L assigns to a parameterized
Bayesian lens (¢, ) : (X, A)H%(Y, B) the correspondingly parameterized statistical game
(c,/,L(c)). The parameterized loss function L(c) thus also has parameter © and depends
accordingly on it, with type L(c) : B2 1. For each 0 : O, its component is the loss function
L(c)? : B-51 which is assigned to the lens (c?,¢?) by L (as a loss model applied to an

unparameterized lens).

Remark 7.2.13. Before we move on to examples of approximate inference doctrines, let us note the
similarity of the notions of externally parameterized lens (Example[7.2.7), cilia (Definition[6.3.8), and
differential cilia (Definition[6.3.19): both of the latter can be considered as externally parameterized
lenses with extra structure, where the extra structure is a morphism or family of morphisms back
into (an algebra of) the parameterizing object: in the case of differential cilia, this ‘algebra’ is the
tangent bundle; for (dynamical) cilia, it is trivial; and forgetting this extra structure returns a mere
external parameterization. Notably, the ‘input’ on the external hom polynomial defining both types
of cilia (Definition[6.3.1) corresponds precisely to the domain of the loss function of a statistical
game; and so the domains of the update maps of either type of cilia correspond to the domains of
parameterized loss functions. We will make use of this correspondence in defining approximate

inference doctrines in the next section.

7.3. Approximate inference doctrines

We are at last in a position to build the bridge between abstract statistical models and the dynamical
systems that play them: functors from a copy-discard category of parameterized channels to a
category of cilia that factorize through an inference system (modelling how the system inverts the
channels) and possibly a loss model (encoding how well the system is doing). In the round, we can
think of the resulting approximate inference doctrines as “dynamical algebras” for categories of

parameterized stochastic channels (considered as statistical models), which take the parameters

®Physically speaking, we adopt the ‘Schrédinger’ perspective on change rather than the ‘Heisenberg’ perspective.
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as part of the dynamical state space so that they might improve themselves. This line of thinking

leads us to the following definitions.

Definition 7.3.1. Let (C,®,I) be a copy-discard category, and let (B3,¢) be a parameterized

inference system in C.

(a) An approximate inference doctrine is a pseudofunctor B — Cilia” that factors through /, as

P(-)

¥
B 2O, gr Lim) 2 Cilia” |

We say lax approximate inference doctrine if D is instead a lax functor.

(b) An approximate inference doctrine with loss L is an approximate inference doctrine along with
aloss model L for im(¢), a pseudofunctor D” : im(L) — Cilia’, and anicon X : D = D%oL,

as in the diagram

P(—)"|5

B B —X 5 im(¢) D Cilia”
b7
im(L)

We say lax approximate inference doctrine with loss if L and D’ are lax functors.

(c) A differential approximate inference doctrine with loss L is an approximate inference doctrine

with loss L such that D factors through a differential system, as in the diagram

)Y

BRI gy € im D Cilia”

\ HA

L

L
im(L) Cilia®

ﬂ&

x )
DiffCilia

We say lax differential approximate inference doctrine when L,V and { are lax functors.

The different factors of a differential approximate inference doctrine with loss encode the different
stages by which a dynamical system is constructed from a statistical model: the parameterized
inference system ¢ equips a parameterized channel with a parameterized inversion; the loss model

L equips the resulting lens with a loss function; the functor V translates this statistical game to a

273



differential system, possibly representing gradient descent on the loss; and finally the functor §
turns this differential system into a dynamical system that ‘flows’, possibly by integration.

With these definitions to hand, we come to our motivating neuroscientific examples. First (§7.3.1),
we formalize predictive coding using the Laplace approximation to the free energy (21,33, 104],
which we saw in §5.3.3.4/forms a lax loss model for Gaussian lenses. This approximation allows the
resulting dynamical systems to exhibit some biological plausibility, with prediction errors computed
linearly and the dynamical updates obtained as affine transformations of prediction errors. We call
this the Laplace doctrine.

Apart from requiring Gaussian channels, the Laplace doctrine is agnostic about how predictions
are actually generated, and it does not produce systems which are able to improve their predictions;
they have no ‘synaptic’ plasticity, and thus do not learn. To remedy this, our second example
of an approximate inference doctrine (§7.3.2) is more opinionated about the predictive forward
channels, restricting them to be of the form 2 — 6 h(x) + w where 0 is a square matrix on Y, h
is a differentiable function X — Y, and w is distributed according to a Gaussian on Y’; compare
this with the form of the firing rate dynamics of rate-coded neural circuits in Definition
The ‘synaptic’ parameter (or weight matrix) 6 can then be learnt, and this is incorporated into the
state space of the systems produced by the corresponding Hebb-Laplace doctrine, which formalizes
another standard scheme in the neuroscience literature [33]]. The name of this doctrine indicates
another aspect of the biological plausibility of this scheme: the #-updates can be seen as a form of

Hebbian learning [[127]].

Remark 7.3.2. In what follows, in order to focus on exemplification, we omit a full treatment of
all the higher-categorical structure. This means that we do not consider the action of the doctrines
on 2-cells, and leave leave the full elaboration of the 2-dimensional structure to future work. Our
main concern in this final part is the scientific question of the compositional structure of predictive
coding, and one further mathematical consequence of this is that the inference systems on which
the doctrines are based will not be unital: the schemes that are presented in the literature involve

mappings which do not preserve identity channels.

7.3.1. Predictive coding circuits and the Laplace doctrine

Notation 7.3.3. Any category C embeds into its external parameterization PC by mapping every
morphism to its trivially parameterized form; in a mild abuse of notation, we will denote the image

of this embedding simply by C. In this section, we will work with the trivial parameterization of
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the subcategory FdGauss of sfKrn of Gaussian kernels between finite-dimensional Cartesian
spaces (Definition [7.1.9). Hence, when we write FdGauss”, it denotes the image of FdGauss
under P(—)".

We begin by presenting the action of the Laplace doctrine on a (non—coparameterize(ﬂ} Gaussian
channel c. Below, we will see how the resulting system is obtained from a differential approximate

inference doctrine with the Laplacian free energy loss.

Proposition 7.3.4. Suppose ¢ : XY is a morphism in FdGauss, and fix a “learning rate”
X : R. Then the following data define a system Ly (c) : (X, X) — (Y,Y) in Cilia®, following the
representation of Proposition [6.3.9]

(i) the state space is X;
(ii) the forwards output map Ly(c){ : X x X — Gauss(Y) is defined by

La(c)]: X x X POk, x <, Gauss(Y) ;

(iii) the inverse output map Ly(c)§ : X x Gauss(X) x Y — Gauss(X) is defined by

La(c)g : X x Gauss(X) x Y — RXI x RXXIXT o, Gauss(X)
(l‘, T, y) = (1"’ EC/ (117, U y))
where the inclusion picks the Gaussian state with the indicated statistical parameters, whose

covariance Yo (z, 7, y) := (02E(cm)) (x,y) ! is defined following equation of Lemma

5.3.31|(with trivial coparameterization M = 1);
(iv) the update map Ly(c)* : X x Gauss(X) x Y — G(X) is defined by
La(c)*: X x Gauss(X) x Y — X — G(X)
(z,7,y) =z + X Oupc(z,y) ez, y) — A ()
where the inclusion X — G(X) is given by the unit of the Giry monad G which takes each z : X

to the corresponding delta distribution, and where 7.(z,y) := X.(2) e (y, z) and 0. (z) :=
Yl (x).

*Note that all coparameterized channels of interest are obtained as the copy-composites of non-coparameterized
channels.
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Remark 7.3.5. Note that the update map L (c)" is actually deterministic, in the sense that it is
defined as a deterministic map followed by the unit of the probability monad. However, the general
stochastic setting is necessary, because the composition of system depends on the composition
of Bayesian lenses; recall Definition which defines the bidirectional composition of cilia.
Intuitively, we can consider a composite system L (d) o Ly(c) and note that the forward inputs to
the d component and the backward inputs to the ¢ component will be sampled from the stochastic
outputs of ¢ and d respectively. Because these inputs are passed to the corresponding update maps,

the updates inherit this stochasticity.

Remark 7.3.6. The terms 7.(z,y) = Xc(2) ! €.(y, 7) in the update map of the Laplace doctrine

1 encodes the

can be understood as precision-weighted error terms: the inverse covariance X.(z)~
‘precision’ of the distribution (consider the univariate case); and the term €.(y,x) = y — p.(z)
encodes the ‘error’ between the observation y and the predicted mean fi.(x). The representation

of prediction errors is a hallmark of predictive coding schemes.

To define an approximate inference doctrine, we need a (parameterized) inference system. For
predictive coding, this will be obtained by assigning to each channel c an inversion whose parameter
represents the mean of the emitted posterior; this parameter will later be learned by the resulting
doctrine. In order for this assignment to be functorial, we restrict the posteriors emitted by this
inference system to have diagonal covariance, meaning that there will be no correlations between
dimensions. This formalizes what is known in the literature as a mean field assumption [48} 101],

without which those earlier works would not have been able to make implicit use of functoriality.

Proposition 7.3.7 (Mean field Laplace). As long as e denotes copy-composition, the following
data define a (non-unital) strong parameterized inference system ¢ on FdGauss. Each 0-cell
X is mapped to (X, X). Each 1-cell ¢ : X—]\?Y is mapped to the parameterized lens (c,c) :

(X, X )M(Y, Y) whose forward channel is ¢ and whose parameterized backward channel

X xM;

X . . . .
¢ : Y—"—"5X emits the Gaussian with mean (z,m) : X x M determined by the parameter and

which minimizes the (mean-field) Laplacian free energy. Thus, writing (uz,’m (v), Ef/’m(y)) for the

statistical parameters of ¢y "™ (y), £ assigns

O2E(em)(z,m,y)~! 0
$/7m = d E$/7m = ( 1‘ (CJI’) ’ ’ — .
P, (y) :== (x,m) an c () ( 0 (ang(M))(:r,m,y)_l
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where 02 denotes the diagonal Hessia It is the diagonal structure of X7, that justifies the

‘mean-field’ moniker.

Proof. First, we note that ¢ fails to be unital because, for each identity channel idy : X —)-(—> the
mean of the assigned inversion id’y is determined by the parameter X, rather than the input. If
this parameter happens to equal to the input, then id’y will actually act as the identity channel.
This is because we can understand the identity channel as the limit as 0 — 0 of a Gaussian with
mean equal to the input x and variance o1 x (where 1x is the identity matrix on X). Informally,
we have E%id/x)w (2') = (@E(idx,ﬂ) (z,2')~! = 0, and so (id’y)® acts as the Dirac delta distribution
on the parameter z; but of course in general the parameter = need not equal the forward input.
Next, we show that ¢ is strongly functorial (as long as e is always interpreted as copy-composition).
Ifc: X —]\-/[—>Y and d : Y—]§7—>Z are composable Gaussian channels, then the statistical parameters of

YNXM;X yin.am

the composite approximate inversion ¢’ o d, : Z me X are (o) (2) = (z,m,y,n) and

Ez(’cff);,pr)i (z) = diag (

Note that, by interpreting e as copy-composition, we have

E(d,cwr)(xa m,y,n, Z) == logpd(n7 Z‘y) - logpc(mvy‘x) - lngﬂ-([I}) .

On the other hand, ¢ assigns to d ¢ : X—«—Z the lens (d e ¢, (d e ¢)') whose inversion

MYN
(dec) :Z %X is defined by the statistical parameters ug(ﬂdz)z’;”(z) = (x,m,y,n) and

)

xT,m,y,n . aQE oC, T ) ) )
X (decy, (2) = diag (% E ’)))
)

where

E(d-c,Tr) (1:7 m,y,n, Z) == Ingd(n’ Z|y) - logpc(m, y|x) - logpﬂ(x)

= E(d,cnr) (‘Ta m,y,n, Z) :

Consequently, Zfdﬁ,;f”(z) = Z?(JCZ;E,?;: (2). It therefore suffices to take the laxator £(d) ¢ ¢(c) =

¢(d e ¢) to be defined by the isomorphism (Y x N) x (X x M) = (X x M) x (Y x N). [

“That is, 02 f (x) can be represented as the matrix with diagonal equal to the diagonal of the Hessian matrix 02 f ()
and with all other coefficients 0.
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Remark 7.3.8. Note that the preceding inference system requires o to be interpreted as copy-
composition everywhere, which is not strictly in accordance with our earlier usage (which mixed
copy-composition with ordinary composition in the state-dependence). Resolving this irregularity

is the subject of ongoing work.

Proposition 7.3.9. Stochastic gradient descent with respect to the mean parameter of Laplacian free
energy games in the image of ¢ yields a strong functor V : £ — DiffCilia, where L is the essential

image of LFE restricted to the essential image of £. If ¢ := (¢,, L¢) : (X, X) % (YY) is

such a game (a 1-cell) in £, then V¢ is the differential cilium (X, X) M,

(Y,Y') with state space
equal to the parameter X x M defined as follows.

For each (x, m) : X x M, Vcoutputs the non-coparameterized Bayesian lens £(c)2"™ : (X, X) -
(Y,Y) obtained by taking the dynamical state (x,m) as the parameter of the lens and discarding

any coparameters.

The ‘update’ vector field (Ve)* : (X x M) — Gauss(X) — Y--T(X x M) is obtained

Gauss(X xM);
—_—————>

by taking the negative gradient of the loss function L¢ : Y X, I with respect to the

posterior mean parameter, evaluated at the posterior mean:

(X x M) - Gauss(X) - Y - T(X x M)

(337 m,m, y) = - (a(at,m)E(c,Tr)) (':Ca m, y) :

(This yields a morphism in sfKrn via the embedding Meas — sfKrn; it is clearly measurable as

it is a continuous function between Cartesian spaces.)

Proof. Since the state space X x M is the space of means of the Laplacian posteriors, the “‘update’
action of V¢, the open vector field (Vc), is defined as the (negative) gradient of L¢ with respect
to these means (so that the associated flow performs gradient descent). The parameterized loss

. XxM;X . . .
function L¢ : Y ="+ encodes the Laplacian free energy associated to the parameterized lens

(¢, '), and corresponds (by Example|5.3.4) to the function

X x M — Gauss(X) - Y — [0, 0]

(:U> m,T, y) — LFE(Cv C/Lm)ﬂ'(y)

where

LFE(c, ™) (y) = Eemy(2,m,y) — Sxeumlc™ (y)] -
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The entropy Sxer[ci™ (y)] does not depend on the mean of ¢ (y), and so the gradient of
LFE(c, ¢™™)(y) with respect to (z,m) is simply (0(z m)E(c,x)) (z, m,y). Hence defining (Vc)"
as stated yields

(Vc)u : (:U,m,w,y) = - (6(.1‘7771)E(C,7F)) (;L‘a m, y) :

We now show that V is strongly functorial with respect to composition of 1-cells in L. First, we
check that V satisfies the strong unity axiom, which means we need a 2-isomorphism idx x) =
V(id(x,x)) in DiffCilia. Note that the cilium id(x x) has trivial state space 1, trivial update map,
and outputs the identity lens (X, X) - (X, X). Likewise, the identity game idx x) has trivial
parameter 1, loss function equal to 0, and lens being the (trivially coparameterized copy-composite)
identity lens (X, X') -» (X, X). Since the loss function is constantly 0 with trivial parameter, V acts
to return a cilium (X, X) EN (X, X)) again with trivial state space and which constantly outputs the
identity lens; its update map is likewise trivial. Therefore we take the 2-cell id(x x) = V(id(x x))
to be witnessed by the identity id; : 1 — 1, which satisfies strong unity a fortiori.

Finally, we check that V satisfies the strong functoriality axiom, meaning that we seek a 2-
isomorphism V(d, d’, L) o V(c,c, L) = V((d,d’, L%) o (¢, , L¢)) for each pair of composable

Laplacian free energy games (¢, ¢, L) : (X, X)M(Y, Y)and (d,d’, L%) : (Y, Y)L%(Z, 7).

(YX—N)X,M,( Z,7), that by the universal

Note that the composite game has the type (X, X)
property of x we have an isomorphism (Y x N) x (X x M) = (X x M) x (Y x N), and that
the product of Gaussians is again Gaussian. Note also that the parameterized loss function L% o L¢

equals

YxN)x (X xM) - Gauss(X) - Z — [0, 0]
(y,n,x,m, , 2) = (L™ oddr (2) + (LYER(2) .

On the other hand, the update map of the composite cilium (V(d, d’, LY) o V(c, ¢/, L¢))" equals

(XxM)x (Y xN) — Gauss(X) - Z — T((X x M) x (Y x N))
(@, m,y,n, T, 2) = ((Ve)z™ e dir (), (Vd*)an(2))
The desired 2-isomorphism V(d,d’, L%) o V(¢,d, L) = V((d,d’,L%) o (¢,c, L¢)) is thus
witnessed by amap (Y x N) - (X x M) — (X x M) x (Y x N), which we take to be the
symmetry swap of the categorical product. Computing the gradient of the L terms in L¢ o L¢ with

respect to the mean of the joint Gaussian (x, p) yields the update map

(Y xN)x (X xM) — Gauss(X) - Z — T((Y x N) x (X x M))
(y,n,z,m, , 2) = ((VAER(R), (V7™ e don(2))
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which is clearly equal to (V(d,d’, L%) o V(c,c, L¢))" upon composition with swap. It therefore
only remains to check that the two cilia output the same Bayesian lenses (X, X) - (Z, Z), up to

swap. This follows from the strong functoriality of /. O

Remark 7.3.10. Although we have defined V manually, we expect that it can alternatively be
obtained more abstractly, from a proper treatment of stochastic gradient descent applied to statistical

games. We leave this to future work.

Finally, to obtain the dynamical systems with which we started this subsection (in Proposition

7.3.4), we use Euler integration, using the functor Euler) of Remark6.3.25

Corollary 7.3.11. Fix a real number A : R. By defining L) := Eulery o V o LFE one obtains
Laplacian predictive coding as a differential approximate inference doctrine, the Laplace doctrine
for the mean field Laplace inference system ¢. The systems of Proposition are obtained in its

image.

Proof. Suppose ¢ : XY is a morphism in FdGauss. It is not coparameterized, so ¢ assigns to it
the parameter space X, which becomes the state space of the cilium L) (¢). By definition, this cilium

emits the same lens — and therefore has the same output maps — as those given in Proposition

We therefore only need to check that

(V(C)u):(y> = - (6$E(C,ﬂ')) (1’, y)

= aa:,ufc(xay)TWC(xay) - 77#(55) :

Recall from Proposition [5.3.31| that

—log pe(y|z) — log px ()
= —% <ec(y, z), L e (y, a:)> — % <€7r(x), Eﬂfleﬂ(x»

+1log/(2m) ¥l det 3. + log 4/ (2m) X det 2, .

E(c,ﬂ) (.CI?, y)

It is then a simple exercise in vector calculus to show that

_(aﬂ»‘E(CﬂT)) (z,y) = Ozpc(, y)TT]C(x, y) — ()

as required. O
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7.3.2. Synaptic plasticity with the Hebb-Laplace doctrine

The Laplace doctrine constructs dynamical systems that produce progressively better posterior
approximations given a fixed forwards channel, but natural adaptive systems—brains in particular—
do more than this: they also refine the forwards channels themselves, in order to produce better
predictions. In doing so, these systems better realize the abstract nature of free energy games, for
which improving performance means improving both prediction as well as inversion. To be able to
improve the forwards channel requires allowing some freedom in its choice, which means giving it
a nontrivial parameterization.

The Hebb-Laplace doctrine that we introduce in this section therefore modifies the Laplace
doctrine by fixing a class of parameterized forwards channels and performing stochastic gradient
descent with respect to both these parameters as well as the posterior means; we call it the Hebb-
Laplace doctrine as the particular choice of forwards channels results in their parameter-updates
resembling the ‘local’ Hebbian plasticity known from neuroscience, in which the strength of the
connection between two neurons is adjusted according to their correlation [79, 118} 127, (218 [233].
(Here, we could think of the ‘neurons’ as encoding the level of activity along a basis vector.)

We begin by defining the category of these parameterized forwards channels, after which we

proceed by modifying the mean-field Laplace inference system and the Laplace doctrine accordingly.

Definition 7.3.12 (‘Neural’ channels). Let H denote the subbicategory of PFdGauss.. generated
by 1-cells XY of the form

Ox — Gauss,(X,Y)

o (a:'—>0h(x)+w>

where X and Y are finite-dimensional Cartesian spaces, h is a differentiable map X — Y, Ox is

the vector space of square matrices on X, and w is sampled from a Gaussian distribution on Y.

Proposition 7.3.13 (Mean field Hebb-Laplace). Taking e as copy-composition, the following data
define a (non-unital) strong parameterized inference system ¢ on . Each 0-cell X is mapped
to (X, X). Each (parameterized) 1-cell ¢ : X —]\-(}Y is mapped to the parameterized lens (¢, ) :
(X, X )M(Y, Y’) whose forward channel is given by projecting © from © x (X x M) and
applying ¢, and whose backward channel is defined as in Proposition|[7.3.7 (mean-field Laplacian

inference).
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Proof. The only difference from Proposition is in the forward channel; but these are just taken

from H, and so they compose strongly by assumption. O

Like the Laplace doctrine, the Hebb-Laplace doctrine is obtained by stochastic gradient descent

with respect to the parameters.

Proposition 7.3.14. Let £ denote the essential image of LFE restricted to the essential image of /.
Let c:= (¢,d, L°) : (X, X) O (D, (Y,Y) be a 1-cell in L. Then stochastic gradient descent
yields an identity-on-objects strong functor V : £ — DiffCilia mapping c to the differential
cilium V(c) : (X, X) O, (Y,Y') defined as follows.

For each triple of parameters (6,2, m) : © x (X x M), Ve outputs the non-coparameterized
Bayesian lens E(C)Z’x’m 1 (X, X) - (Y,Y) obtained by taking the dynamical state (6, z, m) as the
parameter of the lens and discarding any coparameters.

The vector field (V¢)" is obtained by taking the gradient of the loss function L¢ with respect to

the ‘synaptic’ parameter 6 : © and the posterior mean (x,m) : X x M, evaluated at (6, z, m):
O x (X xM)— Gauss(X) - Y - T(O x (X x M))
(07 x,m,T, y) g (a(e,x,m)E(c,ﬂ)) (97 x,m, y) .

Proof. The proof is almost identical to that of Proposition the sole difference is that now we
also take gradients with respect to the synaptic parameter 6 : ©, but the reasoning is otherwise the

same. 0
Finally, we obtain dynamical systems by Euler integration.

Definition 7.3.15. Fix a real number A : R. The Hebb-Laplace doctrine is obtained as the composite
H) := Eulery o V o LFE, yielding a differential approximate inference doctrine for the mean field

Hebb-Laplace inference system /.

Corollary 7.3.16. Suppose c : XY is a channel in H defined by ¢ (x) = 0 h(z) + w, for some

differentiable & and Gaussian noise w. Then the update map H)(c)" is given by

OxX — Gauss(X) - Y — O xX
0 — Ao (2, y) h(z)"
(0. " ) (x + A0 h(2)" 0 o (2, ) = A ()

—1
s

where 1.0 (2,y) = Eggl €.0(y, ) and g (z) = X" €;(z) are the precision-weighted error terms.

282



Proof. Following Corollary[7.3.11] (the Laplace doctrine), We just need to check that

_ aQ‘E‘(ca,w) _ 7o <$,y) h(x)T
(@) o) = (3757 ) @ = (L5t )
This amounts to verifying that 0,10 (2) = 6 0,h(x) and that dgE (.o ) (2, y) = 1ee (2, y) h(z)T.

The former holds by the linearity of derivation since p0(x) = 6 h(x) by definition; and the latter

holds because

—0 B
aQE(ceﬂr) (Q?, y) = 79 <€c‘9 (yv CL'), 2601 €0 (yv 'I)>

—736 <y — 0 h(z), Eggl (y -0 h(x))>
= Zc_gl (y — 6 h(z)) h(z)"

= 2;01 €0 (y7 x) h(x)T

= o0 (2, y) h(z)"
as required. O

Remark 7.3.17. From a biophysical point of view, the Hebb-Laplace doctrine so defined has
a notably suboptimal feature: the ‘synaptic’ forwards parameter 6 : O is updated on the same
timescale X\ as the parameter  : X that encodes the posterior mean, even though the latter
parameter is typically interpreted as encoding the activity of a population of neurons, which
therefore changes on a faster timescale than those neurons’ synapses. Not only is this important
for reasons of biological plausibility, but also for mathematical reasons: we should understand the
backwards activity as bundled over the forwards synapses, and a change in the parameter 6 should
induce a corresponding ‘transport’ of x. An appropriately geometric treatment of compositional
approximate inference and predictive coding, resulting in bundles of open dynamical systems, is

again something that we leave to future work.
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8. Future directions

A powerful motivation propelling the development of this thesis was the belief that science, and
particularly the cognitive sciences, will benefit from being supplied with well-typed compositional
foundations. In this final chapter, we survey a number of new vistas that we have glimpsed from
the vantage point of our results, and indicate routes that we might climb in order to see them better.

One important benefit of the categorical framework is that it helps us express ideas at a useful
level of abstraction, and thereby compare patterns across systems and phenomena of interest. As a
result, although our primary system of interest is the brain, we are aware that much of our work is
more diversely applicable, and so our survey here is similarly not restricted to neural systems. At
the same time, as neural systems are our finest examples of natural intelligence, we attempt to stay
grounded in current neuroscience.

Beyond the evident shortcomings of the work that we have presented—which we review
momentarily—we first consider how to use the categorical language of structure to incorporate
structure better into our models themselves (§8.1), with a particular focus on the brain’s “cognitive
maps” (§8.1.3). We will see that the compositional consideration of the structure of open systems
naturally leads us to consider societies of systems (§8.2), and hence the relationships between
compositional active inference and single- and multi-agent reinforcement learning and economic
game theory (§8.2.3), although our first priority in this section is the incorporation of action (§8.2.1)
and planning (§8.2.2) into the framework of statistical games. From our abstract vantage point, there
is little difference between societies of agents and collective natural systems such as ecosystemsﬂ
and so we then consider the prospects for a compositional mathematics of life (§8.3). Finally, we
close with some thoughts on matters of fundamental theory (§8.4).

Before we wade into the thick of it, let us note three prominent examples of the aforementioned
evident shortcomings.

Firstly, the current presentation of copy-composite stochastic channels, and the bicategories of

lenses and statistical games that result from them, is quite inelegant: the necessity of coparameters

!After all, a single multicellular organism is itself a kind of society of agents.
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introduces substantial complexity that is never repaid, because all coparameters arise from the
copy-composition of ordinary channels. This complexity infects the notion of approximate inference
doctrine, which could benefit both from simplification and from further exemplification, ideally by
examples drawn from beyond neuroscience.

Secondly, the generative models that we have considered are somehow ‘static’, despite our
interest in dynamical systems, and this warrants a satisfactory exploration of dynamical generative
models.

Thirdly, although we considered “lower level” neural circuit models in we did not explicitly
connect our approximate inference doctrines to these more ‘biological’ models. A satisfactory
account of the Bayesian brain would of course span from abstract principles to detailed biology, a
relationship the elaboration of which we sadly we leave to future work.

Fortunately, although these three shortcomings may be pressing, we expect that the pursual of a

research programme akin to that sketched below would result in overcoming them.

8.1. Structured worlds

8.1.1. Bayesian sensor fusion

A situation that is common in natural embodied systems but which is not yet well treated by
current statistical and machine learning methodsﬂ particularly those that are most popular in
computational neuroscience, is that of sensor fusion. In this situation, one has a number of sensors
(such as cameras or retinal ganglion cells) which report spatially situated data, and where the sensor
fields overlap in the space; the problem is then how to combine these “local views” of the space
into a coherent global picture. Mathematically, fusing ‘local’ data into a ‘global’ representation is
the job of sheaves: a sheaf is a “spatially coherent data type”—something like a bundle for which
‘local’ sections can always be uniquely glued together into a global section—and sheaf theory and
the related fields of applied topology and cohomology allow us to judge when it is possible to
form a consensus, and quantify the obstructions to the formation of consensus; recent work has
also begun to suggest algorithms and dynamics by which we can construct consensus-forming
distributed sensor systems [[123]).

Sheaves therefore allow us to construct and to measure spatially structured data types, but missing
from the current sheaf-theoretic understanding of sensor fusion is a thorough treatment of belief

and uncertainty, especially from a Bayesian perspective. Since biological systems contain many

®This is beginning to change: recently, the use of sheaf-theoretic and other applied-topological devices has started to
penetrate machine learning [31}|266].
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distributed sensor types, and each of these systems is constituted by many cells, the mathematics
of neural representations may be expected to be sheaf-theoretic. A first possible extension of the
work presented here, therefore, is to extend statistical games and approximate inference doctrines
(and hence the classes of model that they encompass) to structured data types such as sheaves.
Because statistical games and approximate inference doctrines are defined using lenses over an
abstract category of stochastic channels, we expect that the first step will be to consider categories
of channels between sheaves; recently, there has been work on categorifying lenses [63}|64], and we
expect that this may prove relevant here. We also expect that at this point the fibrational structure
of statistical games will again prove utile in order that losses may be correctly counted on any
overlaps. Fortunately, being similarly structured, sheaves and fibrations are natural partners, and so
we expect that a second spatial extension of the present work will be to exploit the latent geometric
structure of fibrations of statistical games.

In this context, we may also encounter connections to sheaf-theoretic approaches to ‘contextual-
ity’, in which answers to questions depend on (the topology of) how they are asked, and which
seems to lie at the heart of quantum nonlocality. It is notable that lenses originated in database
theory [34,/99] and that contextuality can also be observed in database systems [|1, /58], and so at
this point, it may be possible to uncover the mathematical origins of ‘quantum-like’ psychological
effects [6, 49, [153]], and relate them formally to other kinds of perceptual bistability that have
been interpreted in a Bayesian context [144} 170]]. Sheaves come with a cohomology theory that
permits the quantification of the ‘disagreements’ that underlie such paradoxes [5, |45, 75]], and
dynamical systems can be designed accordingly to minimize disagreements and thus seek consensus
[123H125]]. We hope that these tools will supply new and mathematically enlightening models of
these psychological phenomena, while at the same time also suggesting new connections to work
on quantum-theoretic formulations of the free-energy framework itself 90, 91].

The adoption of a sheaf-theoretic framework in this way may furthermore illuminate connections
between computational neuroscience and machine learning. Graph neural networks [[156} [157,
285, and their generalization in ‘geometric’ deep learning [44], are increasingly used to apply the
techniques of deep learning to arbitrarily structured domains, and, as indicated above, recent work
has found sheaves to supply a useful language for their study [31]]. In a similar fashion, we expect
connections here to the structure of message passing algorithms [83}|190} 208}, [283} 285]] (also hinted
at by Sergeant-Perthuis [229]]) and less conventional structured machine learning architectures

such as capsule networks [[223]. Finally, each category of sheaves is naturally a topos [[177]], and
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hence comes with its own rich internal language, modelling dependent type theory (cf: §2.3.4).

8.1.2. Learning structure and structured learning

Having considered the incorporation of structured data into the process of inference, we can
consider the incorporation of structure into the process of learning, and here we make an important
distinction between structured learning and learning structure. By the former, we mean extending
the process of learning to a structured setting (such as the sheaf-theoretic one of the preceding
section), whereas by the latter, we mean learning the underlying structures themselves. This latter
process is also known in the literature as structure learning [[143}|260}[262], but in order to avoid
ambiguity, we swap the order of the two words.

The observation at the end of the preceding section, that each category of sheaves forms a topos,
is pertinent here, as dependent type theory formalizes a notion of logical ‘context’, containing
the “axioms that are valid in the present situation”, and determining which (non-tautological)
statements can be derived. In the categorical semantics of dependent type theory, the context is
witnessed by the object over which a slice category is defined, and so in some sense it defines
the “shape of the universe”. By the Grothendieck construction, there is a correspondence between
sheaves and certain bundles (objects of slice categories), and so (very roughly speaking) we can
think of structured inference and learning as taking place in appropriate slice categories.

In the same way that we motivated random dynamical systems (qua bundles, through “pa-
rameterization by a noise source”, we can think of bundle morphisms as generalized parameterized
maps. The problem of learning structure then becomes a problem of generalized parameter-learning,
and much like this can be formalized by a ‘reparameterization’ in the Para construction (§3.2.1),
in this more general setting it is formalized by the “generalized reparameterization” of base-change
between topoi (cf: Remark [4.2.29). Base-change synthesizes notions of parallel transport, allowing
us to translate spatially-defined data coherently between spaces—and, in particular, along changes
of structure; recall our earlier remark about the importance of parallel transport to a biophysically-
plausible Hebb-Laplace doctrine (Remark [7.3.17). In this setting therefore, we expect that work on
functorial lenses [63], as well as work on functorial data migration [236|[242]], may prove relevant.

At the same time, we expect this line of enquiry to clarify the relationships between our formalism
of approximate inference and other related work on the categorical foundations of cybernetics 51,
54]], which have typically been studied in a differential rather than probabilistic setting [74]. We
expect the connection to be made via information geometry [9}(10}(195], where Bayesian inference

can be understood both using gradient descent [199]] and as a kind of parallel transport [[225]).

287



8.1.3. Compositional cognitive cartography

Natural systems such as animals learn the structure of their environments as they explore them. We
will come below (§8.2.1) to the question of how to incorporate action—and hence exploration—into
the compositional framework that we have developed here, but meanwhile we note that the
topos-theoretic developments sketched above may provide a suitable setting in which to understand
the neural basis for navigation, and help explain how ostensibly ‘spatial’ navigation processes and
circuits are invariably involved in more abstract problem solving [24} 26} 27} 116}, 178]].

There are two key observations underlying this proposal. Firstly, a topos is not only a richly
structured category of spaces (or spatial types), but it can also be understood as a categorified space
itself [234]: in this context, we can call each categorified space a ‘little’ topos, and the category of
spaces itself is the corresponding ‘big’ topos; changes in spatial structure—witnessed by base-change
between little topoi—thus correspond to trajectories within the space represented by the big topos.

Secondly, under the free energy principle, there is a close relationship between beliefs about the
geometry of an environment and beliefs about expected future trajectories in that environment
[148]: fundamentally, this is also the idea underlying the “successsor representation” 78] of the
cognitive map, which says roughly that the brain’s representation of where it is is equivalently a
representation of where it soon expects to be [47} 256}, 257]]. Although there have been studies in the
informal scientific literature attempting to connect free-energy models of navigation, exploration,
and the cognitive map with the successor representation [[185]], and to place both of these in less
overtly spatial contexts [[47,[205]], there has not yet been a comprehensive mathematical treatment
explaining the structures that underlie this nexus.

By placing such a mathematical treatment in a topos-theoretic context, it may be possible to
make sense of the “logic of space” of topoi to explain why animals’ abstract problem-solving makes
use of their abilities for spatial navigation: in particular, proving a proposition is mathematically
analogous to finding a path from premise to conclusion. Moreover, in a spatial topos, the “truth
values” are no longer simply binary, but encode where a proposition is (believed to be) true; the
(sub)object classifier of a spatial topos encodes something like the “internal universe” of that topos,
or “the universe according to the system”.

To be successful, this mathematical treatment should be attentive to the results and proposals of
computational and theoretical neuroscience, and so we now turn to our second key observation: the
relationship between (believed) geometry and (expected) dynamics. This will require an extension

of statistical games and approximate inference to dynamical generative models; until this point,
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our treatment has merely supplied inference (or ‘recognition’ [48]) dynamics to static models.
Through this extension, we should expect a connection to other work on dynamical inference, such
as filtering [[105,147] and particularly its emerging compositional treatment [271} 272].

Under the free-energy principle, and similarly under the successor representation, the expected
dynamics is a geodesic flow, which is by geodesy determined by beliefs about the spatial geometry.
But these beliefs in turn are not static: they depend on what the agent believes will happen [76,
186, and this has been suggested as an explanation for the ‘predictive’ nature of the cognitive
map [[148]]. The cognitive map has its central locus in the hippocampus [88, 193} 198]], which we
may therefore understand as representing the base space over which the big topos is sliced; and
since changes-of-plan seem therefore to induce changes-of-base, we might see the ‘functional’
connectivity of the brain [245]] as witnessing this mathematical structure.

Because the internal universe of the topos represented by the cognitive map is inherently
context-dependent, it seems to fit naturally with the subjectivist metaphysics implied by the free
energy framework—that the universe as experienced by an agent is a construction of that agent’s
internal model, as updated by approximate inference—and thus to provide a natural setting for the
mathematical study of phenomenology. Moreover, as categories of sheaves, agents’ internal topoi
encode the consensus formed by the distributed circuits and sensors that constitute their beliefs,
and this points a way towards understanding how societies of agents are able to inhabit shared
spaces about which they form a consensus between themselves: the mathematics of this shared
universe should be little different from the mathematics of a single agent’s internal universe.

Such multi-agent adaptive systems have been studied in the context of reinforcement learning (of
which more below), but this potential for the formation of ‘nested’ systems with shared universes
implied by consensus is not the only connection between cognitive cartography and reinforcement
learning, as it is in reinforcement learning that the successor representation originates. We therefore
hope that this line of enquiry may illuminate the relationship between reinforcement learning and

compositional active inference, to the basis of which we now turn.

8.2. Societies of systems

Adaptive agents being necessarily in interaction with an external environment, we saw in the
previous section how consideration of the compositional structure of agents’ internal maps of their

worlds easily leads to the consideration of societies of agents. However, in order for us to study
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these, we first need to make the more basic step of incorporating action into the compositional

framework: a collection of purely passive agents is no society.

8.2.1. Active inference

The doctrines of approximate inference introduced in this thesis are inherently perceptual. As
we described in Remark the forwards channel of a statistical game points “towards the
environment”, predicting the expected incoming sense-data, whereas the backwards channel points
from the environment into the agent, terminating in the agent’s most causally abstract beliefs. In
other contemporary work on categorical cybernetics, the orientation appears different: the forwards
channel of an open (economic) game, for instance, points along the direction of interaction in the
environment, in the direction of causality, from observations to actions [36}119]; there is no room
for prediction and its inversion, and the two kinds of game seem somehow perpendicular.

In resolution of this apparent disagreement, we can observe that an open economic game does
have a perpendicular direction: a secon dimension inhabited by the strategies. That is to say, an
open economic game is a lens externally parameterized by strategies, a function from the latter
to the former, and therefore formally much like our cilia (§6.3). This resemblence becomes even
closer when one considers the recent ‘diegetic’ formulation of open games, in which strategies
themselves can be updated using a backwards map from the arena of the game back into strategies
(or rather, strategy updates).

This suggests one way in which we can incorporate action and thereby shape the framework
of this thesis into a framework for active inference: the forwards channel should predict not only
sense-data incoming from the environment, but also the actions to be taken by the agent. Indeed
this matches the usual informal presentation of active inference, which adopts a channel of the
form X+ S ® A, where S is the space of sense-data, A the space of possible actions, and X the
‘latent’ space.

Yet at this point the formal similarity between compositional active inference and compositional
game theory again begins to recede, as a channel X -5 ® A is more like a “stochastic span” than
an open economic game’s player model ¥ — [S, A]. Moreover, we expect our active inference
systems to have a richer variety of patterns of interaction, being embodied in a world—in part,
this motivated our adoption of polynomial functors for structuring interaction. We therefore

expect the compositional theory of active inference to have forwards channels rather of the form

30r third, if one remembers the monoidal structure.
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X > .4 5]a], so that an agent’s sensorium depends on the configuration (or ‘action’) that it has
chosen.

This was the approach we sketched in our earlier work-in-progress on Polynomial Life [252],
where we suggested that polynomial functors supply a formalization of the notion of “Markov
blanket” used in the informal active inference literature to characterize the interaction boundaries
of adaptive systems [[102} 158} |203]] (a formalization that is situated at a useful level of technical
flexibility, being neither as abstract as the very general notion of interface adopted by categorical
systems theory [[192]], nor as concrete as simple products of spaces). In this way, we believe that a
fruitful direction in which to pursue a compositional theory of active inference is, like our theory
of open dynamical systems, as a Poly-algebra of statistical games. Fortunately, although the types
prove somewhat different, the structural resemblence between active inference and economic games
is maintained: in both cases, one has categories of lenses into the arena of interaction, indexed
by a category of interfaces, and thus in philosophical (and thus we expect also mathematical)
concordance with Myers’ double-categorical view of systems theory [192].

Once again, this line of enquiry naturally leads on to the consideration of multi-agent systems.
But before we come to that, there remain important questions about single-agent systems, and the
connection between single-agent active inference and the cousin of economic games, reinforcement

learning.

8.2.2. What is the type of a plan?

Each active inference system has an internal ‘latent’ state space equipped (by its generative model)
with a prior distribution, which represents the systems’s initial beliefs about the likelihood of
those states. As we have seen, the system can perceive, changing that distribution better to match
incoming sense data. And as we hope to see, it should also be able to act, affecting its environment
so that future states better match its initial beliefs. Perception and action are thus in general the
two dual ways in which a system can minimize its free energy, akin to the two degrees of freedom
available in a free energy game.

But a system that acts must necessarily be motivated towards some goal, even if that goal is
simply “stay alive” or “perform action a”, and even though this goal may be adjusted by the system’s
perceptions. In order to realize its goal, whatever it may be, the system must enact a plan, however
trivial—and the informal literature on active inference encodes the plan into the system’s latent
prior. When it comes to static models, the prior may be simply a (static) distribution over the state

space itself; but in the dynamical case, it is typically a distribution over trajectories of states.
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Such a distribution is often [76} 148 taken to encode likelihoods of hypothetical courses of action,
which one might call a polic the system then perceives and acts in order to implement its policy.
But the construction of this policy may involve a lot of data, such as the specification of goal states
and the accumulation of the “expected free energy” of trajectories in the context of those goals,
and so it seems unnecessarily crude to hide all of this data inside a single undifferentiated choice of
prior distribution.

This prompts us to ask, what is the form of this data, and how can we incorporate it into the
compositional framework? In other words, what is the type of a plan? These seem to us to be key

questions for future work.

8.2.3. Reinforcement learning, open games, and ecosystems

There is known to be a close relationship between active inference in Markov decision problems
(MDPs) and reinforcement learning (73], and it is through this relationship that one sees particularly
clearly the strangeness of encoding all the data of an agent’s policy in a single ‘prior’ state. This
relationship is seemingly not superficial, as there are hints of a deep structural connection.

First, recall that the standard algorithm for obtaining a Bellman-optimal policy for an MDP is
backward induction (otherwise known as dynamic programming) [214] 284] It is now known that
backward induction is structured according a similar bidirectional pattern (the optic pattern) to
that of both Bayesian inference and reverse differentiation [[128], and that MDPs themselves fit into
the associated general framework of open games [36] (which are governed by the same pattern).
Second, in the informal active inference approach to MDPs, the system in question counterfactually
evaluates policies using a backward-induction-like process, accumulating free energies in order to
score them [73]]. It is this process that results in the prior discussed above, which is then updated
by the agent’s inference process. Future work will need to untangle this knot of interrelated
bidirectional processes; and as usual in categorical modelling, this means first writing them all
down precisely. We hope that, having done so, we will see how the whole picture emerges, and
how it relates to the developing geometric (or ‘diegetic’) framework in categorical cybernetics
[51] (possibly involving the further development of our notion of ‘cilia’ from §6.3). In particular,
since the free energy principle underlying active inference asserts a certain informal universality

(on which more in §8.3.1), we might also hope that the satisfactory development of compositional

“In the language of polynomial functors, this seems to be something like a distribution over the cofree comonad on the
system’s polynomial interface.
SAlso see [29,/89L|106}|128| [261] for other presentations.
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active inference might exhibit a universal property: that any other doctrine of cybernetic systems
factors uniquely through it.

The story of these connections will initially be told from the perspective of a single agent,
as backward induction only considers how to find a single policy for a single MDP; although
this policy may involve multiple agents, the implied global search entails a common controller:
the procedure doesn’t consider the factorisation of the agents. But casting this account into the
emerging framework of compositional active inference will point towards a bridge to multi-agent
reinforcement learning. For example, multi-agent RL often studies the emergence of collaboration,
and we might expect to see this represented in the formal structure, thereby understanding how to
incorporate the factorisation of agents into the compositional framework for backward induction
(which in turn may be helpful for designing collaborative ‘edge’ Al systems).

The resulting general account of multi-agent intelligence will encompass both reinforcement
learning and active inference, allowing us to understand their relative strengths and differences.
One seeming difference (at this early stage, and following our thinking above) is that compositional
active inference envisages the latent state spaces of agents as their “internal universes”, which
come along with sufficient structure that we might consider them as Umwelten (i.e., their subjective
worlds, in the sense of biosemiotics; see §8.3.2]below). Consequently, we should be able to study how
agents might come to consensus, thereby resolving their disagreements. And because agents are
embodied in a shared world within which they act, this process might involve planning cooperation,
at which point the teleological structure of compositional game theory may become important, as
cooperating agents will have to bet on spatiotemporally distributed actions. We hope therefore that
one distal outcome of this work will be a new and beneficial understanding of corporate activity.

Below, in we will discuss how active inference and the free energy principle aim not only
to be theories of brains or other prominent intelligent systems, but rather universal theories of all
adaptive things. Consequently, their compositional treatment should extend in the ‘multi-agent’ case
not just to corporate activity, but to ecosystems more broadly. And, following the multicategorical
algebra latent throughout this thesis, it will undoubtedly prove natural, once we have considered a
single level of nesting of systems into ecosystems, to let the hierarchy continue to infinity, producing
a fractal-like structure. At this point, we should expect once more to make contact with topics such
as higher categories and type theory, particularly in operadic or opetopic (i.e., ‘directed’) forms;
synthetic approaches to mathematical physics; and iterated parameterization in categorical systems

theory.
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It almost goes without saying that we should expect any framework resulting from this work to

capture existing models of collective active inference, such as recent work on spin glasses [[129].

8.3. The mathematics of life

We move on to consider the relationships between compositional active inference and the
contemporary mathematics of life. We hope that compositional active inference may supply

part of the story of a modern theory of autopoiesis, the ability for life to recreate itself [274].

8.3.1. Bayesian mechanics and the free energy principle

Recently, it has been suggested in various venues [[102}/204] that the free energy framework provides
a ‘universal’ way to understand the behaviour of adaptive systems, in the sense that, given a random
dynamical system, it may be possible to write down a generative model such that the dynamics
of the system can be modeled as performing inference on this model. In the language of the
conjectured compositional framework for active inference, we may be able to describe a canonical
statistical game that each given random dynamical system can be seen as playing.

If this is true, we should be able to express this canonicity precisely: in particular, it should
correspond to a universal property. Since approximate inference doctrines already gives us functorial
ways to turn statistical games into dynamical systems, this suggests we should seek functors that
associate to each random dynamical system a statistical game; and we should expect these functors
to be adjoint (as morphisms of categories indexed by the systems’ interfaces). The desired universal
property would then be expressed by the adjunction. (Notably, adjunctions are at the heart of
recent synthetic approaches to mathematical physics [228]].) This would constitute an important
mathematical step to establishing the universality of the free energy principle, or to establishing
the conditions that must be satisfied by any satisfactory successor.

Bayesian mechanics promises to build upon the nascent understanding of random dynamics via
inference [224] to supply a new theory of mechanics for statistical systems [215]]. The present
formulation of Bayesian mechanics is constructed using mathematical tools from physics, but not
(yet) the kinds of compositional tool promoted in this thesis and further described above. We expect
that developments along the lines sketched here will unify the on-going development of Bayesian
mechanics (and the resulting understanding of non-equilibrium systems) with the new synthetic

understanding of mathematical physics. By casting all dynamics as abstract inference, we should
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also expect this line of enquiry to begin to quantify the persistence of things and imbue much of

physics with an élan vital.

8.3.2. Biosemiotics

It is increasingly acknowledged that biological systems are characterized not only by information-
processing, but by communication [20]]: an often overlooked fact about ‘information’ in the strict
mathematical sense is that it is only meaningful in context. In the original Nyquist-Hartley-Shannon
conception of information, this context is the communication of a predefined message over a noisy
channel 126,197, [230]); but more generally, we might think of this context as simply “a question”, in
which case it is easy to see that information answering one question may not be useful in answering
another; or, in a more computational setting, we can see that the bits of an encrypted signal are
only useful in revealing the message if one has the decryption key.

Still, one often encounters descriptions of signals as containing 7 bits of information, without a
clear specification of about what. Mathematically, the confusion arises because information theory
is framed by classical probability, and the assumed context is always the problem of trying to
communicate a probability distribution over a pre-defined space X; and once the space is fixed, the
only question that can be asked is “what is the distribution?” (Mathematically, this is to say that in
the Markov category of classical stochastic channels, there are no non-trivial effects or costates.)

Yet, in the shared universe that we inhabit, there are more questions than this: in quantum
theory, for instance, one can ask many questions of the state of a system, by projecting the state
onto the subspace representing one’s question. (These projections are the non-trivial effects or
costates of quantum probability.) This act of projection is an act of interpretation of the message
encoded by the state at hand.

The emerging ‘biosemiotic’ reconceptualization of life explicitly acknowledges the importance
and universality of communication in context [20], proposing that in any such situation the
interpreting system necessarily has an internal representation of the external world (its Umwelt)
which is updated by interpreting incoming signals. We can in principle reconstruct the external
world by understanding it as “that which a collection of systems agrees about”: perhaps, then,
the shared universe (as determined topos-theoretically) of a fusion of active inference agents
is a good model of this ‘semiosphere’. It seems therefore that the mathematics resulting from
our work on internal universes and their interactions — and, more broadly, many of the formal
ingredients of compositional active inference — is well aligned with the informal structures of

biosemiotics, and so it may be desirable to re-express biosemiotics accordingly. In doing so, perhaps
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the mathematics for a modern Bayesian subjectivist metaphysics will be founcﬂ: for instance,
by expressing communication and its phenomenology as a geometric morphism (a generalized
base-change) between agents’ internal universes. More pragmatically, perhaps we will be able to
say precisely when some object may act as a symbol, and how systems may (learn to) manipulate

such symbols.

8.4. Fundamental theory

Future work connected to this thesis need not only be in applications; a number of purely theoretical

questions raise themselves, too.

8.4.1. Geometric methods for (structured) belief updating

The mathematics of ‘belief” is in large part about replacing definite points with ‘fuzzier’ distributions
over them. In dependent type theory, we replace points with ‘terms’ (non-dependent terms are
exactly points): so a type theory with belief should somehow encompass “fuzzy terms”. Just as we
can replace points with distributions, we can replace dependent points with dependent distributions.
However, the standard replacement (moving from a category of functions to a category of stochastic
channels) obscures some of the ‘universal’ categorical structure that underpins the rules of type
theory. This standard replacement also misses something else: while it does allow for fuzzy terms,
it omits a model of fuzzy types; and we might well want to express beliefs about things whose
identity we are not quite sure. (This omission also seems to be related to the loss of universal
structure.)

There seem to be a couple of related resolutions to this puzzle. The first is to notice that replacing
points by distributions yields another space: the space of distributions over the original space; this
is akin to the move in dynamics from working with the random motion of states to working with
the deterministic motion of the distribution over states. This space of distributions has a particular
geometry (its information geometry), and hence we should expect corresponding flavours of topos
and type theory. As we have indicated above, there is a move in fundamental mathematical physics
(cf- Schreiber [228]) to work ‘synthetically’, expressing concepts using the universal structures
of higher topoi. This has proven particularly fruitful in the context of differential systems, but

it is interesting that stochastic and differential structures bear a number of similaritie what

SPerhaps getting to the structural heart of the theory known as QBism [[112}113].

"Both conditional probability and differential calculus exhibit “chain rules” of similar types, which give rise to backwards
actions that compose via the lens rule: in the former case, Bayesian inversion; in the latter, reverse differentiation.
Categories that admit a differentiation operation have begun to be axiomatized (as differential categories [30]]
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are we to make of this? Does Bayesian inversion induce a canonical geometric morphism, by
which structured models may be coherently updated? We have already indicated above signs of a
relationship between inference and parallel transport; it seems that it may at least be fruitful to
consider ‘metric’ topoi, appropriately enriched.

The second resolution is to work with topoi as we work with random dynamical systems, by
noticing that randomness is often like “an uncertain parameterization”. By parameterizing a topos
with a category of noise sources, we may obtain a notion of “stochastic topos” in which the standard
operations of dependent type theory are available, but where each type and term may depend on
the realization of the noise source, thereby giving us notions of fuzzy term and fuzzy type. The
mathematics of such uncertainly parameterized topoi is as yet undeveloped, although we expect
that they should bear a relationship to the “topoi of beliefs” of the foregoing first resolution similar
to the relationship of Fokker-Planck to random dynamical systems.

Finally, we note that higher topoi behave abstractly somewhat like vector spaces (with sheaves like
categorified functionals). Since distributions are themselves like vectors, perhaps this observation

is a first step towards relating the resolutions.

8.4.2. Dynamics

Chapter [6|has supplied the beginnings of a compositional coalgebraic theory for open stochastic
and random dynamical systems in general time, and we hope that this theory could provide a
home for a modern account of non-equilibrium systems, with the category of polynomial functors
supplying a satisfactory account of these systems’ interfaces (i.e., the boundaries across which
information flows, along which they compose, and through which they interact).

In this context, and in parallel to the abstract questions above, there are similar questions to be
asked specifically of dynamical systems. For instance, what is the precise relationship between
the category of Markov processes on an interface, and the category of random dynamical systems
on that interface? We know that categories of deterministic discrete-time polynomial coalgebras
are topoi [240]], so does the same hold in general time? To what extent is the logic of our systems
related to coalgebraic logics [72} (138,162,207, 275]?

Besides these ‘parallel’ questions, there are a number of more technical ones. For instance, our

current definition of “Markov process on a polynomial interface” is somewhat inelegant, and we

and reverse-derivative categories [66]), and categories whose morphisms behave like stochastic channels are also
presently being axiomatized (in the framework of Markov categories [[109]), but the connections between these
various formalisms are not yet clear. The similar structures indicate that the two families of axiomatisation may
have a common generalization.
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seek to simplify it. Similarly, we believe that there is a better definition of “random dynamical
system on a polynomial interface” that may be obtained by a (different) generalization of the
category of polynomial functors, using random variables. And we know that a topology for the
cofree comonoid on an interface can be generated by the corresponding free monoid, which may
be relevant for understanding the topological structure of open systems. An important set of open
questions about open random dynamical systems in this framework comes from attempting to
import notions about random systems from the classical ‘closed’ setting: fundamentally, we ask,
does this framework indeed supply a satisfactory setting in which to understand stochastic systems

away from equilibrium?
8.4.3. Computation

The early 21°% century understanding of biological systems as information-processing involves
treating them as computational, but remarkably lacks a precise concept of what it means for a
system to compute, other than in the context of artificial machines. To us, it seems that a crisper
understanding of computation in general might begin with the slogan that “computation is dynamics
plus semantics”, which is philosophically aligned with the semiotic understanding of biological
information-processing sketched above: for example, we know that attractor networks in the brain
can informally be understood as computational [11f], but these are ‘continuous’ systems for which
we do not yet have a good corresponding concept of algorithm (and it is upon algorithms that our
current understanding is built). But what more is an algorithm than a description of a discrete-time
open dynamical system? The quality that makes an algorithm computational is that its states
or its outputs correspond to some quantity of interest, and that it reaches a fixed point (it halts)
at the target quantity when the computation is complete. If this intuition is correct, then a new
understanding of computation may follow the semiotic understanding of information-processing
that we propose above: perhaps we could say more precisely that computation is the dynamics of
semiosis? The time is right for such a reconceptualization, as human-made systems increasingly
move away from von Neumann architectures towards more biosimilar ones (such as memristors,
optical processors, neuromorphic technology, graph processors, or even many-core and mesh-based

evolutions of classical processors).
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A. Auxiliary material

A.1. From monads to multicategories

The assignment of domain and codomain to the morphisms of a small category C constitutes a
pair of functions C; — Cy, which we can write as a span, C Lod C1 dom, Co. Similarly, the
assignment of domain and codomain to the morphisms of a multicategory M constitutes a span
Mo <L My 2o, List(Mp). This observation was used by Leinster [[168] to construct a general
framework for constructing multicategories, replacing List with an arbitrary ‘Cartesian’ monad 7,

which opens the way to a connection between monad algebras and multicategory algebras. In this

section, we explore this connection, starting by defining categories of spans.

Definition A.1.1. Suppose A and B are two objects in a category C. We will write a span from A
to Bas (X,z): A <2 X 22 B, and call X the apex of the span and x4, 2 its legs or projections.
The category of spans from A to B, denoted Span(A, B) has spans (X, z) as objects, and the
morphisms f : (X, z) — (X', 2) are morphisms f : X — X' in C that commute with the spans,

as in the following diagram:
X
RS
A f B
Xl

We can treat the categories Span(A, B) as the hom categories of a bicategory.

Definition A.1.2. Suppose C is a category with all pullbacks. The bicategory of spans in C, denoted
Span, has for objects the objects of C, and for hom-categories the categories Span(A, B) of spans

from A to B. Given spans (X,z) : A — Band (Y,y) : B — C, their horizontal composite
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(Y,y) o (X,z): A — C is the pullback span defined by

XXBY

prw/my
/\/\

If (X',2') : A - Band (YY) : B — C are also spans with f : (X,z) = (X',2’) and
g: (Y,y) = (Y’ ') vertical morphisms, the horizontal composite of f and g is also defined by
pullback as f xg g : (Y,y) o (X,z) = (Y',y') o (X’,2'). The identity span on an object A is
(A,id): A=A=A.

If the ambient category C is not clear from the context, we will write Span; to denote the

bicategory of spans in C.

Remark A.1.3. Note that Span really is a bicategory rather than a 2-category: since the horizontal
composition of spans is defined by pullback, it is only defined up to isomorphism. Consequently,
the composition of spans can in general only be associative and unital up to isomorphism, rather

than the strict equality required by a 2-category.

Now, recall that ‘monad’ is another name for “monoid in a bicategory”, where the bicategory has

so far been taken to be Cat: but it need not be.

Remark A.1.4. Since CC is the endomorphism monoid on C in the bicategory Cat, we can
generalize the preceding definition of monad to any bicategory B: a monad in a bicategory B is
simply a monoid in B, as defined in Remark That is, a monad in B is a monoid object in
the monoidal category (B (b,b), 0, idb) for some choice of 0-cell b : B, where o denotes horizontal
composition. Explicitly, a monad (¢, yt,n) in Bisa 1-cell ¢ : b — b, amultiplication 2-cell i : tot =,

and a unit 2-cell 7) : idy = ¢, such that the associativity and unitality diagrams commute in B(b, b):

g ¢ i t “ ¢
Bt H and M
A — t

With this more general notion of monad, we obtain another monadic definition of “small category”,

to add to the explicit Definition and the monad-algebraic Example

Proposition A.1.5. Small categories are monads in Spang,;.
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Proof. A monad in Spang, is a choice of object Cyp and monoid in Spang (Co, Cp). Such a monoid
is a span of sets C : Cy Led C1 dom, Co along with functions e : C; x¢, C; — Cy and id : Cyp — Cy.

The set C; x¢, C; is the apex of the pullback span C o C as in
C1 XCo C1

C1 Cl
¥y 2T
Co Co Co

so that e and id make the following diagrams commute:

C1 x¢, C1 B
0

2T e .

C C
Co C 0 1

Co

dom

CO cod

cod
This means that cod(g e f) = cod(g) and dom(g e f) = dom(f), and cod(id,) = dom(id,) = x.
It is easy to check that (C, e, id) therefore constitutes the data of a small category; moreover, the
functions e and id must satisfy the monoid axioms of associativity and (right and left) unitality,

which correspond directly to the categorical axioms of associativity and unitality. O

As we indicated at the opening of this section, by generalizing to a category of ‘spans’ of the
form A — X — TB, we can use the preceding result to produce generalized multicategories
whose morphisms have domains “in the shape of 7. Since the horizontal composition of spans is
by pullback, we need an extra condition on the monad T to ensure that pullbacks of T-spans are

well-defined. This condition is known as ‘Cartesianness’.

Definition A.1.6. A Cartesian natural transformation between functors F' and G is a natural

transformation o : F' = G for which every naturality square is a pullback:
Fa —2*— Ga
Ff Gf

A Cartesian monad is a monad (T' : C — C, pu,n) such that C has all pullbacks, T" preserves
these pullbacks (sending pullback squares to pullback squares), and p and n are Cartesian natural

transformations.
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Definition A.1.7. Suppose 7" is a monad on C. A T-span from A to B is a span from A to T'B in
C. The category of T-spans from A to B, denoted Spany (A, B) has T-spans as objects, and the

morphisms f : (X, z) — (X', 2) are morphisms f : X — X' in C that commute with the spans,

/\
\l/

Definition A.1.8. Suppose (T, u,n) is a Cartesian monad on C. The bicategory of T-spans

as in the diagram

in C, denoted Span, has for objects the objects of C, and for hom-categories the categories
Spang (A, B) of T-spans from A to B. Given T-spans (X, z) : A — Band (Y,y) : B — C, their
horizontal composite (Y, y) o (X, z) : A — C is the outer T-span in the diagram

X xppTY

X TY
e, N
A TB TTrC
Y

TC
If (X',2') : A - Band (Y,y) : B — C are also T-spans with f : (X,z) = (X’,2/) and
g : (Y,y) = (Y',y/) vertical morphisms, the horizontal composite of f and g is defined as
f x7B Tg accordingly. The identity span on an object A is A Ly RUEN

With these notions to hand, the general concept of T-multicategory is easy to define.

Definition A.1.9 (Leinster [168, Def. 4.2.2]). Suppose 7" is a Cartesian monad on C. A T'-

multicategory is a monad in the bicategory Span; of T-spans.
And of course we can recover our earlier examples of category shapes accordingly.

Example A.1.10. The identity monad on a category with all pullbacks is trivially a Cartesian
monad. Therefore, taking 7" = idget to be the identity monad on Set, we immediately see that an

idget-multicategory is a small category.

Example A.1.11 (Leinster [168, Examples 4.1.4 and 4.2.7]). The free monoid monad List : Set —
Set is Cartesian. Unpacking the definitions, we find that a List-multicategory is precisely a

multicategory as in Definition
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At this point, we can sketch how multicategory algebras correspond to monad algebras, referring
the reader to Leinster 168, §4.3] for the details. The basic picture is that, if T : C — C is a Cartesian
monad and M is a T-multicategory, then one can obtain functorially a monad 74 on the slice
C/ My of C over the object Mg of M-objects. The algebras o : Th(X, p) — (X, p) of this monad

are morphisms o : Ty X — X as in the commuting diagram

T
NN

where T)((X, p) is defined as the bundle T\ X — M on the right leg of the pullback square.

To get a sense for how this works, consider the case where T" = idget: a T-multicategory is then
simply a small category C, and as Leinster [168, Example 4.3.2] shows, its algebras are functors

C — Set.
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