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Abstract

Bayesian statistics is a powerful approach to learning real-world phenomena, its
strength lying in its ability to quantify uncertainty explicitly by treating unknown
quantities of interest as random variables. In this thesis, we consider questions regarding
three quite different aspects of Bayesian learning.

Firstly, we consider approximate Bayesian computation (ABC), a computational
method suitable for computing approximate posterior distributions for highly complex
models, where the likelihood function is intractable but can be simulated from. Previous
authors have proved consistency and provided rates of convergence in the case where
all summary statistics converge at the same rate as each other. We generalize to the
case where summary statistics may converge at different rates, and provide an explicit
representation of the shape of the ABC posterior distribution in our general setting.
We also show under our general setting that local linear post-processing can lead to
significantly faster contraction rates of the pseudo-posterior.

We then focus on the application of Bayesian statistics to natural language process-
ing. The class of context-free grammars, which are standard in the modelling of natural
language, have been shown to be too restrictive to fully describe all features of natu-
ral language. We propose a Bayesian non-parametric model for the class of 2-multiple
context-free grammars, which generalise context-free grammars. Our model is inspired
by previously proposed Bayesian models for context-tree garammars and is based on
the hierarchical Dirichlet process. We develop a sequential Monte Carlo algorithm to
make inference under this model and carry out simulation studies to assess our method.

Finally, we consider some consistency issues related to Bayesian nonparametric mix-
ture models. It has been shown that these models are inconsistent for the number of
clusters. In the case of Dirichlet process (DP) mixture models, this problem can be
mitigated when a prior is put on the model’s concentration hyperparameter «, as is
common practice. We prove that Pitman—Yor process (PYP) mixture models (which

generalise DP mixture models) remain inconsistent for the number of clusters when

vii



a prior is put on «, in the special case where the true number of components in the
data generating mechanism is equal to 1 and the discount parameter o € (0,1) is a
fixed constant. When considering the space over partitions induced by BNP mixture
models, point estimators such as the maximum a posteriori (MAP) are commonly used
to summarise the posterior clustering structure of such models, which alone can be
complex and difficult to interpret. We prove consistency of the MAP partition for DP
mixture models when the concentration parameter, «a,,, goes deterministically to zero,

and when the true partition is made of only one cluster.
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Chapter 1

Introduction

In this thesis, I consider various aspects of Bayesian statistics, including Bayesian com-
putation, Bayesian nonparametric modelling, and Bayesian asymptotics. In Section 1.1
I introduce the general context, review some of the relevant literature, and motivate the

problems that we will be considering. In Section 1.2 I outline my main contributions.

1.1 Background

In a statistical analysis, data y1., = (y1,...,yn) € Y is typically assumed to have been
generated from some probability distribution P(-|f#) which can by characterized by a
parameter # € O, where © denotes some parameter space equipped with a metric,
d. The goal is to make inference on 6 given yy., i.e. to make conclusions about the
underlying probabilistic model describing the data. We will use Y;., when referring to
data as a random variable, and ., when referring to a particular observation of data.
Throughout, we will assume that P emits a density with respect to some measure,
which we denote p(y|0).

In this thesis, we consider the Bayesian approach to the problem, which differs from
the so-called frequentist approach in that, instead of directly seeking estimates of one
“true” parameter 6y, the inference is based on a probability distribution over ©. A

Bayesian model consists of a prior density m(f) which describes our prior belief and



uncertainty about the parameter 6 and a likelihood density p(y|@) (as described above)
which describes the generative distribution of data given some parameter § € ©, which

can be combined together to form a posterior density 7(6|y1.,) using Bayes’ rule:

b))
T(0ly1n) = [ p(y1.0|0)7(0)dO”

(1.1)

The Bayesian approach can be easily applied to complex models and, unlike the fre-
quentist approach, provides explicit measures of the uncertainty over the parameter
space. For an extensive introduction to Bayesian statistics see Robert et al. (2007).

The first step of a Bayesian analysis consists of choosing an appropriate likelihood
density p(y|@) on Y and a suitable prior density m(f) on the parameter space ©. If
one has some prior belief of where the true parameter is concentrated, this should
be incorporated into the prior distribution. Otherwise, a prior distribution with high
variance could be a more suitable choice.

One then computes the posterior density m(0|y;.,) using Equation (1.1). Since the
likelihood function p(y1.,|0) is typically unavailable in closed form, this is often done
using computational methods. These include simulation-based methods based on Monte
Carlo estimates, and approximate methods, where one designs some pseudo-posterior
distribution which is “close” to the true posterior, and from which estimates can more
easily be made.

A Bayesian posterior can be summarised by a point estimate, for example, the pos-
terior mean, E (0]y1.,) = [ 0dII(0|y;.,) or the maximum a posteriori (MAP) estimator,
0, = argmax 7 (0|y1.,) . Point estimates, however, do not make full use of the power of
the posterior, and in particular, lack a measure of uncertainty. A more comprehensive
representation of the posterior would be to provide either its density (if available), or a

large sample of draws from it.



1.1.1 Bayesian asymptotics

Since Bayesian posterior computation is often approximate, before drawing statistical
conclusions from them it is crucial to validate their reliability. One way of doing this is
by studying their asymptotic properties. We adopt what is called a frequentist-Bayesian
point of view and assume the existence of a true parameter 6.

A posterior distribution is said to be consistent if its mass concentrates on increas-
ingly small neighbourhoods around the true parameter as the amount of data goes to

infinity. Formally, posterior consistency is defined as follows.

Definition 1. The posterior distribution is said to be consistent at 0y € © with respect
to a metric d on © if for any € > 0, the posterior probability of an e—neighbourhood of
0o, N. = {0 :d(0,0y) < €} converges to 1:

H(M’ylzn) — 1

in P(:|0y)—probability as n goes to infinity.

Consistency is a minimal requirement for a posterior distribution to be considered
reliable. A first result of Doob (1949) shows that when d is a metric and (©,d) is a
complete separable space, the posterior is guaranteed to concentrate on a neighbourhood
Oy of 0y as long as ©¢ has strictly positive measure under the prior and as long as 6 is
identifiable. In other words, the posterior is consistent everywhere except for a set of
values having measure zero under the prior. This result is interesting but weak since it
fails on a null set which is unknown and which depends on the prior.

In the case of independent and identically distributed data, Schwartz’s theorem
(Schwartz (1965)) guarantees consistency for finite dimensional models under testing
conditions of the model and under the condition that the prior puts enough positive
mass around the true parameter (in the sense of Kullback-Leibler divergence). Barron
et al. (1999) extend this to the non-iid case.

A more refined asymptotic property than consistency is posterior contraction rates



(also known as posterior concentration rates). They provide a measure of how fast the

posterior distribution shrinks around the true parameter, and are defined as follows.

Definition 2. A rate of contraction of the posterior distribution with respect to a metric

d on © is defined as a sequence (€,)n>1 such that
I1(0 : d(0,60)) < Mpéenlyrn) — 1

in P(:|0p)—probability as n goes to infinity, where M, is any monotone increasing se-
quence. The best possible (i.e. the smallest) sequence (€,)n>1 satisfying the above is

called the optimal rate of contraction.

In their seminal paper, Ghosal et al. (2000) develop a general methodology to obtain
posterior contraction rates, which is extended to the case of non iid observations in
Ghosal and Van Der Vaart (2007).

Finally, one may be interested in the asymptotic shape of the posterior distribution.
It is well-known that in finite-dimensional regular models the MLE 0, has the following

Gaussian limiting distribution in P(-|fy)—probability:

~

\/ﬁ(en - 00) - N(O?IH(QO)il)v (1'2)

where Z,, is the Fisher information matrix. Note that the above is a frequentist result:
the “true” parameter 6, is a fixed constant and randomness is due to the data which is
distributed according to the likelihood model. The Bernstein-von Mises Theorem due
to Laplace (1810) provides a Bayesian analogue of Equation (1.2) for finite-dimensional
models. It states that under some regularity conditions, the posterior distribution has

the following Gaussian limit in TI(+|y;.,)— probability:

(V0 = 00)[y1:n) = N(0,Z(60) 7).

Note that the above is a Bayesian result: unlike in Equation (1.2) where randomness



comes from the data y,, the Bernstein-von Mises Theorem considers data y;., (and
thus én) to be fixed, and randomness comes from the posterior distribution over the
parameter space ©.

As we will describe in detail in the next section, a common modelling choice in
Bayesian statistics involves defining the parameters to be of infinite dimension. Such
models are referred to as Bayesian nonparametric (BNP) models. While general results
such as Schwartz’ theorem and the Bernstein Von Mises theorem are widely applied
to finite models, they are not always applicable in nonparametric settings. Providing
asymptotic guarantees for Bayesian nonparametric models can be challenging, and is
often done in a case by case basis (see, for example Walker and Hjort (2001), Walker
(2003), Walker (2004), and Lijoi et al. (2007) for consistency results, and see Rousseau
(2016), Ray and van der Vaart (2021) and Franssen and van der Vaart (2022) for
Bernstein Von Mises results in BNP settings). General asymptotic results also fail to
hold in situations where Bayesian computation is based on estimations of some pseudo-

posterior distribution which approximates the true posterior.

1.1.2 Bayesian nonparametrics

A Bayesian nonparametric model is defined as a Bayesian model over the space of
infinitely many parameters (Bernardo and Smith (2009)). Bayesian nonparametric
models are popular for their flexibility and are particularly useful when dealing with
highly complex data.

The most popular Bayesian nonparametric prior is the Dirichlet process (DP), in-
troduced by Ferguson (1973). There are several equivalent representations of the DP.
Sethuraman (1994) defines the DP in a constructive way called the “stick breaking”

representation as follows.

Definition 3. IfV; ~;;q Beta(l,a) fori=1,..., ifp; =V Hi;ll(l—‘/;) forj=1,2,...,



and 61,05, ... ~iq Qo then the discrete random probability measure

G = Z ;%
j=1

15 distributed according to a Dirichlet process with concentration parameter o and base

distribution Qo. We write G ~ DP(a, Qo).

Blackwell and MacQueen (1973) provide a characterization of the DP based on the
generative distribution of data points drawn from draws from it: if (64, ...,0,,0,:1) ~ G

and G ~ DP(a,Qo), then conditional on (6, ...,6,), the (n + 1) observation 6,

nj
a+n

is equal to 6; with probability (where n; represents the number of components in
(61,...,0,) that take the same value as 6;) and is distributed according to ()y with
probability . This process is commonly referred to as the “Chinese restaurant
process” due to an analogy of customers sitting at tables in a Chinese restaurant: when
a customer (the element 6,;) enters a restaurant, they sit at the j* table (i.e. take

nj
a+n?

the value 6;) with probability and sit at a new unoccupied table (i.e. take a new

and unique value) with probability (;2).
Although the Dirichlet process itself is a measure on the space of discrete measures,
it can be used to model continuous data by convolving it with some kernel. Given a

class of kernels k(y|@), Lo (1984) defines the Dirichlet process mixture model as a model

with density defined by f(y), where

C:AJZDF%C%(QO)

f() = / k(y10)G(db). (1.3)

In Dirichlet process mixture models, each observation is associated with one component
6 € © and then distributed according to k(y|#) conditional on . DP mixture models
are thus perfectly suited to modelling clustered data: two data points belong to the
same cluster if they are both associated with the same component § € ©. Unlike the

case of finite mixture models, where the G in (1.3) is a finite discrete measure, they

6



allow for an unbounded number of components. The complexity of the model may grow
as the training data becomes available.

Grouped structure in data is common across a broad range of domains, including
genetics (Gabriel et al. (2002)) where the groups are the halotypes of binary markers of
the human genome, information retrieval (Blei et al. (2003)) where the groups are the
topics of a set of documents, or natural language processing (Liang et al. (2007)) where
the groups are the parts of speech of a grammar. Teh et al. (2004) extend the DP
mixture model further with their hierarchical Dirichlet process (HDP) model, where
separate groups are modeled with separate Dirichlet processes. The Dirichlet processes
are linked together with a common base distribution, which itself is modeled with

another Dirichlet process. Mathematically, their model can be represented as follows.

Go ~ DP(ag, Qo)
Gj ~ DP(CY]',G()) VjedJ

where J represents the number of groups one wishes to model. If Gy were some con-
tinuous distribution, the probability of different groups sharing components would be
zero. On the other hand, if G, were a finite discrete measure, the model would be too
restrictive. The use of a Dirichlet process as a common base distribution allows both
across-group and within-group clustering, without compromising model flexibility. Beal
et al. (2001) propose a closely related model to the HDP, which is a hidden Markov
model where the transitions are modeled using a HDP (one considers the states of the
hidden Markov model to be the groups). Finkel et al. (2007) use an adaptation of the
HDP model for three models over trees, with various dependency assumptions among
the children at each branch.

While the DP remains the most standard Bayesian nonparametric prior, numerous
extensions exist. Pitman—Yor processes (PYPs) are a simple extension of Dirichlet
processes, developed by Perman et al. (1992) and further investigated by Pitman (1995)
and Pitman and Yor (1997). PYPs introduce an extra parameter o € [0,1) (called the



discount parameter), that allows for flexible control of the clustering behavior, and can
be characterized by a “stick-breaking” construction, identical to that of the Dirichlet
process in Definition 3, except with the V;’s distributed as V; ~;,q Beta(l — o, a + io).
When G is distributed according to a Pitman—Yor process with concentration parameter
a, base distribution @)y, and with discount parameter o we write G ~ PY P(a, 0, Qo).
The PYP can also be characterized by the generative distribution of data points drawn
from draws from it, and by its corresponding Chinese restaurant process analogy: a new

customer (the value 6,,1) sits at the j table (i.e. takes the value 6;) with probability

TLj—O'
a+n’?

and sits at a new unoccupied table (i.e. takes a new and unique value) with

probability (a;fé’) The Dirichlet process mixture model and hierarchical Dirichlet
process model described above can be trivially adapted to PYPs by replacing DPs by
PYPs.

Beyond the Dirichlet process and the Pitman—Yor process, other nonparametric
priors do exist, for instance, the class of Gibbs-type priors (De Blasi et al. (2013)),
which naturally generalise DPs and PYPs, but these are beyond the scope of this

thesis.

1.1.3 Bayesian modelling for grammars

The goal of natural language processing (NLP) is to develop algorithms that allow com-
puters to understand natural language. NLP applications include speech recognition,
translation, and language understanding, among others, and due to the large quantity
of linguistic data available on the internet have enjoyed a significant amount of research
attention over the last twenty years (Manning and Schutze (1999)).

One object of interest when studying linguistic data are the parse trees which de-
scribe the structure of each sentence in the language. An example of a parse tree for
the English sentence “They solved the problem with Bayesian statistics” is provided in
Figure 1.1.

A grammar is what defines the structure of a language. Chomsky (1956) defined a



formal grammar G to be four-tuple (A, B, R,S) where A is the set of terminal symbols
(the words in the language), and where B, R and S are related to their underlying
structure. In particular, when considering the parse trees of the sentences in a language,
the symbol S is the start symbol at every root node, B is the set of nonterminal symbols
at internal nodes, and R is the set of rules which define which branching patterns can
occur.

Inferring the grammar that best describes some natural language based on a finite set
of sentences is a challenging task. We approach this problem by using probabilistic grammars
which are defined as formal grammars which additionally have some set J of proba-
bilities, with one probability assigned to each of the rules in R. The probability of any
sentence is defined to be the product of the probabilities assigned to each of the rules
in that sentence’s parse tree.

Chomsky (1956) classified grammars in terms of the complexity of the rules that
they allow. In order of increasing complexity he defined the following four classes of

graminars.

Regular C Context-free C Context-sensitive C Recursively enumerable (1.4)

The more complex a grammar model is the more features of a language it may be
able to capture. However, the more complex the grammar model, the more expensive
the inference may be in terms of computational time. It is common for natural language
to be modeled using context-free grammars, and probabilistic context-free grammars
have been a core modelling technique for many aspects of linguistic structure (Charniak
(1996), Collins (2003)). All of the rules of a context-free grammar (when in its Chomsky

normal form) must be written in one of the following two forms

Bj — Blekz (15)



Sentence

1
| !

Noun-Phrase Verb-Phrase
i ;
Pronoun Ve{‘b Noun-Phrase Prepcsitin—?hrase
oo e !
They solved Determiner Noun Proposition Noun-Phrase
I
the problem with Proper-Noun Plural-Noun

Lo

Bayesian statistics

Figure 1.1: A parse tree for the sentence They solved the problem with Bayesian statistics.
Bj — Qg (16)

where Bj, By,, By, € B and where a; € A. Figure 1.1 illustrates a sentence and its
parse tree generated from a context-free grammar describing the English language. In
this grammar, S is the nonterminal [Sentence]|, B is the set of English parts of speech
(for example [Noun], [Verb], [Proposition], etc.), and A is the set of English words.
Elements of the set R include

[Noun-Phrase] — [Determiner| [Noun]
and
[Proper-Noun| — “Bayesian”.
Traditionally, estimation of probabilistic context-free grammars has been done using

variants of the inside-outside algorithm (Baker (1979), Lari and Young (1990)) which is

based on the frequentist technique of expectation maximization (EM) estimation. De-

10



spite the fact that the majority of early work in statistical NLP has been non-Bayesian,
it can be argued that the Bayesian approach is perfectly suited to NLP. Indeed by an
appropriate choice of prior, Bayesian methods can favor sparseness which is typical of
linguistic data. Johnson et al. (2007) show that a finite Bayesian model for probabilis-
tic context-free grammars can infer linguistic structure in situations where maximum
likelihood methods such as the Inside-Outside algorithm only produce a trivial gram-
mar, using the example of the sparse grammar describing the morphology of the Bantu
language Sesotho. Furthermore, by using nonparametric priors, the Bayesian approach
allows the number of nonterminal symbols and rules to be learned adaptively with the
data, providing flexible models with an unbounded number of latent parameters.

All of the rules in a context-free grammar involve overwriting one nonterminal sym-
bol (the B; on the left-hand side of Equation (1.5) and Equation (1.6)) with either a
pair of nonterminal symbols (as in Equation (1.5)) or with a single terminal symbol
(as in Equation (1.6)). The rules of a context-free grammar can thus be modeled as
a multi-group mixture: two rules are in the same group if and only if they both over-
write the same nonterminal symbol. Liang et al. (2007) model the different groups of
rules separately whilst maintaining a global link across all rules by means of hierar-
chical Dirichlet processes, in their HDP-PCFG model. Goldwater et al. (2006) extend
this to model parse trees for context-free grammars with various different dependency
assumptions across child nodes.

Despite the extensive work on natural language inference based on context-free
grammars, it is well-known that these models do not capture all features of human
natural language. Shieber (1985) demonstrate this for the particular case of the Swiss
German language. Since the class of context-sensitive grammars, which comes above
the class of context-free grammars in terms of complexity, is considered too complex in
practice for simple inference purposes, researchers have proposed intermediate classes of
grammars that lie in between context-free and context-sensitive in terms of complexity.
Examples of these include head grammars (Pollard (1984)), tree-adjoining grammars

(Joshi et al. (1969)), and 2-multiple context-free grammars (Seki et al. (1991)). Until

11



now, no Bayesian model has been proposed for these extensions, and all inference has

been frequentist.

1.1.4 BNP mixtures

Mixture models are commonly used in statistical analysis of heterogeneous data where
observations are assumed to come from a number of different populations or groups. Due
to their flexibility and simplicity, they are popular across a wide range of applications,
including healthcare (Ramirez et al. (2019)), econometrics (Frithwirth-Schnatter et al.
(2012)), and ecology (Attorre et al. (2020)).

In a mixture model, each observation is assumed to come from exactly one group,
and each group is characterized by some density, which usually comes from some para-
metric family. Mathematically, a mixture model over data y;., can be characterized by

the distribution F* with pdf with respect to some measure p

Zp (yl97). teN (1.7)

where the p} are probability weights in (0, 1) summing to one, and where the k(:|¢}) are
probability kernels, each depending on some parameter ¢;. The above may alternatively
be expressed as a convolution of the component-specific kernel k(-|¢) with the discrete

o . t
mixing measure G* = 3| pjdg::

) = / k(y|6)G* (do). (18)

Mixture models can be used for density estimation (Escobar and West (1995), Fer-
guson (1973)), regression (Miiller et al. (1996)), and model-based clustering (Fraley and
Raftery (2002)). When using mixture models for model-based clustering, one focuses
on the groups to which each data point has been assigned, which naturally induce a
partition in the data: two data points belong to the same cluster of the partition if and

only if they have both been assigned to the same group. We denote this partition of the

12



data by A = (Ay,..., Ak, ), where K,, denotes the number of clusters in the partition.

For a recent review on model-based clustering for mixture models, see Griin (2019). For

a recent review on mixture models in general, see Fruhwirth-Schnatter et al. (2019).
In this thesis, we consider nonparametric mixture models, with nonparametric priors

on the mixing measure G of Equation (1.8).

Consistency results for BNP mixtures

As described in Section 1.1.1 general consistency results are not necessarily applicable to
nonparametric models. Extensive research has led to consistency in density estimation
for Dirichlet process mixtures (Ghosal et al. (1999) Ghosal and Van Der Vaart (2007)
Kruijer et al. (2010), and other types of priors (Lijoi et al. (2005)). Nguyen (2013)
proves consistency for mixing measures for finite mixtures and for BNP mixtures, and
provides their corresponding contraction rates.

It is important to realise that consistency of the posterior distribution for the data-
generating density and even for the mixing measure does not imply consistency of
the inferred number of clusters. Empirically, many researchers have observed that DP
mixture posteriors tend to overestimate the number of clusters (West and Escobar, 1993;
Lartillot and Philippe, 2004; Onogi et al., 2011). More recently, Miller and Harrison
(2013, 2014) proved that the posterior distribution on the number of clusters does
not concentrate to the number of components in DP and PYP mixtures. A possible
explanation for this inconsistency result can be found in a result proved by Rousseau
and Mengersen (2011), that in overfitted finite or infinite mixture models, the weights
attributed to extra clusters go to zero as the number of observations grows. Provided
that the weights for the extra components are infinitesimally small, any mixture can
be approximated arbitrarily well by a mixture with a larger number of components.

Despite the above inconsistency results, it is possible to achieve posterior consistency
for the number of clusters in DP and PYP mixtures. Guha et al. (2021) introduce a

fast and simple post-processing procedure for DP mixtures which provides clustering
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consistency. Alamichel et al. (2022) extend this result to PYP mixtures. Ascolani
et al. (2022) show that posterior consistency for the number of clusters can be achieved
in certain cases for a DP mixture model by putting a prior on the DP concentration
parameter . DP mixtures modeled in this way can be considered as mixtures of DP
mixtures (Antoniak, 1974) and are commonly used in practice.

Beyond the distribution over the number of clusters, an interesting question in clus-
ter analysis is the distribution over the partition space across clusters induced by BNP
mixture models. This space is large and complex: the number of possible clusterings
of n items grows exponentially according to B(n), the Bell number of n items (Bell
(1934)). Since it would be infeasible to describe the posterior density of all the unique
partitions, it is common practice to find a point estimator to concisely represent the
posterior.

The optimal Bayes estimate of the clustering under the 0-1 loss function is equiva-
lent to the maximum a-posteriori (MAP) clustering estimator (Binder (1978)), and is
commonly used in Bayesian model-based procedures (Broét et al. (2002), Kim et al.
(2006), Li et al. (2007)). The 0-1 loss function may be described intuitively as follows:
no loss is incurred if the clustering estimate equals the true clustering and a loss of
one is incurred for any other clustering estimate. Rajkowski (2019) investigate the-
oretical properties of the MAP partition in the particular case of Gaussian Dirichlet
process mixture models (where the cluster means have Gaussian distribution and, for
each cluster, the observations within the cluster have Gaussian distribution). Along
with some nice theoretical properties, they prove that model mis-specification can lead

to non-consistency of the MAP partition.

1.1.5 Bayesian computation

In a Bayesian analysis, many quantities of interest can be written in the form

- / B(0)dT1(6]y.,). (1.9)
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i.e. as an expectation of some quantity h(€) with respect to the posterior distribution.
For example, the expected value of 6 under the posterior corresponds to the case where
h(#) = 6. Since posterior distributions are generally impossible to calculate directly,
numerical methods must be used.

Even if the posterior distribution is unavailable in closed form, it can be possible
to simulate from it. We can estimate I of Equation 1.9 using a Monte Carlo estimator

IMC | defined as

T

R 1

' = T Z h(0:)  0p ~iia H(-|y1:n)-
t=1

Monte Carlo estimators have zero bias, and under the very general conditions of the
Laws of Large Numbers, they converge to the truth, I, as the number of simulated
data points T goes to infinity. Despite these nice properties, however, they are rarely
used in practice: their variances can be quite large, and in many cases, it is impossi-
ble to simulate directly from the posterior distribution. An alternative solution is to
use importance sampling, where data is simulated from an alternative sampling distri-
bution, and weights are associated with each simulated data point to correct for the
difference between the sampling distribution and the posterior distribution (see for ex-
ample Geweke (1989)). Given a sampling distribution 7 that emits a density (which we
also denote ) with respect to some measure, an importance sampling estimator f:ﬁs is

defined as

T

Z etlyl ») Or ~iia

=1

The quality of ft[ ¥ depends crucially on the choice of v, and is unbiased and consistent
as long as the support of II(:|#) is contained in the support of .

In the case of more complex models, it is often difficult to design an importance
sampling distribution v that places a large number of samples in regions of high posterior

density. Classes of algorithms suitable for these situations include Markov chain Monte
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Carlo (MCMC) algorithms and sequential Monte Carlo (SMC) algorithms.

The basic idea of MCMC methods is to simulate a Markov chain whose stationary
distribution is the target posterior distribution. Monte Carlo estimates can then be
formed using the elements in the chain (usually after discarding the first few elements
of the chain, referred to as the “burn-in” time). Gibbs sampling (Gelfand and Smith
(1990)) is an MCMC method useful when the parameter 6 is of dimension greater or
equal to two, and where it is possible to simulate from conditional distributions of its
components. Each transition of the Markov chain involves resampling a component of
the parameter vector from its conditional distribution.

The Metropolis Hastings method (Robert et al. (1999)) first introduced by Metropo-
lis and Ulam (1949) is an MCMC method based on using a suitable transition kernel
and acceptance probability in order to ensure a “detailed balance” condition, which is
necessary for the stationary distribution of the Markov chain to be equal to the target
distribution. A large number of extensions have been introduced, for example, adap-
tive versions (Roberts and Rosenthal (2009)), where the best choice of the parameters
is learned during the convergence of the chain, and parallel tempering (Geyer (1991))
which uses a sequence of Markov chains running in parallel with earlier chains in the
sequence easier to sample from, with neighbouring chains close in distribution, and
which allows neighbouring chains to swap state in order to improve mixing. The last
chain of the sequence has stationary distribution equal to the target.

SMC methods also involve the construction of a sequence of intermediate distribu-
tions fo(0), f1(0), ..., fr(0), in such a way that the final distribution fr() corresponds
to the Bayesian posterior target distribution II(-|y;.,). In SMC, one simulates M par-
ticles on © which are then propagated from fy to fr so that in the end, one obtains
sets of vectors of the form (Gém), o™ ,Qf(pm)) for all m € {1,..., M}, where ng) is
distributed according to f; for any ¢ in {0,..., T} and for any m € {1,..., M}. In par-
ticular, the set {9;1 ), . ,Q(TM)} will be a sample from the target posterior distribution,
from which Monte Carlo estimates may be made.

For t € {1,...,T} a common choice for the distribution f; is the partial posterior
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distribution II(+|y1.¢), and a common choice for fj is the prior distribution II(-). At time
step t, each of the particles can then be propagated from f; ; to f; using importance
sampling, with sampling distribution TI(-|y;.,—1) and with weight p(y;]@), in such a way
that the re-weighted sample will be distributed according to II(|y1.). Practically, an
additional re-weighting step is necessary to avoid particle degeneracy (i.e. to avoid the
weights of all but one particle becoming so small that they no longer have an adequate
influence on the final MC sample. It has been proved that SMC is guaranteed to fail
without this step, see Liu et al. (1998) and Liu and Liu (2001)). Pseudocode for a very
basic SMC sampler, the Bootstrap sampler, is provided in Algorithm 1.

Due to the increasing availability and power of computational resources, SMC meth-
ods have become very popular since the 1990s, and there is a rich literature on the con-
struction of their algorithms (see for example Gilks and Berzuini (2001), Neal (2001),
Doucet et al. (2001), and Chopin (2002), among others). Unlike other alternatives such
as MCMC algorithms, SMC algorithms can process the data sequentially. This makes
them perfectly suited to situations where the dimension of the data is large and it would
be unrealistic to process all of it in one go, or where data arrives sequentially and one

wishes to make estimates online.
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Algorithm1: Bootstrap Filter

1. initialisation, t = 0
e Fori=1,..., M sample 0 ~TI(-) and set ¢ = 1.

2. Importance sampling step

o Fori=1,...,M, sample 6! ~ II (-|y1.;—1)) and set f, = ( 1 é;)

e Fori=1,..., M evaluate the importance weights

L plylod)
U)t = M—NZ
> iy P(yel6})

3. Selection step

e Resample with replacement M particles (6,7 =1,..., M) from the set
<~é:t;z‘ =1,..., M) according to the importance weights.

e Set t < t+ 1 and go to step 2.

1.1.6 Approximate Bayesian computation (ABC)

In the case of highly complex or high-dimensional problems, the simulation-based meth-
ods described above can be too expensive computationally. In certain situations, they
can even be mathematically impossible. For example, when the likelihood function
cannot be evaluated, one has no way of calculating acceptance probabilities for the
Metropolis-Hastings algorithm, or of calculating weights of the SMC algorithm. Fur-
thermore, the decomposition required for Gibbs sampling is generally unavailable. In
these cases, a more approximate method of inference is necessary. Previous solutions to
these problems include Laplace approximations (Tierney and Kadane (1986)) and varia-
tional Bayes methods (Jaakkola and Jordan (2000)). However, Laplace approximations

require unrealistic prior knowledge of the posterior distribution, and variational Bayes
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models replace the true posterior distribution with a much simpler pseudo-posterior
which may fail to capture important features of the true model.

Approximate Bayesian computation (ABC) methods, proposed by Tavaré et al.
(1997) in the context of population genetics, have been referred to by Marin et al. (2012)
as “the most satisfactory approach to intractable likelihood problems.” The basic idea is
simple. Instead of evaluating the likelihood function, one simulates a set of M parameter
and data pairs from the prior and likelihood function ((6*,2'),..., (8", 2M)). For all
of the #'s for i € {1,..., M} for which 2" is sufficiently “close” to the observed data y,
the parameter ¢’ is stored. The set of stored parameters is a Monte Carlo sample from
the ABC pseudo-posterior distribution. In the special case where by “close” we mean
“equal to”, the pseudo-posterior distribution will be the true posterior distribution.
Otherwise, it will be some approximation of the true posterior distribution. The most

basic accept/reject ABC algorithm (Tavaré et al. (1997)) given in Algorithm 2.
Algorithm2: Accept/reject ABC

1. Simulate 6* (i =1,..., M) from II(-)
2. Simulate 2" = (2¢,...,2.) (i=1,..., M) from P(-|0")

’n

3. Accept the 6" satisfying |n(y") — n(2")| < €, where 7(-) is a statistic and € is a

tolerance level.

Defining an approximation to the likelihood as

Peo (N(y)) = /1{||77(y)n(z)||<6}dp(z|0)v (1.10)

this ABC accept /reject algorithm produces samples from the following pseudo-posterior

density (when marginalizing out the simulated data 7(2)):

me(0) o< 7(0)Pes (1(y)) - (1.11)

ABC methods are relatively recent and have enjoyed a large amount of research
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attention in the past two decades, both from a theoretical point of view and from a
computational point of view.

As with any approximate statistical method, it is crucial to understand the asymp-
totic behavior of ABC posterior estimations in order to validate their reliablilty. Li and
Fearnhead (2018b) and Frazier et al. (2018) have considered the asymptotic properties
of ABC, with ABC tolerances decreasing as the number of observations goes to infinity.
Both papers have shown that convergence of ABC point estimators depends on the
relationship between the rate of convergence of the summary statistics and that of the
tolerance.

Frazier et al. (2018) have additionally proved posterior consistency of the ABC
posterior, and both Frazier et al. (2018) and Li and Fearnhead (2018a) have proved
results on the asymptotic shape of the ABC posterior distribution. These results again
depend on the relationship between the rate of convergence of the summary statistics
and that of the tolerance. In particular, posterior consistency is only proved in the case
where all summary statistics converge at a rate that is much faster than that of the
tolerance. The shape of the asymptotic ABC posterior distribution is only proved in
situations where all dimensions of the summary statistics converge at the same rate as
each other: either they all converge at a “slow” rate relative to €, or they all converge

at a “fast” rate relative to e.

1.2 Contributions and thesis outline

This thesis comprises three main chapters, each representing independent work. Chap-
ter 2 focuses on the asymptotic properties of ABC methods (and is based on work in
preparation for submission to the Electronic Journal of Statistics). Chapter 3 considers
the natural language processing application of Bayesian nonparametric models (and is
unsubmitted, unpublished work). Chapter 4 presents consistency results for Bayesian
nonparametric mixture models (and is partially based on work published at the Ad-

vances in Approximate Bayesian Inference conference and partially based on work in
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progress). In the next subsections, I briefly summarise the methodologies, the results,
and the impact of each of the following chapters. I also outline which parts were carried

out as part of a collaboration.

1.2.1 Asymptotic properties of ABC

In Chapter 2, T present joint work with C. Robert, J. Rousseau and R. Ryder on the
asymptotic properties of ABC methods. We consider the ABC posterior as the tolerance
parameter € decreases with increasing data: as e converges to zero, the ABC summary
statistics converge to their limiting values. As outlined in Subsection 1.1.6, previous
results have focused on settings where the summary statistics all converge at the same
rate. Either they all converge “slowly” relative to €, or they all converge “quickly”
relative to e. We generalise to the more realistic case where different components of the
summary statistics converge at different rates. We prove posterior consistency under
this set-up, even when certain summary statistics do not converge at all, and provide a
closed-form expression for the asymptotic ABC posterior distribution. We prove similar
but stronger results in the case of ABC after post-processing.

I was the lead researcher for the two theorems and the simulation study that deal
with ABC before post-processing. This was the first project of my DPhil, and I had
guidance from C. Robert, J. Rousseau and R. Ryder. The results regarding ABC
posteriors after post-processing are due to J. Rousseau and R. Ryder, and are not my

work.

1.2.2 Bayesian nonparametric models for grammars

In Chapter 3, I present joint work with R. Ryder and J. Rousseau on Bayesian modelling
of grammars. We focus on the class of 2-multiple context-free grammars (2-MCFGs).
As discussed in Subsection 1.1.3, although the majority of work on grammar modelling
in the literature has focused on the class of context-free grammars, more general classes

would be necessary in order to capture all features of natural language. 2-MCFGs allow,
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for example, cross-dependencies across words in sentences, a feature which is impossible
to capture using context-free grammars. We propose a model for 2-MCFGs based on
the hierarchical Dirichlet process, inspired by previously proposed models for context-
free grammars. We develop a sequential Monte Carlo algorithm to make inferences and
illustrate our method with synthetic and real data.

I was the lead researcher for this project, both for modelling and implementation.

Many ideas came from regular discussions with R. Ryder and J. Rousseau.

1.2.3 Consistency results for BNP mixtures

In Chapter 4, I present joint work with J. Arbel, L. Alamichel and G. Kon Kam King on
the topic of consistency of Bayesian nonparametric mixture models. First, we consider
the question of consistency for the number of clusters. In our first theorem, we prove
that, unlike the case of DP mixture models, PYP mixture models (which generalise
DP mixture models) remain inconsistent for the number of clusters when a prior is put
on «, in the special case where the true number of components in the data generating
mechanism is equal to 1 and the discount parameter o € (0, 1) is a fixed constant. We
illustrate this result with a simulation study. Secondly, we consider the MAP estimator
over the space of partitions. We prove consistency of the MAP partition for DP mixture
models when the concentration parameter, «,, goes deterministically to zero, and when
the true partition is made of only one cluster. This second result is complimentary to
that of Rajkowski (2019) who prove a negative result in the case of a fixed concentration
parameter.

I was the overall lead researcher for this project. The first theorem was joint work
with J. Arbel, and the second theorem was my individual work. The simulation study
included in the Appendix section was carried out by L. Alamichel and G. Kon Kam

King and was not my work.

22



Chapter 2

Asymptotic properties of
approximate Bayesian computation

(ABC)

Abstract

Approximate Bayesian computation (ABC) is a computational method suitable for
computing posterior distributions in situations highly complex models, where the like-
lihood function is intractable but can be simulated from. Previous authors have proved
consistency and provided rates of convergence in the case where all summary statistics
converge at the same rate as each other. We generalize to the case where summary
statistics may converge at different rates, and provide an explicit representation of the
shape of the ABC posterior distribution in our general setting. We also show under our
general setting that local linear post-processing can lead to significantly faster contrac-

tion rates of the pseudo-posterior.
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2.1 Introduction

Likelihood-free methods in Bayesian statistics are methods for posterior inference in
situations where likelihoods are intractable or unavailable in closed form, but may be
simulated from. Such situations are typical of real-life applications, when models are
defined by complex generative processes. This can result in likelihoods involving high
dimensional integrals which are impossible to compute in a reasonable amount of time.
Examples of such likelihood-free methods include simulated methods of moments (Duffic
and Singleton, 1990), indirect inference (Gourieroux et al., 1993), synthetic likelihood
(Wood, 2010) and approximate Bayesian computation (ABC) (Sisson et al., 2018). In
this work, we focus on the latter. At its core, ABC relies on simulating many data sets
from the prior predictive. The data sets are summarized by a low dimensional statistic,
and only those within a small pseudo distance (the tolerance) of the observed data are
kept.

ABC was first introduced in the context of population genetics (Pritchard et al.,
1999). It has since then been applied in research areas as diverse as population genetics
(Pritchard et al., 1999), protein networks (Ratmann et al., 2007), epidemiology (Tanaka
et al., 2006) , inference for extremes (Bortot et al., 2007), dynamical systems (Toni et al.,
2009), and Gibbs random fields (Grelaud et al.; 2009). Due to its increasing popularity
in applied statistics, recent research has focused on the theoretical properties of ABC
methods.

Fearnhead and Prangle (2012) consider the question of summary statistic choice, and
find that summary statistics should ideally have the same dimension as the parameter
to be estimated. Li and Fearnhead (2018b) and Frazier et al. (2018) have considered
the asymptotic properties of ABC, with ABC tolerances decreasing as the amount of
information in the data goes to infinity. Both papers have shown that convergence
of ABC posteriors depends on the relationship between the rate of convergence of
the summary statistics and that of the tolerance and they have proved results on the

asymptotic shape of the ABC posterior distribution. These results again depend on
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the relationship between the rate of convergence of the summary statistics and that of
the tolerance. In particular, posterior consistency is only proved in the case where all
summary statistics converge at a rate that is much faster than that of the tolerance.
The shape of the asymptotic ABC posterior distribution is only proved in situations
where all dimensions of the summary statistics converge at the same rate.

In this work, we extend the results of Frazier et al. (2018) to the case where different
components of the summary statistics converge at different rates, with some possibly
not converging at all. We first prove consistency of the ABC posterior where different
components of the summary statistics are allowed to converge at heterogeneous rates.
We next prove a general result on the asymptotic shape of the ABC posterior in the
same context and our results cover the more realistic case where certain summary
statistics do not converge at all.

A well known technique to reduce the curse of the dimension of the set of summary
satistics is based on non linear regressions, typically a post processing step, as intro-
duced by Blum and Francois (2009); see also Blum (2010). Recently Li and Fearnhead
(2018a) have shown, in the special case of asymptotically normal summary statistics
all concentrating at the same rate, that the local linear postprocessing step proposed
in Blum and Francois (2009) leads to a significant improvement in the behaviour of the
ABC posterior. However since the post - processing step aimed at reducing the impact
of the dimension of the summary statistics, it is important to study its efficiency in a
context where the summary statistics are not as well behaved as considered in [i and
Fearnhead (2018a). We fill this gap by showing that local linear post-processing induces
significant improvement even when summary statistics have heterogeneous behaviour.

In Section 2.2 we provide details of our set-up, state the assumptions that we will be
using and introduce key notation. In Section 2.3 we state our result on the asymptotic
form of the ABC posterior and in Section 2.4 we study its consequence on the local
linear regression post-processing strategy. In Section 2.5 we illustrate these results
empirically. A short discussion is provided in Section 2.6. The details of proofs of

theoretical results are left to the appendix.
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2.2 Background

We observe data y € R™ and assume that they arise from the model {P(-) : € R?},
where Py(+) is a density function. We denote by 6, € R? the unknown true value of
interest that generated the observed data y. We denote by 7(-) the prior density on
parameter space, and by II(+) the corresponding cumulative density function.

The idea of ABC is to make inference on the posterior distribution using Monte
Carlo samples of parameter-data pairs (6;,z;) € R? x R®, simulated from the forward
model. Distances between observed data y and simulated data z; determine the role 6;
will play in the estimation of 6.

When the dimension of data n is large, it is inefficient to compute distances on
the raw data. It is thus common practice to instead compute distances between lower
dimension summary statistics of the observed and simulated data. We thus define a
summary function 7 : R® — RF from data space to summary space, where k < n.
Summary statistics will typically be sample moments or quantiles of the data, although
many other summary statistics have been considered in the literature. In this work, we
consider the Euclidean distance.

Although more sophisticated ABC algorithms now exist, we will focus on the simple
accept /reject ABC algorithm (Tavaré et al., 1997) ; Pritchard et al. (1999), described in
Algorithm 1 below. Algorithm 1 generates a reference table from the model consisting
of (parameter, summary statistic) pairs. For a given tolerance level €, parameters
corresponding to data within a distance € of the observed data are accepted. Parameters
corresponding to data further away from e of the observed data are rejected. The
accepted values form a sample of the ABC posterior distribution which is then used to
estimate quantities of interest by Monte Carlo.

Frazier et al. (2018) and Li and Fearnhead (2018b) suggest that the tolerance, €
should depend on n, the dimension of the data, and should tend to zero as n goes to
infinity. Indeed, as n increases, information about underlying parameters accumulates

in samples. If a simulated parameter is close in distance to 6y, than data generated from
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Observed data y, summary statistics n, threshold € for + =1,..., M do

end
Simulate §° ~ TI(-) Simulate 2* = (2},...,2%) ~ Py () if ||n(y) —n(z")| < e
then

end

Accept 6;
Algorithm 1: Accept/reject ABC

it should be close in distance to the observed data, y. Hereafter, we will thus denote
the ABC tolerance by ¢,, and let lim,,_,, €, = 0.

Defining an approximation to the likelihood as

Peno (N(y)) = / L{n@)—n=)<en} AP0 (2), (2.1)

this ABC accept/reject algorithm produces samples from the following pseudo-posterior

distribution (when marginalizing out the simulated data 7(z)):

e, (0) o< 7(0)Pe,0 (1(y)) - (2.2)

We will show that properties of the asymptotic ABC posterior depend on the rela-
tionship between ¢, and the rate at which summary statistics converge to some well-
defined limit. We formalize the notion of convergence of summary statistics in Assump-

tion 1 below.

Assumption 1. There exists some Lipschitz continuous mapping b : R — R* such

that, for all 1 < j <k, there exists some sequence v,; such that

Unj (0(0); —n(2);) = Op(1).

Without loss of generality, we assume vy < Upo < ... < Upg.

In this work, we consider the novel setting where, for some 1 < kg < k, the statistics

from 1 to ky converge at slow rates and the statistics from kg + 1 to k converge at fast
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rates, i.e.

lim v,€, =0 V1 <7<k
n—o0
lim v,j€, = 00 Vko < 7 < k.
n—oo

Throughout this chapter, for any vector g, we let gy = (g1,-..,9x) denote the
vector of length kg of all components g; of g with j < ky. We let g2y = (g(ko+1), - - - 5 9k
denote the vector of length (k — ko) of all components g; of g with j > (ko + 1). We
also write D,, = diag(v,;,j < k); D, its upper ko sub-matrix and D,, 5 its lower k — kg
sub-matrix. Set Z,(#) the random variable D, (n(z) — b(#)) with z ~ Pp.

In addition to Assumption 1, our results rely on the following assumptions, which
we discuss in Remarks 1 and 2. We show that these assumptions are verified on a toy

example in Example 1.

Assumption 2. The matriz Vb (6o) is of full rank, where V represents the gradient

operator.

Assumption 3. There exist some constant § > 0, some strictly positive bounded Lips-
chitz continuous function vy : R* — R* . some constant R > 0, and some o(1) sequence
L,, such that, for all compact sets K € R¥ and for all 1 >t > 0,
i (0)—m)2
By (S, B < )

sup sup
16—60|| <5 mEK thL,

— (m)| = o(1).

Assumption 4. There exist k > d, some function ¢ : © — R™, such that the following

is true for alln > 1, for all u > ug and for all § € O.

JjZko+1

max Py (|Zus(0)] > u) < c(6)u; /@ c(0)7(6)d8 < o
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Assumption 5. For all M > 0, there exist monotone nonincreasing functions My, > 0,
k> d and a non decreasing sequence u, > ug > 0 such that, w, = o(vyky+1€,) and for

all n large enough, u > uy, |0 — 6| < 0,, and j > ko

sup Py (| Zn;(0)] > u|Zn,1)(0) = 2) < Mou™,
lzll<M
with

r—d
vn —
(— ) (ewtmpes) ™ = o(La)

Un,k:o-i—l

3.

Remark 1. Assumption 2 guarantees that enough summary statistics have a fast rate of
convergence. Assumption 3 guarantees sufficient stability of the summary statistics with
slow rates of convergence. Typically, L, will be a sequence proportional to Hfil Vni€n
and R will equal to ky. (See Example 1 below). Assumption j controls the tail behavior
of the summary statistics with fast rates of convergence. Assumption /j is similar to the
tail assumption Frazier et al. (2018) and we refer to their discussion on this assumption.
It holds true in particular if limsup, Ey(||Z,,1)||") < oo. Assumption 5 is implied by
Assumption 3 and Assumption 4 in the particular case where the vectors of slow and
fast converging summary statistics are mutually independent, but holds more generally

than that.

Remark 2. Our Assumptions are slightly weaker than those of Li and Fearnhead
(2018b) and of Frazier et al. (2018). While in Assumption 1 we require just stochastic
boundedness, these authors require central limit theorems for the summary statistics.
More importantly we do not impose, as in Li and Fearnhead (2018b) that the summary
statistics concentrate at the same rate nor do we impose some limiting distribution for
the fast ones. However v in Assumption 3 can be thought of as the limiting density of
the the slow (first ko) summary statistics. Compared to Frazier et al. (2018), we do
not impose that €, is either smaller or larger than all summary statistics. While our

Assumption 3 and Assumption 4 apply only to the summary statistics with slow and
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fast rates of convergence respectively, Frazier et al. (2018) make similar assumptions

for the full vector of summary statistics.

Example 1. We verify all of the assumptions for a simple uniform toy example. We
assume that the data follows a continuous unit uniform distribution with unknown lo-
cation parameter € R : z; ~ U(Q— %,9—1— %) vi€ {1,...,n}. We put a standard
uniform prior on the parameter: 0 ~ U(0,1). We take the first ki summary statistics
to be the first ky observations. These do not converge, so we have b(0); = 0 and v,; = 1
fori e {1,....ki}. We take ny,+1(2) = Z, = > zi/n and ng40(2) = max;<y 2.
The statistic n(z)g,+1 converges at the rate vy g, +1 = /1 to 0 and n(z)g, 12 at the rate
Unjy+2 =1 to 1/24 0. We consider €, = o(1) and we consider two scenarii. Scenario
1: 1/n << e, << 1/4/n Scenario 2: 1/\/n << e, << o(1).

In Scenario 1 ko = ki + 1 and nay(2) = (21,. .., 2k, Zn) € RFTY while in scenario
2, ko = ki and ny(2) = (21,..., 2k, ) € R¥. Assumptions 1 and 2 are trivially verified
in both scenarii. Using the same notation as before, we are then in the setting where
Vi < ko, limy, 00 Uni€n = 0 and limy, o0 Vp(ko+1)€n = 0.

We now prove that assumptions 3-5 are verified. We treat the case of scenario 1,
which is more difficult.

Let K, be a compact subset of (—1/2,1/2)% and K = K, x [-M, M]. We have
Zny= (21 =0, 21, —0,v/n(z, — 0)) and Z, 2y = n(ng,42 — 0 — 1/2). Let m € K

k1
Py ([(Zn,0)(0) —m|| < te,) = Eq (Pe((zn —mg41)° < e, — Z(Zn,j —my)*|a1, - >Zk1>

j=1
k1
=2 | Ey ]]_Z?il(zn,j—mj)2§t2€% t2€72z - Z(ij - mj)QQO(mk’l-‘rl)(l + 0(1))
=1
k‘l kil
= 2¢(my 41) H(fe(mz‘) +0(1)) / Lyt yompcnay | P26~ Z;(Zj —my)?dzy - - dzy,
= j=
k1 1
= (e ) [[ ot + o) ten) [ a1 =)
i=1 0
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and Assumption 3 is verified, with L, = 2¢ fol uk (1—u?)du, and y(m) = p(mp, 1) TT5 folms).

We also have

Py (In(is, 50 — 6 — 1/2)] > u) = Pr (m?x@ ) <1/2— u/n) — (1 —u/n)" <e

so that Assumption J holds for all k > 0.

Here Z, (3 and Z, ) are not independent, but we can verify Assumption 5. First

note that, with zy,) = max; z; and for all m € R+ writing

Pg(n|2(n) —0— 1/2| > U|Zn,(1) = Z) = Pg(Z(n) <6+ 1/2 — u/n|Zn,(1) = m)

< o _ _
< Pg(ér}f?icl 2 <04+ 1/2 —u/n|Z, 1) =m)

= Py(max 2z <0+ 1/2—u/n|z, — 0 =my,1/V/n)

i>ki+1

Hence without loss of generality we can work with k; = 0. Consider the change of
variables x; = z; — 0 for 1 > 2 and x1 = z,, — 0, whose distribution is independent of 6.

The joint density of x = (z1,--- ,x,) if given by

fo(x) = H L1212 (Ti) Lnay —(n-1)@n_re(-1/2,1/2) Tn-1 = Zazz/(n - 1)

i>2 i>2

This leads to for all m € R,

_ —u/n|"— 1 nm—(n—1)Tn_ —1/2,1/2 de e dxn
P(maxxigl/Q—u/mxl:m/\/ﬁ) _ f[ 1/2,1 /2—u/njn—1 Lyam—(n—1)F,_1€(~1/2,1/2)
- ﬁ*1/271/2]"—1 1 mm—(n—1)an_1e(~1/2,1/2)dT2 - - dTp,

(2.3)
We also have that

/[1/2 1/2)n—1 L i (n-1)zn_re(~1/21/2)dT2 - - - dzyy

6m?

= P(|Vn — 18,1 —my/n/(n— 1) < 1/(2Vn — 1)) 2 ﬁ ,
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which plugged into (2.3) implies

P (mfgiﬂfz <1/2 —u/n|r; = m/\/ﬁ) S \/ﬁeﬁm2/ dzxsy - - - dx,
= [

—-1/2,1/2—u/n)n—1

6m? — 6m? —u/2
< Vnefm et < T2 iy > logn = uy,

Therefore as soon as €, >> logn/n, Assumption 5 holds true for all k > 0.

2.3 Main theorems

Our first result, Theorem 2.3.0.1 below is a Bayesian consistency result. It asserts
that the ABC posterior density of any set which does not include the parameter which
generated the observations, 6y, behaves like an op(1) random variable. Since the ABC
posterior will differ from the true posterior given the observations, such a result is

crucial if one wishes to quantify uncertainty based on the ABC posterior.

Theorem 2.3.0.1. Under Assumptions 1, 2, 3, and J our ABC posterior distribution
concentrates: There exists some monotone decreasing sequence N\, with A, — 0 such

that

Ae—e 12 e, (0]n(y))do = op(1).

The rate of concentration of the ABC posterior, \,, is of the same order as the
sequence ), of Assumption 4. Thus, following Remark 1 on the form of the function
p(+,-) and the sequence L,, we typically will have that, the faster the rate of the
convergence of the fast statistics, vy, (x,41), the faster the rate A, will be. The greater the
quantity of slow converging statistics, kg, and the slower the slow converging statistics
converge, the slower the rate A\, will be.

Our second result, Theorem 2.3.0.2 completely characterises the shape of the ABC

posterior.
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Theorem 2.3.0.2. Under Assumptions 1, 2, 3, / and 5, the asymptotic ABC posterior

may be expressed in closed form as

b0} - 90>H2> T e

2
€n

e (O10(Y)) 0 L)1 0o 00) (0-00) || <en} (1

where R is the positive constant defined in Assumption 5.

As discussed in Remark 1, R will typically be equal to kg, the number of summary
statistics which converge at the slow rate. In the special case where R = 0, the shape
of the ABC posterior distribution simplifies to a uniform distribution over the ellipsoid
{0 : ||Vb@)(60)(0 — 6p)|| < €n}. This is consistent with results in Frazier et al. (2018)
and in Li and Fearnhead (2018a) for the case where all statistics converge at the fast
rate (i.e. where ko = 0).

Redundant summary statistics which do not converge at all play exactly the same
role on the shape of the asymptotic ABC posterior as summary statistics which converge
at the slow rate.

The larger R is, the more concentrated the theoretical mass of (2.4) will be around
0. However, we will see in Lemma 2.7.1.3 that large R leads to low acceptance rate in
Algorithm 1, and thus high Monte Carlo error.

Interestingly, the number of summary statistics which converge at the fast rate (i.e.
k — ko) will have no impact on the the rate of posterior concentration nor on the the

shape of the ABC posterior (beyond the requirement (k — kg) > d by Assumption 2).

2.4 Local linear regression correction

ABC practitioners routinely use post-processing to improve the quality of the pseudo-
posterior. Beaumont2002 introduced the idea of a local linear regression on the ABC
output; empirical studies have since shown that this post-processing step can vastly

ameliorate the pseudo-posterior, for a negligible computational overhead. In this sec-
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tion, we give results on the asymptotic behaviour of the regression-adjusted pseudo-
posterior.

In general, post-processing corrections use the following idea: Consider the pseudo
model

0 =m(S)+u, (0,S)~ ., (0,dS) o w(d0)Py(dS) s sy <c,

and samples (0;,.5;) from the above distribution. Our distribution of interest is the
distribution of m(Sy) 4+ u. To approximate it, we learn the model m and consider the

residuals 4, = 0; — m(S;); the corrected ABC posterior samples are:
«9t = Qt + m(S()) - m(St)

The regression adjustment we consider here corresponds to the locally linear model

case, where m(S) = (B, $y)7(S, 1) so that the targeted B € R¥>* 3, € R minimizes
L(B, Bo) = En[l|6 — 0o — Bo — B*(S — So)|I”] (2.5)

Let 8(j) the jth row of B, B1)(j) (resp. f(2)(Jj)) the first ky components of 3(j) (resp.
the last k — ko) .

In addition to the assumptions 1-5 we also assume the following:

A1 The function § — Ey(Z,(0)) is locally Lipschitz on a neighbourhood of 6, with
Lipschitz constant L.

A2 There exists € > 0 such that

sup By ([ Z,(0)]") < oo.
l6—0ol|<e

We then have the following theorem.

Theorem 2.4.0.1. Under assumptions 1-5 and assuming that [A1] and [A2] above

hold, then on a set of y whose probability goes to 1, any minimizer in B of L(B, (o)
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verifies

011D;115(1)(j) = O(ﬁn/vn,l), Vbz(eo)Tﬁ(z)(j) =e; + O(l/vn,1)7 (2-6)

where e; is the j-th vector in the canonical basis of R and

Cra = En((Zn,0)(0) = En(Zn,1)(0)))(Zn,1)(0) = En(Zn,)(0))T).

Let B* be the limit of B(j) with minimal Ly norm (by rows), then B*(j) = (0,--- ,0,T'se;)
with 'y = ng(@o)[ng(eo)Tng(eo]_l.
Moreover if

0 =0— B (S—5Sy), with(d,S)~ ., (0,dS)

then
0 — 005 = €; LoD, 5(Zn2)(0) — Zn,2)(60)) + Op(ey).

An important consequence of Theorem 2.4.0.1 is that the oracle post-processing,
i.e. the post processing associated to B*, leads to a posterior contraction rate of order
max(vy, k11, €2). In comparison, Vanilla ABC leads to a posterior contraction rate of

order max(vy, k,+1,€n). The linear post-processing thus corresponds to what would be

2

n’

obtained if €, was replaced by €, without increasing the order of the computational
cost . This shows the importance of the post-processing as a tool towards dimension
reduction, and interestingly the local linear approach already leads to a significant
theoretical improvement, even in the general and more realistic framework of summary

statistics which have different concentration properties. The proof of Theorem 2.4.0.1

is provided in Section 2.7.4.
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2.5 Simulation study

2.5.1 Simulations with reject ABC

We perform accept /reject ABC to obtain Monte Carlo samples from the ABC posterior
of Example 1. All of the assumptions of Section 2.2 are satisfied, and so, by Theorem
2.3.0.2, the asymptotic shape of the ABC posterior is available in closed form. The goal
of this simulation study is to provide empirical support to this theoretical result.

We recall the data distribution, the prior distribution, and the summary statis-
tics used in Example 1. Data are distributed according to a continuous unit uniform
distribution with unknown location parameter 6, € R : y; ~ U(6 — %,9 + %) Vi €
{1,2,...,n}. We put a uniform prior on the parameter: § ~ U(0,1). We use the fol-

lowing vector of summary statistics.

ko+1)<i<n (ko+1)<i<n

n(y)—(yl,---,yko,<( max Y + min yi>/2)

We have b(#); = 0 and v,; = 1 for all 1 < i < kg and we have b(0)x,+1 = 6 and
Un(ko+1) = N. We set the tolerance to be €, = % where C' is some constant. We are
then in the regime where lim, o Vi€, = 0 Vi < ko, and lim, o Up(kg+1)€n = 00. We
use the Euclidean norm for distances.

By Lemma 2.7.1.3 we have that this choice for the sequence €, is equivalent to

setting the sequence of ABC acceptance probabilities to be as follows.
ko+1
ot ¢ Lyl oc eotd o p= "2 (2.7)

By Theorem 2.3.0.2, we have the following closed-form expression for the ABC

posterior for this example, where C' is the constant which satisfies ¢, = \%
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e (6] 1 1_ n 0 — 6"\ * 9.8
e (0[0(y)) o {lle—60ll< %} 2 (2.8)

We perform 3 experiments, one for each of ky = 1,5,10, and let n take values in
the range {10°,2(10°), 3(10%),4(10°),5(10%)}. In each case, we ensure that v, = 0.3 for
n = 10°. When n increases, «,, decreases accordingly.

Figure 2.1 (left) shows the shapes of the empirical ABC posterior distributions
for kg = 1. Different coloured curves indicate different values of n. Figure 2.1 (right)
shows the shapes of the corresponding theoretical ABC posterior distributions of (2.8).
Figures 2.2 and 2.3 show the same as the above, with ky = 5 and kg = 10 respectively.
The similarity between the shapes corresponding to the simulated and to the theoretical
ABC posterior curves supports Theorem 2.3.0.2.

The reason why we chose a,, = 0.3 for n = 10° regardless of ky was to keep the
sizes of reference tables reasonable. If, alternatively, €, for n = 10° were kept constant
across different choices for kg, acceptance rates for large ky would be much smaller than
acceptance rates for large kq. Low acceptance rates are costly in terms of computational
time.

It may seem counter intuitive that the ABC posterior for ky = 1 is more concentrated
than the ABC posterior for kg = 5 and for kg = 10 for fixed n. We emphasise that a
fixed acceptance probability implies smaller ¢, for small ky and larger ¢, for large k.
ABC posteriors must therefore not be compared accross different values of ky in this

study.

2.5.2 Simulations with postprocessing

We return to the example of estimating the location parameter of uniform observa-
tions. The data are iid X; ~ U(60,0 + 1) distribution; we observe n = 10* realizations.

This time, we consider the statistics Sy = \/Lﬁz;fl X; and S; = min;<;<, X;. The
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Figure 2.1: Simulated (left) and theoretical (right) ABC posterior for kg = 1 based on

10000 simulations. Black, red, green, dark blue, and light blue curves correspond to
n =10°, n = 2(10°), n = 3(10°), n = 4(10°), and n = 5(10°), respectively.

00 02 04 06 08 10 0.0 02 04 06 08 10

Theta Theta

Figure 2.2: Simulated (left) and theoretical (right) ABC posterior for ky = 5 based on
10000 simulations. Black, red, green, dark blue, and light blue curves correspond to
n =10°, n = 2(10°), n = 3(10°), n = 4(10°), and n = 5(10°), respectively.

n1=10 n1=10

0 1 2 3 4 5

T T T T T T T T T T T T
00 02 04 06 08 10 00 02 04 06 08 10

Theta Theta

Figure 2.3: Simulated (left) and theoretical (right) ABC posterior for kg = 10 based
on 10000 simulations. Black, red, green, dark blue, and light blue curves correspond to
n = 10°, n = 2(10°), n = 3(10%), n = 4(10°), and n = 5(10°), respectively.
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© - 0 Vanilla ABC
0 Regression-adjusted ABC

error

-3.0 -2.5 -2.0 -15 -1.0 -0.5

Figure 2.4: Posterior risk for various values of € for the example of Section 2.5.2. Both
e and the posterior risk are shown on the log scale.

convergence rates are thus n~'/* for Sy and n~="! for S;.

We compute the posterior risk E[(6 — 6)%]*/?, where 6 is drawn from the pseudo-
posterior for decreasing values of ¢, both without and with post-processing. Recall
that we expect the risk to decrease at rate ¢, in the Vanilla ABC case, but at rate €2

with the post-processing, until the risk reaches a plateau when €, becomes smaller than

— 1
Unﬂk0+1 =n °

Figure 2.4 shows the posterior risk on the log-log scale (the log is in base 10). Note
that as expected, the posterior risk decreases when e decreases. For the Vanilla ABC, the
plateau is never reached for computational reasons. A linear regression estimates that
in this example, the risk decreases at rate ¢” with v = 0.95, very close to the theoretical
value of v = 1. For ABC with post-processing, segmented regression (as implemented
in the R package segmented Muggeo (2003)) estimates that the risk decreases at rate
€? with v = 1.87, again close to the theoretical value of v = 2. With post-processing,
the plateau is reached for € ~ 107%%: there is thus no point in decreasing ¢ beyond
this value, as we would lose Monte Carlo accuracy but not improve the accuracy of the

pseudo-posterior.
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2.6 Discussion

We prove posterior consistency, and provide a closed-form expression for the shape of
the asymptotic ABC posterior distribution. Unlike in previous work, our results ap-
ply to the general case where different components of the summary statistics converge
at different rates. In particular, we cover the case where certain components of the
summary statistics do not converge at all. This set-up corresponds well to practical sit-
uations in applied statistics where large numbers of statistics are used, with potentially
varying convergence rates. We also show, under our very general setting that a local
linear post-processing approach can lead to significantly faster contraction rates of the
pseudo-posterior.

Our theoretical proofs provide, as a byproduct, insight into the effect summary
statistic choice and parameter dimension have on the Monte Carlo error. By Lemma
2.7.1.3, acceptance probability is directly proportional to the sequence L,. As men-
tioned in Remark 1, L, will typically take the form L, = Hfil €nUn;. Thus, we will
typically have that the greater the number of slow summary statistics, the faster the
acceptance probability will shrink to zero, and so the greater the Monte Carlo error will
be. Lemma 2.7.1.3 also illustrates the curse of dimensionality, with acceptance probabil-
ity decreasing rapidly for large parameter dimension d. This observation is consistent
with previous work (Fearnhead and Prangle, 2012)) which suggests making different
estimations of subvectors of the vector of parameters separately.

In order for our results to hold true, at least d summary statistics must be used
that converge at the fast rate (Assumption 2). Interestingly, adding additional fast
converging statistics (i.e. k — kg > d) will neither change the shape of the asymptotic
ABC posterior nor increase the Monte Carlo error.

Throughout our proofs, we make the strong assumption that Vb)(6y) is of full
rank, i.e. sufficiently many summary statistics converge at the fast rate relative to
the tolerance (see Assumption 2). Asymptotic results on the ABC posterior in a more

general setting where this assumption is lifted will be left to future research.
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The local-linear model is one of many post-processing methods for ABC posteriors.
An interesting future line of research would be to assess the asymptotic properties of
other post-processing methods, for example, the nonlinear conditional heteroscedastic

model (Blum and Frangois (2009)).
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2.7 Appendix

2.7.1 Statements of lemmas

We consider the following sets: Let ||§ — 0q|] < A, and define w,(0) = [|Vb2(6y)(0 —
0o)/€n||* together with

A, (0) = {z; n2)(2) = biay(0)|| < Gnen(1V wn(e))/4}
En(0) = {zlIn(w) —n()| < e} En:={z|nw®) —nw(2)|| < e}
E(0) :={z: ||[nwy(m) — nw(2)|| < en (1 —wa(0) — 5)} i wa(0) <1-4,

E0) = {2 ||na)(y) = 1) (2)]] < en (1 = wa(6) +6,)2}

Obviously E,(f) C E,(0) and E'(8) C E,”(f) C E,(0) where the last inequality holds
if 6, <w,(0) <1—19,.

Lemma 2.7.1.1. We can choose A\, , = o(1) such that the following inequalities hold:
for all M >0, y € Q,(M),

1 ifw,(0) > 1+, and |0 — 6| < A\,

2. if wy(0) < My for My > 0,

Fy(E,(0) N An(0)) < Po(En(0) N An(0)) < Po(E3(0) N An(0))

Lemma 2.7.1.2. Let My, M > 0, we have fory € Q,(M),

= 0(1).

sup
160—00l| <M1 /vp

P0 (En<9))
Ln
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Lemma 2.7.1.3. For a given bandwidth €,, where €, < \,, the average probability of

accepting in our accept/reject ABC algorithm, o, is as follows.

ot = / 7(6)Py (In(y) — 1(2)]| < e0) dB = Loc

2.7.2 Proof of Theorem 2.3.0.1

Let My be an arbitrarily large constant, \, > Mye, be a sequence going to 0 and such
that (AyUn k1) ™™ = 0(Lne?), with L, defined in Assumption 3 and & in Assumption

4. Note that such a A, exists since v % ol = = 0o(L,¢e%). Consider the event

Qu(M) = {y; [|Zn(00)|| < M}, Zn(6b) = Dn(n(y) — b(6)).

For all € > 0, there exists M, > 0 such that Py(£2,(M,)¢) < e. We fix € and consider
M = M.. Hereafter we consider y € §2,,(M).

/ o (Bln(y)) d6 = be(Q) )—b(z) (o) ||>2Xn m(0) P (IIn(y) — n(z)|| <€) d0.
[|bc2) (0)=b2) (60) || >22n - fW(H)Pﬁ ([In(y) = n(2)| < en)db

We first consider the numerator of (2.9). Decomposing, we can see that

In(y) = ()l > ||ne) W) — ne)(2)|| = ||be@) () — bey(fo)||

(Ine () = by (00)|| + [y (2) — by (D) ]) -

Recall that v, je, — oo for j > ky, and when 6 belongs to the set {||b(2)(9) — b2y (o) H >

43



2)\,,}. Putting these together, we have on €2,(M):
In(y) = n(2)|| < en = (|12 W) — by (00)]| + [|n2)(2) — by (0)]]) > 270 — €n
which in turns implies that
I ®) = be) @0 | = 200 = ) = 2(1 = 1/Mo)An.

Thus as soon as My > 2

/ O ((In(y) = n(2)]| < en) df < /W(H)Pe (1o (8) = 2 (2)|| > An) db
[|b2)(0)—b2) (60) || 222n

< (k= k) / (0)c(0)7(6)d0 = o( e, (2.10)

( nvn,ko—f—l)ﬁ

where the final inequality above comes from Assumption 4.

To lower bound the denominator of (2.9), we simply apply Lemma 2.7.1.3:

[ 7O P (In(w) ~ (2] < e0) @8 = CLucl .11

Going back to (2.9), applying (2.10) and (2.11) we find that

/ T, (BIn(y)) db = o(1).
b2 (8)=bz) (60) || 2

By Assumption 2, the transformation b(-)() is bijective, which implies that

/ e (0ln(y)) d6 = o(1),
[[6—60]|>2a72 Ay,

where a is defined to be the largest eigenvalue of the matrix Vb(a)(6)” Vb2) ().
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Defining \,, to be 207 A, we have our result.

2.7.3 Proof of Theorem 2.3.0.2

Proof. The ABC posterior, 7., (0]1(y)), can be expressed as

m(0) Py (En)

Te, (00(y)) = T (0)Py(E, )0 E, ={lIn(z) =)l < e},

We define m(y, ) to be m(y, 0) = Z, 1)(6o) + Dy, 1)(ba)(60) — b1y (6p)). We then can
define the quantity h, (@) to be

2
€n

R
Vb (60)(0 — 60) ||
ha(6) 1= LY (m(y, 0))L 53 a0 < (1 _H )

where v : Rf — R* L, and R are defined in Assumption 3. Note that m(y,0) =
Zy,1)(00)+ Dy 1) V1) (0—by) satisfies |[m(y, 0)]] < M+Cuy €, < C' for some C,C" > 0
on Q, (M) N {|| Vb (60)(6 — bo)|| < €n}. In particular since v, y,en = o(1),

m(y,0) = Zn,1)(0o) + o(1). (2.12)

Moreover, by Theorem 2.3.0.1, 7 (]|0 — 60| > A\u|y) = op,(1) and it is enough to

A, = /
16—60||<An

To prove our theorem, it will thus be sufficient to prove that A, = o(1).

control

P9<En) . hn(‘g) do
Py(En)do || ha(0)d6 |

‘9—90”<)\n n

In order to facilitate our demonstration, we define quantities w, (), V,,(9), and V,!(0)
as wy(0) = w’ V(0) = Ly L, @)<1y (1—wn(0)) 7, V2(0) = Ly L, @)6,<13 (1—
wn(6) — 8,)%, where L, = o(1) is defined in Assumption 3, R is the constant defined
in Assumption 3, and where §,, is an o(1) sequence defined in Lemma 2.7.1.1. The

quantity h,(6) may then be expressed more simply as h,(0) = V,,(0)y(mo(y)).
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We have,

0-0ll<rn | Jjo—ao<n, Po(ER)A0 Jig_gy<r, ()0
1 1 |Po(En) = ha(0)]
[ ne ) ;
10—00|<An f||9790\\<>\n Fy(E,)do f||9790|\<xn hn(6)d0 f||9—9o||<An ha (6)d0
- 2]i|0—90||<>\n |Po(En) = hn(0)d6 2N,
N f\\97(90||<>\n h,(0)do - D,’

In order to show that A, = o(1), we show that N,, = o(¢%) and D,, > Cel.

Recall that 9, = o(1) slowly. We then split the integral over |6 — 6y < A, into
w,(0) <1—-¢,1—¢ < w,(0) <1++/0, and w,(0) > 1+ /3, where ¢ > 0 is a fixed
but arbitrarily small constant. This leads to N,, < Ny + Ny + N3 with

1
No= o [ BB - )9
n Jwn (6)<1—¢
1
Ny= o / IPy(E,) = ha(6)]d6
1
N3 = L_/ Ljjg-60) <, Fo(En)db, (2.13)
n Jw,(0)>140n

where the reduced integrand of N3 above comes from the fact that h,(f) = 0 when
wy(0) > 1.

From Lemma 2.7.1.1, Py(E,) < Pg(En) and using Lemma 2.7.1.2, Pg(En) <CL,
uniformly over w,(0) < 2 . By definition of h, we also have that h,(0) < L,y(m(y;0))
and when w,,(0) < 2 and on Q, (M), v(m(y; ) < supj,, <o 7(m) < 00 so that h, /L,
is uniformly bounded. Hence on €2,,, there exists C' > 0 such that using the change of

variable u = Vby(6y)(0 — 6y) and using the polar coordinates of w,

en(1+deltan)t/?

N, <C / 11— ¢<un(@)<145,d0 S C / ridr < €¢. (2.14)
en(1-0)V/?

We now study N;. Firstly, we make use of the inequalities of Lemma 2.7.1.1 to
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upper and lower bound the quantity Py(E,). We have

Py(E,) = Py(E, N A,) + Py(E, NAS) < Py(E" N A,) + Py(E, N AS)

and

Py(E,) > Py(E,NA,) > Py(E, N A)
= Py(E},) — Py(E, NASY) > Py(EL) — Py(E, N AS). (2.16)

Combining (2.15) and (2.16), and using the triangle inequality, we find
|[Po(En) = ha(0)] < max {|Py(Ey,) = ha(0)], | Po(Ey) = ha(0)[} + Po(E, 0 A7)
Without loss of generality we assume that max {|Py(E)) — hn(0)|, |Po(EY) — hn(0)|} =

Py(E)) — h,(0)]. It then follows that

| | )
L / Py(EL) — ha(6)|d6 + — / Po(B, 1 A%)d
=T wn () <1 Ly Juwa0)<1—¢

Now using (2.27),

ko

PO(E;L) =P, (Z [Zn,j(e) - mj(y§ 0) + O(Un,kgﬁi)]z < Ei(l _ wn(e) _ 5n)>

2
=1 Unj

To be able to apply Assumption 3, we need to replace (1 — w,(0) — §,)) by a constant
t. To do so we consider the slices S; = {0 : t; <1 —w,(0) — 0, < t;11}, where

t1:C7 H—l (1+C) ZSTC_17

and T is the smallest integer satisfying 1/C(1 + ¢)7¢ > 1. We note that the union of
sets U( )S covers wy, () < 1—( and that the sequence {t1,...,t7,} has the following
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properties.

t; .
;1:1+C=1 Vie{l,..., (T, — 1)} (2.17)
l; ¢ .
—1———=1 Vie{l,..., (T —1)}. 2.18
-~ = i€ (Te = 1)} (2.18)
Then, using that for 6 € S;,
k
, N2 (0) — mji(y;0) + O(vy ge€2)]?
PAE) < Py (Z[ (0) = ms(4:) + Olonsn}) St)
=1 Un.j
: N (20 (0) = m;(4:6) + 0o @) _
Py(E,) > P[> = - ’ < exty
j=1 .

and that using assumption 3, we bound on €, (M), uniformly over w,(0) <1 —(,

Py(EL) < Lot 2 (4(m;(y; 0) + O(vn 4y €2)) + 0(1)

Po(Ep) 2 Lt (1(m(5:0) + O(0ns€3)) + 0(1)
Moreover v is uniformly continuous over any compact and since ||m;(y; 6)+O (v, g, €2)|| <

2M for M large enough,

Py(EL) < Lot (y(my(y; 0)) + (1))
Py(EL) > Lot (v(my(y; 0)) + o(1))

which in turns implies that uniformly over w, () <1 — ¢,

R/2

0 En) = a0 < 802 21y 4:6)) + (1) < RCCY2 +1) smp_(m) + o(1)

L ml| <2

<P o),
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We thus have

1
L—/ 5 (E, 0 AS)dO 4 O(CF/*Med).

We now study Py(E, N A¢). By definition and on Q,(M) N AS |

On€ M On€
D_1 Zn 0 ~ nfn ~ ntn
|| n,(2) 7(2)( )H = Y Vp kot 1 = 8

as SO0N aS Up, ky+10n€n gOes to infinity. Hence

%@wmmS%(“a$@mwmz

€n

bl - ol < e}
Using the proof of Lemma 2.7.1.2, when w,(0) < 1,
01y (2) =0y (y) = Dy [Zn,)(0) —m(y; 0) + O(vpa€n)] = Dy [ Zn,)(0) —m(y; 0)] +o(en)

Moreover m(y;0) = Z, 1)(6o) + O(en), so that [[nuy(2) — nay(y)|| < €, implies that
HD;HZn,(l)(9)—Zn,(1)(90)]H < M;e, for some M; > 0. We then have using || Z,, (1)(6o)]] <
M

- . On€n
Py(E, N AL) < Ej <ﬂDn}l[Zn,m(9>—zn,<1)<eo>]||§Mlen (”D @2 O = ‘ZMU))

k
/Un,j(snen
< D B (IHDn}l[Zn,m(e)—zn,mwon<MlenP6 <|Znu‘(9>| = S0k — ko) ‘Zn&l)))

j=ko+1

< (k= ko) pn(Vnko+10n€nto) Pa (HD il n(l)(e) Zn,(l)(go)]H < Mlen) = o(Ly)

uniformly in 6, where the last two bounds come from Assumption 5 and Lemma 2.7.1.2.

Finally this leads to
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We now control N3. Recall that

1
N3 = L—/ 665 <xn Lo (Er)dO.
n (0)>1+406n
We have, from Lemma 2.7.1.1,
1 1 ~ c
N3 = L_ 1||9790||9nP9(EnﬂA L_ ﬂ||9,90||§)\nP9(EnﬂAn)d9.
n Jwy(0)>1+0, n Jwn(0)>1+0,

We then bound, for ||6 — 6y|| < A, and y € Q,(M),

Py(E, N AS) = Ey [ﬂén(Zn,m)Pe (H%)(Z) — by (0)|| > Sneny wn(e)/‘l’ Zn,u))]
< zk: Ey [ﬂEn(Zn,(l))P0 <|Zw‘9)| > Un,jfsnﬁn\/mﬂl‘ Zn,(U)]

j=ko+1
k
S Z ﬁ(vn,jénen V wn(e)/4)P0 [En:|
j=ko+1

since vy, j0n€n\/Wn(0) 2 Vp ko4+10n€, — 00. This implies that there exists m; > 0 such

that

1
N3 = L—/ ]LHQ,QOHSMI/UHJVOPQ(E?I N A;)d@
n Jwn(0)>146n

1 3
S —H/ 10 — 60| " Py(E,)df
(VUn,ko+100)" Jomyen<10-60l| <M1 /v iy
Ml/vn,ko
= O((Ln(vn7k0+1(5n)_”)/ rd=1=rdr
mien

= O(Ln(vn,ko—l-l(SnEn) " d) o(Lne )
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since k > d. We also have

1
N3o = L, FotEn 0 A0
1 J A 2000l <M1 fvp, kg

1 ~
< L / 16— G| Po(E,)d
(Vn,ko+10n)" J My fo, 1y <I10—60]<An

An

= O((tn g 100) ") / p1-r g,

Ml/vn,ko

(%

_i—’—’i U i Kk—d
S T S (32) )™ okt

by assumption on vy, gy, Un ko+1, €n-

We now consider the order of D,,.

1
Dn = hn<9)d9

L Jyjo—00)<2n

= / Liw,@)<13(1 — w,(0))
16—6o]|<An

D

¥ (n0y (y) = by (6)) dO

>C 1w 0)<13 (1 — w, (6)) % dO
[160—60||<An

>C /
1<wn(9)<1

= (C +o(1))ey. (2.19)

do

DO | —

The third line of the set of equations above comes from the fact that () is lower

bounded by a positive constant.

Combining the upper bound on N, and (2.19), we have

N, o(ed) B
A, = D, e o(1). (2.20)

We thus have that the ABC posterior, 7, (), converges in distribution to

[0—0o||<An T

nl0) ] L Iwte@ne -\ *
J T (0)d8 > IV @) 6-60) | <en) 2

o1



as wanted.

2.7.4 Proof of Theorem 2.4.0.1

Proof. Let mg = Ey,(Z,(0y)). Minimizing in B, 5y , L(, (o) is equivalent to minimizing
in B
(10 ~ E,(6) ~ BS|? ZE G~ 603

which we write 2?21 L;(B(j)) and where 3(j) is the j-th row of B, § = 6 — E,(0) and
S=5— E,(S). We can thus study the terms L, separately. Let j < d, we have

Li(B(j)) = Va(0;) + B(G) T En(SST)B(j) — 28(5)" En(S6;)

S = e,(Vb(0o)u + e, R(w)) + DY Z,(0) — En(Zy))] (2.21)

where €2 R(u) = b(0(u))—E,(b(0(u)) —€,Vb(0o)u = O(e2||u||?). We first study E,(SST).
First note that

En(Zs) = En(Eo(Zn(0)) = Egy(Zn(00) + O([|0 — bol]) = mo + O([|0 — boll).  (2.22)
Then writing Z,(0) = Z,(0) — E,(Z,(6)),

D 1

(O)R(w)") + Olen En([lulll| R(u)]l)

E,(S5T) = €, Vb(00) Bn(uu")Vb(00)" + D, Z,(0) Z,(0

n(uu )"
+ 26, D, B (Z,(0)uT)Vb(60) + 262D E, (2,

Since for any function H(u), using Z,(0) = Z,(0) — Eg(Z,(0)) + Eo(Z,(0)) — En(Z,(6))
together with (2.22)

Eo(Zu(0)H (1)) = Bu([Eg(Za(8)) — En(Z(9))]H () = Oen Bu(|Jull[ H (w)]),
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we obtain that

E,(S57) = EVb(00) E, (uu”)Vb(0)" + D' Z,(0)Z,(0)" D, *

+0 (éM) : (2.23)

Un,l

We write 5(1) = (Sl, ceey Sko) and 5(2) = gko-l—h ceey SJ.

- ) .
EN(S@)S(E)) = 2Vby(00) By (uu)Vhy(69)" + O <€_n +— )

/Un71 ,Un,k)QJrl

= 2Vhby(0) B (uu” )Vby(00)" + o(€2),

and
L 2
ElS) 0] = DiiCuiDy} + Vb1 (6) Ba(w”) Vb1 (6)" + O(€h) + O(=)
n,1
5 & 2
E”(S(Q)S(Tl)) = 3 Vby(00) By (uu”) Vi (60)" + D, 5C51 Dy + O (;_">
n,1
Also

E,(56;) = EVb(00) En(uw;) + .0, En(Z,(0)uy) + O (€3)

n

(2.24)
— Vb(0p) En(ut;) + .05 0(e,) + O (¢3)

Finally we obtain that

Li(8(7)) = Va(6;) + By ()" [D,1C11 Dy 1 + €2 Vb1 (6) En (uu” ) Vb1 (60)" + O(€5 /vn1)] By (4)
+ €2 B2y () Vba(00) Ern (u” ) Vba(00) " Bz (7) + 25(1)(3')TD;1101,2D;,§5(2) (4)
— 262 8(5)"Vb(0p) E,, (uuj) + O (ei) + O(€2 Jvn1)

with C' = En(Zn(H)Zn(H)T), C1, is the top left submatrix of dimension kg, Cao the
bottom right with dimension k — kg and C 2 the top right with dimensions ko, k — ko.
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Note that Vby(6p) E,, (uvu’)Vby(0y) = Vba(0y)[Epn(uu®) + 0(1)][Vba(6y), is positive semi-

definite where

S, v (1 = [ Vba(B)u|*) 2 du

Ep(uu”) =
W) = e e o)l ) o

By = {u € R%: || Vby(6p)ul| < 1}.

Minimizing L;(8(j)) boils down to minimizing in By = B2y (7)), B = D;&B(l) (7)/€n

L(B) = Bl [C11 + D} Vbi(0o) B, (uu” ) Vi (65)" Dy} + O(1/v3 1)]6r
+ B3 Vbs(60) En (uu” ) Vba(80)" Ba + 2¢, 101 2D, 580 — 2085 Vba(00) By (u;)
— 26,87 D01 Vo (00) B, (uuj) + O(1/v,, 1)
= B CLaBT + B3 Vb(6o) By (un”)Vby(60)" By — 263 Vba(0) En (i) + O(1/v,1)

Any minimum verifies
CllBl = O0(1/vn,1), Vbz(eo)Tﬁ2 = En(UUT)flEn(“uj) +O(1/vn1)
In particular the minimum with smaller norm satisfies at the limit
By =0, ng(GO)TBS = En(uuT)’lEn(uuj) = e,

which is the j-th vector in the canonical bases of R?. This proves the first part of
Theorem 2.4.0.1. We now study ¢ — 6y = 0 — 60y — B*(S — Sp) -
We have for all j <d

0; — 0o; = 0; — o5 — (B5(7))" Vb2(00) (0 — b0) + 55(7)" Drya(Zn,(2)(0) = Zn2)(60)) + O(ey.)
= 05(7)" Dy 3(Zn(2)(0) = Zn2)(60)) + O(e7,)
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2.7.5 Proof of Lemma 2.7.1.1

Proof. Throughout this proof C' denotes a generic constant whose value is of no impor-
tance and can vary from one line to the next.

Let 6, = o(1) such that 0,,v, ky+16, — 00. Let M > 0 and consider y € Q, (M),
then for all ||§ — 0| < A, = o(1),

2

I (2) = may @) = || Z2(00)(8 = 80)(1 + O + Dby (Za 21 (6) = Znger (B0)

_ 2
Dn,%2)<Zn,(2)(0) — Zn,2)(0o)

> & [ w,(0)(1 — CA,) +

n

€n
— 2y/w,(0)(1 — C\y,) ‘D;%m(Zn,m (j) — Zn(2)(00) ‘
Hence if w, () > 1+ ,, on A,
D&%mfm(z‘)(@) Nl
so that
1) (2) = ey || > wa(6) (1 —C\, — 5nM/2) (2.25)

> 2(140,)(1 = Chy — ,0/1+CA,/2) > € (2.26)

if w,(0) > 1+ 0, and as soon as C\, < d,,/3 and 9,, is small enough. Hence part 1 of
Lemma 2.7.1.1 is proved.
We now prove part 2. Let € be such that w, () < M;. We omit # in the notations

E, E' A, E,. Using the same computations as above , on A,, if w,(#) > 1,

||77<2)(2) — M) (3/)H2 > 2w, () (1 —CN\, — 0V 1+ O)\n/z) > 2w, (0)(1 — 6,)
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and similarly
n2)(2) = 2y @)]|” < Ewn(O)(1 + CA) (1 + 0,/4)* < Ewn(B)(1 + 6,).

Also if 9, < w,(0) <1,

2
|72 (2) = ne (y || > e <\/wn (1 —C\,) — (5n/4)

2
|m2)(2) = n2y (y || < i(\/wn 1+C>\n)+5n/4>

so that if, ||77(1)(Z> - U(l)(y)HQ < 6%(1 - wn(g) - 571)7 wn<0) <1 and

”77(2) - n(y>||2 S Ei[OAn + V 1+ C/\nén/2 - 571 S EEL

by choosing \,, < ¢6,, with ¢ small enough. Hence E/ NA, C E,NA,. Similar arguments
imply that £, N A, C E,” N A,.

2.7.6 Proof of Lemma 2.7.1.2

Proof. We have

7](1)(2) - 7](1)(3/) = Dﬁ [Zn,(l)(e) - Zn,(1)<90)] + b(1)(9) - b(l)(‘90>

so that if ||@ — 6y]| < v;lkOMl A O,

1) (2) =10 (Y) = D1 Zn,1y(0)=m(y; 0)+O0 (v, 1 An ko0 )] = Dy 3 [ Zn 1) (0) —m(y; 6)+0(1)]

o6



where m(y; 0) = Z, 1)(0o) +Dn1Vbi(00)(0 —bp). and on Q,(M) |[m(y;0)+o(1)|| < 2M
by choosing M large enough.

P = P, <Z 120,4(0) = my(:0) + oD _ )

j=1 n,J

It implies in particular that with K the ball in R* centered at 0 and with radius 2M,

uniformly over |0 — 6y|| < Ay,

P, (Zko [Zn,;(0)—m;]? < €2>

PG ETL '7:1 vnj - "

)y 4:6) + 1)) < sup ’ ~a(m)| (227
Ln meK Ln
=o(1), (2.28)
where the last equality comes from Assumption 3.
It follows in particular that
Py(E,
sup || EED < G am) + 01) = 0().
[[0—60]|<An n mek

O
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2.7.7 Proof of Lemma 2.7.1.3

Proof. We have

o = / w(6)Ps (n(=) — n(y)]| < ) dB

= hi(0)d0 + o (Lye?)

16—60||<An

= Loy (1 (®) = by 60) / (1= wa(0)) 2B + 0 (Lnel)
10—00 | <An;wn (6)<1

= Lneny (1) (y) — by (60)) det (Vbez) ()" Vbiz) (60)) / (1—u?)2du+ o (Lyel)

u<l

1 1 1 R

= (C 4 o(1))Lye.

The third line of the set of equations above comes from (2.20). The fourth line

comes from the definition of h,(#). The fifth line comes from a change of variables. [
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Chapter 3

A Bayesian non-parametric model
for 2-multiple context free

gramimars

Abstract

The class of context-free grammars is believed to be too restrictive to fully describe
all features of natural language. The class of context-sensitive grammars, on the other
hand, is too complex to be practical: modelling with them would require an unrealistic
amount of computational time. Various mildly context-free grammar formalisms, which
may be placed between context-free grammars and context-sensitive grammars in terms
of complexity, have thus been proposed in the last few decades. We consider the class
of 2-multiple context-free grammars (2-MCFGs) (Seki et al. (1991)), which properly
include the class of context-free grammars.

We propose a Bayesian non-parametric model for 2-MCFGs within which a model
for context-free grammars is naturally embedded. Our model is inspired by that of
Ryder et al. (2023) for context-free grammars, and is based on hierarchical Dirichlet

processes. We develop a sequential Monte Carlo algorithm to make inference under this
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model. We carry out simulation studies to assess our method.

3.1 Introduction

Informally, a grammar is what defines the structure of a language. It tells us which
way words from a language may be joined together in order to form sentences from
the language that are valid according to the language’s syntax. Grammars were first
formalised by Chomsky (1956), who defined them as consisting of the following four

components.
e A set B of nonterminal symbols
e A set A of terminal symbols

e A set R of rules, each of the form

R:(AUB)*B(AUB)* — (AU B)* (3.1)

where * represents the Kleene star operator, which is defined as the set of strings

formed by concatenating one or more of the elements of the set it is applied to.
e A distinguished start nonterminal symbol S where S € B

The terminal symbols A are the words of the grammar’s language, while the nonterminal
symbols and the rules describe in a generative way (as we will explain in later sections)
how valid sentences may be formed according to the grammar. The symbol S is used
at the beginning of the sentence-generating process. In Section 3.2.1 and Section 3.2.2
we will describe in detail how sentences (strings of terminal symbols) may be formed

from two special cases of grammars.

Definition 4. Given a Chomsky grammar G = (B, A, R, S), the language L(G) is the

set of strings of terminal symbols that can be generated from the grammar G.
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In general, for any grammar, only a subset of the set of possible rules in the above
definition will be allowed. The complexity of a grammar is measured by the complexity
of the set of rules the grammar allows. Chomsky (1956) classified grammars in terms
of the complexity of the rules that they allow. In order of increasing complexity he

defined the following four classes of grammars.

Regular C Context-free C Context-sensitive C Recursively enumerable

The more complex a grammars model is, the more features of a language it may be
able to capture. However, the more complex the grammar model, the more expensive
the inference may be in terms of computational time. It is standard for human natural
language to be modeled using context-free grammars, and there is a vast literature on
efficient algorithms for context-free grammar models (Lari and Young (1990), Johnson
et al. (2007)). It is well known, however, that context-free grammars do not capture all
features of human natural language. Shieber (1985) demonstrate this for the particular
case of the Swiss German language. Furthermore, recent research suggest that the
vocalisations of Muriqui monkeys is more complex than context-free (Chatain et al.
(2021)).

Since the class of context-sensitive grammars, which comes above the class of context-
free grammars in terms of complexity, is considered too complex in practice for simple
inference purposes, researchers have proposed intermediate classes of grammars which
lie in between context-free and context-sensitive in terms of complexity. Examples of
these include head grammars (Pollard (1984)), tree-adjoining grammars (Joshi et al.
(1969)), and multiple context-free grammars (Seki et al. (1991)). In this work, we will
consider the class of 2-multiple context-free grammars (2-MCFGs), which is properly
included in the class of context-sensitive grammars, and which properly includes the
class of context-free grammars.

The standard method for making inference on parameters in computational lin-

guistics is based on expectation-maximization techniques, such as the inside-outside
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algorithm for context-free grammars and its variants (Lari and Young (1990)). In the
case of context-free grammars, some researchers have turned to Bayesian methods of
inference (Johnson et al. (2007), Goldwater and Griffiths (2007)). These have the ad-
vantage of taking into account the uncertainty of all parameters in the framework of a
single probabilistic model. When modelling grammars, an important question to con-
sider is the number of latent parameters that describe the structure of the grammar.
While including too few parameters corresponds to a lack of expressiveness of the model,
including too many parameters can be computationally expensive, unrealistic, and can
lead to over-fitting. This choice may be bypassed by putting a nonparametric prior on
the space of parameters, which allows the number of latent parameters to be learned
adaptively with the data. Nonparametric priors also have the advantage of naturally
penalizing grammars with too many parameters.

As we will describe in detail in later sections, each rule in a 2-MCFG can be associ-
ated with one nonterminal symbol from the set B. The rules of a 2-MCFG can then be
modeled as grouped data, where each group corresponds to the set of rules associated
with each of the nonterminal symbols. Dirichlet process mixture models (Antoniak
(1974)) are a popular nonparametric model for grouped data. More sophisticated vari-
ants of the DP mixture model such as the Dirichlet process hidden Markov model (Beal
et al. (2002)) and the hierarchical Dirichlet process (Teh et al. (2006)) (HDP) relax the
independence assumption across groups. Liang et al. (2007) and Finkel et al. (2007)
have used HDPs to model context-free grammars. While Liang et al. (2007) perform
inference by variational Bayes, Finkel et al. (2007) use MCMC techniques to model
context-free grammars. In this work, we propose a hierarchical Dirichlet process model
for 2-MCFGs and perform inference on parameters by sequential Monte Carlo (SMC).
To the best of our knowledge, no previous work has attempted a Bayesian approach to
model 2-MCFGs.

The remainder of this chapter is organized as follows. In Section 3.2 we provide
some background information, with formal definitions of context-free grammars, 2-

multiple context-free grammars, and probabilistic 2-multiple context-free grammars.
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In Section 3.3 we describe our Bayesian model in detail and in Section 3.4 we describe
our sequential Monte Carlo inference scheme. Results of our simulation studies are
presented in Section 3.5, and a discussion is provided in Section 3.6. Details of our

SMC scheme are left to appendix Section 3.7.

3.2 Background

As previously mentioned, the main focus of this work is the modelling of the class of
2-multiple context-free grammars, which is an extension of the class of context-free
grammars. In this section, we describe in detail the type of rules that are allowed in
each of these classes of grammars and show how parse trees and their corresponding
sentences can be formed from them. We then introduce the concept of probabilistic

grammars, which allows us to model grammars using statistical techniques.

3.2.1 Context-free grammars

There are a number of different ways of formalising the rules of context-free grammar
that are weakly equivalent (i.e. that result in exactly the same set of possible sentences).
In this work, we express all context-free grammars in Chomsky normal form. All of the
rules of a context-free grammar in Chomsky normal form must be written in one of the

following two forms.

Bj — Blek2 (32)

B; — ay, (3.3)

where B;, By, , By, € B and where a; € A.
Rules of the form of Equation 3.2 are called production rules and rules of the form of
Equation 3.3 are called emission rules. For context-free grammars in Chomsky normal

form, production rules replace one nonterminal symbol with a pair of nonterminal
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symbols. Emission rules replace one nonterminal symbol with one terminal symbol.

The structure of a sentence generated from a context-free grammar in Chomsky
normal form may be represented by a tree, where the root of the tree is associated
with the nonterminal symbol S, where each internal node of the tree is associated with
a nonterminal symbol from B and each leaf of the tree is associated with a terminal
symbol from A. Given a context-free grammar, trees are generated as follows. Associate
the root node of the tree with the nonterminal symbol S. Pick a rule of the form (3.2)
or (3.3) with S on the left-hand-side. If the rule is of the form (3.3), i.e. S — a;, add
a branch stemming to the terminal symbol emitted by the rule. Otherwise, if the rule
is of the form (3.2), i.e. S — By, By,, add two branches stemming to child nodes, and
associate each of the child nodes with the nonterminal symbols By, and By,. Next, select
any remaining leaf node of the tree which is associated with a nonterminal symbol, say
By,. Repeat the above, picking a rule this time with By, on the left-hand-side and
extending the tree as before. Continue this process until all of the leaf nodes of the tree
are associated with terminal symbols.

Given a standard tree as described above, we define its corresponding evaluated tree
to be a tree of the same size shape, and structure, but where each node is associated
with a string of terminal symbols. An evaluated tree is formed from a standard tree
as follows. First, starting from the bottom of the tree, associate all nodes that emit
leaves with the single terminal symbol that they emit. Next, associate any internal node
that produces a pair of internal nodes with the concatenation of the strings of terminal
symbols associated with its two child nodes. For example, suppose that we had a
subtree consisting of the following three rules: B; — By, By,, By, — a;, and By, — a;,.
The string associated with By, in the tree would be a;,, the string associated with By,
in the tree would be a;, and the string associated with B; in the tree would be a;, a;,.
Carry out this process from the bottom to the top of the tree. The string of terminal
symbols associated with the root node of the tree will be the complete sentence that
the tree represents.

A sentence is grammatical if there exists a sequence of rules which produce it or
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g aaccbb

A
[ 1 [
S S aacc bb

s S S —=
S S aa cc
s W s W : — T s !
By By B3 B3 3 a c c

| | ! | 1 t f 1

a 2 c c a a c c

Figure 3.1: Left: A tree generated from the context-free grammar Gp; (see Example
2). The rules used to generate the tree are (in order): S — SS, S — SS,,5 —
BBy, ,S — B3B3, ,S — ByBy, B —» a, ,By,— a, B3 — ¢, B3,— ¢, By, —
b, , By, — b. Right: The evaluated version of the context-free tree. At the root of
the tree, one reads the sentence aacchbb, which is the sentence associated with the tree.

equivalently, a tree which evaluates to it. There may be multiple trees that evaluate to

the same grammatical sentence.

Example 2 (Doubles language). Consider the following contezt-free grammar.

Gpi1=(A,B,R,S)
A ={a,b,c}
B ={S, B, By, B3}
R=1{S =SS, S—=BB S ByBs, S BBy

Bl—>a, BQ—>b, B3—>C}

The grammar Gp1 describes is the language consisting of strings of symbols from A
where each element is repeated twice (for example aabbecaa, bbaabbbbee or ccaa, ete).

We refer to the language produced by Gp, as the “doubles” language.

L(gD,l) = {<1<1 o CnCn|n € N?Cl € A Vi € {17 s 7”}}
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3.2.2 2-Multiple context-free grammars (2-MCFGs)

Formally, a 2-MCFG may be represented by a five-tuple G = (A, B, F,R,S) where
A, B and S are as in the case of context-free grammars, where F is some multiset of
permutations over 5 elements which we will describe, and where all of the rules in R

must take one of the following two forms.

Bj — fj{BklvBlw]a fj e F (34)

Bj — (akuakz) (35)

where B;, By, By, € B, and where (ay,, a,) € {Axe}U{ex AYUA®? (where € denotes
the empty symbol). Rules of the form of Equation 3.4 are called production rules and
rules of the form of Equation 3.5 are called emission rules. Production rules replace
one nonterminal symbol with two nonterminal symbols from B and one permutation f
from F. Emission rules replace one nonterminal symbol either with a pair of terminal
symbols from A, or with one terminal symbol from A and one empty symbol e.

The structure of a sentence generated from a 2-MCFG can be represented by a
tree, where the root node is associated with the symbol S, where each internal node
is associated with a nonterminal symbol from B and with a permutation from F, and
where leaves of the tree are associated either with elements from A or the empty symbol
e. Given a 2-MCFG, trees are generated as follows. Associate the root node of the tree
with the nonterminal symbol S. Pick a rule of the form (3.4) or (3.5) with S on the left-
hand-side. If the rule is of the form (3.5), add two branches to the node, one stemming
to the symbol ai, and one stemming to the symbol ay,. Otherwise, if the rule is of
the form (3.4), associate the node with the permutation involved in that rule (f;), and
add two branches to the node, one stemming to the nonterminal symbol By, and one
stemming to the symbol By,. Next, select any remaining leaf node of the tree which is
associated with a nonterminal symbol, say Bj,. Repeat the above, picking a rule this
time with By, on the left-hand side and extending the tree as before. Continue this

process until all of the leaf nodes of the tree are associated with terminal symbols.
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Recall that in the case of context-free grammars, each node of the evaluated version
of a tree is associated with a string of terminal symbols, in such a way that the root
node of the evaluated tree is associated with the sentence that the tree represents. In
the case of evaluated 2-MCFG trees, each node is associated with a pair of strings of
terminal symbols. The sentence that a 2-MCFG tree represents will be the sentence
formed by concatenating the two strings associated with the root node of the evaluated
version of that tree.

We represent each node of an evaluated 2-MCFG tree by ((i|¢s) where ¢; and (;
are strings of terminal symbols and where “|” is a special symbol that indicates where
the string of terminal symbols ;s is split. Whenever an emission rule B; — (ay, , ax,)
takes place at some node of the standard tree, we associate that node in the evaluated
tree with the pair (ay, |ak,)-

For a production rule B; — [By,, By,], let ((11]¢12) and ((21|C22) be the pairs of
strings associated with the child nodes corresponding to By, and By, respectively in
the evaluated tree. Recall that f; € F is a permutation over 5 elements. Associate
to B; in the evaluated tree the pair of strings (f;((i1, 1,2, (21, C22,])). For example,
suppose that By, were associated with the pair (ab|d), that By, were associated with the
pair (c|e), and that f; = (15342). Then we would associate B; with the output of the
permutation f; when applied to the vector v := (ab,d, c, €, “|”)). In this example, the
output of f; when applied to v gives (ab|ced) (and since e refers to the empty symbol,

this is equivalent to (ab|cd)). We refer to this process of associating strings of terminals

to the nodes of the tree as evaluating the tree.
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Example 3 (Doubles language). Consider the following 2-MCFG.

Gpa= (A B, F,R,S)
A={a,b,c}
B = {5}
F={fp=(12534)}
R=1{S— fplS,S], S—(a,a), S—(bb), S—(cc)}

Observe that the grammar only allows one permutation, fp, which concatenates
both strings associated with the first child node and puts them on the left-hand side, and
concatenates both strings associated with the second child node and puts them on the
right-hand side. As in the grammar Gp 1 of Example 2, the grammar Gp o describes the

“doubles” language.

L(Gp2) = {GCG - Glaln €N, G € AVie {1,...,n}}
Example 4 (Copy language). Consider the following 2-MCFG.

Go = (A, B, F,R,S)
A={a,b,c}

B ={S}

F ={fc = (13524)}

R={S = fc[S,S], S—(a,a), S—(bd), S—(cc)}

Observe that the grammar only allows one permutation, fo, which concatenates the
left-hand side string associated with the first child node with the left-hand side string
associated with the second child node and puts this on the left-hand side, and concate-
nates the right-hand side string associated with the first child node with the right-hand

side string associated with the second child node, and puts this on the right-hand side.

68



5 <ach|acbh>

!

= ) [ ]
5 5 <aclac» <b|b>
| | N T
[ = (b,B) (6,B)
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Figure 3.2: Left: A tree generated from the 2-MCFG grammar Go (see Example 4).
The rules used to generate the tree are (in order): S — f¢[S,S], S — fc¢[S,S], ,S —
(a,a), ,S — (c,c), ,S — (b,b). Right: The evaluated version of the 2-MCFG tree. At
the root of the tree, one reads the sentence acbach, which is the sentence associated
with the tree.

The grammar Go describes the language which consists of two identical strings of
terminal symbols concatenated (for example bebe, abeabe or becbee, etc).  Indeed, it
18 straightforward to show recursively that in the evaluated tree, each internal node is
associated with a pair (C|C) for some ¢ € A*. We refer to the language produced by Ge

as the “copy” language.

L(Gc) = {¢*|¢ € A*}

Remark 3. 2-multiple context-free grammars are a special case of the more general
class of m—multiple context-free grammars, where m may be any posistive integer (Seki
et al. (1991)). The class of m—multiple context-free grammars, for some arbitrary
m € N may be defined just as the definition for 2-MCFGSs, but with each nonterminal
symbol being associated with an m—tuple of strings of terminal symbols (rather than a
pair of strings of nonterminal symbols). Emission rules in m—MCFGs emit m terminal
symbols (rather than 2 nonterminal symbols). It can be proved that my—MCFGs are
properly included in mqy-MCFGs for any my < mq (Seki et al. (1991)).

Remark 4. Context-free grammars are equivalent to 1-MCFGs.
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3.2.3 Probabilistic 2-MCFGs

A probabilistic grammar is a grammar that additionally assigns some probability to each
of its rules. A probabilistic 2-MCFG may be written as a 6-tuple G = (A, B, F, R, S, J),
where A, B, F, R and S are as in the definition for 2-MCFGs, and where J denotes a
collection of probability distributions over the elements of the set R. In 2-MCFGs, each
rule can be associated with the nonterminal symbol B; on the left-hand side of the rule
of the form of Equation 3.5 and Equation 3.4. The elements of 7 are the distributions
over rules associated with each of the nonterminal symbols in B, in such a way that for
each element B; of B, there exists an element Pg, in J that is a probability distribution
over rules associated with B;.

Given a probabilistic grammar, we define the probability of any tree, 7 generated
from that grammar to be the product of the rules associated with the nodes of that

tree. We have

Pr(7) = H Pr;) <R%8>

zeTt!

where 7 denotes the set of internal nodes of the tree 7, where j(x) denotes the nonter-
minal symbol associated with the node x and where ¢(z) denotes the index of the rule
associated with the node z.

For any sentence in a grammar’s language there may be one or more distinct trees
that can be generated from the grammar that, when evaluated, form it. For probabilistic
grammars, the probability of any sentence in the grammar’s language is defined to be

the sum over the probabilities of with each of the trees that form that sentence.

3.3 Model

As stated in Section 3.2.2, a 2-MCFG consists of the five-tuple G = (A, B, F, R, S). In

our setting, the set of terminal symbols, A, and the set of permutations F are given
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and finite. The set of nonterminal symbols B and the set of rules R on the other hand,
are random and countably infinite.

We model A with the categorical distribution P4 with parameters ji, = (., ... ,uLAl),
with pZ > 0 Vj and Z'fill @2 =1 in such a way that Pa(a;) = ul, where a; repre-
sents the j nonterminal symbol. In a similar way, we model the set of 120 possible
permutations over 5 elements with the categorical distribution Pz, with parameters
fip = (fps s i)

Let Pp represent the distribution over the countably infinite set of nonterminal
symbols B. We model this distribution with a Dirichlet process, with base measure H;
and with scaling parameter «;. We model H; with a standard normal distribution (since
we will only be interested in its partitions, any continuous distribution will work). We

then have, using standard notation

PBNDP(Oél,Hl), leN(O,l)

As described in Section 3.2.2, each rule will be associated with one of the nonter-
minal symbols (i.e. the nonterminal symbol on the left-hand-side of the expressions of
Equation 3.4 and Equation 3.5). To each of the infinitely many nonterminal symbols
in the grammar, we assign a distribution over its associated rules. We thus obtain
infinitely many rule distributions. Without loss of generality, we describe our model for
the distribution of rules associated with the nonterminal symbol B;, which we denote by
Pr;. The distributions over rules associated with other nonterminal symbols B, i # j
are modelled in an identical way.

We model the distribution Pg, with a Dirichlet process, with base measure H, and
with scaling parameter ap. Since rules from R include elements from A, B, and F,

the distributions P4, P and Pr are nested within the distribution Pr. Again using
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standard notation, we have

PRJ.‘HQ ~ DP(CYQ, HQ)
Ha|pe, pe, Pa, Pr = (1 — p.) P2 ® Pr + . ((1 —p)P®? ¢ % (0. @ Pa+ Pa® 5€)>

pe ~ Beta(a, b.)
pe ~ Beta(a,, b,)

Py ~ Categorical (ul, . ..,

Pr~ Categorical(,u}, e ,M}ZO)

(k... AN ~ Dirichlet(v],. .. ,7(‘1“4')

(14, ... 1) ~ Dirichlet(y}, ..., 7}®).

Since the base distribution Hs is quite complex, let us describe it in words. Under
Hj, a rule will be an emission rule (Equation 3.5) with probability p. and a production

rule (Equation 3.4) with probability (1 — p,).

e If a rule is an emission rule, with probability (1 — p.) it will emit two terminal
symbols from the distribution P4, with probability £ it will emit the empty
symbol € on the left and a terminal symbol from P4 on the right, and with
probability £ it will emit a terminal symbol from P4 on the left and the empty
symbol on the right. The symbol J, indicates the Dirac distribution on the empty

symbol, €.

e If a rule is a production rule, it will produce two nonterminal symbols from Pg

and one permutation from the categorical distribution Px.

To improve model flexibility, we put prior distributions on the model’s hyperparam-

eters pe, Pe, [lq and fiy, as demonstrated above.
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We model trees through the joint distribution of the rules associated with each of
their internal nodes. Since sentences are deterministic given trees, this defines a model

over the sentences from the language associated with a 2-MCFG.

Remark 5. Our model consists of mutually nested Dirichlet processes. Although sepa-
rate DP distributions are used for rules associated with separate nonterminal symbols,
they are all closely related due to the use of the same base distribution. Since the non-
terminal component of the base distribution is itself modelled with a DP, our model can

be described as an adaptation of Teh et al. (2006)’s Hierarchical Dirichlet process.

3.4 Implementation

tth

Let g = (y1,...,yr) be aset of observed sentences, let I; be the length of the " sentence

and let 7; be the tree describing its structure. Let a! represent the i word of the t*
sentence, in such a way that y, = a, ™.

As described in Section 3.2.2, all internal nodes of 7; are associated with a non-
terminal symbol and a rule. Let Bj) denote the nonterminal symbol associated with
the node x. We assume that rules are listed in the order in which they appear in the
generative process for trees, as described in Section 3.7.2. We then let g(x) denote the
number of rules associated with the nonterminal symbol Bj,) that appear before the
rule associated with the node x in this list, and let R?Eg“ denote the rule associated

with the node z.

The posterior distribution we wish to estimate is then
T
_ z)+1 l:q(x
W(rrly) o [T T] P (Rjgx)) |Rj(3r() ! Bl:j(ﬂ) ’
t=1 ger]

where 7/ in the above product denotes the set of internal nodes in 7; and where PRj )
denotes the distribution over rules with the nonterminal symbol Bj(,y on the left-hand

side (described in Section 3.3).
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To estimate this distribution over trees, we use sequential Monte Carlo (SMC)
(Chopin et al. (2020)). Before describing our SMC sampling scheme in detail, we

formally define complete and partial trees, extension of trees, and evaluation of trees.

Definition 5. We define a 2-MCFG complete tree to be a tree structure where all
internal nodes are associated with a nonterminal symbol and a production rule, and all
leaves are associated with a nonterminal symbol and an emission rule. For any subtree
of a complete tree consisting of a parent node and its direct child nodes z1, zo, the rule
associated with x must take the form

(z)+1
Bjzy — fj‘?(x) [Bj(n)’ BJ'(Z2)]7

where Bj) 1s the nonterminal symbol associated with the node x and where Bj(.,y s

the nonterminal symbol associated with the node z; for i € {1,2}.

Definition 6. We define a 2-MCFG partial tree to be a tree structure identical to a
2-MCFG complete tree, except that leaf nodes are no longer required to be associated

with emission rules.

Remark 6. 2-MCFG partial trees may be transformed into 2-MCFG complete trees by
adding nonterminal symbols and rules to their leaf nodes recursively until all leaf nodes

are associated with emission rules.

From now on, we will refer to 2-MCFG complete trees and 2-MCFG partial trees

as complete trees and partial trees respectively.

Definition 7. We define an extension of some partial tree T to be a tree that strictly

contains T and that has additional nodes branching from one or more of the leaf nodes

of T.

Definition 8. An evaluated complete tree is a tree structure where each node is asso-
ciated with a pair of strings of terminal symbols. The sentence that the tree represents

15 obtained by concatenating the pair of terminal symbols associated with the root node.
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In order to simulate a sentence from some 2-MCFG, a tree must first be generated
in a top-to-bottom fashion (i.e. starting at the root node and moving down). Once
the tree is complete, it is evaluated from bottom to top (i.e. starting at the leaf nodes
and moving up), in order to obtain the sentence at the root node. For details on how
trees are constructed and evaluated, see Subsection 3.2.2. Note that the only random
part of this process is the generation of the trees. Once a tree has been generated, its
evaluation is deterministic.

At each time step t < T of our SMC scheme, we target some intermediate distri-
bution over the set of trees, {7y,...,7;} (and the rules and symbols used within them).
At any node x € 7, we define 7, to be the partial tree consisting of all of the nodes
of 7, added before the node z in the construction of the tree 7, (see Section 3.7.2 for
details on the order at which rules are added to a tree under our SMC scheme).

At step t, the transition kernel is

K (1|11, e, 1) = H PR](I) < J(x) | ta:ijl‘g;()z)7Bl:j(x)7ytalt>

xe‘rt

where, as before, j(z) denotes the nonterminal symbol associated with the node z,

q(x)+1 denotes the index of the rule associated with the node z, the term B;.;(,) denotes

the set of “observed” nonterminals, and R denotes the set of “observed” rules which
have Bj(, on the left-hand-side. The dlstrlbutlons PR( : (R;]Ez)ﬂ\ Tt Rj(z ?) s Biij), Yt lt)

are described in detail in Section 3.7.3 in a case by case fashion. They are closely re-

lated to the distributions P, , (Rq(x +1|R

i) Bl:j(x)) of our model, but have extra

(z) >

constraints due to the fact that, when evaluated, it must represent the sentence ;.

We re-weight with

where w, is described in Section 3.7.3. By the careful design of the factors w, of the
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weights, we have
Pr (RO r,, RIS, B D) X iy = Pry (RYD R, B
Rj(e) j(x) Ly Sli(e) o 1:j(x)y Yts bt w:z: Rj(x) 1:5(x) ) -
It follows that

(Tt|71t 1,yt>lt X wy = H PRJ(Z) <qug +1|R (z) 7Blzj(m)> .

scGTt

At iteration t, we are thus targeting

Ht(Tt|yt; lt) oc I, (thllytflyltfl) x K (Tt’ﬁ:t—l,yt, lt) X Wy

X Ht,1 (thlyyta lt) X H PRj(z) <R;1g Jr1|R (z) 7Bl:j(m)>

/
TET,

and at the end, we reach

1:q(z)
H 71T|y HHPRJ<T < ](x |RJ(Z:) ,Bl](:p))

t=1 ger/

as hoped.

3.5 Simulation studies

We illustrate our model and inference method with two simulation studies: one using
artificial data from the copy grammar of Example 4 and one using real data that

describes the vocalizations recorded from Muriqui monkeys.

3.5.1 Artificial data: copy grammar

We consider artificial data consisting of 1" sentences each of length 30 simulated from
the copy grammar of Example 4, i.e. from the set Go = {(*|¢ € A*}, where A is

defined to be an alphabet consisting of three letters: A = {a, b, c}. The sentences were
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Figure 3.3: Proportion of the 1000 sentences simulated from the posterior predictive
that belong to G¢, for various values for the number of observed sentences, 1" ranging
from 1 to 30, where posteriors were based on observed sentences of length 30 and 1000
particles.

simulated in such a way that each of the letters of the alphabet appeared with equal
probability.

We applied our model and SMC algorithm to this data, using 1000 particles. We
used the following Beta hyperparameters for the prior probability of an emission rule:
a. = b, = 10 and the following Beta hyperparameters for the prior probability of
emitting the empty symbol: a. = 10 and b, = 1. We used the following Dirichlet
hyperparameters for the prior probability over terminal symbols: u! = 1,i € {1,...,3},
and the following Dirichlet hyperparameters for the prior probability over permutations:
,u} =0.01,7 € {1,...,120}.

First, with a; = ay = 0.5, we considered posterior estimation from various values
of T' (the number of observed sentences), ranging from 1 to 30. In each setting, 1000
sentences were simulated from the posterior predictive distribution. Figure 3.3 displays
the proportion of the simulated sentences that belong to the copy grammar Gg, for
each of the settings of T. Observe that the proportion of correctly estimated sentences
increases with the number of observations. This indicates that (with enough data), the
posterior concentrates on grammars that represent the copy language.

Next, with T" = 200, we considered various different settings for the Dirichlet process
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Figure 3.4: Proportion of the 1000 sentences simulated from the posterior predictive
that belong to G¢, for various values of ar; = ap ranging from 0.1 to 2.4, where posteriors
were based on 200 observed sentences of length 30 and 1000 particles.

parameter over rules, aq, and the Dirichlet process parameter over nonterminal symbols,
aa, ranging from 0.1 to 2.4, where for each setting, these two parameters were equal to
each other. In each setting, 1000 sentences were simulated from the posterior predictive
distribution. Figure 3.4 displays the proportion of the simulated sentences that belong
to the copy grammar G¢, for each of the settings of oy and of ay. Observe that for small
values of oy and ay the proportion is very high, whereas as soon as «; and sy exceed
0.5, the majority of the time, the proportion is very low. This could be explained by the
fact that large Dirichlet process parameters a; and oy favor more complex equivalent
forms of G¢ with more rules and nonterminal symbols. A larger number of observations
is necessary to make inference on a more complex grammar.

Finally, we considered the particular setting where 7' = 200 and ay; = a, = 0.5, and
looked more closely at the rules of the MAP grammar. Over 99% of the emission rules

were of one of the following three forms:

Bl — (Cu C)
Bl — (ba b)

By — (a,a)
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and over 99% of the production rules were of the form
By — ff[BbBl],

where f} is the permutation (13524), coinciding perfectly with the copy grammar as

defined in Example 4.

3.5.2 Real data: Muriqui monkey grammar

We consider real data consisting of 647 “sentences” of Muriqui monkey vocalizations,
recorded and transcribed by experts (Demolin et al. (2016)). After the consolidation
of the data, the set of “words” is the alphabet of three different types of calls of the
monkeys, which we denote by X, r, and p : we have A = {X,r, p}.

Defining an “rp block” to be any maximal substring of the form rp* (i.e. one r
followed by a string of p’s of length at least equal to one), we say that a sequence is an
increasing rp sequence if each rp block in it is either the same length or one p longer

than the previous rp block, i.e. if the sequence is of the form
(rp)51 (Tp2>£2 e (rpN>£N 517 s 7§N 2 ]-7 N e N.

Demolin et al. (2016) empirically observed the presence of such increasing rp sequences
in this data, and noted that they were significantly more prevalent than decreasing rp
sequences (defined similarly). Following this observation, Chatain et al. (2023) show
using probabilistic methods that the language of Muriqui monkeys is likely to be more
complex than the standard class of context-free grammars. In particular, they show that
when sentences are simulated from the optimal context-free grammar (under the BIC
criterion), the proportion of increasing sequences in the simulated data is significantly
lower than the proportion of increasing sentences in the data (with empirical p-value
< 1077) and that, furthermore the sub-language consisting of increasing sequences

(without any noise) is context-sensitive, i.e. more complex the standard context-free
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Figure 3.5: A random sample from the subset of the data with at least three consecutive
rp™ blocks. The increasing rp subsequences are underlined

class.

The goal of this simulation study is to investigate how well our model and SMC
inference scheme pick up the increasing rp sequence feature of the data. Due to the
limitations of computational time and memory, we consider as our observations only the
subset of the data consisting of the 105 sentences that contain at least three consecutive
rpT blocks, i.e. sentences that contain subsequences of the form (rp™)3. Figure 3.5
provides a random sample from this reduced dataset, with all increasing subsequences
underlined.

We apply our 2-MCFG model and SMC inference scheme to the data, using 20000
particles and using the same model hyperparameters as in the Section 3.5.1: a, = b, =
10, a. = 10, b = 1, ! = 1,7 € {1,...,3}, MJ; = 0.01,7 € {1,...,120}, and oy =
as = 0.5. We then simulate 1000 sentences from the posterior predictive distribution,
and for the sake of comparison, we simulate 1000 sentences from the prior predictive
distribution.

Figure 3.6 shows the proportion of sentences in the observed data, in simulated
data from the prior predictive distribution, and in simulated data from the posterior
predictive distribution that contain N consecutive rp* blocks for N € {1,...,10}. Note
that the reason why the proportion is 100% for the observed data for N € {1,2,3} is

because we took, as our observations, only sentences that had at least 3 consecutive
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Data Prior predictive Posterlor predic-
tive
Increasing 0.65 0.05 0.21
Decreasing 0.18 0.04 0.13

Table 3.1: Proportion of sentences: in the data (left), simulated from the prior predictive
(middle), and simulated from the posterior predictive (right) that contain increasing rp
sequences (first row) and decreasing rp sequences (second row)

rp* blocks. We observe that the proportion of rp™ blocks of every length is greater in
the data simulated from the posterior predictive than in the data simulated from the
prior predictive (yet still not as great as in the observed data).

We next look more specifically at the proportion of sentences that have at least one
increasing rp sequence (of any length), and the proportion of sentences that have at
least one decreasing rp sequence (of any length). Table 3.1 provides the proportion of
sentences with increasing and decreasing rp sequences in the observed data, in the data
simulated from the prior predictive, and in the data simulated from the posterior pre-
dictive. In the data, there is a significant asymmetry between increasing and decreasing
subsequences: 65 % of sentences include an increasing subsequence, but only 18 % of
the sentences include a decreasing subsequence. This matches the observations of De-
molin et al. (2016) and Chatain et al. (2023). Under the prior predictive, as expected,
there is no significant difference between increasing and decreasing subsequences. Both
types are rare, at respectively 5% and 4%. Under the posterior predictive, we observe
an asymmetry between increasing and decreasing subsequences, which occur in respec-
tively 21% and 13% of the sentences. This difference is notable, even though it is not
as large as the one observed in the original data. These observations show a similar
trend to that of Figure 3.6: they indicate that the posterior predictive is significantly
influenced by the data for these key statistics of interest, but that the amount of data is

possibly not large enough to match the massive asymmetries observed in the real data.
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proportion of (rp+)*N

Figure 3.6: Proportion of sentences in the data (black), simulated from the prior predic-
tive (green), and simulated from the posterior predictive (red) that contain sequences
of the form (rp™)N for N € {1,...,10}.

3.6 Discussion

We have proposed a Bayesian model for 2-MCFGs based on the hierarchical Dirichlet
process and have developed a sequential Monte Carlo algorithm to make inference. This
is the first time that a Bayesian model has been applied to this class of grammars.

Our method performed well in the simulation study based on the “copy” grammar,
recovering the correct grammar as soon as the Dirichlet parameters, a; and oy were
reasonable (both between 0.1 and 1) and as soon as the number of observed sentences,
T, was large enough (over 10).

In the case of the simulation study based on the grammar describing the linguistic
structure of Muriqui monkey vocalizations, our method succeeded to some extent, in
picking up the increasing sequence feature present in the language. Indeed, the pro-
portion of sentences simulated from the posterior predictive distribution exhibiting this
feature was much higher than the proportion of sentences simulated from the prior
predictive distribution exhibiting this feature. However, the proportions related to the
posterior predictive were significantly lower than the proportions related to the ob-
served data, suggesting, perhaps, that 105 sentences were not enough information to
fully learn every feature of the data. This is not surprising: while an exact representa-

tion of the monkey grammar in terms of 2-MCFG rules and nonterminal symbols, if it

82



exists, remains unknown, it is unlikely that it would be as sparse as the copy grammar,
which was chosen specifically for its simplicity.

It could be interesting to explore how the model or SMC algorithm could be altered
to improve efficiency, and thus allow more data to be processed in a reasonable amount
of time. One possible extension to our model would be to use hierarchical Pitman—Yor
processes rather than hierarchical Dirichlet processes to model nonterminal symbols and
rules. Indeed, numerous authors have commented on the fact that PYPs produce power-
law distributions, that are closely related to those seen in natural language (Goldwater
and Griffiths (2007), Teh et al. (2006)).

This work was motivated by previous results that showed in various cases that
grammars describing certain natural languages are more complex than the standard
class of context-free grammars. An interesting future line of researchers would be to
use this model and SMC inference mechanism to calculate marginal likelihoods, and
thus to make model choice using Bayes factors between context-free and 2-MCFG,
in a similar way as Ryder et al. (2023) make model choice between the regular and

context-free grammars.
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3.7 Appendix

3.7.1 Evaluating partial trees

Recall that partial trees are trees that include one or more leaf nodes that are not
associated with an emission rule. We represent each node of an evaluated partial tree
by (¢1|¢2) where ¢; and (» are strings of terminal symbols and numbers, and where “|”
is a special symbol that indicates where the string of terminal symbols and numbers

(1(s is split. This differs from the case of evaluated complete trees, where (; and (,

must be strings of terminal symbols only.

Definition 9. An evaluated partial tree is a tree structure where each node is associated
with a pair of strings of numbers and terminal symbols. For example, some node = of

an evaluated partial tree may be associated with the 2-tuple {(ab4, 1), where a,b € A.

An evaluated partial tree is formed from a partial tree as follows. First, whenever an
emission rule B; — (ax,, ax,) takes place at some node of the partial tree, we associate
that node in the evaluated partial tree with the pair (a, |ax,). Whenever a production
rule B; — [By,, By, takes place at some node, we first must define the strings (i, ¢5, ¢}

and () as follows.

o If By, is associated with a rule, let ((;|(2) be the strings associated with it in the

evaluated partial tree.

— If ¢; is a string of terminal symbols or the empty symbol only (i.e. no

numbers), set (] := (3. Otherwise set (] := 1.

— If (5 is a string of terminal symbols or the empty symbol only (i.e. no

numbers), set ¢ := (. Otherwise set () := 2.
If By, is not associated with a rule, set (] := 1 and set (} := 2.

e If By, is associated with a rule, let ((3|(4) be the strings associated with it in the

evaluated partial tree.
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5 <aaZ|bb>

= } f |
S 5 <aal34> <b|b>
! | T
{_ D ﬁv (b,b) (b, b)
S S <ala>
(ﬂrla) (a,Ta)

Figure 3.7: Left: A partial tree generated from the 2-multiple context-free grammar Gp o
(see Example 3). The rules used to generate the tree are (in order): S — fp[S,S], S —
folS,S], S — (a,a), S — (b,b). Right: The evaluated version of the 2-MCFG partial
tree.

— If (3 is a string of terminal symbols or the empty symbol only (i.e. no

numbers), set ¢} := (3. Otherwise set (} := 3.

— If ¢4 is a string of terminal symbols or the empty symbol only (i.e. no

numbers), set ¢ := (4. Otherwise set ( := 4.

If By, is not associated with a rule, set ¢} := 3 and set (} := 4.

Recall that f; € F is a permutation over 5 elements. Associate B; in the evaluated
partial tree with the pair of strings (f;((, (5, C5.C),])). For example, suppose that
By, were associated with the pair (12|ajag) (where aj,as € A), that By, were not
yet associated with a rule, and that f; = (15342). Then we would associate B; with
the output of the permutation f; when applied to the vector v := ({1, (5, (5,4, 7)) =
(1,a1a2,3,4, “[”). In this example, the output of f; when applied to v gives (1|34ajas).

This process is repeated from the bottom to the top of the partial tree, until every
node in the evaluated partial tree is associated with a pair of strings of terminal symbols

and numbers.

3.7.2 Order of the rules

Here we provide details on the order in which nodes and their associated symbols and

rules are added to form the tree 7; at time ¢ of our SMC sampling scheme. Let’s use the
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symbol ¢ to represent some indicator (to be overwritten) that describes where we are in
a partial tree at any given time. The symbol ¢ will always represent both a particular
node of the tree and a side (either left or right). Given ¢ and an evaluated partial tree,
we then can always identify a string of numbers and terminal symbols (since each node
of the evaluated partial tree is associated with two strings of numbers and terminal
symbols, one for each side).

We start by initialising ¢ to be the left-hand side string of the root node of the
partially evaluated tree. If the left-hand string of the root node is either empty or
already contains terminal symbols only, we set ( to be the right-hand string of the root
node. Next, we identify the first number appearing in the string associated with (.
For example, if the string were cde32g, the number to be identified would be 3. We
then identify which child node and which side corresponds to the selected number. The
number 3, for example, would mean to identify the left-hand side of the second child
node. We reset ( to be equal to the identified node and side. We continue moving down
the tree in this way until ( is set to be one of the strings associated with a leaf node.

We then draw a rule from the transition kernel (details are provided in Subsection
3.7.3). If this rule is a production rule, we continue as before by identifying the first
integer symbol of the string associated with (, and overwriting ¢ to be the correspond-
ing child node and side of the extended partially evaluated tree. We extend the tree
downwards like this, overwriting ¢ each time as long as the rule is a production rule.

When the rule is an emission rule, we replace ¢ with the emitted symbol. Note that

under the transition kernel, emission rules take one of the following three forms

Bj — (67 ajz)
Bj — (aju 6)
Bj — (aj17 aj2)7

where a;,,a;, € A. Note that since ¢ only points to one side of the emission rule at

a time, it is possible for one of the symbols (the symbol to which ¢ points last), to
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initially be unspecified. It will only be when ( points to the node and side associated
with that symbol that the value it takes may be specified. When specified, it will be
the word a! where 4 is such that, at the time of emission, a! has not yet been emitted,

! already have been emitted.

and the words a; "~

We then re-evaluate the extended partial tree (as in Section 3.7.1). We continue
the process from the beginning (starting again at the left-hand side of the root node)
until all leaf nodes are associated with emission rules, and all symbols a/"* have been

emitted. The resulting tree is 7; is complete, and the sentence y; may be formed by

concatenating the two strings associated with its evaluated version’s root node.

3.7.3 Transition kernel and weights

As described in Section 3.4, the posterior distribution we wish to estimate is

7_1 T|y X H H PR](Z) ( x)+1|R1 a0 Bl]( )>

t=1 ger/

where

q(x)+1 o 7
,PRJ(I) <R]($ |R 33) ’ Blj(z)) - a2 + q(gj) OJQHQ + Z 6RJ(I)
=1

Hz:(l—pe)P§2®Pf+pe<( )P (5 ®'PA+'PA®(5))

2

Recall that every node of an evaluated tree represents a certain number of terminal
symbols in the form of two strings of terminal symbols. The partial trees 7,, for v € 7,
have been defined such that, if they were to be extended to form a complete tree, with
positive probability, the sentence associated with that complete tree would be y;. We
encode this condition by associating each node x of a partial tree with two numbers,
m, and M,. The number m, is the minimal number of terminal symbols that the node

x of the partial tree will represent in the complete tree, and the number M, represents
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the maximal number of terminal symbols that the node must represent, in order for the
probability that the partial tree produces the sentence s to be nonzero. The numbers
m, and M, depend on the current partial tree 7 , and the length of the final sentence
l;, and are updated every time when new rules are added to the partial tree. See Section
3.7.4 for details on how this is done.

Mathematically, we have the following expression for the transition kernel.

K(Tt|T1:t—1>?/t; lt) = H P;zj(z) (R;]Ei)ﬂ‘ t,m>R1 Z;) )7 B;. G(x)s Yts lt)

/
iEeTt

where the probabilities in the above product may be expressed in the form

Pr

J(x)

(Rq(z)+1| tw7R;i§(>x)>Bl:j<x>>ytalt) = (1—p;) Hy, + piH;,,

where pf is a probability in [0,1] and H3, and Hj, are distributions. The quantities
ps, Hj, and Hj, depend on the conditions m, and M, and are provided explicitly at
the end of this section.

Under the transition kernel Pg, > certain rules in R are not allowed (due to the
constraints as described above), and are given zero probability. Production rules that
are allowed are given probability proportional to their probability under H,. In other
words, there exists some constant o* € (0, 1] (provided below) such that for any pro-

duction rule R? in the support of the transition kernel, the following holds.
" Hy (RP) = agHy(RF)
After any production rule, the particle is re-weighted with

where ¢(z)* is the number of times that the rule RP has already been “observed”,

and Hy(RP) is the density of RP under the base distribution Hs. The factor %
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adjusts the weight to take into account the fact that under the target distribution,

1
az+q(x)

extra probability is given to rules that have already been observed. The factor
is a normalizing constant.

Because of the way the order at which the rules involved in the transition kernel are
emitted is defined (see Section 3.7.2), when terminal symbols from A are emitted under
the transition kernel, the values that they take are completely deterministic (they will
be the terminal symbols that correspond to the words in the sentence in the order at
which they are processed). Because of this, under the transition kernel, emission rules
that are allowed are given probability proportional to a variant of Hy that does not
involve the distribution P4: there exists some constant a* € (0, 1] such that for any

emission rules R in the support of the transition kernel, the following holds

" Hj (R°) = apHy\ a(R°)

Hy a(R) 1= (1= p)sR(BY) + 5 (0.9 0+ 64 ®6) (R),

where d 4 is the Dirac distribution on a symbol from the set A.
After an emission rule, in the case where one of the two emitted symbols symbols is
the empty symbol €, and one of the emitted symbols is an element a;, € A, the particle

is re-weighted with

v = i (P i)

and in the case where both of the emitted symbols are elements a;,, a;, € A, the particle

is re-weighted with

o .y q(x)* )
w* = J1,,J2 + ’
ot (e

where pl' = Py(aj,) 122 = Pa(aj,), and where Hy(R®) is the probability density function
associated with the base distribution, H,, evaluated at R®. The factors p/! and p/2 adjust

the weight to take into account the fact that under the target distribution, the emitted
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terminal symbols are not deterministic and are distributed according to P4. As in the

q(x)*
Ho (Re)

case of production rules, the factor adjusts the weight to take into account the

fact that under the target distribution, extra probability is given to rules that have

already been observed and the factor ) is a normalizing constant.

1
ao+q(x

In order to write down o*, pz, Hy , and Hj, in closed form, we consider separately

all of the different cases, in terms of the constraints m, and M, at node x.

1Lom,=1,M,>?2

The rule may be any type of emission rule or production rule.

H;, =Py ® Pr
H;,e - (1 - pﬁ)(S%Q + % (56(5A + (5,465)

*

pe :pe

o =y

2. my=1,M, =2

The rule cannot be a production rule but may be any type of emission rule.

H;,e = (1 _ pe>5§2 + % (665./4 + 6./456)

3. m,=1,M,=1

The rule must be an emission rule emitting one symbol from A and one empty
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symbol e.

1
H;,e = §<5€6A + 5./456)
p; =1

*
Q" = Q2PePe

4 m, =2, M, =2

The rule must be an emission rule emitting two symbols from A.

5 my =2, M, > 2

The rule may be an emission rule emitting two symbols from A, or may be any

type of production rule.

H;,p = 1(382 ® Pr
3, =0§*
pr = (1 —=p)pe/(1 = pe + (1 — pe)pe)

a* = as(l —pe+ (1 — pe)pe)

6. my >2, M, > 2

The rule must be a production rule.
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3.7.4 Updating m, and M,

At the root of the tree, m, and M, will not change, and will both be equal to the
length of the full sentence, I;. This is because, even when the tree is not yet complete,
we know that the strings of terminal symbols at the root node of the complete version
of the tree together will be equal to the final sentence.

Whenever new rules are added to a partial tree, m, and M, of all nodes = of the
partial tree must be updated. Updates first take place locally at the node at which a
new rule has been applied, and then at the remaining nodes in the tree as a consequence
of this change. Throughout this subsection, we use the notation z; to denote the 5
child of some node (for i € {1,2}).

First, let’s look at the updates that take place locally when a rule is applied at
some node of the tree. Recall that there are two different types of rules possible in our
sampling scheme: production rules, and emission rules. We consider these two types

separately.

1. Production rule at the node z:

The value m, is updated as follows.
e m, < max (my,2)

The maxima and minima of the child nodes of the new production rule are then

initialised as follows.

o m, 1, ie{l,2}

o M, < M, -1, ie{1,2}
2. Emission rule at the node z:

e If the emission rule consists of two symbols from the set A :
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The values m, and M, are updated as follows.

M, + 2

My < 2

e Else if the emission rule consists of one symbol from the set A and one empty

symbol:

The value M, is updated as follows.
M, + 1
Now, we look at the updates that take place in the tree as a consequence of an

update to a particular node. Our updates are based on the following definition.

Definition 10. We say that a partial tree is fully updated if, for all subtrees of the
partial tree consisting of one single parent x and its direct child nodes (z;,i € {1,2}),

the following are satisfied.

m:t Z le + ng (36)

and similarly

M, < M., + M.,
le S Mx - ng

MZQ S M:): - mz1

We demonstrate how updates are made for all nodes of the tree in the case where m,

has been updated (increased). The case where M, is updated (decreased) is analogous.

93



Suppose that m, has been increased. Updating the tree involves simply applying

the following two steps.

1. e Set v be the parent node of z. Let z;,i € {1,2} be the child nodes of v (in
such a way that x will be one of the z;,i € {1,2}).

e Update m,.

My, — max (my, m,, +m,,)

e Moving up the tree, reset v to be the parent node of v of the previous step,

and reset z; and zy to be the child nodes of the new v.

e Repeat the above two points until v is set to S.

2. For all subtrees of the partial tree consisting of a single parent v and its direct
children z;,i € {1,2}, starting from the topmost subtree and moving down the

partial tree, do the following.

M, < M, —m,,

M., < M, —m,,

Step 1 ensures that Equation 3.6 of the definition of a fully updated tree is satisfied,
and Step 2 ensures that Equation 3.7 and Equation 3.8 of the definition is satisfied.
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Chapter 4

On consistency issues for Bayesian
clustering using nonparametric

priors
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Abstract

Bayesian nonparametric (BNP) mixture models are popular for modelling complex
data. Their posterior distributions exhibit nice theoretical properties, concentrating
at the optimal minimax rate to the true data-generating distribution, and extensive
research has been devoted to developing this theory. However it has been shown that
these models are inconsistent for the number of clusters. In the case of Dirichlet process
(DP) mixture models, this problem can be mitigated when a prior is put on the model’s
concentration hyperparameter «, as is common practice. We prove that Pitman—Yor
process (PYP) mixture models (which generalise DP mixture models) remain inconsis-
tent for the number of clusters when a prior is put on «, in the special case where the
true number of components in the data generating mechanism is equal to 1 and the
discount parameter o € (0,1) is a fixed constant.

When considering the space over partitions induced by BNP mixture models, point
estimators such as the maximum a posteriori (MAP) are commonly used to summarise
the posterior clustering structure of such models, which alone can be complex and
difficult to interpret. We prove consistency of the MAP partition for DP mixture models
when the concentration parameter, «,, goes deterministically to zero, and when the true

partition is made of only one cluster.
4.1 Introduction

Mixture models, popular for their flexibility and simplicity, are commonly used in the
statistical analysis of heterogeneous data where observations are assumed to come from
a number of different populations. Since in a mixture, each observation is assumed to
come from one population, such models naturally induce a clustering: two data points
belong to the same cluster if they come from the same population.

Classical methods for cluster analysis include agglomerative hierarchical clustering
(where two groups chosen to optimize some criterion are merged at each stage of the

algorithm) or K-means clustering (where data points are moved from one group to
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another until there is no further improvement in the sum of squares criterion, Mac-
Queen (1967)). Although there has been a considerable amount of research into the
development of these classical methods, they are largely heuristic.

Another solution is to use model-based methods, for which statistical properties may
be formally inferred. In finite mixture models, the clusters are related to the components
of mixtures. Fraley and Raftery (2002) review a general methodology for model-based
clustering using finite mixture models. Data is fit with a number of different mixture
models, each with a different number of components, and the best model is selected in
terms of some criterion, such as the Akaike information criterion (AIC) or the Bayes
information criterion (BIC). This method, however, may be computationally expensive
since many models must be fit. A Bayesian approach could alternatively be taken
by putting a parametric prior (such as a Poisson) on the number of components, but
inference can be challenging when the dimensionality or the amount of data becomes
large (although new strategies have been proposed recently, see Miller and Harrison,
2018).

In this work, we consider infinite mixture models where the mixing measure is mod-
eled with a nonparametric prior. In such models, the number of components possible
has no upper bound. Inference may be performed in a unified way without the need
for strong assumptions on the number of components and with no need to fit multiple
models.

While the most standard nonparametric prior remains the Dirichlet process (DP)
introduced by Ferguson (1973), many extensions now exist. The Pitman—Yor process
(PYP, Pitman and Yor, 1997) is a natural extension of the DP with an extra parameter
increasing model flexibility. Compared with DP mixtures, PYP mixtures are better
suited when the sizes of clusters are more evenly distributed. Due to the interpretability
of their hyperparameters, ease of implementation, and nice mathematical properties,
Bayesian nonparametric (BNP) priors are widely used in practice, and in the last two
decades, a huge amount of research has focused on their properties (see for example

Ghosal and van der Vaart, 2017; Miiller et al., 2018). The use of the DP as a mixing
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measure was first introduced by Lo (1984). Thanks to the wide variety of efficient
computational methods which have been introduced for their inference (Escobar and
West, 1998; MacEachern and Miiller, 1998; Neal, 2000; Blei et al., 2006), nonparametric
mixture models have become common in a wide range of modelling applications.

In the context of density estimation, under certain conditions the posterior distri-
bution of DP mixture models concentrates at the true data-generating density at the
minimax-optimal rate in L1 and Hellinger norms (Ghosal and van der Vaart, 2017,
Ghosal et al., 1999). This holds for other types of Bayesian nonparametric priors, such
as PYP priors (Lijoi et al., 2005). Nguyen (2013) further proved posterior consistency
of the mixing distribution in the Wasserstein metric for DP and PYP mixture models.

It is important to realise that consistency of the posterior distribution for the data-
generating density and even for the mixing measure does not imply consistency of
the inferred number of clusters. Empirically, many researchers have observed that DP
mixture posteriors tend to overestimate the number of clusters (West and Escobar, 1993;
Lartillot and Philippe, 2004; Onogi et al., 2011). More recently, Miller and Harrison
(2013, 2014) proved that the posterior distribution on the number of clusters does not
concentrate to the number of components in DP and PYP mixtures. Alamichel et al.
(2022) extended this result to the case of Gibbs-type processes. A possible explanation
for this inconsistency result can be found in a result proved by Rousseau and Mengersen
(2011), that in overfitted finite or infinite mixture models, the weights attributed to
extra clusters go to zero as the number of observations grows. Provided that the weights
for the extra components are infinitesimally small, any mixture can be approximated
arbitrarily well by a mixture with a larger number of components.

Despite the above inconsistency results, it is possible to achieve posterior consistency
for the number of clusters in the mixture models we consider. Guha et al. (2021)
introduce a fast and simple post-processing procedure for DP mixtures which provides
clustering consistency. Alamichel et al. (2022) extend this result to PYP mixtures.
Ascolani et al. (2022) show that posterior consistency for the number of clusters can

be achieved in certain cases for a DP mixture model by putting a prior on the DP
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concentration parameter . DP mixtures modeled in this way can be considered as
mixtures of DP mixtures (Antoniak, 1974) and are commonly used in practice.

Beyond the distribution over the number of clusters, an interesting question in clus-
ter analysis is the distribution over the partition space across clusters induced by BNP
mixture models. This space is large and complex: the number of possible clusterings
of n items grows exponentially according to B(n), the Bell number of n items (Bell
(1934)). Since it would be infeasible to describe the posterior density of all the unique
partitions, it is common practice to find a point estimator to concisely represent the
posterior.

Some authors have proposed BNP model clustering estimators based on pairwise
probabilities that items belong to the same cluster. Medvedovic et al. (2001) and
Medvedovic and Sivaganesan (2002) have proposed methods that make use of the pos-
terior similarity matrix. For a sample of size n, the elements of this n X n matrix
represent the probability that two data points are in the same cluster. Classical hi-
erarchical clustering algorithms are then applied based on this similarity matrix. The
disadvantage of these methods is that they require sampling from the posterior cluster-
ing distribution (usually through Markov chain Monte Carlo). Posterior probabilities
of individual partitions are difficult to compute reliably from Monte Carlo samples.

Another approach is to find the partition that minimizes the posterior risk associated

to some loss function. That is, the partition that minimizes

1(dly) =Y U emlely)
ceC
for some choice of loss function (¢, c), where C is the set of all possible partitions.
Binder (1978) discusses loss functions for Bayesian clustering. Dahl (2006) and Lau
and Green (2007) propose loss functions that penalize miss-assigned groups. Wade
and Ghahramani (2018) provide a discussion on types of loss functions and methods of
finding the optimal partition.

The optimal Bayes estimate of the clustering under the 0-1 loss function is equiva-
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lent to the maximum a-posteriori (MAP) clustering estimator (Binder (1978)), and is
commonly used in Bayesian model-based procedures (Broét et al. (2002), Kim et al.
(2006), Li et al. (2007)). The 0-1 loss function may be described intuitively as follows:
no loss is incurred if the clustering estimate equals the true clustering and a loss of one
is incurred for any other clustering estimate. Many fast algorithms have been developed
for finding the MAP estimator, making it often more convenient than other estimator
choices in practice. Dahl (2009) proposes a fast and efficient search algorithm that
is guaranteed to find the MAP clustering for univariate product partition models (of
which the Dirichlet process mixture model is a special case when one integrates over
the model parameters). Fuentes-Garcia et al. (2019) propose an alternative algorithm
for finding the MAP clustering which is motivated by Hopfield’s network.

Rajkowski (2019) investigate theoretical properties of the MAP partition in the
particular case of Gaussian Dirichlet process mixture models (where the cluster means
have Gaussian distribution and, for each cluster, the observations within the cluster
have Gaussian distribution). Along with some nice theoretical properties, they prove
that model mis-specification can lead to non-consistency of the MAP partition.

Our contributions are as follows. In Theorem 4.3.0.1 we show that Ascolani et al.
(2022)’s result cannot be directly extended to PYP mixtures: we prove inconsistency
for the number of clusters for well-specified Pitman—Yor process mixture models with a
prior on the concentration parameter «, when the true number of clusters in the data
generating mechanism, ¢, is equal to one, and when the discount parameter o € (0, 1)
is a fixed constant. In Theorem 4.3.0.2, we prove consistency of the MAP partition for
well-specified DP mixture models when the concentration parameter a,, goes to zero at
an appropriate rate, and when the true partition is made of only one cluster.

Note that these two results deal with quite different settings.

e (i) While Theorem 4.3.0.1 considers the distribution over the number of clusters
induced, Theorem 4.3.0.2 considers the MAP estimator over the whole space of

partitions.
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e (ii) While Theorem 4.3.0.1 deals with PY mixture models, Theorem 4.3.0.2 deals

with DP mixture models.

e (iii) While in Theorem 4.3.0.1 we assume a prior distribution on the PY concen-
tration parameter «, in Theorem 4.3.0.2 the DP concentration parameter «,, goes

to zero as n — o0.

The remainder of this chapter is organized as follows. In Section 4.2 we recall formal
definitions for Dirichlet process and Pitman—Yor process mixture models, and introduce
the notation that we will be using throughout the chapter. In Section 4.3 we present
our two theoretical results, whose proofs are given in Section 4.4. In Section 4.5 we
provide a short discussion. The proofs of the lemmas used in our proofs, as well as a
short simulation study to illustrate Theorem 4.3.0.1, are left to the appendix sections

4.6.1 and 4.6.2 respectively.

4.2 Preliminaries

Formally, we assume data y;., is iid from a distribution P* with pdf with respect to

some measure [

p(y) = Zp§k(yl¢§) teN, (4.1)

where the p% are probability weights in (0, 1) summing to one, and where the k(-|¢%) are
probability kernels, each depending on some parameter ¢7. The above may alternatively
be expressed as a convolution of the component-specific kernel k(:|¢) with the discrete

. . t
mixing measure G* = 3 pdr:

P(y) = / E(y]6)G*(d9).

We consider the well-specified case where the kernel density k(-|¢) is known, but
where the integer ¢, the weights p}, and the latent variables ¢% in Equation (4.1) are all

unknown. In order to allow for an unbounded number of components ¢ in the mixture,
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we consider nonparametric mixture models, with nonparametric priors on the mixing
measure G.

The most standard BNP prior is the Dirichlet process (DP). When G is a draw from
a DP, we write G ~ DP(«, Qp), where a > 0 is the concentration parameter and where
Qo is the base distribution. The DP is characterized by the generative distribution
of data points drawn from it: if (¢1,...,¢n, ¢nt1) ~ G and G ~ DP(a, @), then
conditional on (¢1, . .., d,), the (n+1)™ observation ¢, 1 is equal to ¢; with probability

O::Ljn (where n; represents the number of components in (¢, ..., ¢,) that take the same

value as ¢;) and is distributed according to Qo with probability pwr

The Pitman—Yor process (PYP) is a generalization of the DP, with an extra parame-
ter that allows for the sizes of clusters to be more evenly distributed. When G is a draw
from a PYP, we write G ~ PY P(«a, 0,Qy), where o and @ are as in for the case of DPs
and where o is the additional discount parameter. The PYP is also characterized by
the generative distribution of data points drawn from it: if (¢1,..., ¢pn, ¢ni1) ~ G and
G ~ PY P(Qq, a, ), then conditional on (¢, ..., ®,), the (n+ 1) observation ¢, is
equal to ¢; with probability "=~
otne If ¢ = () we get the DP.

a+n

We consider the distributions over partitions, 7 induced by the DP and the PYP. For

and is distributed according to @)y with probability

every pair of numbers (n, s) € N? with s < n, we let 7,(n) denote the set of partitions
of {1,...,n} into s non empty subsets. Conditional on parameter o (and possibly of
o) DP and PYP mixture models induce the following prior distributions on the space

of partition for any n € N, and any A™ = {Aﬁ”), . ,Ai”)} € 75(n),s < n:

as

Mpp(A™|a) = (a; — 1)}, (4.2)
Oé(”) j=
0.571(1+Q) . S
Mpyp(A™|a, 0) = D TT(1 = 0) 0,1y, 4.3
| (RIS

respectively, where o) = a- - - (a+n—1) is the ascending factorial (with the convention

that o) = 1) and a; = |A§-n)| stands for the cardinality of the set Agn) . We consider
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partitions A™ such that (1) a; # 0 for j =1,...,s (2) AE”) N Agn) = () for i # j and
(3) §:1A§-n) ={1,...,n}. The Agn),j =1,...s represent the clusters.

Conditionally on the partition A™, the probability densities of the data 1., =
(y1,--.,yn) and of the cluster-specific parameters ¢1. = (¢1, ..., @) are

prnldrs AW) =T TI kwiles), w(¢rslA™ qu é5),

=1 igal™

where qq is the density of the base measure )y of the DP and the PYP.

As previously mentioned, BNP mixture models with fixed hyperparameters are in-
consistent in the number of clusters induced. In order to achieve consistency for the
number of clusters induced, Ascolani et al. (2022) consider Dirichlet process mixture

models with a prior on the concentration parameter a:

ind iid

Yilgi ~ k(¢0),  &ilG~ G Gla~DP(e, Qo), a~(, (4.4)

where ( is a prior distribution on «.
In our Theorem 4.3.0.1, we consider an extension of Ascolani et al. (2022)’s model,
which are Pitman—Yor mixture models with a prior on the concentration parameter

a > 0 and with a fixed discount parameter o € (0,1):

ind iid

Yilpi ~ k(-|¢i), &i|G~G Gla,0 ~PYP(a,0,Q0), a~C(. (4.5)

We use the standard notation K, to denote the number of clusters in a sample of size

n. Under our model (4.5), K, has the following prior distribution

Mpyp(Ky = slo) = / S ey p(A®]a, 0)¢(da)

A ery(n)

where I pyp(A™|a, o) is as Equation (4.3) above.

After having observed data y1.,, we consider the posterior distribution I py p(K, =
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$|Yy1.n, o). To prove our result, we start with the joint distribution which, for every s € N

has density with respect to the product measure y®" times the counting measure

ppy P(Y1m, S|o) = Z HPYP(A(n o) H (yA§n)) (4.6)

A ery(n)

where IIpy p(A™|0) = [pyp(A™|a, 0)¢(da) and p( yA(n) =/ HZeA k(y:|®)qo(¢)de
is the marginal likelihood for the subset of observations identified by Ag» ), given that
they are clustered together.

Throughout, for x,, and z, two n—dependent random variables such that z, # 0 Vn,

we use the notation z,, = o(z,) if 2* — 0 as n — oo.

4.3 Theoretical results

Both of our results rely on the following assumption on the base measure () of the

BNP random measure.

Assumption 6. The base measure @y is absolutely continuous with respect to the

Lebesgque measure, and its density qo 15 bounded.

Throughout, we assume kernels of the form

k(ylo) =gy —9¢), yeR

Our Theorem 4.3.0.1, relies on the following assumptions on the function g.
Assumption 7. The function g is positive on some interval [a,b] and O elsewhere.
Assumption 8. The function g is differentiable with bounded derivative in (a,b).

The above two assumptions require that the kernel is a location-family distribution

with positive density on a bounded support. This class is fairly general and includes as
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special cases uniform distributions and truncated normal distributions. Our Theorem
4.3.0.2 assumes that the kernel must either be a Gaussian, a truncated Gaussian, a
uniform, or a triangular distribution, which are all common classes.

For our Theorem 4.3.0.1, we will require three additional assumptions on the prior
¢ of «, identical to the assumptions used by Ascolani et al. (2022), which we re-state

below.

Assumption 9. The prior ¢ is absolutely continuous with respect to the Lebesgue mea-

sure. Its density is also denoted by (.

Assumption 10. There exist €,6, 3 such that, for all o € (0,¢€) it holds that 6a” <

((a) < 2.

Assumption 11. There exist D,v,x > 0 such that [ o*C(a)da < DE™T'(v + s+ 1)

for every s > 1.

As demonstrated in Ascolani et al. (2022), Assumptions (9) - (11) are satisfied by
common families of distributions, such as uniform distributions over (0, ¢) with ¢ > 0,

or gamma distributions with shape v and rate k.

Theorem 4.3.0.1. Suppose that the kernel k, the density qy and the prior ( over
the concentration parameter o satisfy Assumptions (6) - (11) stated above. For every
distribution on data P* with density p* as in (4.1), for the number of componentst = 1,

we have

HPYP(Kn = 1|y1;n) # 1
uniformly in P* as n — oo.

Theorem 4.3.0.1 shows that, unlike for the case of DP mixture models, PYP mixture
models with fixed nonzero ¢ remain inconsistent for the number of clusters even when
a prior is put on the concentration parameter a. Our negative result holds for data
with one mixture component (¢ = 1 when the mixture is described by (4.1)), and

when the discount parameter ¢ is a nonzero constant in (0,1). The proof rests on
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H(Kn:3|y1:n)

TR =Ty &S consistency cannot hold if it does not converge to

analysing the ratio
0 as n — oo. Following the strategy of Ascolani et al. (2022), this ratio can be split
into the product of two quantities, one capturing the impact of the prior distribution
on the concentration parameter «, and the other independent of the prior on . In the
Dirichlet process case with a prior on «, the first quantity goes to 0 and the second
remains bounded. We show that in the Pitman—Yor case, the o parameter enters the

first quantity and prevents it from vanishing as n — oo, destroying consistency and

highlighting a fundamental difference between the DP and PY processes.

Theorem 4.3.0.2. Suppose that the density qo satisfies Assumption (6) stated above,

1
log(n)

and suppose that the DP concentration parameter o, = o ( ) For every distribu-
tion on data P* with density p* as in (4.1), for Gaussian, truncated Gaussian, uniform,

or triangular kernels k, and for the number of componentst =1, we have

Ipp (A™|y1,)
P*{3AM £ AM* such that >15—=0
{ 7£ pp (A(n)*|y1:n)

as n — oo where AM* represents the true partition of the data (i.e. one single cluster).

Theorem 4.3.0.2 considers the whole space of partitions (not just the number of
clusters induced), and more specifically the MAP point estimator of that space. Our
result holds when the concentration parameter, «,, is sent deterministically to 0 at rate
@, as is done, for example in Ohn and Lin (2023). Our result holds for Gaussian,
truncated Gaussian, uniform or triangular kernels, which are all common classes.

Our result holds for data with one mixture component (¢ = 1 when the mixture is
described by (4.1)), but seems to generalise to any value, ¢ under some assumptions of

the separability of the cluster components. This is a topic of ongoing work.
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4.4 Proof of Theorem 4.3.0.1 and Theorem 4.3.0.2

Without loss of generality, through a linear rescaling, we assume [a,b] = [—c¢,c]|. For

convenience, we rewrite the assumptions on g and )y as

T1. 3m, M such that 0 <m < g(y) < M < oo for every y € [—c, c];

9'(y)
9(y)

T3. 3U > 0 such that h(y) := qo(y) + qo(—y) < U for every y € [0, 2¢];

T2. g is differentiable on (—c¢,¢) and 3R such that |

| < R < oo for every y € (—c¢,c);

T4. 3L > 0 such that go(¢) > L for every ¢ in a neighbourhood of ¢3, for every j.

4.4.1 Statement of lemmas

The proof of Theorem 4.3.0.1 relies on the following simple lemma, used by and proved
by Ascolani et al. (2022). It justifies working with ratios, which allows us to avoid

calculations of marginal likelihoods of the observed data.

Lemma 4.4.1.1. The convergence II(K,, = t|lyi.,) — 1 as n — oo holds if and only if

one has

II(K,, = s|ly1.n
Z ( |Y1:n)

—0 asn— oo.

st

The proof of Theorem 4.3.0.2 relies on the remaining five lemmas, stated below.
The proofs for Lemma 4.4.1.2 and Lemma 4.4.1.3 are provided in the appendix. Lemma
4.4.1.4 and Lemma 4.4.1.5 are used by and proved by Ascolani et al. (2022), and we
refer the reader to that paper for their proofs. Lemma 4.4.1.6 comes from Rajkowski
(2019) (for the case of Gaussian kernels). We refer the reader to that paper for its
proof, which is straightforward to extend to other kernels, such as truncated Gaussian,

uniform or triangular kernels.
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Lemma 4.4.1.2. Let s and n be any positive integers with s < n, let x be any posi-
tive real number, and let {a;}1<j<s be any set of s strictly positive integers satisfying

> _a; =n. Then,

Jj=1

»

arg max (a; — ) ={a;}1<j<s, (4.7)
{aj}1<j<s .
where G =g = -+ =as1 =1, and as =n— s+ 1 (up to a permutation). We have

S

H(dj —l=(n-s)

Jj=1

Lemma 4.4.1.3. Let s and n be any positive integers with s < n, and let {a;}1<j<s be

any set of s strictly positive integers satisfying Zj.:l a; =n. Then,

s

arg min (a; +1) ={a; }h1<j<s, (4.8)

loshei<e 55

where @1 =@y =-+-=as1 =1, and as=n— s+ 1 (up to a permutation). We have

S

[@+1)=2"(n—s+2).

j=1

Lemma 4.4.1.4. Under model (4.1) with t = 1, there exists W > 0 and n' € N such
that for all n > n' it holds

9(yi — ¢) Wz,
/ T gy s

where, with y,) denoting the mazimum observed data-point, Z, is defined as

Zy = min[1, nv/log(n){c+ ¢7 — ym) }-
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Furthermore, Z,, — 1 in P*-probability as n — oo.

Lemma 4.4.1.5. Under yy., #d from a distribution with pdf as in Equation 4.1 with
t =1, it holds

H/ 15 2o =0 oyisy < () Ty

<n> j=1

where (¢1, ..., ¢s) € RS, where A™ = {A" .. A™MY is a partition of the set {1,...,n}

mto s < n clusters, and where m and U are defined in T1 and T'3.

Lemma 4.4.1.6. When modeling DP miztures of the form of Equation (4.1), with
Gaussian, truncated Gaussian, uniform of triangular kernels, the MAP partition divides
the data into clusters whose convex hulls are disjoint. In particular, the MAP partition

respects the ordering of the data.

4.4.2 Proof of Theorem 4.3.0.1

Proof. By Lemma 4.4.1.1, it will be sufficient to prove that H((an—il\glln) +#» 0 pointwise
in y1., as n — oo, for some s > 1. We will prove this using s = 2.

In order to prove our result, we make use of results of the asymptotic behavior of
certain quantities under the Dirichlet process mixture model of Ascolani et al. (2022),
which can be described by Equation (4.4). Throughout this proof we will thus use the
subscript D P to indicate that a quantity is related to the Dirichlet process model, and
we will use the subscript PY P to indicate that a quantity is related to the Pitman—Yor

model, whenever there is ambiguity.

Under our Pitman—Yor mixture model, by applying Equation (4.6), we have

N 2
Opyp (K, = 2ly1a) Jo(1+9) Wd& 2o A erymy [ 1 (1 — U)(aj—l)p<y,4§_"))

HPYP( - 1‘y1 n) f %da (1 - 0)(n71)p(y1:n)

= CPYP(”? 1, Q)RPYP(nv 17 2)
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where

fa(l%—%)%da

__ )
f (14+0) (n—1) do

prp(n, 1, 2) =

and )
ZA(”)ETg(n) Hj:1(1 B O-)(aj_l)p(yA§n)>

(1 - U)(n—l)p(ylzn)

RPYP(TL, 1, 2) =

Similarly, under the Dirichlet process mixture model of Ascolani et al. (2022), one

gets

H(Kn = 3|y1:n)DP
= t.s)R t
H(Kn =t|y1:n)DP DP(TL, ,S> DP(n,& )7

where Cpp(n,t,s) is an integral in « over all of the terms involving «, and Rpp(n,t, s)

contains all of the remaining factors:

Jlas¢(a)/amlda
[lat¢(a)/am]da

CDP (TL, l, S) =

and

ZA(“)eTs(n) Hj:1(aj - 1)! Hj:l p(yA§n>)
ZBETt(n) Hz':l(bj -1 H;:1 p(yBj) .

Ascolani et al. (2022) prove that

Rpp(n,t,s) :=

Cpp(n,t,s) > 0asn—o00 V0<t<s. (4.9)

Now, since our expression Rpyp(n,1,2) above does not depend on «, it is identical
to the corresponding expression in the setup of Miller and Harrison (2014), who prove
that it does not converge to zero as n — co. What is left to show is that our expression

Cpyp(n, 1,2) above does not converge to zero as n — oo.
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We then have,

fa(1+§) RS @ gq

1+a) (g
Cpyp(n,1,2) = () c; -
J (o) (s, 7
¢(o) 2 (o)
. Jotgay, o de . J o iy e
¢(e) ¢(o)
f (1+a)(n—1)da fa(a)(n) do

=0+ Cpp(n,1,2) - 0 as n — o0,

where the final line above comes from the special case of Equation (4.9) where ¢ = 1

and s = 2. O

4.4.3 Proof of Theorem 4.3.0.2

Proof. Throughout this proof, we let E' denote expectation with respect to the distri-
bution of the data, P* (whose pdf p* is given in Equation (4.1)). Recall that we denote
the j** cluster of A™ by Ag-n), and we denote the cardinality of Ag»n) by a;. We use the
notation [n] to represent the cluster of A™*, which is of cardinality n. For any cluster,
say B of the data, let yp denote the data in that cluster, and let p(yp) denote the
marginal likelihood of all of the data in that cluster:

Pys) = / [Tk 1oha(o)do.

i€B

We define the set Q, := {y1.,|Z, > %}, where Z,, is defined in Lemma 4.4.1.4. On
the set €2,,, by Lemma 4.4.1.4, it holds that

P(ym) _ n/log(n) _ 2ny/log(n) (4.10)

p(y[n}) - Wz, - w ’

where W is a fixed constant. Therefore, on the set €2,, for any partition A™ with s
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clusters, we have

- (HDP<A<”>|y1m> N 1) o (az [T-(a = D! L= pwae) 1)

Ipp(A™*|y.n) n (n—=1)! P(Ym)
s T = 1) Hj=1p(yz4§")>p*(y[n})
- <_n (n—1)! P*Ym)  pYp) >
o[ ax Iy (a; = 1)! Hj:lp(yAg")) 2n+/log(n)
=1 (a_n (n—1)! P*(Ym) W ot
s—1 Hj’:1(aj — 1)!'2n/log(n) Hj‘:1 p(yA;_n))
<« E
- (=1 w P*(Ypn))
w11 l=i(a; = D 2ny/log(n) (U\ 4 1
= (n—1)! W (E) o a; T+l
w1 1Lo1(@ = D2ny/log(n) (U\' {7 1
= (n—1)! W (E) ljlaj+1
e (s=1)!2n4/log(n) (U 52 1
=, (n — 1)' W (E) 1:[ 28—1(n s+ 2)
e (s=1)2ny/log(n) (U 1
n (n—1)! W (E) n

_ %% <%>Sa;1\/m. (4.11)

The first line of the above comes from applying Bayes’ rule to the numerator and to
the denominator, with the prior distributions on partitions given in Equation (4.2), the
third line comes from applying Equation (4.10), the fourth line comes from using the
Markov inequality, the fifth line comes from Lemma 4.4.1.5, the sixth line comes from
Lemma 4.4.1.2 and Lemma 4.4.1.3, the eighth line comes form the fact that the function

h(s) = m is strictly decreasing in s (since h(hs(l')l) = %Z:iﬁ <1Vs<1)and

thus takes its maximal value at s = 2 (recall that we consider values of s in the range
{2,...,n}), and the final line comes from simply rearranging the terms.

Now, by Lemma 4.4.1.6, we have that the MAP partition must respect the ordering
of the observations. For s € {1,...,n}, let AN, denote the set of partitions that have
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s clusters and that respect the ordering of the data. Note that the cardinality of the

(n—1)!
(n=s)!”

set ANV, is equal to
We then have,

Ip "Y1
P <E|A(”) £ AM™* such that ( o ) > 1)

Ipp (A™*y,.,)

Ipp (A™yy.,)
< P* | {3AM™ £ A™W* guch that >1NQ, | + P (Q°
B <{ 7 Ipp (A™*y1,) (£2)

Mpp (A™[y1.0) } >

S P({ Ty > LN+ P

s€{2,..,n} AM e AN, lpp (A( ) |y1 )

(n—1!(s—1)! 1

< 11 P ()
<2 g og(n) +

s€{2,...,n}

1 (U>2 °° (Uan>
<= | — anz V1og(n) + P* ()

W \m —

U Uan
:mW(l—U"‘" Viog(n) + P* ()
—0

as n — oo. The third line of the above comes from Lemma 4.4.1.6, the fourth line comes
from applying Equation 4.11, and the final line comes from the fact that o,, = o (@)
combined by the fact that By Lemma 4.4.1.4, P*(Q¢) — 0 as n — 0.

]

4.5 Discussion

In our Theorem 4.3.0.1 we have proved inconsistency for the number of clusters when
fitting single-component mixtures with Pitman—Yor mixture models with a prior on the
concentration parameter v and fixed discount parameter . Our result holds when the
true number of clusters in the data-generating mechanism is one. While hinting at what

to expect, further study would be needed to fully understand clustering consistency for a
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data-generating mechanism with an arbitrary number of components. While our result
is limited to the setting where the discount parameter o is kept fixed, it is common in
practice to put a prior on both PY parameters o and ¢ in PY mixture models. We
carried out a short simulation study (see Section 4.6.2), which suggests inconsistency
in this case, but consistency when keeping « fixed and putting a prior on ¢. Both
situations are the subject of current investigation.

In our Theorem 4.3.0.2, we have proved the posterior consistency for the MAP par-
tition when fitting a single-component mixture with Dirichlet process mixture models
when concentration parameter «, goes to zero as the number of obersvations goes to
infinity. This result seems to generalise to multi-component mixtures, in particular
when one imposes strong assumptions on the separability of the mixture components,
as is done by Ascolani et al. (2022). This is a topic of ongoing work.

Our result contrasts the inconsistency result of Rajkowski (2019) who consider the
concentration parameter « to be a fixed constant, highlighting the crucial impact of the
treatment of o when considering consistency. While it is not uncommon to choose «,,
to be a decreasing sequence, it would be arguably more natural in a Bayesian setting
to put a prior on «, as is done by Ascolani et al. (2022). It would be interesting to
investigate if consistency of the MAP partition holds in such a setting.

The MAP is a very basic estimator and has been criticized by some authors as
not being optimal in the context of partitioning data (Wade and Ghahramani (2018)).
Indeed, a clustering of the data that differs from the true clustering by just one data
point is assigned the same loss as a clustering of the data that is completely different.
An interesting future research question could be the asymptotic behavior of other clus-
tering estimators, such as the estimator that minimizes Binder’s loss or the variation

of information (VI) loss introduced in Wade and Ghahramani (2018).

114



4.6 Appendix

4.6.1 Proof of Lemmas
Proof of Lemma 4.4.1.2

Proof. Suppose that at least two of the a; are greater than one. Without loss of
generality, a; # 1 and ay # 1 with a; > as. Now let {dj}j-zl be another set of strictly
positive integers satisfying ijl a; = n, defined by a; = a; +1, as = ax;—1, and a; = q;
for j =3,...,s. Then,

H;:1(dj B 1)! . a! (dz - 2)! a

(-1 (@ - D@ -1 am-1

This contradicts {a;}_, being the set of integers maximising [ [;_, (a;—1)!. We conclude

that a; = 1 for all except one cluster. O

Proof of Lemma 4.4.1.3

Proof. Suppose that at least two of the a; are greater than one. Without loss of
generality, a; # 1 and ay # 1 with a; > ay. Now let {&j}jzl be another set of strictly
positive integers satisfying ijl a; = n, defined by a; = a; +1, as = ax—1, and a; = a;

for j =3,...,s. Then,

Hj‘:l (aj + 1)

= <1
a1 +1/) a,+1 ’

[ (@ +1) <a1 + 2) d

since for any a < b, one has 45 < b+L1 (here, a = @y and b = a; + 1). This contradicts
{a;}5_, being the set of integers minimising [[;_,(a; + 1). We conclude that a; = 1 for

all except one cluster. O
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4.6.2 Simulation studies
Single-component mixture

We illustrate Theorem 4.3.0.1 using data generated from the following single-component

Gaussian location “mixture” model

P (y) = Ny, ¥)

where p = (0.8,0.8) and ¥ = 0.05 ;. We adapt the Importance Conditional Sampler
for PYP mixtures of Canale et al. (2022), using the same prior specification on p and

¥ as Malsiner-Walli et al. (2016), provided below.

G ~PYP(a,0,Q0), p~ N(bo,By)
S~ W(eo, Co), Co ~ W(Qo, Qo)

We put a Gamma(200,20) prior on the concentration parameter «, and keep the
discount parameter constant at ¢ = 0.5. The Gamma prior on « satisfies the conditions
of our proof. We consider data sets of size n € {50,200, 500, 2000}.

Figure 4.1 illustrates the result of our theorem, showing inconsistency of the number

of clusters under this set-up.

Multi-component mixture

We investigate a possible extension of Theorem 4.3.0.1 where the number of components
may be greater than one using data generated from a Gaussian location mixture with

t = 3 components,

sz (ylpi, X)
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n= 50
n=200

-

2
]
5 n=500 n=2000
a n=500
n=2000

IIII._

Figure 4.1: Posterior distribution of the number of clusters K, under a Pitman—Yor pro-
cess single-component mixture for various choices of n and with a ~ Gamma(200, 20)
and fixed ¢ = 0.5 (i.e. under the set-up of our Theorem 4.3.0.1). We observe that the
posterior does not concentrate on the true value K, = 1.

where p = (p1, p2, p3) = (0.5,0.3,0.2), u3 = (0.8,0.8), o = (0.8, —0.8), u3 = (—0.8,0.8)
and ¥ = 0.051,. We use a similar algorithm and prior specification to that used in the
single-component case.

Figure 4.2 (a) illustrates the result proved in Miller and Harrison (2014), that
Pitman—Yor mixture models with fixed parameters a and o are inconsistent for the
number of clusters. Figure 4.2 (b), (c¢) and (d) illustrate cases not covered by current
theoretical results. Figure 4.2 (b) shows inconsistency in the case where the parameter
o is fixed but when a prior is put on the parameter «.. This suggests that our Theorem
4.3.0.1 may generalise to multi-component mixture models. Figure 4.2 (¢) shows consis-
tency in the case when the parameter « is fixed and a prior is put on the parameter o.
Figure 4.2 (d) shows inconsistency in the case where a prior is put on both parameters

o and o.
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(a) Fixed @« = 10 and 0 = 0.5 (b) a ~ Gamma(200, 20) and fixed o = 0.5
n=50 n=200 n=50 n=200
1.00 - 1.00 + +
0.75 0.75
0.50 0.50
0.25 0.25
H H n H H n
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a : : =500 a | ! [ n=s00
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H H n = 2000 H H n = 2000
0.75 075
050 050
0.25 0.25
0.00 : : 0.00 :
1 3 5 7 9 1 13 15 1 3 5 7 9 1 13 15 1 3 5 7 9 11 13 15
Kn

(c) Fixed o = 10 and o ~ Unif(0,1)  (d) a ~ Gamma(200, 20) and o ~ Unif(0, 1)

Figure 4.2: Posterior distribution of the number of clusters K, under a Pitman-—
Yor process mixture for various choices of n and with (a) fixed parameters o and
o; (b) a ~ Gamma(200,20) and fixed o; (c) fixed a and ¢ ~ Unif(0,1); and (d)
a ~ Gamma(200, 20) and o ~ Unif(0, 1), where the true data-generating process has 3
components.
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