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A B S T R A C T

This paper presents the development and verification of a collision probability (CP) code, capable of modelling
neutron transport in one-dimensional slabs and axially heterogeneous cylinders with varying radii. The CP code
is used to model layered systems of aqueous and organic plutonium nitrate, as process criticality accidents are
more likely to occur in these systems compared to dry systems. The use of the CP code is desired as it offers a
computationally inexpensive method for calculating neutron transport when compared to higher fidelity codes
such as MCNP. For slab geometries, the CP code can be used effectively, given they contain at least 0.7 g cm−2

plutonium. The approximation employed by the CP code to model heterogeneous cylinders overestimated the
rate of radial neutron leakage such that vessels with radii of 30.0 cm could not reliably calculate reactivity
to within 1 $ of MCNP. Increasing the radii to 40.0 cm improved the accuracy of the CP code to within 1 $
of MCNP for systems containing at least 2.75 kg plutonium. The error in the CP code increased when used to
model cylindrical geometries with dished ends and complete vessels with dished ends, such that systems with
large dished ends and low plutonium content should be avoided. As a simple, neutronics based model, the
CP code could be used as part of rough order of magnitude calculations for criticality transients, where high
levels of accuracy are not required, given that potential errors in results have been previously identified.
1. Introduction

Fissile liquid systems are present in the nuclear fuel cycle, most
notably during solvent extraction processes, which includes the process-
ing of ores, uranium purification, and waste reprocessing (e.g. during
the PUREX process) (Crossland, 2012; Wilson, 1996; Zohuri, 2016). In
the PUREX process, tri-𝑛-butyl phosphate (TBP) is a commonly used
solvent, with the solution being uranyl or plutonium nitrate (Irish and
Reas, 1957). Fissile liquid systems can also be found in various ex-
perimental and research facilities (Crossland, 2012; McLaughlin et al.,
2000; Wilson, 1996; Zohuri, 2016).

Process criticality accidents are more likely to occur in fissile solu-
tions or liquid media (such as aqueous and organic plutonium nitrate)
than in dry systems (McLaughlin, 2003). The primary hazards and
dangers associated with accidental criticality include unexpected and
unwanted radiation release, which can expose facility workers, the gen-
eral public and the wider environment to ionising radiation (Crossland,
2012; Kimpland, 1993; Knief, 1985; Srinivasan et al., 1992), which
can prove harmful to health, or even be fatal (Crossland, 2012; Knief,
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1985). Additionally, the need for cleanup, on-site repair, increased
healthcare and mitigation actions can result in significant economic
costs (Bizet and Lévêque, 2017). Therefore, a comprehensive under-
standing of the physics of fissile liquid systems is important for the pre-
vention and mitigation of nuclear criticality excursions (International
Atomic Energy Agency, 2014).

To numerically determine the behaviour of nuclear systems, neutron
transport codes can be employed, which use either Monte Carlo or
deterministic methods (Hébert, 2020; Mohanakrishnan et al., 2021).
Deterministic methods discretise the system across all phase-space
variables: either finite difference, finite volume or finite element (FE)
methods are used to discretise the spatial variables; the angular variable
can be discretised using spherical harmonic (PN) and discrete ordinates
methods; the multigroup method is used to discretise the energy dis-
tribution; and explicit or implicit time-stepping method are used to
discretise the temporal variable (Hébert, 2020; Mohanakrishnan et al.,
2021; Stacey, 2007).

This paper presents the development and verification of a CP code
to model vessels containing aqueous and organic plutonium nitrate.
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Nomenclature

Acronyms

CP Collision probability
MC Monte Carlo
P0 TC Isotropic scattering method with transport correc-

tion
P1 Linearly anisotropic scattering method
pcm per cent mille

Latin Symbols

𝐫 Position vector, units of each component are [cm]
𝐵2 Radial geometric buckling [cm−2]
𝐷 Neutron diffusion coefficient [cm]
𝐸 Energy [MeV]
𝐺 Number of discrete energy groups [–]
ℎ thickness [cm]
𝑘eff Effective multiplication factor [–]
𝑃𝑖,𝑗 Probability that a neutron born in cell 𝑗 will

experience its first collision in cell 𝑖 [–]
𝑅 Radius [cm]
𝑅𝐴 Neutron absorption rate [cm−3 s−1 MeV−1]
𝑅𝑃 Neutron production rate [cm−3 s−1 MeV−1]
𝑆 Neutron source [neutrons cm−3 s−1 MeV−1]
𝑠 Distance between two points [cm]
𝑉 Volume [cm3]
𝑧 z-coordinate [cm]
N Order of spherical harmonic expansion [–]
[H] Aqueous phase excess acid concentration [mol L−1]
[Pu] Aqueous phase plutonium concentration [g L−1]

Greek Symbols

𝛼 Volume fraction of aqueous phase in the mixed
region [–]

𝜒 Prompt neutron energy spectrum [MeV−1]
𝜆 Neutron mean free path [cm]
Ω Solid angle [steradian]
𝜈 Average number of neutrons produced per fission

[neutrons fission−1]
𝜙 Scalar neutron flux [neutrons cm−2 s−1 MeV−1]
𝜓 Angular neutron flux [neutrons cm−2 s−1 MeV−1

steradian−1]
𝜌 Reactivity [$]
𝛴𝑎 Macroscopic neutron absorption cross section

[cm−1]
𝛴𝑓 Macroscopic neutron fission cross section [cm−1]
𝛴𝑠 Macroscopic neutron scattering cross section [cm−1]
𝛴𝑡 Macroscopic neutron total cross section [cm−1]
𝛴𝑡𝑟 Macroscopic neutron transport cross section [cm−1]
𝜏 Neutron optical path [–]

Subscripts

𝑔 Energy group index
𝑖 Index of neutron collision cell
𝑗 Index of neutron source cell
aqu Aqueous region
dish Dished end
mix Mixed region
org Organic region
2

Results from the CP code are verified by comparing them to MC code
MCNP, with Serpent (also MC) being used to ensure the correct use and
adequate results are obtained from MCNP. To compare the CP code
to another deterministic method, FE and PN based neutron transport
research code EVENT will be utilised. Finally, to generate macroscopic
neutron cross sections and provide a benchmark CP solution, lattice
nuclear reactor physics code WIMS will be used.

As such, Section 2 of this paper describes a brief theory and de-
scription of the neutron transport codes deployed, with Section 3
detailing the development of the CP code. Section 4 highlights the
need for suitable refinement of the deterministic codes’ discretisations,
and determines the discretisations used in Section 5, which details the
verification of the CP code. Section 5 will detail the verification of the
CP for geometries of increasing complexity, from one-dimensional (1D)
slab geometry models to multidimensional models of complete vessels.

The motivation for developing and verifying a CP code is to deter-
mine whether this low-fidelity, computationally inexpensive method
can model fissile liquid systems with a prescribed level of numerical
accuracy. If so, it will be coupled to neutron kinetics and thermal-
hydraulic feedback models in subsequent research, to determine the
behaviour of criticality transients in layered fissile liquid systems. As
such, understanding the deficiencies and inaccuracies in the CP models
enables the understanding of modelling uncertainties in coupled point
kinetics and thermal-hydraulic feedback models.

2. Computational modelling and simulation of steady-state nu-
clear criticality

2.1. The neutron transport equation

The steady-state neutron transport equation (NTE) describes the
population of neutrons through a six-dimensional phase space of so-
lution variables: position (𝑥, 𝑦, 𝑧); energy (𝐸); and angular direction
(Ω):

Ω ⋅ ∇𝜓 (𝐫,Ω, 𝐸) + 𝛴𝑡 (𝐫,Ω, 𝐸)𝜓 (𝐫,Ω, 𝐸) =
∞

0
𝑑𝐸′

∫4𝜋
𝑑Ω′𝛴𝑠

(

𝐫,Ω ⋅Ω′, 𝐸′ → 𝐸
)

𝜓
(

𝐫,Ω′, 𝐸′) + 𝑆 (𝐫,Ω, 𝐸) , (1)

here, 𝜓 is the angular neutron flux; 𝛴𝑡 and 𝛴𝑠 are the macro-
copic total and scattering neutron cross sections respectively; and
(𝐫,Ω, 𝐸) represents the neutron source (Cacuci, 2010; de Oliveira,

001a; Ornstein and Uhlenbeck, 1937). The presented research is con-
erned only with the fission neutron source, which is assumed to be
sotropic (Cacuci, 2010; de Oliveira, 2001a):

(𝐫,Ω, 𝐸) = 1
𝑘eff

𝑆fiss (𝐫, 𝐸) =
𝜒(𝐫, 𝐸)
4𝜋𝑘eff ∫

∞

0
𝑑𝐸′

∫4𝜋
𝑑Ω′𝜈(𝐸′)𝛴𝑓

(

𝐫, 𝐸′)

× 𝜓
(

𝐫,Ω′, 𝐸′) .

(2)

In these equations, 𝑘eff is the effective multiplication factor and 𝜒(𝐫, 𝐸)
is the probability density function describing the exit energy, 𝐸, of
prompt neutrons produced by fission, and is assumed to be independent
of the energy and direction of the incident neutrons causing fission.
𝛴𝑓 (𝐫, 𝐸′) is the macroscopic neutron fission cross section for neutrons
of energy 𝐸′; 𝜈(𝐸′) is the average number of neutrons produced by a
fission induced by a neutron of energy 𝐸′.

To solve the steady-state NTE, the Monte Carlo (MC) method simu-
lates individual particle histories from their production to their scatter-
ing, absorption and leakage from the system. Conversely, deterministic
methods discretise the steady-state NTE in space, energy and angle
using numerical discretisation methods.
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2.2. Monte Carlo neutron transport codes

MCNP (Werner et al., 2018) and Serpent (Leppänen et al., 2015)
are two MC codes which are capable of continuous-energy, three-
dimensional (3D) analysis of nuclear criticality, and have been widely
verified and validated (Leppänen et al., 2015; Werner et al., 2018). This
paper presents results from both codes: comparing MCNP and Serpent
ensures their correct use and confidence in their outputs. Throughout
this paper, results from MCNP and Serpent will be given with their
statistical uncertainty equal to one standard deviation.

2.3. The deterministic neutron transport code EVENT

EVENT is an academic research code which solves the multigroup,
second-order even-parity (EP) form of the NTE (Vladimirov, 1963),
assuming that neutron scattering is rotationally symmetric and that
the neutron fission source is isotropic. It can model multidimensional,
curvilinear geometries due to the use of a geometry conforming, finite
element (FE) spatial discretisation (de Oliveira, 1987, 2001a,b). The
anisotropy in the angular neutron flux and the scattering are mod-
elled by expanding the angular dependence of the angular neutron
flux using spherical harmonic (PN) basis functions, and expanding the

acroscopic double differential neutron scattering cross section using
egendre polynomials basis functions (de Oliveira, 1987, 2001a).

.4. The WIMS nuclear reactor lattice physics code

WIMS is a modular nuclear reactor lattice physics code used to
erform neutron transport simulations for thermal spectrum nuclear
eactors such as light water reactors (LWRs), advanced gas cooled reac-
ors (AGRs), and high temperature gas cooled reactors (HTGRs) (Askew
t al., 1966; Lindley et al., 2015, 2017).

In the presented research, the starting module HEAD is used, which
oads nuclear data, reads the geometry and material specifications, and
orrects the microscopic cross sections to account for energy and spatial
esonance self shielding phenomena (using equivalence modelling, with
resonance range from 4 eV to 183 keV) and Doppler temperature

roadening (Askew et al., 1966; Lindley et al., 2015, 2017).
If this equivalence treatment is inadequate, HEAD can be coupled

ith PRES-X-RES, where ‘X’ is a suitable solution module (the presented
esearch uses THESEUS, a collision probability module) (Carlvik, 1966;
onsson, 1963; Powney and Newton, 2004; Roth, 1980, 1983, 1985).

PRES fits subgroup cross sections to the library resonance inte-
rals; THESEUS calculates the collision probabilities for these cross
ections (Carlvik, 1966; Roth, 1985); RES uses these probabilities to
alculate subgroup fluxes and weights for each WIMS library resonance
roup (Roth, 1974, 1983). The output from RES is a new set of broad-
roup cross sections, calculated from the subgroup fluxes and resonance
roup weights (Roth, 1974, 1983).

THESEUS and PIP (a collision probability solution module) are
sed to solve the multigroup NTE (Askew and Roth, 1982; Carlvik,
966; Jonsson, 1963; Roth, 1985), with the CONDENSE module used
o achieve the desired energy group discretisations (Gubbins and Roth,
980).

.5. The transport neutron cross-section

Generally, the double differential neutron scattering macroscopic
ross section, 𝛴𝑠(𝐸 → 𝐸′, 𝜇), is calculated by using a Legendre expan-
ion in terms of 𝜇, the deviation cosine, as in Eq. (3) (Bell et al., 1967;
hiba, 2004; Hébert, 2020):

𝑠(𝐸 → 𝐸′, 𝜇) =
𝐿
∑ 2𝑙 + 1𝛴𝑠,𝑙(𝐸 → 𝐸′)𝑃𝑙(𝜇), (3)
3

𝑙=0 2
where 𝛴𝑠,𝑙(𝐸 → 𝐸′) is the 𝑙th order Legendre component of 𝛴𝑠(𝐸 →
′, 𝜇):

𝑠,𝑙(𝐸 → 𝐸′) = ∫

1

−1
𝑑𝜇 𝛴𝑠(𝐸 → 𝐸′, 𝜇)𝑃𝑙(𝜇) (4)

nd 𝑃𝑙(𝜇) is the 𝑙th order Legendre polynomial.
Isotropic scattering and linearly anisotropic scattering correspond

o 𝐿 equal to 0 and 1, respectively (Bell et al., 1967; Hébert, 2020).
lthough assuming linear scattering anisotropy is generally acceptable

n reactor physics, assuming isotropic scattering is not. Therefore, to
ccount for scattering anisotropy without the need for the Legendre
xpansion, a transport correction needs to be applied (Bell et al., 1967;
ébert, 2020; Petkov and Takeda, 1998; Ushio et al., 2003; Yamamoto
t al., 2008).

One example of a transport correction is the use of transport neutron
ross sections: linearly anisotropic (P1) cross sections are approximated
y modifying the isotropic (P0) cross sections, which are otherwise used
xplicitly (Ushio et al., 2003; Yamamoto et al., 2008).

There are various methods to calculate transport neutron cross sec-
ions (Chiba, 2004; Honeck, 1964; Yamamoto et al., 2008). For exam-
le, the in-scatter approximation calculates the macroscopic transport
eutron cross section, 𝛴𝑡𝑟,𝑔 , using

𝑡𝑟,𝑔 = 𝛴𝑡,𝑔 −

∑

𝑔′
𝛴𝑠,1,𝑔′→𝑔𝜓1,𝑔′

𝜓1,𝑔
, (5)

where 𝜓1,𝑔 is the P1 component of the angular flux (equivalent to
the neutron current) (Bell et al., 1967; Chiba, 2004; Yamamoto et al.,
2008).

The out-scatter approximation is a simplification of the in-scatter
approximation (Yamamoto et al., 2008), where it is assumed that
∑

𝑔′
𝛴𝑠,1,𝑔′→𝑔𝜓1,𝑔′ ≈

∑

𝑔′
𝛴𝑠,1,𝑔′→𝑔𝜓1,𝑔 , (6)

meaning 𝛴𝑡𝑟,𝑔 can be calculated using (Bell et al., 1967; Honeck, 1964;
Ushio et al., 2003; Yamamoto et al., 2008):

𝛴𝑡𝑟,𝑔 = 𝛴𝑡,𝑔 −
∑

𝑔′
𝛴𝑠,1,𝑔→𝑔′ . (7)

Generally, the in- and out-scatter approximations agree well for
neutron energies < 1 keV; for neutron energies ≥ 1 keV, the in-scatter
approximation is used (Petkov and Takeda, 1998; Yamamoto et al.,
2008).

WIMS calculates 𝛴𝑡𝑟,𝑔 using the out-scatter approximation (Eq. (7))
for neutrons with energy < 4 eV. For neutrons with energy ≥ 4 eV,
resonance phenomena needs to be accounted for (Coulson, 1999), and
the in-scatter approximation (Eq. (5)) is used (Dean, 1993; Lindley
et al., 2015; Powney and Newton, 2004; Roth, 1980, 1983). Conversely,
Serpent uses the in-scatter approximation using Eq. (5) for all neutron
energies (Leppänen et al., 2016).

2.6. Normalisation of results

In order to directly compare the various codes’ numerical results,
they need to be identically normalised. The normalisation used by
MCNP (Werner et al., 2018), the CP code and EVENT is

∫𝐸
𝑑𝐸 ∫𝑉

𝑑3𝑟 𝜈𝛴𝑓 (𝐫, 𝐸)𝜙(𝐫, 𝐸) = 𝑘eff, (8)

which will be used as standard in the presented research. WIMS results
are normalised using

∫𝐸
𝑑𝐸 ∫𝑉

𝑑3𝑟 𝜈𝛴𝑓 (𝐫, 𝐸)𝜙(𝐫, 𝐸) = 𝐶1, (9)

where 𝐶1 is a user-defined constant (Lindley et al., 2015, 2017). To
ield the standard normalisation, 𝐶 is set equal to the 𝑘 from that
1 eff
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WIMS simulation. Similarly, the normalisation of Serpent results can be
described using

∫𝐸
𝑑𝐸 ∫𝑉

𝑑3𝑟 𝜈𝛴𝑓 (𝐫, 𝐸)𝜙(𝐫, 𝐸) =
𝐶2
𝑉
, (10)

here 𝐶2 is user defined (set to 𝑘eff in the presented research) and the
olume term, 𝑉 , can be removed during post-processing.

.7. Comparison of numerical results

To determine their effectiveness, results produced from each of
he codes will be compared to those produced using MCNP. When
omparing 𝑘eff values, the following definition will be used:

𝑘eff,A (pcm) =
𝑘A − 𝑘MCNP
𝑘MCNP

× 105, (11)

where 𝑘A is the 𝑘eff produced from code ‘A’, and 𝑘MCNP is the 𝑘eff
predicted by MCNP. The same relation will be used for infinite mul-
tiplication factor (𝑘∞) comparisons.

When comparing reactivity (𝜌), the absolute difference between
MCNP and the other codes investigated will be used, i.e 𝛥𝜌A ($) =
𝜌A − 𝜌MCNP.

When comparing other results (reaction rates, fluxes, etc.), the
difference between MCNP and the other codes investigated will be
expressed as a percentage, i.e.

𝛥𝑋A (%) =
𝑋A −𝑋MCNP
𝑋MCNP

× 102, (12)

here 𝑋 is the result being compared (reaction rate, flux, etc.) and ‘A’
s the code being investigated.

.7.1. Prescribed levels of accuracy
As described in Section 1, the motivation of the presented research

s to determine whether the developed CP code can model fissile
iquid systems accurately enough to assist in the determination of the
ehaviour of criticality transients in layered fissile liquid systems, an
rea of subsequent research.

The transient criticality analysis will be based on the energy balance
f coupled point kinetics and thermal-hydraulic feedback models, to
rovide order of magnitude calculations to assist in safety and risk
ssessment analysis. Thus, in the coupled neutronics models, large
egrees of accuracy are not required, and quick methods of reactivity
alculation are desired.

As such, in the presented research, calculated values of reactivity
hould be within 1 $ of MCNP, and values of reaction rates and scalar
eutron fluxes should be within 5% of MCNP.

.8. Nuclear data libraries

The ENDF (Evaluated Nuclear Data File) libraries, have been chosen
or this study. The most recent major release has been version ENDF/B-
III.0 (Brown et al., 2018; Conlin et al., 2013), which is recommended

or use in all MC transport calculations (Conlin et al., 2013). Though
his data exists in formats useable by MCNP (Conlin et al., 2013) and

IMS, it is not yet readily available in a format that can be used by
erpent. As such, ENDF/B-VII.1 (Chadwick et al., 2011; Conlin et al.,
013), the second most recent release, will be used in this work. The
otable relevant difference between ENDF/B-VII.1 and ENDF/B-VIII.0
s the update to average resonance and prompt neutrons produced per
ission of 239Pu: ENDF/B-VII.1 is known to overpredict the 𝑘eff of ther-
al plutonium solutions (Brown et al., 2018; Chadwick et al., 2011).
hus, 𝑘eff values produced in this work are likely to be overestimates
4

f the true value.
. Development of the collision probability code

Collision probability (CP) methods are based on the integral, steady-
tate form of the NTE (Peierls, 1939),thorough descriptions of which
re well documented (e.g. Cacuci, 2010; Duderstadt and Martin, 1979;
ébert, 2020; Lefvert, 1979), and, assuming isotropic fission neutron

ource, is defined as

(𝐫, 𝐸,Ω) = ∫

∞

0
𝑑𝑠 𝑒−𝜏(𝑠,𝐸)𝑄(𝐫 − 𝑠Ω, 𝐸,Ω), (13)

(𝐫, 𝐸,Ω) = ∫

∞

0
𝑑𝐸′

∫4𝜋
𝑑Ω′𝛴𝑠

(

𝐫,Ω ⋅Ω′, 𝐸′ → 𝐸
)

𝜓
(

𝐫,Ω′, 𝐸′)

+ 1
𝑘eff

𝑆fiss(𝐫, 𝐸), (14)

where 𝜏 is the neutron optical path (Cacuci, 2010; Duderstadt and
Martin, 1979; Hébert, 2020; Lefvert, 1979):

𝜏(𝑠, 𝐸) = ∫

𝑠

0
𝑑𝑠′𝛴𝑡(𝐫 − 𝑠′Ω, 𝐸). (15)

By assuming isotropic scattering and source, and by integrating over
he solid angles, the steady-state NTE can be discretised in space and
nergy, yielding a matrix of collision probabilities, where an element
𝑖,𝑗 is the probability that a neutron born in cell 𝑗 will experience its
irst collision in cell 𝑖 (Cacuci, 2010; Duderstadt and Martin, 1979;
ébert, 2020). For a multi-group system, the collision probability
quations are:

𝜙𝑖,𝑔 =
∑

𝑗
𝑄𝑗,𝑔 𝑃𝑖,𝑗,𝑔 𝛴

−1
𝑡,𝑗,𝑔 , (16)

here 𝑄𝑗,𝑔 =
𝐺
∑

𝑔′=1
𝛴𝑠,𝑗,𝑔←𝑔′𝜙𝑗,𝑔′ +

1
𝑘eff

𝜒𝑗,𝑔
𝐺
∑

𝑔′=1
𝜈𝛴𝑓,𝑗,𝑔′𝜙𝑗,𝑔′ (17)

nd 𝑃𝑖,𝑗𝛴
−1
𝑡,𝑗 = 1

4𝜋𝑉𝑖 ∫𝑉𝑖
𝑑3𝑟′ ∫𝑉𝑗

𝑑3𝑟 𝑒
−𝜏(𝑠)

𝑠2
. (18)

Here, 𝑉 is the volume, 𝑑3𝑟 and 𝑑3𝑟′ are elemental volumes. The form
of the optical path and integrals in Eq. (18) will vary depending on the
system’s geometry (Hébert, 2020).

Whilst the CP method can handle complex geometries, the coupling
of every cell to every other cell in the system means the computation
time increases proportional to 𝐼2𝐺, where 𝐼 is the number of cells in
the system, and 𝐺 the number of neutron energy groups (Cacuci, 2010;
Hébert, 2020). Thus, it is desirable to limit solving the CP equations to
systems with few cells. In the presented research, this will be achieved
by limiting system geometries to one dimension.

3.1. The one-dimensional slab model

In the presented research, a code capable of solving the CP equa-
tions for one-dimensional (1D) slab geometries, for any 𝐼 and 𝐺, was
developed. Linearly anisotropic scattering can be accounted for in
the code by the use of transport corrected neutron cross sections (as
described in Section 2.5).

An example slab geometry in 𝑧 is shown in Fig. 1, which consists of
three regions, with heights 𝐻1, 𝐻2, and 𝐻3 respectively. The regions
are discretised into multiple cells, with the exact number of cells per
region depending on the level of mesh refinement used.

3.2. A radially homogeneous and axially heterogeneous cylindrical model

To approximate a cylinder that is radially homogeneous and axially
heterogeneous, the CP code assumes a 1D slab geometry, and uses an
approximation based on neutron diffusion theory to account for radial
leakage of neutrons.

Neutron diffusion theory is well detailed in the literature (see Lee,
2020; Oka, 2014; Stacey, 2007). The approximation uses the neutron
diffusion coefficient, 𝐷, defined in Eq. (19), and the radial geometric
buckling, 𝐵2, defined in Eq. (20) for a cylinder in a vacuum, where 𝛴
𝑡𝑟
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Fig. 1. The discretisation used in the CP code, with each region displayed in a different
colour, and regions and cells numbered from bottom to top.

is the macroscopic neutron transport cross section (Lee, 2020; Stacey,
2007), 2𝐷 is the neutron flux extrapolation distance, and 𝑅 is the vessel
radius (Knief, 1985; Stacey, 2007).

An adjustment is made to the material’s macroscopic neutron ab-
sorption cross section, 𝛴𝑎, so that the radial leakage of neutrons from
the system, 𝐷𝐵2, is accounted for by artificially increasing the rate of
absorption in the system. This is demonstrated in Eq. (21).

𝐷𝑔 =
1

3𝛴𝑡𝑟,𝑔
(19)

𝐵2
𝑔 =

(

2.405
𝑅 + 2𝐷𝑔

)2
(20)

𝛴𝑎,𝑔,corrected = 𝛴𝑎,𝑔 +𝐷𝑔𝐵
2
𝑔 (21)

This correction is done for every material and every energy group,
and it is assumed that the rate of axial neutron leakage is adequately
predicted by the 1D slab model.

3.3. Accounting for dished ends

In industrial applications and research facilities, vessels containing
aqueous and organic plutonium nitrate are not limited to flat-bottomed
cylinders, but are often cylindrical in shape with dished ends.

To enable the modelling of dished ends in the CP code, the prop-
erties 𝐷 and 𝐵2 can be made height dependent by making 𝑅 height
dependent. Taking 𝑖 to be the index of the 𝑖th cell of the discretised
system, Eqs. (19)–(21) can be rewritten as

𝐷𝑖,𝑔 =
1

3𝛴𝑡𝑟,𝑖,𝑔
, (22)

𝐵2
𝑖,𝑔 =

(

2.405
𝑅𝑖 + 2𝐷𝑖,𝑔

)2
, (23)

𝛴𝑎,𝑖,𝑔,corrected = 𝛴𝑎,𝑖,𝑔 +𝐷𝑖,𝑔𝐵
2
𝑖,𝑔 . (24)

Thus, it can be seen that each cell of the discretised system can have
a different radius associated with it, and therefore different values of
𝐷𝑖,𝑔 and 𝐵2

𝑖,𝑔 and 𝛴𝑎,𝑖,𝑔,corrected when compared to neighbouring cells
consisting of the same material.
5

3.4. Justification of the buckling approximation

As shown in Williams (1971), for a homogeneous system, the mono-
energetic integral form of the NTE (originally defined in Eq. (13)) can
be written as

𝜙(𝐫) =
(

1
𝑘eff

𝜈𝛴𝑓 + 𝛴𝑠

)

∫𝑉
𝑑𝐫′ 𝜙(𝐫′) 𝑒𝛴𝑡|𝐫−𝐫′|

4𝜋(𝐫 − 𝐫′)2
(25)

where isotropic scattering and fission source have been assumed, and
no significant extraneous source is present. By assuming a solution of
the form

𝜙(𝐫) = 𝜙(𝑟, 𝑧) = 𝜙(𝐵, 𝑧)𝑒𝑖𝐁⋅𝐫 , (26)

where 𝑑𝐫 = 𝑑𝑧𝑟𝑑𝑟𝑑𝜑 and 𝐁 ⋅ 𝐫 = 𝐵𝑟 cos𝜑, and integrating over 𝑟(0,∞)
and 𝜑(0, 2𝜋), Eq. (25) can be written as (Williams, 1971):

𝜙(𝐵, 𝑧) =
(

1
𝑘eff

𝜈𝛴𝑓 + 𝛴𝑠

)

∫

𝐻

0
𝑑𝑧′ 𝜙(𝐵, 𝑧′)𝐾(𝐵; |𝑧 − 𝑧′|). (27)

Here, 𝐵2 is the radial buckling, i.e. 𝐵2 = (2.405∕𝑅)2, and 𝐾(𝐵; |𝑧 − 𝑧′|)
is a kernel of the form

𝐾(𝐵; |𝑧 − 𝑧′|) = 1
2 ∫

1

0
𝑑𝜇

𝛴𝑡

𝜇
√

𝛴2
𝑡 + 𝜇2𝐵2

exp
(

−
|𝑧 − 𝑧′|
𝜇

√

𝛴2
𝑡 + 𝜇2𝐵2

)

.

(28)

Assuming the scalar neutron flux is constant throughout, 𝑘eff can be
approximated by integrating Eq. (27) over the domain, yielding

𝛴𝑡
1
𝑘eff

𝜈𝛴𝑓 + 𝛴𝑠
= tan−1 𝐵

𝐵
− 1

𝐻𝛴𝑡𝐵
2

(

1 − 1
√

1 + 𝐵
2

)

+ 1
𝐻𝛴𝑡 ∫

1

0
𝑑𝜇

𝜇 exp
(

−𝐻𝛴𝑡
𝜇

√

1 + 𝜇2𝐵
2
)

(

1 + 𝜇2𝐵
2)3∕2

,

(29)

where 𝐵 = 𝐵∕𝛴𝑡. If there is no transverse leakage, 𝐵 = 0, and Eq. (27)
instead becomes

𝛴𝑡
1
𝑘eff

𝜈𝛴𝑓 + 𝛴𝑠
= 1 − 1

2𝐻𝛴𝑡
+ 1
𝐻𝛴𝑡 ∫

1

0
𝑑𝜇 𝜇 exp

(

−
𝐻𝛴𝑡
𝜇

)

= 1 − 1
2𝐻𝛴𝑡

+ 1
𝐻𝛴𝑡

𝐸3(𝐻𝛴𝑡).

(30)

The proposed method to model an axially heterogeneous cylinder
using a slab in the CP code is to modify the neutron absorption cross
sections used by the code, as described in Section 3.2. In this mono-
energetic example, Eq. (21) is rewritten as 𝛴𝑎 = 𝛴𝑎 + 𝐷𝐵2. As 𝛴𝑡 =
𝛴𝑎 + 𝛴𝑠, 𝛴𝑡 can also be re-written as 𝛴𝑡 = 𝛴𝑡 + 𝐷𝐵2. Inserting this
modification into Eq. (30) yields

𝛴𝑡 +𝐷𝐵2

1
𝑘eff

𝜈𝛴𝑓 + 𝛴𝑠
= 1 − 1

2𝐻
(

𝛴𝑡 +𝐷𝐵2
) + 1

𝐻
(

𝛴𝑡 +𝐷𝐵2
)𝐸3

(

𝐻
(

𝛴𝑡 +𝐷𝐵2)
)

.

(31)

To demonstrate the effectiveness of the above approximation, 𝑘eff
values obtained from Eq. (31) were compared to those from Eq. (29),
for various domain radii, 𝑅. The parameters used in the provided
example are given in Table 1, where 𝜆 is the neutron mean free path.

The resulting 𝑘eff variations with domain radius are shown in
Fig. 2(a). As expected, as the domain radius increases, so does the
𝑘eff of the system, reaching a plateau at larger radii (in this case
when 𝑅∕𝜆 > 50). It is seen that for small radii relative to the neu-
tron mean free path, the approximate solution performs poorly when
compared to the analytic solution. Fig. 2(b) shows that, for 𝑅∕𝜆 > 8,
𝛥𝑘eff varies proportional to (𝑅∕𝜆)−2. As such, the performance of the
approximation improves proportional to (𝑅∕𝜆)2, for 𝑅∕𝜆 > 8. In this



Annals of Nuclear Energy 196 (2024) 110235J.R. Daniels et al.

a
e
a

Fig. 2. The 𝑘eff values calculated using Eqs. (29) (‘analytic’) and (31) (‘approximate’), and their relative differences, as functions of 𝑅∕𝜆.
c

Table 1
Data and expressions used to demonstrate the error in the proposed buckling
approximation.

Parameter Unit Value or Expression

H cm 5
𝛴𝑡 cm−1 1.00
𝛴𝑠 cm−1 0.90
𝛴𝑎 cm−1 0.10
𝜈𝛴𝑓 cm−1 0.23
𝐵2 cm−2 (2.405∕𝑅)2

𝐵 – 𝐵∕𝛴𝑡
𝜆 cm 1∕𝛴𝑡

Table 2
Macroscopic neutron cross sections, and the corresponding 𝑅∕𝜆, for an example set of
nuclear data used in this work.

Group Energy range (eV) 𝛴𝑡 (cm−1) 𝑅∕𝜆

1 (6.7–19.6) × 106 ∼0.1 ∼3
10 (6.8–14.3) × 102 ∼0.6 ∼17
20 (1.6–1.9) × 100 ∼0.7 ∼21
30 (0.0–1.3) × 10−1 ∼2 ∼65

case, the difference between the analytic and approximate values for
𝑘eff decreases to 28.00 pcm when 𝑅 = 32𝜆. Thus, it can be concluded
that the approximation developed here is sufficient for large domain
radii relative to the neutron mean free path.

The cross sections used in this work vary considerably with energy.
For the 30-group energy structure (detailed in Table B.16), a selection
of approximate, transport-corrected values for 𝛴𝑡, along with the corre-
sponding 𝑅∕𝜆, for 𝑅 = 30.5 cm, are given in Table 2. It can be seen that,
s energy increases, 𝛴𝑡 decreases; as such, 𝑅∕𝜆 increases. Notably, for
nergies above 14.3 × 102 eV, 𝑅∕𝜆 decreases below 17. For the example
bove, Fig. 2(b) indicates that 𝑅∕𝜆 decreasing much beyond 20 will

induce errors of over 100 pcm. Thus, it is expected that the suitability
of the proposed approximation will vary depending on the energy of the
system being considered, in addition to the system’s radius at a given
height.

4. Refinement of deterministic codes

As the CP code, WIMS and EVENT are deterministic codes, they use
6

discrete forms of the NTE. As such, refinement of the discretisations
Table 3
The discretisations used in the refinement study.

Variable Symbol Discretisation values Unit

Radial mesh spacing 𝛥𝑟 6.1 3.05 1.525 0.61 0.305 cm
Axial mesh spacing 𝛥𝑧 1 0.5 0.2 0.1 0.05 cm
No. energy groups G 2 8 20 30 – –
PN expansion order N 3 5 7 9 11 –

in space and energy is needed to obtain accurate results. This section
presents an investigation into the levels of refinement needed for the
three deterministic codes to be sufficiently accurate.

Two models are presented, a slab and an axially heterogeneous
cylinder. Both models have vacuum boundary conditions and consist
of three regions: 0.0 ≤ 𝑧 ≤ 10.0 cm, 10.0 ≤ 𝑧 ≤ 15.0 cm and 15.0 ≤ 𝑧 ≤
24.0 cm. These regions consist of aqueous material, mixture A, and
organic material respectively, with material compositions and densities
detailed in Tables A.10–A.12. The discretisations used in the presented
study are presented in Table 3, with the energy group discretisations
detailed in Appendix B.

Fig. 3 shows how refining the discretisations of the slab and cylin-
drical models affects the value of 𝑘eff calculated by the deterministic
neutron transport codes.

The top-left graph of Fig. 3 demonstrates that decreasing 𝛥𝑧 in-
reases 𝑘eff. For the slab geometry, 𝑘eff converges to 1.030 for EVENT

P0 TC, CP and WIMS calculations, and to 1.028 for EVENT P1 calcu-
lations. For both geometries, results from specific codes converge at
the same rate. Results from the EVENT simulations appear to have
converged with a 𝛥𝑧 as high as 0.5 cm (corresponding to 48 axial
mesh cells), which is due to the code’s second order accuracy in the
spatial domain. Being only first order accurate in space, the WIMS and
CP codes take longer to converge; both need a 𝛥𝑧 as low as 0.1 cm,
corresponding to 240 axial cells in the system, to reach convergence.

The top-right graph of Fig. 3 shows how the number of energy
groups affects the 𝑘eff results. Again, for a specific code, the pattern
of convergence is the same for both slab and cylindrical geometries.
For all codes, the results are approaching convergence, though there
is still some variation in the results when increasing from 20 to 30
energy groups. The EVENT P1 simulations are seen to vary considerably
when increasing from 2 to 8 energy groups: for the slab geometry,
𝑘eff drops from 1.07528 to 1.03236. The 𝑘eff values from the three
other deterministic codes all increase with increasing number of energy

groups.
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Fig. 3. Variation in 𝑘eff with refinement of the phase-space variables. Unless being varied, EVENT simulations used 𝛥𝑧 = 0.5 cm, 𝐺 = 30, N = 7 and 𝛥𝑟 = 0.61 cm (for cylindrical
eometries); CP and WIMS simulations used 𝛥𝑧 = 0.1 cm and 𝐺 = 30.
c

The bottom-left graphs of Fig. 3 shows that an increase in PN order
esults in an increase in the 𝑘eff calculated by EVENT, with convergence
een at around the 7th order for both geometries.

Finally, Fig. 3 shows that decreasing the radial thickness of cells in
VENT simulations results in an increase in the calculated 𝑘eff, with
he discretisation reaching convergence when 𝛥𝑟 = 0.61 cm (i.e. 50
ivisions in the radial direction).

As shown in Fig. 3, the fully-refined discretisations are consistent
cross the slab and cylindrical geometries. Table 4 details these discreti-
ations, which will be used for the remainder of the presented research.
VENT will use a 𝛥𝑟 of 0.5 cm instead 0.61 cm to enable consistent
adial discretisation across the vessel radii investigated.

. Verification of the collision probability code

.1. Slab models

To verify the slab geometry of the CP code, the parameters of
able 5 were used in all possible combinations, and the resulting
eff and 𝜌 values were compared, in addition to scalar neutron flux
istributions in energy (𝜙(𝐸)) and the distribution of absorption and
roduction rates in energy (𝑅𝐴(𝐸) and 𝑅𝑃 (𝐸)) for each material.

The systems investigated consisted of three layers: aqueous at the
ottom, organic on the top, and a ‘mixed’ phase in the middle, which
7

Table 4
The fully-refined discretisations used in the presented research.

Variable Fully refined value

CP WIMS EVENT

𝛥𝑟 (cm) – – 0.5
𝛥𝑧 (cm) 0.1 0.1 0.5
G 30 30 30
N – – 7

was modelled as a homogeneous mixture of the aqueous and organic
phases. The composition (as in Table A.11) and thickness (5 cm) of the
organic phase remained constant throughout.

5.1.1. Reactivity comparison
In the right-hand graph of Fig. 4, plutonium content, 𝑚′′

Pu (in g
m−2), has been calculated by integrating the system’s plutonium con-

centration, 𝑚′′′
Pu (in g cm−3), along the height, 𝐻 , of the slab:

𝑚′′ =
𝐻
𝑑𝑧 𝑚′′′ (𝑧) (32)
∫0 Pu
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Table 5
The parameters used in the slab verification.

Variable Symbol Parameter values Unit

Plutonium concentration in the aqueous phase [Pu] 5.0 50.0 150.0 g L−1

Excess acid molarity in the aqueous phase [H] 1.0 5.0 10.0 mol L−1

Volume fraction of aqueous in the mixed region 𝛼 0.54 0.60 0.66 –
Thickness of the aqueous layer ℎaqu 10.0 15.0 cm
Thickness of the mixed layer ℎmix 4.0 8.0 cm
Fig. 4. Variation in 𝛥𝜌 with the reactivities predicted by MCNP (left) and plutonium concentration (right).
As shown in the right-hand graph of Fig. 4, the agreement between
he deterministic codes (EVENT, WIMS and CP) and MCNP improves
ith increasing plutonium content. Throughout all simulations, Serpent
grees to within 0.34 ± 0.26 $ of MCNP, indicating the MC codes are
erforming as expected and models have been created appropriately.

From the left-hand graph of Fig. 4, it can be seen that, when MCNP
redicts a system to be subcritical, the other codes also predict the
ystem to be subcritical. Similarly, when MCNP predicts the system to
e prompt supercritical, so do the other codes, with the exception of a
ingle case: when 𝜌MCNP is 1.22 ± 0.05 $, 𝜌EVENT P1 is 0.77 ± 0.00 $.
n addition, the CP code is likely to be accurate to within ∼0.2 $ in the
ritical - prompt supercritical thresholds, but a slight overestimation of
eactivity may be observed.

As shown in Fig. 4, the calculated reactivities from the CP code
losely match those produced using WIMS, indicating the CP code is
erforming as expected. Results from the CP code are also similar
o those of the EVENT TC calculations, demonstrating there is no
dvantage of either of the two methods

In the right-hand graph of Fig. 4, it can be seen that increasing the
lutonium content decreases |𝛥𝜌| exponentially, with some fluctuations

seen at higher plutonium contents. To achieve the desired accuracy
(|𝛥𝜌| ≤ 1.0 $) for WIMS, CP and EVENT TC calculations, the plutonium
content of the slab should be at least 0.7 g cm−2. EVENT P1 calculation
of 𝜌 are within the 1.0 $ limit throughout

As such, WIMS, CP and EVENT TC calculation methods are seen
to be unsuitable for use modelling systems containing less than 0.6 g
cm−2 of plutonium (which have 𝜌MCNP values between −150 and −3.5
$). For WIMS and EVENT TC calculations, 𝛥𝜌 increases from 0.7 to 2.9
$ as plutonium concentration decreases from 0.6 to 0.4 g cm−2. The
results from the CP code are similar, though one case yields a notably
high error of 3.70 ± 0.39 $ (when 𝜌MCNP = −73.70 ± 0.28 $).

The right-hand graph of Fig. 4 shows that the EVENT P1 solutions
underpredict system reactivity when there is less than 0.6 g cm−2 of
plutonium present. However, when compared to the other deterministic
codes, there is increased agreement between EVENT P1 solutions and
those from MCNP. Thus, it can be postulated that either the transport
correction is insufficient for these systems, or there is some error in the
isotropic macroscopic neutron cross sections (which were calculated
using WIMS).
8

5.1.2. Energy and reaction rate comparison
Fig. 5 depicts the error in scalar neutron flux and aqueous absorp-

tion rate, for every system, calculated using the CP code. As shown,
whilst the total error in both scalar neutron flux and aqueous absorption
rate is consistently below 5%, the maximum error falls below 5% when
the plutonium content is higher than 0.7 g cm−2.

Whilst the right-hand graph of Fig. 5 shows only the errors in
absorption rate in the aqueous material, the same trends are observed
for both absorption and production rates across all materials.

Thus, combined with the results of Section 5.1.1, the CP code can
be used to effectively model the behaviour of slab systems containing
≥0.7 g cm−2 of plutonium.

Table 6 details, for each code, the highest error in energy-dependent
scalar neutron flux and material- and energy-dependent absorption and
production rates, when compared to the results from MCNP.

As shown, Serpent predicts all three variables to within ±1.56% of
MCNP, further proving the correct and appropriate use of the MC codes.

Across all simulations, the EVENT TC and WIMS calculations of all
three variables agree to within ±5.95 and ±5.86% of MCNP, slightly
above the required 5%. The EVENT P1 calculations show slightly
poorer agreement; within ±8.94% of MCNP. The errors in the CP code
results are exceptionally poor, with errors above 100% present in some
results.

However, when considering the systems containing at least 0.7 g
cm−2 of plutonium, the results of all deterministic codes are all accept-
able, and agree to within 5% of results calculated using MCNP.

5.2. Cylindrical models

To verify the pseudo-cylindrical geometry approximated by the CP
code, the same parameters as before, detailed in Table 5, were used,
alongside vessel radii (𝑅) of 30.0 and 40.0 cm, and the same layering
of aqueous-mixture-organic liquids. Once again, all possible parameter
combinations were investigated, and the resulting 𝑘eff, 𝜌, 𝜙(𝐸), 𝑅𝐴(𝐸)
and 𝑅 (𝐸) values were compared.
𝑃
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Fig. 5. Errors in the CP code’s calculation of scalar neutron flux and aqueous absorption rate, and their variation with plutonium content. The maximum error refers to
energy-group-dependent values, and the total error refers to the overall error when integrating the values over the energy spectrum.
Fig. 6. Variation in 𝛥𝜌 with the mass of plutonium in the system. Results from Serpent have been omitted for figure clarity.
Table 6
The maximum error in energy-dependent scalar neutron flux and material- and energy-dependent absorption and production rates.

Code Across all simulations Across simulations with 𝑚′′ ≥ 0.7 g cm−2

𝛥𝜙 (%) 𝛥𝑅𝐴 (%) 𝛥𝑅𝑃 (%) 𝛥𝜙 (%) 𝛥𝑅𝐴 (%) 𝛥𝑅𝑃 (%)

Serpent −1.32 ± 0.04 −1.56 ± 0.08 −1.56 ± 0.09 −1.32 ± 0.04 −1.56 ± 0.08 −1.56 ± 0.09
CP −65.52 ± 0.07 100.52 ± 0.21 101.39 ± 0.19 −3.05 ± 0.06 −3.87 ± 0.09 −3.88 ± 0.09
EVENT TC 5.26 ± 0.02 5.90 ± 0.03 5.95 ± 0.04 2.19 ± 0.03 −2.92 ± 0.24 −3.14 ± 0.25
EVENT P1 6.73 ± 0.02 8.90 ± 0.03 8.94 ± 0.03 2.28 ± 0.03 2.44 ± 0.04 −2.15 ± 0.24
WIMS 5.23 ± 0.02 5.82 ± 0.03 5.86 ± 0.04 2.21 ± 0.03 −2.81 ± 0.24 −2.84 ± 0.26
5.2.1. Reactivity comparison
Fig. 6 shows the error in deterministic codes’ reactivity calculations

compared to those of MCNP. Although not shown, Serpent agrees well
with MCNP again, with a maximum |𝛥𝜌| of 0.49 ± 0.49 $.

Similarly to the slab models, Fig. 6 shows that the 𝛥𝜌 from CP and
EVENT TC simulations decreases exponentially with increasing pluto-
nium content, reaching an asymptote for plutonium masses greater than
2.75 kg and 5.0 kg for vessel radii of 30.0 and 40.0 cm, respectively.
For the vessels with radii of 30.0 cm, plutonium masses between 2.75
and 10 kg give rise to reactivities between −50 and 60 $. For vessels
with radii of 40.0 cm, plutonium masses between 5.0 and 17.5 kg give
9

rise to reactivities between −30 and 75 $.
Conversely, 𝛥𝜌 from EVENT P1 simulations is seen to fluctuate
between −0.8 and 0.8 $ across all systems.

As shown in Fig. 6, increasing the vessel radius from 30.0 to 40.0 cm
improves the accuracy of EVENT TC simulations: the maximum 𝛥𝜌
decreases from 4.1 $ to 3.3 $, and the range of 𝛥𝜌 in the asymptotic
regions decreases from 0.0–1.0 $ to −0.1–0.5 $.

Though the maximum 𝛥𝜌 between the CP code and MCNP increases
from 2.5 $ to 3.2 $ when increasing the vessel radius from 30.0 and
40.0 cm, the asymptotic behaviour is improved: the range of 𝛥𝜌 in
these regions decreases from −1.4 to −0.8 $ to −0.9 to −0.5 $. This
is consistent with the analysis of Section 3.4. In addition, Fig. 6 shows

that the CP code is likely to underestimate the reactivities of systems
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Fig. 7. Errors in the CP code’s calculation of scalar neutron flux and aqueous absorption rate, and their variation with plutonium content. The maximum error refers to
energy-group-dependent values, and the total error refers to the overall error when integrating the values over the energy spectrum.
with relatively high plutonium contents, indicating overestimation of
radial leakage.

Ultimately, as shown in Fig. 6, the difference between MCNP and
the CP code’s calculation of reactivity is within the 1.0 $ limit for
acceptable results when there is at least 5.0 kg of plutonium in vessels
with a radius of 40.0 cm. However, the CP code cannot be used to
accurately determine the reactivity of vessels with radii of 30.0 cm or
below.

5.2.2. Energy and reaction rate comparison
Fig. 7 depicts the error in scalar neutron flux and aqueous ab-

sorption rate, for every system, calculated using the CP code. As
with the slab models, only the errors in aqueous absorption rate are
shown, which are consistently the highest across both absorption and
production rates, and the three materials. In addition, the total error
in both scalar neutron flux and aqueous absorption rate is consistently
below 5%.

However, as shown in Fig. 7, the maximum error in absorption
rate is seen to be as high as 100% for systems containing less than
3 kg of plutonium. For systems containing more plutonium, this error
is decreased to between 3 and 5%, within the prescribed acceptable
range. As before, the same trends are observed for both absorption and
production rates across all materials.

A similar trend is seen for the maximum errors in scalar neutron
flux: Fig. 7 shows that errors are as high as 65% for systems containing
less than 3 kg of plutonium, but consistently below 5% when the
plutonium content exceeds 3 kg.

Table 7 details, for each code, the highest error in energy-dependent
scalar neutron flux and material- and energy-dependent absorption and
production rates, when compared to the results from MCNP.

Though there is slightly poorer agreement between Serpent and
MCNP when modelling cylindrical geometries instead of slabs, agree-
ment is still very good, with all Serpent calculations within 1.93% of
those from MCNP.

Similarly to the slab geometries, the EVENT TC and EVENT P1
calculations of all three variables agree to within ±5.47 and ±8.82%
of MCNP, slightly above the required 5%. When considering all simu-
lations, the errors in the CP code results are again exceptionally poor,
with errors up to 94.45%.

Again, when considering the systems containing more plutonium
(at least 3 kg for the cylindrical geometries), the results of EVENT TC
and EVENT P1 calculations are all acceptable, agreeing to within 5%
of MCNP results. The CP results are slightly poorer, just exceeding the
5% limit in the worst cases.
10
5.2.3. Radial leakage approximation
The results presented in this section indicate that, for systems

containing more plutonium (over 2.75 kg and 5.0 kg for vessel radii
of 30.0 and 40.0 cm, respectively), the radial leakage approximation
employed by the CP code (detailed in Section 3.2) overestimates the
rate at which neutrons leak out of the cylinder radially.

This is demonstrated by a tendency of the code to underestimate
system reactivity (demonstrated by Fig. 6), and scalar neutron flux and
reaction rates (demonstrated by Table 7), for these cases.

5.3. Dished-end models

To verify the use of the CP code to model axially heterogeneous
cylinders with dished ends, the parameters detailed in Table 8 were
used, alongside 𝛼 = 0.6. The dished ends were modelled as hemi-
spheroids with depth ℎdish. The layering remains consistent with the
previous sections, all possible combinations of parameters were in-
vestigated, and the resulting 𝜌, 𝜙(𝐸), 𝑅𝐴(𝐸) and 𝑅𝑃 (𝐸) values were
compared.

5.3.1. Reactivity comparison
The left-hand graph of Fig. 8 shows the error in EVENT’s and

Serpent’s reactivity calculations compared to those of MCNP. Again,
Serpent agrees well with MCNP, with a maximum |𝛥𝜌| of 0.23 ± 0.08
$, and EVENT P1 calculations of 𝜌 agree to within of 0.72 ± 0.05
$ MCNP, as demonstrated in Fig. 8. The agreement between EVENT
TC calculations and MCNP tends to improve as 𝜌 increases, with a
maximum 𝛥𝜌 of 2.51 ± 0.49 $, this difference is consistently reduced
to 1 $ when 𝜌MCNP exceeds −25 $.

The right-hand graph of Fig. 8 depicts, for reactivities relatively
close to critical, a direct comparison between 𝜌MCNP and the reactivities
calculated using the other codes. For these reactivities, it can be seen
that EVENT TC overestimates the reactivity, though all results are
within the ±1 $ acceptable range.

The right-hand graph of Fig. 8 also shows that two of the reactivities
from the CP code overestimate 𝜌 by over 1.0 $. In these cases, the CP
code predicts the systems to be critical and prompt critical when MCNP
predicts the systems to be subcritical.

In addition, Fig. 9 shows that there is significant error in some of
the reactivities calculated by the CP code, with a maximum difference
of 6.37 ± 0.25 $ when compared to MCNP. Although only systems with
[H] = 2.5 mol L−1 have been plotted, results are very similar (in fact,
slightly improved) when [H] = 7.5 mol L−1.

As shown in Fig. 9, the CP code tends to overestimate reactivity,
particularly for shorter systems (and thus, in general, systems contain-
ing less plutonium). As 𝐻 increases, 𝛥𝜌 decreases. Though there
total CP
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Table 7
The maximum error in energy-dependent scalar neutron flux and material- and energy-dependent absorption and production rates.

Code Across all simulations Across simulations with 𝑚 ≥ 3 kg

𝛥𝜙 (%) 𝛥𝑅𝐴 (%) 𝛥𝑅𝑃 (%) 𝛥𝜙 (%) 𝛥𝑅𝐴 (%) 𝛥𝑅𝑃 (%)

Serpent −1.35 ± 0.04 −1.93 ± 0.31 −1.56 ± 0.29 −1.35 ± 0.04 −1.93 ± 0.31 −1.56 ± 0.29
CP −65.25 ± 0.11 94.40 ± 0.14 94.45 ± 0.14 −4.39 ± 0.13 −5.29 ± 0.20 −5.15 ± 0.29
EVENT TC 5.09 ± 0.02 5.49 ± 0.04 5.47 ± 0.04 2.25 ± 0.03 −3.41 ± 0.32 −3.57 ± 0.24
EVENT P1 6.68 ± 0.02 8.85 ± 0.03 8.82 ± 0.03 2.25 ± 0.03 2.37 ± 0.04 −2.40 ± 0.20
Table 8
The parameters used in the verification of ‘dished end’ models.

Variable Symbol Parameter values Unit

Plutonium concentration in the aqueous phase [Pu] 5.0 10.0 – g L−1

Excess acid molarity in the aqueous phase [H] 2.5 7.5 – mol L−1

Thickness of the aqueous layer ℎaqu 12.0 17.0 – cm
Thickness of the mixed layer ℎmix 4.0 8.0 – cm
Thickness of the organic layer ℎorg 7.5 12.5 – cm
Vessel radius 𝑅 30.0 40.0 – cm
Depth of dished end ℎdish 5.0 10.0 15.0 cm
Fig. 8. Left: Variation in 𝛥𝜌 with 𝜌MCNP, excluding results from the CP code. Right: Reactivities compared to those from MCNP, around the criticality and prompt criticality
thresholds.
Fig. 9. The variation of 𝛥𝜌CP with the total height, 𝐻total, of the system.
11



Annals of Nuclear Energy 196 (2024) 110235J.R. Daniels et al.

a

F
a
𝑅

t
t
s
o
m
a
s

5

e
o

a
m

(
i
|

t
f

o
t
o

m
0
a
b
r

t

m
I
≤
p

e
e

e
o

a
a
t
s

5

a
t
r

s
m
o

is some fluctuation in the data, this decrease appears to be exponential;
if systems with larger 𝐻total were simulated, there is potential for
symptotic behaviour to be seen, as in the previous section.

In addition, Fig. 9 shows that 𝛥𝜌CP tends to be larger for systems
with larger dished ends and larger radii, with this difference decreasing
as 𝐻total increases. When there is a higher concentration of plutonium
in the aqueous layer, 𝛥𝜌CP is increased.

As seen in Fig. 9, there are limited cases in which the CP code can be
used to calculate system reactivity to within ±1 $ of MCNP. For systems
with [Pu] = 5.0 g L−1, acceptable results are seen for 𝐻total ≤ 32.0 cm.
or systems with [Pu] = 10.0 g L−1 and 𝑅 = 40.0 cm, acceptable results
re seen for 𝐻total ≥ 33.5 cm. For systems with [Pu] = 10.0 g L−1 and
= 30.0 cm, acceptable results are seen for 𝐻total ≥ 32.0 cm.
The accuracy of the CP code depends heavily on the height of

he vessel’s dished end. As shown in Section 3.4, as 𝑅∕𝜆 increases,
he radial leakage approximation used by the CP code becomes more
uitable. An increase in ℎdish means that a more significant portion
f the fissile system will have a lower vessel radius, which cannot be
odelled as accurately by the CP code. Thus, in general, larger errors

re present in results from the CP code when larger portions of the
ystem have small radii, i.e. are part of the dished end.

.3.2. Energy and reaction rate comparison
Whereas a trend could be seen when plotting 𝛥𝜌 against 𝐻total, the

error in scalar neutron flux and reaction rates did not show the same
trend.

Fig. 10 shows how the errors in the CP code for calculations of total
and maximum 𝜙 and 𝑅𝐴,aqu vary with the quantity of plutonium in the
system.

The top-left graph of Fig. 10 shows four distinct regions of data, for
plutonium masses in the ranges 1.5–2.1 kg, 2.3–2.9 kg, 2.5–3.8 kg and
4.1–5.2 kg. For each region, both maximum and total values of |𝛥𝜙|
are seen to decrease with increasing plutonium content. Total errors
are less than 5% throughout, though there are only limited cases, when
ℎdish = 5.0 cm, where the maximum error is below 5%.

Some improvement in results is seen when increasing ℎaqu from 12.0
to 17.0 cm: as shown in the top-right graph of Fig. 10, all total errors are
less than 5%, most maximum errors are below 5% when ℎdish = 5.0 cm,
and, when ℎdish = 10.0 cm, a limited number of maximum errors are
below 5% .

As with previous sections, Fig. 10 depicts |𝛥𝑅𝐴,aqu| over errors
in other material-wise absorption and production rates as CP code
calculations of 𝑅𝐴,aqu are associated with the highest errors. Also with
previous sections, errors in absorption and production rates across all
materials show similar trends to those in 𝑅𝐴,aqu. In addition, 𝑅𝐴 is
always overestimated by the CP code, whereas 𝑅𝑃 is overestimated
when system reactivity is overestimated.

As depicted in Fig. 10, errors increase slightly with increasing
plutonium content. All of the maximum errors in 𝑅𝐴,aqu are above
the 5% limit of acceptability. When considering total 𝑅𝐴,aqu across all
nergy, the CP code can only consistently calculate values to within 5%
f MCNP when ℎdish = 5.0 cm.

Fig. 11 depicts, for an example system, the distribution of 𝜙, 𝑅𝐴
nd 𝑅𝑃 in energy, with 𝑅𝐴 and 𝑅𝑃 also distributed across the three
aterials.

Fig. 11 shows that 𝛥𝜙CP is largest for neutrons in energy group 29
with energies between 0.134 and 0.248 eV) and smallest for neutrons
n energy group 1 (with energies between 6.70 and 19.6 MeV), whilst
𝛥𝜙CP| is smallest for neutrons in energy group 27 (with energies be-
ween 0.391 and 0.625 eV). The axial scalar neutron flux distributions
or these energy groups are depicted in Fig. 12.

Similarly, the highest error associated with the CP code’s calculation
f 𝑅𝐴(𝐸) and 𝑅𝑃 (𝐸) occurs for neutrons in the aqueous material and in
he 29th energy group, with 𝛥𝑅𝐴,aqu(𝐸) and 𝛥𝑅𝑃aqu(𝐸) having maxima
12

f 11.77 ± 0.05% and 11.79 ± 0.05% respectively.
To complement Figs. 10, 11 shows that, even though errors can
be significantly high for energy- and material-dependent values of
𝜙(𝐸), 𝑅𝐴(𝐸) and 𝑅𝑃 (𝐸), the total error when taken over energy and

aterial is acceptably small, with the largest total error, 𝛥𝑅𝐴, being
.67 ± 0.02 $. This is due to the overestimate of 𝜙(𝐸), 𝑅𝐴(𝐸) and 𝑅𝑃 (𝐸)
t lower energies and in the aqueous material being counteracted
y underestimates at higher energies and in the organic and mixture
egions.

As shown in Fig. 12, the CP code accurately predicts the location of
he peaks in scalar neutron flux.

Fig. 12 shows that, for group 1, the CP code underestimates the peak
agnitude by around 0.09 × 10−6 neutrons cm−2 s−1, or around 4.2%.

n addition, the magnitude 𝜙1 is overestimated in the dished end (0
𝑧 ≤ 5 cm). Elsewhere, the shape of the profile closely matches that

roduced using MCNP.
For energy group 27, Fig. 12 shows that the CP codes again over-

stimates the scalar neutron flux in the dished end, though there is
xcellent agreement with MCNP throughout the rest of the system.

Finally, Fig. 12 shows that, though the shape of the flux profile in
nergy group 29 is similar to that produced using MCNP, the CP code
verestimates the flux in the range (0 ≤ 𝑧 ≤ 25 cm), and is particularly

notable up to the second peak in flux. The peaks’ magnitudes have been
overestimated by the CP code by around 4.2% and 2.8% respectively.

5.4. Complete vessel models

In this section, models of complete vessels with dished tops and
bottoms were investigated. For each individual system, the vessel’s top
and bottom dished ends were the same shape and size (i.e. had the same
ℎdish), the vessel walls were modelled as 1 cm thick steel, and the total
vessel height (𝐻vess) was kept constant at 50.0 cm. The vessel radius
nd height, 𝑅 and 𝐻vess, were taken at the inner wall of the vessel. Once
gain, the same material layering as previous sections were used, with
he remainder of the vessel filled with air at atmospheric pressure. The
ame parameters as Section 5.3 were used, and are detailed in Table 8.

.4.1. Reactivity comparison
As with the previous section, Fig. 13 shows the error in EVENT’s

nd Serpent’s reactivity calculations compared to those of MCNP, for
he whole range of system reactivities in the left-hand graphs, and for
eactivities relatively close to critical in the right-hand graph.

When compared to the geometrically less complex models, there is
lightly poorer agreement between Serpent and MCNP, with a maxi-
um |𝛥𝜌| of 1.10 ± 0.42 $. However, Fig. 13 shows that the majority

f Serpent’s results are within the acceptable range (|𝛥𝜌| ≤ 0.5 $),
including systems with reactivities close to critical

As shown in Fig. 13, both EVENT TC and P1 calculations under-
estimate system reactivity when compared to MCNP, with agreement
improving with increasing 𝜌MCNP. However, for both TC and P1 calcu-
lations, the majority of systems are calculated with |𝛥𝜌| > 1.0 $, outside
the acceptable range.

The right-hand graph of Fig. 13 shows that, for systems around crit-
icality, there can be significant error present when modelling complete
vessels of fissile liquids in the CP code, with the CP code overestimating
system reactivity. For example, when MCNP predicts a system to be
subcritical (with 𝜌MCNP of −5.08 ± 0.03 $), the CP code predicts it to
be critical (with 𝜌CP of 0.31 $).

Further, Fig. 14 shows that 𝛥𝜌CP decreases with increasing pluto-
nium content. As shown, the CP code consistently overestimates the
reactivity of systems containing a relatively small amount of plutonium,
such that there are only a few cases in which the CP code can be used
to accurately determine system reactivity: mostly, 𝛥𝜌CP > 1.0 $, and the
maximum difference between the CP code and MCNP is 12.29 ± 0.31 $.

The graphs of Fig. 14 show that, for systems with vessel radii of
30.0 cm, 2.5–3.0 kg of plutonium needs to be present in the system

for the CP code to be likely to calculate the reactivity to the required
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Fig. 10. The maximum (across all energy groups and materials) and total errors in the CP code’s calculations of 𝜙 and 𝑅𝐴,aqu, plotted against system plutonium content.
t
a
C
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accuracy. Even with this limit on parameters, there are a few cases
(with ℎdish = 15.0 cm) which have 𝛥𝜌CP > 1.0 $.

Finally, as shown in Fig. 14, when the vessel radius is increased to
40.0 cm, there are only five cases where the CP code calculates the
system reactivity to within ±1.0 $ of MCNP which all occur at the
highest plutonium content.

5.4.2. Energy and reaction rate comparison
Fig. 15 shows how the errors in the CP code’s calculations of 𝑅𝐴,aqu

vary with plutonium content.
As depicted in Fig. 15, when ℎaqu is 12 cm, the maximum error,

taken over all groups, is always above the 5% acceptable limit. When
ℎaqu is 17 cm, the maximum error is only under 5% when the plutonium
content is less than 2.7 kg, and ℎdish = 5.0 cm.

Fig. 15 also demonstrates that, when ℎaqu is 12 cm, the total error
is only within this limit for systems with ℎdish = 5.0 cm. When ℎaqu
is 17 cm, the total error is within the 5% limit for systems with ℎdish
equal to 5.0 or 10.0 cm.

As with previous sections, Fig. 15 only shows the errors in aqueous
absorption rate calculation, with similar patterns observed for absorp-
tion and production rates across all materials. The errors in aqueous
production rates are on a similar scale to the aqueous absorption
rates shown in Fig. 15. Conversely, the total errors in absorption and
production rates for the mixed and organic layer are all below the 5%
limit, with maximum errors between 0.2 and 9%.

The left-hand graph of Fig. 16 depicts the axial variation in total
scalar neutron flux for the system described in Table 9. As shown the
13

CP code fails to model the decrease in scalar neutron flux in the range m
Table 9
The system parameters producing the scalar neutron flux profiles in Figs. 16 and 17.

Parameter Value Unit

[Pu] 10.0 g L−1

[H] 7.5 mol L−1

ℎaqu 12.0 cm
ℎmix 4.0 cm
ℎorg 7.5 cm
𝑅 40.0 cm
ℎdish 15.0 cm

24.5 ≤ 𝑧 ≤ 51.0 cm, i.e. through the region of plenum gas at the top of
the vessel.

As such, the errors in scalar neutron flux are significantly high, as
shown in the right-hand graph of Fig. 16. In this graph, all errors are
positive, indicating the CP code overestimates the scalar neutron flux,
all maximum errors are above the 5% limit, and only a small number of
total errors are below the 5% limit (for the highest plutonium contents
for each of the vessel radii).

In addition, as shown in the left-hand graph of Fig. 16, the CP code
slightly overestimates the scalar neutron flux in the base of the vessel
and through the dished end (0.0 ≤ 𝑧 ≤ 16.0 cm). This is a trend seen
hroughout the systems investigated, and explains why the majority of
queous absorption rates detailed in Fig. 15 are positive (indicating the
P code has overestimated these values).

Conversely, the flux profile produced from the CP code matches
CNP and Serpent well for 16.0 ≤ 𝑧 ≤ 24.5 cm. The location and
agnitude of the peak scalar neutron flux is accurately predicted to
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Fig. 11. The errors in CP code calculations of 𝜙(𝐸), 𝑅𝐴(𝐸) and 𝑅𝑃 (𝐸), for the example system detailed.

Fig. 12. Radially averaged axial scalar neutron flux distributions for energy groups 1 (left), 27 (centre) and 29 (right), for the system described in Fig. 11.
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Fig. 13. Left: Variation in 𝛥𝜌 with 𝜌MCNP, excluding results from the CP code. Right: Reactivities compared to those from MCNP, around the criticality and prompt criticality
thresholds.
Fig. 14. The variation of 𝛥𝜌CP with the total plutonium content of the system.
be around 3.05 × 10−4 neutrons cm−2 s−1 around 15.5 cm from the
base of the system.

When considering the scalar neutron flux in the fissile regions only,
Fig. 17 shows there is improved agreement between the CP code and
MCNP, such that all total errors are now within the 5% acceptable limit.
However, maximum errors were still as high as 12%.

5.4.3. Summary
As shown in this Section, significant care is needed when using the

CP code to model full vessels with dished ends. The CP code failed to
adequately model many of the systems simulated.

For both vessel radii used, the CP code could only calculate reactiv-
ity to within 1 $ of MCNP when plutonium content was at its highest.
However, increasing plutonium content tended to increase the error in
the CP code’s calculations of aqueous absorption rate.

As the CP code tends to overestimate the reactivities of the full
vessel systems, a subcritical system could be calculated to be critical
or even supercritical by the CP code, which would significantly alter
system characteristics or any subsequent analysis performed using the
code’s results.
15
Finally, when using the CP code, only the parts of the scalar neutron
flux profiles in the fissile regions should be used (i.e. the scalar neutron
flux through any plenum gas should be deemed inaccurate and not used
for further analysis).

6. Conclusions

This paper presented the development and verification of a CP code
for systems of layered fissile liquids (aqueous and organic plutonium
nitrate at the top and bottom with a mixed central region).

To model axially heterogeneous cylinders using the CP code whilst
maintaining the computationally efficient nature of a one dimensional
slab model, an approximation based on diffusion theory was used,
which employed the neutron diffusion coefficient and geometric buck-
ling to determine the rate of radial leakage of neutrons from the system,
which was added to the system’s macroscopic neutron absorption cross
sections.

To verify this approximation, results from the CP code were com-
pared to MCNP. Results compared included reactivity, neutron ab-
sorption and production rates across energy and material, and scalar
neutron flux profiles across energy and system height.
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Fig. 15. The maximum (across all energy groups and materials) and total errors in the CP code’s calculations of 𝑅𝐴,aqu, plotted against system plutonium content.

Fig. 16. Left: radially averaged axial scalar neutron flux distribution totalled over all energy groups, for the system described in Table 9. Right: for all systems, the variation in
maximum (across all energy groups) and total errors in scalar neutron flux with system plutonium content.

Fig. 17. Left: radially averaged axial scalar neutron flux distribution totalled over all energy groups, for the system described in Table 9, considering the fissile regions only. Right:
for all systems, considering the fissile regions only, the variation in maximum (across all energy groups) and total errors in scalar neutron flux with system plutonium content.
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When modelling slab geometries, the CP code tended to match the
results from the reactor physics code WIMS closely, indicating that the
CP method was implemented correctly.

Slab geometries needed to contain at least 0.7 g cm−2 plutonium
for the CP code to calculate reactivity to within 0.4 $, and reaction
rates to within 4% of MCNP, within the prescribed levels of numerical
accuracy.

For cylindrical geometries, increasing the plutonium content caused
𝛥𝜌CP to decrease to an asymptotic value. For cylinders with 30 cm radii,
this asymptotic value was ∼ −1.1 $, outside of the prescribed level of
umerical accuracy. Increasing the vessel radii to 40 cm, increased the
symptotic value to ∼ −0.6 $, within the prescribed level of numerical
ccuracy.

The cylindrical models needed to contain at least 3 kg of plutonium
or the CP code to calculate the energy dependent scalar neutron flux
nd energy and material dependent neutron absorption and production
ates to within 5.3% of MCNP, just outside of the prescribed level of
umerical accuracy.

As detailed in Section 3.4, the radial leakage approximation is
ore suitable for vessels with larger radii, which was demonstrated in

ection 5.2: increasing vessel radius from 30.0 to 40.0 cm increased
he agreement between MCNP and the CP code’s reactivities by up to
.6 $. It was concluded that the approximation used to model axially
eterogeneous cylinders in the CP code overestimated the rate of radial
eutron leakage.

When incorporating a dished end to the cylindrical models, the
greement between the CP code and MCNP worsened, with 𝛥|𝑟ℎ𝑜CP
ecreasing with increasing system height. For systems with 5.0 g L−1

of plutonium in the aqueous phase, a total height of at least 32 cm was
needed for 𝜌 to be within 1 $ of MCNP. When the plutonium content
increased to 10.0 g L−1, the total height needed to be at least 33.5 cm.

For these models, error increased with dish height, and the maxi-
mum errors in reaction rates and scalar neutron fluxes were frequently
higher than 5%. However, when taken over all energy, the total errors
in scalar neutron flux were consistently within 5% of MCNP. For total
reaction rates, the CP code could only calculate reaction rates to within
5% of MCNP for systems with dish heights of 5.0 cm.

The overestimation of absorption and production rates in the aque-
ous material were was counteracted by underestimates in absorption
and production rates in the mixed and organic regions. The energy
dependent, radially averaged axial scalar neutron flux was calculated
accurately by the CP code. The location of the peaks in scalar neutron
17
flux matched those from MCNP, with magnitudes matching to within
5%.

When modelling full vessels, there were very limited cases in which
the CP code could be used to achieve results to the desired level of
accuracy across all variables investigated.

Only in select cases did the CP code calculate reactivity to within 1
$ of MCNP, and the total aqueous absorption and production rate were
only within 5% of MCNP when the dish height was 5.0 cm, or when
the dish height was 10.0 cm and the aqueous height was 17.0 cm.

Further, the CP code failed to accurately calculate the decrease
in scalar neutron flux through the plenum gas at the top of the ves-
sel, inducing larger errors in scalar neutron flux compared to the
geometrically simpler models.

As such, the CP code should be used with increasing caution when
the geometric complexity of the system increases, with overestimations
of reactivity likely. Energy and material-dependent reaction rates could
be highly erroneous, though total rates are likely to be accurate.

As a simple, neutronics based model, the CP code could be used as
part of rough order of magnitude calculations for criticality transients,
where high levels of accuracy are not required, given that potential
errors in results have been previously identified.
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Table A.10
The atomic composition of the aqueous material used in Section 4 (Chalmers, 1971).

Nuclide Atomic weight Aqueous

Number density (atoms barn−1 cm−1) Weight % Atomic %

Hydrogen 1.0080 5.909 × 10−2 7.750 56.986
Nitrogen 14.0067 4.287 × 10−3 7.812 4.134
Oxygen 15.9994 4.030 × 10−2 83.889 38.862
239Pu 239.0522 1.653 × 10−5 0.514 0.016
240Pu 240.0540 1.098 × 10−6 0.034 0.001
Table A.11
Atomic compositions of the mixed and organic materials used in Section 4 (Chalmers, 1971).

Nuclide Atomic weight Organic Mixture A

Number density (atoms barn−1 cm−1) Weight % Atomic % Number density (atoms barn−1 cm−1) Weight % Atomic %

Hydrogen 1.0080 6.090 × 10−2 10.671 61.744 5.991 × 10−2 8.869 59.085
Carbon 12.0112 3.187 × 10−2 66.550 32.314 1.445 × 10−2 25.500 14.256
Nitrogen 14.0067 7.710 × 10−4 1.877 0.782 2.692 × 10−3 5.538 2.655
Oxygen 15.9994 4.423 × 10−3 12.302 4.484 2.403 × 10−2 56.459 23.696
Phosphorus 30.9738 5.274 × 10−4 2.840 0.535 2.392 × 10−4 1.088 0.236
239Pu 239.0522 1.299 × 10−4 5.399 0.132 6.796 × 10−5 2.386 0.067
240Pu 240.0540 8.625 × 10−6 0.360 0.009 4.512 × 10−6 0.159 0.004
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Table A.12
Densities of the three materials of Section 4 (Chalmers, 1971).

Material Density (g cm−3)

Aqueous 1.276
Organic 0.955
Mixture A 1.130

Table B.13
The discretisation (energy group boundaries) used for the 2-group energy structure.

Group Upper energy boundary (eV)

1 1.96 × 107

2 9.72 × 10−1

Table B.14
The discretisation (energy group boundaries) used for the 8-group energy structure.

Group Upper energy
boundary (eV)

Group Upper energy
boundary (eV)

1 1.96 × 107 5 9.17 × 101

2 8.21 × 105 6 9.91 × 100

3 2.93 × 104 7 1.02 × 100

4 1.01 × 103 8 5.80 × 10−2

Table B.15
The discretisation (energy group boundaries) used for the 20-group energy structure.

Group Upper energy
boundary (eV)

Group Upper energy
boundary (eV)

Group Upper energy
boundary (eV)

1 1.96 × 107 8 1.01 × 103 15 1.76 × 100

2 4.49 × 106 9 2.04 × 102 16 1.24 × 100

3 8.21 × 105 10 5.56 × 101 17 1.02 × 100

4 1.11 × 105 11 3.37 × 101 18 5.40 × 10−1

5 2.93 × 104 12 1.59 × 101 19 2.20 × 10−1

6 9.12 × 103 13 7.52 × 100 20 5.80 × 10−2

7 2.25 × 103 14 2.60 × 100

Table B.16
The discretisation (energy group boundaries) used for the 30-group energy structure.

Group Upper energy
boundary (eV)

Group Upper energy
boundary (eV)

Group Upper energy
boundary (eV)

1 1.96 × 107 11 6.77 × 102 21 1.59 × 100

2 6.70 × 106 12 1.49 × 102 22 1.37 × 100

3 2.23 × 106 13 5.56 × 101 23 1.17 × 100

4 9.07 × 105 14 3.73 × 101 24 1.10 × 100

5 3.02 × 105 15 2.26 × 101 25 1.02 × 100

6 8.23 × 104 16 9.91 × 100 26 9.10 × 10−1

7 2.93 × 104 17 5.35 × 100 27 6.25 × 10−1

8 1.11 × 104 18 3.30 × 100 28 3.91 × 10−1

9 3.53 × 103 19 2.36 × 100 29 2.48 × 10−1

10 1.43 × 103 20 1.93 × 100 30 1.34 × 10−1
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