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Abstract
In this work, a LangArc model is presented that successfully fits both major and minor
hysteresis loops of a bed of magnetic particles in real time using instruments that detect changes
in the magnetic field strength, such as in-situ pick-up coils. A novel temperature measurement
application is demonstrated based on a real-time characterisation of a magnetic material, in this
case magnetite, as a function of temperature. Magnetic hysteresis can be used to provide useful
induction heating in a packed bed of magnetic materials. This can be used for general heating
and to provide energy to chemical reactions in chemical processes. Accurate temperature
measurement of magnetic particles under induction heating is a well-known challenge:
conventional techniques give a single-point measurement, and are subject to inaccuracy due to
self-heating of the instrument tip. Thermal lag can be problematic given the rapid heating rates
that are characteristic of induction heating. The LangArc inferred temperature measurement
technique is shown to detect heating rates in excess of 30 ◦C·s−1, under which circumstances an
in-bed thermocouple was shown to lag by as much as 180 ◦C. This new method has significant
importance for temperature measurement in applications involving the induction heating of
magnetic materials as it avoids the location of an instrument inside the magnetic particle bed
and is highly responsive under rapid heating where other techniques can give misleading results.
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1. Introduction

The use of induction heating in providing heat for chemical
conversions is attracting much research attention [1, 2]. It
allows zero carbon electricity to be used in chemical reac-
tions giving intensified chemical processes with highly con-
trollable and rapid heating rates. In the heating of magnetic
particles, it can be designed to approach uniform volumetric
heating whereas other methods require high-temperature heat-
transfer surfaces which can produce fouling, side-reactions
or increased energy losses. It can also provide chemical pro-
cess heating at temperatures well above 250 ◦C, which nor-
mally requires a gas-fired furnace. There are a number of spe-
cific challenges associated with taking measurements within
a strong alternating magnetic field. It is difficult to min-
imise eddy current heating in the instrument and prevent
melting of the instrument components and wires. Measuring
temperature is particularly difficult, as self-heating of the tem-
perature instrument can lead to a thermocouple tip that is hot-
ter than the surrounding bed, and not representative of the
bed temperature. Rapid bed heating is a significant advant-
age of induction heating but provides an additional temperat-
ure measurement challenge. A thermocouple can take several
seconds to respond to rapidly changing bed temperatures due
to the thermal mass and rate of heat transfer into the thermo-
couple (thermal lag) [3], during which time it will under- or
over-report the bed temperature. This could lead to problems
controlling the start-up of an induction heated reactor due to
overshooting the desired temperature set-point.

This paper proposes a novel concept for inferring temper-
ature from the shape of the magnetic hysteresis loop to over-
come the thermal lag in measuring temperature in chemical
process heaters and reactors. This is underpinned by a mag-
netic model that is sufficiently accurate to reproduce the hys-
teresis loop features and shape at a variety of temperatures and
applied field strengths. There are a number of fundamental
models of ferromagnetisation, such as the Priesach, Stoner–
Wohlfarth or Jiles–Atherton models [4, 5]. These models can
be accurate in reproducing the hysteresis loops butmay require
saturated hysteresis loop data to determine the model paramet-
ers and are difficult to practically apply due to their complex-
ity and the magnetisation being expressed as a transcendental
function of itself. It may not be possible to fully saturate a
magnetic material depending on the equipment available, and
Noble et al demonstrated that minor hysteresis loops for an
induction heated sample may be measured in-situ using pick-
up coil magnetometry. A simplified model of magnetisation is
required for inferring a magnetic sample temperature in real-
time due to the rapid heating rates of induction heating of mag-
netic samples [6] and the need to use low cost, reliable digital

signal processing to replicate this technique in the industrial
setting of a chemical synthesis process. There are a number
of criteria that a model of magnetic hysteresis must satisfy to
be practically applied to induction heating hysteresis loops.
The model should approximate the magnetisation curves for
both major (saturated) and minor hysteresis loops; approxim-
ate the Rayleigh law of magnetisation for small applied field
strengths; converge on the saturation magnetisation for both
large positive and negative applied field strengths; have a def-
inite, monomodal derivative, approximating the material mag-
netic susceptibility; and have a definite integral, such that the
hysteresis heating power can be directly determined across a
range of temperatures and applied field strengths.

Noble et al [6] established a semi-theoretical arctangent
model that successfully models the magnetic hysteresis heat-
ing power at applied field strengths well below saturation. This
model will be referred to as the LineArc model due to the pres-
ence of both linear and arctangent terms. It relates the mag-
netisation, M, to the applied field strength, H, based on the
LineArc model parameters y0, A, w and xc, which are all func-
tions of temperature. A loop closure variable, c1, is used to
ensure that the minor hysteresis loop is a closed curve. It is a
function of the peak applied field strength, Ĥ. In this paper, the
LineArc parameter xc has been relabelled as Hp, and it will be
shortly demonstrated that this parameter is equal to the applied
field strength at the peak susceptibility of the major hysteresis
loop.

M= y0H+
A
π

[
atan

(
2
w
(H∓Hp)

)
± c1

]
(1)

c1 =
1
2

[
atan

(
2
w

(
Ĥ+Hp

))
− atan

(
2
w

(
Ĥ−Hp

))]
(2)

Inferring temperature from magnetic hysteresis loops is
complicated by the shape of the minor loop parameters as a
function of temperature. The presence of a maximum means
that a single value of power, remanence, coercivity or max-
imum magnetisation corresponds to two different temperat-
ures (figure 1). These parameters have a flat curve near the
peak, with little change in value across a wide temperature
range. This making it difficult to accurately resolve the tem-
perature from each parameter measurement. These ambigu-
ities can be removed by using multiple features of the minor
hysteresis loop to determine the temperature, as the peak in
each parameter occurs at different temperatures.

This paper develops the LineArc model to better fit the
minor hysteresis loop shape by revising the reversible mag-
netisation term and demonstrates proof-of-concept that the
tunedmodel can predict the temperature of a magnetite sample
solely from the measured hysteresis loop.
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Figure 1. Schematic showing the issues with using the magnetic
hysteresis power curve to determine the temperature of a magnetic
sample in an alternating applied field. The hysteresis power is
defined here as the integral of the hysteresis loop, equation (11). The
presence of a peak means that two different temperatures are
possible for a single measured power. Close to the peak, the power
does not change much as a function of temperature, meaning that a
small error in the power measurement could mean a 20 ◦C
temperature measurement error.

2. Theory development

Prior to developing a revised model of hysteresis, it is useful to
provide a theoretical framework for analysing the model defi-
ciencies. This paper identifies the following novel criteria for
a practically useful model of magnetic hysteresis for induction
heating of chemical reactors. These criteria inform the devel-
opment of a new magnetic model.

1. Approximate the magnetisation curves for both major (sat-
urated) and minor hysteresis loops.

2. Approximate the Rayleigh law of magnetisation for small
applied field strengths

3. Converge on the saturation magnetisation for both large
positive and negative applied field strengths.

4. Have a definite, monomodal derivative, approximating the
material magnetic susceptibility.

5. Have a definite integral, such that the hysteresis heating
power can be directly determined across a range of tem-
peratures and applied field strengths.

It is preferable to have a model that minimises the number
of parameters to prevent over-fitting of the data through intro-
duction of extra degrees of freedom. In an ideal model, these
parameters would have a direct relationship with the underly-
ing physical properties of the magnetic material, such as coer-
civity and remanence. This would allow the model parameters
to be derived solely from the major hysteresis loop parameters
as a function of temperature.

The hysteresis model can also comprise a number of func-
tions, fi, which represent various physical phenomena that

occur within the sample, such as a paramagnetic function and
a hysteretic function. It is convenient to normalise the magnet-
isation of each function by dividing it by the saturation mag-
netisation,Ms, such that the function lies in the range from−1
to 1. This allows the individual function terms to be combined
in a weighted linear manner to give a composite equation for
magnetic hysteresis (equations (3) and (4))

Individual magnetisation functions:
M
Ms

∣∣∣
i
= fi (H) (3)

Composite magnetisation function:
M
Ms

=
∑

εi · fi (H) ;
∑

εi=1

(4)

2.1. Minor loop modelling

One approach for extending a major loop model to minor hys-
teresis loops is to assume that minor loops follow a similar
magnetisation curve as the major loop [6]. In the instance
where the applied field is smaller than that required to saturate
the material, this results in forward and reverse magnetisation
curves that do not close into a loop at the peak sample mag-
netisation. This can be resolved by introducing a loop clos-
ure constant, c. For a generic magnetisation function, this is
determined by considering the reverse magnetisation curve as
identical to the forward curve rotated by 180◦ around the ori-
gin and that the forward and reversemagnetisation curvesmust
have the same value at the maximum magnetisation value in
order for the loop to close.

Forward magnetisation curve:
M
Ms

= f(H)− c (5)

Reverse magnetisation curve:
M
Ms

= c− f(−H) (6)

Loop closure: c=
1
2

[
f
(
Ĥ
)
+ f
(
−Ĥ
)]

. (7)

The magnetisation curve for a paramagnetic material is
fully reversible and exhibits no hysteresis. In this case, the loop
closure constant is zero, implying that the loop closure con-
stant represents the degree of irreversible magnetisation. At
saturation, all internal magnetic dipoles are aligned with the
external applied field and must be fully reversed as the field is
fully reversed and the loop closure constant becomes zero.

2.2. Low field approximation

The low-field Rayleigh law of magnetisation is a quadratic
function universally applicable to magnetic materials exhibit-
ing hysteresis [7, 8]. It is based on the susceptibility at the hys-
teresis loop tip, χr, and the Rayleigh parameter, ν. A suitable
magnetic model should be equivalent to Rayleigh’s law at low
field strengths, which is satisfied if the function’s Maclaurin
series approaches a quadratic function for low applied field
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strength and the higher order terms tend to zero at low field
strength.

Rayleigh law forward curve:M=−υ

2
Ĥ2 +

(
χ r + υĤ

)
·H+

υ

2
·H2 (8)

Maclaurin equivalent : lim
H→0

M= k0 + k1 ·H+ k2 ·H2 (9)

k0 =−υ

2
Ĥ2;k1 = χ r + υĤ;k2 =

υ

2
. (10)

2.3. Definite power integral

The heating power generated through magnetic hysteresis is
defined as the integral of the magnetisation curve across one
cycle. This is equivalent to integrating the difference between
the forward and reverse curves from −Ĥ to Ĥ, and provides
significant simplification when evaluating the integral

1
Ms

˛
M dH

=

ˆ Ĥ

−Ĥ
[f(H)+ f(−H)− 2c] · dH

=−2Ĥ
[
f
(
Ĥ
)
+ f
(
−Ĥ
)]

+

ˆ Ĥ

−Ĥ
[f(H)+ f(−H)] · dH.

(11)

2.4. Magnetisation converges on saturation magnetisation

Sigmoidal functions are ideal candidates for modelling mag-
netisation curves. They converge on a fixed positive and neg-
ative value at high positive and negative argument values.
Takács identified a number of candidate functions for model-
ling major hysteresis loops [9]: the arctangent, error function,
sigmoid and hyperbolic tangent (scaled logistics) functions.
The authors add the Langevin, Guddermanian and polyno-
mial sigmoid curves as additional candidate sigmoidal curves.
Each of these functions satisfy the constraints of approach-
ing saturation at high field values, having a definite derivat-
ive and power integral. This family of curves take a general
form for an irreversible component of magnetisation as given
in equation (12). These functions curves can also represent
reversible magnetisation curves by setting Hp and c to zero.
The parameter w approximates the width at half-height of the
susceptibility function, dM/dH

M
Ms

= f

(
2
w
(H∓Hp)

)
± c. (12)

2.5. Developing a new hysteresis model

This paper proposes modifications to the LineArc model
(equation (1)) to better reproduce the full hysteresis loop shape
across all applied field strengths. The inclusion of the linear
term, y0H, is required as an arctangent-only model does not
give a good data fit at low field strength. At high field strengths

the linear term predicts ever-increasing magnetisation rather
than approaching the saturation magnetisation asymptotically
as required for a real magnetic material. Hence it does not fully
comply with the requirements for a magnetic model identified
earlier in this paper, and the LineArc model cannot universally
fit the hysteresis loop data across all applied field strengths.

The hysteresis loop arises from the irreversible compon-
ent of magnetisation, represented by the arctangent part of
the LineArc model (equation (1)). The linear term in the
LineArc model represents the reversible component of mag-
netisation and affects hysteresis loop features such as coerciv-
ity and maximum magnetisation. It is proposed that the lin-
ear term represents a paramagnetic fraction of material in the
sample. Amending the reversible magnetisation term presents
an opportunity to improve the model accuracy in fitting the
shape-determining features of minor hysteresis loops. An ideal
model would directly relate the key features of the major hys-
teresis loop to the model parameters rather than relying on a
parameter fit to experimental data.

The magnetisation curve for a paramagnetic material is
reversible and exhibits no hysteresis. It is given by the
Langevin equation, a sigmoidal curve with rotational sym-
metrical around the origin that is linear at low applied field
strength and approaches a constant value at saturation. A new
magnetic model is proposed which replaces the linear term in
the LineArc model with a Langevin function to represent a
reversible fraction of magnetic material (equation (13)). The
arctangent function has been retained for the irreversible frac-
tion because the LineArc model successfully approximates the
hysteresis loop power (equation (14)) [6, 10]. The derivative
of the Langevin function represents the susceptibility of the
reversible fraction of the material. It exhibits a bell-shaped
curve with a full width at half-maximum (FWHM) denoted as
wrev. It is distinct from the LangArc arctangent FWHM para-
meter, wirr, which is analogous the parameter w in the original
LineArc model

M
Ms

∣∣∣
rev

= L
(

2H
wrev

)
= coth

(
2H
wrev

)
−
(wrev

2H

)
(13)

M
Ms

∣∣∣
irr

=
2
π

(
atan

(
2
wirr

(H∓Hp)

)
± c2

)
. (14)

This paper introduces a linear weighting function based on
the reversible fraction, εr, in accordance equation (4) such that
the total magnetisation of the sample cannot exceed the sat-
uration magnetisation. The new model is referred to as the
LangArc model (equation (15))

M
Ms

= εr · L
(

2H
wrev

)
+(1− εr) ·

(
2
π
atan

(
2
wirr

(H∓Hp)

)
± c2

)
(15)

c2 =
1
2

[
atan

(
2
wirr

(
Ĥ+Hp

))
− atan

(
2
wirr

(
Ĥ−Hp

))]
.

(16)

The LangArc model is a generalised case of the LineArc
model. It reduces to the LineArc model at lower field strength
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as the Langevin is approximately linear for small values of
argument. The equivalence of the LineArc (equation (1))
and LangArc (equation (15)) parameters are given in
equations (17) and (18). The minor loop closure constants
have an identical form (equations (2) and (16)), as does
the hysteresis power (equation (19)), as both of these para-
meters are solely related to the irreversible component of
magnetisation

y0 →
2εrMs

3wrev
(17)

A→ 2(1− εr)Ms (18)

Phys
V

=
fµ0 (1− εr)Ms

π

[
wirr · ln

(
4
(
Ĥ+Hp

)2
+w2

irr

4
(
Ĥ−Hp

)2
+w2

irr

)

−4Hp

(
atan

(
2
(
Ĥ+Hp

)
wirr

)
+ atan

(
2
(
Ĥ−Hp

)
wirr

))]
.

(19)

2.6. Relating the LangArc model to the major hysteresis loop
properties

The LineArc model parameters y0, A, w and Hp appear to be
arbitrary parameters that fit the model to experimental data.
The improvementsmade in the LangArcmodel provide insight
in relating the model parameters to magnetic properties of the
material major (saturated) hysteresis loop. At saturation, the
loop closure constant c2 is equal to zero. The applied field
strength at the major loop peak susceptibility occurs when
the second derivative of the magnetisation function is equal
to zero. The Langevin function is approximately linear at the
peak susceptibility and its second derivative approaches zero.
The same is true for the linear term in the LineArc model.
The second derivative of magnetisation function is the second
derivative of the arctangent function only (equation (21)). The
function becomes zero when the applied field strength is equal
to the parameter Hp, demonstrating that Hp is the applied field
strength at peak susceptibility[

d2L(x)
dH2

]
x<1

≈ 0 (20)

d2M
dH2

= 0≈ 16(1− εr)Ms

πw3
irr

·
(H−Hp)(

4(H−Hp)
2
/w2

irr + 1
)2 . (21)

Noble et al [6] previously asserted that the LineArc para-
meter Awas equivalent to 2Ms and thatHp was approximately
equal to the major loop coercivity, Hc. The new developments
of the LangArc model incorporates the effects of a paramag-
netic fraction on the parameter A (equation (18)) and provide
a physically meaningful context for the parameter Hp to the
applied field at peak susceptibility, Hp (equation (21)). The
remaining LangArc model parameters can be related to the

major hysteresis loop properties by taking the linear approx-
imations of the arctangent and Langevin functions for small
arguments. This results in three equations linking the model
parameters to the intrinsic major hysteresis loop parameters.
The derivation is provided in the supplementary information.

Major loop Remanence
1
wirr

· (1− εr)≈
πMr

4MsHp
(22)

Major loop Coercivity
1
wrev

· εr ≈
3Mr (Hp −Hc)

2MsHpHc
(23)

Major loop Initial susceptibility
1
wirr

≈ 1
2Hp

√
MrHc

χ 0HpHc −MrHp +MrHc
− 1. (24)

Equations (21)–(24) demonstrate an inherent link between
the LangArc model parameters and the key features of the
major hysteresis loop. Such a model meets all the criteria for
a practical magnetic model laid out in this paper.

The reversible term of the LangArc represents a para-
magnetic fraction of material within the sample. The thermal
energy associated with the particle temperature is sufficient to
overcome magnetic anisotropy energy barriers in very small
magnetic particles that are below the single domain threshold
size. This can lead to spontaneous reversal of the magnetic
field within the particle, an effect called superparamagnet-
ism. The average time taken for the field to spontaneously
reverse for a given particle size and temperature is called the
Néel relaxation time [11]. Superparamagnetic particles gener-
ate excess heat when they are induction-heated at a frequency
close to the relaxation time. This has a minor effect on the
shape of the hysteresis when the sample has a wide particle
size distribution, such as the samples used in this paper [6]. It
is important that the sample magnetic characterisation is car-
ried out at a similar frequency to that at which the temperat-
ure is to be inferred in order to minimise the frequency-based
effects on the temperature inference model.

3. Results

The proof-of-concept for the temperature inference method-
ology is based on two samples of magnetite, Magn97-VSM
and Magn97-PUC. The material in both samples was previ-
ously characterised in Noble et al [6]. It consists of mag-
netite powder with a size range of 40–200 nm, with a mean
particle size of 97 nm. SampleMagn97-VSMwas dispersed in
epoxy cement and measured using a Princeton Measurements
Vibrating Sample Magnetometer (VSM). Sample Magn97-
PUC was measured as a bulk powder using pick-up coil mag-
netometry. The magnetic properties of the bulk powder are
expected be different to that of the same material dispersed
and immobilised in the vibrating sample magnetometry due
to inter-particle magnetisation effects and the ability for the
bulk particles to rotate within the magnetic field. The LangArc
model parameters are determined by regressing the hysteresis
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loop data against a LangArc model across a range of temperat-
ures and applied field strengths. The magnetisation measured
using the VSM has an error of less than 1% and the pick-up
coil magnetometry error is less than 3%. Temperature meas-
urements using thermocouples have a maximum systematic
error of 3 ◦C at a steady-state temperature.

3.1. Major hysteresis loop parameters

The LangArc model was found to provide an excellent fit to
major hysteresis loop data for sample Magn97-VSM across
a temperature range from 150 ◦C to 525 ◦C. An example fit
for a temperature of 250 ◦C is given in figure 2. The model
parameters for the major hysteresis loop data, as a function of
temperature, is given in figure 3.

The saturation magnetisation at a given temperature, T, is
related to the saturation magnetisation at zero Kelvin,Ms0, the
Curie temperature, Tc, and the critical exponent, β, through
the Weiss theory of ferromagnetism (equation (25)) [12, 13]

Ms

Ms0
=

(
1− T

Tc

)β

. (25)

The Curie temperature for large particle sizes of magnetite
is 858K and the critical exponent is 0.43 [13]. The temperature
response of sample Magn97-VSM is described well by this
relationship (figure 3(b)) and the saturation magnetisation is
expected to follow the same relationship between the VSM
sample and the bulk powder samples.

The model parameters fitted against the major hyster-
esis loops of sample Magn97-VSM show the reversible frac-
tion, εr, as a continuously increasing function of temperature
(figure 3(b)). The magnetite samples used in this paper have
a fraction of fine particles with diameters in the tens of nano-
metre range. In very small particles, the thermal energy can
be sufficient to allow internal magnetic dipoles to overcome
internal anisotropic energy barriers within the particle lead-
ing to a reduction in their magnetic hysteresis. These particles
are known as superparamagnetic and they exhibit a revers-
ible magnetisation curve [14]. The thermal energy is propor-
tional to the temperature, and the energy barrier is proportional
to the particle volume, resulting in larger particles becoming
superparamagnetic at higher temperatures [15]. This would
result in an increase in the reversible fraction of material in the
sample.

3.2. Determining LangArc parameters from minor hysteresis
loops

Figure 3 shows that the LangArc model parameters can be dir-
ectly recovered from major hysteresis loop data. This section
demonstrates that this is not necessarily the case for the minor
hysteresis loops due to an increase in the number of degrees of
freedom at lower applied field strengths. The LangArc model
is a five-parameter model and there are five key features of the
hysteresis loop that constrain the model: the maximum mag-
netisation, M̂, which is the number and strength of magnetic
dipoles aligned with the magnetic field and approaches the
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a) 

Figure 2. (a) Forward magnetisation curve for the major hysteresis
loop of sample Magn97-VSM at 250 ◦C. Data fit to arctangent,
LineArc and LangArc models. The arctangent-only model is
represented by equation (14). The linear term in the LineArc model
improves the data fit in the central part of the hysteresis curve but
sacrifices accuracy at high field strengths. The LangArc model is an
excellent fit to full major hysteresis loop. (b) Susceptibility fit for the
same data. The VSM measurement gives a relative magnetisation
due to a lack of information about the volume fraction of material
within the sample. The model parameters can be found in figure 3.

saturation magnetisation as the applied field strength
increases; the major loop magnetic remanence, Mr, which
is the irreversible component of magnetisation at zero applied
field; the coercivity, Hc, which represents a balanced state in
which the applied field strength is such that the reversible and
irreversible components of magnetisation cancel to zero mag-
netisation in the sample; the initial susceptibility, χ0, which
is related to the particle shape and surface magnetic energy
(conventionally indicated by the demagnetisation factor); and
the total hysteresis loop power, as the integral of the hyster-
esis loop area. Assuming that the LangArc model represents a
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Figure 3. LangArc model parameters (equation (7)) as a function of temperature determined by regressing the major hysteresis loops of
sample Magn97-VSM against the LangArc model, with the maximum magnetisation fitted against equation (25): (a) applied field strength
at peak susceptibility, Hp, and reversible and irreversible width at half-height parameters, wrev and wirr; (b) reversible magnetisation fraction
(εr) and relative saturation magnetisation. This shows that the peak susceptibility, width at half-height and saturation magnetisation fraction
all decrease with temperature, and the reversible fraction increases with temperature.

fundamental fit to both minor and major hysteresis loops, the
five LangArc model parameters can be related to these five
fundamental properties of the major hysteresis loop, and the
model is fully constrained.

The Maclaurin series for the LangArc model is given in
equation (26). The LangArc model approximates the Rayleigh
law of magnetisation at low field strength (equations (8)–(10))
under the criteria that Ĥ< wrev, and either Ĥ< wirr or Ĥ< Hp

M
Ms

=

[
c2 +

2(1− εr)

π
atan

(
2Hp

wirr

)]
+

[
2εr
3wrev

+
4(1− εr)wirr

π
(
4H2

p +w2
irr

)]H
+

[
8(1− εr)Hpwirr

π
(
4H2

p +w2
irr

)2
]
H2 +O

(
H3

)
. (26)

The Rayleigh law can be described by two parameters,
χr and ν (equation (8)), meaning that data regressed to the
LangArc model in the Rayleigh region has three degrees of
freedom and the five LangArc parameters cannot be determ-
ined by data fitted to minor hysteresis loops. Additional rela-
tionships are used to mitigate this during data fitting to minor
hysteresis loop data for sample Magn97-PUC. The saturation
magnetisation at zero kelvin, Ms0, was allowed to vary dur-
ing the regression, with the saturation magnetisation at the
measured temperature following equation (25). During initial
data fitting to the minor loop data for bulk magnetite powder,
Magn97-PUC, the reversible fraction, εr, was approximately
linear and equal to one at the Curie point. This linear fit rela-
tionship was arbitrarily fixed during the data regression, with
the slope of the line through the Curie point allowed to vary.
It is good practice to fit a model on one set of data and test
the predictive power of the fit on a separate dataset, otherwise
the model simply reproduces the original data. The authors
fitted the model on data collected at applied field strengths

of 12.6 kA·m−1 and 18.2 kA·m−1. The determined model fit
parameters are shown in figure 4.

The saturation magnetisation at zero kelvin, Ms0, is pre-
dicted as 287.3 kA·m−1 from the model fit to minor loop hys-
teresis data forMagn97-PUC. The resultingmodel was used to
predict data collected at applied field strengths of 14.4 kA·m−1

and 16.5 kA·m−1. The raw data and model results are shown
in figure 5 and standard errors associated with the model pre-
dictions are shown in table 1.

The fitted model parameters in sample Magn97-PUC fol-
low a clear trend above 265 ◦C, which is the transition away
from the Rayleigh regime for an applied field of 18.2 kA·m−1

(figure 4) [6]. The shape of the curves below this temperature
illustrate the difficulty in separating the five LangArc para-
meters in the Rayleigh region which is completely described
by two parameters. Nevertheless, the constraints placed on
the saturation magnetisation and reversible fraction and the
regression of the remaining three parameters results in an
excellent fit to the minor loop hysteresis parameters (figure 5).

3.3. Using the LangArc model to infer temperature

Having a tuned LangArc model that accurately predicts fea-
tures of the hysteresis loop allows the temperature of the
sample to be inferred. The temperature prediction from was
performed as follows: the temperature was set as an independ-
ent variable and the model parameters were determined; the
minor loop coercivity, remanence, maximum magnetisation
and power were calculated from the model parameters and the
required applied field strength, and these were compared to the
measured values of minor loop parameters and the temperat-
ure was determined from the value which gave the minimum
the sum of least squares error in the coercivity, remanence,
maximum magnetisation and power. The relative error in each
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Figure 4. LangArc model fitted parameters trained against data at 12.7 kA·m−1and 18.2 kA·m−1for sample Magn97-PUC at a frequency of
approximately 260 kHz. The vertical dashed line at 265 ◦C represents the transition from ellipsoidal hysteresis loops that can be described
by Rayleigh’s law to sigmoidal loops at an applied field strength of 18.2 kA·m−1 [6]: (a) the reversible volume fraction has been fixed as a
linear function passing through one at the Curie temperature, 585 ◦C for magnetite and the saturation magnetisation as a function of
temperature has been fitted to equation (25). Resulting in a predicted saturation magnetisation at 0 K of 287.3 kA·m−1; (b) the data
regressed reversible and irreversible width at half-height, wrev and wirr, and applied field at peak susceptibility, Hp.

Table 1. Standard error between the LangArc model parameters fitted against Magn97-PUC minor loop data at 12.7 kA·m−1 and
18.2 kA·m−1, and the measured experimental data at 12.7, 14.4, 16.5 and 18.2 kA·m−1.

Parameter
Minor loop
coercivity

Minor loop
remanence

Maximum
magnetisation

Hysteresis
loop power

Predicted
temperature

Standard error 40 A·m−1 58 A·m−1 437 A·m−1 2.3 W·m−3·Hz−1 9.4 ◦C

value was used, to ensure an equal weighting between each
parameter in the least squares method. Defining each para-
meter (minor loop coercivity, remanence, maximum magnet-
isation and power) as ki:

ki = f
(
T, Ĥ

)
i

(27)

Error=
∑(

kpredictedi

kmeasured
i

− 1

)2

. (28)

The dataset for the minor hysteresis loops collected for
sample Magn97-PUC were collected using a pulse heating
method, in which the field was turned on and the instantaneous
magnetic field measured. The field was then turned off and
allowed to cool back to the target temperature to remove any
rise in temperature due to induction heating of the sample. The
sample and measured temperature converge in a pulse heat-
ing method when the rise in temperature is small [16]. The
predicted and measured temperature for this data is given in
figure 6. This data were not used to tune the LangArc model,
and there is a good correlation between the measured and
model predicted temperatures.

Figure 6 demonstrates that the LangArc model can be used
to successfully infer the temperature of a magnetic sample
based on a pulse heating method, which has been used to
ensure that the sample and the thermocouple are at the same
temperature. Magnetic induction is a very effective method of

heating. Under a continuous applied field it can give rise to
very rapid heating of the sample, whereas the thermocouple
will be subject to thermal lag [3], leading to a difference in
the temperature between the sample and the thermocouple.
Figure 7 shows the measured and LangArc inferred temper-
ature under the continuous heating of sample Magn97-PUC at
18.2 kA·m−1 and approximately 260 kHz, based on unpub-
lished data from Noble et al [6].

The difference between the temperature inferred from the
pulse-heating validated LangArc model and the type-E ther-
mocouple peaks at approximately 180 ◦C. The ability to accur-
ately measure the temperature during rapid heating justifies
the development of this new tool. It will be of particular use in
preventing a significant overshoot past the target reaction tem-
perature during the rapid start-up of induction heated reactors,
where excess reactor temperatures can lead to unwanted side
reactions, loss of selectivity, thermal degradation of products
and coking reactions that foul the this is reaction sites.

4. Discussion

Figure 6 indicates that a multi-variable regression against hys-
teresis loop parameters, using a model such as the Langevin-
arctangent model, is reasonably accurate in determining the
sample temperature, with a standard error of 9.4 ◦C. The
application of the LangArcmodel overcomes the issues around
multiple values of temperature for a give value of power and

8



J. Phys. D: Appl. Phys. 56 (2023) 495003 J P P Noble et al

Figure 5. LangArc model tuning data set at 12.7 kA·m−1 and 18.2 kA·m−1 (dashed lines), and model predicted data at 14.4 kA·m−1 and
16.5 kA·m−1 (solid lines) for minor hysteresis loops of sample Magn97-PUC. A good fit is shown when the model is compared to the
measured data (points) for: (a) minor loop coercivity (r2: 0.977); (b) minor loop remanence (r2: 0.979); (c) maximum magnetisation
(r2: 0.986); and (d) hysteresis loop power (r2: 0.988).

improves the temperature resolution around the peak values
of hysteresis loop parameters. This approach is successful in
the magnetite example provided. We note that the minor loop
remanence and power both have flat peaks in the same tem-
perature region (figure 5). These hysteresis loop parameters
are solely related to the irreversible magnetisation terms: the
irreversible fraction contribution to saturation magnetisation
Ms(1-εr), the irreversible width at half height of the susceptib-
ility function, wirr, and the major loop applied field at peak
coercivity, Hp. The implication is that the maximum mag-
netisation and minor loop coercivity terms are essential in
improving the accuracy of the temperature prediction around
the peak values in remanence and power. The maximum mag-
netisation and minor loop coercivity contain additional terms
related to the reversible magnetisation function, implying that
the reversible magnetisation effects need to be adequately
represented as part of a temperature inference model. The
developments made in transforming the LineArc model to the

LangArc model allow for improvements to the reversible mag-
netisation function that are based in magnetic theory rather
than simply empirical.

The saturation magnetisation at zero Kelvin, Ms0, pre-
dicted by the model fit to Magn97-PUC data is 287 kA·m−1,
compared to a value of 485 kA·m−1for bulk multi-domain
magnetite [17]. Surface effects are known to play a role in
the saturation magnetisation, as discontinuities in the regu-
lar crystal structure of a magnetic material at its surface can
lead to a reduction in the number of electrons that contribute
to the particle’s dipole moment. As particle sizes get smaller,
the relative surface area per unit volume increases, enhancing
this effect for small particle sizes. This reduction in satura-
tion magnetisation has been reported to occur below 200 nm
in magnetite [18], and hence is likely to be of relevance to
Magn-97-PUC, which has a mean particle size of 97 nm. The
sample also appears to have a large reversible fraction, espe-
cially as the temperature increases towards the Curie point.
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Figure 6. The measured temperature and predicted temperature using the LangArc model parameters fitted in figure 4 for pulse heating of
magnetite powder sample Magn97-PUC at applied field strengths of 14.4 kA·m−1 (left) and 16.5 kA·m−1 (right). The standard error in the
predicted temperature is 9.4 ◦C; both fits have an r2 value of 0.994.

Figure 7. The continuous heating curve for magnetite sample
Magn97-PUC induction heated from room temperature at
18.2 kA·m−1 and approximately 260 kHz, showing the measured
reading on the type-E thermocouple and the inferred temperature
from the tuned LangArc model. The thermocouple is subject to lag,
whereas the magnetic field measurements are directly related to the
temperature of the magnetic material. The LangArc minimum
temperature is 100 ◦C due to the limit in the steady state data used
to fit the model. The difference between the measured temperature
and inferred temperature peaks at 180 ◦C.

The model has been tuned and tested at a frequency of approx-
imately 260 kHz andmay need further fitting to infer temperat-
ure at different frequencies due to the possibility of rate-based
superparamagnetic resonance within the sample.

This paper develops a proof-of-concept in which a mag-
netic field measurement can be used to infer the average tem-
perature of a cross section of a heated bed or could be used

to build a small ‘magnetic field’-based temperature instru-
ment for measuring a local temperature at a point within a
bed. Localised measurement is of particular relevance to lar-
ger scale susceptor beds, as the voltage (EMF, ϵ) induced in a
magnetic pick-up coil is proportional to the area of the coil in
accordance with Lenz’ law (equation (29). This can result in
very large voltages for larger radius coils as follows:

ϵ=−Nµ0a
dH
dt

(29)

H= Ĥ · sin(2π ft) (30)

ϵ̂= 2π fNµ0Ĥa. (31)

For a single turn pick-up coil placed in a sinusoidal field
with peak applied field strength, Ĥ, of 10 kA m −1 and fre-
quency, f, of 25 kHz, a coil with a 1 cm radius experiences a
peak induced voltage of 0.6 V, whereas a 50 cm radius coil
experiences an induced voltage of 1550 V. High voltages can
be problematic for a number of reasons. They require wires
with greater electrical insulation around the outside to prevent
electric shocks and sparks, which could cause an ignition haz-
ard when used in a chemical process with flammable mater-
ial present. It is therefore likely that there is a practical upper
limit to the size of a pick-up coil used for magnetometry in an
induction heated bed.

The authors acknowledge that the data presented in this
paper are limited to a single magnetic material, magnetite. An
arctangent-only model has previously been used to approx-
imate the major hysteresis loops of magnetite, hematite and
goethite [19, 20], and the LineArc model has been shown to
approximate hysteresis loops for magnetite and maghemite
[6]. These materials cover both ferro- and ferri-magnetic
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materials with inverse spinel, orthorhombic and rhombohed-
ral crystal lattice structures, implying that the LangArc model
could be widely applicable across a range of soft magnetic
materials, particularly those with a significant paramagnetic
fraction. This paper also presents an approach for modelling
families of hysteresis loops using a number of different sig-
moidal functions. It is proposed that a linear superposition of
a number of sigmoidal curves should provide sufficient flex-
ibility for this approach to be generalised to a wide range of
hysteretic magnetic materials.

5. Conclusions

This paper outlines the key features that are required from
a magnetic hysteresis model that is practically applicable in
induction heated chemical reactors. The LineArc model has
previously been successfully applied to the minor hysteresis
loops of magnetite and maghemite but cannot sufficiently rep-
licate the major hysteresis loop due to the presence of a linear
term. It has been developed into the LangArc model by repla-
cing the linear term with a Langevin function to represent a
paramagnetic fraction within the sample. The LangArc model
fits the major hysteresis loop data of magnetite powder dis-
persed in epoxy cement from 150 ◦C to 550 ◦C. The LangArc
model supersedes the LineArcmodel and is shown to reduce to
the LineArc model at low applied field strengths. In addition,
it has been shown that the LangArc parameters are related to
the major loop properties, such as coercivity and remanence.

The LangArc model has been fitted to minor loop data for
bulk magnetite powder across an applied field strength range
of 12.7–18.2 kA·m−1 and is able to accurately reproduce the
shape parameters of these hysteresis loops with a minimum
r2 value of 0.977. The LangArc parameters are over-specified
in the Rayleigh region and a theoretical basis is provided to
explain this phenomenon. In the pulse heating experiments,
which are used to ensure that the thermocouple and sample
are at the same temperature, the fitted LangArc model can
be used to infer the temperature of the magnetite sample and
compares favourably to the measured temperature with an r2

value of 0.994 and standard error of 9.4 ◦C. The use of a
multi-parameter hysteresis loop fit therefore allows for the
magnetic measurements to be resolved into a single, unique
temperature point. The LangArc model provides better mod-
elling of the reversible magnetisation term than the LineArc
model, improving the prediction of the minor loop coercivity
and maximum magnetisation and providing better temperat-
ure resolution around the peak power conditions. Applying the
LangArcmethod to a continuous heating profile shows that the
sample temperature may be 180 ◦C hotter than measured due
to thermocouple thermal lag. The magnetically inferred tem-
perature technique is therefore a useful addition to the toolkit
of induction heating instrumentation as it allows for accurate
temperature measurements during rapid transient heating.

In an ideal model, data would be fitted to major hyster-
esis loops at the desired operating frequency to determine the

LangArc model parameters. These would be used to repro-
duce the minor hysteresis loop shape and properties. Due to
the differences between the VSM sample (dispersed in epoxy
cement) and the in-situ magnetometry (loose powder), a dir-
ect comparison is not possible. Further investigation across
a wider range of magnetic materials and field strengths will
allow insight into whether the LangArc model is intrinsic-
ally related to the underlying magnetisation mechanisms or is
simply a convenient fit to the minor loop data. Regardless, the
work in this paper demonstrates that it is an important step
forwards in measuring power and temperature in induction-
heated chemical reactors.
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