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Analytic Approach for Impact Time Guidance with Look Angle Constraint

Using Exact Time-to-Go Solution

Seokwon Lee !, Jinrae Kim 2, Youdan Kim?, and Namhoon Cho*

ABSTRACT

This paper proposes an analytic approach for impact-control guidance laws against stationary
targets using biased proportional navigation. The proposed guidance scheme realizes the impact
time control in two different ways: the first approach directly uses the exact time-to-go error to
satisfy both the impact-time-control and the field-of-view constraint, while the second approach
adopts a look angle tracking law to indirectly control the impact time, with the reference profile
of the look angle generated using the exact time-to-go solution. The stability properties of the
proposed guidance laws are discussed, and numerical simulations are carried out to evaluate their

performance in terms of accuracy and efficiency.

1 INTRODUCTION

Impact time control (ITC) has been a subject of interest in guidance systems for decades.
ITC involves completion of the engagement at a specific time, and its importance was initially
recognized in anti-ship missile systems for enhancing attack effectiveness and survivability through

time-coordination strategies such as salvo attack and sequential strike (Jeon et al. 2010; Zhang et al.
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2020; Tahk et al. 2018; Li and Ding 2018). Moreover, the concept of ITC has been extended to
simultaneously consideration of the impact angle (Lee et al. 2007; Harl and Balakrishnan 2012;
Kim et al. 2013; Harrison 2012; Livermore and Shima 2018; Hu et al. 2018) and seeker‘s field-
of-view (FOV) limit (Sang and Tahk 2009; Tekin et al. 2016; Zhang et al. 2014; Chen and Wang
2018; Kim and Kim 2019; Erer and Tekin 2016; Jeon and Lee 2017; Tekin et al. 2017a; Tekin et al.
2017b; Tekin and Erer 2020; Kim et al. 2020; Saleem and Ratnoo 2016; Wang et al. 2019; Tsalik
and Shima 2019; Lee et al. 2020; Dong et al. 2022; Kang et al. 2023a).

Recent research has considered the seeker’s field-of-view (FOV) limit in the design of ITC.
The FOV limit restricts the missile’s maneuverability to maintain its look angle within a predefined
FOV consistently. Studies on ITC with a look angle constraint can be broadly classified into two
categories. The first category involves directly handling the impact time error in terms of time-to-go
while ensuring the look angle constraint is met. Biased proportional navigation guidance (BPNG)
have been widely adopted to regulate the impact time error by means of ITC (Sang and Tahk 2009;
Tekin et al. 2016; Lee et al. 2020; Zhang et al. 2014; Kim et al. 2021; Cho and Lee 2021; He et al.
2020). Sang and Tahk (Sang and Tahk 2009) proposed a switching framework to cope with the
FOV constraint, while Tekin et al. (Tekin et al. 2016) analyzed the range of achievable time with
respect to the FOV constraint. Zhang et al. (Zhang et al. 2014) proposed an impact-time-control
guidance law using BPNG and an approximate model to generate the impact time error. He et
al. (He et al. 2020) designed the impact-time control guidance (ITCG) via optimal error feedback
formulation.

The second category involves designing the ITCG using an indirect controlled variable in
terms of look angle error, rather than time-to-go error. Two approaches have been employed in
this category: trajectory shaping guidance and reference-tracking type guidance (Jeon and Lee
2017; Tekin et al. 2017a; Tekin et al. 2017b; Tekin et al. 2018; Tekin and Erer 2020; Kim et al.
2020; Kim et al. 2021). In the trajectory shaping approach, the guidance law is designed by
shaping the trajectory to satisfy multiple constraints expressed as polynomials of variables such

as range and look angle. The terminal time and FOV constraints are satisfied by appropriately
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selecting the coeflicients of the polynomials, and the guidance command is generated to follow the
trajectory profile. In general, the trajectory shaping methods include online optimization process
to select the coefficients. For impact time control problem, total path length and FOV limit are
imposed as equality and inequality constraints, respectively. The parameter selection process is
then formulated as a parametric optimization problem, which may require additional computation.
In the reference-tracking type approach, a reference is designed to satisfy boundary conditions
such as impact time and look angle constraints. An error feedback routine is then incorporated to
control the variable and follow the reference. While these approaches offer advantages in shaping
the guidance trajectory while satisfying the constraints, they essentially follow an open-loop control
procedure and are sensitive to performance errors due to uncertainties.

In both approaches, accurate time-to-go information is crucial for achieving ITC and ensur-
ing precise timing coordination and control. The time-to-go information is used to measure the
remaining time and impact time error and is incorporated directly or indirectly in the ITC. How-
ever, obtaining the time-to-go information through nonlinear control schemes (Kim et al. 2015;
Kumar and Ghose 2015; Cho et al. 2016; Kim et al. 2019a; Hu et al. 2019) can be challenging, as
closed-loop kinematics must be solved exactly. Some research works modified the PNG by varying
the navigation gain, which leads to obtain solvable closed-loop kinematics and reduce computa-
tional burden (Dong et al. 2023; Kang et al. 2023b). On the other hand, ITC schemes based on
proportional navigation guidance (PNG) (Jeon et al. 2006; Cho and Kim 2016) have been found
useful in obtaining the time-to-go solution, as the guided trajectory can be obtained in closed form.
Nevertheless, the accuracy of existing methods for time-to-go calculation is limited by the use of
approximate solutions (Tahk et al. 2018; Ryoo et al. 2006; Dhananjay and Ghose 2014), which
can degrade performance in explicit time-to-go guidance laws. In both direct and indirect impact
time control approaches, guidance laws are often designed using linearized engagement kinematics
(Jeon et al. 2006) or approximate time-to-go forms (Zhang et al. 2014; He et al. 2020), leading to
unsatisfactory performance due to inaccuracies in the relationship between time-to-go and control

variables.
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This study presents an analytic approach to design guidance laws for ITC, where an exact
time-to-go solution is derived for precise impact time error. Motivated by the previous studies
(Cho and Kim 2016; Kim et al. 2021), the study designs BPNG laws that satisfy the look angle
constraint while maintaining PNG performance. A pure proportional navigation guidance (PPNG)
serves as a baseline guidance law, and the exact time-to-go solution is used to accurately track
ITC. The study introduces an additional bias input to compensate for the impact time error, and
various error variables can be chosen to design the bias command. The proposed guidance laws are
suitable for two ITCG approaches: explicit time-to-go error regulation and feedback law synthesis,
and control of impact time through the tracking of the reference look angle profile. Lyapunov
stability theory is used to investigate error convergence and positive invariance of the look angle
solution. The study also includes discussions on guidance law design guidelines, and similarities
and comparisons between the proposed guidance laws.

This study makes several contributions. Firstly, the proposed analytic approach utilizes exact
time-to-go solutions, resulting in more accurate impact time control compared to existing methods
that rely on approximate time-to-go formulas. The use of analytic solutions enables designers to
effectively analyze the guidance laws and significantly improve performance, particularly near the
interception moment. Secondly, the proposed methods are designed using the BPNG framework,
which preserves the benefits of the BPNG technique. The BPNG approach handles impact time
error and look angle constraints using a bias input, while the PNG is used for intercept capability
during the terminal phase. Both proposed guidance laws comply with the BPNG structure and
utilize its features. Thirdly, the proposed guidance laws generate continuous inputs, resulting in
more stable performance than the existing two-stage guidance laws (Sang and Tahk 2009; Lee
et al. 2020). Finally, comparative discussion provides insight into possible variations of the BPNG

design for ITCG.

2 PROBLEM FORMULATION AND PRELIMINARIES
In this section, the equations of motion for the missile and target are described in Sec. 2.1. The

guidance objective considered in this study is then described in Sec. 2.2.
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2.1 Equations of Motion
Consider the planar motion of a missile with respect to a stationary target as shown in Fig. 1.

The following assumptions are used throughout this study.

Assumption 1. The interceptor is considered as a lag-free vehicle maintaining a constant speed.

Assumption 2. The angle of attack is negligible.

The look angle is defined as

c=y-2 (1)

where 7y is the flight-path angle of the missile. A is the line-of-sight (LOS) angle, respectively.

Under Assumption 2, the engagement kinematics can be expressed in polar coordinates as

F=-V,coso (2a)
rd =-V,sinoc (2b)
. am
—m 2
rEy (20)

where r is the distance between the missile and the target. V), is the speed of the missile. a,,
represents the acceleration perpendicular to the velocity vector.
Using Eq. (2) in (1), we have

o =—"sino +— 3)

2.2 Problem Definition for impact-time-control

In this section, the problem considered in this study is described according to the design goals.
First, this study focuses on the guidance law for target interception at a desired impact time. For
instance, the interception must be performed with zero miss distance at the desired impact time.

The miss distance in terms of zero-effort-miss can be considered as

Z =rsino 4)
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The zero-effort-miss is nullified if o~ or r regulate before interception. Note that r strictly decreases
if the look angle satisfies

i =-Vycoso <0 for |o-|<g )]

Otherwise, the unbounded look angle response increases range and also diverges the guidance
command. Itis also desirable to regulate the acceleration command in the vicinity of the interception
considering the energy-minimization point of view. Note that LOS rate should be zero for stationary

target interception. To satisfy both requirements, the terminal condition of o can be expressed as

. Vi .
A=——sinc »>0asr -0 = oc—o0asr—0 (6)
r

Meanwhile, the look angle should remain consistently within the FOV. The look angle constraint

can be expressed as follows:
o(t) € Z = [~Olim, Tiim], Yt € [t0,1/] (7

where oiy, is bounded from above by 7/2. The look angle constraint can be achieved if X is a
positively invariant set and o (fp) € X (Khalil, H. K., and Grizzle 1996). Note that r decreases
with respect to time, i.e., Eq.(5), as long as the missile maintains its target inside the seeker’s
field-of-view for all time, as represented in Eq. (7). In summary, the impact-time-control problem

can be stated as follows:

1) (Terminal Condition) The range and the look angle at the impact time must be regulated,
i.e.,r > 0and o — 0.

2) (Positive Invariance of X, Eq. (7)) The set £ should be positively invariant. That is,
o(ty) €X=o(t) € X,Vtg <t < ty.

3) (Desired Impact Time) The impact-time error should be less than the allowed value, i.e.,

|tr —tq| < €, where t4 is a desired impact time.

3 ANALYTIC APPROACH FOR TIME-TO-GO SOLUTION
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This section outlines the exact solution of the time-to-go that will be used for designing ITCG
laws. The proposed guidance scheme employs the PPNG as the baseline guidance performance.
The fundamental characteristics of PPNG are briefly summarized in Section 3.1. Section 3.2
presents the derivation of the time-to-go solution, which is based on the closed-form solution of

PPNG.
3.1 Pure Proportional Navigation
The basic principle of the PNG is to steer the vehicle to form a stable collision geometry with

the guidance command that is proportional to the LOS rate. In this study, PPNG is considered as a

baseline guidance command. The PPNG command is given by (Zarchan 2012)

2

. v

where N is the navigation gain. Using the lateral acceleration generated by the PPNG, i.e.,
a, = appngG, the differential relations of the flight-path angle and look angle can be obtained to be

proportional to the LOS angle as

y=NA (9a)

c=y-1=(N-1)A (9b)

Using Egs. (2a), (2b) and (9b), o and A can be evolved with respect to r as

AN
sin o~ = sin oy (—) (10)
ro
j=-Ynoinoo (i)m an
ro ro

From Egs. (10) and (11), the permissible navigation constant satisfying the terminal condition can

be expressed as follows: (Shneydor 1998; Zarchan 2012)

1. o(ry=0)=0ifandonly if N > 1
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2. A(ry=0)=0ifand only if N > 2

3.2 Analytic Solution for Time-to-go
The analytic solution for the time-to-go of the PPNG was derived when the target is stationary

(Cho and Kim 2016) and is expressed as a function of N, V,,, r and o as

’
tgo.ppn(r, 0 N) = o= F (lo|:N) (12)
m
where ¥ (|o|; N) is defined as
2% (2 2(N1_ 1+ 2(N1 1),sm2 0) o < Z
F(lol;N) =
|51na-|1/N 127:1 (5 ) _Zﬁ (%9 2(1\]1_1); 1 + 2(1\,1_1);Sin2 O') g < |O'| <7
(13)
The function » % (% o Nl_l); 1+ 2(1\}_1) ; sin? O') can also be expressed as an infinite series:
1 1 . - (2n)! o
Fi ;sin? 0| = sin 0|2 14
a (2 ) ST ) (T) Z:;) (L4 (N = D)z S (14)

where , 7 (a, b; c; z) is a Gaussian hyper-geometric function (GHGF) defined as in (Gasper et al.
2004). Note that GHGEF is an even function with respect to 0. Because of its symmetricity, the

GHGF ¥ (|o|; N) satisfies
F(lo|;N)>1, V|o|e|0,n), and F(O,N) =1 (15)

For the derivation of the partial derivatives, the GHGF for ¢ = b+ 1 is given by (Cho and Kim

2016; Gasper et al. 2004; Kim et al. 2021)

9 ,b,b+1; b -
i — Z):g((l-z)“—m(a,b,bﬂ;@) (16




182

183

184

185

186

187

188

189

190

191

192

193

194

195

196

197

198

199

201

Using the above property, the partial derivative of ¥ can be obtained as

OF (lo|;N) _ |coto|
dlo| CN-1

(seco—F (lo|;N)), VYo e (0,n) (17)

Accordingly, the partial derivative of the time-to-go, ¢, ppy, given by (12) can be represented

as
6tgo,PPN _ 7:(|O'|,N) _ tgo,PPN (18)
or Vin r
Otgoppn 1 |coto| Vin 1 (fgo,.0PP = tgo,PPN)
T TN T - —t = ’ ’ 19
dlc| V, N—1 377 TleerPN =T tan | (19)

where 14, ppp represents the time-to-go of the deviated pure pursuit guidance law (Lee et al. 2020)

that can be represented as

r

g0.DPP = (20)

Since tgopPp — tgo,ppny > 0 for all o € X\{0}, the following properties hold for the partial

derivative.

>F(o;N), or l—-cosoF(o;N)>0 (21a)

cos o
ot :

goren OFUTEN) o vigl e (0, ) (21b)

olo| olo|

. Otgoppy 1 . OF(Jo|;N)

1 _8o.t N =—1 L LA A 0 21
e00 Bl Vom0 dlo] (21e)

where backlash operator \ indicates the relative complement between sets defined by A\B = {x|x €

A,x ¢ B} Later, the above properties will be utilized in the ITCG design.

Remark 1. (Approximate Solution of PPNG Time-to-Go) The exact solution of 7, ppyG can be
expressed as an infinite series of sin® o, and it is possible to approximate the solution by taking the

first few terms of the series expansion. For example, expansion of the series up to the first order in
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sin® o~ gives an approximate expression for the time-to-go as

1 .2
r (2n)! . om T sin” o
t rox X— =— |1+ —/———F— 22
goapprox Xy, - 20 s N~ yane el =\ san o (22)
Under small angle assumption, sin o = o, it can be further approximated as

2
r ag

tgo.approx,small ¥ T~ I+ PUSEEAN 23

goapprox.small Vm( 2(2N—1)) (23

Approximate expressions for the time-to-go were used to design guidance laws for the impact-time-

control in Refs. (Zhang et al. 2014; He et al. 2020).

Remark 2. (Implementation of the GHGF) The implementation of the exact time-to-go requires
calculating the GHGF or the incomplete beta function. Several methods have been developed to
ensure efficient and accurate computation, including: i) solving the related differential equation, ii)
reading from a table, and iii) using hybrid calculation methods based on the range of input (Pearson
2009). These methods have already been incorporated into numerous software packages designed
for implementing special functions (Lozier 2003).

The effectiveness of implementation method was discussed with comparison of time-to-go
computation methods (Cho and Kim 2016). It can be observed that the evaluation of the partial sum
approximation is slow, and the results are inaccurate. In contrast, the calculation of time-to-go using
GHGEF or the incomplete beta function show good accuracy without sacrificing computational time.
This is because computing a function is faster and more advantageous than iteratively summing a

series.

4 PROPOSED GUIDANCE LAWS
This section presents ITCG laws to achieve interception at the desired impact time while
preserving the characteristics of PPNG. The guidance laws follow BPNG structure consisting of

the PPNG as the baseline guidance and the bias input for the regulation of impact time error. The

10
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guidance command can be represented as

2

m .
A, = appN + Apigs = —NT SIN O + Apigs (24)

where ayp;,s 1s the biased term to be designed. Substitution of Eq. (24) into Eq. (3) yields the

differential equation of o as

Apias

Vin .
d:—(N—l)Ts1n0'+ (25)

m

Note that it is possible to design a;,s in various ways for the impact-time-control. In this study,
two approaches for bias input design are proposed based on the exact time-to-go of the baseline
trajectory. In Sec. 4.1, a time-to-go error feedback law is designed using the exact time-to-go
solution of the PPNG. In Sec. 4.2, a look-angle control guidance law is proposed for impact-time-
control considering the look angle constraint. The characteristics of the proposed guidance laws

are discussed in Sec. 4.3.

4.1 Guidance Law 1: Direct impact-time-control Based on Exact Time-to-Go
In this section, an ITCG law is designed using the explicit feedback of impact time error. Let
us define the time-to-go error as

d
€r = th,PPN - tgo (26)

where tgo = tq — t is the desired time-to-go.

The desired time-to-go should be chosen within the feasible region, otherwise the guidance
objectives cannot be achieved simultaneously. Considering the physical constraints, one may select
the feasible region I" € (ﬁ, Vmchnm) for the desired time-to-go (Lee et al. 2020).

First, let us design the bias input for stabilizing the error variable defined in Eq. (26). For this,

taking the time derivative of e; along the closed-loop trajectory by the guidance command, Eq.

11
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(24), and substituting Eqgs. (2), (18)-(20), and (25), into the resulting equation yields

Otgo.pPN . Otgo.pPN

t 0 1 t 0 —t o V . I
_ 80.PPN (=Vipcoso) +1+ g0.DPP = "go0.PPN —(N - 1)—m sino + bias sgn(o)
r N-1 tan |o| r Vin
3 1 Igo.DPP — tgo,PPNa _
(N -1)V, tan o bias
= Bt(o-)abias
(27)
where sgn(x) is defined as
1 x>0
sgn(x)=7 0 x=0 (28)
-1 x<0

The error dynamics of Eq. (27) are linear in ap;,s. According to Eqgs. (19) and (21), if the absolute

value of the look angle is bounded as |o-| > o > 0, then By is also bounded as

1 Otgo.PPN
1B:(0)] = - e >0 (29)

The bias input should be properly designed to stabilize the error dynamics while satisfying the

look angle constraint. For this, let us propose the bias input ap;s as

v led] "
thias = —(N = )22 sin o (sgn(0r) £ (o) sgn(er) ( ) (30)
. e ()]

where 0 < @ < 1 is a positive parameter introduced for finite-time convergence.
Note that @ = 1 represents the linear error feedback with state-dependent varying gain and
f (o) is a smooth shaping function satisfying the following conditions (Kim et al. 2019b; Kim et al.

2021)

flo)>1 if ocekX a0

flo)=1 if o ==x0yn

12
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The shaping function is required for preserving the positive invariance of the set . One may
choose the shaping function from various functions satisfying the boundary conditions. The error
dynamics associated with the bias input a1 can be expressed by using Eq. (30) in Eq. (27) as

1 tg0,.DPP — lgo,PPN
(N-1)V, tan o

l o e/ ¢
;mf(o')sgn(ez) (|€t(0)|) (32)

1 le;] ¢
|3 r(senten o)

é: = Bi(0)apias,1 = Abias,1

) Igo.pPP — Lgo,PPN

= —Vm S1N Oim & &
tan o

go,DPP — lgo,PPN

| tan o |

= —Vm sin Olim (

For stability analysis, let us consider the following Lyapunov candidate function.

1
V1 = Eelz (33)

The time derivative of V| along the error dynamics given by Eq. (32) can be obtained substituting

Eq. (19) as ]
. . ) teo,.pPP —tgo.pPN\ f(07) |e]' ™
Vi =ée; = -V, i [
. dtgorpn ) f(0) (2V1)'F"
=—(N-1)V, im | — <
W=1) ’"S‘“"hm( 310 ) e OF

Note that N > 2. According to Eq. (21), V; monotonically decreases as long as o # 0. To
demonstrate the finite-time convergence of the error ¢;, the Lyapunov function is further expanded

by using Egs. (2), (9), (12), (17) (19), (20) and (30) into Eq. (34) as

. Otgo. Vv, V)"
Vi = (N = 1) sin o gPPN) coso flo) @)

( illed r  coso |e;(0)]?
( Igo0, PPN) F (o) 2V

= (N - 1) SinO'h

1 Olo| | rcoso |e;(0)]|® (35)
273" SiIlO'hmVT“ (tgo ,DPP — g0, PPN) _ 25" SinO’limVT“ seca — F (|lo|;N)
le:(0)] ! | tan o| r Vmle(0)]® | tan o
255N - 1) smo-hmVH" (07’(|0‘| N)) ;
Vinle:(0)]® ! dlo|

It is desired to regulate the time-to-go error before (r, o) — (0,0) to recover the performance of

13



274

275

276

277

278

279

280

281

282

283

284

286

287

288

289

290

291

the baseline guidance. Let r; > 0O be a required distance at which the time-to-go error vanishes,
and o7 is the corresponding look angle. The stability of the time-to-go error dynamics leads to

o€ lo,0] c 2/{0} and %L < Z—Z. Equation (35) can be rewritten as

dv

; L < Cdr (36)
(55%)
v, ?
215 (N-1) sinom a7
—1) sin ojjm,
where Cl = W B0 o
Integrating both sides of Eq. (36) gives
2 l=a o

Td CA NSRRI e N (37)

Considering the boundary condition V;(r1) = 0, the settling distance r; is bounded from below as

described by

2
Ci(1-a)

Vin
: oF
(N -1) (1 - ) sin ojjm 3—U|

1-a
F1 = Fimin =70 — Vi(0)2 =1

e+ (0)] (38)

T

From Eq. (38), smaller a and |e,(0)| result in larger 7| min, contributing to faster time-to-go error
convergence.
Considering the seeker’s FOV limit, the proposed guidance law should ensure the positive

invariance of X. To investigate this property, let us rewrite the o-dynamics as

V, a
o= —(N = )2 [sin o + sin oym f (07)— sgn(e,) ( e ) ) (39)
r |or] |e:(0)]
Consider the storage function V- defined as
| )
Ve (o) = 3 (sino) (40)

Note that the set M = {O'(l) Vo(lo(®)]) € Vo(oiim), Vte [to,tf]} isequivalentto . Therefore,

14



292

294

295

296

297

299

300

301

302

303

304

305

306

307

308

309

310

311

312

313

314

using the Lyapunov stability theory, the positively invariant set £ can be proved by showing that
the M is a positively invariant level set. By differentiating Eq. (40) with respect to time, and using
Eq. (39) in the resulting equation, we obtain the time derivative of the storage function evaluated

at the boundary as

. V a
Vo (£01im) = —(N — 1) =2 08 Gjim 8in* otim | 1 + £ (0im) sgn(e;) ( e ) ) <0 (41)
r e

Note that the terms inside the bracket of Eq. (41) is greater than zero because of the boundary

condition of f(oyim) = 1. Therefore, M is a positively invariant set, and so is X.

4.2 Guidance Law 2: Indirect impact-time-control via Look-Angle Control

This section presents an indirect approach to design an ITCG by controlling the look angle
(Kim et al. 2021). Suppose that the desired impact time is achieved by the baseline guidance law,
1.e., PPNG. Then, the desired look angle associated with the desired impact time can be determined
by

d

-
tgoztgo,PPN (r,|0'd|;N)=V—7:(|0'd|§N) (42)

There exists a one-to-one correspondence between || and 4, ppy, and therefore the desired

value |o;| can be obtained by the inverse mapping of Eq. (42) as
1 (Vm
loal = F (Ttgo,PPN;N) (43)

Note that the inverse mapping cannot be analytically obtained because the inverse of the GHGF
F (|o|; N) is not available. Since ¥ (|o|; N) is monotonically increasing on the interval |o| €
[0, 0lim ], |04| can be easily obtained by numerical methods developed for line search or root finding.
To resolve the sign ambiguity of o, o; can be determined using the current sign of the current look
angle as follows:

oq = |oglsgn(o) (44)

The desired look angle o, varies with elapsed time. The time derivative can be obtained by
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differentiating Eq. (42) with respect to time and using Eqgs. (2), (17)-(19) in the resulting equation

as

_ Otgoppn .  Olgo PPN tgo,PPN

cotoy
rF+ -V, coso) +
or 0loy| (=Vn )

-1 —7a
N -1

(tg(),DPP - lgo,PPN) é-d

(45)

Tasgn(og) =

where t,, ppy and g, ppp in Eq. (45) are the values obtained from the desired look angle 0.

Using Egs. (12) and (19), Eq. (45) can be rewritten with respect to ¢, as

% t
04 = —(N - 1)_m (L — COS T Igo,PPN anTd
r \Vm te0,.DPP — tgo PPN (46)
V, 1- :N) .
—(N-1)Lm cosoF (o4;N) in oy

r 1 —cosoyF (oy4;N)

where ¥ (o4; N) can be calculated from Eq. (13).

Note that there is a symmetric relation between the time-to-go and the look angle, and the look
angle is within the symmetric bound, i.e., —0ji, < 0 < ojim. Without a loss of generality, let us
consider the positive look angle case o > 0 and o; > 0.

For guidance law design, let us define the error variable e, for the impact-time-control as

o =0 — 0y @7

Taking time derivative of Eq. (47) and using Egs. (25) and (46) in the resultant equation, the error

dynamics of e, can be obtained as

Vm . \% 1- ;N . ;
ée=—(N-1)Zsinoc+(N-1)-= cos ¥ (74; N) 51n0'd+M
r r 1 —cosoy¥ (o4;N) Vin (48)
R . 1
= (Fy (o,r) =04 (0,04,7)) + v bias
m
where
Vin .
Fo(o,r)=—(N-1)—sino (49)
r

Considering the guidance objectives stated in Sec. 2.2, the look angle o should remain in X for
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all time. For this, let us propose the bias input as

2

aniea = Vi (F0.7) =0 = (= D22 coser (kg ) sgnte) (L] s0)

where k£ > 0 is a design parameter, and f(o) is the shaping function defined as same as in Sec.
4.1.

The first term of ap;452 cancels out the nonlinear effect of the error dynamics, and the second
term is a feedback term to achieve the finite-time convergence of e as well as the positive invariance

of . The error dynamics of e, associated with the biased input can be expressed as

ér=—(N - 1)% cosokf(o)sgn(ey) ( e|eal )“ (51)

To verify the stability of the proposed guidance law, let us introduce the following Lyapunov
candidate function.
V, = e (52)

o

Differentiating Eq. (52) with respect to time, and substituting Eq. (50) into the resulting equation

yields the time derivative of V; along the error dynamics of e, as

Vi COS O leq |1

/o = —(N — 53
Vo= (N = )Rk f (o) s <0 (53)

Equation (53) shows that V5 is negative definite becomes N > 2 and f(o) > 1, and therefore the
equilibrium point e, = 0 is asymptotically stable.
Now, let us demonstrate the finite-time convergence of the error variable. Substituting Egs. (2),

(52), and the condition f(o) > 1 into Eq. (53) gives

l+a

V. 275

12 S(N—l)—2 Tk (54)
v les(0)|* r

2
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I\.)|

1
dV2 < C2k dr (55)

1

where C; = (N — 1)|e o

Integrating each side of Eq. (55) gives

2

— (Vz(r)"T“ - Vz(ro)%) < kCsln (i) (56)
- ro

Considering the boundary condition for the finite-time convergence, i.e., V»(r) = 0, r > ry, the

settling distance r> can be bounded from below as

-2 I-a
Fs2 2 F'2min := 70 €XP e Va(ro) 2
(1 - a’)k(N 1) e (0)|(r (57)
— roexp - les (0)]
0 (1—a)k(N 1)

During the maneuver, o should be kept consistently in 2. If the desired value is consistently
in the invariant set X, convergence of e, to zero along the dynamics of Eq. (51) automatically
ensures the positive invariance of X. Thatis, oy € XVt € [ty,ty] = 0 € L as o0 — o0y. Inthis
respect, let us consider the case that the desired look angle is initially set beyond the limited value,
i.e., 040 > O1im- Then, the time derivative of the look angle satisfies

1 —cosoF (og4;N)
1 —cosoyF (og;N)

V,
0q (O’,O'd,l")O':—(N—l)—m( )sinO'd0'<O
r
(58)
if cos™! ( ) < |o| < Tlim

F(0a;N)

Figure 2 shows the typical profiles of the desired look angle. If the initial look angle satisfies
op < cos”! (m) < 0iim < 040, the desired look angle increases with increasing look angle

to regulate the error. Then, the desired look angle reaches the maximum value at which the desired

value o7} and the instant look angle o* satisfy F (o ;; N) = . Then, the desired look angle

coso*

monotonically decreases, 0'; > 04. On the other hand, if the initial look angle and the desired
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value initially satisfy cos~! (m) < 09 < Ojim < 040, then the desired value monotonically
decreases from the initial phase. To ensure the error regulation while maintaining the look angle
constraint, the guidance gain k should be properly determined. From Eqgs. (45), (46) and (50), the

time derivative of o at the boundary can be expressed as

v er] \*
ey, = 0a— (N — I)Tm €OS Oimk f (01im) sgn(ey) ( 2 )

leq(0)]
—(N - 1)& ((1 — 08 Ofim¥F (o4; N)

) ‘ leo| ¢
[ cosou7 (0 N) ) sin oy + cos ayimk f (o) sgn(ey) (leg(0)|) )

(59)

Note that f(oim) = 1. For the storage function V,; defined in Eq. (40), V, at the boundary o = 0ip

can be obtained as

. . ) Vin .

Vo (Tlim) = €OS Tlim SN O4im | =g, = —(N — 1)7 COS Tjim SIN Tlim
1~ cos aim¥ (04 N) sin oy + coS Oimksgn(e) leo] )" @
1 —cos oy F (o4;N) d lim®387HCor lex(0)]

At the boundary o = oyin, the following inequalities hold

1 — cos oim¥ (oq; N) . 1 —cos o1im¥ (075: N)

I —cosoa¥ (0a;N) — l—cosoj;?'(a';;N)

1>

=A>0 (61a)

sin oy sin oy > Sin’ O (61b)

Using the above inequalities, the upper bound of the design parameter can be determined as

k < tan ojipmA (62)

Then, V,, is bounded above zero as

: Vi , k s\
VO-(O'hm) < —(N - 1)— CcoS J]imé Sll’l2 Olim 1+ —sgn(eg) |e | <0 (63)
r A tan ojim lec(0)]

In summary, the design parameter k£ should be bounded by 0 < k < tan oy A. The lower
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bound is made for error tracking, and the upper bound ensures that the look angle will not to exceed

the FOV limit while tracking the desired look angle, respectively.

Remark 3. (Prevention of singularity of biased command when z,, € (ﬁ, lgn,PpN)) The desired
time-to-go can be smaller than the predicted time-to-go for the PPNG. In that case, it should be
guaranteed that the lead angle profile does not maintain zero in a finite interval. One way to avoid
the singularity is to reset the navigation gain N depending on the desired impact time. If the impact
time is smaller than the PPNG for the current gain set, tgo < tgo,pPN, then N can be increased to
reduce the current 74, so that t4, ppn (Nyew) < tgo. Afterwards, the biased term will contribute to

elongating the flight path in order to achieve the desired impact time.

4.3 Discussions of Proposed Guidance Laws
Behaviors of Guidance Laws and Guidelines for Design Parameter Selection

In this section, let us discuss how the proposed guidance laws behave from the perspective of
BPNG. In the initial period of the terminal phase, two guidance components, appyg and apiqs
consistently steer the missile heading to enter a collision course for desired impact time. In this
period, the effect of the bias input is dominant in the guidance command. The time-to-go error
indicates the predicted intercept time error when the baseline guidance is only in action. The
correction of the impact time error implies that the initial condition is being adjusted to the proper
one to finish the PPNG at the desired impact time. Once the error dynamics are stabilized, then the
guidance command becomes equivalent to PPNG. The time-to-go is obtained based on the PPNG,
and therefore the error correction can be performed by complying with the performance of the
baseline guidance. As a whole, the stabilization of the error dynamics plays the most important
role in this framework. This study employs the finite-time convergent error dynamics that appear
in many pieces of literature on sliding mode control scheme (Shtessel et al. 2007; Levant 2001;
Zhang et al. 2014). Three kinds of design parameters contribute to stabilizing the error dynamics.

The properties of the parameters on the performance of the guidance laws are discussed as follows.

* (Exponent of the error, @) : « attributes to the nonlinear error feedback and leads to finite-
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time convergence of the error dynamics. The lower @ improves the convergent rate of
the error dynamics but rapidly drives the error to be regulated and causes a non-uniform
response when the error is close to zero. To prevent this issue, it is recommended to choose
«a carefully and properly.

(Shaping function, f(o)) : f(o) generally acts as the varying gain in terms of o that
shapes the trajectory, which also ensures that the look angle remains within the limit value.
Considering the boundary condition (31), one may choose an even and concave function
with different basis. For example, if the smooth "hat-shaped" function is considered, which
is mostly flat over the interval o= € (—01im + €, 01im — €) for a small constant € and changes
to 1 rapidly at o = +07iy, then the maneuver abruptly changes to keep look angle within
the limit value. As the extreme case, € — 0, the shaping function is made a discontinuous
form, and the response becomes similar to two-stage guidance approach (Sang and Tahk
2009; Tekin et al. 2017a; Lee et al. 2020). This maneuver may take advantages of the look
angle keeping and yield a large achievable impact time set (Tekin et al. 2017a; Lee et al.
2020) but also brings an abrupt guidance command.

(Proportional Feedback in the second approach, k) : k mainly amplifies the effect of the
error terms in the bias input. A large k increases the convergent rate of the error response,
but it should be bounded by Eq. (62) for the consideration of look angle limit. One possible

way to select k is to consider the linearized formulation as Eq. (68).

Comparison with Inaccurate Time-to-go
This section examines how the exact solution improves the impact time control compared to the
approximate one. Aforementioned in Remark 1, the impact time error e; can be expressed in terms

of the approximate solution as

d d
€; =1lgo,PPN — tgo =Tlgo,approx T A — tg() = €tapprox t A (64)
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where A; is the time-to-go between the exact solution and the approximate one. Note that A;
consists of higher-order terms expressed as r and o-, which vary with respect to time. For brevity,
it is assumed that |A;| < b; and |A;| < b, for small positive b; and b,. Suppose that guidance
laws based on the approximate time-to-go solution are properly designed so that the closed-loop
dynamics become Hurwitz as é; 4pprox = —Ki€:approx. Then, the true error dynamics e; can be
obtained as

€ = _Klet,approx + KA + At (65)

Therefore, the residual error A 2 KA, + A, prevents the error from converging to zero unless it is
suppressed. Note also that even the small impact time error induces the fast diverging response to
the LOS rate and causes large miss distance. On the other hand, the proposed guidance laws utilize
the exact time-to-go and fully account for the true impact time error. Therefore, the residual error

is compensated, which improves the impact time precision and decreases the miss distance.

Comparison Between Proposed Guidance Laws

The proposed guidance laws using both approaches comply with BPNG structure and exhibit
common characteristics discussed in Sec. 4.3. This section addresses the comparison between the
proposed guidance laws in regard to similarities and distinct properties. First, let us examine the
differences in the commands. The main differences between the guidance laws presented in Secs.
4.1 and 4.2 are as follows: i) controlled variables (e;, e,), and ii) design parameters (f (o), k). Let
us consider an approximate time-to-go under the small angle assumption, Eq. (23). Assuming that
04 1s obtained from the approximate solution, the impact time error can be approximated using the

Taylor series expansion as

r

o n 7 _ _r 1_,_‘7—2 A UM -
t ¥ lgo,PPN go,PPN — Vo 2(2N — 1) Vin 2(2N - 1) (66)

__ (2 2)
202N = 1)V, ((’ 9a
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The bias input ap;,s,1 in the guidance law 1, Eq. (30), for @ = 1 can be rewritten as

apiass =~ = DV [ gn(r) ()] (| t(o>|)
. 2 _ 42 (67)
~ —(N - 1)%% [sgn(o) f(o)] %
ro o5 = T30l

Considering Eq. (67), the design parameter k£ can be chosen to express the guidance law 2, Eq.

(50), in a form similar to the guidance law 1. The particular k can be chosen as

+
g4 T (tan ojim) A < tan ojim A (68)

k=sgn(oc) —
gn( )|f70+0'd0|7

Setting @ = 1, the bias input a;,s 2 in the guidance law 2 can be rewritten as

V2 Cos o o2 o2
Abias2 = ~Vin (FO'(O-a I’) - 0-d) - (N - 1) = sin O-Iimsgn(o') ( ) f( ) d
ro COS Tlim |0'O 0'd0| (69)

) cos o
=V (F(T(O-a I’) - O-d) + éabias,l
COS O1im

It can be observed from the approximated guidance laws that their similarities arise from the
feedback action. In the guidance law 2, ap;qs.2, the feedback part is roughly proportional to apigs.1,
but ap;4s2 also contains nonlinear cancellation terms, as shown in Eq. (69). The feedback action

is reduced as the look angle approaches the limited value.

cos o
as o — Olim (70)

——Alapiasa| * A
COS Tim

Meanwhile, one can also differentiate the proposed guidance laws using two approaches from
one another. In the first approach, the guidance law utilizes the impact time error based on exact
time-to-go. In this aspect, it can be regarded that the direct control of the impact time error is a more
intuitive way to deal with the impact time control. The guidance law could also be much robust
if the measurement error is involved in practice. On the other hand, in the second approach, the

reference profile can be modified for trajectory shaping in addition to selecting design parameters.
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As shown in Fig. 2, the look angle constraint can be incorporated into the design of the look angle

reference. The look angle reference o can be defined not to exceed the FOV limit as described by

o = sgn(oy) min (|oy|, Tiim) (71)

The guidance law considering the reference profile can be designed to regulate the look angle error

between o and o as

Apias,2a = —Vn (FO' (O-ra r) ‘10(60'7 O-)O-d) + K(r O-) (72)

le a(O)I

where K(r, o) > 0 is the positive gain function for a feedback action. In Eq. (72), ¢(e, o) is an
activation function defined as follows
1 if &4e, <0
pler,0) = (73)
0 if dues >0
Note that the desired look angle o is replaced by o, in Eq. (72). Through these processes,
the similarity between the reference tracking law and two-stage guidance laws (Lee et al. 2020)
can be shown. Assume that the look angle reference is generated considering the limit value
00 < 01im < 04. Then, the bias reference allows the look angle to follow the limit value. After the
look angle converges to the reference o, = +o7;, at the instant ¢1, the trajectory by the proposed
guidance law is equivalent to that presented in (Lee et al. 2020). After o converges to o, the

profile of o can be obtained as (Lee et al. 2020)

Olim> Fsw <7 <1

oB=9 (. N-1
sin”" | sin 0im (,L) , 0<r<rg,
sw

(74)
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where ry, is the transition range that can be calculated as

= (1 - 1)

Vi COS Olim

(75)

Fsw =V,
™ " sec ojim — F(Tims N)

The maintaining the limit value continues until o, changes to 0. After o, transition, the look
angle error is regulated. Then, the resultant guidance law is governed by the PPNG. In this fashion,
the second approach using the reference, ap;,s24, would produce wider set of the achievable impact
time than the first approach. In comparison to the two-stage guidance law (Lee et al. 2020), the
feedback action of the proposed method makes the guidance system more robust against the initial

heading error and model uncertainty.

5 NUMERICAL SIMULATION

Numerical simulations were conducted to evaluate the performance of the proposed guidance
laws in three different scenarios. In all simulation cases, the initial distance between the missile
and target was set to 10, 000 m, the missile speed was set to 300 m/s, and the initial look angle was
30°. The missile’s maximum acceleration was set to 300 m/sZ, and the FOV limit was set to 60°.
A navigation constant of N = 3 was chosen, and the simulation step size was set to 500 Hz. Other
parameters were scenario-dependent. The simulations were terminated when the relative distance

r between the missile and target was less than 0.3.

5.1 Scenario 1: Performance Effects of Design Parameters

In the first scenario, the bias input ap;,s, 1 1s considered among the three proposed guidance laws,
and the effect of the design parameters f (o) and a on the performance of the proposed guidance
law 1 is investigated. As discussed in Sec. 4.3, the shaping function f(o) and the exponent a will

affect the performance, and the following shaping functions are considered.

COS Tlim Jlim

b
filo) = (ﬂ)p (o) :1+a(1 - ( "T') ) (76)
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where (p, a, b) = (6,63,5) are chosen. Table 1 summarizes the simulation cases considered in this
scenario.

Figure 3 shows the simulation results of the first scenario. To achieve the desired impact time,
the missile steers to increase the look angle. As the look angle approaches the FOV limit, the
guidance law enables the look angle not to exceed the FOV limit. As shown in Fig. 3e, the smooth
and continuous response is observed in the guidance command while achieving the look angle
constraint and impact time, which is advantageous over multi-stage type guidance laws (Lee et al.
2020). The shaping function exerts substantial influences on the performance as it adjusts the
trend of the trajectory. In comparison to the case using fi, the look angle approaches closer to the
boundary and stays near the boundary for a longer period of time when f; is used. As shown in
Fig. 3d, the graph of the function f, is flat around the origin and changes sharply near the FOV
limit. The flattened shaping function creates a tendency for the look angle to be maintained near
the look angle boundary. Meanwhile, it is observed that a smaller a reduces regulation time as
shown in Fig. 3c. It can be concluded that the shaping function mainly affects the initial phase of
the flight while the exponent « influences the regulation time. It is also found that the performance
is sensitive to the change of @ when f; is used as the shaping function, which indicates that the

design parameters should be selected in pairs.

5.2 Scenario 2: Comparison with Guidance Laws Based on Approximate Time-to-Go

In the second scenario, the effect of the time-to-go accuracy on the ITCG is evaluated. The
missile is required to intercept the target at 7; = 55 seconds while maintaining the look angle within
the FOV limit, oy, = 60 deg. For comparison, guidance laws based on approximate time-to-go
is considered that are summarized in Table 2. To exclude the sources of trajectory variation other
than the time-to-go relation used in the comparative study, the guidance commands in Refs. (Zhang
et al. 2014) and (He et al. 2020) are modified so that the error dynamics follow the following form

that is similar to Eq. (32).

é:+ K,.sgn(e;) (%) =0 (77)
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Figure 4 shows the simulation results of the scenario 2. The missile is required to increase the
flight time to achieve the desired impact time, and therefore, the look angle increases until it reaches
the limit value. As shown in Figs. 4d- 4b, all guidance laws regulate the time-to-go error while
the look angle remained within the FOV. To satisfy the look angle constraint, each guidance law
exhibits slightly different behavior, which can be attributed to the different shaping functions. Note
that the proposed guidance law uses f] as the shaping function, Eq. (76), which is less flat. The
shaping function f; leads the look angle of the proposed guidance scheme to keep decreasing after it
reaches its maximum value as shown in Fig. 4b. The shaping function used in Ref. (He et al. 2020)
makes the look angle stay near the FOV for a longer period of time, which is advantageous for faster
convergence of the impact time error as compared to other schemes. After the time-to-go error
vanishes, the baseline guidance law, PPNG, allows the missile to complete the flight. However, it
is observed that the guidance commands using the approximated formulae become divergent near
the interception. It is clear that the approximate time-to-go cannot be perfectly compensated for
the effect of the approximation error due to the truncation and small angle assumption. Although
the time-to-go error defined with respect to an approximate expression for the time-to-go vanishes,
the actual time-to-go may still be nonzero, leading to potential instabilities near the end of the

engagement.

5.3 Scenario 3: Comparison Between Proposed Guidance Laws

In the last scenario, the performance of the proposed guidance laws are compared. In this
simulation, the missile autopilot dynamics is considered as a first-order lag system with a time
constant 7 = 0.1 s. Two different values are considered for the desired impact time, i.e., f; = 45
and 50 seconds. Table 4 summarizes the simulation cases for scenario 3. For a fair comparison,
design parameters for the guidance laws apiss2 and apiqes2, are chosen in accordance with Eq.
(68). For quantitative comparison of the proposed guidance laws, an average energy consumption

is considered as the performance index.
L[,
Jenergy = am(t)dt’ (78)
tf fo
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Figure 5 shows the simulation results for the scenario 3. The proposed guidance laws generate
smooth guidance commands to achieve the look angle constraint and impact time as shown in
Fig. Se. Despite the time-lag response induced by the autopilot, the proposed guidance laws show
satisfactory performance for the impact time and miss distance. The feedback routine based on
the exact time-to-go in the proposed guidance laws provide improved robust performance against
autopilot delay compared to the existing open-loop type methods. It is shown that the guidance
laws apiqs,1 and apiqs2 present similar responses as discussed in Sec. 4.3. Compared to the
guidance law 1, the missile using a;,s 2 maintains the look angle near the limit for a longer time,
because the feedback command for the look angle is reduced when approaching its limit value. It is
also observed that the reference modification in the second method, using ap;qs 2, shows different
response compared to two guidance laws. The look angle profile tracks the limit value until the
time-to-go error vanishes, and the guidance command shows a relatively abrupt transition after the
error regulation, which is similar to two-stage guidance laws (Lee et al. 2020). This behavior leads
to stable interception near collision and would produce much wider range of achievable impact
time. Table 4 summarizes the simulation results. The proposed guidance methods achieve precise
impact time and small miss distance. Relatively, the guidance law 1 shows accurate impact time
precision, and guidance law 2a is effective judged by overall performance measures Jepergy, miss

distance, and time-to-go error.

6 CONCLUSION

This study proposed new biased proportional navigation guidance laws via analytic approach for
impact-time-control under look angle constraints. The proposed guidance laws utilized the exact
time-to-go solution of the proportional navigation guidance to maintain the performance advantages
of the baseline guidance law near the end of engagement. The proposed guidance schemes
based on both direct and indirect control of the time-to-go error achieved satisfactory impact time
performance while also satisfying the look angle constraint. Furthermore, the proposed schemes
demonstrated higher accuracy in impact-time-control compared to existing methods that rely on

approximate time-to-go expressions. Overall, the proposed guidance laws provide a promising
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approach to achieve precise impact-time-control under look angle constraints, which can be further

extended to cooperative guidance problem of multiple missiles.
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TABLE 1. Simulation Cases of Scenario 1

Parameter Case 1-1 Case 1-2 Case 1-3 Case 1-4 Case 1-5 Case 1-6
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TABLE 2. Time-to-Go and Guidance Commands

Case  Time-to-Go Guidance Command Parameters
2-1 te0,PPN Eq. (30), with fi(o) in Eq. (76) a=08,p=38
_ _KC@N-DV? o le \* _ _
2-2 tgo,approx,small a= B — COS 200m sgn(e,) Te, (0] a = 08, K=38
12 5 a
23 teapprox @ =—KCNLVE (g (=) ) sgn(e) () @ =08.K=38
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TABLE 3. Summary of Simulation Results (Scenario 2)

Performance Measures Proposed  Ref. (Zhang et al. 2014) Ref. (He et al. 2020)
Zero-effort-miss (Z(ty), [m]) 0.219 - 1077 0.016 0.022
Impact Time (1, [s]) 55.000 55.1012 55.1352
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TABLE 4. Simulation Cases of Scenario 3 and Summary of Results
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mance Measures
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Time-to-Go Error
(1(t) - tal. [10-35]) 0.001 0.003 0.072 0.317 0.002 0.027
Jenergy [10°m?/s%] 0.712 0.812 0.599 0.647 0.732 0.693
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