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Abstract. Three approaches to solve a well-known IBVP posed for vibrating composite
string with piece-wise constant properties have been applied. The main issue of the stufy
is the number of the matching conditions to be imposed for the solution to the IBVP
to be obtained.
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1. Introduction and the problem formulation

The current study was inspired by a series of our previous publications [1-5]
dealing with an IBVP for the 1D degenerate wave equation. Interpreting the IBVP
as that of a vibrating ‘string’, driven by: a) initial disturbances of the shape and
velocity of ‘the string’, and b) known external controls imposed at both ends of
‘the string’, is convenient to discuss the IBVP formulation and approaches to solve
it. Since the degeneracy was related to the coefficient function of the wave equa-
tion vanishing in an interior point of the spatial segment, being interpreted as
the undisturbed position of ‘the string’, the point of degeneracy, in its turn, can
be interpreted as a hinge, where the known transmission conditions (continuity
of ‘the string’ and the transverse component of the longitudinal tension, usually
referred to as the flux) hold.

We studied different approaches to solve the IBVP for the 1D degenerate wave
equation based on separation of variables (SV). Some of them imply that we pose
and solve separately associated IBVPs for both regular parts of ‘the string’ and
then match the obtained solutions at the degeneracy point using the transmission
conditions. Physically this means that we: a) ‘cut’ (or, ‘break’) ‘the string’ at
the degeneracy point, b) observe vibrations of both parts of ‘the string’, and then
¢) match both parts again at any instant to restore ‘the entire string’ (or, in other
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words, ‘to repair’ it) by forcing some corrections to positions and inclinations
of both regular parts for the transmission conditions to hold. We found out
that these conditions, generally speaking, are not sufficient for matching (or, for
‘repairing’ the broken ‘degenerate string’), therefore some other conditions are
necessary to be applied. To clarify the situation, we have decided to transfer
our approaches to the entire regular string composed of two parts with different
elastic properties. Since the way to solve the IBVP of the vibrating composite
string is known, we expect that will have ideal opportunities for studying our
previous approaches and comparing them with those known for the composite
string.

Thus, we currently deal with the following well-known initial boundary value
problem (referred to below as the original IBVP, or the IBVPO for short) for
the 1D homogeneous wave-equation in closed space-time rectangle [0, 7] x [0, ]

Q[W(tvl')] :Oa (t7x) GGOa
oW (0,x) s«
— =W
ot ) : z€[0,],
W(0,2) = W(a) (1.1)
W (t,0) = x(t) }
) tel0,1],
W (t, 1) = xa(t)
where the second order differential operator
Pw 0 ow
Q) = TG - 2 (o T (1.2

is defined in GOZGI U GQ, Gl = (O,T] X (0,$0), G2 = (O,T] X (l’o,l), O<$O<l,
for functions W (t,z) € €3 (G,); the coefficient function is piece-wise constant

{01>0, z € [0,zg),

ey >0, x € (xg, 1],

c(x) = (1.3)

being defined non-uniquely at the jump discontinuity: ¢; < c(xy) < ¢y; the given

a) control x;(t), xo(t) €E[0, T] ) €2(0,T] and b) initial ﬁ/(m),W(aﬁ) € ¢10,1]

functions obey the compatibility conditions
x1(0) =W(0),  W(l)=x2(0),

X100 =W(0),  W(l)=x50).

Along the dividing segment [0, 7] x {x,} of subrectangles G, G the required
solution W (¢, x) to the IBVPO obeys the transmission conditions

W(t,zg—0)=W(t,zq+0),
F (t,xg —0) = F(t,xy +0),

(1.4)

telo,7], (1.5)
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the second condition being expressed in terms of the flux
oW (t, )

or
The only solution W(t,z) to the IBVPO is known can be interpreted as

the distributed over segment [0,[] displacements of a string, subject to known
external controls x; () and x4(t), imposed at both ends of the string as the Dirich-

F(t,z) = c(x) (1.6)

let boundary conditions, and having the initial distributed displacements ﬁ/(ac)
and velocities f}[*/(x) Therefore, the first transmission condition (1.5) expresses
the continuity of the string, whereas the second one expresses the continuity of
the transverse component of the tension produced in the string.

The original IBVP, posed in G, = [0,T] x [0, 1], is known can be solved by ap-
plying SV [6,8], but our concern related to the original IBVP is based on the fol-
lowing underlying ideas: a) reformulating the original IBVP into two associated
IBVPs in the above closed space-time subrectangles G, G5; b) adding conditions
of smooth matching the solutions to the associated IBVPs along the dividing
segment; ¢) solving such a composite IBVP.

For the sake of convenience (and to establish a relation with [1-5] dealing with
the IBVP similar to (1.1) —(1.5) for a 1D degenerate wave equation), we introduce
the following transformation of the independent variables

l
=Uet t€(0,7], t:\@t, te 0,17,
0
x—1
r=lz+l, ze€kK, T = zl’ z €0, 1], (1.7)
1
x—1
r=Ilyx+1l,, z€kK,, g:l—% z el 1],
2

where K, :=[—1,0], K;:=[0,+1], co=1 (¢; + ¢3), [y =, ly=1 — l;; then replace
the given in (1.1) functions with the following ones

) = Y i

T W('/I;)‘a:—@ ’ h’l(i) = Xl(t)‘t_@ )
i(z) = W) ha(t) = xo(t)],, -

Finally, to simplify notation, we drop the bars under the new independent
variables and present the IBVPO in the following form

r—x’

Su(t,z)] =0, (t,z) € Dy,
ou(0,z) pe
o (@) ) z e Ky,
w(0, ) = G(x) (1.8)

u(t, 1) = (1)

}, te[0,77,
w(t,+1) = hy(t)
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where: a) K, = [-1,+1]; b) the second order differential operator

2u xT u X
S [u(t, z)] = f)a(t’;) _ 8‘1 <a(x) 0 gx )> (1.9)

is defined in Dy=D, |J Dy, D; =(0,T] x I}, Dy=(0,T] x I, I; = (—1,0), and

I, == (0,+1); ¢) the piece-wise constant coefficient function is as follows

c (1 2
a]_:i - >0, er]_,
¢\l

a(z) = ) (1.10)
cy (1
a2:c§(l2> >O, ZCGJQ,
Jy =[-1,0), Jy :== (0,+1]; d) the given 1) control hy(t), hy(t) and 2) initial u(z),

u(z) functions obey the compatibility conditions

{ hi(0) =a(=1),  a(+1) = hy(0), L1
B(0)=Ti(~1),  Hi(+1) = h3(0); |
e) the transmission conditions read
u(t,0 —0) = u(t,0+0),
te0,T], (1.12)
f(t,o—()):f<t,0+0),
where the flux is defined similarly to that of (1.6)
f(t.2) = atz) 248D (1.13)

The above formulation of the IBVPO below is referred to as the derived
IBVP, or shortly as the IBVPD. We believe, that confusing the independent vari-
ables (¢, z), being dimensional in the IBVPO and non-dimensional in the IBVPD,
is impossible, due to the context they will be used in.

Following the underlying idea of the current study, we formulate two IBVPs,
respectively in the closures D; and D, of subrectangles D; and D, associated
with the derived IBVPD (1.8) —(1.12). The left associated IBVP; yields to

Sluy(t,z)] =0, (t,z) € Dy,
ot B ( ) ) T € K17
0r(0,2) = i(2) (1.14)

uy(t, —1) = hy(t)

|u1(t7 O)’ < o0
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supplemented with the following compatibility conditions

hi(0) = u(-1), u1(0,0) =u(0);
po =iy, 2500 ),
ot
whereas the right associated IBVP, yields to

S I:’U/Z(t7 .T)] = O, (t, m) S D2 3
8 * %k

UZ(Oam) — (Z‘)

ot ) x € K2 5
(0, 2) = i(a) (110)

|ug(t, 0)] < oo

}, te 0,77,
ug(t, +1) = hy(t)

supplemented with the following compatibility conditions
w0) = uy(0,0),  u(+1) =hy(0);

_ 0uy(0,0) (1.17)

i#(0) = “20 (1) = hy(0).

For the composite solution

uq(t,x), (t,x) € Dy,
u(t,x) =

) (1.18)
ug(t, ), (t,x) € D,y

to be one-valued, continuous and to have the continuous flux, the following mat-
ching conditions, inheriting the transmission conditions (1.12), are imposed along
the dividing segment

{ul(t7 0) = uy(,0),
tel0,7], (1.19)

fl<t70) = f2(t70)7

where both fluxes f;(t, ), fo(t, ) are defined similarly to that of (1.13).

To answer the question of how to match the solutions to the above associated
IBPVs (1.14), (1.16) we will take the following steps.

In Sect. 2 we refer to the energy equation and recall some its properties used
further. In Sect. 3 we consider in some detail a classical approach [6], based on SV,
to solve the IBVPO (1.8). The solution obtained will be used further not only as
the master solution, but also to demonstrate continuous differentiability of the flux
at the midpoint z, = 0, where the coefficient function a(zx) is discontinuous.

In Sect. 4 we apply the Laplace transformation (LT) to the associated IBVPs,
obtain the solutions to the images of the IBVPs followed by matching the ob-
tained solutions. We consider this approach to be classical as well, since applying
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the integral transformation of the associated IBVPs precedes matching their so-
lutions. The key issue we are interested is how many conditions we need to match
the solutions, whereas the inversion of the image solutions will be postponed to
the next publication on the subject.

In Sect. 5 we apply SV to the associated IBVPs to obtain their solutions, then
match the obtained solutions followed by applying LT to the matching conditions.
Again we are interested in the number of conditions necessary for the matching
and show that the matching conditions (1.19) should be supplemented with two
more conditions, one of which is local, similarly to (1.19), and the other is non-
local and presented by the energy equation.

In Sect. 6 we briefly summarize our observations concerning the matching
procedures and the number of the matching conditions.

2. The energy equation

In case of treating the string as a whole, being obeyed the IBVPD (1.8), (1.12),
(1.11), the energy equation can be obtained following a well known procedure:
1) multiplying the wave equation by the local velocity of the transverse motion,
and 2) integrating the product in = over the whole segment K,

ou[0*u 0 ou

Integration is then performed by parts for the first

aua%d_/alaﬂd_d/ Lo\,
kot o2 T [ at[2\ae) | T at [ [2\0e) |7

Q)
and second
ou 0 ou ou [ ou\]|"= d a [ou\?
Koatax(“ax) =5 (o5)]_ Ko[z (5)
Alt) ()

terms in (2.1) respectively. The resulting equation for the total energy rate reads
O'(t) = A(t),  te0,T), (2.2)

where ©(t) is the total energy, composed of the kinetic €2(¢) and potential II(t)
one, and A(t) is the power of the external forces acting on the ends of the ‘string’
as the known controls hy(t), hy(t). Integrating the above equation in t yields to
the required total energy equation

o(t) = 0(0) +/0tA(T) dr,  te[0,1], (2.3)
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where the integral over [0, ¢] represents the work done by the external forces.

In case of treating the string as consisting of two parts, being obeyed the left
and the right associated IBVPs of Sect. 1, (1.14), (1.15) and (1.16), (1.17) respec-
tively, one finds the following a) total energy rate equations

0/(t) = A;(t), tel0,T7, (2.4)

and b) total energy equations
t

where j = 1,2 (for the left and right parts of the string respectively), and the po-
wers of the external forces acting on the ends of both parts of the string read

a0 = |G (5] RIEYCE 5 (52|

r=—1
Both equations (2.2) and (2.3) can be readily derived from (2.4) and (2.5)
respectively, since: a) the total energy O(t) is additive; b) the following equality

Ouy ([, O _ [Ouy [ Ouy
ot \“Vox )| _, " Lot "oz

holds, due to the matching conditions (1.19).

r=-+1
, teo0,T].

z= 0

,  tel0,T],
=0

3. A classical approach to solve the IBVPD based on SV

3.1. Preliminaries to SV

A classical approach to solve the IBVPD (1.8) —(1.12) is based on: a) reducing
the former to an auxiliary IBVP with the homogeneous boundary conditions and
b) invoking the anzatz

v(t,) = O(t) X (z) (3.1)
for finding particular solutions to the auxiliary IBVP by applying SV as follows

O"(t) _ F'(x) _ \ _ ons
0 _ £ \ t, A>0, (3.2)

where F(z) = a(z) X'(z) is ‘the flux’ of X (z). The key issue in invoking (3.1)
is to build the complete set of functions X (x) that satisfy (3.2) and the proper
boundary and transmission conditions. According to [6] (a collection of problems,
supplementing the textbook [8]; refer, for example, to problems 164 —166 on p. 37,
problem 57 on p. 128, etc.), building the required set is based on
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Proposition 3.1. Let the following composite BVP be given

Fl@)+3X(@) =0, xel UL,
(3.3)
X(-1)=X(+1) =0,
supplemented with the transmission conditions
X(0-0)=X(0+0),
(3.4)
£0-0)=r0+0),

then: a) the complete countable set of the continuous and piece-wise smooth
eigenfunctions of the problem is determined as follows

(T 1-1
sin( O ) sin <%(1+$)>7 € J,
L\ /) Ve

X (x) = (3.5)

- -1
sin “u sin “u 1—2x) > T € Jy,
()] =) e

whereas the eigenvalues {),}77, = {au} >, associated with (3.5) are determined
as the set of the squared roots of the following transcendental equation wrt ¢,
Q
L ) =0; (3.6)

@cot(j%) +\/@cot<\/@

b) the eigenfunctions (3.5) are orthogonal in .%, ; := %, (K), that is

/X () dz = | X, |26, . (3.7)

(p, q)g is the inner product of two elements p(x), q(v) € %54, |7|lo is the norm of
an element r(z) € %, p,7EN.

We note, in addition to the properties specified in Prop. 3.1, that the eigenfunc-
tions X, (x) (3.5) have one more remarkable and easily verified property of con-
tinuous differentiability of their fluxes F,(z) = a(z) X, () over the segment K,
including the midpoint: F,(x)(0 — 0) = F,;(0 + 0), where the piece-wise constant
coefficient function a(z) is discontinuous. We will apply this property in Sect. 5
to solve the IBVPD using a non-classical approach.

To clarify building X, (x) (3.5), we consider 3 cases, indicated in Tbl. 1 (the ori-
gin of the cases is explalned by taking ¢; =1, cg =4, [ =2 and z, = 0.25, 0.50,
1.00 in (1.3) and then applying (1.10)). The infinite series of the roots q, of (3.6)
for the cases are formed by periodic shifts of the 8-tuples, 4-tuples, and 2-tuples
(the octuples, quadruples, and couples), respectively, placed in Thl. 1. Some
eigenfunctions for the cases are shown in Figs. 3.1, 3.2, 3.3.
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Table 1. Roots of transcendental equation (3.6) (cases 1-3)

No aq Qg Q,

4.11705742307002802074. . .
7.36681251991832973695. . .
9.95011848102124236679. . .
13.80472706515471812453. ..
17.98595538539280582565. . .
21.84056396952628158339. . .
24.42386993062919421323. . .
27.67362502747749592944. . .

1 25.6 2.0897959183. ..

3.30228352255807050061. . .
6.16702110866456655154. . .
9.72832011660919542354. . .
12.59305770271569147447. . .

2.90995823927664691729. . .
5.03771237336023407025. . .

In case 4, with the coefficients a; =ay =4 (originated from ¢; =cy=1, [ =2,
and xy=1in (1.3)), the roots of (3.6) and the eigenfunctions (3.5) are reduced to

o Q 2u—1
bl TH :U):COS('“’)MC. (3.8)

s
=um— - ) X, (x) = cos
\/% 8 2 : VM() <\/‘TO 2

On the other hand, independent of Prop. 3.1 considering identically constant
coefficient function (1.10) (case 5), that is a(z) = a, is based on

o)

Proposition 3.2. Let the following BVP be given

ag X" () + AX(z) =0, x € ly,
(3.9)
X(-1) = X(+1) =0,

where I := (—1,+1), then: a) the countable sets of the eigenvalues and the eigenfunc-

tions of the problem of two kinds are determined as follows (see Fig. 3.3)

2 %

_ 2 _
)\LN = 0'1,#1 = Qg (/,1/7[') s )\27N = O'g,,u = a0</,1/7[' — 5) s (310)

(3.11)

o 2u—1
Xy u(x) = cos ( 2o x) = cos CGp—1)mz ;
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Fig. 3.1. Eigenfunctions (3.5): case 1 (a), case 2 (b); u=1,2,3

b) eigenfunctions (3.11): 1) of each kind are orthogonal in .% ;; 2) of both kinds
are biorthogonal in % (, that is

(Xk,u ’ Xk,’y)o = ||Xk,u||(2) 6#,’7 = 5#,’7 ) (Xl,p, 3X2,'y)0 =0. (312)

We note that the eigenfunctions (3.8) are evidently to be the same as those (3.11)
of the second kind (cf. Figs. 3.2, b and 3.3, b).
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Fig. 3.2. Eigenfunctions (3.5): case 3 (a), and eigenfunctions (3.8): case 4 (b); p=1,2,3
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Fig. 3.3. Eigenfunctions (3.11), case 5: of the first (a) and second (b) kinds; u = 1,2,3,4

3.2. Applying SV to the IBVPD
The ansatz for the solution to the derived IBVPD (1.8)—(1.12) read
u(t,z) =v(t, @) + w(t,z), (3.13)
where: a) function v(t, x) is required; b) function w(¢, x) is given as follows

w(t,z) = ¢1() hy(t) + o) ho(t); (3.14)
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¢) blending functions ¢, (), ¢,(z) satisty the following conditions
¢1(—1) =1; ¢1(x) =0, z€Ky; ¢ (x) € € (Ky);
Go(+1)=1; (@) =0, 2€Ky;  ¢y(x) €F(Ky);

whereas their fluxes ¢;(z)=a(z) gzﬁj’ (z) vanish on the dividing segment: ¢;(0) =0,

(3.15)

to meet the transmission conditions (1.12).
Combining (3.13) —(3.15) with the IBVPD formulation (1.8), (1.11) yields to:
a) the initial conditions for the required function v(¢,x)

ov(0,x) _ u(0,z)  Ow(0,z) Ow(0,z) = (),

ot ot ot (z) - ot (3.16)
and b) reformulation of the IBVPD into the following auxiliary IBVPA wrt v(¢, x)

*

( S[p(tva:)]:g(taqj)v (t,z) € Dy,
0v(0,2) _ .
ot a V( ) ) S KO’
v(0,2) = O(x) (3.17)
p(t,—l):O}) teo,1],
\ v(t,+1)=0

where g(t,z) = =S [w(t,x)] is the right hand side of the above non-homogene-
ous wave equation, and the compatibility conditions hold: ©(—1) = 9(+1) = 0,
v(—=1) =9(+1) =0.

Then we: a) expand g(t,x) and 0(x), ¥(z) into the series wrt X, (z) (3.5)

(0.) o0
=1 p=1
where the coefficients are determined directly by integration: | X, IR Y= (y, X #) o

for y being g(t, z), 0(x), and v(x), respectively; b) account for Prop. 3.1 and apply
ansatz (3.1) for the required solution to the IBVPA (3.17) as follows

z) = 0,(t)X,(x); (3.18)
pn=1

c) obtain the following Cauchy problems wrt the coefficient functions of (3.18)
On(t) +ai0,(t) =g, (),  te (0,11,

(e 9]

=> 90X

p=1

*
=%

<@*
<@*
«

Q%

p< u

w ¥
0,(0) =7, } peN. (3.19)
0,(0) =1,
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The solutions to the above Cauchy problems

O, (t) =0, cos (1) +a

t
i)*u sin (Qéut) + Qzﬂl/o gH(G) sin [ Wt — 0)] dé
can be presented shortly as

O, (t) = 1, cos (a,t) + a, ' T, sin (e,t) + o, " g, () *sin (a,t) (3.20)

by invoking the notion of convolution.
Finally, the solution to the IBVPD (1.8), (1.11) reads

ZO z) + ¢1(x) hy(t) + Po() ho(t) - (3.21)

We note, that the flux of the above solution

J(t,2) = afz) 2482 Zo )+ 1 (2) By () + o) holt)  (3.22)

is continuous and Continuously differentiable wrt = over the segment K, due
to continuity and continuous differentiabilty of the fluxes F},(x) (refer to p. 96).

4. A classical approach to solve the IBVPD based on LT

4.1. Preliminaries to LT

For a function p(t), t € [0, 00), its Laplace transform [7] is defined as follows

P(r)=Lp(t)] = /Ooop(t) e Thdt, T=£(4+ineC, (4.1)

provided the original function p(t) satisfies the known sufficient conditions for
the image function P(7) to exist.
Applying the Laplace transformation for solving second order partial differen-
tial equations and integro-differential equations of convolution type is based on:
a) the rule for the images of the first and second derivatives of the function p(t)

Llp't)] = P(r)T—p(0), £[p"(t)] = P(r) 7> = p(0)7 —p'(0);

b) the convolution theorem

Llp(t) *q(t)] = £lp(®)] - Llg(t)] = P(7) - Q7).

If the image function P(7) for an original function p(t) is known, then applying
the inverse Laplace transformation [7], sometimes referred to as the Bromwich
integral, yields to the required original function as follows

E*+ioco
p(t) = £ [P(r)] = —— / P(r) et dr, (4.2)

21 & —ioo
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where o7 = £* is a vertical straight line on the whole 7-plane lying to the right
of all the singularities of the image P(7).

4.2. Applying LT to the BVP,; and BVP,

Applying (4.1) to the associated IBVP; (1.14), (1.16) yields to their images
being the following BVP;

dFl(T,I') 2 . * ok
P — 72U (7, 2) = —Tu(x) —u(x), xel, (43)

Uy(r,—1) = Hy(7),

dFy (T, x) 9 B . -
4 TUy(1,2) = —Tu(x) — u(z), xel,, (4.4)

UQ(Tv +1) = HQ(T) )
wrt the images U;(7,z) of the solutions u,(¢, ) to the IBVP;, where

~dU(7, @)
Fi(r,x) = a; — 4 (4.5)

are the fluxes of the images U;(7,z) (or, it is the same, the images of the fluxes
f;(t,z) of the solutions w,(t,r)). Both BVP; are supplemented with the images
of the matching conditions (1.19)

{Ul(Ta 0) = Uy(7,0),
F,(7,0) = F,(7,0).

(4.6)

4.3. Finding the image functions U;(7,x)

The equations of the BVP; (4.3), (4.4) are linear non-homogeneous ordinary
differential equations of the second order, and their 2-parameter solutions (usually
referred to as the general solutions) can be readily written as

U1<T,.%') - Al(Ta $) e_; + Bl(T7$) e+; )
TZ TT (47)
Up(r,a) = Ag(r,z)e” %2 + By(r,a)e ™,
where: a) the 1-parameter coefficient functions A;(7,z), B;(7, x) read
Af (m; -1
Ay(r,2) = Agg(r) + L)
: $4T
(4.8)
A (15-1,2)

Bl(Ta x) = B170(T> T sr
1
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A (my @, +1
Ay(r.2) = Agg(r) - 22 TTHL),
(4.9)
A5 (5 1
By(7,2) = By (1) + 21— (r;2, +1) ;
SoT
b) the auxiliary functions involved in (4.8), (4.9) are as follows
1 b ?ﬁ
Nfriab) = 5 [ i <o) e de: (4.10)

¢) the parameter functions A; (1), B;o(7) are undetermined; and d) 83»2 =a;.
To determine four functions A; (1), B, () we need four conditions, they are
known to be: a) two boundary conditions of the BVP; (4.3) and the BVP, (4.4);

b) two matching conditions (4.6).
Due to the known images (4.7), we have for their boundary values at |z| = 1

the following expressions

[ Af(ri—1,-1) | += AT(r—1,-1) | -=
Uy(r,-1)=|A 1 o o E B _\n 7L 7Y o
(1, 1) 10(7) + e e “1+|By(7) s e 1
L N ] L N |
0 0
[ Af(r4+1,41) ] - = T Ay (ri+1,+1) | 4=
U, +1)= | Agg(r) — SEEELED N 7 gy 4 AL D | s,
’ SoT ’ 89T
L N ] L N ,
0 0
and after simplifications the above expressions reduce to
LT _T
Ui(r,=1) = A1 p(1) e *1 + Byg(r) e *1,
N i (4.11)

Up(T,+1) = Ay () e *2 + Byg(T) e *2.

Doing in the same way, we obtain: a) the values of the images U;(7,z) and
b) their fluxes F;(7, ) at the midpoint x5 = 0

A+ —1 AT (7: =1
UI(T,O): |:A10(7')—|—1(T’70):| + |:BIO(T)_1(T,’O):|7
’ 51T ’ 5,T 419
+o L .
Ur0) = [ytr) ~ BEEH] o [, )+ 22041,
7 SaT ’ SoT
Fy(7,0) = =17 Ay () = AT (75 =1,0) 537 Byo(7) = A (73 =1,0).
(4.13)

Fy(7,0) = =97 Ay o(T) + AJ (750, 41) + 557 By o(7) + A7 (730, +1)..

Finally, substituting: a) the values (4.11) into the boundary conditions of
the BVP, (4.3) and the BVP, (4.4) respectively; then b) the values (4.12), (4.13)
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into the first and the second matching conditions (4.6) respectively, yields to
the following linear algebraic system wrt the required parameter functions

e s e 51 0 0 Al,O(T) Hy(7)
_T +i
0 0 e 52 e 52 Bl,O(T) Hy(7)
= . (4.14)
+5189T +81S9T —81S9T —81S9T Ay o(7) R(7)
+5, T —8,T —SoT +589T B270(7') J Ry (T)
where the rhs of the two last equations read
Ry (1) = — s5A7 (15—1,0) + soAT (75—1,0)
— 53AF (7;0,4+1) + s;A5 (750, +1),
(4.15)
RQ(T) = - —1i_<7—7 -1 0) 1 (7-7 _170)
— (T 0,+1) — A5 (7;0,+1).

We present the expression for the determinant of the system (4.14), (4.15)

Ao(T) = 8189 T [(sl ) (efelT - e+91T> + (51 + s9) (efg?T - e+927>] , (4.16)

91:(31_32)7, 92:(31"‘32)7

8159 5159

Y

since this expression is important both for: a) solving the system and b) choo-
sing the method of inversion of the images U;(7,z) of the solutions (7, ) to
the associated IBVP; (1.14), (1.16).

5. A non-classical approach to solve the IBVPD based on SV-+LT

5.1. Preliminaries to applying SV

In case of identically constant coefficient function a(x) = a, an alternative
approach to SV (compared to that of (3.2))

i O//(t) B X//(‘,B)
a, O(t)  X(z)

=\, >0, (5.1)

yields to the following BVP wrt X (x)

X"(z) + XX (z) =0, x €1y,
{ 652

X(F1)=0.
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not involving ag (cf. the BVP (3.9) and its eigenvalues (3.10) and eigenfunc-
tions (3.11)). The above BVP is known to have the countable sets of the eigen-
values and eigenfunctions of two kinds

Ay = ai = (um)?, Y, (z) = sin (auaz) ,
2 (5.3)
Ay, = wi = (,u,7r — g) , Z,(x) = cos (w,).

The eigenfunctions (5.3): a) of each kind are orthogonal in % ¢; b) of both kinds
are biorthogonal in %, . The eigenfunctions Y, () of the first kind (see Fig. 3.3, a)
are responsible for the string inclination to the z-axis (the undisturbed string po-
sition) at the midpoint 25 =0 of the segment K|, whereas the eigenfunctions 7, ()
of the second kind (see Fig. 3.3,b) are responsible for the string standoff from
the x-axis at the midpoint.

For solving the IBVPD, using a non-classical approach, we cut the segment K,
down the midpoint z,=0 and obtain functions of two kinds: a) Y} ,(z) =Y (),

0

Zy w(x)=2Z,(z) for the left subsegment Ky and b) Y3 ,(z) =Y, (), Z, ,(z)=2Z,(z)

for the right subsegment K,. The functions {Yj’u(:c)}:o:l, {Zj#(a:)}zozl of each
kind are orthogonal in % ;=%,(K;), but they are not biorthogonal, that is

1 o
(Yj,ij,w)j = (Zj,/qu,v)j =3 Oy (Y Zm)j - :Fm 70, (54)

where

1
(p;.4;); = /K b)) do =7 /0 @) 45(e) da (5.5)

J

is the inner product of two elements p;(z), ¢;(z) € £, ;, whereas (r;,7;); = Hrj||j2
is the norm of an element r;(z) € %, ;.
Due to completeness of {Y]u(:p)}iozl and {Zj’#(ar)}zozl (separetely) on K,

any function r; (x), smooth on K ; and vanishing at the end points of K, can

be expanded in series of {Yj#(x)}zo:l or {Zj#(x) }Zozl, uniformly convergent
on K. But, for smooth functions r;(z) not vanishing at the midpoint x;,=0 (this

is the case as for: a) the solutions wu;(t,r) to the associated IBVP; of Sect. 1,
as b) the solutions v;(t,z) to the auxiliary IBVPA; (5.11), (5.12), introduced

below) expansions in series of {Yj#(az)}oo are not valid. Therefore, choosing

p=1

{Zj7 M(x)}zo:l for representing on K; smooth functions r;(z), we nevertheless ac-

count that ‘the fluxes’ ¥,  (z)=a; Z; ,(z) vanish at the midpoint identically on s
and meet the second condition (1.19) only in a trivial way. To avoid this, we will
introduce 'manually” correction terms ¢; () k;(t) in the series solutions wu; (¢, x)

J
for the string to have a non-vanishing inclination at the midpoint.
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5.2. Applying SV to the IBVP,; and the IBVP,
The ansatze for the solutions to the associated IBVPj of Sect. 1 read
Uj(t,l‘) = Uj(ta l‘) +wj(t7x) ) (56)

where: a) the functions v,(t,z) are required; b) the functions w,(t, ) are given
as follows

w;(t,x) = ¢;(x) hj(t) + ¢jpa(x) hjpo(t) + ¢jpalz) k;(2), (5.7)

c) the blending functions ¢, ,(z), v €{0,2,4}, satisfy the following boundary

¢1(-1)=1, ¢,(0)=0, $2(0) =0, ¢o(+1) =1,
¢3(=1)=0, ¢30)=1, $4(0) =1, ¢,(+1)=0, (5.8)
¢5(=1) =0, ¢5(0)=0, $6(0) =0, ¢g(+1)=0,

and regularity

¢1+u(95) = Soll—l—y(x) = (al ¢{+y(x))/ =0y (Z){/—H/(x) € %[_1? 0] )

, (5.9)
Vo1 (T) = Pap,(2) = (QQ d’éw(x)) = ay ¢34, (2) € €[0,+1],

conditions, whereas their fluxes ¢;,(z) = a; ¢j,, () obey the following condi-
tions at the midpoint: ¢,(0) =0, ¢;5(0) =0, ¢,,4(0) = a;, ¥;,4(0) =0, and
for convenience we denote b, 9:=1,.9(0); d) h; 5(t) and k;(t) are the required
corrections to the standoff and inclination of the left (j=1) and right (j =2) parts
of the string on the dividing segment to meet the matching conditions (1.19).

Assuming that f;,5(0) =1(0), hj,5(0)=1(0) and combining (5.6) - (5.8) yield
to: a) the initial conditions for v, (¢, )

0v;(0,2z)  Ouy(0,2)  Ow;(0,x) (5.10)
o0 ot 0Ot
b) reformulation of the IBVP; (1.14), (1.15) into the auxiliary IBVPA; wrt v, (¢, z)

S [1)1(75,.%')} - gl(t7$)7 (t,.%') € Dl )
v, (0, x) e
ot (@) : x e [—1,0],
v1(0,2) = 0(x) (5.11)
v(t,—1) =0
} ) tel0,T];
lv (¢, 0)] < oo



How can we manage repairing a broken finite vibrating string? 107

¢) reformulation of the IBVP, (1.16), (1.17) into the auxiliary IBVPA, wrt vy (¢, z)

(S [U2(t’ :E)] = gQ(tvx)’ (t’ li) € D2’
0v,(0, ) —(a)
ot ) T e [O,+1],
vy(0,7) = (z) (5.12)
lug(t, 0)] < oo }
) te[0,T7;
[ ve(t,+1) =0

where
9;(t,x)= —Sw;(t,x)= — ¢;(x) (t) — ¢;o(2) Wi a(t) — ¢ 4a(@) k] (1)

(5.13)
+ (@) hy(t) + () hypa(t) + () ky(T) .

Then the right hand sides (5.13) of the above non-homogeneous wave equations
S [v;(t,x)] = g;(t,z) and the initial functions ;(x), U;(x) (5.10) are expanded
into the series wrt Z;  (z)

<

x oo oo
g;(t:2) =) 95,0 Zy,u(x), By(w) =D 05, 2y (), Vila) =D T, 25 ,(0),
u=1 pn=1

p=1

where the expanded form of g; ,(t) reads

gj,u(t) = - ¢j,# h;‘/(t) - ¢j+2,,u ;'/+2(t) - ¢j+4,,u k;‘/(t) (5.14)
03 83,0 h5(0) F 5 aa hyrat) + a5 0 k(1) |
and the subcoefficients ¢, ,, ¢7,, , are as follows
HZJ}/LHE Pjtvp = (@540 ijll)j ’ HZJMHj Pibv = (o Zj,u)j - (5.19)
Substituting the ansatze for the solutions to the IBVPA; (5.11), (5.12)

o0
vi(t,z) =Y 0;,(t) Z; ,(x) (5.16)

p=1

into the IBVPA yields to the Cauchy problems wrt the coefficient functions O; u(t)

O (1) +w20;,(t)=g;,(t),  t€(0,T],

0;,(0) =7; , peN. (5.17)
0;,,(0) = éj,#
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The resulting expressions for the coefficients can be readily presented in the con-
volution form as follows

Ojju(t) = 5]-# cos (wut) + w;l fu*jM sin (wut) + w;l gjju(t) * sin (wut) . (5.18)

Finally, the ansatze (5.6) give the solutions to the IBVP;
oo

+ ¢j(x) hi(t) + Gjqa() hjio(t) + djqa(z) k(1)

(5.19)

We need further the first order partial derivatives of the solutions (5.19) and
the flux, calculated here in advance as follows

( 8u
Z OJ ult
(5.20)
+ ¢j (z) hg{(t) + ¢j+2($) ]{+2(t) + ¢j+4(37) k_]/(t) )
( 8u Z O
(5.21)
+ ¢j(@) hy(t) + ¢f 1) hypo(t) + () k(1)

fi(tm) =" 0;,(0) ¥, (@)
=1 (5.22)

+ @i (@) hi(t) + @ja(x) hjpa(t) + @jqa(@) ki (1),

where W, (z) =a; Zj () are the fluxes of Z; (), and the first order differen-
tiation of the coefficient functions (5.18)

O]{#(t) = —w, i?j# sin (wut) + *ifj’u cos (wut) + g ,(t) * cos (wut) (5.23)

is performed accounting for the formula

(p(t) * a(t))" = p(t) 4(0) + p(t) * ¢ (t). (5.24)

5.3. Matching the solutions to the IBVP; and the IBVP,

Matching the obtained solutions (5.19) to the IBVP; (1.14), (1.15) and IBVP,
(1.16), (1.17) of Sect. 1 follows the procedure:
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a) to substitute u, (¢, z) into the matching conditions (1.19) on p. 93, as follows

Z O1,,(t) Z1,(0) + ¢1(0) hy () 4 ¢3(0) h3(t) + ¢5(0) Fy (2)
. (5.25)
Z t) Z5,1,(0) 4+ ¢2(0) ho(t) + ¢4(0) hy(t) + ¢6(0) ko (2)
Z O1,,(t) ¥y ,(0) + ©1(0) hy(t) + 3(0) hs(t) + ©5(0) ky (1)
“: (5.26)
= Z Oy ,,(t) Wy ,(0) + ©3(0) ho(t) + 04(0) hy(t) + ¢6(0) ka(t) ;
pn=1
b) to account for: 1) the values Z; ,(0)=1, ¥, ,(0)=a,Z; ,(0) =a;w,, and

2) the boundary conditions (5.8) imposed on the blending functions ¢;,,(z) and
their fluxes ;. (x) = a; ¢j,,,(x), to obtain the following equations wrt h; (%)
and k;(t)

Zow )+ hs(t) ZOM )+ hy(t),

ark(t) = ag ko(t)

Since the system (5.27) is incomplete (it involves two equations wrt four un-
known functions h;,(t) and k;(t)), we supply it with the following condition

of (t,()) Ofy(t, O)
18$ 2(% tel0,17], (5.28)

being the flux continuous differentiability on the dividing segment (the flux (3.22)
of the solution (3.21) obtained in Sect. 3 this condition holds). Then:
a) substituting u;(t,x) (5.19) into the above condition

€[0,7]. (5.27)

Z O ,( )y ,( 1(0) +11(0) hy () + 105(0) hg(t) + 5(0) by (2)
(5.29)
Z Oy,,,(t) ¥3 ,(0) 4 1hg(0) ho(t) + 104(0) hy(t) + ¥6(0) ka(t) ;

b) accounting for: 1) the values ¥; ,(0)=—a; Wfﬁ 2) the boundary conditions

imposed on 9, ., () =@/, (), gives one more equation wrt h;,o(t) and k;(t)

a Zw O1,,(t) +aybg hg(t —CLQZW O, ,,(t)+agby hy(t), te€[0,T]. (5.30)
p=1 pn=1
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Now the difference between the number of unknown functions h;5(t), k;(t)
and the number of equations (5.27), (5.30) is equal to one, so we need one more
additional equation to obtain a complete system to find the required functions.

In contrast to the local equations (5.27), (5.30), valid on the dividing segment,
we can choose: a) the nonlocal total energy rate equation (2.2)

2
3 [Q;(t) + H;(t)} = A(t), telo,T], (5.31)

=1

or b) the nonlocal total energy equation (2.3)

2
[0 + 11,0 - 2,0) / Al), telo,T], (5.32)

=1

as the required additional equation: 1) both (5.31), (5.32) are composed of those
respective equations (2.4) and (2.5) for the parts of the string; 2) the kinetic and
potential energy are presented as

Qj(t):;/K. [Wrdx, Hj(t):a;/K [Wrdx, (5.33)

3) the power of the external forces acting on the ends of the ‘string’ reads

Oug(t,+1) Juq (t,—1)
2T hg(e) -y P i), (53
and 4) the partial derivatives in (5.33), (5.34) are those given by (5.20), (5.21).
Thus, we have obtained the system involving four equations wrt four unknown
functions h;_ ,(t) and k;(t), three equations of the system are given by (5.27),
(5.30), whereas the fourth is one of (5.31), (5.32).
The second equation of (5.27) is a trivial algebraic relation, whereas the first
one is a linear integro-differential equation of convolution type, its expanded form
(due to the resulting expression (5.18) for O, ,(t)) reads

A(t) = ay

(o) xhY(t)  —s(t) xh5(t)  — d5(t) x K () + 01 (8) + T, (2)
+ ay ¢1(t) x hy(t) + ag §5(t) * hg(t) + ay o5(t) * k1 () + hs(?t) (5.35)
= () ¥ B5(0)  — () # () — 06(t) ¥ RS () + B +To(t)
+ ag @5 (t) x ho(t) + ay (1) * hy(t) + ag G5(t) * ky(t) + hy(t),
where the once underlined functions of ¢ are determined by the following series
ﬁj (t) = Z 1*1]»’“ cos (wut), Gipy(t Z W, Gy, Sin (wut) ,
tl - (5.36)

1 ** —1
Zwu v]#sm w t), _J+V Zwu czS]Jr,,u sin (w t)
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The same is true for the equation (5.30) written in its expanded form as follows
—ay ¢y () xRy (t) — ay ¢3(t) = R5(t) — ay ¢5(t) = kY (t) + ay 0y (t) + a, Uy (t)

+ af fi(t) *hy(t) + af (f;(t) % hy(t) + ai fg(t) k(1) + bzay hy(t)
_ (5.37)
— ay @o(t) * hy(t) — ap G4(t) * hi(t) — ag P6(t) * k5 () + ag Va(t) + ay Un(t)

[+ a3 0)(1) x ha(t) + a3 87 (1)  ha(t) + a3 &7(1) * ka(1) + byag hy(t) ,

where the twice underlined functions of ¢ are determined by the following series

o
. cos (w t), q:ijrl,(t) = Zwu Gjyry sin (w,t),
e (5.38)

o0
(1) Z . Sin (w t) <:b;+y(t) = Zw# ¢i 1y, sin (wut) .
: M:]_

tnqg

IS
| |

5.4. Finding the image functions H, ()

Applying the Laplace transformation (4.1) to the linear integro-differential
equations (5.35)—(5.38) wrt the origins h; ,(t) and k;(t) yields to the following
linear algebraic non-homogeneous equations wrt the images H; 5(7) and K;(7)

(1= &) Hi(r) = [1=04(n)| Hy() = Dalr) = Dy(r),
(5.39)

ay [bs = &,(7)| Hu(7) = a; [by — ,(7)] Ha(r) = a Dy(r) — 0, D, (7).

where the right hand sides are calculated using the following generic functions

A

Dj(1) = = V(1) 4+ @,,0(1) Hy(1) = ®;,0(7) [h;10(0) T + hjo(0)]
— B yo(7) [Pj12(0) T+ hjy5(0)] (5.40)
+ &, (1)K (1) =, 4(7) [k; (0)7+K] (0)].

For obtaining the once D;(7) and twice D;(7) underlined functions on the rhs
of (5.39) one should replace all the functions of 7 in (5.40) with the corresponding
once and twice underlined functions of 7, determined by the following series

JTm,p 2 JTm,p
(I)H-m(T) - st 2 +w5 ’ g)]-i-m('r) - ,; w# 72 +w3 ’
o N . (5.41)
%, (1) = Jmip *, (1) = Z w2 ¢j+m,u ,
=J)+m 7—2 +w3 =Jt+m — 1 7—2 +wu2

I
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o0 * * %k
U-#T-ij

ZOEDY ij’ﬂ T () =T (1)~ B (),
H:l 14
N (5.42)
uT + v A 9 .
Z 7_2 I w ’ g)jer(T) =T (;)j-&-m( ) a] (l)j-l-m( ) .

Note that: a) the images K;(7) are placed on the right hand side of (5.39),
as if the former images were known, to solve (5.39) wrt the images H; o(7)
in an iterative manner; b) the second equation of (5.27) is not used explicitly
to retain (5.39) in symmetric form wrt /(7).

Invoking the Cramer rule yields to the unique solution to (5.39) as follows

=48 (5.43)

Ag(7) = : (5.44)

(5.45)

Ay(r) = - ~ . (5.46)

(5.47)

since this expression is important both for: a) solving the system and b) choosing
the inversion method for the images H; (7).

5.5. Finding the functions k;(t)

Substituting the known expressions (5.20), (5.21) into (5.33) yields to the fol-
lowing expressions for the kinetic and potential energy for both parts of the string

20,(t) = Q0 k{2(t) + 2, () k] (t) + Q;5(t)

(5.48)
CLj_12 Hj (t) = Hj70 ka (t) + 2Hj,1(t) kj (t) + H]ﬂ (t) ’



How can we manage repairing a broken finite vibrating string? 113

where the leading coefficients are constant: €2; ;= ||d>j+4||j2-, ;= ||<;5]'»+4||?, and
the other coefficients read

00 2

Z Dot ¢]+4 s u(t) + Z (¢j+w ¢j+4)j h;+v(t) ’
n 0 (5.49)
Z ] o ¢]+4 + Z ]—l—w ¢J+4)J ]-H/(t) )
pn=1
Q,4(t) :ZH H] +2Z<Z JM’¢]+V Lt ))hjl+u( )
p=1 =0 \p=1
2
+ D 10550157 B3, () +2 (65, 6542); hj(1) Ry (t) |
v 2 (5.50)
Mo(t) =Y 11Z] 03 OF.(6) +2) ( > (Z]6j40), 0 N)) (1)
p=1 v=0 \ p=1

+ Z 16531 B (t) + 2 (05, 0 1a), hy(t) s (2)

where the inner products in %, ; are defined in (5.5); whereas substituting(5.21)
into (5.34) is performed straightforwardly and is not presented here.

Note that: a) the kinetic and potential energy (5.48) are presented as de-
pendent on k;(t) and k;(t), whereas the functions h;, 4(t) and their derivatives
are ‘hidden’ in the expressions of the coefficients (5.49), (5.50), as if h; ,(t) were
known, to solve the total energy equation (5.32) or the total energy rate equa-
tion (5.31) wrt k;(¢) in an iterative manner; b) the second equation of (5.27) is
not used explicitly to retain both energy equations, (5.32) and (5.31), in symmet-
ric form wrt k;(t) and their derivatives.

The total energy equation (5.32), (5.48)—(5.50) is a nonlinear second order
integro-differential equation: a) the second order derivatives of the required func-
tions h;(t), k;(t) are involved in O; ,(t) (5.18) and O; ,(t) (5.24) through the con-
Volutlon terms g, ,(t) * sin (w t) and ;.u(t) * cos (w ts respectively, where g, ()
are given in (5.14); and b) nonlinearity stems from the products and squares of
the first order derivatives of the required functions outside the convolution terms.

The total energy rate equation (5.31), (5.48)—(5.50) is a nonlinear second or-
der integro-differential equation as well as (5.32), but, in contrast to the latter, it:
a) involves second order derivatives of the required functions h;(t), k;(t) outside
the convolution terms; b) is linear wrt the former derivatives.



6. Conclusions

We have considered three approaches to solve the IBVPO (the original IBVP)
for the composite string with piece-wise constant elastic properties based on:

a) SV applied directly to the IBVPO, not followed by matching, since the for-
mer is build-in into SV;

b) LT applied to the associated IBVPs posed for both parts of the string with
constant properties, then solving the transformed IBVPs and matching the solu-
tions to the transformed IBVPs;

c¢) SV applied to the associated IBVPs and followed by matching the solutions
to the IBVPs, matching involves applying LT to three matching conditions and
solving an ordinary differential equation for one matching condition.

In cases a) and b) matching needs two local conditions, being continuity of
the solution and its flux; whereas in case ¢) matching needs two more condi-
tions, one of which is local, being continuous differentiability of the flux, and
the other is non-local, being the energy equation. Both cases b) and ¢) need
applying the procedures of the inverse Laplace transformation, being sometimes
quite sophisticated. Therefore, final comparing the cases b) and ¢) will be possible
after completing the procedures of the inversion and will be presented in the next
publication on the subject.
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