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Abstract

The aim of the paper is to investigate the role played by causality, and
more specifically the no-signaling condition, in the assessment of the
quantum theory. To this end, we discuss why it is important that even
a non-relativistic theory such as Quantum Mechanics doesn’t imply a
violation of this condition. Then, we use this argument to prove an
original result stating that the destructive behaviour of the measure-
ment process on the entanglement properties of quantum systems is a
necessary and unavoidable feature of the quantum theory. Finally, we
critically review the no-cloning theorem. The original formulation of
the theorem states that a linear quantum cloning machine, designed
in order to successfully clone states that coincide with appropriate
basis vectors, fails to copy states that are a non-trivial superposition
of those basis vectors; we will furthermore prove that such a linear
cloning device, even with the hypothesis that it can only clone basis
vectors successfully, may provide a violation of the no-signaling con-
dition and therefore cannot exist.
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1 Introduction

A distinctive feature of contemporary science is the production of negative
results, called no-go theorems [Dardashti, 2021], that a priori restrict the acces-
sibility of some theoretical and experimental outcomes, Godel’s incompleteness
theorems being a great example.

Quantum mechanics (QM), perhaps due to its own intrinsic paradoxicality,
turned out to be very fruitful for no-go theorems. While on the one hand the ques-
tions of QM locality [Griffiths, 2011, 2020, 2021; Lambare, 2021] and realism
[Gill, 2023; Gill and Lambare, 2022, 2023; Kupczynski, 2020] are still ardently
debated to this day, on the other hand several concerns have been raised regarding
the deep significance of no-go theorems [Laudisa, 2014; Oldofredi, 2018]. Specif-
ically, since the ontology on which the quantum theory is based still appears elu-
sive, it i1s unclear what no-go theorems really tell us about the (quantum) world.
Thus, rather than feeding further the nowadays nourishing industry of these theo-
rems, it may be a good strategy to focus on clarifying the quantum ontology, and
only subsequently wonder whether these theorems are still worth pursuing. While
in our opinion this view appears very sound, there is a subclass of these theorems,
the one including the no-cloning theorem and the no-deletion theorem, that has
got relevant consequences on the field of quantum information, and feels hence
worth pursuing immediately regardless of the opacity of the ontology. Nonethe-
less, the discussion on causality naturally arises from this topic and relates QM to
Special Relativity (SR), whose ontology is much clearer and might even end up
contributing to the clarification of the quantum ontology.

With “causality” in this paper we refer to the no-signaling condition, i.e. the
impossibility of superluminal communication. We note that for two space-like
separated events it is always possible to identify an inertial reference frame where
their time ordering is inverted. If we want the physical world to make sense, we
have to assume that space-like separated events cannot have a causal relation with
each other. Otherwise, by means of an appropriate Lorentz transformation, we
could see an effect preceding its physical cause.

This paper is devoted to clarifying the role played by the no-signaling condi-
tion within the frame of these no-go theorems, and it is organized as follows. In
Section 2 we will briefly review the use of this condition in well known no-go
theorems and we will try to validate such an employment from an epistemological
point of view. Specifically, we will try to clarify why, even though standard QM
is not a relativistically covariant theory, we are still concerned by the possibility
of superluminal signaling phenomena arising inside its framework. In Section 3
we will present an original result regarding the destructive behaviour of the mea-
surement process on the entanglement properties of quantum systems. Finally,
in Section 4 we will review in details the no-cloning theorem related to the no-
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signaling condition, and we will show that it involves an a priori impossibility,
regarding the cloning process of a quantum state, even stronger than the one dis-
cussed by the authors of the theorem.

2 No-go theorems cast under the light of causality

The no-signaling argument has played a significant role in the history of no-
go theorems. In particular, as we will explicitly show in Section 4, if the no-
cloning theorem is false [Wootters and Zurek, 1982], two observers, namely Al-
ice and Bob, can employ an algorithm that allow them to communicate super-
luminally [Herbert, 1982], and it is interesting to note that this may be the very
reason that led to the formulation of the theorem [Peres, 2003]. Similarly, if the
no-deletion theorem [Pati and Braunstein, 2000a] is false, a different algorithm
allows for superluminal signaling [Pati and Braunstein, 2000b]. The no-signaling
condition imposes a bound on imperfect cloning [Gisin, 1998] processes in terms
of the similarity of imperfect clones to the original system, and on probabilistic
cloning [Pati, 2000] and probabilistic deletion [Chakrabarty et al., 2006] processes
in terms of the probability to observe a successful process. It has been shown that
the basic dynamical properties of QM can be derived from its static properties
with the implementation of the no-signaling condition [Simon et al., 2001], and
this result puts significant constraints on possible non-linear modifications of QM
that don’t violate the no-signaling condition. More recent results invoking this
condition regard the exponential scaling of accuracy for a port-based teleporta-
tion [Kubicki et al., 2019] and the impossibility to design a universal quantum
superimposer [Bandyopadhyay, 2020].

In light of the above discussion, it is clear that the no-signaling argument has
been and is still being widely employed in the production of no-go theorems.
However, an epistemological problem emerges. The behaviour of a quantum ob-
ject is described by the Schrodinger equation, which is not a Lorentz invariant
equation, thus QM is not a relativistically covariant theory. Moreover, QM in-
cludes a far more direct violation of causality: a quantum object has a non-zero
probability to propagate outside the lightcone due to the ordinary time evolution
of its wavefunction [see Peskin and Schroeder, 1995, Section 2.1]. We may ask,
then, why there seems to be a “good” sort of violation of causality that we can
tolerate and doesn’t prevent us to still make a good use out of QM, and a “bad”
one, employed in many no-go theorems, that we cannot accept and, if we find it
hidden somewhere in the framework of QM, it will immediately disqualify the
theory as a sound one. It is worth quoting D. J. Griffiths [Griffiths and Schroeter,
2018, Section 12.4]: “Indeed, if you could build a cloning device, quantum me-
chanics would be out the window. For example, it would then be possible to send
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superluminal messages using the EPRB experiment.”

But why are we concerned by superluminal messages in a non-relativistic the-
ory in first place, while the same theory implies that even a particle may escape
the light-cone? We will try in the following to give an answer.

Being a non-relativistic theory, standard QM rigorously holds only for small
velocities compared to the velocity of light. It is interesting to note that it would
become exactly true only for a null velocity, where relativistic corrections van-
ish, except that the uncertainty principle forbids a quantum objects to have a null
velocity. So QM is never really true, and only for small velocities it gives an
approximately good description of reality. With the “bad” kind of violation of
causality, however, no approximation has been performed. If it is predicted by
QM, it is so for any velocity of the quantum objects involved. This means that, if
such a violation is predicted by QM, then the theory is simply inadequate to the
description of reality, as long as we consider correct the description given by SR.

It is somewhat similar to function calculus: when representing a function
through a Fourier series, we may restrict its domain to the intervals we are inter-
ested in, in order to avoid the ones in which we are not satisfied by the representa-
tion (such as points of discontinuity). Considering QM with the “bad” violation ,
the flaw is extended to the whole domain, and there is no interval in which we may
be satisfied by the outcome, therefore we are forced to discard the theory entirely
and look for a different theory that doesn’t contemplate this spooky behavior.

The main point is that scientific theories are instruments that we use to describe
reality. If we have reasons to strongly believe in the results of a theory (such as
SR) and another theory necessary to the picture explicitly contradicts it (such as
QM with the “bad” violation), we cannot consider reality actually described.

3 A measurement process must deplete the entan-
glement properties of a quantum system

The no-cloning and no-deletion theorems are together implied by the more
general no-signaling theorem [Bruss et al., 2000], according to which an observer
cannot send information to another observer through a measurement of the sub-
system of an entangled quantum system. It is important to note that this theorem
only takes a single measurement into account, and does rightly so since quantum
measurements notoriously alter the entanglement properties of the observed sys-
tems. However, if a fictitious device is capable of measuring the state of the sys-
tem without altering its entanglement, one might wonder whether it is possible to
send superluminal signals through successive measurements of the same system,
thus bypassing the no-signaling theorem. As it will be soon proven, this is exactly
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the case: measuring a quantum state without altering its entanglement properties
allows an algorithm for superluminal signaling, and it is therefore impossible.

3.1 Motivation and formalism

In order to prove this statement (in the particular but easily generalizable
case of the spin projections for Bell pairs), we take into account the behavior
of spin one-half particles. The matrix representation for spin projection operators
is shown below.

h (1 0
Operator S, = 5 (0 _1> ; (D)
. . . 1 h
Eigenfunctions and eigenvalues ) = (O) A= —1—5 , (2
0 h
) = (1> A=-2. O
h (0 1
Operator S, = 3 (1 0) ; 4)

1
Eigenfunctions and eigenvalues |+) = — (1) A=+—, 5)

= (_11) =2 ©

Given the state of a particle, it is often useful to compute the probability of
obtaining one of the possible values for a particular observable. For instance, we
get:

DR = (=D = 1 DR = 1= DR =
(P = 1 [ = 10 O =10 )P =

(7
®)

N =N =

These relations indicate that, when a particle is in a pure eigenstate of the
spin projection operator over the x- or z-axis, measuring the spin projection on
the other axis can give either value +%/2 or —h/2 with a 50% probability. The
same holds for the y-axis, but it is not relevant to the present discussion. Due
to space isotropy, Egs. (7)-(8) hold for any right-handed set of axes. It is also
important to note that a measurement performed on the subsystem of an entangled
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quantum system also collapses the complementary subsystem. In particular, given
the electron-positron singlet state

1
V2

measuring the z-spin of the electron collapses the global system into the state

[T4) or |I1), (10)

while notoriously disentangling the system in the process. However, even though
they are always correlated, the collapsing of the wavefunction and the breaking
of the entanglement are ontologically two distinct processes. It couldn’t be oth-
erwise, since the wavefunction and its collapse are a matter of formalism and
description, while the entanglement is a real, fundamental feature of QM [Truda
et al., 2022]. The next Subsection proves that allowing the conservation of the
entanglement processes when the subsystem of an entangled quantum system is
measured would constitute a reliable channel for superluminal signaling, hence-
forth the depletion of the entanglement during a measurement process is a neces-
sity of nature.

() = 1), )

3.2 Proof

Let us assume that Alice and Bob are once again trying to cheat the no-
signaling condition. They set up their EPRB apparatus in such a way that Alice
can measure the z-spin component of her particle and Bob the xz-spin component
of his one. Let us suppose that both of them have a fictitious device at hand that
allows them to perform measurements without altering the entanglement of the
system. Before splitting up by an arbitrary distance, Alice and Bob synchronize
their clocks taking into account any relativistic correction and establish a conven-
tion.

a) At time ¢t = 0 Alice decides whether to send Bob a bit O or a bit 1. If she
decides to send the bit 0, she does not perform any measurements. If she
decides to send the bit 1, she measures the z-spin of her particle and repeats
the measure every two seconds.

b) At time ¢ = 1s Bob measures the x-spin of his particle and repeats the
measure every two seconds.

Supposing that they succeed in applying this convention, the series of mea-
surements follows the pattern below.

t = 0 — Alice measures S
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t = 15 — Bob measures S?
t = 2s — Alice measures S

t = 3s — Bob measures S?

It is important to note that, thanks to the ideal device employed in the measure-
ments, the Bell pair remains entangled even after an arbitrary number of measure-
ments. Keeping this convention in mind, Bob checks the results obtained from his
measurements.

If he has always obtained the same value (+5/2 or —£/2), the state of his particle
has not repeatedly collapsed due to the collapsing of the state of Alice’s particle,
so Alice has not performed any measurements and Bob receives a bit 0.

If he has obtained random values, the state of his particle has been collapsing due
to the collapsing of Alice’s particle, so Alice has performed her measurements
and Bob receives a bit 1.

If Alice and Bob are sufficiently far apart from each other, they have achieved a
form of superluminal signaling and thus violated causality.

3.3 Discussion

It is now clear that the destructive behavior of the measurement process on the
entanglement properties of quantum systems is not an accidental feature to add to
the list of eccentricities of the quantum theory, but it is an unavoidable necessity
of nature. In other words, when looking for an alternative theory to QM, such as
Bohmian mechanics, one can’t expect it to somehow preserve the entanglement
of a system upon measurement.

While in the field of quantum information [Bub, 2023] the no-cloning theorem
implies that unknown data based on a set of qubits cannot be duplicated, this new
result implies that data based on entangled qubits cannot be read out without being
consumed in the process, and, with the point of view of quantum cryptography,
that a communication based on entangled qubits cannot be intercepted without
being distorted. Any attempt to produce a technology to perform such tasks is
going to fail.

In regard to the algorithm employed by Alice and Bob, it can be argued that
it is not perfect: there is a 2~(V~1) margin to receive the wrong bit, N being
the number of measurements performed by each of the observers, that represents
the possibility that the state of Bob’s particle happens to collapse on the same
state again and again even though Alice is performing her measurements. This,
however, doesn’t make the algorithm any less reliable and, as we will show in
the next Section, the no-cloning theorem contemplates the same flaw. Also, a
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single measurement tells Bob nothing about Alice’s decision to send a bit O or 1,
in accordance with the no-signaling theorem.

It might seem that the argument presented is quite specific, as it relies on spe-
cific properties of the system considered, i.e. an .S = 0 spin singlet state. We point
out, instead, that this result is generalizable to any entangled system consisting of
at least two proper subsystems. We don’t implement such a generalization since it
would be pedantic to consider a generic entangled system, together with a generic
operator with at least two different non-degenerate eigenstates on which the wave-
function that describes the system shall collapse upon measurement. Thus, we
believe that the specific — but encompassing the whole phenomenon — case here
described is the best way to present our claim.

Finally, we note that recently a scheme has been developed to experimentally
generate entangled states by using quantum walks with multiple coins [Li and
Shang, 2021]. In the light of the above consideration, such states are involved by
our result.

4 Critical review of the no-cloning theorem

The hypothetical quantum cloning machine (QCM) is supposed to be able to
produce perfect copies of states that totally overlap with one of the basis vectors,
1.e., when they are decomposed onto an orthonormal basis, only a single coeffi-
cient is one and all the others are zero. As a consequence of linearity, it is proven
that the QCM fails to clone unknown states [Wootters and Zurek, 1982] when they
happen to be a non-trivial superposition of basis vectors. However, there seems to
be a flaw to the claim: according to QM, the basis functions used to write a state as
linear combination are arbitrary. From now on we’ll just consider spin projection
operators for spin 1/2 particles. Given an arbitrary mixed state of these operators,
there is always a basis according to which the state totally overlaps with a basis
vector. Trivially, the given state itself can be used as a basis vector. If we let the
QCM act on the superposition state, then, it fails to clone it, but if we change the
basis so that the state overlaps with a basis vector, the QCM may clone it success-
fully. Therefore, it seems that the definition of the QCM is not sound. It makes
no sense that the QCM should act on the same state differently, giving a different
output, when we write the same state on a different basis.

The point that validates the definition is that the QCM cannot be universal and
must be instead specifically designed in order to copy a set of vectors forming a
chosen orthogonal basis. That basis is thus fixed and cannot be changed, and a
generic state must be written as a linear combination of those basis vectors alone,
those for which the QCM has been designed. This is crucial for the point we are
going to prove.
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Having clarified the framework that validates the no-cloning theorem, let us
consider another meaning to the theorem that goes beyond the fundamental frame
of QM. We will show that, if this theorem is false, then there is an algorithm that
allows superluminal signaling [Herbert, 1982].

Let us call Alice and Bob the experimenters of an EPRB apparatus. If Alice
wants to send a bit 1 to Bob, she measures the z-component of the spin of her
particle; if she wants to send a bit 0, she does not perform any measurement.
Through a QCM designed in order to clone eigenstates of the z-component of the
spin projection operator, Bob produces N clones of his particle and measures the
z-component for all of them. If they all give the same result, +4/2 or — h/2,
then he receives a bit 1 (there is a negligible probability 2=V~ to get the wrong
bit, which takes into account the possibility that all the clones happen to collapse
in the same state even though Alice has not performed any measurements). If
they give random results, he receives a bit 0. Since there could be any arbitrary
distance between Alice and Bob, it makes sense to suppose that the events of
measurements on the sides of the EPRB apparatus are separated by a space-like
interval, thus violating causality.

While there is no question that this argument holds, further investigation re-
veals a deeper implication: it also rules out the original cloning machine with the
hypothesis of linearity. Indeed, if the QCM copies basis states perfectly and su-
perposition states poorly, Bob is still able to receive (superluminally) the correct
bit. If the quantum state Bob is cloning happens to overlap with an eigenstate of
the z-component of the spin operator (i.e. Alice performed a measurement of the
z-component of the spin of her particle), then all the clones give the same result
when he measures them. If the quantum state he is cloning happens to be in a
superposition of eigenstates of the z-component of the spin operator, then there
seem to be two possibilities.

1. If the output of the cloning machine for this superposition of states is some-
how distinguishable from the output for the pure eigenstate, Bob can distinguish
it as long as he obtains different values from his measurements, and he correctly
receives a bit 0.

2. If the output of the cloning machine is indistinguishable from the output
for the pure eigenstate, Bob obtains the same value from all measurements and
receives the wrong bit 1. However, even if a particular superposition of states is
poorly cloned to a pure eigenstate output, then there is a violation of linearity. In
fact, the hypothesis of linearity implies that all the components of a superposition
of states must not be annihilated by the cloning process and, even though the
output state can be a distorted copy of the input one, its dimensionality must still
be the same, so we need to exclude this possibility.

The conclusion is that, as a consequence of linearity, not only unknown super-
position states can’t be perfectly cloned, as the authors of the no-cloning theorem
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have already claimed, but also pure basis states of the chosen basis can’t be cloned
as long as they are unknown. This removes from the picture the cloning process of
unknown states as a whole, for both eigenstates of an observable and superposi-
tions of those eigenstates. The only possibility left is that of a QCM that produces
the same output state whatever the input, so that, when the input state happens to
be already congruent to the chosen output, it may be successfully cloned. How-
ever, this is not a cloning process at all and the implied device is really a “quantum
printer” more than a quantum cloning machine.

An objection might be that the cloning of an eigenstate of an observable can
be done in a trivial way: the state can be measured and its state can be printed
onto a blank state. The counter-objection is that the state to be cloned might be a
superposition and may collapse onto an eigenstate during the measurement, and
it cannot be used for superluminal signaling anymore. The cloning of a known
state is a trivial process anyway; it is the unknownness of the state that brings on
the challenge. Even in the original proof of the no-cloning theorem, the cloning
process is assumed to be linear precisely because it is supposed to be ruled by the
Schrédinger equation and not a measurement process, which is not linear [Fer-
raioli and Noce, 2019].

Moreover, this argument fails if we allow the quantum clone to be entangled
with the original system. An output of this kind does not allow for more than one
independent measurement, as a consequence of the new result proven in Section 3,
thus it is useless for superluminal signaling. One may wonder, however, whether
the entangled clone is a legitimate, actual clone of the original state, since the
former shows an entanglement property that the latter does not exhibit.

5 Conclusions

In this paper we have claimed that the no-signaling condition is a sound ar-
gument even though QM is not a relativistically covariant theory and we have
employed it in the proof of an original no-go result. It is now clear that the de-
structive behavior of the measurement process on the entanglement properties of
quantum systems is a necessity related to Special Relativity by the no-signaling
condition. We have also shown that the no-signaling condition forbids the cloning
process of unknown quantum states as a whole, and not only for superposition
states as it was already proven within the no-cloning theorem.

For the sake of completeness, we mention that we have implicitly assumed that
causal relations between events is frame-invariant, the causes precede their effects
and the relation of precedence between events is given by the time-ordering of a
Lorentz frame. For a criticism on these assumptions, see the Stanford Encyclope-
dia of Philosophy [Faye, 2021; Friederich and Evans, 2022]. These requirements,
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sometimes called the microscopic causality principle, are the mathematical state-
ment of the fact that no signal can be exchanged between two points separated
by a space-like interval, and therefore that measurements at such points cannot
interfere with each other. Moreover, we stress that when the axiomatic approach
to Quantum Field Theory, i.e. Relativistic Quantum Mechanics, is concerned, the
assumption that local field observables commute or anticommute for space-like

separations is a consequence of the mentioned locality assumption [see Schwe-
ber, 1961, page 723].
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