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DENSITY SPACE THEORY: DISCRETE SPACES
CHAPTER I
INTRODUCTION

In 1930, L. Schnirelmann [13, 14] introduced the following den-
sity for a subset A of the non-negative integers. Let A(n) denote
the number of positive integers in the set A which do not exceed
n. Then the Schnirelmann density of A is given by

A(n) I
n

(1) a = glb { n>1}

Let A and B be two subsets of the non-negative integers. The
sumof A and B, denotedby A + B, is the set
fa+blaecA, be B, Nowlet a, B, and y denote the Schnirel-

mann densities of A, B, and C =A + B respectively. Suppose

0e¢€ A ~ B. Some of the results which have been obtained are:

(2) I a+P>1, then y=1 (Schnirelmann [14]).

(3) y>a+PB-aB (E. Landau [9] and Schnirelmann [14]).

(4) If a+Pp <1, then y>B/(l-a) (I. Schur [15]).

(5) y>min {l,a+} (H. Mann [10], F, Dyson [2], and B. Kvarda

Garrison [6]).

Inequality (3) is often called the Landau-Schnirelmann inequality,



(4) is called the Schur inequality, and (5) is the famous a + B
property.

In 1965, A. Freedman [3] generalized the concept of Schnirel-
mann density to arbitrary sets. Let S be an arbitrary set with a
special element called zero and denoted 0. For a subset X of
S, and a finite subset D of S, let X(D) denote the number of
non-zero elements in the set X ~ D. Let 4 be any family of
finite subsets of S such that G ¢l implies GN\{0}# ¢. Then

the density of a subset A of S with respect to & is
A(QG)
= 1 — .

Freedman developed a general theory for density by introducing
two sets of axioms, one set giving structure to S and the other set
giving structure to &l . The set S 1is then called an s-set, the
family ,& a fundamental family on S, and the ordered pair
(S,2l) a density space. Freedman, by introducing additional restric
tions where necessary, has extended many of the results which have
been obtained for positive integers, including (2), (3), (4) and (5). In
fact, (2) is valid for all density spaces.

In this thesis we study a special class of density spaces called
discrete density spaces. We are primarily interested in knowing

when the a + B property holds, but in seeking such a result we also



extend results (3) and (4). We have results for several types of dis-
crete density spaces. Freedman [3] has proved the a + 3 property
for discrete density spaces of order 1 and 2. We show that the a + B
property holds for all purely discrete density spaces, for all singu-
larly discrete density spaces of order n <4, for all nested singu-
larly discrete density spaces of order n <5, and for all nested
singularly discrete density spaces having two or less essential points.
We prove results (3) and (4) for all nested singularly discrete density
spaces (actually more generally for all T-spaces). We give exam-
ples where the a + 3 property and results (3) and (4) all fail for
discrete density spaces of order n >3 and for singularly discrete
density spaces of order n >5. We conjecture that the a + B prop-
erty holds for all nested singularly discrete density spaces. The
above theory is developed in Chapters III through VIII. In Chapter V
we obtain basic results which may be used to simplify the proofs of
certain density space theorems. These results allow us to replace
the density space by a simpler one. This chapter is of independent
interest.

In the last part of Chapter VIII and in the final three chapters
we look at several other interesting topics in discrete density space
theory and the more general density space theory of Freedman. These
topics include extensions of Mann's and Dyson's inequalities, Mann's

Second Theorem, mixed density theory, the relationship between
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c-density and k-density, and relationships between the transformation
properties of Freedman-

We use tne following numbering conventions in this thesis. All
definitions, lemmas, theorems, corollaries, and conjectures are
numbered consecutively in each section from x.y.1l, where x
denotes the chapter and y denotes the section. Displayed material
which is referred to later is numbered consecutively from (1) within
each section.

We use the following notational conventions. Let A and B
be any sets. We write A (C B if A 1is a proper subset of B.
We write A g B if A 1is a subset of B with equality allowed.
We use the symbol Y to denote set difference; that is,

AN\ B={x|xe€ A and x¢ B} If {al,a -,ay,a} is a set of non-

20

negative integers, we denote by {al, aysc e ,ak,;} the set

{aill <i ik} u{mlm is an integer and m > a}.
For any real numbers a and b suchthat a <b, we write

[a,b] = {xla < x ib},
(a,b] = {x|a < x < b},

[a,b) = {x]|a < x < b},

(a,b) = {x]a < x < b}



CHAPTER II

BACKGROUND

In this chapter we state those definitions and theorems from
Freedman's work which are used in the remainder of this thesis.
Proofs of the theorems are omitted and may be found in Freedman's
thesis [3] or in his article [4]. There is a significant difference in
convention between Freedman's thesis and hisarticle. In his thesis
he requires the 0 element to be missing from all s-sets, while in
his article he requires the 0 element to be in all s-sets. We adopt

the convention of his article.

2.1. s-sets

Throughout this section S is a non-empty subset of an abelian
group G. The operationin G is denoted by + and the identity

element by 0. We also assume that 0 € S.

Definition 2.1.1. For x and y in G, we write x<y

(or y > x) whenever y -xe S\ {0}

Definition 2.1.2. For x ¢ S\{O}, let L(x) denote the set

ofall ye¢S forwhich y=<x or y=x. Wecall L(x) the

lower set of x with respectto S.



Definition 2.1.3. The set S 1is called an s-set whenever the

following three axioms are satisfied:
Axiom s. 1. SN\J{0} is closed under +.
Axiom s.2. S contains at least one element in addition to 0.

Axiom s.3. L(x) is finite for each x € S\ {0}.

Definition 2.1.4. Let I denote the set of all non-negative

integers.

Theorem 2.1.5. The set I 1is an s-set where + 1is the usual

addition for integers.

Theorem 2.1.6. If S' is a closed subset of an s-set S,

0esS', and S'\{0}# ¢, then S' is an s-set.

For example, the set of even non-negative integers is an s-set.

Definition 2.1.7. Let X be a subset of an s-set S. An

element x € X is called a minimal point of X if x=0 or

X~ L(x) = {x} The set of all minimal points of X is denoted by

Min (X).

Definition 2.1.8. Let S be an s-setand x € S. Denote by

U(x) the set of all y € S suchthat x<y or x=y. We call

U(x) the upper set of x with respectto S.

Definition 2-1.9. Let X ©be a subset of an s-set S. An




element x ¢ X 1is called a maximal point of X if XAU(x) = {x}

The set of all maximal points of X is denoted by Max (X).

Theorem 2.1.10. An s-set S 1is isomorphic to I if and only

if Min (S\ {0} reduces to a singleton {x}.

2.2. Fundamental Families

Definition 2. 2. 1. For an arbitrary set S, let D :D (S)

denote the family of all sets D g S with D finite, 0 € D, and

D\ {0} # ¢.

Definition 2. 2. 2. The ordered pair (5,%f) is called a space

whenever S is an s-set and ’3’ is a non-empty subfamily of D).

Definition 2. 2. 3. Let 3 be an arbitrary subfamily of D

and let F Dbe a set in o} . An element x ¢ ¥ is called a corner

point of F (with respect to F) if F\{xe °ju{{O}} The set

of all corner points of F 1is denoted by F>P.

Definition 2. 2.4. Let S be an s-set. A non-empty family

ojg D(S) is called a fundamental family on S if the following

four axioms are satisfied:
Axiomf.1. S= U{F|F «"¥}
Axiom f.2. If FEG'P and Ge’j", then FuGE#-

Axiom f.3. If FeF and GeF, then F~G e Fu{{0})



Axiom f.4. I F ¢ F, then Max (F)C F .

Definition 2. 2.5. The space (S,?) is called a density space

whenever oj is a fundamental family on S.
The following theorem is useful in the actual construction of

fundamental families on s~sets.

Theorem 2.2. 6. Let S be an arbitrary s-set. Correspond-

ing to each x ¢ S\ {0}, let H(x) be a subset of S satisfying
the following three conditions:

c.1. {0,x}C H(x),

c.2. H(x) C Lix),

c.3. If ye H(x)\{O}, then H(y) Q H(x).
Let ?H = {F|F € DI(S), x ¢ F\ {0} implies H(x) _C_ F} Then
¢§H is a fundamental family on S. Conversely, given any funda-

-mental family ? on S, there exists a unique function H(x)

defined on S\ {0} satisfying c.1l, c¢.2, and c.3 such that ’?= OfH

Definition 2.2.7. For any s-set S and any function H(x)_ S

defined on S\ {0}, we denote by °§H the family
?H = {F|F ¢ X)(S), x ¢ F\ {0} implies H(x) C F}

Definition 2. 2. 8. Let x € S \{0} Denote by [x] the inter-

section of all F ¢ oj such that x ¢ F. Then [x] 1is called the



Cheo set of "3 determined by x.

Theorem 2.2.9. Let S be an s-set and let H(x) satisfy

c.1l, ¢.2, and c.3 of Theorem 2.2.6 for each x ¢ S\{O}. Then

[x], the Cheo set of ?H determined by x, 1is equal to H(x).

Definition 2.2.10. A point x € S\ {0} is an essential point of

the density space (S,o;) if [x]={0,x} If [x] # {0,%x} then x

is called a non-essential point.

We define a special fundamental family as follows:

Definition 2. 2.11. Let S be an s-set. We denote by

)<=7<(S) the fundamental family ?H with H(x) = L(x) for each

x € S\ {0}

Theorem 2.2.12. For any fundamental family “F on an s-set

S we have X C SPQ_D

Theorem 2.2.13. For any s-set S, the spaces (S,K) and

(5, ) are density spaces.

Theorem 2. 2.14. Let ? be a fundamental family. If F eaf,

GeF, and F C G, then F(CG.

Theorem 2.2.15. Let (S,°¥F) be a density space and X g S

where X 1is finite and X\ {0}# ¢. Then the set
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F=uflx]|x e X\ {0}} isin *# and furthermore F*C X.

Theorem 2.2.16. Let ®f be a fundamental family. If F e?,

then F = u{[x]|x e F\ {0} }

2.3. Density

In this section let (S,%F) be an arbitrary density space.

Definition 2.3.1. Let X be a subset of S. For any finite

(possibly empty) subset D of S welet X(D) be the number of
non-zero elements in the set X~D. If DN\{0} is non-empty, let

q(X,D) be the quotient X(D)/S(D).

Definition 2.3.2. Let A be an arbitrary subset of S. The

k-density of A with respect to ? is
d (A,F) = glb {q(A, F)|F < "F).

Definition 2.3.3. Let A be an arbitrary subset of S. The

c-density of A with respect to ? is

d_(A,°F) = glb {a(a,[x]]x ¢ s\ {0}},

where [x] is the Cheo set of ? determined by x.
The k-density generalizes the density defined by B. Kvarda [8]

and the c-density generalizes the density used by L. Cheo (1] and
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Both of these densities reduce to Schnirelmann density

(1, X)-

(I, Tje) we define two more counting

F. Kasch [7]
when the density space is

For any density space
functions in addition to the one given by Definition 2.3.1.

X be a subsetof I and x e I. Then

Definition 2. 3.4. Let

denotes the number of positive integers in X which do not

X (%)
Then

exceed x. Let ael, bel, and a <b. X(a,b) denotes
the number of integers x ¢ X suchthat a <x <b.
is the only counting function in this thesis

if

The function Xl(a,b)

In particular, we have X(0,b) = X(b) +1

which can count O.

0 ¢ X.

Definition 2.3.5. Let A and B be subsets of S. The

of A and B isthe set {a+blaecA, be B}

=A+B andset d (AF)=a =a,d (BF) =B

= YC'

sum A+ B
:5,

Let C

d, (C,°F) =y, =
the density of a set we always mean k-density.
B be subsets of

v, d_(8,F) = o, dC(B,"f) =p_, and dc(c,”f)

If we refer to

In the remainder of this chapter let A and

S with 0e¢ A~B.

Theorem 2.3.6. We have < 1. Furthermore,

a=a =1 if and only if A =S.

Theorem 2.3.7. vy > max {a,B}




12

Theorem 2.3.8. If a+pf >1, then v = 1.

Theorem 2. 3. 9. Y, > max {o.C, BC}.

Theorem 2.3.10. If ’#:X(S) and a +B >1, then

C c -

Definition 2. 3.11. A fundamental family ?H is separated

if, whenever x and vy are elements of S\{O} with x ¢ H(y)

and y ¢ H(x), then H(x)~Hl(y) = {0}

Theorem 2.3.12. If °F is a separated fundamental family,

then k-density and c-density are identical; that is, a = a_ for each

AC s.

Theorem 2.3.13. If S\ A 1is non-empty and the fundamental

family ’3 is separated, then a_ = glb {q(A,[x])Ix e S\NA}
Freedman [3, p. 43-4] defines two transformation properties,

trans-1 and trans-2.

Definition 2.3.14. Let F ¢°F, x ¢ F, D= F~U(x), and

Tl[D] = {y-x|y e D}. Then # is trans-1 if Tl[D] e?u{{O}}

for every F e ':je and x e F.

Definition 2. 3.15. Let x € S\{O}, Fe ?Hu{{O}}u{cb},

D=H()\F, and TZ[D] = {x- y|y ¢ D}. Then ?H is trans-2
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if TZ[D] € ?Hu{{O}}u{dﬂ for every x € S\ {0} and

F e Folo)ole)

Theorem 2.3.16. The fundamental families )< (S) and I) (S)

are both trans-1 and trans-2.

Theorem 2.3.17. Suppose ,; is trans-1. Then for each

F ¢F wehave C(F)>A(F) + B(S\A)(F).

Theorem 2.3.18. If ? is trans-1, then y>a+ f - af.

Theorem 2.3.19. If ’3 is trans-1, then Yczac + B -aCB.

Theorem 2. 3. 20. Suppose °f istrans-2. If S\ C ¥ ¢

*
and F ¢°F where F (SN\C, then C(F)>aC(F) + B(F).

Theorem 2.3.21. If '? is trans-2 and a +f < 1, then

y > B/(1-a).

If S=1 we have the following result.

Theorem 2.3.22. If neIN\C, then A(n)+ B(n) < n.
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CHAPTER III

DISCRETE, PURELY DISCRETE, AND SINGULARLY
DISCRETE DENSITY SPACES
In this chapter we begin the study of discrete density spaces.
We study discrete, purely discrete, and singularly discrete density
spaces. In particular we are interested in determining when the

a + B property holds for these density spaces.

3.1. Discrete Density Spaces in General

We define a discrete density space with the following definition

due essentially to Freedman [3, p. 101]:

Definition 3.1.1. A density space (S,F) is called a discrete

density space whenever D&P is separated. The order of the space is

given by

max {S([x])|x ¢ s\ {0}}

if this maximum exists. Otherwise, the space is said to be of infinite
order.

The density space (I,X) is an example of a discrete density
space of infinite order. The density space (s,Y) 1is a discrete
density space of order 1.

Since o}o is separated in a discrete density space we known,
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by Theorem 2.3.12, that the k-density and c-density of any subset of
S are identical. Therefore, whenever we are working with discrete
density spaces we can say that the set A has density a, knowing
that a is both the k-density and the c-density of A.

Freedman [3, p. 102-3] proves the following theorem whose

proof we give here for completeness:

Theorem 3.1.2. Let (S,°F) be any discrete density space

of order 1 or 2, let A, B, and C=A + B be subsets of S with
0 ¢ A~B, and let the corresponding densities be a, B, and Y.

Then Yy > min {1,a + B}.

Proof: Suppose (S, OEF) is discrete of order 1. Then the only
values possible for a, B, and y are 0 and I. If y=1, then
y > min {l,a + B}. If y=0, thenby Theorem 2.3.7 we have
0 > max fa,B}, and so a+ P =0. Therefore, y>min {1,a +B}.

Suppose (S, °f) is discrete of order 2. Then the only

1
values possible for a, f, and y are O, > and 1. If y=0

or 1, then we argue as above to obtain y >min {l,a +p}. If
1 1 . 1
Y=3 and a+B_<_E, then vy >min {l,a +B}. If Y=3 and
1
a+B>E, then a+ P >1 and so by Theorem 2.3.8 we have

y =1, a contradiction. This completes the proof.

The following example shows that there is a discrete density
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space of any finite order greater than 2 for which the a + B
property fails. In fact, it shows that Theorem 2.3.7, which is true
for all density spaces, gives in a sense the strongest result. Let n

be any positive integer greater than 2 and let S =1. Define H(x)

for all x € I \ {0} as follows:

(

{o0,1,3} if x=3,

{0,1,3,4} if x =4,

{O, 2,5} lf X = 5,
H(x) = <

{0,2,5,6} if x=6,

{o0,11,12,...,10+n} if x =10 +n,

\{ 0, x} otherwise.

Now H(x) satisfies conditions c.1l, c.2, and ¢.3 of Theorem 2.2.6,
so ’&PH is a fundamental family on I. - Also ’:j-PH is separated.
Furthermore, I([10+n]) = n and I([x]) <n forall xel \{O}.
Therefore, by Definition 3.1.1, the space (I, °J’DH) is discrete of
order n. Let A=1B=1{0,1,2,7}. Then C=1{0,1,2,3,4,7}
Now a=f=vy =—;— . Hence, Theorem 2.3.7 gives in a sense the
strongest result.

We obtain a space (I, °&’H) which is discrete of infinite order

and for which the a +  property fails by replacing the fifth line in

the above definition for H(x) by
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H(x) = {0,11,12,...,10+n} if x =10+ n for all n > 3.

In the remainder of this chapter and in Chapter IV we place
various restrictions on our discrete density spaces so that we can

prove results stronger than that given by Theorem 2. 3.7.

3.2. Purely Discrete Density Spaces

Definition 3.2.1. A density space (S,O;) is purely discrete

if the following two conditions are satisfied:
(i) (S, O&P) is discrete,
(ii) If x e S\ {0} and v e [x]\{0,x}, then [y] = {0, vy}

Here we are able to obtain the a + 3 property.

Theorem 3.2.2. Let (S,°¥) be any purely discrete density

space, let A, B, and C=A +B be subsets of S with 0 ¢A~B,
and let the corresponding densities be a, B, and y. Then

y > min {l,a + B}.

Proof: Suppose that (S,°F) is purely discrete of order n.
From condition (ii) of Definition 3. 2.1, we conclude that for any
x € S\ {0}, either

(a) [x]={0,x},

or

(b) [X]: {O,XI,---,Xi l,x} where Zf_iin and
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[xj]={0,xj} for j=1,2,...,i-1.
In case (a), we have a =0 if x { A. In case (b), we have a =
if x. ¢ A for some j where 1< j<i-1. Therefore, if a#0,
j =] =
i-1

we must have q(A,[X]) =1 or q(A,[x]) = Ea Therefore, the

i-1
only values a, P, and y can take onare 0, 1, or 1—1— where
2<i<n. Ifeither a or p is 0, thenby Theorem 2.3.7, we
have

Y > max {a,B} = min {1,a + B}.
If either a or B is 1, then by Theorem 2.3.8, we have

vy =1= min {1,a + B}.

Therefore, by Theorem 2.3.8, we have y =1 = min {1,a + B}.
I¥ (s, of) is purely discrete of infinite order we replace
2<i<n by 2<i and we replace 2<j<n by 2<j every-

where they occur in the proof for the finite case.

This completes the proof.

Although we are able to obtain the a + 3 property here, we

should note that to do so we have severely restricted the discrete
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density spaces involved. In the next section we introduce a different
restriction which allows us to obtain the a + B property for some

other discrete spaces.

3.3. Singularly Discrete Density Spaces

Definition 3.3.1. A density space (s,%) is singularly dis-

crete if the following two conditions are satisfied:
(i) (S, °f) is discrete,

(ii) For every integer 1 >2 we have S([x]) =1 for at most

one x ¢ S\ {0}

Theorem 3.3.2. Let (S,%f) be any singularly discrete den-

sity space of order 3, let A, B, and C=A + B be subsets of
S with 0 ¢ A ~B, and let the corresponding densities be a, B,

and y. Then vy >min {l,a+ B}.

Proof: There are three ways in which ":FI—I can be defined
so that (S, O&PH) is singularly discrete of order 3.
Space 1: Let H(x) be defined by

{0,%x.,x%x

1 2,x3} if x=x

H(x) = 3
{O,X} otherwise,

where 0< x1-< x2-< X The space (S, °§H) is purely discrete

3

of order 3 and, by Theorem 3.2.2,we have vy >min {1l,a +B}.
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Space 2: Let H(x) be defined by

{0,x1,x2,x3} if x = X3
H(x) = {0,x4,x5} if X = Xg,
{0,x} other;)vise,

where 0<x < x_ =< x and 0<x,< x and where x. ¥ x. if
1> %20 %3 4> %5 i
i4j. The space (S, "fH) is purely discrete of order 3 and, by

‘Theorem 3.2.2,we have Yy >min {1,a + B}

Space 3. Let H(x) be defined by

{O,Xl,Xz,X3} if x=x3,
H(x) = {O,XI,XZ} if x = Xy
{0, x} otherwise,

where O -<x1< x - Xy The only values possible for a, B, and

[\

2
y are 0, -, = 3 and 1. If either a=0 or =0, then by

Theorem 2.3.7, we have
Y > max {a,B}= min {1,a + B}.
If a+pf >1, then by Theorem 2.3.8, we have
y=1=min {1,a + B}.

We may select our notation so that a < . Therefore, in the

remainder of the proof we may assume that 0 <a <f and o+ <1.
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Since 0 < a <P, we known that all of the essential points are in

A~B and hence in C; that is,
s\ {x,x;}CA~BC C.

We have two cases to consider.
1 2
Case 1 (a=5=-é-): We have a+B:§-. We show that

1
by showing that x, ¢ C. Since a=73, wehave x, {§ A

Wiy

Y2

and X4 ¢ A. Since x1< x2< X3 We have X, =X ¢ S. Also

X - x1-< x2< x3 because x_ - (x_.-x.)=x_ ¢ S. The relation <

2 2 2 1 1
is transitive and hence X, - Xl 4 x2 and X, - Xl 4 Xy Therefore,
X, = X € A  because all elements except X, and X, are in A.
Therefore, since X € B we have X, = ( 2" 1) + X, € C.
1 1 5
CaseZ(a=§,5:—2')i Here a+5=-6. We show that

y:1>—5- by showing that x, ¢ C and x, ¢ C. Since a =

1
6 2 3 3’
1
we have X, ¢ A and L3N ¢ A. Since B = > we have x, ¢ B
and x, ¢ B. Now x, ¢ C exactly as in Case 1 and x, ¢ B C c.

This completes the proof.

We now show that the a + B property holds for all singularly
discrete density spaces of order 4. We begin with the following

lemma which is used in the proof for Space 5 of Theorem 3. 3. 4.

Lemma 3.3.3. Let (S, °:-fH) be the density space determined

by
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f' -
{O,Xl,XZ,X3,X4} if x = Xy
{0,x1,x2,x3} if x = LY

H(x) =
{O,Xl,XZ} - if x = X,
L{ 0,x} otherwise,

where 0-<x1-<x2-< x3<x4- Let A, B, and C=A +B be sub-
sets of S with 0 e A~B andlet a be the density of A.

(i) If a >0 and xleB, then xZEC.

(ii) If a >0 and X € B and X, € B, then X, e C.
Proof of (i): Since x1-< x2-< x3< Xy, we have X, =X € S

and x._ - x1-< x2-< x3-‘< X, Therefore, x, - X #xz,

2 2 1
X, - x1 # X3 and x2 - x1 # x4- Since a >0, only XZ’ x3, or
X, could be missing from A. Therefore, X, - X € A. Now
X, € B, so X, = (xz—xl) + X, € C.

Proof of (ii): Since x1-< x2< x3< X, we have Xg- X, € S,

X, -X, €8, x,-%Xx_€8, x, -X% -<x3-<x4, and x —x-<x3-<x4.

3 1 2 1 3 2 3 1
Therefore, x,; - X, # X Xg - X, # X4 Xg o= %Xy # x,, and
X, - %X, # x,. Also x, - x,<x,-x because
(x3—x1) - (x3-x2) =%, - X% ¢ S, and so Xy - %, # Xy - Xy There-
fore, either X3 - X, ¥ X, or X3 -X, # L Since a >0, only
X,) X3, O X, could be missing from A. Therefore, either
x, -x_.€A or x,-x ¢ A Since x, ¢ B and x, € B, thenin

3 2 3 1 1 2
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either case x3 € C.

This completes the proof of Lemma 3. 3. 3.

Theorem 3.3.4. Let (S,°f) be any singularly discrete den-

sity space of order 4, let A, B, and C=A + B be subsets of
S with 0 ¢ A~B, and let the corresponding densities be a, B,

and y- Then vy >min {l,a+ B}.

Proof: There are fourteen ways in which OEFH can be defined
so that (S, ?H) is singularly discrete of order 4. In the remain-

der of the proof we assume that x, # x, whenever i ¥ j.
1

Space 1: Let DfH be defined by

{0,x,,x.,x if x=x

1’ %2 3”‘4} 4’

H(x) =
{0,x} otherwise,

where 0< x1-< x2< x3-< Xy The space (S, "39H) is purely dis-
crete of order 4 and, by Theorem 3.2.2, we have

Y > min {1,a +B}

Space 2: Let OEFH be defined by

{O,Xl,Xz,X3,X4} if x = x4,
H(x) = {0,x5,x6} if X = X,
{0,x} otherwise,

where 0<< x1-< x2<x3< X, and 0<X x5~< X, The space



(S, O&pH) is purely discrete of order 4 and, by Theorem 3.2.2,
we have y >min {I,a + B}.

Space 3: Let O\JPH be defined by

{O,Xl,Xz,X3,X4} if X = Xy,
H(x) = {0,><5,x6,x_7 if x=x7,
{0,x} otherwise,

< .

where 0-<x1< x2~< x3-< X, and 0<x5 x6-< %, The space
(S, °§H) is purely discrete of order 4 and, by Theorem 3. 2.2,
we have y>min {1,a + B}.

Space 4: Let DEFI—I be defined by

4 : -
{O,Xl,Xz,X3,X4} if x Xy
{0,x ,x,,x if x = x_,
57671 7
H(x) = <
{ O’XS’X9} if x = X9’
k’{O,X} otherwise,

<
where 0<x1-<x2<x3< X, and O x5< x6< x_7 and

0 << x8< Xg- The space (S,fo) is purely discrete of order 4

and, by Theorem 3.2.2, we have y >min {l,a + B}

Space 5: Let #H be defined by
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s _
{O,Xl,Xz,X3,X4} if x Xy
{0,x1,x2,x3} if x = x3,

H(x) =
{O,X].,Xz} if x= Xz,
L{O’X} otherwise,

where 0-<x1< x2-< x3< x .. The only values possible for a, B,

4
1 1 1 2 3

33023y

and vy, listed in increasing order, are 0O,

1. If either a=0 or B =0, thenby Theorem 2.3.7, we have
\/Zmax{a,ﬁ}_=min{l,a+ﬁ}.
If a+Pf>1, thenby Theorem 2.3.8, we have
y=1=min {1,a + B}.

We may select our notation so that a < B. Therefore, in the re-
mainder of the proof for Space 5 we may assume that 0 <a <
and a+f <1l. Since 0<a< B, we know that all of the essential

points are in A ~ B and hence in C; that is,
S\ {x,%,,%,)C AnBC C.

By part (i) of Lemma 3.3.3, we have x, ¢ C. Therefore, the only
elements which could be missing from C are X3 and Xy This

allows four possibilities for the set C. The following table lists

the eight ways in which the positive densities of Space 5 can be



obtained. Those entries where x, is in the set give the four pos-

sibilities for the set C.

Density Subcase Non-Essential Points

2 3 4
1 1 0 0 0
4 KEY
1
3 1 0 0 + 0 Not in the set
1 1 0 + 0 + In the set
2

0 + +
3 + 0 0

2 1 0
3 + +
3
2 1 + + 0
1 1 + + +

We have six cases to consider. We make frequent use of

Lemma 3.3. 3 and the above table of densities.

N

Casel (a =B =

because x, € C and x, ¢ C.

1 2
1 1
CaseZ(azz, B='§): We have a+B:1—72- We show that
2 7
Y>3>71; by showing that x, ¢ C. Now x, ¢ B(C C.
1 1 3
Case3(a=Z, B:E): We have a+B=Z. We show that

3
Y > 7 by showing that xy € C.

Subcases 1 and 2 for B = Here x_, ¢ B g C.

1.
2 3

1
Subcase 3 for B = > Here X, € C Dby part (ii) of Lemma
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1 1
): We have o.+5=—2=. We know that yz—z'
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Case4(a=:1L-,B=-§)i We have a+5=%. We show that
11 .
Y_1>ﬁ by showing that x3eC and x4eC. Now x3€C by
part (ii) of Lemma 3.3.3 and x, ¢ B C c.
2

Case5(a=5=%): We have a+B:§. We show that

2
Y>3 by showing that X, € C. Now x4eBgC

1 1 5
Case6(a=§,5=z): We have a+5=—6-. We show that
y:1>% by showing that X, € C and Xy € C.
1
Subcases 1 and 2 for B=ES Here Xy € B_C_C and
x, ¢ AC C.

Subcase 3 for B = —;- : Here xj¢ C Dby part (ii) of Lemma

3.3.3 and X4GA_C_ C.

This completes the proof for Space 5.

Space 6: Let °F be defined by

H
f‘
{O’XI,XZ,X3,X4} if x = X4,
{0,x_,x,,%x_} if x=x_,
H(x) = 5°76" 77 7
{O,XS,Xé} if x = X6,
M{O’X} otherwise,

< .
where 0-<x1<x2 x3-<x4 and 0-<x5-<x -<x_7 The only

6
1 ible f B d 0 L1222 d 1
values possible tor a, P, and Yy are P35 3 g an .

If either a =0 or P =0, then by Theorem 2.3.7, we have

y > max {a,B} = min {l,a + B}.
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If a+pf >1, thenby Theorem 2 3.8, we have
Y=1=min{1,a+5}.

We may select our notation so that a < B. Therefore, in the
remainder of the proof for Space 6 we may assume that 0 <a <f
and a +B < 1. Since 0<a<p, weknow that all of the essential

points are in A ~B and hence in C; that is,
SN\ {x, %, x,JC AnBC C.

We have two cases to consider.

1
Case 1l (a =B = —3-): We have a + P = We show that

w |~ Wl

2
Y > 3 by showing that X, € C. Since a ==, we have L { A

and X, d A. Since x5-< x6-< X we have X - X € S and

x -x5-< x6< X Therefore, X, - X #x6 and x6~x5#x. If

6 5 7
x6-x57fx4 then x6—x5€A, and since x5€B, we have
x6eC. If x6—x5=x4 then x1<x4< x6, and so
x4#x6—x1< x6<x7- Therefore, x6—x1eA, and since XIEB,
we have x, € C.
6
1 1 5
CaseZ(a=§,5=E): We have a+B:z. We show that

5
vy=1> s by showing that X, € C, X, € C, and X, € C. Since

1
523, we have x6¢B and x7eB. Now x6eC exactly as in

Case 1 and X, ¢ B g C. Since x1< x2< x3-< X, We have



29

_x3-<x4-x - x -x1<x4,

%4 2 4

and since X, and x, are the only elements which could be miss-

ing from B, we have at least two of the elements Xy = Xps Xy =Xy,

and x4—x1 in B. Since xl, XZ’ and x3 are all in A, we

have x4 e C.

Spaces 7, 8, and 9: Let #H be defined by

r _
{0,x1,x2,x3,x4} if x= x4,
{0,x.,x.} if x=x,

_ L] J
H(x) —<
{0,x5,x6,x7} if x= x7,
L{O’X} otherwise,

where 0-<x1—<x2-<x3<x4 and 0<x5<x -<x7, and i< j

6
where 1i,je€ {1,2,3}. (Note: Spaces 7, 8, 9 refer respectively to
i=1,j=2,1i=1,3=3;,1i=2,j=3) The only values possible for

2 3
a, B, and y are O, ' 30 g and 1. If either a=0 or p =0,

N

then by Theorem 2.3.7, we have
y > max {a, B} = min {1,a +B}.

If both o and P are positive, then a+f >1 and, by Theorem

2.3.8, we have

y=1=min {,a+B}.

Space 10: Let J be defined by
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{O’XI’XZ’X3’X4} if x—x4,
{O’XI’XZ’X3} if x = x,,

H(x) =
{O’XS’Xé} if x=x6,
L{ 0, x} otherwise,

where 0<x1-< x2-< x3-< x, and 0<x5< X, The only values

1 2 3
possible for a, B, and y are O,E,-:,:,Z, and 1. If either

a=0 or B =0, then by Theorem 2.3.7, we have
y > max {a,B}= min {l,a + B}.

If both a and [ are positive, then o+ >1 and, by Theorem

2.3.8, we have

vy =1=min {1,a + B}.

Spaces 11, 12, and 13: Let ?H be defined by

{0,x1,x2,x3,x4} if X = Xy,

H(x) = {0,x,,x.} if x=x,
1] J

{o0,x} otherwose,

where 0= x1<x2-< x3< X0 and i< j where i,je€ {1,2,3}
3
The only values possible for a, B, and y are O, >3 and 1.

If either a =0 or B =0, then by Theorem 2.3.7, we have

y > max {a,B}= min {l,a + B}.

30
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If both a and P are positive, then a +p >1 and, by Theorem

2.3.8, we have

vy =1 = min {1,a + B}.

Space 14! Let #H be defined by

{0,x1,x2,x3,x4} if x=x4,
H(X) = {0, xl,XZ, X3} if x = X3,
{0,x} otherwise,

where 0 < L3 < x2-< x3< Xy The only values possible for a, B,

1 2 3

530 g and 1. If either a=0 or B =0, then

and y are O,

by Theorem 2 3.7, we have
y > max {a,B} = min {1,a +B}.

If both a and P are positive, then a +f >1 and, by Theorem

2.3.8, we have

y=1=min {l,a + B}.
This completes the proof of Theorem 3.3. 4.

The following examples show that there are singularly discrete
density spaces of all orders greater than 4 (and of infinite order)
for which the a + f property fails. The Landau-Schnirelmann

inequality and the Schur inequality also fail here.
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Let °§

be defined by

H
({0,2,3,4) if x=4,
{0,2,3,4,5} if x =5,

H(x):§ {0,2,3,4,5,6) if x =6,
{o0,1,7} if x=7,
L{O,X} otherwise.

Then (I, oaeH) is a singularly discrete density space of order 5.

Let A=B=1{0,1,2,3,8). Then C=1{0,1,2,3,4,5,6,8}. Now

2 1 4
a=f-= z while vy = —;— Therefore, we have vy = E 57 min{l,a+B},
1 16 1 2
= — L — = - - =—L—-
we have vy > 55 - © + P -aP, and we have vy = > 3 = B/(1-a)

For any integer n >5 we can modify the definition of H(x)
in the above example to make (S, °§H) singularly discrete of order

n. To do this we insert the following:
H(x) = {0,11,12,...,10+n} if x =10 + n.
To make (S, ?H) singularly discrete of infinite order we insert:
H(x) = {0,11,12,...,10+n} if x =10 +n for all n > 6.

These insertions do not change the values of a, B, and vy for the sets
A, B, and C in the above example. Therefore, the indicated prop-
erties still fail.

These failures motivate a further restriction on the discrete
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density spaces we wish to consider. We introduce such a restriction
in the next chapter.

We have just seen that there are 14 types of singularly discrete
density spaces of order 4. Similarly, it can be shown that there
are 99 types of order 5. Surprisingly, the a + B propertyis valid
for 98 of the 99 types of spaces. The only space where the a + P

property can fail is of the type (S, O&PH) where

({ 0,%) 5%, %353y, X} A x = %,
00,3303, %, ) ox =X,

H(x) = < {0,x1,x2.,x3} if x = X35
{0,X6,X7} if x = x,

\{O,X} otherwise,

where 0 <x1-< x2< x3< x4< X and 0< x6-< x7. Of course,
the example we used earlier to show that the a +  property fails

for some singularly discrete density spaces of order 5 is of this

type.
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CHAPTER IV

NESTED SINGULARLY DISCRETE DENSITY SPACES
AND T-SPACES

In this chapter we introduce a special family of discrete den-
sity spaces called nested singularly discrete density spaces. We
also introduce a class of density spaces called T-spaces which gen-
eralizes the family of nested singularly discrete density spaces.
We show that both the Landau-Schnirelmann and Schur inequalities
hold for all T-spaces.

4.1. Basic Definitions and Representations for Nested
Singularly Discrete Density Spaces

Definition 4. 1. 1. A density space (S,°F) 1is nested singularly

discrete if the following three conditions are satisfied:
(i) (s, ?) is singularly discrete.
(ii) If 2 SS([X]) < S(y]l), then [x]C [y] where x ¢ S\ {0}
and y € S\ {0}.
(iii) ¥ vy e SN\{0} and S([yl) =i >2, then for each integer

j (1 <j<i), thereis anelement x¢ SN\ {0} such that

s(lx)) = j.

Theorem 4.1.2. A space (S,OEF) is a nested singularly dis-

crete density space of order n >1 if an only if of = ofH where
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H(x) 1is defined by

{O}u{xi|i=l,2,...,m} if x = X o for allm=1,2,...,n,

{0,x} otherwise,
where 0<x < x < ...<Lx .
1 2 n

Proof: Suppose (S,QEF) is a nested singularly discrete den-
sity space of order n >1. By Theorem 2.2.6, there is a function
H(x) such that "3= o:‘)‘PH Since the order is n, there is an ele-
ment x ¢ SN\ {0} suchthat S([x]) = n. Now by condition (iii) of
Definition 4. 1.1, for each i=1,2,...,n, thereis an element
x, ¢ S\ {0} such that S([xi]) = i. Since (S, ?H) is singularly
discrete by condition (i) of Definition 4.1.1, we know that for each
i=2,3,...,n there is only one element =x ¢S N\ {0} such that

s([x]) =i. By condition (ii) of Definition 4.1.1, we know that

The set [x contains one nonzero element of S different from

5]

%X, Call it X - Then S([xl])=1 and

b, 1C [x,)C - C ]

Therefore, since [Xi] = H(x.) C L(x,) for each i=1,2,...,n by

condition c¢. 2 of Theorem 2.2.6, we have
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H(xl) = {O,Xl},
H(x,) = {O’XI’XZ}
H(x ) = {O,Xl,xz, o ’Xn}’

where 0<x1< x2< ...<xn. For all x ¢ S \ {0} where
S([x]) =1, we have H(x) = {0,x}. Therefore, by condition (i) of
Definition 4. 1.1, we have formula (1).

Conversely, suppose H(x) 1is given by formula (1). Now
H(x) satisfies conditions c¢.1, c.2, and c.3 of Theorem 2. 2. 6.
Therefore, (S, DE?H) is a density space. We now confirm the three
conditions of Definition 4.1. 1.

Condition (i) holds: If x ¢ H(y) and y ¢ H(x) for x ¢ S\{0}
and y €S \{0}, then H(x) ~H(y) = {0}. Therefore, az-f is
separated and hence (S, #H) is discrete. Since S([x])=1, i>2,

only if x = X, we have that (S, ?H) is singularly discrete.

Condition (ii) holds: Suppose x € S\ {0}, y € S \{0}, and
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Condition (iii) holds: Suppose y € S\ {0} and

s({yl) =i >2. Then S([xj]) =j for each j=1,2,...,1i.
Therefore, (S, F) = (S, ’fH) is a nested singularly discrete

density space of order n. This completes the proof.

Theorem 4.1.3. A space (S, ?) is a nested singularly dis-

crete density space of infinite order if and only if #2 D;H where

H(x) 1is defined by

(2) {oyu{x |i=1,2,...,m} if x= L for all integers m >1,
i Z

{0, x} otherwise,
where 0<x1-< x2-<

Proof: Suppose (S,°§) is a nested singularly discrete density
space of infinite order. By Theorem 2.2.6, there is a function H(x)
such that #: ,fI—I Since the order is infinite, for any integer N,
as large as we wish to choose, there is an integer n >N such that
S([x]) =n for some x ¢ S\{0} The proof from this point on is
exactly like the proof of Theorem 4.1.2, except we use formula (2) in
place of formula (1).

Theorems 4.1.2 and 4.1.3 are easier to use than Definition
4.1.1 when we are actually constructing examples of nested singularly
discrete density spaces. This is particularly true of Theorem 4.1.2

which we use in Chapter VII when we prove that the a + B property
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holds for nested singularly discrete density spaces of order 5.

Definition 4.1.4. The point ) in formulas (1) and (2) is

called the nested essential point of the nested singularly discrete

density space (S, "EFH).
It is clear that the nested essential point is an essential point.
The nested essential point will be of importance in the next section

and in Chapters VI through IX.

4.2. General T-spaces

In this section we introduce a family of density spaces over the
s-set S which includes as a subfamily all nested singularly discrete

density spaces over S.

Definition 4. 2. 1. Let S be any s-set and let T be any

proper subset of S\ {0}. Denote by (S, XT) the space (S, °§H)

where H(x) 1is defined by

{0, x} if xe T,
H(x) =
L(x) \T if xe S\ {0} and x¢ T.

Then (S, XT) is called a T-space over S.

The choice of the notation (S, ')<T) is motivated primarily

by the fact that when T = ¢, we have (S, XT) = (s, X).

Theorem 4.2.2. (i) Every T-space over S 1is a density space.
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(ii) f S\ T is linearly ordered by the partial ordering < from
S, then (S, XT) is a nested singularly discrete density space.
(iii) For any nested singularly discrete density space (S,9) there

isaset T(C S\\{0} suchthat (S, XT) = (S, 7).

Proof of (i): To see that (S, XT) is a density space, it suf-
fices to verify the three conditions from Theorem 2.2.6.

Condition c.1 holds: Consider any x ¢ S\ {0}. If x e T,
then {0,x}=H(x). If x¢ T, then {0,x}C L(x)\T = H(x).

Condition c. 2 holds: Consider any x ¢ S\ {0} If xe T,
then H(x) = {O,X}_C_ L(x). If x¢ T, then H(x) = L(x)\T g_ L(x).

Condition c. 3 holds: Consider any x € S\ {0}, If xeT,
then H(x) = {0,x}. Therefore, vy ¢ H(x) \{0} implies y =x, and
hence H(y) = H(x). If x ¢ T, then H(x) = L(x) \T. Therefore,

y ¢ H(x)\ {0} implies y e L(x) and vy ¢ Tuw {0} Hence

H(y) = L(y) \T. Since 1y ¢ L(x) implies Lly) _(; L(x), we have
H(y) = L(y) \T C L{x)\T = H(x).

Proof of (ii): Suppose S\ (Tw{0}) has n elements. (We

will handle the infinite case next.) Since the elements of S\ T are

linearly ordered, we can write

S\(T\_/{O}) = {X]_’XZ’ <. "Xn}
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where 0 <x < x,~< ... =<x . If =x=x for an integer m
1 2 n m
(1 <m <n), wehave
H(x) = H(x ) =L(x )\T
m m

1l

L(x )~(S\T)
m

{O,Xl,Xz, ce ,xm}

fl

{O}U{Xili =1,2,...,m}

Otherwise, if x # 0, then xe¢ T, and sowe have H(x) = {0,x}.
Therefore, by Theorem 4.1.2, the space (I, )(T) is nested singu-
larly discrete of order n.

If S\ (Tw{0}) has infinitely many elements we can write

SN\(Tuw{0}) = {xl,xz,---

where O -<x1< x2< ... . We consider x = LS for each integer
m >1 and proceed as above, except we apply Theorem 4.1.3 in

place of Theorem 4.1.2 to conclude that (S,XT) is nested singu-

larly discrete of infinite order.

Proof of (iii): This part follows from the next theorem which

demonstrates a specific set T (C S\ {0} such that (S,H) = (S,XT).

Theorem 4.2.3. Let (S,M) be any nested singularly discrete

density space. Then (s, ¥) = (S, XT) where
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WX b

ORI

)

(i) if the order is. n, then T =S\ {0,x1,x
(ii) if the order is infinite, then T = S\ {O,Xl,XZ, ..

We are using the fact that (S,)f) = (S, ) where H'(x) is de-

Hl
fined as in formula (1) of Theorem 4.1.2 or formula (2) of Theorem

4.1.3.

Proof: Let (S,)¥) be any nested singularly discrete density
space of order n >1. (We will handle the infinite case next.) By
Theorem 4.1.2, we have (S, ) = (S,"}H,) where H'(x) 1is de-
fined by

{O}V{Xili =1,2,...,m} for x = X for all m =1,2,...,n,

H'(x) =
{0, x} otherwise,

where 0-<x1< x2<...<xn. Let T=S\{0,x1,x2,... i

Now x, € S\ {0} and %) ¢ T, so T (C s\ {0} Also
x € S\ {0} and x ¢ T if an only if x =x__ for some

m=1,2,...,n. Therefore, if x ¢ S\ {0} and x¢ T, we have

H(x) = H(x_ ) = L(x_ )\ T

m m
= Lix )N\ (8 \{0,x %, hx )
= L(x_)~{0,%,%,,...,x_}
= {0,305, ey x )
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Otherwise, if x# 0, then x ¢ T, and so we have
H(x) = {0,x} = H'(x). Therefore, since H(x) = H'(x) for all
x € S\ {0}, we have (S,XT) :.(S,H)-
If (S, )f) is nested singularly discrete of infinite order we

apply Theorem 4.1. 3 in place of Theorem 4.1.2 and write

m=1,2,... inplaceof m=1,2,...,n, write 0<x1<x2<...
in place of 0 x1-< x2< < L and write {0,x1,x2, }
in place of {0,x1,x2, c. ,xn} in the proof for the finite case.

We now show that Theorem 4.2.3 can be reworded in the fol-

lowing way:

Corollary 4.2.4. Let (S,)f) be any nested singularly dis-

crete density space. Then (S,)) = (S, XT) where T is the set

of all essential points of (S,H) except the nested essential point.

Proof: Using the notation of Theorem 4. 2.3, we have that
X, Xz, . are all non-essential points and all other points of
S\ {0} are essential points. Let E be the set of essential points

of (S,H)- Then, by Theorem 4.2.3, we have

=
n

S\{o:xl,xzy-'-:xn} or S\{O,XI,XZ,}

E\{xl} .

This completes the proof.
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Notice that we have been letting (S, }¢) denote a nested
singularly discrete density space. From here on, if a density space
is denoted by (S, ) it is understood to be nested singularly dis-
crete.
We conclude one additional theorem which relates the set T

to the set of essential points of a T-space (S, XT).

Theorem 4.2.5. Let (S, )(T) be any T-space and let E be

the set of essential points of (S, KT). Let
Vv = {x|xe S\(Tuw{0}) and L \T-={0,x}}
Then (i) E=TwV and (ii) TAV = ¢

Proof of (i): Suppose xe¢ E, but x¢ T. Then [x] = {0,x}.
Since 0 is not an essential point, we have x ¢ S\ (T w{0}).

Therefore, by Definition 4. 2.1, we have
L(x) \T = H(x) = [x] = {0, x}.

Hence x ¢ V. Therefore, E g TUV.
Conversely, if x e T, then [x] = {o,x}. If xe V, then
X € S\{O} and x¢ T, and so [x] = L(x) \T = {0,x}. Therefore,

TuV(C E.

Proof of (ii): If xe T, then x¢ S\ (Tw{0}) and so
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x § V. Therefore, T~V = ¢.
We are now ready to extend some results of Freedman for den-

sity spaces (S, X) to the more general T-spaces (S, KT)-

4.3. The Landau-Schnirelmann and Schur Inequalities
for T-spaces

Freedman [3, 4] proved both the Landau-Schnirelmann and
Schur inequalities for all density spaces (s,X); thatis, for all
density spaces determined by H(x) = L(x) for all x ¢ S\ {0}

The next two theorems encompass both of these results as special
cases. They also provide new results for nested singularly discrete
density spaces. Their proofs are modifications of the proofs of

Freedman for (S,X). First, however, we prove three lemmas.

Lemma 4.3.1. Let (S, XT) be any T-space. Then

FN\UT ¢ XT\J{{O}} for every F ¢ X .

Proof: Consider any F ¢ X . Since (S, X) = (S,':-FH) where

H(x) = L(x) for all x e S\ {0}, we have, by Theorem 2. 2.16, that
F = u{L(x)l-x e FN\ {0}}.

Therefore, since in (S,XT) we have [x]= L(x)\ T ¢ XT for

each x € S\ (Tw{0}), it follows that
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H

FN\T = u{L(x)|x e F\{0}} \T

U {L(x)\T|x ¢ F\{0}}
U{L(x)\T|x e F\(Tuw{0}H}u{o}

n

Hence F\T eXTu{{O}}.

Lemma 4.3.2. Let (S, XT) be any T-space. Then for every
set F' GXT there is a set F eXu{{O}} and aset T'"C T
such that

F'=(F\NT)uT'

Proof: Consider any F' e XT' By Definition 4.2.1, we have

s, X.)=1(s,¥F

T I—I) where H(x) 1is defined by

{0, x} if xeT,
H(x) =
Lix) \T if xce S\{O} and x ¢ T.

By Theorem 2.2.16, we have

F' U{H(X)IXGF'\{O})

fl

w {H(x)|x ¢ F'ATIu(U{HX)|x e F'\(Tw{0oh})

{0}U(F'AT) U (U{Lx)\T|x e F'\(Tuw{0}h})

={0}UF'AT) U (u{Lx)|x ¢ F' \(T U {0}H}\T).

fwelet F=u{Lx)|xeF\(Tu{oh}o {0} and T'=F'AT,
then F e Xw{{0}} and T'(C T. Substituting into the above

equality, we obtain
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F'=(F\T)uvwT"

Lemma 4.3.3. Let (S,XT) be any T-space. Let A be

any subset of S with 0e¢ A. Let a be the k-densityof A in
(S,X) and let a' be the k-density of A in (S,XT). Then

a >a'.

Proof: If T iA, then a'=0 and so a >a'. Suppose
Tg A and consider any F ¢ X. If F\T-=1{0}, then F Q A

and so

for any F'e XT' If F\T#%{0}, thenby Lemma 4.3.1 we have

F\Tce XT and

Therefore, for every F ¢ X thereisan F'e XT such that

and so a >a'.
We are now ready to prove the Landau-Schnirelmann and Schur

inequalities for general T-spaces.

Theorem 4.3.4. Let (S’XT) be any T-space. Let A,B, and
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C=A+B be subsets of S with 0 e A ~B, and letthe corres-
ponding k-densities in (S, XT) be a', B', and y'. Then

‘Y'EO" + ﬁl _ 0'lﬁl‘

Proof: Let the k-densities of A, B, and C in (S, X) be
a, B, and y. If any essential point in (S,XT) is missing from
either A or B, then a'=0 or pB'=0 and the theorem is
immediate. Therefore, suppose all essential points are in A B
and hence in C. In particular, T (C A and T C C. Consider
any F'e XT' By Lemma 4.3.2, there is a set F ¢ Ko {{o}}

and a set T'(C T such that
F'=(F\NT)uT"

If FN\T-={0} thensince T'C T C, we have

C(FE) _ CUENT)UT) _ C(T) _,
S(F") S(F\T)uT") S(T")
—>- 0'I + Bl _ 0'lﬁl‘

Suppose F \T # {0}. Then by Lemma 4.3.1, we have F\T ¢ XT'
Now since F\T and T' aredisjointand T'C T(_ C, we

have



By Theorems 2.3.16, 2.3.17, Lemma 4.3.3, and the above

inequality, we have

2 S(F)-T(F)
_A(F)-T(F) + B S(F)-A(F)

S(F)-T(F) S(F)-T(F)

A(F) - ) , S(F)-A(F
25m-tE TP s TE)
_AE)-TE) 4, SF)-TF)IT(F)-A(F)
T S(F)-T(F) | S(F)-T(F)
_A(F)-T(F) y '

“SE)-TE) (1-B") + B".

Since TCA and F\Te XT’ we have, by the above

inequality, that
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C(F') _A([F)-T(F) ' '

siE) 2 5@t PO TP
_AFENT) ' '
" SFENT) (1-") + B
> a'(1-B") + B!
= a' + ﬁ' - O.'ﬁ'-

Now since
C(F') t ! 13!
S(F')za +pB'-a'B

for every F'e XT’ we have

L— C(F') 1 ' U Rt
v'=glb (g [Fhe Kplza + 8- alf

Theorem 4.3.5. Let (S, XT) be any T-space. Let A, B,

and C=A+ B be subsetsof S with 0¢ A~B, andlet the
corresponding k-densities in (S,XT) be a', B' and y'. If

a'+B' <1, then y'>p'/(1-a').

Proof: Let the k-densities of A, B, and C in (S,)() be
a, B, and y. If any essential point in (S,XT) is missing from
either A or B, then a'=0 or pB'=0 and the theoremis
immediate. Therefore, suppose all essential points are in A B
and hence in C. In particular, T (C B and T C C. Consider

any F'e XT' By Lemma 4.3. 2, there is a set F EXU{{O}}

and a set T' g T such that
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If FN\T={0}, thensince T'C T(C C andsince p'/(l-a') <1,

we have

C(F\T)uT" _ C(T") _ ' '

S = S(T')—l >p'/(1-a'").
Suppose F\ T # {0}. Then by Lemma 4.3.1, we have

F\T ¢ XT' Now since F \T and T' are disjoint and

T'g Tg C, we have

C(F') _ CUF\T)wT"
S(F")

(2) S(F\T)uT"

C(F \T)+C(T")
S(F \T)+S(T")

C(F\\T)+S(T")
S(F \\T)+S(T")

> C(F\T) ‘
— S(F \T)

Also since F\T # {0} and F e Xu{{O}}, we have F ¢ X.

I C(FN\T)=S(FN\NT), then by inequality (2) we have

=1>p'/(1-a").

(3)

Suppose C(F\T)<S(F\T). Since T(C C wehave C(F) <S(

Therefore, F ~(S\C) = ¢. Let

F).
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G=uilx]llx e FA(S\C)}

where we recall that [x] 1is the Cheo setof x in (S,X). Then
*

by Theorem 2.2.15 we have GEX and G g_ FA~(S\C).

Therefore, G C S \C, andalso G C F which by Theorem

2.2.14 implies that G g_ F. Therefore,
(4) F = Gu (F \G).

By the way we constructed G we have F\G g_ C. Therefore,

(5) FN\T = (G\T)uU(F\(GuT),
and
(6) C(F\(GuT)) =S(F \(GuUT)).

Now by statements (2), (5), (4) and (6) are since G\ T ¢, we

have
C(F'Y) _ C(F\T
(7) S(F) 2 S(F\T)
_CUGN\T) U (EN(GUT)))
SUG\T)U (F\N(GuUT)))
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Now since G ¢X  and G*g SN\ C and since T(C B and
T C C, we have by Theorems 2.3. 16 and 2.3.20 and by Lemma

4.3.3 that

Hence

and so

(8)

Combining inequalities (7) and (8), we obtain

C(F") . ,
(9) S(F')zﬁ /(1-a').
By inequalities (1), (3), and (9) we have
C(FI) 2 6'/(1'0")

S(F")
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for all F'e XT' Therefore,

[ (__:LF;'_) 1 [ 1
v' = glb {S(F.) |F' e XT}EB /(1-a') .

This completes the proof.

If welet T =¢, Theorems 4.3.4 and 4.3.5 yield the Landau-
Schnirelmann and Schur inequalities for the density space (S,X).

Let (S, H) be any nested singularly discrete density space.
By Theorem 4.2.2 part (iii), there is a set T C 8\ {0} such that
(S, ¥) = (S, 7<T). Therefore, by Theorems 4.3.4 and 4.3.5 we have
the Landau-Schnirelmann and Schur inequalities for all nested singu-
larly discrete density spaces. In Chapter VI we obtain these in-

equalities by a different method of proof.
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CHAPTER V

REDUCTION FROM (S, ¥) TO (I, %) FOR NESTED
SINGULARLY DISCRETE DENSITY SPACES

In this chapter we present two theorems of independent interest
about nested singularly discrete density spaces (S, X). The first
theorem shows that the verification of certain density inequalities in
(S,)ﬁ‘) can be reduced to their verification in (I,H). The only
applications we make of this theorem are in Chapter VI where we
obtain results which we proved in Chapter IV by different methods.
The second theorem shows that for certain nested singularly discrete
density spaces (S, H) the verification of a density inequality can be
reduced to its verification in (I,)of). This theorem is used in Chap-

ter VIII.

5.1. Reduction from (S, X) to (I,)at) for Admissible Inequalities

Definition 5.1.1. An inequality * is admissible if for every

nested singularly discrete density space (S,2¢) and all subsets
A, B, and C=A+B of S, with 0 ¢ A~B and with densities
a, B, and v, the following three properties hold:

(i) The only variables in * are a, B, and Y.

(ii) If a=0 or P =0, then * holds.

(iii) If * holds for a, B, and vy, then * holds for all
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A, o, and v suchthat 0 <\ <a, 0<p<P, and

yivf_l.

Theorem 5.1.2. The following iniequalities are admissible:

(1) y>a+p-ap
(2) If a+p <1, then vy>p/(l-a)

(3) y>min {l,a + B}.

Proof: Property (i) is immediate for inequalities (1), (2), and
(3). Property (ii) follows from Theorem 2.3.7. It remains to con-

firm property (iii).

Proof of property (iii) for inequality (1): Suppose

y2a+ﬁ-aﬁ,Oﬁ)\ia<_1,0§piﬁil, and y<v <1, Then

1-y<1-f-atap=(l-a)(1-B)

< (I-M(1-p)=1-XN-pthp
and so VvV >y >N+ - A

Proof of property (iii) for inequality (2): Suppose a +t p <1,

yzﬁ/(l—a),0<)\<a<1,0§_p§_f5<1, and y<v<1. Then

lv
=
~
—

1
2
v
-
~
—
]
2
v
-
~
—
1
>4

vzy

Proof of property (iii) for inequality (3): Suppose

y>min{l,a+ B}, 0<A<a<l, 0<p<P<I, and y<v <1



56

Then

v >y >min {l,a + B} > min {i,xn +pu}

Before stating and proving the main result of this chapter we

introduce four lemmas.

Lemma 5.1.3. Let S be any s-set and consider any x € S

and y € S suchthat x<vy. Then y - x € Min(S\ {0}) if and

only if there exists no 2z € S suchthat x<z<y.

Proof: Suppose y - x € Min(S\ {0}) and there is an element
ze€S suchthat x <z <y. Then y - zeS\{0} and

y -z=<y -x since

(y-x)-(y-2z) = z - x e S\ {0}

This contradicts our assumption that y - x € Min (S \\{0}).
On the otherhand, suppose y - x ¢ Min (S N\{0}). Then there
is an element w € S\ {0} suchthat w<y-x. Now since

w=<y-x<y wehave y-weS\{0} Moreover,

(y-w) - x = (y-%) - w ¢ S \{0},

so x«<y - w<Ly. Therefore, there exists an element =z ¢ S such

that x <z <y; namely, z=y-w.

Lemma 5.1.4. Let S be any s-set and consider any
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x ¢ S\ {0}, Then there exists a finite sequence

x0<xl<...-<xt

of elements in S such that x_ =0, xt = x, and

LT ] e Min (S\ {0}) for i=0,1,2,...,t-1.

Proof: Since L(x) is finite and since 0e¢ S and xe¢€ S,

there exists a sequence

of elements of S for which t is maximal. For this sequence and
for any integer 1 where 0 <i <t-1 there exists no element
z € S such that xi-< z < X1 Therefore, by Lemma 5.1. 3, we

have xi+1—xi€Min (S\{O}) for 1=0,1,2,...,t-1.

Lemma 5.1.5. Let S be any s-set. Any sequence of ele-

ments of S of the form 0= a0-< a1< a2< R is a subsequence

of some sequence of elements of S of the form

0= b0< b1-< b,<... where b, -b ¢ Min (s \\{0}) for
i=0,1,2,...
Proof: We apply Lemma 5.1.4 by setting x = a1 " and

obtaining sequences

0= = -
X Nx < Lx T, - ey
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for each i=0,1,2,... . The sequence

02x00-<x10<...-<xt 0

0

-<...<a.1+xt 1-(...

<a1+x11<a1 + x 1

21

-<a_1+x1i<ai+x -<...-<ai+x L.

t.1
i

21

has the desired properties because a, tx . %a for each

i=0,1,2,...

Lemma 5.1. 6. Let (S, QfH) be any nested singularly discrete

density space and consider any element a € Min (S \{0}). Let
S' = {ka1|k=0,1,2,---}- Let H'(x) = H(x) ~S' for each
x € S'\{0}. Then (S', ¥ ,) is a nested singularly discrete den-

sity space of order not exceeding the order of (S, ofH) and S'

is isomorphic to I.

Proof: Since S' 1is a closed subset of S suchthat 0 ¢ S'
and S'\{0}# ¢, Theorem 2.1.6 assures us that S' 1is an s-set.
To show that (S', “¥._,) is a density space it suffices to show that
H'(x) satisfies conditions c.1, c.2, and c.3 of Theorem 2. 2. 6 for
each x e S'\{0}. Let Ls (x) and Ls,(x) denote the lower set
of x with respectto S and S' respectively.

Condition c. 1 holds: Consider any x ¢ S'\{0}. Since S'C S

we have x ¢ S\{O}, and so by condition c¢.1 for the function H(x)
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we have x € H(x). Therefore,
x ¢ H(x) ~S' = H'(x).

Condition c. 2 holds: Consider any x ¢ S'\\{0}. By condition

c.2 for the function H(x) and since S'g S, we have

H'(x) = H(x) ~S' g_ Ls(x) ~S' = Ls,(x).

Condition c. 3 holds: Consider any x ¢ S'\{0}. If

vy € H'(x)\\ {0}, we have

y e H'(x) \ {0} = (H(x) ~nS")\ {0} = (H(x) \{0}) ~S' C H(x) \ {0}

Therefore, by condition c. 3 for the function H(x) we have

H(y) g H(x). Hence

H'(y) = H(y) ~nS' C H(x) ~nS' = H'(x).

To show that (S', Df ,) is nested singularly discrete we pro-
ceed as follows: Since H'(x) g H(x) for each x ¢ S'\{O}, we
know that each element of S' which is an essential point in (S, ?H)
is also an essential point in (S', “f ). Let E denote the set of
non-essentials in (S, °:7~PH) together with the nested essential point

of (S, ofH). By Theorem 4.1.2 (or Theorem 4.1.3), for any xe¢ E

we have
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(4) H(x) = {O}U{ylye E and yﬁx}_c_ Evu{0}
Let E'=E ~S'. Then E' contains all of the non-essentials of
(s, H,). Since S' 1is linearly ordered, we can write
' = « o e
E {el, e, ,en}

where e1< e2-<...<en if E' has n elements. We write

1= .
E {el,ez,-- }

where e, < e2-< ... if E' has infinitely many elements. Now
by statement (4) and since E'=E ~S' we have
1 = 't =
H'(e;) = H(e;) n8' = {0,e },
] - -
H (ez) H(ez)mS {O,el,ez},
H'(e) =H(e.)f\S':{0,e y € ,"',e.},

i i 1" "2 i

and if x ¢ S'\(‘E'U{O}), we have H'(x) = {0,x}. Therefore, by
Theorem 4.1.2 (or Theorem 4.1.3), we have that (S', ?H') is
nested singularly discrete. Since H'(x) g H(x) for each

X € S'\{O}, we know that the order of (S', ?H') does not exceed
the order of (S, °§H). Clearly, S' 1is isomorphicto I.

We are now ready for the main result of this chapter.

Theorem 5.1.7. Let * be any admissible inequality and let
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(S, ¥) be any nested singularly discrete density space. If ¥ holds
for all nested singularly discrete density spaces (I,°59) of order

not exceeding the order of (S, ), then * holds for (S,)?‘).

Proof: Suppose (S,)DI') is nested singularly discrete of finite

order n. (We handle this infinite case next.) By Theorem 4.1.2,

we have 7‘)‘: h‘H where

{O}u {x,]i = 1,2,...,m} if x=x forall m=1,2,...,n,
1 m
H(x) =
{0, x} otherwise,
and where O-<x1< x2<. .. <xn. LLet A, B, and C=A + B be
subsets of S with 0 ¢ A ~B, and letthe corresponding densities
be a, B, and vy.
If either a=0 or P =0 then since * is admissible we
know that * holds for (S,H). Hence we may assume that a >0

and P >0. Therefore, all essential points are in A ~B, and so

(5) s\{xli=2,....n}C A~BC C.

Let Xy = 0. By Lemma 5.1.5, we know that the sequence
(6) xo,xl,xz,...,xn, an, 3xn,...
is a subsequence of some sequence 0 = a0-< a1-< a2<< ... of ele-

ments of S where a.,1+1 - a,1 € Min (S\{O}) for i=0,1,2,...
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Note that the part of sequence (6) following X, could just as well be
any infinite sequence of elements Vo1 Ypa2’ o of S where
xn-< Yn+1< Yn+2< ... . Now the sequence a_, a,,--- can be of

only two types.

ka for k=0,1,2,...

Type 1: a = 1
Type 2: a.k=ka1 for k=0,1,...,K, where K >1.
a1 = aK+b where b ¢ Min (S \{0}) and b # a-
In either case let S'= {kallk =0,1,2,...}. Let H'(x) = H(x) ~S'

for each x ¢ S'\ {0}, By Lemma 5.1.6 we know that (S', H') isa
nested singularly discrete density space of order not exceeding the
order of (S,%H) and that S' is isomorphic to I. Therefore, by
hypothesis, inequality * holds for (S', HH,). Also remember that
for nested singularly discrete density spaces k-density and c-density
are equal.

Suppose our sequence is of Type 1. Then
(7) {xilizl,z,...,n}g_ S'.
Let A'=AA~S', B'=B~S', and C'=A'+ B'. Then
c'C C~S'. Let a', B', and y' be the densities of A', B', and

C' for the space (S', ). Since H , 1s separable we have by

Hl
Theorem 2. 3.13 and statements (5) and (7) that the densities a', B/,
and y' are determined on {x.lli =1,2,...,n}. By Theorem 2.3.13

and statement (5) the densities a, B, and vy are also de-

termined on {xili =1,2,...,n}. Now H(Xi) g S' and so
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H'(xi) = H(Xi) for i=1,2,...,n. Therefore, a=a', =", and
since C'C C~S' wehave y' <y. Now since * holds for
(S', H¥..,) it holds for a', B', and y'. Since * is admissible
and since a =a', p=f', and y' <y we have by condition (iii) of

Definition 5.1.1 that * holds for a, f, and y. Therefore, *
holds for (S, H).

Suppose our sequence is of Type 2. First we show that

a, ¢ C forall k >K: Consider any aK+j where j >1. Then
since aK+1-$ aK+j we have aK+j -beS\{0} and

aK+j -3y ¢ S\\{0}. Now at least one of the elements aK+j - b and
aK+j -2y is an essential point for if not then since (S, H) is

nested singularly discrete we would have either a 4" b < A -2
J

K +j 1
(hence a1-< b) or aK+j - a1-< aK+j - b (hence b -<a1). But
since al,b ¢ Min (S \{0}) this is impossible. Now since aj b,
and either aK+j -a; or aK+j - b are essential points, they are
in A ~B and hence a .€ C. Therefore, a, € C for all
K+j k

k >K. Now let p = max {ilxiﬁ aK}- Then by statement (5) and

since a.k € C forall k >K, we have

(8) S\{xili:2,3,...,p}g C.
Furthermore,

(9) {xilizl,z,...,p}gs'.
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Define sets AO, BO’ and CO by
(10) Ay = (AmS')u(S'\{xi|i =1,2,....p})
(11) BOZ(BmS')u(S'\{xili=1,2,-~,p})

and CO = AO + BO. Now we show that CO < C ~S'. Since

I 1 ] = !
AOUBOC-S and S is an s-set then CO A0+B0(_:__S. If

cOECO then c0=a0+b0 where aoeAO and boeBO. If

aOEA and boeB then C0€A+B:C- It aodA then by

statement (5) we have € {xi|1 <i <_n} By statement (10) we

0
have a, ¢ {xill <i < p} Hence a, ¢ {x,1|p+1 <i<n} and so

c0> a0>- xp. Therefore, by statement (8) we have <y € C. Simi-

larly if bodB then c,e¢ C. Let a

0 0’ ﬁo, and Yo be the den-

sities of A_, B and C for the space (S',HH,L By Theorem

0’ —0’ 0

2.3.13, statements (9), (10), and (11), and the equation

CO = AO + BO, the densities aO, BO, and \/0 are determined on
{xili =1,2,...,p} By Theorem 2.3.13 and statement (8) the density
Yy 1is determined on {xili =1,2,...,p} Now by statement (9),
1

H(x,l) C {0,x1,x2, Ce ,xp}g_ S
and so H'(xi) = H(xi) for each i=1,2,...,p. Hence we have
a < @y B< 50, and since CO g C we have Yo < y. Now since *
holds for (S', M ) it holds for ay BO, and Yo Since * is
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admissible and since a <a_, B <B,, and Yo S we have by

0’ -0
condition (iii) of Definition 5.1.1 that * holds for a, B, and Y.
Therefore, * holds for (S,})‘).

If (S,)¥) is nested singularly discrete of infinite order, we

use Theorem 4.1.3 in place of Theorem 4.1.2, we write m = 1,2,...

in place of m=1,2,...,n, we write 0 <X1—< x2-< ... in place
of 0~<x1-<x2-<....<xn, and we write i =1,2,... in place of
i=1,2,...,n in the above proof. We also replace sequence (6) by
X X 0 Xy

5.2. Another Reduction from (S, ¥) to (I,)"-’I')

The final theorem of this chapter is used to generalize an im-

portant result in Chapter VIII.

Theorem 5.2.1. Let (S,W) be any nested singularly discrete

density space. If (S,H) has a finite number of essential points,

then S 1is isomorphicto 1I.

Proof: Suppose (S, ¥ has a finite number of essential points
and S is not isomorphic to I. Then by Theorem 2.1.10 the set
Min (S \{0}) has at least two members. Let a,b ¢ Min (S \{0})
where a #b. Now since S, being an s-set, has an infinite number
of elements, it must have an infinite number of non-essentials.

Moreover, since (S,)c/—) is nested singularly discrete these



66

non-essentials can be written as a countable partially ordered

sequence  c, < c2-< ... (Theorem 4.1.3). We have two cases to
consider.
Case 1: Either a:ﬁci forall i=1,2,... or b:-ﬂc.1

forall 1=1,2,...

Case 2: For some m and n we have a<cm and

b '<cn.
Suppose we have Case 1. Assume without loss of generality

that a $Ci for all i=1,2,... . Suppose there is a positive

integer k such that ka is a non-essential. Then for some i

we must have a=ka = c., a contradiction. Therefore, the infinite
i
sequence a,2a,3a,... consists entirely of essential points of S.
Suppose we have Case 2; that is, a=<{ < and b <Cn for

some m and n. Let N = max {m,n}. Then since the ci's are

partially ordered we have a << < and b<c,1 for all i >N. Now
for all i >N let di:ci-aes and ei=ci—b€S. For each
i >N, either d,1 or e, is an essential point: Suppose both di
and e, are non-essentials. Then because all non-essentials are
elements of the sequence c1-< c2-< c3< ... we must have either
di< e, or ei~< di. Without loss of generality suppose di.< e
Then c, - a--(c,1 -b and hence b=<a. But a,be Min (S\\{0})

and we have a contradiction. Therefore, at least one of the sequences

{dili >N} or {ei|i > N} contains an infinite number of essential
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points.
In both cases we have obtained an infinite set of essential points
which contradicts our original hypothesis. Therefore, S must be

isomorphic to I and the proof is complete.
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CHAPTER VI

AN APPLICATION

In this chapter we prove the Landau-Schnirelmann and Schur
inequalities for all nested singularly discrete density spaces (S, %)
by proving them for the case S =1 and using the results of Chapter

V. In Chapter IV we proved these inequalities by another method.

6.1. Basic Theorems for (I,h‘)

Theorem 6.1.1. For any nested singularly discrete density

space (I,)) let A bea subsetof I with 0 ¢ A. Consider
any set T C IN\{0} such that (LK) = (1, XT). If

ne IN(Tw{0}), then A([n]) = (AN\T)(n).

Proof: We have (I,H) = (I, 7<T) for some set T (C I\ {0}
by Theorem 4.2.2 part (iii). Now since n ¢ IN(Tw{0}), we have

by Definition 4. 2.1 that [n] = L(n) N\T. Therefore,

A(n]) = A(L(n)\T)

(AN T)(L(n))
(AN T)(n).

i

Theorem 6.1.2. For any nested singularly discrete density

space (I,)"f) = (I, XT) let A, B, and C= A + B be subsets of 1
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with 0 ¢e A~B. If neINC and T (C ANB, then

A([n]) +B([n])) < U[n]).

Proof: Since nelI C and Tu{0}C A~nB(C C we have
n e IN(Tw{0}). Therefore by Theorems 6.1.1 and 2.3.22 and

since T (C A~B we have

1l
>
/
d
5

N
w
/
s
5

A([n]) + B([n))

il
>
5

1
—
2
+
oy}
5

i

H

5

Theorem 6. 1.1 is particularly useful in the remainder of this

chapter. Both theorems are useful in Chapter VIII.

6.2. The Landau-Schnirelmann Inequality for (S,)‘)‘)

Theorem 6.2.1. Let (S,)) be any nested singularly discrete

density space, let A, B, and C=A + B be subsets of S with

0 e A~B, andletthe corresponding densities be a, B, and Y.

Then y>a+f -afB.

Proof: By Theorems 5.1.2 and 5.1.7 it suffices to prove the
theorem for S =1. If A=1, then a=vy=1 and the theorem
follows. Therefore, suppose A # 1. Let m be any positive integer

not in A. We construct integers a, and bi where
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< < < < < ... < < < <
O_a.1 b1 a.2 b2 a b a.k m

as follows. Let ay + 1 be the least positive integer missing from

A. Let b1 + 1 be the least integer greater than a, + 1 which is

in A. In general, let a, +1 be the least integer greater than
i

b,1 1t 1 which is not in A and let bi + 1 be the least integer

greater than a, + 1 which is in A. This process terminates when
i
we reach a, < m and find that either b does not exist or

k k
bk >m.

We can also assume that all essential points are in A ~B and
hence in C. Otherwise, a =0 or B =0, and the theorem fol-
lows from Theorem 2.3.7. By Corollary 4.2.4, we have
(I, )‘1‘) = (I, XT) where T is the set of all essential points of
(1, H) except the nested essential point. . Therefore, T _C_ A,
TCC, and mdT.

Let PB' be the density of B in the space (I,X)u We have

C(m) > A(m) + B(bl-al) Fo.o.. 0+ B(bk—l—ak~1) n B(m—ak),
and so

Clm)T(my _ A(m)-T(m)+B(b -a )+ . +B(b_ -2 )+Blm-a )
(1) >

m-T(m) —_ m-T (m)

Since m¢ T and T ( A, we have by Theorem 6.1.1 that

A(lm]) _ (ANT)(m) _ A(m)-T(m)
I[m])  (IN\T)m) m-T(m)

(2) a <
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By Lemma 4. 3.3, we have

B(rn—ak)
(3) B<PB'<
m-a,
and for i=1,2,...,k-1, we have
B(bi—ai)
4 < pB' < —m—
(4) B<B'< N
i i
Combining inequalities (1), (3), and (4), we obtain

) G(m)-T(m) § A(m)-T(m)+ﬁ((b1—al)+. . .+(bk_1-ak_1)+(m—ak))
m-T(m) — m-T(m)
Now A(m) = a.k - (bl-al) - .. - (bk_l—ak_l), so by inequalities
(5) and (2) and since B <1, we have
C(m)-T(m) A(m)-T(m)+B(m-A(m))
m-T(m) — m-T(m)
_ A(M)-T(m)+P(m-T(m)+T(m)-A(m))
m-T(m)
A(m)-T(m)
=B+ (1-B) - T ()
>B +(1-Pla =a + P - af
Therefore,
(6) C(m)‘T(m) > a + ﬁ - O.ﬁ
m-T(m

for all me¢ INNA. Now since T (C A, wehave me¢ INA implies
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m ¢ T. Therefore, by Theorem 6.1.1 and inequality (6), we have

C(lm]) _ (C\T)(m) _ C(m)-T(m)
I([m]) (INXT)(m) m-T(m)

(7)
>a+ B - ap
for all m € IN A and hence forall m e INC. If IN\C= ¢, then

y=1>a+p-af. If INC7 ¢, thenby Theorems 2.3.12, 2.3.13

and by inequality (7) we have

y = glb {(I:(([[;n]])) |lm e INC}>a +P - af.

This completes the proof.

6.3. The Schur Inequality for (S,H)

Theorem 6.3.1. Let (S, )4) be any nested singularly discrete

density space, let A, B, and C=A +B be subsets of S with
0 ¢e A~B, andletthe corresponding densities be a, B, and Y.

If a+P <1, then y>p/(l-a).

Proof: By Theorems 5.1.2 and 5.1.7 it suffices to prove the
theorem for S = 1. We can assume that all essential points are in
A ~B and hencein C. Otherwise, a =0 or =0, and the
theorem follows from Theorem 2.3.7. By Corollary 4.2.4, we have
(1, ¥) = (1, XT) where T 1is the set of all essential points of

(I,)bf) except the nested essential point. Therefore, T _C_ A,
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T(C B, and Tg_C. If y=1, wehave y>a+Pf=ay+B, and
so yzﬁ/(l—a). Hence we can assume that vy < 1, and so at least

one positive integer is missing from C. Let XKy be the

positive integers missing from C, listed in increasing order. Let

XO = 0. First, we show that

(1) X - X, - 1>B(x.) - Bix.

for each 1i=1,2,...

Now B(Xi) - B(x,1 ) is the number of integers in B which

-1

lie in the interval (x ,xi]. Assume there are p such integers

i-1

b,,b.,...,b . Since x. ¢ C, we knowthat x -b ¢ A for each
1" "2 P i i j
j=1,2,...,p. We also know that
0<x -b.<x -x -1
i j— i i-1
f h §j=1,2,...,p. f s .- -1) < - -1-p.
or each j p- Therefore A(x1 X 1 ) <X -xX p
Hence
- - 1= - -1 - > - - -1).
xi Xi_l p+ . X 1 p> B(Xi) B(Xi_l) +A(xi Xi-l 1)
For any h such that X, ¢ C, we can sum inequality (1)

from 1 to h obtaining



Let o' be the density of A 1in the space (I, X). By Lemma

4.3.3, we have

(3) a <a'<

for every m ¢ I\{O}. Therefore, by inequalities (2) and (3) and

since C(xh) = Xh - h, we have

h
C(xh) > B(xh) + za(xi-xi_l— 1)

i=1
= B(xh) + o.(xh-h)
= B(xh) + O.C(xh).
Hence
(4) (1-2)C(x, ) > B(x, ).

Since T(C B(C C and xhliC we have xhliT, and so by

Theorem 6.1.1 and inequality (4), we have

However 0 < l-a <1, so
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(1-a)T(x, ) < T(x ).

h' — h’
Hence inequality (5) becomes
C(x, )-T(x )
(1-a) b h > B,
xh—T(xn) -
and so
C(m)-T(m)
(6) S > 8/(1ka)

forall m e IN\C. Now since T (C C, wehave m¢ T. There-

fore, by Theorem 6.1.1 and inequality (6), we have

C(lm]) _ (C\T)(m) _ C(m)-T(m)
I{m]))  (IN\T)(m) m-T(m)
> B/(1-a)

for all m ¢ INNC. Therefore, by Theorems 2.3.12, 2.3.13, and

since we have assumed that I \C ¥ ¢, we have

C([rn])
Tl |m € INC)>B/(1-a) .

y = glb {

This completes the proof.
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CHAPTER VII
NESTED SINGULARLY DISCRETE DENSITY SPACES
OF ORDER 5
In this chapter we prove the a +f property for all nested
singularly discrete density spaces of order 5. We also make a

conjecture about the validity of the a +  property for orders

greater than 5.

7.1. The a + P Property for Nested Singularly Discrete
Density Spaces of Order 5

In Chapter III we proved the a + f property for all singularly
discrete density spaces of order 4 or less. We also gave an ex-
ample of a singularly discrete density space of order 5 for which
the a+ B property fails. However, in this section we show that the
a + B property holds for all nested singularly discrete density spaces

of order 5. We begin with the following lemma:

Lemma 7.1.1. Let (S, °§ ) be the density space determined
H y sp

by -
{0,x1,x2,x3,x4,x5} if x=x5,
{O’XI’XZ’X3’X4} if x = x,,
H(X) = {O’XI’X2’X3} if x = X3,
{O,Xl,XZ} if X=X,
\{ 0,x} otherwise,
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where O'<x1<x2-<x3<x4-<x5- Let A, B, and C=A + B be
subsets of S with 0 € A~B andlet a be the density of A.

(i) ¥ a >0 and xleB, then xZeC-

(i1) I a >0 and xleB and xZeB, then Xj € C.

(iii) ¥ o >0 and X € B, x, € B, and X3 € B, then x, € C.

(iv) I a >0 and xleB and x4eAmB, then xseC.

(v) I a>0 and x, € B, x, € A and xJ_eB for some i
i

and j where 1i¢€ {2,3} and je {2,3}, then X, € C.

Proof of (i): Since x1<x2-< x3< x4-< X we have

X, - X, € S and X, - x1-< x2-< x3<x4< x5. Therefore

x2 - x1 7 XZ’ x2 - x1 7 x3, x2 - x1 # x4, and x2 - x1 # x5- Since

a >0, only X, X3s Xy, O X could be missing from A. There-
fore, X, - x1 e A. Now x1 e B, so x2 = (xz—xl) + x1 e C.

Proof of (ii): Since x1< x2< x3< x4< Xy we have

- - - - <
X, €S, X3 - X €S, X, - X, €S, X3 x2-< x3-< Xy x5, and

X, - x1<x3<x4<x5. Therefore, Xy = X, # Xqr X3 = X, 7 X4

X, - X #x,x3-x #x,x3-x #x4, and x3-x1#x- Also

3 2 5 1 3 1 5
X3 - x2-< X3 - X, because (x3-x1) - (x3-x2) = X, - x1 € S, and so
Xy - X, # X3 - X Therefore, either X - %, # X, OT Xg- X # X,
Since a >0, only X,» Xg» Xy, OT X could be missing from A.
Therefore, either x3 - x2 e A or x3 - x1 € A. Since x1 € B
and x2 ¢ B, then in either case X3 e C.



78

Proof of (iii): Since x1< X2~< x3-< X4< x5, we have
x4—x3~<x4— x2-< x4—x1~<x4< x5. Now at least one of x4-x3, x4—x2,
Xy - %X must be different from X, and Xy Suppose it is Xy - xj,
j=1,2, or3. Then x, - x 7 Xy X, - X, # x5, x,- % . 7x,, and

X —X,#xS- Since a >0, only X5, X

4 ) Xy, OT X, could be missing

3" 4

from A. Therefore, Xy - x. € A. Now x. ¢ B, so Xy e C.
J J

Proof of (iv): Suppose X ¢ C. Since x1< x2< x3<x4-< L

we have x5—x4eS, xs-xle S, and x5—x4-<x5—x1< X Since

x. € B, x, € B, and XSJC, we have x

] 4 —x44A and xs—xldA.

5

Since a >0 and x, € A, only x_, x

4 2 , or X could be missing

3

from A. Therefore, x5 - x4 =%, and x5 - x1 = Xy Hence

X2+x4=x5=x1+x3. However, x1<x2 and x3<x4 so X, - X €S,

x, -%x,€8, (x,-x.) +(x,-x,) €8S, (x,+x,) - (x,+x,) € S and therefore

4 73 2 1 43) 2 4 13)

x1 + x?’-<x2 + x4, a contradiction. Hence x5 € C.

Proof of (v): Suppose X, { C. Since x1-< x2< x3< x4-< X

we have x4—xieS, x4—x1€S, and x4—xi~<x4-x1'<x4- Since
x € B, x. ¢B, and x, ¢ C, wehave x, -x ¢ A and

1 j 4 4 j
X, - x1 ¢ A. Since a >0 then x1 € A. Since also Xi € A, at

mo st one element of S less than X, could be missing from A,

a contradiction. Hence X, € C. Therefore, x4 -x,. € A. Now
J

XJ_GB, so X4€C-

This completes the proof of the lemma.
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Theorem 7.1.2. Let (S, ) be any nested singularly discrete

density space of order 5, let A, B, and C=A + B be subsets
of S with 0 ¢ A~B, and letthe corresponding densities be a,

B, and y. Then vy >min {l,a + B}

Proof: Since (S, ) 1is nested singularly discrete of order

by Theorem 4.1.2 we have (S,H) = (S, °§H) where Hi(x) 1is de-

fined by
r{ O,x ,x_,x_,%x,,x_} if x=x
1772737747 s 5’
{0,x1,x2,x3,x4} if x= Xy
H(X): < {o,xl,xz,x,?)} if X:X3,
{O’XI’XZ} if x = Xz,
\{ 0, x} otherwise,

where 0<< xl-< x2-< x5 =< x4< X The only values possible for

111 2
5’4" 3’5

H H

1
a, B, and vy, listed in increasing order, are O, -E

3 2

3 4
g, 3 Z, E’ and 1. If either a =0 or B =0, then by Theorem

2.3.7, we have

Y > max {a,B} = min {1,a + B}.

If a+pB>1, thenby Theorem 2.3.8, we have

y=1=min {l,a + B}.

We may select our notation so that a < f. Therefore, in the re-

mainder of the proof we may assume that 0 <a <P and a+f <1.
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There are twenty cases to consider, but first we make a few observa-
tions. By Theorem 6.2.1, we have y>a + f - ap. By Theorem
6.3.1 and since a+ P <1, wehave y>p/(l-a). Since
0 <a <P, weknow that all of the essential points are in A N B

and hence in C; that is,
S\{xz,x3,x4,x5}g AA~B g C.

By part (i) of Lemma 7.1.1, we have X, € C. Therefore, the only

elements which could be missing from C are X35 Xy and X
This allows eight possibilities for the set C. The following table
lists the sixteen ways in which the positive densities of the space
(S, #) can be obtained. Those entries where X, is in the set

give the eight possibilities for the set C.

Density Subcase Non-Essential Points

¥ %3 %4 %g
1
- 1
Z 0 0 0 0 KEY
1
Y 1 0 0 0 + 0 Not in the set
1
3 1 0 0 + 0 + In the set
2 0 0 + +
2
T 1 + 0 0 0
2 0 + 0 0
1
> 1 + 0 0 +
2 0 + 0 +
3 0 + + 0
4 0 + + +
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Density Subcase Non-Essential Points

]
]
]

X

3 2 3 4 5
5 1 + + 0 0 KEY
2 + 0 + 0
2 in th
= ] + 0 + . 0 Not in the set
3
3 ] N . 0 . + In the set
4
4
= 1 + + 0
5 +
1 1 + + + +

We now treat the twenty cases mentioned above. We make fre-

quent use of Lemma 7.1.1 and the above table of densities.

1
Casel(a:B:-é-): Since y2a+ﬁ-aﬁ, we have
1 1 1 9 . 1 9 2
D o - <= <=
y_5+5 55 = 38 Since 3 >0 ; Wecan conclude that
2
ng. Therefore, y>a +f
C 2 ( -1 -l)' We h +B‘—9 We sh that
ase a=¢,B=7) e have a =30 e show tha
1
> = > i . .
Y235 30 by showing that x56C Now XSGBQC

1
Case 3 (a = ,B=§): We have 0.+[3:-1§5-. We show that

1
5
3 8 . .
Y > T > 1s by showing that x, € C. Now in both subcases for
1
3

we have x eBg C.

1 2
Case4(a=g,ﬁ=-§) Since y > a +P - af, we have
SLly2 2 0 gowsi L .33 lude that
Y2zt 35 T o5 ow since = T ; We can conclude tha
3
Y>g.,Therefore, y>a+hB.
1 1 7
CaseS(a=-§,ﬁ:E): We have a+ﬁ=-i—0-. We show that
>3 > by showing that C  and eith
Y>3 10 y showing that x, ¢ and either x4eC or xseC.
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Subcase 1 for B = —;-: Here x;¢C by part (ii) of Lemma

7.1.1and x_ ¢ B( C.

1
Subcase 2 for B = —2": Here X3 € B g_ C and X, € B g_ C.
Subcase 3 for B =%: Here x;¢€ B(C C and x, ¢ B(C C.
Subcase 4 for B :%2 Here X3 € Bg C and X, € BQ C.
1 3 4
Case6(a=—,ﬁ=§) We have a+ﬁ=—5-. We show that

4
A by showing that X3 € C and x, € C.

4
3
SubcaselforB:§3 Here x, ¢ B(C C and x, € C by
part (iii) of Lemma 7.1.1.

3
Subcase 2 for B = . Here x, € C by part (ii) of Lemma 7.1.1

and x4e Bg C.

Case T (a=—, B =

W
oo

% ): Since yzﬁ/(l-a), we have vy >

4 5
Now since E < —6— <1 we can conclude that y =1. Therefore,

y>a+p.
1 3 . 15
Case 8 (a =—, B=—): Since y>ﬁ/(1-a), we have vy > —.
5 4 - —- 16
) 4 15
Now since §<1—6<1 we can conclude that y = 1. Therefore,
Yy>a+p.
1
Case 9 (a =B = Z Since y>a+p -apf, wehave
>_]'_+l _l_=_7_ N 3 E<_Z_<l ld tht
Y2277 716 16 ow since ¢ 16 > we can conclude tha
1
vy > > Therefore, vy >a+ B.
1 7
Case 10 ( ﬁ—-3-: We have a+ﬁ=ﬁ. We show that
2 7
> = > =— i .
Y23 12 by showing that x4€C and x56C Now XSGAC_C

1
and in both subcases for f = 3 we have X, € B Q C.



3
Case ll(azzll-, B=%): We have a+ﬁ:-;—o. We show that
3 13
> — — i .
Y23 > >0 by showing that X, € C and Xg € C

2
Subcase 1 for B = T Here Xy € C by part (ii) of Lemma

7.1.1 and x GAQ C.

5
2
SubcaserorB:g: Here x3eB_C_C and XSGAQC-
1 1 3
Case 12((1:2, B:E): We have a+ﬁ:Z. We show that
3 . .
Y23 by showing that Xy € C and either X, € C or X, € C.

Subcase 1 for B = Here x, € C by part (ii) of Lemma

3

™~

7.1.1 and xseAg_ C.

1
In the remaining three subcases for f = 5 we have

x, ¢ BC C and XSGAQC-

3
1 3 17
Case 13(a=z, ﬁ=g): We have a+ﬁ=-z6. We show that
17 )
vy=1 >% by showing that Xy € C, X, € C, and xg € C.
3
Subcase 1 for B =7 Here we have x, ¢ B(C C, X, € C by

part (iii) of Lemma 7.1.1, and X, € ACGC.

Subcase 2 for B = Here we have x, ¢ C by part (ii) of

3

3
5
Lemma 7.1.1, x4€Bg_ C, and x5€Ag_ C.

1
Case 14(a‘—'z, B %): Since vy >p/(l-a), we have y>
<

Now since

Ut

8
< 5 1 we can conclude that vy = 1. Therefore,
y>a+fB.

Case 15 (a =B ==): We have a+ﬁ=—§-. We show that

W~

by showing that X, € C and X, € C.

Wi

Y2

©loo

83
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Here we have

W |~

1
Subcase 1 for a = 3 and Subcase 1 for B =

x4eB(;C and x_¢ C by part (iv) of Lemma 7.1.1.

5

In the remaining three subcase combinations we have

x, ¢« BC C and x.€¢ AUB(C C.

4 5
1 2 11
Casel6(a=§, BZg)i We have a+5=ﬁ-. We show that
>-‘£>ll by showi that e C d e C
Y>3 TE y showing that x, and  x, .

2
Subcase 1 for B = Fi Here we have X, € C Dby part (ii) of

1
Lemma 7.1.1 and x4eAgC for both subcases of a=3.

2
Subcase 2 for B = T : Here we have X4

eBg_C and

1

3

): We have a+5=%. We show that

X, € A C C for both subcases of a =

N —

1
Case 17 (az-g, B =

5
vy=1> 3 by showing that X5 € C, X, € C, and X, € C.

Subcase 1 for B = Here we have x_, € C by part (ii) of

3

N~

Lemma 7.1.1, x4eAQC for both subcases of a=%, and

XSGBQ_ C.
1
Subcase2f0r5=—2=: Here we have x3eB(_— C, x4eA_C_C
1
for both subcases of a=3, and XSGBQ C.
1
Subcase3forB=E: Here we have x3eBQ C, x4eBg_ C,

and x5 € C by part (iv) of Lemma 7.1.1 for both subcases of a = %

1
Subcase 4 for B = > : Here we have x_ ¢ B C C, x

3 e BC C,

4

and XSeBg C.

1 3
Case18(a='§, Bzg)t Since y_>_5/(1—a), we have y_>T%-.
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4
Now since 5 < -1-% < 1 we can conclude that vy = 1. Therefore,

y>a+B.

]

2 4
Case 19 (a = P g): We have a+5=—5-. We show that

U]

Y > by showing that Xy € C and Xy € C.

Subcase 1 for a =

Urev

Here we have X, € C Dby part (ii) of

Lemma 7.1.1 and X, ¢ C by part (v) of Lemma 7.1.1 for both sub-

cases of B =-—.

Subcase 2 for a = -5-‘2: : Here we have x3 € A g C and

X, ¢ C by part (v) of Lemma 7.1.1.

Case 20 (a ==, B==): Since vy >p/(l-a) we have \/2%

N~

2
5
<

5
Now since < _6- 1 we can conclude that vy =1. Therefore,

5
y>a+p.

This completes the proof of Theorem 7.1. 2.

7.2. A Conjecture

Conjecture 7.2.1. Let (S, ¥} be any nested singularly dis-

crete density space, let A, B, and C=A +B be subsets of S
with 0 € A ~B, and let the corresponding densities be a, B, and
y- Then vy >min {1,a + B}.

Theorems 3.1.2, 3.3.2, 3.3.4, and 7.1.2 verify this conjec-
ture for nested singularly discrete density spaces of order n < 5.
However, the method of proof used in these theorems becomes un-

manageable for larger values of n. For example, when n =5 we
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needed to consider 20 cases, butif n = 6 the number of cases in-
creases to 30 and if n =7 to 72. Moreover, as n increases
each case tends to have more subcases. We have attempted to extend
the proofs of Mann [10], Dyson [2], and Garrison [6] for the a + B
property in the space (I, X) to nested singularly discrete density
spaces. With the exception of Dyson's method, we have had no suc-
cess. We are able to apply Dyson's method to obtain the a +f
property for some nested singularly discrete density spaces of infinite
order. These and related density results are discussed in the next

chapter.
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CHAPTER VIII
THEOREMS OF MANN AND DYSON

In this chapter we examine generalizations to nested singularly
discrete density spaces of some density related theorems of Mann

and Dyson for the space (1, X).

8.1. Mann's First Theorem

For the density space (1, X), H.B. Mann [10] proved the fol-

lowing theorem which yields the a + 3 property.

Theorem 8.1.1. Let A, B, and C = A + B be subsets of I

with 0 ¢ A~B. For any n € I\C, there exists an integer m

where 1 <m <n and m ¢ C such that

A natural extension of this theorem to nested singularly discrete
density spaces is the following: For any nested singularly discrete
density space (I, ) let A, B, and C=A +B be subsets of I
with 0 € A~B. For any n € I \C, there exists an integer m
where 1 <m<n and m ¢ C such that

C(n)) _ A(lm))+B(m])
In)) =  ulm]) ‘
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This is clearly a generalization of Theorem 8.1.1, and hence
is true when (I, )of) has just the essential point I; thatis, when
H = X . However, the following example shows that this extension
is not valid when (I, H) has two essential points.

Let T = {2}, By Theorem 4.2.2 part (ii), the space
(I, H) = (I, )(T) is nested singularly discrete. The essential points
are {1,2} Let A =B ={0, I,Z}. Then C = {0,1,2,:}—}. Now

3¢d C and so the above extension, if valid, would claim that

However, A([3]) ([3]) = ¢([3]) = 1 and so the inequality fails.

=B
In this example T g A and T(C B, so a=p=0. However,
Y :% and so the a + B property holds. In fact, by Theorem 2.3.7,
the a + B property holds Whenever T g A ~B. Hence we modify
our generalization of Theorem 8. 1.1 to the following which, , if true,

would yield the a + B property for nested singularly discrete den-

sity spaces.

Conjecture 8.1.2. For any nested singularly discrete density

space (I,H) let A, B, and C=A + B be subsets of I with
TU{O}Q A~B. Forany nel \.C, there exists an integer m

where 1 <m<n and m ¢ C such that
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The author's efforts to prove this conjecture have been unsuc-

cessful. He has attempted to extend Mann's proof for (I, )() using

Mann's construction but has been unable to resolve certain difficulties.

8.2. Dyson's Theorem

For the density space (I,X), F. Dyson [2] proved the follow-

ing theorem which, although weaker than Theorem 8.1.1, also yields

the a + B property.

Theorem 8.2.1. Let A, B, and C= A + B be subsets of 1

with 0 € A~B. For any n e€ I\ C, there exists an integer m

such that 1 <m <n and

A natural extension of this theorem to nested singularly dis-
crete density spaces is the following: For any nested singularly dis-
crete density space (I, F) let A, B, and C=A + B be subsets
of I with 0e¢ A~B. Forany n € I\C, there exists an integer

m suchthat 1 <m <n and




90
This is clearly a generalization of Theorem 8.2.1, and hence is
true when (I, ) has just the essential point 1; that is, when
H :X- It is also true when (I, )‘7“) has two essential points. We
state these results formally in the following theorem, the proof of

which is delayed until Section 8. 3.

Theorem 8.3.2. For any nested singularly discrete density

space (I, X having two or less essential points let A, B, and
C=A+B be subsetsof I with 0e¢ A~B. Forany ne I\C,
there exists an integer m suchthat 1 <m <n and

C([n

A((m)+B([m])
I([n] '

I([m])

)>
)y —

The following example shows that this extension is not valid
when (I, )5/) has three essential points.

Let T = {7,9} By Theorem 4.2.2 part (ii), the space
(I,H) = (I, XT) is nested singularly discrete. The essential points
are {1,7,9} Let A =1{0,1,3,6,7,9,12} and B = {0,6,12}
Then C=1{0,1,3,6,7,9,12}. Now 11 ¢ C and so the above ex-

tension, if valid, would claim that

for some integer m where 1 <m < 11. However,
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c(uih -3 _1
I([11]) 9 3
) ) ) ) ) 1
while the right side of the inequality always exceeds "3- . Therefore,

the inequality fails. In this example T¢ B, so B =0. However,
a=vy :% and so the a + P property holds. In fact, by Theorem
2.3.7, the a+ P property holds whenever T i A ~B. Hence we
modify our generalization of Theorem 8. 2.1 to the following which, if
true, would yield the a +  property for nested singularly discrete

density spaces.

Conjecture 8.2.2. For any nested singularly discrete density

space (I, )=+) let A, B, and C= A + B be subsets of I with
Tu{O}g_ A ~B. Forany n e I\C, there exists an integer m

such that 1 <m-<n and

By Theorem 8.3.2 of the next section, this conjecture is true
if (I, )) has two or less essential points. However, the author's
efforts to prove this conjecture in general have been unsuccessful.
He has attempted to extend proofs using Dyson's transformation and
the recent non-transformation proof of B. Kvarda Garrison [6]. In
each case, he has been unable to resolve certain difficulties. With

Garrison's method he has been unable to extend the proof even when
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(1, H) has two essential points.

8.3. The a + B Property for Nested Singularly Discrete Density
Spaces Having Two or Less Essential Points

In this section we prove that the a +  property holds for all
nested singularly discrete density spaces having two or less essential

points.

Theorem 8.3.1. Let n be any positive integer and n be

any real number such that 0 <n<1. Let A and B be subsets
of I1~[0,n] with 0e€ A~B, let C=A+B, andconsider any
nested singularly discrete density space (I, ¥ having two or less

essential points. Then

(1) A((m]) + B({m])) >n i([m]), for m=1,2,...,n,
implies
(2) c(lm]) > n1((m]), for m=1,2,...,n.

Proof: If B = {0}, then statement (1) implies statement (2)

because A ( C.

Suppose the theorem fails for some M and n. Choose A
and B in such a way that statement (1) is true, statement (2) is

false, and B(n) 1is minimal. Then

(3) B(n) > 1.
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Let
(4) a’P:min {alae A,{a}+B¢ Al
%k
Now a exists because by inequality (3) we have
max {a|a € A} + max {b|b € B} > max {ala € A}
Let
(5) B"={b"|b" ¢ B, a +b" ¢ A}

By equality (4), we have

(6) B" # ¢.
Since a.>'< € A, we also have
(7) 0¢d B".

We define new sets A', B', and C'= A'+ B' where

(8) A z=Au({a }+B" AL0,0])
and
(9) B'= B\ B".

Now O ¢ B and hence by (7), we have
(10) 0e¢B'
Also, by equalities (5) and (9), we have

(11) {a*}+B'C A.
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We now prove that
A'(lm) + B ([m]D > n{[m]), for m=1,2,...,4,

which makes up the major portion of the proof of Theorem 8.3.1:
If a.a< = 0, then by equalities (5), (8), and (9) and by state-

ment (1), we have

A'([m]) + B'((m]) > Alm]) + B([m])

>nI[m]),

for m=1,2,...,n.

ES
Suppose a > 0. By Corollary 4.2.4 we have (I, H) = (I, XT)

where T is the set of all essential points of (I, }of) except the
nested essential point. Consider any t € T ~[1,n]. Suppose t ¢ A.

If td B, then

and since statement (1) is true, we must havé n=0. However, if
N =0, then statement (2) is also true, a contradiction. If t e B,
%

then {0}+ B ¢ A and so a =0, a contradiction. Therefore,

we must have t € A and hence

(12) T~[1,n] C A.

Let m be any integer in [1,n]. If me T, then by statement
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(12) and the fact that A C A', which follows from equality (8), we

have

A'((m]) + B'[m]) >1 >n

= nI{{m]).
Suppose m ¢ T. Let
(13) B, = Br\[rn-a*+l,rn].
If Bo(rn) = 0; that is, if B0 contains no positive integers, then
(14) B"(m) = ({a’ }B")(m).
By equality (5) we have
3

(15) A~({a #B") = ¢
and
(16) B" C B.

Now by statements (12) and (16) and since m ¢ T, we have
(17) ({a #B")([m)) = ({a" HB")(m).

By statements (9) and (16) we have

(18) B([m]) = B"([m]) + B'([m]).

Therefore, by statements (8), (15), (17), and (14) we have
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A'[m)) + B'((m]) = A(m] + ({2 }+B")({m]) + B'([m])

Alm]) + ({2 }+B")(m) + B"([m)])

= A(lm]) + B"(m) + B'([m]).

Since B"(m) > B"([m]) we have by the preceding equality and

statements (18) and (1) that

Suppose B (m) >0. Let

0

(19) b, = min {b|b ¢ B

> .
! b > 1}

0

Consider any integer r satisfying 0 < r < a . Then by equality
(4), we have

(A~fo,rh+{p}C A

for every b ¢ B. Therefore, A(r) +1 < A(b,b+tr) where we have

defined A(0,r) = A(r) + 1 (see Definition 2.3.4). Hence, we have

(20) A(r) + 1 <A(b, b+r)

3k
for every integer r satisfying 0 <r <a and for every b e B.

Let r1 = m - bl. By equalities (13) and (19), we have

PO

b1 € [rn-a P+ 1, m]. Therefore,
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(21) 0<r, <a .

We now prove that the following inequality holds:

(22) A(rl) +1> n(r1+1) + (l—n)T(bl,m)
Sk LS %
Suppose r is the least integer satisfying 0 <r < a for
which
3K 3k
(23) A(r )+ 1 < n(r +1) + (l-n)T(bl,m).

>k o

If r does not exist of if r >r then inequality (22) holds.

1
Therefore, suppose 0 < r* < r- If r:" = 0, then inequality (23)
becomes
l1<n+ (l-n)T(bl,rn),
and so

l1-n< (l-n)T(bl,rn) <1l-n,

a contradiction. Notice that we have used for the first time the fact

that (I, ) has two or less essential points; that is, that T has
*

one or less members. Therefore, suppose r >1. Now by statement

(12), inequality (23), and since T(bl,rn) <1 and 0<n<l1l, we

have the following string of inequalities:
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Sie
a

(ANT)(r) = Alr)) - T(r)

< i +1) + (1-mT(b,, m) - 1 - T(r)

< mrH) 4 (1om) - 1 - T(r))

Hence, we have

ok

(24) (ANT)(r) < nINT)r ).

Consider any integer i where 1 <i<n. If i ¢ T, then

by Theorem 6.1.1 and statement (1), we have

(ANT)i) + (BNT)) = A(li]) + B([i))
> ni([i])

= I N\T)(i)-

If ieT, let j be the largest integer suchthat j<i andj ¢ T.

(ANT)) + (BN\T)i) = 0=n(INT)({).

If j>0, then

1
S
/
=
+
>
/
-

(ANT)() + (BN T)()



I N\T)(j)

H

NMIN T)().

Therefore, we have the following inequality which depends only on

statement (1):
(25) (ANT)i) + (BN\T)i) >n(I N\ T)(i)

for each integer i where 1 <i <n.

3k
In particular, since 1 <r <n, we have by inequality (25)

that

ANT)(E) + (BN T ) >nI\NT)(r ).

Therefore, by inequality (24), there exists a positive integer

by € BAlL, r ]

ste
@

By the definition of r "~ we have

+ (1-m)T (b, m),

A(b -1)+1_>1”|b0 )

0

which combined with inequality (23) yields

6 *
(26) A(bo,r ) < N(r -b0+1).

Now since 0 < r < a and 1 <b., <r , wehave

99



100

Therefore, by inequalities (20) and (26), we have

sk >
A(r -b,) +1 < A(b,,b, tr -b )

0 0’0 0
= Albg, 1)
< *
nir b0+1)
>k
< n(r *bo+1) + (l-n)T(b],m)
which contradicts the minimal property of r . Hence, inequality

(22) is valid.

Recall that we are in the process of proving that
A'([m]) + B'([m]) > ni([m]), for m=1,2,...,n.

We are also under the assumptions that a >0, m¢ T, and

Bo(m) >0. By statements (8), (15), and (17) we have that

A'(lm]) + B'((m])) >A'([m]) + (B"\T)(b -1)
= Alm]) + ({2 )+B") [m)) + (B'\ T)(b - 1)

E 3
= A(lm]) + {2 #B")(m) + (B' N\ T)(b, -1).
By statements (13), (19), (9), and the preceding inequality we have

A'([m]) + B'"Im]) > A([m]) + ({2 }+B")(m) + (B'\T)(b,~1)

3k

>A(lm]) + B"(m-a') + (B'\T)(b,-1)

= A([m]) + B"(b -1) + (B'\T)(bl—l)

= A(lm]) + B"(b,-1) + ((BNB") \T)(b,-1) =
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= A(lm]) + B"(b,-1) + (BNT)\B")(b -1)
> Alm]) + B"(b,-1) + (B\T)(b;-1) - B"(b -1)

=Aﬂmb+m\Tﬂmd%

This inequality together with Theorem 6.1.1, the fact that m ¢ T,

and statements (25) and (12) yield the following string of inequalities.

A'(lm]) + B'([m]) > Allm]) + (B NT)(b,-1)
= (A\T)(bl_l) + (A\T)(bl,m) + (B\\ T)(bl-l)
>n(I \T)(bl-l) + (A\T)(bl,m)

= n(I \T)(bl-l) + A(bl,m) - T(bl,m).
By statements (21), (20), and (22) this inequality becomes

A'([m]) + B'([m]) >n(1 NT)(b,-1) + A(r)) + 1 - T(b , m)

>l \T)(bl-l) + n(r +1) +(1-m)T(b,,m) - T(b,,m)

= n(I \T)(bl-l) + n(r1+1-T(b1,m)).
Since r, =m- b and m ¢ T this inequality becomes

A'(lm]) + B'(Im]) > (I \T)(b;-1) + n(I(b , m) - T(b,, m))

1

MINT)(b -1) + NI\ T)(b,, m)

NINT)(m)

= nl([m]).

We now continue with the proof of the main theorem. Consider any
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element c'e€ C'. Then c'=a'+Db' for some a'e A' and

b'e B'. If a'e A, then since B'( B we have

c'=a'+b'e A+B=2C.

1

If a'd A, then a's= a +b" for some b" ¢ B". Therefore,

by statements (11) and (16), we have

c'=a'+b'= (a>'<+b") +b'

(a +b') +b" ¢ A+ B = C.

Hence, we have C' g C and since statement (2) fails to hold for

C it also fails for C'. Moreover, by statements (16), (6), and
(7), we have B'(n) < B(n). By statements (8) and (10) and since
0 e A, wehave 0 ¢ A'~B'. Therefore, we have constructed sets

A' and B', with 0 ¢ A'~B', which are subsets of 1~[0,n]
and for which statement (1) holds, statement (2) fails, and
B'(n) < B(n). This contradicts the minimality of B and conﬁpletes

the proof of Theorem 8.3.1.

Theorem 8.3. 2. For any nested singularly discrete density

space (I, Xf) having two or less essential points let A, B, and
C=A+B be any subsets of I with 0e¢e A~B. Forany ne ING,

there exists an integer m such that 1 <m <n and
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C(ln))
I([n))

Proof: By Corollary 4.2.4, we have (I, »f = (1, 7<T) where

T is the set of all essential points of (I, >¥) except the nested

essential point. Also since (I, )‘A has two or less essential
points, T has one or less members. Let
+B
Y
1<p<n P

Clearly, mn >0. We now show that mn < 1.

Consider any te T~[l,n]. If t¢ AUB, then

Suppose te¢ AUB, and hence te C. Since n¢ C, and since T
has one or less members, we have n ¢ T. Therefore, by Theorems
6.1.1 and 2.3.22, and since T AUB, we have

A(n])+B([n]) _ (ANT)(n)+(B \T)(n)
I([n]) (I \T)(n)

Therefore, n<1.

Now
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Allp) + B((p) = A([Piz+B<[pl>

>ni([p)) ,
for each p=1,2,...,n. Let A'=A~[0,n], B'=B~[0,n], and
C'=A'+ B'. Then the preceding inequality yields
A'([p) + B [p) >n1(lp),
for each p=1,2,...,n, which is statement (1) of Theorem 8.3.1.
Therefore, by Theorem 8.3.1, and since Cc'~[0,n]l=Cc~[0,n], we
have
C([n]) = c'([n))
>nI([n)),
and so
C . A +B
1(([[;1]])) >1= min ([IIJ(][)p]) (p)
l<psn
Hence there exists an integer m suchthat 1 <m <n and
C([n])) _ A([m])+B([m])
I([n)) =  I([m])
Theorem 8.3.3. For any nested singularly discrete density
space (I, )°/’) having two or less essential points let A, B, and

C=A+B be any subsets of I with 0 e€ A ~B and let the cor-

responding densities be a, B, and y. Then vy >min {1,a + B}
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Proof: If C=1, then vy =1 and the theorem follows.
Therefore, suppose I NC #¢. If ne INC, thenby Theorem

8. 3.2 there exists an integer m suchthat 1 <m <n and

>a+B.

Now >a+t B forall n¢ C. The fundamental family X s

separated because (I, H) is discrete. Hence we have by Theorems

2.3.12 and 2.3.13 that

y = glb
ndC

Therefore, Yy >min {l,a + B}.
We may now use Theorem 5. 2.1 to extend this result to the

following:

Theorem 8.3.4. Let (S,»f) be any nested singularly discrete

density space having two or less essential points, let A, B, and
C=A+B be any subsetsof S with 0e¢ A~B, and letthe cor-

responding densities be a, B, and y. Then y >min {l,a+ B}

Proof: Since (S, )‘7‘) has two or less essential points, we
have, by Theorem 5.2.1, that S is isomorphic to I. Therefore,

Theorem 8. 3.4 follows immediately from Theorem 8. 3. 3.
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8.4. An Extension of Mann's First Theorem

Consider the following statement: For any nested singularly
discrete density space (I, )=f) = (I, )(T) let A, B, and C=A+B
be subsets of I with TU{O}_C_ A~B. Let h be a real number.
For any n € I\ C, there exists an integer m where 1 <m<n

and m ¢ C such that

(1) Clal+h  A(m])+B(lm]+h
([n)+h - I([m])+h

For what values of h is the above statement valid? When
h = 0, the above statement reduces to Conjecture 8.1.2. R. Stalley
[16] has shown that for the space (I, )() the above statement is
valid if and only if -1 <h <1. Let K be any integer such that
K >2. In this section we show, by example, that there is a space
(I, H) with K essential points for which the above statement (1)

1

is invalid when h >—= .

K
Let (I,)Q/) = (I, )(T) where

T = {1549k|k = 1,2, ...,K-1}.

By Corollary 4.2.4, there are K essential points; namely, Tw {1}.

Let A and B be defined as follows:
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K-1
A = {0,1,3,4,5,6}w w {9+9k,10+9k,1249Kk,13+9k,14+9k,15+9k }w {9+9K},
k=0
K-1
B={0,1,6}u w {9+9k, 10+9k, 15+9k }\u { 9+9K }-
k=0
Then
K-1
c=1{0,1,2,3,4,5,6,7}vw v {9+9k,10+9k,114+9k,12+9k,13+9k,14+9k,
k=0
1549k, 16+9k } w {9+9K }.
The integers missing from C are {8+9k|k =0,1,...,K}.
Now
%:::—E is k=20
A([8+9k ) +([8+9k]+h _
L(8+9k])+h 16+7(k-1)+h f k=12 K
16+8(k-1)th Per
and

C([8+9KN)+h _ 15+7(K-1)+h
I([8+9K])+h  17+8(K-1)+h

1
To show that statement (1) fails for h >-R it suffices to show that

(i) Tth 15+7(K-1)+h for h > 1
U 8th T 17+8(K-1)+h K’
and
16+7(k-1)+h _ 15+7(K-1)+h | ]
' > f =1,2,..., 1
() 197 g-+h ~ 1748(K-1)+h °F ¥ K and h>

Proof of (i): Suppose h >I_1{ and
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7+h < 15+7(K-1)+h
8+h — 17+8(K-1)+h °

then (7+h)(17+8(K-1)+h) < (8+h)(15+7(K-1)+h), and so

119 + 56(K-1) + 7Th + 17h + 8(K-1)h + h2

< 120 + 56(K-1) + 8h + 15h + 7(K-1)h + h°.

Simplifying we obtain Kh < 1, which contradicts our assumption
that h > 1
a R
s 1
Proof of (ii): Suppose h > % and

16+7(k-1)+h < 15+7(K-1)+h
1748(k-1)+h — 17+8(K-1)+h

for some k=1,2,...,K. Then

(16+7(k-1)+h)(17+8(K-1)+h) < (17+8(k-1)+h)(15+7(K-1)+h)

and so
272 + 128(K-1) + 16h + 119(k-1) + 56(k-1)(K-1) + 7(k-1)h
+ 17h + 8(K-1)h + h2
< 255 + 119(K-1) + 17h + 120(k-1) + 56(k-1)(K-1) + 8(k-1)h

2
+15h + 7(K-1)h + h".

Simplifying we obtain 9 + 9K - k + h(1+K-k) < 0. However,

szzl and h >0, and hence

9 + 9K - k + h(1+K-k) >0,
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a contradiction. Therefore,

16+7(k-1)+h S 15+7(K-1)+h
17+8(k-1)+h 17+8(K-1)+h ’

8.5. An Extension of Dyson's Theorem

Consider the following statement: For any nested singularly
discrete density space (I,H) = (I,)(T) let A, B, and C=A + B
be subsets of I with Tw{0}C A~B. Let h be a real number.
For any n e INC, there exists an integer m such that

1<m<n and

(1) Clln]+h _ Alm)+B(m]+h
I([n])+h = I([m])+h .

For what values of h is the above statement valid? When
h = 0, the above statement reduces to Conjecture 8. 2.2 which by
Theorem 8. 3.2 is valid when (I, )°f) has two or less essential
points. R. Stalley [16] has shown that for the space (I,X) the
above statement is valid if and only if -1 <h <1. Let K be any
integer such that K > 2. We now show that the space (I, )Qf) with
K essential points which we introduced in the previous section is a

1

space for which statement (1) is invalid when h > e

By straightforward computation and by Theorem 6. 1. 2 we have
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for each i=1,2,...,6 and k=0,1,2,...,K that

A([8+9k+i])+B([8+9k+i])+h  A([8+9k])+B([8+9k])+h+i

(2) I([ 84+9k+i])+h = 1([84+9k])+h+i
. A([8+9k])+B([8+9k])+h
= 1([8+9k ])+h ’
and for i=8 and k= 0,1,2,...,K‘ we have
(3) A([8+9k+i])+B([8+9k+i])+h N A([8+9k])+B([8+9k])+h+7
I1([8+9k+i])+h = 1([84+9k ) +h+7
S A([8+9k])+B([8+9k])+h
= 1([ 849k J)+h '
For i=1,2, , 7 we have
A(lliD+B(i)+h ith _
(4) I{[i)+h = i+h L
In the previous section we proved that for k =0,1,2,...,K we have
(5) A([8+9x])+B([8+9k])+h _ C([8+9K])+h

1([8+9k ]) +h > 1([8+9K ])+h

Combining results (2), (3), (4), and (5), and using T g_ A~B, we
have

A([m])+B([m]+h . C([8+9K ) +h
I(lm])+h I([8+9K ])+h

forall m=1,2,...,8+9K.
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8. 6. Mann's Second Theorem

Definition 8. 6.1. Consider any nested singularly discrete den-

sity space (I, ) and any proper subset A of I. The ErdSs

density of A with respect to X s

a (a, x4 = g (A0S0 Afn)) < 1) )

1 I([n]+1

Paul Erdss introduced the density dl(A,X) for the density
space (I, ). H. Mann [11] proved the following theorem for the

space (I, X) where A and B are subsets of I.

Theorem 8. 6.2 (Mann's Second Theorem). If 0¢ A~B and

C=A+B, then Cin) zdl(A,X)(ni-l) + B(n) for every n € I \C.

We now look at the following generalization of Mann's Second

Theorem to the nested singularly discrete density space (I, )cf)
where A and B are subsets of I and where a, = dl(A,)ch

If 0¢ A~B and C= A + B, then forevery n eI \C we have

(1) C(n]) > a (1([nD+1) + B([n)).

|

We show that this generalization does not hold for all nested
singularly discrete density spaces (I, )°f), but that it does hold

under special conditions which include the result for (I,X).

Theorem 8. 6.3. For any nested singularly discrete density
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space (I, H) = (I, XT) with nested essential point e, let A, B,
and C=A +B be subsets of I with 0e¢e A~B andlet
a, = dl(A’ ). Then inequality (1) holds for every n ¢ INGC if
either of the following hold:
0 Tole}] A

(ii) T C B.

Proof for (i): By Corollary 4.2.4, the set T {e} is the set
of all essential points of (I, H). If Tu{e}¢ A, then a, = 0,

and since C([n]) >B([n]) for all n, inequality (1) follows.

Proof for (ii): If T w {e}¢ A, the inequality (1) follows by
part (i). Therefore, suppose Tw{e}C A. Hence for every n >0

such that A([n]) < I{{n]), we have by Theorem 6.1.1 that

A([n]) = A(n) - T(n) and so

A(n]) _AM)-Tn) . Al

I[nh)+1  n+l-T(n) = n+l

Therefore, al idl(A,X). Consider any n ¢ I \C. Since
TC BC C, wehave neIN\B, B((n]) = B(n) - T(n), and

C([n]) = C(n) - T(n). Therefore, by Mann's Second Theorem for

(L, X), we have
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C(n]) = C(n) - T(n) = dl(A,7<)(n+1) + B(n) - T(n)
= d, (A, X)(nt1) + B(ln])

>a (a+1) + B([n])

1
(n-T(n)+1) + B([n)])

> a

1

= a (I([n])+1) + B([n)).

This completes the proof.

The following example shows that inequality (1) does not always
hold when (L)c)‘) = (I, XT) is a nested singularly discrete density
space, Twu{e}(C A, and T ¢ B. Let T ={7} Let

A

{0,1,2,5,6,7,10,11,12,15} and B ={0,1,5,6,10,11,15}. Then

C

t

{0,1,2,3,5,6,7,8,10,11,12,13,15}. Straightforward calculations
2 ,
show that a, =+, C([14]) = 10, B([14]) = 5, and 1([14) = 13,

where a_. =d. (A, )ﬂl). Therefore,
c(14)) =10 < %14 +5 = al(I([14])+1) + B([14].

Since 14 ¢ G, inequality (1) fails.

We do have the following corollary to Theorem 8. 6. 3:

Corollary 8. 6.4. For any nested singularly discrete density

space (I, H) let A, B, and C=A + B be subsets of I with
0Oe A~NB. If neINC, atleastone of the following inequalities

holds:
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(3) C(ln] > Aln]) + B (I([nD+1),

= dl(B,H)-

where a Zdl(A,H) and P

1 1

Proof: By Corollary 4.2.4, we have (I, b = (1, XT). If
T C B, then by Theorem 8.6.3 we have inequality (2). If T i B,
then Tu{e}¢ B, where e 1is the nested essential point of

(I, »). Therefore, by Theorem 8. 6.3 we have inequality (3).

We also obtain the following important result.

Corollary 8.6.5. For any nested singularly discrete density

space (I, H) le¢ A, B, and C = A + B be proper subsets of I
with 0 ¢ A ~B. Then we have the following two inequalities:
1 >
() vy za) + B
(ii) y>min {a, +B,atp },
where a, B, and y are the k-densities (hence also c-densities) and

a5 Bl, y, are the Erdés densities of A, B, and C in (I,)af).

Proof of (i): For any ne INC we have n {A and nd B.
Now by Corollary 8. 6.4 we have either inequality (2) or {(3). If

inequality (2) holds then
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If inequality (3) holds then

C([n]) A(l
ah+l 2 T+ T P
> 0.1 + 51
Hence in either case
C(ln])
@ M+l > %17 P

Consider any m € I\{0} such that C([m]) < I{{m]). Then there
isan n € [m] \{O} suchthat n¢ C and i€ C forall ie[m]

such that n < i < m. Hence by inequality (4) we have

C([m)) )
I(m)+1  I[nD)+L([m]\[n]D+1

Therefore, we have Y, > a, + Bl.

Proof of (ii): For any ne I\NC we have n¢ A and
n ¢ B. Now by Corollary 8. 6.4 we have either inequality {2) or (3).

If inequality (2) holds then




116

In inequality (3) holds then

C(n]) _ A(n]) I([n])+1
1D < Wad * P TIn)
>a+ Bl-
Hence by Theorem 2.3.13 we have
= glb {Mhe INC}> min {a, +B,a+ B }
Y ([n)) = 1 1

This completes the proof.
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CHAPTER IX

MIXED DENSITY THEOREMS

In this chapter we briefly consider some density inequalities

involving more than one density space.

9.1. General Discussion

Let S Dbe an s-set and consider a collection of density spaces
{(s, 0:7€i)|-1 =1,2,...}. A mixed density theorem is a theorem which
relates densities from more than one such density space. A typical
mixed density question is the following: If A, B, and C=A+B

are subsets of S with 0 ¢e¢ A ~B, then is it true that
: 2
(1) d, (C, ’3’3) > min {1,4, (A, "3"1) +d, (B, T

Of course, if S =1 and 0391 = o}z = o\:g :X, then inequality (1)
is just the a + B property proved for the space (I, X). This
question and many others could be studied in detail. However, we do
not attempt to do so here. Rather, we restrict our attention to a very
special result for nested singularly discrete density spaces.

9. 2. Mixed Density Inequalities for Nested Singularly
Discrete Density Spaces

Recall that for discrete density spaces k-density and c-density
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are equal.

Theorem 9.2.1. Let tel with t>2. Let (LX) = (LX)

where T = {t}. Let A, B, and C=A + B be subsets of I
with 0 ¢ A ~B and let the densities of A, B, and C be a, B,
and y for (I, X) and a', B', and y' for (I, ) respectively.
Then
(i) y>min {l,a + B},
(ii) y>min {1,a +B'},
(iii) y > min {1,a' + B},
(iv) y > min {1,a'+B'},
(v) y'>min {1,a"+B'},
(vi) there are examples for which y' < min {l,a + B},
(vii) there are examples for which y' < min {1,a" + B},

(viii) there are examples for which y| < min {1,a + B'} .

Proof: Note that by part (ii) of Theojem 4. 2. 2 the space

(I, )‘f) is nested singularly discrete. We first show that a >a'.
If tdA, then a'=0 and hence a >a'. Suppose te A. Since
T = {t}, wehave T(m) <1 for every m e I\{0,t}. Therefore,

by Theorem 6.1.1 and since t>2 and T (C A, we have

A(m) S A(m)-T(m) (ANT)(m) _ A([m]"

m =  m-T(m) (IN\T)m) Ilm])




for every m e I\ {0,t} where [m]

in the space (I, }7‘). Since t ¢ A, we have

a=gb {2201\ Jo,t))

m

>t (2828 o N0, )

Therefore, a >a'. Likewise, P > p'.

Proof of (i): This is the a + B property for the space

which was proved by Mann [10], Dyson (2], and Garrison [6].
Proof of (ii): By part (i) and since B >p', we have
y > min {l,a + B} >min {l,a + B'}.
Proof of (iii): By part (i) and since a >a', we have
y >min {l,a + B} >min {l,a' + B}.
Proof of (iv): By part (iii) and since f >B', we have

y >min {l,a' + B} >min {1,a' + B'}.

denotes the Cheo set of
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m

(1, X)

Proof of (v): By Corollary 4.2.4, the space (S,;“"Vl) has two

essential points. Therefore, by Theorem 8.3.4, we have

y' > min {1, o'+ p'}.
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Proof of (vi): Let A

{0,t+1} and B ={0,1,t+1}. Then

Cc={0,1,t+1}, a=0, B=1y= lt , and a'=p'"=+vy"=0. Therefore,

1
0=y'<min{1,a+ﬁ}=—t-.

Proof of (vii): Use the same example as in part (vi). We have

1
Ozy'<min{1,a'+ﬁ}=—t.

Proof of (viii): Use the same example as in part (vi), except

interchange sets A and B. We have

0=v'<min{l,a+p'} =

-l

This completes the proof.



121

CHAPTER X

COMPARISON OF c-DENSITY AND k-DENSITY

In this chapter we compare c-density with k-density. In

particular, we answer two questions posed by Freedman [4].

10.1. Fundamental Results

Let (S,"f) be any density space and let A be a subset of
S with 0 € A. Recall (by Theorem 2.3.12) that for discrete den-
sity spaces the c-density and k-density of A are always equal.
This is not true for density spaces in general. For general density
spaces we have the following two results of Freedman [3,4] (see

Theorem 2.3.6). We include proofs for completeness.

Theorem 10.1.1. We have 0<a<a <.

C

Proof: We know that

{a(a, F)|F F} D {aa, [xD]x e s\ {0}}.
Therefore,
a = glb {q(A,F)|F ¢ °F)
< glb {q(A, [x])|x e s\ {0}}

- a .
C

Also for each F € 03", we have 0 < A(F) < S(F) and so both
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0<a<l and Oiac<_1.

Theorem 10.1.2. The following three conditions are equivalent:

(i) a = 1, (ii) a_ = 1, and (iii) A = S.

Proof that condition (i) implies condition (ii): Suppose a = 1.

By Theorem 10.1.1, we have a < a_ < 1. Therefore, a = 1.

C

Proof that condition (ii) implies condition (iii): Suppose there
isan x € S\NA. Then we have A([x]) < S([x]) and so

a, iq(A,[x]) < 1. Therefore, if a. =1, wehave A = 8S.

Proof that condition (iii) implies condition (i): Suppose A =S.
Then q(A,F)=1 for each F ¢°f andso a-=1.

This completes the proof.

For the remainder of this chapter we suppose o < 1.
Freedman [4] poses the following question: Does there exist a den-
sity space (S, °f) and a subset A of S such that a, >0 and

a =07 The answer is yes, as we show in the next section.

10. 2. An Example for which a 2 0and a =0

Let d Dbe any positive integer and let (I, °§H) be the density

space determined by
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{o,1,2,...,d}u{x} if x>d+I,
H(x) =
{o0,x} otherwise.
Let A =1{0,1,2,...,d}. Since A has finite cardinality, we have
d
a = 0. However, a =— >0.
c d+l

This example does more than show that we can have a, >0
and a = 0. Since d 1is any positive integer we can, for any ¢
such that 0 <e <1, choose d sufficiently large to have
a >1-¢ and a=0. Of course, by Theorem 1C. 1.2 we can never

c
have a =0 and aCZI.

This example also shows that 0 ¢ A and a. >0 does not
imply that A is a basis for I. This question was also posed by
Freedman [4]. The set A is not a basis because it has finite

cardinality.

The space can also be used to show that Theorem 2.3.10 fails

for general density spaces. Let A =B=1{0,1,2,...,d} Then
_ _ _ _ . d
c=1{0,1,2,...,2d}. Therefore, 0.C = Bc =Y, Y and so
2d d
T mmem— > = —— .
a + BC il 2 1, whereas Yo T i1 <1

10. 3. A General Example

Theorem 10.3.1. Let Py and Py be any two real numbers
such that 0 < PSP, < 1. Then there exists a density space

(I’?I—I) and a set A (C I such that a=p, and a_ - pa.
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Proof: Let Py and P, satisfy the hypotheses of the the-
orem. Let {uili =1,2,...} and {vili =1,2,...} be strictly
decreasing sequences of positive rational numbers less than 1 such
that p = glb {uili =1,2,...} P, = glb {vili =1,2,...} and
u, <v, foreach 1i-= 1,2,...

1 1

Now since u, and v, are positive rationals, there exist
i i

a- a-
positive integers a,, b, and d. such that u, = 2 and v, = —.
it i i i by i dj
Since 0<u.1<v.<1, we have 1 <a, <d, <b,.
- i - i i—"i

Let (I, °a€H) be the space determined by H(x) where

(1) f{o,l,z,...,x} if 1<x<d-1,
{0,1,2,...,d1-1,x} if d1 ixﬁbl,
’ ’ 2""’ i < =i
{0,b +1,b, + x} if b+l <x <b+d,-1
2, ... - ;
{0,b1+1,b1+ , ,b +d, 1,x} if bytd, <x <b +b,,
H(x):<
J j J j
{0, =b.+1, T b.+2,...,x} if Tb+l <x< Zb.+d, . -1,
et S R S B E |
i=1 i=1 i=1 i=1
J ] j J jtl
{0,=b+1, Tb+2,..., Tb+d. -1x} if Tbtd.,  , <x< Zb,,
S SRS .1 jtl i gt = ="
i=1 i=1 i=1 i=1 i=1
L

By Theorem 2. 2.6, the space (I, ?H) is a density space. Now let
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A= {0,1,2,...,al}u{bl+l,bl+2,...,b1+a2}
J ] i
.o 2 biH’ Zb+2, .., % bi+a.

Yo
.I_
i=1 i=1 oy b4t

We now show that for the space (I, 'fH) and the set A we have

a =P, and az=p, - Recall that H(x) and [x] are identical

and that they both denote the Cheo set of x for the space (I, ?H).

For each integer j >0, we have
]
.I_
Al 2, dj+l]) al
i=1 gt
j d, j+1’
+1
W=zb+d, )
,1:11 jt+1
i = i=1,2,...} = o li=wo0,1,2,...},
Since p, = glb {Vi|1 } glb {v1+1|1 0,1 }, we have

a. < pc. Also for any positive integer m there is an integer j >0

) 1
such that ZJiZl bi+1 <m < Zgjl bi. Hence we have
J
A= bi+d.+1]) N
A([m)) i=1 ' _ %41
I([m]) = j . RSt
([ b.+d,, ) i*l
i=1 i 5+l

Therefore,

(L

A(lm)
= glp {HEEL - 1,2,...)5> gl L= 0,1.2,...
o =g {I([ 1) |m }—gb{vj+l|J 0,] }

t
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Hence we have a =P,
It is more difficult to show that a = Py For each integer
j >0, define the set Fj by
] ] jtl

F.={0,=Zb.+l,Tb+2,...,Z b}
J i=1 ' =1t i=1 '

By formula (1) we have

j i+1
where ml(j) = Zizlbi+l and mz(j) = 2Ji=1 b.. Hence by Theorem

2.2.15 we have Fj € ?H Now

2 A(Fj) _ a.‘j+1 .
1
I(FJ) bj+1 jt
Since p, = glb {ui|1 =1,2,...}=glb {ui+1|1 =0,1,2,...}, we have

a < Pl Now consider any F e ’f . For each integer j >0, let

H
G.=F ~F.. Now since F ¢ ? and F. € , we have
J j H J ,?H
Gj € ’fHu{{O}} Now 1i#j implies Fiij = {0} and hence

Gim Gj = {0}. Also F is finite. Hence there is a finite integer
J = max {lej\ {0} # ¢}

Now if Gj\{o}# ¢, then Gje°3"H. If GJ,\A#cp, then



j j j
{Zb.+l,Zb,+2,..., = bi+a.+1}g G, CF.,,
i=1" =1t =1+ J J J
and so
A(G)) A(F,)
3 >
%) G = T(F))

If Gj\ A= ¢, then A(G)) = 1G,) and inequality (3) still holds.

Therefore, by statements (3) and (2) and since GimGj = {0} for

i#j, wehave

>
A
>
" C L'LITC [

—
H
—
—

(@)
My
>
(@)

1 J

Q
M
=
Q

Y,
1]

for some i (l <i < J). Therefore,

A(F
a‘—'glb{l(( )

F) |F e #H}Zglb logli=0.1,2,. .3 =p)

Hence we have a = Pl

This completes the proof.

127
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CHAPTER XI

FREEDMAN'S TRANSFORMATION PROPERTIES

In this chapter we study some relationships between three trans-
formation properties of Freedman and the Landau-Schnirelmann and
Schur inequalities. Two of these transformation properties, trans-1
and trans-2, were introduced by Freedman in his Ph.D. thesis (3]
and later in his article [4]. The third transformation property, which
we call trans-3, was also introduced by Freedman but does not
appear in the literature [5]. The relationships are summarized in

Section 5 of this chapter-

11.1. The Landau-Schnirelmann Inequality and Trans-1

Let (S,0§) be any density space where °§ is trans-1 (see
Definition 2.3.14). By Theorem 2.3.18, the Landau-Schnirelmann
inequality holds; that is, y>a + B - af. In this section we show
that y >a +f - af does not imply that ’;}P is trans-1. In order
to show this result we prove the following theorem which is of inde-

pendent interest.

Theorem 11.1.1. Consider any discrete density space (I, ?)

of finite order n. Then D:TP is trans-1 if and only if 030: °§H

where H(x) = {0,x} forall x e I\{O}; that is, if and only if n =1.
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Proof: Suppose -,5: ?H where H(x) = {0,x} for all
x € IN{0}. By Theorem 2.2.6, we have OS(H :ﬂ , and so GEH
is trans-1 by Theorem 2.3.16.

Now suppose o§: ?H where D}’H is trans-1 but DEFH is
not defined by H(x) = {0,x} for all x € IN{0}. Then there exists
an integer k >2 and an integer i where 1 <i <k-1 such that
H(x) = {0,x} forall x=1,2,...,k-1 and {0,i,k} H(k).

Suppose H(k+1) = {0,k+1}. Using the notation of Definition

2.3.14 and choosing x =1 and F ={0,1,k+l}, we have

F = H(1) UH(k+1) ¢ °§H,

D={1,k+1}, and Tl[D] = {0,k}. Since H(k) D {0,i,k}, we have
H(k) l {0,k}. Therefore, by Theorem 2.2.6, we have
TI[D] ' oaeHu{{O}} Hence ?H is not trans-1, a contradiction.
Therefore, k+1l 1is not an essential point.

As our induction step we assume that k+j is not an essential

point for some integer j > 1. Suppose H(k+j+l) = {0, k+j+1}.

Choosing x=1 and F ={0,1,k+j+l}, we have

F = H(1) UH(k+j+1) e °§FH,

D= {1,k+j+1l}, and Tl[D] = {0,k+j}. Since k+j is not an essen-

tial point, we have H(k+j) i {O,k+j}. Therefore, by Theorem 2.2.6,

we have Tl[D] ¢ ?HU{{O}} Hence ?H is not trans-1, a
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contradition. Therefore, k+j+l is not an essential point. We have
shown by induction that only the first k-1 positive integers are

essential points.

By conditions c¢. 1 and c. 3 of Theorem 2.2.6, each H(x) must
contain at least one essential point; namely, the least positive integer
in H(x). Therefore, at least one of the first k-1 positive integers,

say vy, must occur in H(x) for infinitely many x ¢ IN{0}

o0

that is, y e m H(xi) for some strictly increasing infinite sequence
i=1

of positive integers x,,x,,... . Since (1, °§H) is discrete, ?H

must be separated. Hence, since

y € H(x,) ~nH(x,

i 1+1)

and x, < x , we must have H(x.) (C H(x. .). Therefore

1 i+1 i i+1

H(x) C Hixy) C oo

which contradicts the fact that (I, ?H) is discrete of finite order n.
Therefore, °§H is determined by H(x) = {0,x} for all x ¢ IN {0}
Also (I, °3—PH) is discrete of order n =1 if and only if

H(x) = {0,x} for all x e IN {0} This completes the proof.

Consider any nested singularly discrete density space (I,?)
of order n >2. By Theorem 6.2.1 we have y>a+p - af. By

Theorem 11.1.1 we have that '59‘ is not trans-1. Therefore,
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y>a+f - aPf does not imply that ’5 is trans-1.

11.2. The Schur Inequality and Trans-2

Let (S,™f) be any density space where °F is trans-2 (see
Definition 2.3.15). By Theorem 2.3.21, the Schur inequality holds;
that is, if a+PB< 1, then vy >p/(l-a). In this section we show
that the Schur inequality does not imply that ’3 is trans-2.

Let (I, ’EFH) be the density space determined by

{O: 2’ 4} if x = 4’
H(x) =({0,1,5} if x =5,
{0,x} otherwise.

If, using the notation of Definition 2.3.15, we let x =5 and F = {0},

then D= {1,5)} and T,[D]={0,4} Now H(4)¢ {0,4). There-

fore, by Theorem 2. 2.6, we have
T,[D] ¢ Fy v {o}}u{e}

Hence O?H is not trans-2. However, since (I, o\-}PH) is discrete

of order 2, we have by Theorem 3.1.2 that
y>min {l,a + B} =a+ P >ay+p

whenever a + B < 1. Therefore, Yy -ay>p and so y >B/(1-a).

Hence the Schur inequality does not imply that ?H is trans-2.



132

11.3. The Correspondence Between Trans-1 and Trans-2

In this section we show that the two transformation properties,
trans-1 and trans-2, are incomparable. We begin by showing that
trans-1 does not imply trans-2.

Let (I, O;H) be the density space determined by

{Ox]-} lf X 1,
H(x) = { {0, 2} if x =2,

{0,1,2,...,x} otherwise.

If, using the notation of Definition 2. 3.15, we let x =4 and

F={0,2}, then D={1,3,4} and TZ[D]:{O,1,3}. Now

H(3) i {0,1,3}. Therefore, by Theorem 2.2.6, we have
TZ[D] d ofHu{{O}}u{q)}. Hence D§H is not trans-2. To show

that is trans-1, consider an F e °3€ and x ¢ F. Then
H y H

either

,\
=

=

by
t

- {0,1,2,...,n} for some n >1

or

{0, 2}.

1]

(ii) F
In case (i) we have

D=F ~U(x) = {x,x+1,...,n}

T.[D]={0,1,...,n-x}e¢ OEFHU{{O}}
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In case (ii) if x =0, we have D ={0,2}, and so
T [D] = {0, 2} ¢ °3"H. If x=2, wehave D= {2}, and so
TI[D] = {0} e OEFH\J{{O}} Therefore, °5eH is trans-1.
Now we show that trans-2 does not imply trans-1. Let (I, c’3‘31_1)
be the density space determined by
{0,1,2} if x=2
H(x) =
{0,x} otherwise.
Now (I, ?H) is discrete of order 2 and hence, by Theorem
11.1.1, it is not trans-1. To show that ?I-I is trans-2, consider
any x ¢ IN{0} and any Fe O&PHu{{O}}u{q)}. Now D = H(x)\\ F.
If x =2, the only choices possible for D are ¢, {2}, {1, 2},
and {0,1,2}, and so the only possibilities for TZ[D] are ¢, {0},
{0,1}, and {0,1,2} which are all in ?Hu{{O}}u{q)}. If x+2,
the only choices possible for D are ¢, {x}, and {0,x}, and so
the only possibilities for TZ[D] are ¢, {0}, and {0,x} which

are all in ?Hu{{O}}u{q)}. Therefore, Q:TPH is trans-2.

11.4. Transformation Property Trans-3

In Section 11.1 we saw that y >a +f - afp does not imply that
oae is trans-1. A logical question to consider is whether there is a
weaker property than trans-1 which still implies that y >a +f - aff.

Freedman [5] has recently found such a property which we call trans-3.
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Definition 11.4.1 (Freedman). The fundamental family D:TP is

called trans-3 if for each F e °:TP and x ¢ F there exists a set
G e ofu {{0}} satisfying the following two properties:
(i) =+ G = {x+g|g e G} QF,

(ii) F\(x+G) ¢« “Fu {{0}}o (o).

Theorem 11.4.2 (Freedman). Property trans-3 is weaker than

property trans-1.

Proof that trans-1 implies trans-3: Let F e of and x e F.
For G choose

G = T,[D] = {y-xy < D}

where D = F ~U(x). Since ’3 is trans-1 we have
Ge FU{{0}} and x+G=D( F. I

z ¢ F\ (x+G) = F\D,

z#0, and vy e[z], then ye D implies y ¢ U(x). Hence
x<Xy=<z and so z e D, a contradiction. Therefore, vy ¢ D and

SO

[z] C FN\.D = F\ (x+G)

and by Theorem 2. 2.6, we have

FN\(x+G) ¢ Fou{{0}}u {4}
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Proof that trans-3 does not imply trans-1: Let (I, th) be

the density space determined by

{0,x} if x 1is odd,

H(x) =
{0,x-1,x} if x is even,

for all x € IN{0}. Then (I, VBPH) is discrete of order 2. There-

fore, by Theorem 11.1.1, ?H is not trans-1. Now let F ¢ OB'PH

and xe¢eF. If x=0, choose G=F. Then x+ G=F and

F\ (x+G) = F\F = ¢.

If x#0, there are three possibilities. If x is even, then

x-1 ¢ F. Choose G =1{0}. Then x+ G = {x}_C_F and

FN\(xtG) = F N{x} = (F\{x—l,x})u{o,x-l}e #H

If x isoddand x+ 1 ¢ F, choose G={0,1} Then

x+G=1{x,x+1}C F and
F\(x+G) = F \{x.x+1} ¢ "F o {{0}}.
If x isoddand x+1¢F, choose G-= {0} Then

x+G={x}g_F and

F\(x+G) = F\ {x} « F o {{0}}

Therefore, ’§H is trans-3.
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This completes the probf.

For the next two theorems let (S,"F) be any density space
and let A, B, and C=A + B be subsets of S with 0e¢ A~B

and hence in C.

Theorem 11.4.3 (Freedman). Suppose of is trans-3. Then for

each F € ? we have

C(F) > A(F) + B(S\ A)(F).

Proof: If A~F = {0}, then A(F)=0 and (S\A)(F) = S(F).

Therefore, since

lv
<

v
W

by Theorem 2.3.7, we have
C(F) >BS(F) = A(F) + B(S\ A)(F).
Suppose (A~F)\{0}# ¢. Let the set
AA~F = {O,al,...,an}

be indexed in such a way that

(1) a.1> aj implies i < J

We can satisfy statement (1) by taking a e Min (F\ {0}),
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a € Min (F \{O,an}), a € Min (F \{O’an-l’an}’ and so on.

n-1 n-2

Since 036 is trans-3 there exists a set G1 € "fu{{o}} such

that a, + G1 g F and

F, = F\l(a tG,) ¢ Fo {0} o {e)

Now if a, € a, + G1 then a2> a, which contradicts statement

(1). Therefore, a, ¢ F1 and since a, # 0 we have Fl € of

Again since 039 is trans-3 there exists a set G2 € ofu {{o}} such

that a.2 + ng Fl and

F,=F \(a,+G,) ¢ Fu{{0}}u {}

We can continue this process until finally we obtain a set

G eofu{{O}} suchthat a +G (C F and
n n n="n-1

F_=F__ \(a +G )« Fui{o}ru e}

n

Now the sets F .yFn have been constructed so that a. + Gl’

1’ 1

a,+G,,-..,a +G ., and F are pairwise disjoint and
2 n n n

2

n
F=F ulu (a.+G.) ).
n i=1 1 1

Therefore, since 0 ¢ G., foreach i=1,2,...,n, we have
i



n
C(F ) + C(ARF) + = Cla.+G \_{0}).
" =1 b7

Now since B C, AC C, and a, ¢ A, which implies

C(ai+Gi\ {o}) > B(Gi), equality (2) yields

n
A(F) + B(S(F )+ = S(a.+G.\ {0}))
n i:1 1 1

A(F) + B(S(F)-n)
A(F) + B(S(F)-S(F nA) )
A(F) + B(S(F)-A(F) )

A(F) + BS\A)(F).

This completes the proof.

Theorem 11.4.4 (Freedman). If OTTF is trans-3, then

Yy>a+p-ap
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Proof:

Dividing by S(F)

By Theorem 11.4.3, we have

F) > A(F) + B(S\ A)(F)

= A(F) + PS(F) - PA(F)

= A(F)(1-B) + BS(F)

>a (1-B)S(F) + BS(F)

= (atp-aP)S(F).

we obtain

q(C:F)E(l*ﬁ-aﬁ
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for each F € of and, therefore, vy >a+f - aPf. This completes

the proof.

We now show, by example, that

trans-3.

Let (I, DfH) be the density space determined by

{0,1,5} if x = 5,
H(x) =¢{0,1,5,6} if x =6,
{0, x} otherwise,

Yy>a+p - af does not imply

for all x e IN{0} Then (I, ?H) is nested singularly discrete of

order 3

to show that ’fH

and so, by Theorem 6.2.1, y>a+p - af.

is not trans-3.

We proceed
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Let F =1{0,1,5,6} and x=1. We now look for all sets
G ¢ ?Hu{{O}} for which (x+Q) g F. Since x =1, we must
have G g {-1,0,4,5}, and since G ¢ ?Hu{{O}}, we know that
0e G and -1¢ G. Also 5 ¢ G because, by the way OB'PH is
defined, 5 ¢ G only if 1 ¢ G. Therefore, the only two possibili-
ties for G are G = {0} and G=1{0,4} If G =10}, then

F\ (x+G) = {0,5,6}, andif G ={0,4}, then F\ (x+G) = {0,6}.

In either case we have H(6) ¢ F\ (x+G) and so
F\(xtG) ¢ “F o {{o}}o (o)
Therefore, ?H is not trans-3.

11.5. Summary

The following chart summarizes the relationships discussed in
this chapter. No transformation property is known which is weaker

than the trans-2 property but stronger than the Schur inequality.

trans-1 , 9 > trans-2
< ey
A \ A
sk trans-3 X
\J /

y>a+B-af If a+B<l1,then y>B/(1-a)
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