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Optimization of reservoir operation is involves various competing objectives for a
scarce resource (water). To find the optimal operation of reservoirs, it is essential to
consider multiple objectives simultaneously. There are various sources of uncertainty

associated with the reservoir operation problem that should be considered as well.

The overarching goal of this research is to develop a framework for finding flexible
and reliable solutions to the reservoir operation problem with competing objectives.
Because some sources of uncertainty are not well quantified, providing flexible
decision variables lets the decision maker choose accordingly from a range of options
knowing that all the flexible decision variables are feasible with a specified
probability of failure and that are relatively optimal. To accomplish this goal, each
flexible decision variable is represented by a random variable within a specific range
instead of a single deterministic decision variable. An additional objective is added to
the optimization problem, in order to maximize the flexibility of decision variables.
The proposed methodology is tested for two mathematical test problems and the
operation of the Grand Coulee reservoir, which is located on the Columbia River in
the Northwestern United States. The Stochastic Collocation (SC) method is used to

sample the random variables and approximate the expected values of the objectives.



For the Grand Coulee reservoir, the decision variables are the daily turbine outflows.
The first objective of the optimization is to minimize the forebay elevation deviation
at the end of the optimization period. The second objective is to maximize the
revenue from the hydropower production. The results show that the proposed
methodology could find some flexible decision variables with 45% coefficient of
variation. The corresponding expected objectives have less than 20% deterioration
from the deterministic Pareto solutions. However, the number of function evaluations
increases exponentially with the number of decision variables. Therefore, this

methodology is suggested for problems with a few decision variables.

For finding flexible decision variables in problems with many decision variables, a
dimension reduction method called Karhunen Loeve (KL) expansion is implemented
in the optimization problem. By extracting useful information from the decision
variables, the decision space can be represented with merely a few random variables
using a set of deterministic decision variables. The results show that three random
variables are sufficient to generate decision variable realizations which have mean
and variance less than 1% and 5% different from the original decision variable
realizations, respectively. The proposed methodology is capable of efficiently finding
flexible decision variables that lead to expected objective values close to the Pareto
deterministic solutions. To force the generated decision variable realizations to stay
within the feasible bounds and therefore reduce the number of constraints that need to
be checked, the data is transformed to be within bounds first, and then the KL-
expansion is performed. Using the transformed data decreases the computational time

but the decrease in computational time is not significant.

The inflow uncertainty is also considered as the only source of input uncertainty.
Forecast inflow ensembles can be used as the source of inflow uncertainty. However
in this study due to lack of information, historical inflows are used instead. The
inflow uncertainties are represented using the KL-expansion. Robust optimization is
performed by optimizing the weighted sum of the expectation and standard deviation

of the objective due to uncertain inflows. The weights in the robust objective



formulation can be changed based on the decision maker’s preference of robustness

VErsus performance.

Finally, the combined framework to find robust and flexible decision variables is
tested on a reservoir operation problem and the results were compared to the

deterministic case.
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1. Introduction

1.1. Literature Review

Due to the rapid increase in global population (United-Nations, 2011) the importance
of water resources management is crucial. Optimization is a tool to find the best
decisions to a complex problem, and to get the optimal objectives. Multiple review
studies (e.g., (Singh, 2012)) exist that provide an extensive review of applications of
optimization techniques in water resources management. Reservoirs have been built
all around the world for different purposes and it is important to find reservoirs’
operational strategies that balance and meet all water demands (Ahmad et al., 2014).
Managing the operation of a reservoir system can be very complex as it is dependent
on many variables, such as, inflows, storage, and water and hydroelectric power
demands (Rani and Moreira, 2010). The works of (Labadie, 2004) and (Rani and
Moreira, 2010) reviewed various optimization and simulation models for optimizing
reservoir systems including both classical methods and evolutionary algorithms. The
popularity of evolutionary algorithms in optimization problems has rapidly increased
over the last few years partly due to their potential to solve problems that are difficult

to solve by some of the classical search techniques (Nicklow et al., 2009).

In reservoir problems, conflicts may happen in cases when improving one objective is
only possible by degrading other objectives. Evolutionary algorithms can be the
favorable tool for these types of problems as they can find trade-offs of the optimal
solutions for the competing objectives in a single optimization run (Golberg, 1989). A
comprehensive review of the use of evolutionary algorithms in water related
problems is presented in (Reed et al., 2013). Genetic Algorithm (GA) based methods
are the most popular evolutionary algorithms in water resources management
applications and have been reviewed in (Nicklow et al., 2009). Among these methods,
the Non-dominated Sorting Genetic Algorithm-II (NSGA-II) (Deb et al., 2000) can be
considered as the primary technological breakthrough for the generation of advanced
multi-objective evolutionary algorithms that incorporate elitism and efficient non-
domination sorting when finding the Pareto solutions (Reed et al., 2013). Some of the

applications of NSGA-II in multi-objective reservoir operation problems and a



proposed method to rank the solutions are discussed in (Malekmohammadi et al.,

2011).

To have reliability and robustness, it is essential to consider uncertainties in any
optimization problem and this is specifically important in water resources
management problems (Nicklow et al., 2009). Despite the recurring use of flexibility
in recent water resources management literature, the precise meaning of the term
“flexibility” is elusive (DiFrancesco and Tullos, 2014). The importance of decision
makers’ preferences in the optimization process for water management problems has
been addressed in numerous studies. In some cases, the decision makers tend to
disregard the global optimal solutions due to local and short-term benefits (e.g.,
(Babbar-Sebens et al., 2013; Babbar-Sebens, 2017; Kaini et al., 2012)). In this study,
flexibility refers to alternative options in decision space rather than a specific decision
variable that corresponds to an optimal objective. Flexible decision variables in water
distribution systems dealing with future demand uncertainty has been considered
using decision tree analysis in (Basupi and Kapelan, 2013). Although, flexibility can
be provided to some extent by considering future scenarios, it is desirable to find

more flexible approaches (Maier et al., 2014).

The popularity of the term “robust optimization™ for different applications makes the
meaning of the term unclear and the results are difficult to interpret (Ray et al., 2010).
Minimizing the effects of variation in objectives due to uncertain behavior of some
parameters is known as the principle of robust optimization and can be categorized

into two types (Chen et al., 1996):

e Type I: objective variation due to unavoidable parameter uncertainties, such
as input parameters.

e Type II: objective variation due to variation in decision variables.

Various approaches have been used in the literature including: optimization of
objective expectation due to parameter variation (Sahinidis, 2004) and minimizing the
deviation of objectives due to parameter variations (Ray et al., 2010). To guarantee

robust solutions found by optimization, solutions must have feasibility robustness and



sensitivity robustness. Feasibility robustness refers to making sure the problem
parameters remain in the feasible region despite the occurrence of the variations.
Sensitivity robustness implies the insensitiveness of the objective function to the

parameter variation (Jung and Lee, 2002).

1.2. Research Questions

In this study, three research questions are investigated:

1. How can flexibility in decision variables be incorporated in reservoir
optimization problems and how does flexibility affect the Pareto solutions?
(Type 11 robust optimization considers the feasibility robustness)

2. How is computational efficiency increased with reduction of the dimension of
the search space in reservoir operation?

3. How can we incorporate flexibility in decision variables in reservoir operation
under uncertainty and how does flexibility affect the Pareto solutions? (Type I
and II robust optimization consider feasibility and sensitivity robustness

simultaneously)

1.3. Outline

The main goal of this study is to develop a framework for finding flexible decision
variables. Flexibility in this study refers to having more than one option (either a
range of options or multiple feasible scenarios) that are ensured to fulfill feasibility
robustness for a given risk threshold. The probability of failure of the problem
constraints due to the flexible decision variables is guaranteed to be less than a given
threshold. This threshold is selected based on the risk attitude of the decision maker
(Gibson et al., 2014).

Chapter 2, introduces the flexibility concept by defining each decision variable as a
random variable and clarifying the proposed concept through simple test problems
and a reservoir operation case study. In Chapter 3, the concept of flexible decision
variables is discussed specifically for reservoir operation and a new approach is

introduced for improving the computational efficiency of the problem. Namely, a



dimension reduction method is used to decrease the number of random variables that

are necessary to approximately regenerate the decision space.

In Chapter 4, the concept of robust optimization under input uncertainty (type I) is
investigated and both feasibility robustness and sensitivity robustness are considered
in the process of optimization. To ensure the sensitivity robustness, a linear
combination of objective expectation and objective variation is considered as the
objective function of the robust optimization (Arora, 2004; Mclntire et al., 2014).
Then the two concepts of robust optimization under uncertainty and flexible decision
variables are combined in the proposed framework. Although the expected value of
the optimal objective may be sacrificed to some extent due to flexibility and
robustness, the feasibility and robustness are guaranteed for a given risk threshold.
This framework can be extended to other decision support tools and also other

operating problems.

1.4. Case Study

The proposed framework in this study is tested on a simplified version of the Grand
Coulee reservoir problem. The Grand Coulee reservoir is one of 10 large reservoirs

on the Columbia River in Northwestern United States that are operated by Bonneville
Power Administration (BPA) (Figure 1.1). Hydropower production is one the main

objectives of reservoir operation for the BPA.

Model characteristics are adapted from a more comprehensive model studied by

(Chen et al., 2014). The reservoir problem studied in this research is described in a
simple Sketch (Figure 1.2). Turbine outflows in daily time-steps are the decision

variables. A period of two weeks (August 25th-September 8th) is selected for this

problem.
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Figure 1.1.  The Sketch map of the reservoirs on the Columbia River

The main reason for choosing this period for the optimization problem is because
some of the 10 reservoirs on the Columbia river shift their objectives from
maximizing hydropower generation and minimizing fish flow violation to only
maximizing power production (however, the Grand Coulee does not have a fish flow
violation objective). Data availability is the other reason for choosing these 14 days.
However, the methods described here are general and can be applied to any other time
frame. It is assumed that turbine flow is the only outflow from the reservoir; spill flow
is considered zero. The inflow hydrograph is the input of the optimization problem
and inflow uncertainty is considered using historical inflow hydrographs (Chen et al.,

2016).
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Figure 1.2.  Simple sketch of reservoir problem and its parameters

One of the objectives of the problem is maximizing the revenue from hydropower
production. This objective is designed to make sure the system meets the power
demand while maximizing the revenue from power generation. The difference of
generated hydropower and demand, net electricity, is multiplied by the price (from
the power market) to calculate revenue. Predicted hydropower prices can be another
source of input uncertainty. However for simplicity, price is assumed to be

deterministic and is pre-determined by an economic model (Chen et al., 2014).

Another objective of this reservoir operation problem is minimizing the forebay
elevation (reservoir water surface elevation) deviation at the end of the optimization
period. To satisfy future planning requirements, forebay elevation is expected to

remain within a certain elevation range by the end of optimization.
The constraints of this reservoir operation problem include:
1.the maximum and minimum allowable value of turbine flows

2.the maximum allowable difference between any two consecutive daily out-

flows (ramp constraint)

3.the maximum allowable forebay elevation deviation



2. Flexible Decision Variables in Multi-Objective Optimization of

Reservoir Operation

2.1. Abstract

This study explores optimization in the case when certain input uncertainties cannot
be well quantified. In these scenarios the operator (decision maker) prefers to have
the most flexibility, which is defined to be the range of options for decision variables,
and still achieve the objectives of the reservoir operation. The proposed framework
determines upper and lower bounds on each decision variable value by treating the
amount of flexibility as an additional objective. In finding these bounds, there is a
trade-off between the amount of flexibility that can be allowed and the values of the
expected objectives. The Multi-objective Genetic Algorithm NSGA-II is used for the
optimization and each decision variable is represented by a random variable. To
compute the expectations of objectives, the Stochastic Collocation (SC) method is
used, which deterministically samples the random variables at strategically chosen
points and uses the corresponding weights to find the expected value of the
objectives. The effectiveness of the proposed approach to find optimal and flexible
decision variables is shown in three problems including two mathematical tests and a
simplified single reservoir operation. Comparison of deterministic solutions to those
with flexible decision variables shows that the expectations of objectives are close to

the deterministic solutions especially for the reservoir operation problem.

2.2. Introduction

It is very important to study how to operate and release water from a reservoir system
over time to maximize the goals and benefits, such as hydropower production, while
satisfying water demands (e.g., irrigation, domestic water use and environmental
requirements). Most of these objectives conflict with each other (Labadie, 2004) thus,
an optimal trade-off of solutions must be found. A comprehensive review of the use
of evolutionary algorithms for several water resources management optimization

problems can be found in (Nicklow et al., 2009; Reed et al., 2013).



Different sources of uncertainty affect the reservoir operation problems. Sources of
uncertainty are classified as: knowledge deficiency and natural variability (Tung and
Yen, 2005). Uncertainties caused by knowledge deficiency can be decreased by
gathering more data. To consider the effects of uncertainties due to natural variability,
robust optimization has been implemented to find solutions that are less sensitive to
small deviations in variables (Deb and Gupta, 2006). The work of (Kerachian and
Karamouz, 2006) and (Ganji et al., 2007) implemented a stochastic evolutionary
algorithm to account for natural variability in reservoir inflow. The coupling of a
dimension reduction method within a multi-objective evolutionary algorithm was
investigated by (Chen et al., 2016). Robust optimal solutions were found considering
decision variables’ variability as the source of uncertainty (Bernardo and Saraiva,
1998). However, the variability in decision space was decreased to ensure robustness

which is different from the approach proposed in this study.

Flexibility in decision making is a fairly recent approach in water resources
management problems. A methodology for a flexible design in water distribution
systems was formulated by (Basupi and Kapelan, 2013). They combined a Multi-
Objective Genetic Algorithm, Monte Carlo sampling, and decision tree analysis to
find a flexible design considering uncertain future demand. They represented possible
future demand scenarios by random variables. Decision tree analysis was used to
portray the possible scenarios and to study the consequences for each option. Flexible
designs using the decision tree analysis were also studied by (Marques et al., 2015).
They used a real option methodology to find flexible design variables in a water
distribution network. A decision tree was presented to predict different scenarios that
may arise. In both of these studies, certain scenarios for realizations that may happen
were considered, and the optimal design for each scenario was found. Only few
particular scenarios were examined in the decision tree approach. Moreover, they
evaluate constraints discretely. On the other hand, the proposed method in this paper
attempts to find a range of options for each decision variable and the constraints are

calculated in a continuous probability space.



Some sources of uncertainty are not well predicted (e.g. price variations). Therefore,
the operator may need to modify some of the assumed optimal decision variables in
response to the actual varying circumstances. These modifications may result in
violations of some constraints or deterioration of some objectives from their predicted

optimal values.

The main contribution of this paper is the development of a method for incorporating
flexibility in decision variables within optimization problems. In other words, the
proposed method finds a range of options for each decision variable instead of a
single deterministic value. Each decision is represented by a uniform random variable
and the decision maker can choose any value of the decision variables within the
optimal range provided by this optimization framework, and be confident that the
probability of constraint violations will be within pre-established bounds. The current
study seeks to find the largest possible range of options for each decision variable.
Moreover, the preference of the decision maker for a different distribution of random
variables representing each decision variable can be implemented. For example, if the
turbine outflow from a reservoir can be selected from a range of options and the
decision maker has the tendency to choose from the center of the interval rather than

at the boundaries, a Beta distribution can be used instead of Uniform distribution.

This paper further aims to assess the influence of flexible decision variables on the
resulting Pareto solutions. A Pareto curve is a set of non-dominated solutions of a
multi-objective optimization problem (Van Veldhuizen and Lamont, 1998). Note that
the flexibility concept proposed in this paper is not the same as finding multiple
optimal solutions for a multi-objective optimization problem (called non-dominated,
non-inferior or Pareto solutions). In fact flexible decision variables can be found for
each of the Pareto solutions in a multi-objective optimization problem. It is also
different from sensitivity analysis in which the variation of an objective (output) due
to uncertainty of decision variables is studied. In this paper, variability of the decision
variables (inputs) is not assumed (like the sensitivity analysis case), therefore the
proposed method allows variability in decision variables without assuming any pre-

specified ranges. Interval arithmetic (Hanss, 2005) is another method to consider the
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effect of a prescribed interval for each input and study the resulting outputs due to the
intervals. Unlike the sensitivity analysis and the interval arithmetic method, in the
proposed approach the goal is to find feasible ranges for decision variables by

optimization.

This paper is organized as follows. Section 2.3, explains the proposed methodology.
Section 2.4, shows the efficacy of the proposed method on three test problems: a
single-objective mathematical test problem (section 2.4.1), a multi-objective
mathematical test problem (section 2.4.2) and then a reservoir operation problem
(section 2.4.3). The optimal flexible decision variables are found and compared with
the deterministic optimal decisions. Section 2.5, presents the discussion and

conclusion of the proposed methodology.

2.3. Methodology

For the multi-objective optimization, the non-dominated sorting multi-objective
optimization method (NSGA-II) (Deb et al., 2002) is used. Each decision variable is
replaced by lower and upper bounds, which doubles the number of decisions in the
optimization. An additional objective is also added to maximize the flexibility of
decisions, which is thus represented by the summation of the standard deviations for

all m decision variables ({o;}/%,).

For each variable, the decision maker can choose any value within the optimal range.
A uniform random variable represents the potential solutions within the range of the
lower and upper bounds of each decision variable. Each decision variable is

represented by a random variable:

x(t;) = p; + ;¢ (2.1

where x(t;) represents the it" decision variable. Uniform random variables are
assumed in this study (&;). The upper and lower bounds of each decision variable are

used to calculate the mean (y;) and standard deviation (o;) of the decision variable
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with equation (2.2) and equation (2.3). Each random variable is shifted according to

the prescribed upper and lower bounds:
_uitl
(=T

) 2.3
I’ll_\/ﬁa ( )

where (I;) and (u;) are the lower and upper bounds of the i*" uniform random

2.2)

variable.

Each random variable (£;) can be sampled multiple times (Z;;) and the value of the

objective functionf ({x;(E;x)}i%;), can be calculated for multiple samples

a = {Ejk}i%,0f the random variable leading to a sample mean. Alternatively, to
decrease the number of function evaluations without sampling the random variable
many times, the Stochastic Collocation (SC) Method is used to find the expected
value of the objective function (Gibson et al., 2014; Leon et al., 2012; Xiu and
Hesthaven, 2005).

The Stochastic Collocation method is used instead of Monte Carlo (MC) method for

decreasing the number of function evaluations and therefore increasing the

convergence rate. The set of collocation points 7= [Z1, 21, ---, Znc] 1S chosen as the
roots of appropriate orthogonal polynomials (one-dimensional) (Gibson et al., 2014;

Xiu, 2010). The expectation of the objective function is calculated as

E[f (&) = 51 f @) wy, (2.4)
where z;, represents the collocation points, w represents the corresponding weights

of the collocation points and NC is the total number of collocation points, which is

problem dependent (Sankaran et al., 2010) (Figure 2.1).

In constrained optimization problems, to make sure that the results are feasible, the
probabilistic constraints concept is implemented. To calculate the probability of
failure (PF) of a constraint, it is assumed that the constraint can be represented by a
polynomial of random variables referred to as polynomial surrogate (Mclntire et al.,

2014). The polynomial surrogate of the constraint is created using the constraint
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values calculated at the aforementioned collocation points. These polynomial
surrogates can be sampled efficiently (without sampling the whole system many
times) to calculate the probability of failure (PF). The probability of failure of a
constraint's surrogate is used as the representation of the constraint's violation

(Mclntire et al., 2014).

Find Collocation nodes and Weights (Z, w)
v

Initialize lower and upper bounds
_ Lty _ (ui-lp

(Ui =——andg; = W)

N

NO

Find the decision variable

x(tf) = u; + O-iEI' Optima e .
solution Optlr.nal
7 found? solution

Find the E[f; (¥)] and E[£,(%)]

Figure 2.1.  Flowchart for the proposed method

2.4. Application

A simple mathematical function, with known optimal solutions, is used to

demonstrate the proposed method.

2.4.1.Test 1: Single-Objective Mathematical Test Problem

The goal is to find the optimal values with flexible decision variables for a quadratic

function using the proposed methodology. We start with the following deterministic

problem.
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Problem 1A: Find x;, in order to

Minimize f(x) = Y7, (x?), (2.5)

subjectto 0 < x; < 1,

where x;is the i®"decision variable and m is the number of decision variables of the
quadratic function. The known deterministic optimal decision variables and the

resulting optimal objective are x; = 0 and f (x;) = 0, respectively.

To find the flexible decision variables, the bounds of the uniform random variables
representing each decision variable are found by optimization (i.e. &; € [[;, u;]). We

state this as the following problem.

Problem 1B: Find [ = [L;]%, and ¥ = [u;][%,, in order to

Minimize E[f,(§)] = E[X%,(£)?], and (2.6)
Maximize f,(€) = ||&]], 2.7
Subjectto 0 < [; < u; < 1foralli, (2.8)

where & = [&]2,, 6 = [0;][%; as defined in equations (2.1), (2.2) and (2.3). The
additional objective equation (2.7) is for maximizing the decision variables' flexibility

by maximizing the standard deviation of all the random decision variables. For exact

solution to problem 1B go to Appendix.
Results

We demonstrated the approach on the test problem for m = 2. The optimal results for

two conflicting objectives can be demonstrated as the trade-off of the objectives
(Figure 2.2). The first objective is the expected value of the quadratic function of the
random variables (2.6) and the second objective is the norm of the standard deviations

of the random variables, which represents the flexibility of each Pareto solution
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calculated by (2.7). The comparison of the deterministic solution of the quadratic

function (Problem 1A) and the Pareto solutions with flexible decision variables

(Problem 1B) shows that the higher is the flexibility of one scenario, the farther it will

deviate from the deterministic optimal solution (Figure 2.2 A).

The solutions with warmer colors, have more flexibility in decision variables while
the expected objective values are higher than the deterministic minimum solution.
The flexible decision variables (the mean and the range of options) corresponding to

each of the Pareto solutions, testify that the ranges of options are more for the
solutions with warmer colors (Figure 2.2 C, D). Due to randomness of the flexible
decision variables, the value of the first objective may vary from its mean value, as is

shown by horizontal lines in Figure 2.2 B.

2.4.2.Test 2: Multi-Objective Mathematical Test Problem

As most water resources problems are multi-objective, a multi-objective problem is

tested in this section.

Using test problems is an effective way to validate a methodology for the following
reasons: The exact optimal deterministic solutions to the test problem are known and
the objectives are simple mathematical functions, which makes them more
straightforward to understand. (Deb, 1998) proposed using test problems to measure
some characteristics of multi-objective algorithms. In this study, test problem ZDT]1
suggested by (Zitzler et al., 2000) is considered. The reason for choosing this specific
test problem is the similarities of its objective functions with the reservoir problem

case study (Section 2.4.3).

The number of decision variables in ZDT1 can vary from 2 to 30 (this range is
according to (Deb et al., 2002), however it can be any other number as well). ZDT1

has two objectives that should be minimized and the Pareto is convex. The

characteristics of ZDT1 are shown in Table 2.1 (Deb et al., 2002).
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range [1;, u;])

We state the deterministic (non-flexible) test problem as follows,

Problem 2A: Find X = [x;]{Z, in order to

Minimizef; (x) = x;, and

Minimize f,(x) = g(x)[1 — x1/9(x)],
where g(x) =1+9Q2,x)/(m — 1),

Subject to 0 < x; < 1 for all i.

(2.9)
(2.10)

@2.11)



16

To find flexible decision variables for ZDT1 problem, with an additional objective for

flexibility, there are three objectives.

Problem 2B: Find | = [[;]", and & = [1;]"%, in order to

Minimize E[f,(€)] = E[£,], and (2.12)

R B R 2.13
Minimize E[f,(§)] = E [g(f) (1 - ,/fl/g(s‘))l, _—
Subjectto 0 < [; < u; < 1foralli, (2.14)
Minimize f,(x) = g(x)[1 — %1 /9(x)], (2.15)

where &; € [1;, u;].

Table 2.1. ZDT1 (All objective functions are to be minimized)

Problem | m | Variable Objective functions Optimal
bounds solutions
ZDT1 2 [0,1] filx) = x; x, € [0,1]

£00 = g0 |1 - Y /g@)] X =0

m i=2,...,m
glx) = 1+9<in>/(m—1)

=2

Results

The first two objectives are the minimization of the expected values of f; and f,
respectively (Figure 2.3 A). The third objective is the maximization of the flexibility
of the decision variables. The 3D surface shown in Figure 2.3 A is created with the

Pareto solutions for visualization purpose although these Pareto solutions not

represent the whole surface. The closer the flexible solutions are to the deterministic
Pareto solutions (Figure 2.3 B), the smaller are the ranges of flexible decision
variables. For example, solutions shown with warmer colors are closer to the
deterministic Pareto solutions and the decision variables have less flexibility (Figure

2.3 C, D); to have more flexibility the solutions shown with green color, have wider
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range of options in their both decision variables, however the corresponding Pareto
solutions are dominated by the deterministic Pareto solutions. Optimizing three

objectives in problem 2B is the reason for the difference in the shape of Pareto

solutions in problem 2A and 2B (Figure 2.3 B). The decision makers can make their
decisions based on the flexibility for each decision variable (Figure 2.3 C, D) and the

corresponding Pareto solution and its variation (Figure 2.3 B). In this case, each
Pareto solution corresponds to the expected value of the objectives due to randomness
of the chosen flexible decision variables. The objective values can vary for both
objectives. The standard deviation of each objective is represented by the ellipse's
radius in each dimension and is increased by larger flexible ranges in decision

variable.
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Figure 2.3. Comparing scenarios for multi-objective test problem with two decision variables for
deterministic and optimal solutions with flexible decision variables A)3D Pareto
solutions B) Comparison of deterministic scenarios (in black) and the flexible solutions
(in color) in 2D; The range of changes of the objective due to randomness of decision
variables are shown with ellipses; C) Flexible bounds for first decision variable for all
the Pareto solutions and the deterministic first decision variables (in black); and D)
Flexible bounds for second decision variable for all the Pareto solutions and the
deterministic second decision variables (in black)

2.4.3.Test 3: Reservoir Operation Problem
A simplified model of the Grand Coulee reservoir on the Columbia River is used as
the test case (Table 2.2), which is based on the problem studied by (Chen et al., 2014,
2016). The desirable decision variables are the daily turbine outflows. To simplify the

reservoir test problem, a period of two days was considered'. Minimizing the

deviation of forebay elevation at the end of the optimization period is the first

"It was also tested for problems with 4 and 6 decision variables (time-steps)
2 Reservoir's water surface elevation



19

objective. This objective is required to maintain the forebay elevation at a desired
elevation for consistency with long-term planning. To further restrict the deviation of
the forebay elevation, the forebay elevation deviation at the end of the optimization
period constrained as well. The second objective is to maximize the revenue due to
hydropower generation. The difference of generated hydropower and demand is
called net electricity. The net electricity multiplied by the hydropower price
determines the revenue at each time-step and the summation of the produced revenue
at all time-steps is considered as the second objective value. The daily hydropower
price for this period is considered deterministic and is pre-determined by an economic

model (Chen et al., 2016).

The flexible and non- flexible problems are stated as follows:

Problem 3A: Find ( = [Qn]gt=1 in order to

Minimize f1 (é’) — (|F3end(5)::Btarget|), and (216)
- N Z,’Yil(PGn(é)—PLn)*Prn) 2.17)
Minimize f, (Q) = ( Zﬁil(Prn*PLn)
Subject to Q™" < Q,, < Q™% for all n, (2.18)
Subject to fz(é)) < 6FB. (2.19)
Problem 3B: Find [ln]gtzland [un]i\l’ilin order to
R FBend(€)-FBearge 2.20
Minimize E[f,(£)] = ( d(j)_L e tD, and (220)
L oy (Zns(PGn(§)-PLn)Pr (2.21)
Minimize E[f,(¢)] = — ( S (prrepin) ;
Maximize f;(€) = ||&]], (2.22)
Subject to Q™" < Q,, < Q™ for all n, (2.23)
Subject to PF(C) < a, (2.24)

C:£,(§) < 6FB. (2.25)
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where 5 € [l u,] and is the set of random variables representing the decision
variables, FB,,41s the forebay elevation at the end of the optimization period, which
depends on the turbine outflows (Q), FBiqrge:is the desired forebay elevation at the
end of optimization period, which is pre-determined for each reservoir (§FB), U, and

L,are the maximum and minimum allowable reservoir's forebay elevation.

Table 2.2.Reservoir operation problem (All objective functions are to be minimized)

Problem n Variable Objective functions
bounds
Reservoir 2 [30,290] N (IFBend(é) — FBtargetl)
operation £ 1(Q) N U,—L,
problem £(3) = 1 (PGa(Q) = PLy) * Pry
(@)=~ ( S (Pry + PLy) >

where N, is the number of time-steps in the optimization. In the proposed
methodology the objectives of the optimization are formulated as a minimization.
Therefore, the second objective is formulated as a minimization of revenue loss. PG,
is the hydropower produced in n*" time-step, PL,, is the hydropower demand (load)
and Pr, is the price of hydropower. The constraints of this problem are designed to
maintain the outflows within the allowable boundaries ([Qmin,Qmax] = [30,290]
kefs for this problem). For problem 3B, ¢ is the set of standard deviation of the
decision variables, the probability of failure (PF) of the constraint is calculated and
the solutions with PF less than an allowable failure threshold («) are considered as
feasible solutions. The value of a is chosen based on the risk attitude of the decision

maker.

Results

A surface is created using the Pareto solutions in 3D (Figure 2.4 A) which

demonstrates the spread of Pareto solutions, however this surface is not the exact

representation of the Pareto surface. In this figure, x-axis is the expectation of the first
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objective (minimizing the deviation of forebay elevation at the end of the
optimization period), y-axis is the expectation of the second objective (maximizing
the revenue from hydropower production) and z-axis is the flexibility (||&]|). Each
decision variable's standard deviation is bounded by the maximum and minimum

constraints. Therefore, in this problem, the maximum standard deviation can be

almost 75 kefs (in Uniform distribution, o = %). Therefore, in Figure 2.4 A the

maximum flexibility happens when both decision variables have the maximum
allowable standard deviation. The analogy of the deterministic Pareto solutions of
problem 3A and the projected Pareto solutions problem 3B in 2D, shows that the
Pareto solutions corresponding to flexible decision variables are dominated by the
deterministic Pareto solutions (Figure 2.4 B). In other words, each solution on the
deterministic Pareto is better than the flexible solutions at least for one of the
objectives. As it was expected, the objective values are sacrificed (in comparison to
deterministic Pareto solutions) to some extent to allow flexibility in the decision
variables. As an example, the solution showed with yellow color (E[f;] = 0.06
and E[f,] = —2.2) is dominated by the deterministic solution with E[f;] = 0.05
and E[f,] = —2.4. But this solution offers flexibility for both decision variables
(01 = 50 and g, = 10). Moreover, the variations of the objectives due to random
behavior of the flexible decisions are more restricted in comparison to the objective
variations in test 1 (sections 2.4.1) and test 2 (section 2.4.2). The complex structure of
the reservoir operation problem and the impact of the higher number of non-linear
constraints may be the reason that the Pareto solutions are less different from the

deterministic Pareto solutions.
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Figure 2.4. Optimal solutions for reservoir operation problem with two decision variables A) Pareto

solutions; B)The range of changes of the objective due to randomness of decision
variables; C) Flexible bounds for first decision variable for all the Pareto solutions; and
D) Flexible bounds for second decision variable for all the Pareto solutions (PF < 1%)

Each of the flexible Pareto optimal solutions can be desirable based on the decision
maker's preference. The solutions with higher flexibility (e.g., solution with green
color in Figure 2.4) may be preferred by a certain decision maker over the solutions
with lower forebay elevation deviation or even lower revenue losses. All of the
solutions are assured to have less than 1% probability of failure of their constraints.
The results of the optimization with a equal to 5, 10 and 20% are not very different

from those shown here with @ = 1% (Figure 2.5).
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Figure 2.6. Example 1 of the decision that the decision maker may choose in decision and objective
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Figure 2.7. Example 2 of the decision that the decision maker may choose in decision and objective

space

The decision makers can choose different options from the Pareto solutions based on

their preferences. If flexibility in the first decision variable is more desirable for the

decision maker, the solution shown in Figure 2.6 can be selected. The coefficient of
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variation (CV) is used to show the relative flexibility of each decision variable
(0¢/1q), which is 18% CV for the outflow in the first time-step and 5.9% CV for the
outflow in the second time-step. The flexibility in decision space leads to average
1.9% difference for the first objective and 4.1% decrease in revenue. However a

decision maker who preferred high flexibility in both decision variables may choose
the solution shown in Figure 2.7. The flexibility of the outflow in both time-steps are

the same (CV = 46%) and corresponds to an average 11.3% difference for the first
objective and 17.2% less generated hydropower from what the deterministic

optimization would suggest to provide.

2.5. Conclusions And Future Directions

The proposed methodology finds the optimal flexible decision variables, with a pre-
specified probability of failure. Each decision variable is represented by a range and

the operator can choose any value in that range.

Due to high computational cost, this methodology can be suitable for short-term
operation of reservoirs with a small number of decision variables (e.g., 6) as the
function evaluations will increase exponentially by increasing the number of decision
variables (NC™ where NC is the number of collocation points in each dimension and
m is the number of decision variables). Although the proposed framework is not
efficient for reservoir operation problems with many decision variables (e.g., larger
than 6), it can be useful when the number of decision variables is relatively small
(e.g., 6) and the operator needs flexibility in decision making. To improve resolution,
one needs to decrease the time-steps which increases the dimension. Using a basis
function representation would allow arbitrarily fine resolution, which is independent
from the decision space dimension. Therefore to make this methodology applicable to
problems with multiple decision variables, future work is required to implement a
dimension reduction method to increase the computational efficiency, which is the

topic of ongoing research.

Moreover, to find solutions with limited variation in the objective space, the concept

of robust objective can be implemented in addition to flexibility but is beyond the
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scope of this paper. Robustness refers to minimizing the objectives variation due to
variable uncertainties while optimizing the expected of the objective. This can be
done by robust objective concept which is a weighted sum of objective expectation
and its standard deviation. The weights are chosen based on the risk attitude of the

decision maker (Arora, 2004; Mclntire et al., 2014).
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3. Flexible Decision Variables in Reservoir Operation Using

Dimension Reduction Approach

3.1. Abstract

This paper presents a framework for using dimension reduction approach to find
flexible decision variables in a multi-objective optimization reservoir operation
problem. The use of flexible decision variables provides the operator with options if
unforeseen variations occur (e.g., uncertainty sources that are not included in the
process of optimization). If each decision variable is represented by a random
variable, then problems with many decision variables can get computationally
expensive. Therefore, to decrease the number of random variables and consequently
reduce the computational time, a dimension reduction technique (Karhunen-Loeve
expansion) is implemented within the process of optimization. A multi-objective
evolutionary algorithm (NSGA-II) is used to optimize the expected value of the

objectives and simultaneously maximize the flexibility of decision variables.

The Grand Coulee reservoir is used as the case study. The decision variables of this
simplified reservoir problem are the daily turbine outflows. The objectives are chosen
to be maximizing revenue from hydropower production and minimizing the forebay

elevation deviation by the end of optimization period (Chen et al., 2014).

The proposed framework is capable of decreasing the number of random variables
and then finding flexible decision variables while having a pre-specified probability

of failure of constraints.

3.2. Introduction

Operation of a reservoir system is complex due to many competing objectives,
requirements and constraints. Optimization methods are used to effectively maximize
beneficial aspects of a reservoir system (such as hydroelectric power production) and
manage water utilization. Different optimization techniques have been applied to
problems such as groundwater, irrigation and reservoir operation management to

name a few (Singh, 2012). The use of optimization techniques for reservoir operation
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systems has been reviewed comprehensively (Ahmad et al., 2014; Labadie, 2004).
The application of evolutionary algorithms in various water resources optimization
problems was reviewed in (Nicklow et al., 2009; Reed et al., 2013). Different sources
of uncertainty can affect the solutions in an optimization problem. Optimization of
reservoir operation under uncertainty was investigated in (Sahinidis, 2004).
Consideration of input uncertainty was addressed by several studies (e.g., Escudero,
2000; Faber and Stedinger, 2001; Gibson et al., 2014; Karamouz et al., 2009; Leon et
al., 2012). Numerous studies have demonstrated the importance of decision makers'
preferences in the process of optimization for water management problems and that
not all decision makers are able to identify their preferences accurately (e.g., Babbar-
Sebens et al., 2013; Babbar-Sebens, 2017; Kaini et al., 2012). Although, optimization
is a strong tool to find optimal solutions, decision makers may alter the optimal
decisions or choose the solutions with better local-benefits rather than solutions
identified by optimization for a large and complex decision space (Piemonti et al.,

2013).

The main focus of this paper is to find flexible decision variables. The importance of
flexibility in decision making and the consideration of decision maker preference in
the trade-off between performance and robustness, has been discussed extensively
(Bernardo and Saraiva, 1998; DiFrancesco and Tullos, 2014; Herman et al., 2015;
Marques et al., 2015). A methodology for finding optimal flexible decision variables
was proposed by (Hosseini et al., 2017b), representing each decision variable by a
random variable. This methodology can be computationally expensive for problems
with many decision variables and can suffer from the "Curse of dimensionality"

(Bellman, 2015) as it would lead to a multi-dimensional decision space.

The main contribution of this paper is to find flexible decision variables for a
reservoir operation problem using a dimension reduction method. To have a
representation of the decision space a set of optimal decision variables found by
deterministic optimization is used. The Karhunen-Loeve (KL) expansion method is

then used to reduce the dimension of the decision space (Chen et al., 2016; Gibson et
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al., 2014; Xiu, 2010) so that the decision space can be approximated by a few random

variables.

3.3. Methodology

To find decision variables in a reservoir operation problem, the primary decision

space can be approximated by either,

1. a set of deterministic optimal decision variables (decisions leading to
deterministic Pareto solutions in the objective space) or,
2. a set of historical decision variables or,

3. acombination of both deterministic and historical optimal decision variables.

Option 1 is investigated in this study and is briefly explained in section 3.3.1. The
dimension reduction method (KL-expansion) is implemented to reduce the dimension
of the decision space to a manageable number of random variables, and is discussed

in section 3.3.2 (Gibson et al., 2014; Mclntire et al., 2014).

3.3.1.Multi-Objective Optimization (NSGA-II)

The non-dominated sorting multi-objective optimization method (NSGA-II) (Deb et
al., 2002) is used. NSGA-II is one of the most popular evolutionary algorithms (Reed
et al., 2013) for finding a set of non-dominated optimal solutions to a multi-objective
optimization problem. NSGA-II is an improved version of the NSGA method
proposed by (Srinivas and Deb, 1994) which uses non-dominated ranking to classify
the population in the process of selection. An elitist mechanism and a crowded
comparison operator are used in NSGA-II to find more diverse Pareto solutions with
higher computational efficiency. The elitism in this method refers to the coupling of

the best parents and the best offspring obtained (Malekmohammadi et al., 2011).

3.3.2.Karhunen-Loeve Expansion

The Karhunen-Loeve (KL) expansion method is a dimension reduction method
(Hernandez-Andrés et al., 1998; Xiu, 2010), which is conceptually similar to
Principle Component Analysis (PCA). This method uses to obtain the covariance

structure of a given set of realizations and extracts the orthogonal eigen-pairs
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(eigenvalues and eigen-functions). The random process can be represented by a series
expansion (the KL-expansion) of the eigen-pairs and their corresponding random
coefficients (Chen et al., 2016). It is assumed that there are M decision variable
realizations corresponding to the deterministic Pareto solutions and each realization

has n time-steps.

The decision space is assumed to be a Gaussian process. The deterministic

realizations [Q;(t)]™ are used to determine the sample mean (equation (3.1)) and

covariance structure (equation (3.2)) of the decision space (Gibson et al., 2014; Xiu,

2010)

— M 5.
Q(t) = E—Fﬁ‘“), (3.1)
M (o0.(¢)=0:)(0: _0
C(t], tk) — 21=1(Q1(t]) MQ_]:)l(QL(tk) Qk), (32)

We let [A, Yrlr=; be the eigenvalues and eigen-functions of the integral equation
AY(t) = f;: C(x,t)yY(x)dx), and let 5 = [¢]y=; be uncorrelated Gaussian random

variables with mean 0 and standard deviation 1. Then the KL-expansion is given by:

Q9(t,§) = QO + Xt VA (D& (33)
The KL-expansion can be truncated and approximated by a few random variables as

follows:

Q9(6,€) = Q®) + T2 VA (D (34)
where N,,, is the number of terms in the truncated KL-expansion and Q9 (t) is the

random vector of decision variables.

3.3.3.Stochastic Collocation (SC) Method

The Stochastic Collocation (SC) is a method used to approximately calculate the
expectation of a function depending on a multi-dimensional random space. The SC
method exploits properties of Lagrange interpolation polynomials and involves

simple deterministic sampling at discrete points (Xiu and Hesthaven, 2005).
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The Monte Carlo (MC) method is one of the traditional approaches to generate
realizations and estimate the expected system output. However, the MC method is
known to have a slow convergence rate (e.g., Babuska et al., 2004; Babuska et al.,
2010; Xiu and Hesthaven, 2005) requiring a relatively high number of function
evaluations to estimate the expected value of the output with high precision. While
the MC method involves a sample mean, the SC method uses a weighted sum of an
objective function solved deterministically (non-intrusive method) at the chosen

collocation points,

E[f(t, V)] = Zpicy f(t Yne) Wne, (3.5)

where ¥ = [Ync]f;]g:l is the set of collocation nodes and @ = [a)nc]gg:1 is the set of
corresponding weights for the collocation nodes. The collocation nodes are the tensor
product of the roots of suitable one-dimensional orthogonal polynomials (Gibson et
al., 2014; Xiu, 2007). This method turns out to be less computationally expensive in
comparison to the MC method and it only needs the function evaluations at a set of

pre-determined points.

3.3.4. Probabilistic Constraints

Due to the stochastic nature of the problem, the constraints cannot be evaluated
deterministically. Sampling the problem can be very computationally expensive
(Mclntire et al., 2014). Since sampling a polynomial surrogate is computationally
cheaper than solving the whole system at each sample, a polynomial surrogate of each
constraint is constructed using the constraint values calculated at the collocation
nodes (Gibson et al., 2014). The constructed polynomial surrogate can be sampled to
approximate the probability of failure (PF) of that constraint. The PF is used as the

representation of constraint violation in the process of optimization.

3.3.5.Flexible Decision Variables

Using the concept of dimension reduction, the decision space can be approximated by
a few random variables given the mean and covariance structure of realizations from
the decision space. As discussed in section 3.3.1, the realizations are taken to be

deterministic optimal solutions. In the proposed methodology the flexible decisions
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are defined by the choice of coefficients in the KL-expansion. Thus, the optimization

method finds the mean and standard deviation of each KL-expansion random variable

([¢ k]l,g;"l). These parameters are referred to as Control Variables to avoid confusion

with the deterministic decision variables (which are the turbine outflows in daily
time-steps in this study). The objectives of this optimization problem are the expected
value of the problem objectives with an additional objective to maximize flexibility.
Flexibility of decision variables is represented by the sum of squares of the standard
deviations of the random variables in the KL-expansion multiplied by the
corresponding eigenvalues. By including the eigenvalues in this calculation, the

actual influence of each random variable's standard deviation is taken into account.

The approach is summarized in Figure 3.1.

@ l

Do dimension reduction of decision Calculate expected value of the function
Q1) E[F (04(6.X))] = BiL) £(Q (6.3 ). W,
variables and find: {Ak}fi”l "
N,
W (OK )
Create the polynomial surrogate of each
[ constraint and Calculate probability of
Determine {Ync}i\:é:v {wnc}i\:é=1 for N(0,1) Failure ofconstramts’l’(PF)
& 1 Nf‘!’ N?‘t’ N -
Find {s, }, [, {oy 1.2 in order to
Update parameters of Minimize E[£;]
each &: (idply, {oxher
k=12 k=1 Minimize E[f;]
\L Maximize ||/10'5H
Compute X; € R Mev for [ = 1., NCN"TJ Subject o PF < ot

A 4
Generate using all the combinations of
the collocation nodes:

09(6,€) = Q) + TN atbrne

Optimal solution
found?

YES

Optimal solution

| NO

Figure 3.1. Flowchart for the proposed method
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3.4. Case Study

The efficacy of the proposed methodology is tested on a reservoir operation problem
described by (Hosseini et al., 2017b) and is a simplified version of the Grand Coulee
reservoir problem studied by (Chen et al., 2016). The Grand Coulee reservoir is one
of the largest reservoirs on the Columbia River in the Northwestern United States and
hydropower production is one of its main purposes. The goal is finding the optimal
turbine outflows in daily time-steps while minimizing the revenue loss' and
minimizing the forebay elevation” and a given target by the end of optimization
period. Forebay elevation is expected to be within a target elevation range by the end
of the optimization period for future planning requirements (Chen et al., 2016). The
deterministic optimal decision variables are assumed to be representative of the
decision space. A period of 14 days starting August 25th is selected for this
optimization problem. Data availability and the importance of optimizing the
reservoirs on Columbia River in these two particular weeks (Chen et al., 2014) are the

main reasons to choose this period”.
The following scenarios are studied in this paper:

1. Deterministic optimization
2. Flexible decision variables using dimension reduction of the data

3. Flexible decision variables using dimension reduction of transformed data
3.4.1. Deterministic Optimization
This first scenario is the deterministic optimization of reservoir operation to find é) =

[Q,.]N¢ ., in order to

Minimize fl (é)) _ (|FBend(5)::Btarget|), and (36)
SRS 7 — _ Zggl(PGn(a)_PLn)*Prn) (37)
Minimize f,(Q) = ( ST (praepin

! maximizing revenue due to hydropower generation
? reservoir's water surface elevation
3 the proposed framework can be extended to any other period and any other reservoir network
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Subject to Q™" < Q,, < Q™ for all n, (3.8)
Subject to f;(Q) < 6FB, (3.9)
Subject to |Q,, — Qpy1] < Q7™ for all n. (3.10)

where 6 is the set of turbine outflows from the reservoir for N; time-steps, f;
represents the forebay elevation variation, FB,,, is the forebay elevation by the end
of the optimization period, FBigrger is the desired forebay elevation at that time
(which is a known value in the reservoir operation problem), U, and L, are the
allowed maximum and minimum forebay elevations, PG, is the hydropower
produced for time-step n, PL,, is the load and P, is the price of power. This problem
has constraints for maximum and minimum allowable turbine outflows

([Qmi",Qmax] = [30,290] kefs for this problem (3.4.1)). Ramping constraints are

also considered (equation (3.10)). The purpose of a ramping constraint is to restrict

the outflow variation in two consecutive time-steps (Q"*™P = 70 kcfs for this

problem). Also, a constraint is included to control the maximum allowable forebay
elevation deviation (§FB equation (3.9)). Forebay elevation deviation, in addition to

being one of the objectives, is also a constraint to prevent the forebay elevation to

change drastically from its target.
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Figure 3.2. (A) Eigenvalues and (B) eigen-functions of the original (deterministic) decision
variables (Semi-logarithmic scale)
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Figure 3.3. (A) Eigenvalues and (B) eigen-functions of the original (deterministic) decision
variables

The dimension reduction method is applied to the optimal deterministic decision

variables. The eigenvalues decrease exponentially when they are sorted in descending
order (Figure 3.2). Therefore, the effect of the first few eigen-pairs are more
important than the rest of them (Figure 3.3). The comparison of the randomly
generated realizations (QY9) wusing only a few versus all the eigen-pairs
(equation (3.4)), demonstrates that even 3 random coefficients can be sufficient for
the purpose of representing the decision space and generating flexible decision

variables (Figure 3.4 C, D).
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{B) Decision variables
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(A) The original (deterministic) optimal Pareto solutions, (B) the corresponding decision
variables, (C) the generated decision variable realizations using 14, (D) the generated
decision variable realizations using 3 random variables in the KL-expansion

(equation (3.4))
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Figure 3.5. Comparison of (A) the expected of the original and generated decision variables using
14, (B) the variance of the original and generated decision variables using 14, (C) the
expected of the original and generated decision variables using 3, (D) the variance of the
original and generated decision variables using 3 random variables in the KL-expansion

A comparison of the original data and the generated realizations' means, indicates that
the average of the original data and the expected value of the generated realizations
are the same using 14 and 3 random variables (Figure 3.5 A and C, respectively). The
same comparison is made to investigate the extent of deviation of the original and
generated realizations. The standard deviation of the generated realizations using the
truncated KL-expansion is as good as standard deviation of the ones generated using
complete covariance structure information (Figure 3.5 B and D, respectively).
Although the agreement of the standard deviations is not as precise as the means, it
still has less than 10 % error (maximum relative error in the 11th time-step). To

investigate the effect of the generated realizations on the objective space, the original
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Pareto solutions are compared to a randomly generated solution set using complete
and truncated KL-expansions (Figure 3.6). Because of the random nature of the KL-
expansion the generated decision variables may fall outside the boundary of the
original data. Therefore, there are scenarios in the objective space in addition to the
original deterministic Pareto solutions. However, they may be infeasible and are
disqualified and eliminated in the process of optimization. Note that the solution sets
shown in Figure 3.6 are not Pareto optimal solutions. Each scenario on these sets are
the result of a randomly generated realization of the decision variables in the
objective space. All the randomly generated outflows are calculated using random

variables with normal distribution.
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Figure 3.6. Comparison of the original deterministic Pareto solutions and the objectives
corresponding to a solution set of randomly generated decision variables by KL
expansion using 14 and 3 random variables
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Figure 3.8. (A) The original deterministic optimal Pareto solutions, (B) the corresponding decision
variables (with the same color as A), (C) comparison of the original deterministic Pareto
solutions and the samples corresponding to 2 of the flexible Pareto solutions; each

ellipse represents the standard deviation of f, and f, by its radii in horizontal and

vertical dimension, respectively, (D) samples of the decision variable (outflow)
realizations for 2 samples showed in C

3.4.2. Flexible Decision Variables Using Dimension Reduction Of The
Data

The second scenario explored involves optimizing expected values of operation
objectives while also maximizing flexibility in decisions. The control variables are
the statistical parameters of the random variables in the KL-expansion representation

of the decision variable.

The problem is stated as follows:

Find [ugk]llj:; and [O'gk]::; and compute X = [X,])"*,, in order to



Minimize E[f1 (Qg(t, )?))] = (

Minimize f, (Qg(t, )_())) = —(

Maximize f3(X) = ||/10§||,

|FBend(Qg (t.)?))_FBtargetD

, and
Up—Ly
Snt1(PGn(QI(LX))-PLy )+Pry
Sy (Pr*PL) ’

Subject to PF (constraint 1, constraint 2, constraint 3) < a,

Constraint 1 : Q™" < Q7 < Q™% for all n,

Constraint 2 : Cy: f;(Q9) < 6FB,

Constraint 3 : |Qf — Q7,,| < Q"7 foralln,

41

(3.11)

(3.12)

(3.13)
(3.14)
(3.15)

(3.16)
(3.17)

where N; = N,¥v and X, are all the adjusted stochastic collocation nodes

corresponding to the parameters of the random variables (ug), and o).

To ensure feasibility, the joint probability of failure (PF) of the constraints should be

less than the allowable probability of failure (a is chosen based on the decision

maker's risk attitude). For each constraint, a polynomial surrogate of the constraint

values is approximated. The PF of each constraint is calculated by sampling each

polynomial surrogate and a single violation of one constraint is considered a failure

for that sample. The solutions which violate (PF < a) are considered as infeasible

solutions.

—A

10°

10

12

14

L

051

057

2 4 6 8 10

12

14



42

Figure 3.9. (A) Eigenvalues and (B) eigen-functions of the transformed deterministic decision
variables (Semi-logarithmic scale)
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Figure 3.10. (A) Eigenvalues and (B) eigen-functions of the transformed deterministic decision
variables

Discussion

Each Pareto solution for the flexible decision variables is the expectation of all the
flexible scenarios (Figure 3.7). Therefore, each Pareto solution is a representation of
what the expected value would be; the variation of the objective value in the objective
space is not shown in this figure. To show the variability of the objective values due
to random samples of KL-expansion, a few examples of the flexible decision
variables (20 random samples) and the corresponding objectives and their standard
deviations are shown (Figure 3.8 D and C). Only two of the Pareto solutions are
selected to demonstrate the flexibility in decision space and the resulting variation in
objective space more clearly. Each optimal control variable found by the proposed
methodology, lead to a cluster of possible decision variables that give the decision

maker flexibility in decision space.



-1.2

300

200}

100 1

43

(A) Pareto solutions (B) Decision variables
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Figure 3.11. (A) The original deterministic optimal Pareto solutions, (B) the corresponding decision

variables, (C) the generated decision variable realizations using 14, (D) the generated
decision variable realizations using 3 random variables in the KL-expansion with

transformed data (equation (3.4))
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Figure 3.12. Comparison of (A) the expected of the original and generated decision variables using
14, (B) the variance of the original and generated decision variables using 14, (C) the
expected of the original and generated decision variables using 3, (D) the variance of the
original and generated decision variables using 3 random variables in the KL-expansion
with transformed data
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Figure 3.13. Comparison of the original deterministic Pareto solutions and the objectives
corresponding to a solution set of randomly generated decision variables by KL-
expansion with transformed data using 14 and 3 random variables
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Figure 3.14. Comparison of the original deterministic Pareto solutions and the Pareto corresponding

to the flexible decision variables (in 2D) using transformed data
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Figure 3.15. (A) The original deterministic optimal Pareto solutions, (B) the corresponding decision
variables (with the same color as A), (C) comparison of the original deterministic Pareto
solutions and the samples corresponding to 2 of the flexible Pareto solutions; each

ellipse represents the standard deviation of f  and f, by its radii in horizontal and

vertical dimension, respectively, (D) samples of the decision variable (outflow)
realizations for 2 samples showed in C using transformed data

3.4.3. Flexible Decision Variables Using Dimension Reduction Of
Transformed Data

Due to the use of random variables in the representation, the generated realizations
using KL-expansion may not always be within the feasible boundaries

([Qmi",Qmax], Figure 3.5Figure 3.4). Therefore, constraints are imposed to make

sure each generated turbine flow is in the feasible region (equation (3.15)).
Constructing the polynomial surrogates of these constraints can be computationally
expensive. An alternative is to transform the data with a function designed to restrict

the generated solutions to stay in the feasible region. The original data is transformed
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avg
: tr — avg bound Q(t)_Qconservative
with Q (t) - (Qconservative) + Qconservativetan< Qbound . and the
conservative

covariance structure of the transformed data is used to generate the KL-expansion

min max

: : avg _ QconservativetQconservative
formulation, instead. Where Q onservative = >
bound Qmin i _Qmax . . . .
and Q onservative = — “’ez conservative  To keep the solutions in the feasible

region, a conservative boundary is considered (QM%%, ,ative = Q™ — Q™). The
transformed data is used in the process of dimension reduction thus implicitly

enforcing bounds, so the boundary constraints for the decision variables

(equation (3.15)) can be disregarded.

Discussion

The data Transformation approach reduces the computational time since the
generated solutions are automatically in the feasible region and there is therefore no
need to calculate PF of the boundary constraints. By using the transformed data
rather than the original data, some constraint calculations can be avoided and this
leads to a 7% reduction in CPU time. The reduction in computational time can be
larger (83% less CPU time) for the problems with no ramping constraints as there is
no need for constructing the polynomial surrogates of the decision variables and

calculating the probability of failure of the constraints.

The convergence rate of the eigenvalues of the transformed data to zero is slower than
the convergence rate of eigenvalues of the original data (Figure 3.10). However, the
generated decision variables using the transformed data are bounded in a desirable
range (Figure 3.11). Further, the generated realizations are more diverse (Figure 3.11
D) compared to the generated realizations in Figure 3.4. The objective values
corresponding to generated decision variables are not always similar to the original

Pareto solutions (Figure 3.13). Although the variance of the generated data using the

transformed data does not match the original variance (Figure 3.12), the generated

data can be useful for the purpose of finding flexible decision variables because the

mean of the original and generated data are very close. Also the comparison of the
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mean and variance using truncated KL-expansion and the KL-expansion using 14
random variables, shows that the use of only a few random variables to generate

realizations is sufficient as the variance and especially the mean value are not very

different (Figure 3.12).

As the Pareto solutions of section (3.4.3) are in 3-dimensional objective space, the 2D
projection of Pareto (Figure 3.14) is compared to the original deterministic Pareto

solutions (3.4.1). The comparison indicates that the expectation of the objectives
corresponding to the flexible decision variables are very similar to the original Pareto
solutions (Figure 3.14). The samples of the flexible decision variables shows that for
each Pareto solution there is a cluster of possible decision variables; the
corresponding objective values shows larger variations can happen for more flexible
decision variables (Figure 3.15 D). The variability in objective space is mostly along

the deterministic Pareto solutions.

3.5. Conclusion

The goal of this study is to find flexible decision variables for a reservoir operation
problem that give decision makers more options in the process of optimization.
Additionally, the variation of objective space could be minimized by the
implementation of robust objectives, but this is not within the scope of this paper. The
proposed methodology finds flexible decision variables using dimension reduction.
This method is more computationally efficient than other methods that represent each
decision variable with a random variable and is more practical for problems with
multiple decision variables (time-steps). While, the results of this study are illustrated
for probability of failure less than 10%, the problem has also been solved for 20% and
no probability of failure (& < 1%). Decreasing the allowable probability of failure

results in less flexible options.

The expected values of the objective functions are approximated by the SC method

using only a few collocation points in each random dimension. The error in the
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approximation by the SC method is less than 1% in comparison to the calculated

expectation by the MC method.

The optimal decision variables from the original data (section 3.4.2) are more flexible
than the decisions found using the transformed data (section 3.4.3) (Figure 3.8
and (3.14)), however the use of transformation ensures that the constraints are

satisfied.

While a Gaussian distribution is assumed for the distribution of random coefficients
in KL-expansion, this choice can be the decision maker's preference and in this study

does not have a significant effect on the results.
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4. Robust multi-objective optimization of reservoir operation under

uncertain inflows with flexible decision variables

4.1. Abstract

This study presents a robust and flexible optimization framework for the operation of
a single reservoir. Robust optimization considers the effects of uncertainty in the
process of finding optimal solutions. The main source of input uncertainty considered
in this study is due to uncertain inflows. Uncertainties of outflows can be correlated
to the uncertainties of inflows via the dynamics of the reservoir system. Because other
sources of uncertainty can also influence the reservoir operation, instead of
determined decision variables, the reservoir operator may prefer flexible decision
variables, which ensures that no constraints are violated as long as the reservoir
operation is within the range of these decision variables. A multi-objective
evolutionary algorithm is used for maximizing flexibility while also maximizing
hydropower generation and minimizing variation in forebay elevation of the Grand
Coulee reservoir, which is located in the Columbia River (U.S. Pacific Northwest).
The results of this study are compared against a purely robust optimization
framework and the advantages of this robust and flexible optimization approach are

discussed.

4.2. Introduction

Optimization under uncertainty has been studied in various applications. To have
reliability and robustness, it is essential to consider uncertainties in water resources
planning and management problems (Nicklow et al., 2009). Some of the parameters
of an optimization problem may not be well predicted, however the statistics may be
known. Therefore the expectation of the problem objective may be calculated with
respect to the random parameter, and can be used to replace the original objective of
the problem (Houda, 2006). However, there are scenarios for which considering only
the expectation of an objective is not an adequate representation of the possible
realizations of the objective, as large and unacceptable negative and positive

deviations can cancel out and inaccurately lead to an expected value that seems
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acceptable (Jin and Sendhoff, 2003). Different approaches have been studied in
literature for addressing robustness in the process of optimization, including but not
limited to the minimization of the expectation of the objective simultaneously with

the minimization of objective variation due to uncertain parameters (Sahinidis, 2004).

To find robust and reliable optimal decisions, the variation in the objective space due
to input and parameter uncertainties should either be confined or at least remain
within the feasible region (Jung and Lee, 2002). A concise review of utilization of
robust optimization in water resources management problems has been provided and
the different definitions of robustness in each problem were described in (Ray et al.,

2010).

Reservoir operation is one of the important areas in water resources management in
which the operator needs to determine how to release water from the reservoir in
desired time-steps (e.g., hourly, daily) to optimize the objectives that the reservoir is
meant to fulfill (Ahmadi et al., 2014). According to multiple studies, the main source
of uncertainty associated to a reservoir system is the uncertain inflows (e.g.,
Escudero, 2000; Faber and Stedinger, 2001; Gibson et al., 2014; Karamouz et al.,
2009; Kerachian and Karamouz, 2006; Leon et al., 2012; Rani and Moreira, 2010).
Considering uncertainties is essential in optimizing the operation of a reservoir
system, as these variations may lead to inadequate objectives and violation of
constraints. Optimal scenarios may become less desirable due to uncertainties and
even become infeasible. Uncertain inflows can be represented by a linear stochastic
perturbation of the expectation of inflow realizations rather than assuming a
stochastic behavior, as that may lead to large impractical uncertainties (Gibson et al.,

2014; Leon et al., 2012).

On the other hand, some situations may occur, for instance, due to an unforeseen
source of uncertainty, in which the decision maker prefers to alter the expected
optimal decision variables (e.g., Babbar-Sebens, 2017; Babbar-Sebens et al., 2013;
Kaini et al., 2012) calculated either deterministically or through a robust optimization
framework considering input uncertainty. In this case, flexible decision variables that

will allow deviation from its expected value and ensure feasibility and relative
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optimality, are desirable (Hosseini et al., 2017b). The concept of finding flexible
decision variables using a dimension reduction method to find optimal solutions with
flexible decision variables was proposed in (Hosseini et al., 2017a). A set of feasible
decision variables was utilized to represent the decision space and a KL expansion
was used to approximate the decision space with a few number of control variables.
Then in the optimization process, the parameters of the control variables were found
in order to optimize the expected value of the objectives and also maximize the

flexibility in decision space.

The main contribution of this paper is to develop a framework for finding flexible and
robust decision variables in a multi-objective reservoir operation problem under
uncertain inflows. The proposed methodology is able to utilize the historical and/or
deterministic optimal decision variables to represent and regenerate the decision
space with a manageable number of control variables (Hosseini et al., 2017a).
Moreover, forecast inflow hydrographs are considered as the source of input
uncertainty. Input uncertainty can be represented by a continuous random framework
and subsequently the dimension can be reduced to a small number of random

variables (Gibson et al., 2014).

The expected value of each objective can be approximated with respect to these two
different sources of uncertainty (flexible decision variables and random inflows). To
ensure robustness the weighted sum of the expected objective and its variance is
considered as the robust objective of the optimization problem (Arora, 2004; MclIntire
et al., 2014). The optimal solutions are chosen to be robust with respect to uncertain
inflows (type I robust design) and also flexible within the decision space (type Il
robust design) (Chen et al., 1996).

4.3. Methodology And Case Study

The concept of robust objectives is implemented to minimize the variation in
objective space from uncertain inputs and flexible outputs. The stochastic behavior of
the problem is due to the uncertain inflows coming into a reservoir and the

randomness of the flexible decision variables. Therefore, the proposed methodology
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is a combination of type I and II robust design problems (Chen et al., 1996). To
simplify the explanation of the model, the methodology is explained in 3 sections.
First, the robust optimization under uncertain inputs is explained (section 4.3.1). Then
the implementation of a dimension reduction method with optimization for finding
flexible decision variables is described (section 4.3.2). At last, the structure of the
overall proposed methodology for finding robust and flexible decision variables is

explained (section 4.3.3).

Operation of Grand Coulee reservoir in Columbia River (located in Northwestern
United States) is chosen as the case study to test the efficacy of the proposed method.
This reservoir problem is a simplified version of the problem studied by (Chen et al.,

2016; Hosseini et al., 2017b).

4.3.1. Robust Optimization Under Uncertain Inputs

The uncertain input in this problem can described by an ensemble of forecasted
inflows to the reservoir. However, in the absence of this data, historical inflow
hydrographs can be used instead. Historical inflows for Grand Coulee are used in this
study. It is assumed that the inflows are represented by a Gaussian process'. A
Karhunen-Loeve (KL) expansion is used to reduce the dimension of random inflows
and represent inflow uncertainty with a few random variables. The average and the

covariance structure of the historical inflows are calculated using

Qiflow(¢) = Lﬂow() (4.1)
M; ?
ClanOW(t . ) _ Zi"’ll( Lnflow(t]) anflow)( lnflow(t) anflow) (42)
M;—1 ’

where Q"™Yinflow and C"'°Ware the average and covariance of the inflow
realizations, respectively and M; is the number of the historical inflow realizations.

Then the KL expansion is as follows

" A distributional sensitivity test has shown that there is not significant sensitivity to different types of
distributions of inflow (Gibson et al., 2014).
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]Q(t’ g) — éianOW(t) + Zl;”:l Ai(nflOW Il'(nflOW(t)fllo (4.3)
infl infl — (™ rinfl infl
/‘{lnf owwlnf OW(t) — fto Clnf ow(x’ t)l/)mf ow(x)dx’ (4.4)

(0]

k=

inflow1®

where [xlﬁcnf low] , are the eigenvalues and [zpk oqAre the eigen-functions of

the integral equation (4.4), and E I'=[&l1%_, are uncorrelated random variables with
mean 0 and standard deviation 1. The eigenvalues converge rapidly to zero when
sorted in decreasing order (Figure 4.1, Figure 4.2 A). Therefore only a few
eigenvalues and eigen-functions are sufficient to regenerate inflow realizations using
the KL expansion (equation (4.5)). The eigenvalues are negligible after the fourth
eigenvalue (Figure 4.1), however, even 2 random variables can suffice (Figure 4.2).

The reduced order model is given by the truncated KL expansion
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Figure 4.1. Eigenvalues and eigen-functions of the historical inflow ensembles in semi-logarithmic
scale
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-. — I . .
19(6,8) = Q™ v (D) + 5 (B W 0 (4.5)
where N}, is the number of random variables needed to approximate the uncertain

inflows. For a realization of the random vector g? I the quantity 19 is the generated
inflow realization. Using the generated inflow realizations, the objective functions
can be evaluated non-intrusively for each sample and the expectation and standard
deviation of the objective function (with respect to random inflows) can be used to

formulate the robust objective of the optimization problem.

To decrease the number of function evaluations while calculating the expected value
of the objectives, the Stochastic Collocation (SC) method is used. In SC method, the
system is calculated at strategically chosen samples of the random variables called
collocation points. These collocation points and their corresponding weights are used

to approximate the expected value of a function

E[f(t, O] = Tno, f(t, &, ) Ones (4.6)



57

The number of function evaluations required for a given error tolerance is
significantly less compared to other sampling techniques such as Monte Carlo

Method.

Robust optimal solutions to the reservoir operation problem are found using the
robust objectives concept (Arora, 2004). A robust objective is implemented to
simultaneously optimize the expected value of the objective (weighted summation)
and minimize the variation (standard deviation) of the objective due to input
uncertainty. A robust objective ensures that the robust optimal solutions are relatively
less sensitive to the input uncertainty and are more reliable in their constraints
considering a pre-specified probability of failure (Mclntire et al., 2014). A robust

objective for a minimization problem can be defined by

Minimize F = (1 - wf) Elf] +wp—2L s 4.7)

Hfmax O fmax

where E[f] and of are the expected value and standard deviation of function f due to
uncertain input uncertainties, respectively. The expectation and the standard deviation
are normalized by their maximum values (us, and of_ ), wris the weight of robust
objective and indicates the decision maker's preference of robustness versus
performance. This weight helps in choosing solutions in the trade-off between

robustness and optimal objective values.
Problem Description

The decision variables of the optimization problem are the daily turbine outflows that
are released from the reservoir. To ensure the achievement of the reservoir's future
requirements, the water surface elevation of the reservoir is expected to remain within
an elevation range by the end of optimization period. Therefore, the first objective of
the optimization problem is the minimization of forebay elevation (reservoir's water

surface elevation) deviation.
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The second objective is the maximization of revenue due to hydropower production’.
The power demand (load) is extracted from the generated hydropower and the
difference is called the net electricity. The revenue is calculated from multiplication
of price by the net electricity. The price of hydropower is assumed to be known and
pre-determined by an economic model (Chen et al., 2016). Grand Coulee reservoir
does not have the fish flow requirements, and other objectives are neglected in this

study.

The decision variables are the daily turbine outflows for a period of 14 days starting
from August 25th. This period is chosen due the importance of these14 days for BPA.
For some of the operated reservoirs by BPA, the objectives of reservoir operation

shifts in this period.

The statement of the robust optimization framework is as follows:

Find 6 = [Qn]N‘ in order to

n=1>

L E|f(Q19E" (4.8)
Minimize F; = (1 - wfl)% + wp, %5
~ TarZ FBen ajg(gl) —FBtarge (49)
where E[f,(Q,19(5")] = (fene Ur—LZ 2 tD,
. E|f(Q19Eh (4.10)
Minimize F, = (1 — wﬁ)% + wy, #’Zm,
I Sty (PGn(G19(8"))-PLn)xPr (4.11)
1 = —
where E[f,(Q,19(¢"))] = ( SV raxPi) ,
Subject to Cy, C,, PF(C3) < a, (4.12)
C;: Q™" < Q, < Q™ for all n, (4.13)
Cy:1Q, — Qpiq| < QT*™P for all n, (4.14)
Cs: £ (6, 79(51)) < SFB. (4.15)

where 6 is the set of turbine outflows from the reservoir, [9is the generated inflow

- 1
hydrograph with N, time-steps using a set of random variables (&' = [¢ ,’c]l,g;"l), E[fi]

! the framework is designed for minimization problems, therefore this objective is converted to

minimization of revenue loss
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represents the expectation of forebay elevation variation, FB,,4is the forebay
elevation at the last time-step, FBqrger is the desired forebay elevation at the last
time-step (which is a known value in the reservoir operation problem). U, is the
maximum water level of the reservoir and L, is the minimum water level and are used
to normalize the forebay elevation values. PG, is the hydropower produced at time-
step n, PL, is the load and Pr, is the price for the hydropower. Constraints of this
problem consists of box constraints for the allowable turbine flows in each time-step

(equation (4.13)), the ramp constraint for the outflow in two consecutive time-steps

(equation (4.14)) and the maximum forebay elevation (equation (4.15)). The forebay
elevation constraint should be satisfied for the most likely uncertain inflows. To
enforce this, a polynomial surrogate of the constraint is approximated and the
solutions with Probability of Failure (PF) less than a pre-specified threshold (6FB),

are considered to be feasible.
Discussion

The inflow realizations can be generated using 2 random coefficients in KL
expansion and in comparison to the original historical inflows (Figure 4.3), the mean
and the variance are almost the same. The difference of original inflow realizations'
average and the expectation of generated samples is less than 2%. The difference of
the original and generated inflows' variances is more than the difference of the mean
values (approximately 10%), because the KL expansion generally predicts the mean

value more precisely than the other modes.
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(B) Generated data, N:ﬁv =2

generated inflows using 2 random coefficients of KL.-expansion

The performance of a multi-objective problem can be evaluated by Hypervolume
Index. This index measures the volume of objective space dominated by the Pareto

solutions. Since the hypervolume index combines the convergence and diversity
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metrics in one index, is found to be a good index for comparison purpose (Chen et al.,
2016; Zitzler et al., 2003). The comparison of the Pareto solutions in different

generations shows that the optimization is converged after 45000 generations as the

variation in the hypervolume index is less than 15% (Figure 4.5).
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Figure 4.5. The comparison of robust Pareto solutions in different generations
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The comparison of the results using different weights in the robust objective
(equation (4.7)) shows that by increasing the weight, the objective values deteriorates
(Figure 4.6 A) while the variation of the objectives improves (Figure 4.7). The

influence of objective value is less than the standard deviation only for very high

weight values (i.e. ®=0.8). Therefore, all the Pareto solutions are relatively close in

the objective and decision space (Figure 4.6 A and B).
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objective versus expectation of first objective, (D) standard deviation of second
objective versus expectation of second objective due to inflow uncertainty (wy was
assumed equal for both objectives, a=20%, N/, = 2)



64

4.3.2. Flexible Decision Variables Using Dimension Reduction Method

In this section the goal is to describe a method to find flexible decision variables as
proposed in (Hosseini et al., 2017a). Representing each decision variable by a random
variable leads to a multi-dimensional random space. Sampling the random space can
become impractical when the number of decision variables increases. Therefore, a
dimension reduction method is applied to a set of deterministic decision variables to
represent the decision space by a few random variables. Then the optimization
problem is designed to find the control variables which are the means and the
standard deviations of the aforementioned random variables. The desired optimization
solutions should be feasible and have optimal expected objectives and maximum

flexibility in decision variables. A brief explanation follows.

A set of decision variables corresponding to deterministic Pareto solutions are used as

the original representation of decision space. KL expansion is the method used to

reduce the dimension of decision space. The mean (equation (4.16)) and the
covariance structure (equation (4.17)) of the deterministic decision variables is

extracted and used for generating decision variable realizations (equation (4.18))

M outflow

noutflow — Zi=1 Q; ®) 4.16

Qoutsiow(r) = =280, (4.16)

outflow B Zli‘ill(Ql?utflOW(tj)_é;)utflow)(Qioutflow(tk)_Q—;zutflow) (4.17)

C (t]’ tk) - M—1 5
£0\ ~ P ) tfl tfl

Qg(t,fo) ~ QoutﬂOW(t) +3O, Azu flow ;{Ju f OW(t)é—’(c), (4.18)

where [Azutf o w,?utf Ow]k=1are the eigenvalues and eigen-functions (eigen-pairs) of

the integral equation (4.19), respectively. §0 =[¢ 915, are the uncorrelated Gaussian
random variables.
tfl tfl —_ (M tfl tfl
Jou f owlpou f OW(t) — fto Ccou f OW(x' t)l/)ou f OW(x)dx’ (4_19)

By using finite number of random coefficients (N,,), samples of decision variables

realizations could be approximated (equation (4.20)).
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00(6) = 00 + 205, [ g, (420

The SC method is used to calculate the expected value of the objective functions.
Problem Description

The control variables' of this optimization problem are the mean and standard
deviation of each KL-expansion's random coefficient. The number of daily-time steps
are 14 days and the number of optimization control variables are assumed (Hosseini
et al., 2017b). However, a third objective is considered to maximize the flexibility of
the decision variables. Due to randomness of the turbine outflows, polynomial
surrogate of each constraint is created. The feasible solutions have less than

probability of failure. a reflects the risk attitude of the decision maker.
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Figure 4.8. FEigenvalues and eigen-functions of the optimal deterministic decision variables in semi-

logarithmic scale

'Control variables are the same as the decision variables that the optimization is supposed to find in
order to optimize the problem's objectives. However, in this section these variables are referred to
control variables not to be mistaken as deterministic decision variables (turbine outflows)
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(B)

Eigenvalues and eigen-functions of the optimal deterministic decision variables

Minimize E[f;(Q9(t, 50))] _ (|FBend(Q9(;f_ozr)—FBtargetD (4.21)
Minimize E[f,(Q9(t, £9))] = — (Eﬁil(PG;g(i"gj’:zL—:n)xpm) (4.22)
Maximize f(€) = [|A0¢ | (4.23)
Subject to PF(Cy,C,,C3) < «a (4.24)
C1: Q™M™ < QJ < QM** foralln (4.25)
C,: f1(Q9) < 6FB (4.26)
C3: Q7 — Q2,,| < QU™ for all n (4.27)
Discussion

The decrease of eigenvalues while sorted in a descending order, shows that a finite

number of random coefficients can be enough for representing the decision space

(Figure 4.8). The number of random coefficients (N2,) in the KL-expansion is

assumed 3 as the eigenvalues converged to zero after the third eigenvalue (Figure

4.9). The randomness of the KL-expansion may cause the generated decision
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variables to be outside of the feasible region. However, by using only 3 random
coefficients infinite samples of the decision space can be generated (Figure 4.10). The

mean and the variance of the generated decision variables are close to the mean and

the variance of the original data (mean less than 1 and variance less than 5 percent

difference (Figure 4.11)).
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Figure 4.10. (A) Comparison of the original deterministic decision variables and (B) generated
outflow realizations using 3 random coefficients of the KL-expansion

The flexible decision variables are found by the proposed methodology have the same

expected Pareto solutions. However, the randomness of the flexible decision variables

leads to variation in objective space (ellipses in Figure 4.12). To simultaneously
observe the variability in the objective space (Figure 4.13 A) and the decision space

(Figure 4.13 B), two solutions from the flexible Pareto are selected. There are two
clusters of decision variable samples for each of the solutions and the variability of
corresponding objectives are mostly along the deterministic Pareto. The decision
maker has multiple decision variable realization options, for two given expected

objective values.
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expansion
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decision variables with 20% probability of failure, each ellipse represents the standard

deviation of f and f, by its radii in horizontal and vertical dimension, respectively
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corresponding to 2 of the flexible Pareto solutions; each ellipse represents the standard
deviation of f; and f, by its radii in horizontal and vertical dimension, respectively, (B)
samples of the decision variable (outflow) realizations for 2 samples (¢ = 20%)
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For the decision maker with risk averse attitude, the probability of failure can be
decreased. The results of probability of failure less than 1% (a < 1) shows less
variability in objective space as it is expected that no random samples would violate
any constraints (Figure 4.14). Therefore, consequently the flexibility in decision

space will be also less.

4.3.3.Robust And Flexible Decision Variables

To find robust and optimal solutions with flexible decision variables, the two
concepts of robust optimization (section 4.3.1) and flexible decision variables (section
4.3.2) are implemented in the proposed framework. The steps of the proposed method

are as follows:

1. Perform the dimension reduction of inflow ensembles to determine the
number of necessary KL expansion coefficients ( Nf,) to represent the input
uncertainty.

2. Perform the dimension reduction of the deterministic decision variables to
determine the number of necessary KL expansion coefficients (N2, to
represent the decision space (outflow realizations) and determine the flexible
decision variables.

3. Perform the multi-objective optimization method to find control variables in

order to optimize the robust objectives and maximize flexibility.
Problem Description

The control variables of this optimization problem are the parameters of KL-

. . ND N7 :
expansion's random coefficients ([ka]k:;’ [agk]k:;). These control variables are

used to generate samples of turbine outflow realizations in daily time-steps (two
weeks). The decision variables corresponding to the deterministic Pareto are used to

construct the KL-expansion. To generate outflow realizations using the truncated KL-

expansion (equation (4.20)), 3 random coefficients (N9, = 3) are used (section 4.3.2).

The inflow uncertainty is introduced to the optimization problem using a finite series

representation of historical inflows (equation (4.5)). 2 random coefficients (N2, = 2)
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are used in the truncated KL expansion (section 4.3.1). Therefore the problem
objectives are dependent on two different sets of random variables. The SC method is
used to strategically sample the random variables in few points. Using the evaluated
function values for the collocation nodes and their corresponding weights, the

expected values of the objective functions are approximated.

The randomness of the problem variables leads to variability of objective values. To
ensure the reliability of the optimal solutions, robust objectives are calculated. The
variability of each objective due to input uncertainty (type I robust design) and
control variable uncertainty (type II robust design) is implemented in the objective
calculation. The weighted sum in robust objective equation (4.7) lets the optimization

minimize both the objective and its variability due to dependent random variables,

simultaneously.
L 3 B[ (09E019@EN)] of (4.28)
Minimize F; = (1 wfl) P + wg, P
arzZ ParZ FBend (79(?0).79(?’) —FBtarget (429)
where E[f,(§962), T9(§"y)) = 2 2EOPD) Toarger])
L B E[£(39E0)19EN)] o, (4.30)
Minimize F, = (1 ‘Ufz) PP + wy, PR
a0 s s It (PGn(G9E0)19(EN)-PLy )Py (4.31)
g (o) g 1 — n=1
where E[£,(09(§9), 19(§"))] ( N ,
Maximize f3(§) = ||2°%tf owge|, (4.32)
Subject to PF(Cy, C, C3) < a, (4.33)
Cy: Q™M™ < Q7 < Q™ for all n, (4.34)
C: f1(Q9) < 6FB, (4.35)
C3: Q7 — @7, < Q™ foralln, (4.36)

To ensure the feasibility of solutions, the probability of failure of constraints is
calculated by creating and sampling a polynomial surrogate of each constraint. Some
of the constraints only depend on the variability of control variables (such as C;

and C,) while the others depend also on the input uncertainty (Cs).
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Discussion

The results show that the framework can find some optimal and feasible solutions.
However the difference of Pareto solutions are not as notable as the robust case with

no flexible decision variables. The diversity of the solutions in both objective space
and decision space is less than the case with no flexibility (Figure 4.15). By changing
the weight in the robust optimization formulation (equations (4.28)) and (4.30)) it is
expected to have more robust solutions. The comparison of the Pareto solutions in 3D
(Figure 4.16) shows that the Pareto surface when wy = 0.4 is below the Pareto
surface when wy = 0. However this is not true for all the Pareto solutions as this

problem is actually a 5-dimensional optimization problem.
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Figure 4.15. Results with flexible and robust decision variables: A) Pareto solutions projected in 2D
for different weights; B) the expected decision variables corresponding to each Pareto
solution
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Figure 4.16. The Pareto solution in 3D for different weights indicating the robustness in objective
space
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Figure 4.17. The spider plot showing two samples from the two Pareto solutions with w; = 0 and
wy = 0.41in 5D

To better compare the results, an example of both Pareto solutions (which have the
closest value of expected f; and f,) are demonstrated in a 5-D plot (Figure 4.17). The

results shows that by increasing the weight more robust solutions can be achieved as
the standard deviation of the objectives are decreased. However the flexibility is also
decreased for this solution. The comparison of the flexibility and robustness of all the

Pareto solutions for these two scenarios shows the trade-off between these two

objectives which are not competing objectives (Figure 4.18).
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Figure 4.18. The flexibility of decision variables versus robustness for two different weights in robust
optimization

4.4, Conclusion

The robust objective concept is used to ensure that the optimal decision variables are
not sensitive to the uncertain inflows. Using a KL-expansion, some realizations of
inflow hydrographs are generated. The results shows that by using 2 random
variables, the inflow realizations have the same mean (less than 2% relative error) and

variance (less than 10%) as the original data.

The robust objective concept is used to simultaneously minimize the expectation as
well as the variation of the objectives due to random inflows by using a weighted
average. Comparison of the results for various weights shows that the performance of
the objective functions is sacrificed by decreasing the standard deviation of the
objectives. The weights are the decision maker's preference of robustness versus

performance.
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Next the optimal robust and flexible decision variables of the reservoir problems are
found. The variation of the objective functions stem from both uncertain inflows and
the randomness of the flexible decision variables. The optimization problem here also
has an additional objective to maximize the flexibility. The solutions show that
robustness and flexibility are not exclusively competing in this example which can be
the reason for the less diverse Pareto solutions in comparison to the case with only

robust solutions.
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5. Final Discussion

5.1. Summary

Study of uncertainties in water resources management problems and considering the
effects of these variabilities on the system has never been more critical. Optimization
of reservoir operation under uncertainty for competing objectives was the main focus
of this study. Two types of uncertainties were addressed in this research: Flexibility in

decision variables and Input uncertainties (i.e. inflow).

The concept of flexibility in decision making is a fairly recent approach especially in
optimization of reservoir operation. In this research, flexibility refers to a range of
options that could be chosen by the decision maker and the feasibility of choosing any
of those options randomly, in that it has been determined that feasible optimal
solutions satisfy a certain probability of failure tolerance. Therefore, the decision
maker could have more than one optimal solution and could act according to real-

time circumstances.

The first approach for finding flexible decision variables was to represent each
decision variable (time step) by a random variable. The methodology was tested in
two mathematical test problems and then was extended to a simple multi-objective
reservoir problem. The results indicated the capability of the proposed methodology
for finding Pareto optimal solutions while maximizing the flexibility in decision

space.

The results of the reservoir problem showed that by flexibility in decision space, the
objectives' expectations were close to the deterministic Pareto solutions. Therefore,
for a certain probability of failure, the decision maker could be confident that the any
choice of the flexible decision variables were feasible and the expectation of these
options would not be very different from the deterministic Pareto solutions. In other
words, although the objectives might be sacrificed from their deterministic values, the
decision maker would have a range of feasible options. For example in a specific

case, the method would allow almost 45% flexibility (Coefficient of Variation) in the
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reservoir turbine flow in both time-steps and had less than 20% deterioration of the

objectives.

The Stochastic Collocation (SC) method was used for sampling the random variables.
This method was much faster than Monte Carlo method as the system was only
evaluated on a few strategically chosen points called collocation points. To ensure the
feasibility of each flexible decision variable, the evaluated constraint values for each
collocation point were used for constructing a Polynomial Surrogate representing that
constraint. This method was computationally efficient since rather than evaluating the
whole system for many samples of the random variables, only the Polynomial
Surrogate would be sampled to approximate the Probability of Failure. Although
using the SC method made this approach much faster, the function evaluations would
increase exponentially by adding to the number of decision variables ( [NC] ~(N rv
)). This approach would only work well for problems with few decision variables. For
example, for short-time optimization reservoir operation this methodology could be

useful.

To develop a framework that could be extended to problems with many decision
variables, a dimension reduction method was used to represent the decision space by
a manageable number of random variables. The decision variables corresponding to
the deterministic Pareto solutions were used as the representation of the decision
space. The Karhunen-Loeve (KL) expansion was used to extract the mean and
covariance structure of the deterministic decision variables and regenerate decision
variable realizations using a few random coefficients. For example, in the specific
problem discussed in section 3.4.2, by using only three random coefficients, the mean
and variance of the deterministic and generated realization were almost the same (less
than 10% relative error). The results showed the capability of the proposed approach
for finding flexible decision variable solutions for systems with many decision
variables. Some of the flexible solutions might lead to a wide range of objective
values. Although the expected objective values were in the same range of the
deterministic Pareto solutions, the variability in objective space might not be

desirable.
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The Robust optimization concept was used to confine the variation of objectives due
to randomness of dependent variables by implementing the robust objectives
approach. The weighted sum of objective expectation and standard deviation of
objective due to random variables were used as the robust objectives. The comparison
of the robust optimization results using different weight showed that the standard
deviation of the objectives were decreased by increasing the weight in the robust
objective. The Pareto solution consisted of the objective expectations. The decision
maker could specify the weight based on their preference on robustness and objective

performance.

Finally a framework was developed to find robust solutions with flexible decision
variables. The variation of the objectives due to random inflows and also randomness
of flexible decision variables were minimized in the robust objectives. The results
showed the efficacy of the framework to find ranges of flexible decision variables

with optimal expected objectives.

5.2. Future Research

Implementing the SC method for approximating the expected value of the objectives
decreased the computational time. For multi-dimensional random space, the full-
tensor grid was used in this research and it is recommended to use the sparse-grid and

investigate if for a given accuracy the computational time can be decreased.

The deterministic decision variables were used as the representation of the decision
space and it is suggested to use a combination of deterministic and the historical
decision variables to have a more diverse decision space to study and compare the

results to the results of the current research.

Inflow uncertainty was considered as the sole source of input uncertainty and other

sources such as price uncertainty can be considered in the proposed framework.

Implementation of the KL-expansion method to decrease the decision space helped to
decrease the computational efforts of the optimization problem with a single reservoir

and can be used for a multi-reservoir system.



82

Although the Pareto optimal concept was considered in the multi-objective
optimization problem, to decrease the number of objectives, the weighted sum
concept was used to define robust objectives. In the robust objective calculation, the
weights of all objectives were assumed equal. However it is recommended to find the

solutions for various weights of interest or Pareto optimal solutions without weights.

5.3. Conclusions

The proposed framework is capable of finding flexible decision variables considering
an allowable probability of failure of constraints. Two types of robust optimization
(uncertain inflow and flexible outflow) are considered. These solutions may help the
decision maker have more information and options in their decision making process.

This framework can be useful in other decision support tools.



83

Bibliography

Ahmad, A., El-Shafie, A., Razali, S.F.M., Mohamad, Z.S., 2014. Reservoir
Optimization in Water Resources: a Review. Water Resour Manag 28, 3391—
3405. doi:10.1007/s11269-014-0700-5

Ahmadi, M., Haddad, O.B., Marino, M.A., 2014. Extraction of flexible multi-
objective real-time reservoir operation rules. Water Resour. Manag. 28, 131—
147.

Arora, J., 2004. Introduction to Optimum Design. Academic Press.

Babbar-Sebens, M., 2017. Flexibility. Prog.

Babbar-Sebens, M., Barr, R.C., Tedesco, L.P., Anderson, M., 2013. Spatial
identification and optimization of upland wetlands in agricultural watersheds.
Ecol. Eng. 52, 130-142.

Babuska, 1., Nobile, F., Tempone, R., 2010. A stochastic collocation method for
elliptic partial differential equations with random input data. SIAM Rev. 52,
317-355.

Babuska, 1., Tempone, R., Zouraris, G., 2004. Galerkin Finite Element
Approximations of Stochastic Elliptic Partial Differential Equations. SIAM J.
Numer. Anal. 42, 800-825. doi:10.1137/S0036142902418680

Basupi, 1., Kapelan, Z., 2013. Flexible water distribution system design under future
demand uncertainty. J. Water Resour. Plan. Manag. 141, 04014067.

Bellman, R.E., 2015. Adaptive Control Processes: A Guided Tour. Princeton
University Press.

Bernardo, F.P., Saraiva, P.M., 1998. Robust optimization framework for process
parameter and tolerance design. AIChE J. 44, 2007-2017.
doi:10.1002/aic.690440908

Chen, D., Leon, A.S., Gibson, N.L., Hosseini, P., 2016. Dimension reduction of
decision variables for multireservoir operation: A spectral optimization model.
Water Resour Res 52, 36-51. doi:10.1002/2015WRO017756

Chen, D., Leon, A.S., Hosseini, P., 2014. Optimizing Short-Term Operation of a
Multireservoir System during Transition of Objectives and Constraints, in:
World Environmental and Water Resources Congress 2014. American Society
of Civil Engineers, pp. 1093—-1105.

Chen, W., Allen, J.K., Tsui, K.-L., Mistree, F., 1996. A procedure for robust design:
minimizing variations caused by noise factors and control factors. J. Mech.
Des. 118, 478-485.

Deb, K., 1998. Multi-Objective Genetic Algorithms: Problem Diculties and
Construction of Test Problems. Technical Report CI-49/98, Dortmund:
Depart-ment of Computer Science/LS11, University of Dortmund, Germany.

Deb, K., Agrawal, S., Pratap, A., Meyarivan, T., 2000. A Fast Elitist Non-dominated
Sorting Genetic Algorithm for Multi-objective Optimization: NSGA-II, in:
Parallel Problem Solving from Nature PPSN VI. Presented at the International
Conference on Parallel Problem Solving from Nature, Springer, Berlin,
Heidelberg, pp. 849—858. doi:10.1007/3-540-45356-3 83



84

Deb, K., Gupta, H., 2006. Introducing robustness in multi-objective optimization.
Evol. Comput. 14, 463—494.

Deb, K., Pratap, A., Agarwal, S., 2002. A fast and elitist multiobjective genetic
algorithm: NSGA-II. IEEE Trans Evol. Comput 6, 182-197.
doi:10.1109/4235.996017

DiFrancesco, K.N., Tullos, D.D., 2014. Flexibility in water resources management:
review of concepts and development of assessment measures for flood
management systems. JAWRA J. Am. Water Resour. Assoc. 50, 1527-1539.

Escudero, L.F., 2000. WARSYP: a robust modeling approach for water resources
system planning under uncertainty. Ann. Oper. Res. 95, 313-339.

Faber, B.A., Stedinger, J.R., 2001. Reservoir optimization using sampling SDP with
ensemble streamflow prediction (ESP) forecasts. J. Hydrol. 249, 113—-133.

Ganyji, A., Khalili, D., Karamouz, M., 2007. Development of stochastic dynamic Nash
game model for reservoir operation. I. The symmetric stochastic model with
perfect information. Adv. Water Resour. 30, 528-542.

Gibson, N.L., Gifford-Miears, C., Leon, A.S., Vasylkivska, V.S., 2014. Efficient
computation of unsteady flow in complex river systems with uncertain inputs.
Int. J. Comput. Math. 91, 781-797. doi:10.1080/00207160.2013.854336

Golberg, D.E., 1989. Genetic algorithms in search, optimization, and machine
learning. Addion Wesley 1989, 102.

Hanss, M., 2005. Applied fuzzy arithmetic. Springer.

Herman, J.D., Reed, P.M., Zeff, H.B., Characklis, G.W., 2015. How should
robustness be defined for water systems planning under change? J. Water
Resour. Plan. Manag. 141, 04015012.

Hernéndez-Andrés, J., Romero, J., Garcia-Beltran, A., Nieves, J.L., 1998. Testing
linear models on spectral daylight measurements. Appl. Opt. 37, 971-977.

Hosseini, P., Chen, D., Leon, A., Gibson, N., 2017a. Flexible decision variables in
reservoir operation using dimension reduction approach. Prog.

Hosseini, P., Chen, D., Leon, A., Gibson, N.L., 2017b. Flexible decision variables in
multi-objective optimization of reservoir operations. Prog.

Houda, M., 2006. Comparison of approximations in stochastic and robust
optimization programs, in: Prague Stochastics. pp. 418—425.

Jin, Y., Sendhoff, B., 2003. Trade-off between performance and robustness: an
evolutionary multiobjective approach, in: International Conference on
Evolutionary Multi-Criterion Optimization. Springer, pp. 237-251.

Jung, D.H., Lee, B.C., 2002. Development of a simple and efficient method for robust
optimization. Int. J. Numer. Methods Eng. 53, 2201-2215.
doi:10.1002/nme.383

Kaini, P., Artita, K., Nicklow, J.W., 2012. Optimizing structural best management
practices using SWAT and genetic algorithm to improve water quality goals.
Water Resour. Manag. 26, 1827-1845.

Karamouz, M., Ahmadi, A., Moridi, A., 2009. Probabilistic reservoir operation using
Bayesian stochastic model and support vector machine. Adv. Water Resour.
32, 1588-1600.



85

Kerachian, R., Karamouz, M., 2006. Optimal reservoir operation considering the
water quality issues: A stochastic conflict resolution approach. Water Resour.
Res. 42, W12401. doi:10.1029/2005WR004575

Labadie, J.W., 2004. Optimal operation of multireservoir systems: state-of-the-art
review. J. Water Resour. Plan. Manag. 130, 93—111.

Leon, A.S., Gibson, N.L., Gifford-Miears, C., 2012. Toward reduction of uncertainty
in complex multireservoir river systems, in: The XIX International
Conference on Computational Methods in Water Resources.

Maier, H.R., Kapelan, Z., Kasprzyk, J., Kollat, J., Matott, L.S., Cunha, M.C., Dandy,
G.C., Gibbs, M.S., Keedwell, E., Marchi, A., others, 2014. Evolutionary
algorithms and other metaheuristics in water resources: Current status,
research challenges and future directions. Environ. Model. Softw. 62, 271-
299.

Malekmohammadi, B., Zahraie, B., Kerachian, R., 2011. Ranking solutions of multi-
objective reservoir operation optimization models using multi-criteria decision
analysis. Expert Syst. Appl. 38, 7851-7863.

Marques, J., Cunha, M., Savi¢, D.A., 2015. Multi-objective optimization of water
distribution systems based on a real options approach. Environ. Model. Softw.
63, 1-13.

Mclintire, M.G., Vasylkivska, V., Hoyle, C., Gibson, N., 2014. Applying Robust
Design Optimization to Large Systems, in: ASME 2014 International Design
Engineering Technical Conferences and Computers and Information in
Engineering Conference. American Society of Mechanical Engineers, p.
V02BT03A054-V02BT03A054.

Nicklow, J., Reed, P., Savic, D., Dessalegne, T., Harrell, L., Chan-Hilton, A.,
Karamouz, M., Minsker, B., Ostfeld, A., Singh, A., others, 2009. State of the
art for genetic algorithms and beyond in water resources planning and
management. J. Water Resour. Plan. Manag. 136, 412-432.

Piemonti, A.D., Babbar-Sebens, M., Jane Luzar, E., 2013. Optimizing conservation
practices in watersheds: Do community preferences matter? Water Resour.
Res. 49, 6425-6449.

Rani, D., Moreira, M.M., 2010. Simulation—optimization modeling: a survey and
potential application in reservoir systems operation. Water Resour. Manag.
24, 1107-1138.

Ray, P.A., Vogel, R.M., Watkins, D.W., others, 2010. Robust optimization using a
variety of performance indices, in: Proceedings of the World Environmental
and Water Resources Congress, ASCE, Reston, VA.

Reed, P.M., Hadka, D., Herman, J.D., Kasprzyk, J.R., Kollat, J.B., 2013.
Evolutionary multiobjective optimization in water resources: The past,
present, and future. Adv Water Resour, 35th Year Anniversary Issue 51, 438—
456. doi:10.1016/j.advwatres.2012.01.005

Sahinidis, N.V., 2004. Optimization under uncertainty: state-of-the-art and
opportunities. Comput. Chem. Eng. 28, 971-983.

Sankaran, S., Audet, C., Marsden, A.L., 2010. A method for stochastic constrained
optimization using derivative-free surrogate pattern search and collocation. J.
Comput. Phys. 229, 4664—4682.



86

Singh, A., 2012. An overview of the optimization modelling applications. J. Hydrol.
466, 167—-182.

Srinivas, N., Deb, K., 1994. Muiltiobjective optimization using nondominated sorting
in genetic algorithms. Evol. Comput. 2, 221-248.

Tung, Y.-K., Yen, B.-C., 2005. Hydrosystems engineering uncertainty analysis. Asce.

United-Nations, 2011. World Population Prospects: Main Results.

Van Veldhuizen, D.A., Lamont, G.B., 1998. Evolutionary computation and
convergence to a pareto front, in: Late Breaking Papers at the Genetic
Programming 1998 Conference. Citeseer, pp. 221-228.

Xiu, D., 2010. Numerical methods for stochastic computations: a spectral method
approach. Princeton University Press.

Xiu, D., 2007. Efficient collocational approach for parametric uncertainty analysis.
Commun Comput Phys 2, 293-309.

Xiu, D., Hesthaven, J.S., 2005. High-order collocation methods for differential
equations with random inputs. SIAM J. Sci. Comput. 27, 1118-1139.

Zitzler, E., Deb, K., Thiele, L., 2000. Comparison of multiobjective evolutionary
algorithms: Empirical results. Evol. Comput. 8, 173—195.

Zitzler, E., Thiele, L., Laumanns, M., Fonseca, C.M., Da Fonseca, V.G., 2003.
Performance assessment of multiobjective optimizers: an analysis and review.
IEEE Trans. Evol. Comput. 7, 117-132.



87

Appendices
Exact Solution to Test Problem (1B)

Note: E[Y, &) = XM, E[¢?] by independence and E[¢é7] = u? + of, thus min
E[fi] =min X2, uf + of.

Also, max f, is equivalent to max ||G]|? = X", 6/, which are clearly contradictory

objectives.

Considerm = 2, to find the Pareto curve, assume [ai]l?zlis known; Thus f, is

determined.

For a given optimal solution with a known gy + g,, the corresponding optimal

Uy + U, must merely be min u? + u3 while satisfying constraints:

uj+l; uj—

Hi=—— and g; = Tzll becomes:
I: 2ui=ui + li
II: 120'1' =Uu; — li

By adding and subtracting (I) and (II) and considering constraint:

21+ V120, = 2u; < 2, then p; < 1 - g

21 =120, = 21; = 0, then 2 g < g

. . . 12 12 . 12
i.e. min u? subject to gai <u<1- gai, then py; = gai

Thus, in general f;* = Y%, 367 + o/ = Y, 40/ = 4(f5)? as seen in Figure 2.2 A.
We note that every feasible f, value is attainable by the Pareto curve via the
appropriate choice of f; namely f;" = 4(f)?; given an (fy, f,) pair, there is no
unique (U4, Uy, 01, 0,) Which attains it, as demonstrated by the apparent randomness

in Figure 2.2 C and D, except in cases of f, = 0 and f, = 1/V12 (left and right-
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most points in the Pareto, i.e. when (I;, u;) = (0,0) and (0,1), respectively. In the

latter case, u; = %and 0; = \/% sothat fZ = Y%, 07 = é and f; = 4 (é) = g).
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