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Some Results in Probability from the Functional Analytic Viewpoint



Chapter 1: Introduction

This dissertation is a collection of three papers I wrote while at Oregon State. As the
title is vague, a few words are in order as to what I mean by “the functional analytic
viewpoint.” In the words of one of my teachers, functional analysis is what one gets when
linear algebra is combined with point set topology. Thus the term is extremely broad. In
general, functional analysis deals with linear operators on linear spaces, usually infinite
dimensional, but I allow linear algebra to be subsumed in this subject as well. About such
operators there is a deep and powerful theory, and to look at a question in mathematics
from a functional analytic point of view means attempting to frame the problem, or parts
of it, in terms of some linear operator(s), thus bringing the above theory to bear. Probably
the most well known examples of this strategy come from partial differential equations, and
below I will describe how it is applied to the problems I consider in the following chapters.

Brownian motion, By, t € [0,1], is the fundamental example of a stochastic process.
With probability one the paths of B; are continuous, and one can show that Brownian
motion determines a probability measure on the Banach space C[0,1]. This is one way
in which one is led to study measures on Banach spaces, and in the case of Gaussian
measures there is a rich functional analytic theory. One the most important features of
Brownian motion to emerge is that one can define an integral with respect to it, and in
attempting to extend this theory of integration to other Gaussian processes many authors
relied on the existence of certain integral representations for the process in question, i.e.,
the existence of an integral kernel, say on [0,1] x [0, 1], which when integrated against
Brownian motion yields a Gaussian process. Thus the question arises: When does such an
integral kernel exist? This question can be answered in terms of certain linear operators
between various Hilbert spaces related to the process in question, and this is the subject of
Chapter 2. It turns out that under very general conditions such an integral kernel exists,
and one corollary to the proof of that fact is that, again in very general situations, a given
Gaussian process is determined by a certain unbounded, self-adjoint operator on a Hilbert
space.

The most important class of Gaussian processes, which contains Brownian motion, is

the class of fractional Brownian motions. In light of the above, one can wonder what are the



corresponding unbounded operators. It turns out that they are powers of the Laplacian. In
Chapter 3 I address a question that has attracted steady attention since the mid twentieth
century, namely how to extend Brownian motion, and more generally fractional Brownian
motion, from a Gaussian process indexed by R to a process indexed by a manifold, now
called a random field. It is a fact of life that it is often easier to recognize a differential
operator and its various extensions than to recognize the corresponding inverses, and this
is one reason that focusing on the corresponding unbounded operator for fractional Brow-
nian motion yields an approach to the above question that succeeds rather spectacularly
compared to previous approaches. Again we see how focusing on the functional analytic
aspects of the problem, the associated linear operators, bears fruit.

In the above two paragraphs we have described the use of linear operators to study
certain stochastic processes, i.e., random functions. However, if one considers functional
analysis and probability together, in particular if one has followed the usual analytical
training whereby one passes from the study of functions, to spaces of functions, and then
linear operators between them, it doesn’t take long to arrive at the naive notion of a
random linear operator as a possible extension of the theory of random functions. The
fundamental example of a linear operator is a linear transformation on Euclidean space,
that is, a matrix. Thus one could wonder if there is a theory of random matrices, and indeed
there is rich, vast, and growing theory of such random operators. Much of the theory of
random matrices is concerned with the behavior of the eigenvalues as the dimensions of
the matrix in question approaches infinity.

In Chapter 4 we investigate this question for a product of random matrices of a certain
type, and in fact this is the first such study of its kind for any class, or ensemble, of random
matrices. The method is essentially to realize the random matrices in question as discrete
approximations to a certain random differential operator, and many of the arguments follow
the pattern of the classical numerical analysis of such deterministic differential operators,
in particular the tools of functional analysis. The added ingredient is the random nature
of the operators in question, however to the reader familiar with such tools, e.g., coercivity
bounds, the general pattern of proof will be clear.

The chapters are ordered chronologically, Chapter 2 having been written first, and
Chapter 4 most recently. What remained clear to me during the writing of each of these
papers, at least when it was clear at all what was happening, was the functional analytic
picture of linear operators between linear spaces, and it is my hope that this introduction

will aid the reader in seeing this picture throughout the work.



Chapter 2: White Noise Representation of Gaussian Random Fields

2.1 Introduction

Much of literature regarding the representation of Gaussian fields as integrals against white
noise has focused on processes indexed by R, in particular canonical representations (most
recently see [26] and references therein) and Volterra processes (e.g. [3, 6]). An example
of the use of such integral representations is the construction of a stochastic calculus for
Gaussian processes admitting a white noise representation with a Volterra kernel (e.g.
(3, 36]).

In this paper we study white noise representations for Gaussian random variables in
Banach spaces, focusing in particular on Gaussian random fields indexed by a measure
space. We show that the existence of a representation as an integral against a white noise
on a Hilbert space H is equivalent to the existence of a version of the field whose sample
paths lie almost surely in H. For example a consequence of our results is that a centered

Gaussian process Y; indexed by [0, 1] admits a representation

y, & /1 h(t, 2) AW (2)
0

for some h € L%([0,1] x [0,1],dv x dv), v a measure on [0,1] and W the white noise on
L*([0,1],dv) if and only if there is a version of Y; whose sample paths belong almost surely
to L2([0,1], dv).

The stochastic integral for Volterra processes developed in [36] depends on the exis-
tence of a white noise integral representation for the integrator. If there exists an integral
representation for a given Gaussian field then the method in [36] can be extended to define
a stochastic integral with respect to this field. We describe this extension for Gaussian
random fields indexed by a measure space whose sample paths are almost surely square

integrable.

Accepted for publication in Communications on Stochastic Analysis, 2013.



Section 2.2 contains preliminaries we will need from Malliavin Calculus and the theory
of Gaussian measures over Banach spaces. In section 2.3, Theorem 2.3.1 gives our abstract
representation theorem and Corollary 2.3.2 specializes to Gaussian random fields indexed
by a measure space. Section 2.4 contains the extension of results in [36].

2.2 Preliminaries
2.2.1 Malliavin Calculus

We collect here only those parts of the theory that we will explicitly use, see [48].

Definition 2.2.1. Suppose we have a Hilbert space H. Then there exists a complete
probability space (€, F,P) and a map W : H — L*(Q,P) satisfying the following:

1. W(h) is a centered Gaussian random variable with E[W (h)?] = ||h|lg
2. E[W(h)W (h2)] = (h1, h2)m

This process is unique up to distribution and is called the Isonormal or White Noise Process
on H.

The classical example is H = L?[0, 1] and W (h) is the Wiener-Ito integral of h € L.

Let S denote the set of random variables of the form
F=f(W(hy),..., W(hy))

for some f € C°°(R") such that f and all its derivatives have at most polynomial growth

at infinity. For F' € § we define the derivative as
DF = zn:ﬁjf(W(hl), iy W(hn))hj.
1
We denote by D2 the closure of S with respect to the norm induced by the inner product
(F,G)p = E[FG] + E[(DF, DG) .

We also define a directional derivative for h € H as

Dy F = (DF, h)y.



D is then a closed operator from L?(Q) to L*(Q2, H) and dom(D) = D'2. Further, D2
is dense in L?(Q). Thus we can speak of the adjoint of D as an operator from L?*(Q, H) to
L*(Q). This operator is called the divergence operator and denoted by §. Next, dom(d) is
the set of all u € L?(€, H) such that there exists a constant ¢ (depending on ) with

[E(DF, u)u]| < || F|
for all F € D2, For u € dom(4), §(u) is characterized by
E[Fo(u)] = E[(DF,u) ]

for all F € D12,
For examples and descriptions of the domain of ¢ see [48], section 1.3.1.
When we want to specify the isonormal process defining the divergence we write 6"

We will also use the following notations interchangeably
W (u), / udW.

2.2.2  Gaussian Measures on Banach Spaces

Here we collect the necessary facts regarding Gaussian measures on Banach spaces and
related notions that we will use in what follows. For proofs and further details see e.g.

[11, 41]. All Banach spaces are assumed real and separable throughout.

Definition 2.2.2. Let B be a Banach space. A probability measure i on the Borel sigma
field B of B is called Gaussian if for every | € B* the random variable I(z) : (B, B, u) — R

is Gaussian. The mean of u is defined as

mip) = [ adu(a).

The measure y is called centered if m(p) = 0. The (topological) support of p in B, denoted
By, is defined as the smallest closed subspace of B with u-measure equal to 1.

Suppose we have a probability space (€2, F, P) and a measurable map X : Q — B,ie. X
is a B-valued random variable. Then we say j is the distribution of X if P(X *(A)) = u(A)
for any Borel set A C B. Such an X always exists, for we can let X be the identity map

on B as B is a probability space with measure p.



The mean of a Gaussian measure is always an element of B, and thus it suffices to
consider only centered Gaussian measures as we can then acquire any Gaussian measure
via a simple translation of a centered one. For the remainder of the paper all measures

considered are centered.

Definition 2.2.3. The covariance of a Gaussian measure is the bilinear form C,, : B* x

B* — R given by
Colk) = BRI = [ ka)ia) dua).

Any Gaussian measure is completely determined by its covariance: if for two Gaussian
measures (1, ¥ on B we have C, = C, on B* x B* then i = v.
If H is a Hilbert space then

Co(f,9) = E[(X, [){X,g)] = /B (. F){z,g) du(z)

defines a continuous, positive, symmetric bilinear form on H x H and thus determines a
positive symmetric operator K, on H. K, is of trace class and is injective if and only
if u(H) = 1. Conversely, any positive trace class operator on H uniquely determines
a Guassian measure on H [19]. Whenever we consider a Gaussian measure u over a
Hilbert space H we can after restriction to a closed subspace assume p(H) = 1 and do so
throughout.

We will denote by H,, the Reproducing Kernel Hilbert Space (RKHS) associated to a
Gaussian measure p on B . There are various equivalent constructions of the RKHS. We
follow [55] and refer the interested reader there for complete details.

For any fixed | € B*, Cy(l,-) € B (this is a non trivial result in the theory). Consider

the linear span of these functions,

S = span{C,(l,) : l € B*}.

n m
Define an inner product on S as follows: if ¢(-) = ZaiC’u(li, ) and ¥(-) = Z b;Cu(kj,-)
1

1
then

< ¢ >, =Y Y aibiCulls, kj).
1 1

H, is defined to be the closure of S under the associated norm || - ||g,. This norm is

stronger than || - || g, H, is a dense subset of By and H), has the reproducing property with



reproducing kernel C,(l, k):

(6(-), Cu(l,-))m, = H(1) Vie B*, ¢ € H,.

Remark 2.2.1. Often one begins with a collection of random variables indexed by some
set, {Y; }ter. For example suppose (7, v) is a finite measure space. Then setting K(s,t) =

E[Y:Y;] and supposing that application of Fubini-Tonelli is justified we have for f, g € L2(T)
BY. A.9)) = [ [ B YA dviy = (K (5,0)(7).9)

where we denote / K(s,t)f(s)dv(s) by K(s,t)(f). If one verifies that this last operator is
T

positive symmetric and trace class then the above collection {Y; };cr determines a measure
1 on L*(T) and the above construction goes through with Cy(f,g) = (K (s,t)(f),g) and

the end result is the same with H,, a space of functions over 7'.

Define Hx to be the closed linear span of {X (I)};ep- in L*(€,P) with inner product
(X)), X))y = Cu(l,') (again for simplicity assume X is nondegenerate). From the
reproducing property we can define a mapping Rx from H,, to Hy given initially on S by

n k
Rx (Y exCulli, ) =Y exX (1)
1 1

and extending to an isometry. This isometry defines the isonormal process on H,.

In the case that H is a Hilbert space and p a Gaussian measure on H with covariance
operator K it is known that H, = VK(H) with inner product (VK(z), VK (y))u, =
(z,y)n.

It was shown in [40] that given a Banach space B there exists a Hilbert space H such
that B is continuously embedded as a dense subset of H. Any Gaussian measure y on B
uniquely extends to a Gaussian measure py on H. The converse question of whether a
given Gaussian measure on H restricts to a Gaussian measure on B is far more delicate.
There are some known conditions e.g. [23]. The particular case when X is a metric space
and B = C(X) has been the subject of extensive research [42]. Let us note here however
that either u(B) = 0 or u(B) =1 (an extension of the classical zero-one law, see [11]).

From now on we will not distinguish between a measure 1 on B and its unique extension

to H when it is clear which space we are considering.



2.3  White Noise Representation
2.3.1 The General Case

The setting is the following: B is a Banach space densely embedded in some Hilbert space
H (possibly with B = H), where H is identified with its dual, H = H*. (A Hilbert space
equal to its dual in this way is called a Pivot Space, see [4]).

The classical definition of canonical representation has no immediate analogue for fields
not indexed by R, but the notion of strong representation does. Let L : H,, — H be unitary.
Then Wx(h) = Rx(L*(h)) defines an isonormal process on H and o({Wx (h)}hen) =
o(Hx) = o({X (1) }iep+) where the last inequality follows from the density of H in B*.

We now state our representation theorem.

Theorem 2.3.1. Let B be a Banach space, p a Gaussian measure on B, and C, the
covariance of u on B* x B*. Then p is the distribution of a random variable in B given

as a white noise integral of the form

X(l) = / h(l) W, (3.1)

for some h : B* — H and a Hilbert space H, where h|g is a Hilbert-Schmidt operator

on H. Moreover, the representation is strong in the following sense: o({Wx(h)}nen) =

o({X(D}ien-)-

proof. Let B C H = H* as above. Let Wx be the isonormal process constructed above
and C,(l, k) the covariance of . Let L be a unitary map from H, to H and define the
function k(1) : B* — H by

k() = L(C(l.).

Consider the Gaussian random variable determined by
Y(l) = /kL(l) dWX.
We have

E[Y (), Y (l2)] = (kr(lh), kr(2))m = (Cu(ly, "), Culla; )i, = Cully, l2)
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so that p is the distribution of Y (1) and
XUV{/MUMWX

It is clear that kp, is linear and if C,(h1,h2) = (K(h1),h2)H, h1,ha € H, then from
above
kikr = K.

Because K is trace class this implies that k, is Hilbert-Schmidt on H.
From the preceding discussion we have c({Wx (h)}}her) = c({X () hien+). O

Remark 2.3.1. While the statement of the above theorem is more general than is needed for
most applications, this generality serves to emphasize that having a “factorable” covariance
and thus an integral representation are basic properties of all Banach space valued Gaussian

random variables.

Remark 2.3.2. The kernel h(l) is unique up to unitary equivalence on H, that is if L' = UL

for some unitary U on H L as above, then

/mmnavi/Uﬂmm)wvi/ﬁmwﬂV

Remark 2.3.3. In the proof above,

<kL(l1)v kL(l2)>H = C,u(lla 12) (3.2)

is essentially the “canonical factorization” of the covariance operator given in [56], although

in a slightly different form.

Remark 2.3.4. In the language of stochastic partial differential equations, what we have
shown is that every Gaussian random variable in a Hilbert space H is the solution to the

operator equation
LX)=W

for some closed unbounded operator L on H with inverse given by a Hilbert-Schmidt

operator on H.
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2.3.2 Gaussian Random Fields
The proof of Theorem 2.3.1 has the following corollary for Gaussian random fields:

Corollary 2.3.2. Let X be a Hausdorff space, v a positive Radon measure on the Borel sets
of X and H = L*(X,dv). If {B.} is a collection of centered Gaussian random variables
indexed by X, then {B,} has a version with sample paths belonging almost surely H if and

only if
B, 2 /h(m,-)dW (3.3)

for some h : X — H such that the operator K(f) = / h(z, z) f(2) dv(z) is Hilbert-Schmidt.
X
In this case (3.2) takes the form

E[B,By] :/Xh(x,z)h(y,z)dl/(z).

In other words, the field B, determines a Gaussian measure on L*(X,dv) if and only

if B, admits an integral representation (3.3).

2.3.3 Some Consequences and Examples

In principle, all properties of a field are determined by its integral kernel. Without making
an exhaustive justification of this statement we give some examples:

In Corollary 2.3.2 above, being the kernel of a Hilbert-Schmidt operator, h € L*(X x
X,dv x dv). This means that we can approximate h by smooth kernels (supposing these

are available). If we assume h(z,-) is continuous as a map from X to H i.e.

Jim [A(z, ) = h(y, )|z =0

for each y € X and let h,, € C*(X), hy, L% b it follows that |hn(z, ) — h(x,)||g — 0

pointwise so that if

we have
E[B}B]] - E[B,B,]
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pointwise. This last condition is equivalent to

B" 4B
and we can approximate in distribution any field over X with a continuous (as above)
kernel by fields with smooth kernels.

The kernel of a field over R? describes its local structure [27]: The limit in distribution

of
lim X(t+cpr) — X (1)
rn—0 Tn
cn—0
is " 1
lim [ PEECr) =R
rn—0 Tn
cn—0

where h is the integral kernel of X, and this last limit is determined by the limit in H of

lim h(t + cpz) — h(t)‘
rn—0 n
cn—0

The representation theorem yields a simple proof of the known series expansion using
the RKHS. The setting is the same as in Theorem 2.3.1.

Proposition 2.3.3. Let Y (1) be a centered Gaussian random variable in a Hilbert space
H with integral kernel h(l). Let {er}7° be a basis for H. Then there exist i.i.d. standard

normal random variables {&x} such that
Y1) =) &)
1

where ®(1) = (h(l),ex) g and the series converges in L*(Q) and a.s.
proof. For each [

TOEDIE RGN
1

We have
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where {&} = {/ ede} are i.i.d. standard normal as /dW is unitary from H to L*(f).

As {®1(1)} € [*(N) the series converges a.s. by the martingale convergence theorem. O

2.4 Stochastic Integration

Combined with Theorem 2.3.1 above, [36] furnishes a theory of stochastic integration for
a large class of Gaussian fields. In particular, by Corollary 2.3.2, if (X, dv) is a (positive)
radon measure space and B, a centered gaussian random field indexed by X with sample
paths almost surely belonging to L?(X,dv) then using [36] we can define a stochastic
integral with respect to B, as follows:

Denote by p the distribution of {B,} in H = L*(X,dv) and as above the RKHS of B,
by H, C H. Let

B, = /h(m,-)dW

and L*(f) = /h(x,y)f(y)dy(y). Then L* : H — H,, is an isometry and the map
v— Rp(L*(v)) = W(v) : H — Hp (Hp is the closed linear span of {B,} as defined in
Section 2.2.2) defines an isonormal process on H. Denote this particular process by W in
what follows.

First note that as H, = L*(H) and L is unitary, it follows immediately that D1’2 =
L*(]D) %) where we use the notation in [48, 36] and the subscript indicates the underlymg
Hilbert space.

The following proof from [36] carries over directly: For a smooth variable F'(h) =
f(B(L*(h1),..., B(L*(hy)) we have

E(DB(F L =E( Zf B(L*(hy), ..., B(L*(hn))L* (hi), u) m,

=EO_ f(B(L*(h), .., B(L*(hn))hg, L(w)) 1
=E() f’(W(h1)7 ooy W (b)) s L(w)) 1
=E(DY(F),L(u)) g

which establishes
dom(68) = L*(dom ("))
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and
/L*(u) dB = /udW Vu € dom(6")

The series approximation in [36] also extends directly to this setting.

Theorem 2.4.1. If {®}} is a basis of H, then there exists i.i.d. standard normal {&;}
such that:

1. If f € H then
/L*(f) dB =Y (L*(f), ®)m, &k a-s.
1

2. Ifue ]D)llqi then

[e.o]

/udB = ((w,®)m, — (Dgu, p)m,) a.s.
1

proof. The proof follows that in [36].
U

Remark 2.4.1. For our purposes the method of approximation via series expansions above
seems most appropriate. However in [3] a Riemann sum approximation is given under cer-
tain regularity hypotheses on the integral kernel of the process, and this could be extended

in various situations as well.

Remark 2.4.2. The availability of the kernel above suggests the method in [3] whereby
conditions are imposed on the kernel in order to prove an Ito Formula as promising for

extension to more general settings.
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Chapter 3: Fractional Brownian fields over Manifolds

The fractional Brownian motions and their stationary counterparts are the basic examples
of Gaussian random fields over R and it is natural to ask what are the corresponding
examples when R is replaced by a manifold. The first to do so was Paul Lévy (see [44]),
who extended the standard Brownian motion on R to the standard Brownian field over
R?, now called Lévy’s Brownian motion. Lévy then extended this field to the sphere SY.
Since then there have been a number of studies aimed at extending both the Brownian
motion and the fractional Brownian motion to other manifolds. This is a natural step in
the theory of Gaussian fields in general as one would like to understand how the structure
of the index set determines the kinds of fields that can be defined over it. The geometric
and topological structure of Riemannian manifolds make them a convenient and interesting
setting for such a study. When one extends the fractional Brownian motions from R to
R? the resulting fields are called FEuclidean fractional Brownian fields (some authors prefer
Lévy fractional Brownian motions) and our purpose in this article is to construct fields
over Riemannian manifolds that generalize the Euclidean fractional Brownian fields.

Much of the interest in the fractional Brownian fields (fBf’s) over R? stems from their
distributional invariance and scaling properties. In particular, if a € (0,1) denotes the
Hurst index and the corresponding field is denoted by fBf“, the increments of the fBf®
are invariant under rotation and translation and the distribution of the fBf® scales by a
power ¢ when R? is dilated by ¢ > 0. Any extension of the fBf’s should possess these
properties and also reflect the geometry of the index set in question.

As mentioned above the first attempt to extend Lévy’s Brownian motion, fBf %, from
R? to a manifold was by Lévy himself in [44]. There he constructed a field over S? with
covariance given by

d(l’, O) + d(y’ 0) - d(:l:a y),

d(z,y) being the geodesic distance between = and y and o being a fixed origin point on
the sphere. Further progress in this direction was made in the work of Molchan (see e.g.
[47]) and Gangolli (see [30]) where the authors dealt with extensions of Lévy’s Brownian

motion to other manifolds including the sphere.

Accepted for publication in Transactions of the American Mathematical Society, 2013.
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Most recently Istas in [37] studied fields over certain Riemannian manifolds with co-

variance given by

% (d(l‘, 0)20‘ + d(y, 0)20‘ —d(x, y)zo‘) (3.1)
where d(z,y) is the metric of the manifold and o is a chosen point. In particular Istas
showed there that (1.1) defines a Gaussian field over compact rank one symmetric spaces
and hyperbolic space H? if and only if o € (0,1/2].

A common feature of the above approaches is that they begin by looking for covariances
of the form f(z,0) + f(y,0) — f(x,y) for some symmetric function f; the idea being that,
over R, 0 = 0 and f(z,y) = ||z — y||[ge. The issue then is to prove that the function so
defined does, in fact, define a covariance, i.e., one must establish positive definiteness. A
necessary and sufficient condition for positive definiteness is that f be of negative type, for
example one can take the above approach on metric spaces (X, d) with metric of negative
type (e.g. [38, 34]). In general if d(z, y) is the metric of a Riemannian manifold, establishing
that d(z,y)? is of negative type for some a € (0,1) is non-trivial and indeed, as in [37], it
has been shown d(z,y)?* can fail to be of negative type. Moreover, in all the above work
this approach necessitates symmetry assumptions on the underlying manifold.

In the present article we take an essentially different approach inspired by the work
of Benassi, Jaffard, and Roux (see [8] and more recently [9]). In particular we extend a
characterization of the fBf® in terms of the Laplacian on R to the Riemannian setting
via the Laplace-Beltrami operator and the associated heat kernel. Using this approach
we are able to extend the fBf® to a variety of both compact and non-compact manifolds
without any assumptions regarding symmetry of the manifolds and for the full range of
a € (0,1) (see Theorems 3.2.1-3.2.4 below).

Broadly speaking, in order to build a Gaussian random field over a manifold (or any
index set) there are two things we must do: Determine a covariance function and prove
that this covariance determines a probability measure on a suitable space of functions, e.g.,
some space of continuous functions. If we build our covariance correctly the resulting field
will have the properties we would like, and we will be able to use some theorems from
probability to show that we get a good probabilistic model, that is, a well defined random
element of an appropriate function space.

This article is structured as follows: in Section 3.1 we cover some preliminaries regard-
ing Gaussian random fields and analysis on manifolds, in particular the heat kernel of a

Riemannian manifold. In Section 3.2.1 we describe the motivation behind our approach
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and define our candidate covariance functions before we study conditions which ensure
these covariances exist for a given manifold in section 3.2.2. Section 3.2.3 deals with prob-
ability measures determined by our fields on a space of continuous functions and in 3.2.4 we
establish the appropriate distributional invariance properties. In Section 3.3 we construct
stationary counterparts to the fields of Section 3.2 and establish the corresponding distri-
butional and sample path properties. Section 3.4 contains some open questions concerning
geometry and probability encountered in the course of the article and in section 3.5 we
collect some necessary results concerning sample path regularity of Gaussian fields over

manifolds.

3.1 Preliminaries
3.1.1 Gaussian Random Fields

Given a complete probability space (€2, F, P) and some index set I we call a collection of
random variables on Q, {X;(w) }ier, a Gaussian random field (GRF) over I if for any finite
subset {ix}7 C I the random vector (X;, )] has a joint normal distribution. Then for each
w € Q, X;(w) defines a real valued function on I called a sample path of the field {X;}.

We let E denote the expectation operator,
E[X;] = /QXZ-(w) dP(w) 1el
and we call
E[(Xs — E[X))(X; — E[Xy]))] = E[ X X}] — E[X]E[X,] s, tel

the covariance of {X;}. The covariance of a GRF over I defines a symmetric positive
definite function on I x I.

We say two GRF’s are equal in finite dimensional distribution or simply in distribution,
denoted i, if their covariances are equal. We also say two GRF’s defined on the same
probability space are versions of each other if P(X; =Y;) =1 for all i € I. The salient
analytical feature of GRF’s is that for any set I the collection of all GRF’s over [ is in one
to one correspondence up to equality in distribution with the set of all symmetric, positive
definite functions on I x I. In other words a GRF is uniquely determined in distribution by

its covariance and every symmetric positive definite function K on I x [ is the covariance
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of a GRF over I, that is, there exists some complete probability space (2, F, P) and a
GRF {X;(w)}r where for each i € I X; is a random variable on (.

We call a GRF centered if E[X;] = 0 Vi € I and in this case its covariance is given by
E[X;X,], s,t € I. Throughout this article we will only consider centered GRF’s.

3.1.1.1 The Euclidean Fractional Brownian Fields

The standard Brownian motion B; over [0, 00) is the centered GRF with covariance

s+ 11— It — 5|

E[BsBy] = 5

From this one generalizes to obtain the fractional Brownian motion fBm® for a € (0,1):

2 + [t — |t = sf2®

E[fBmg f Bm;| = 5

We then have B; = me%.
One then further generalizes to R?, obtaining the fBf® as the centered GRF over R?

with covariance
E[fBfg fBfy] = |3 + lyl3s — llz — yl3

(note that some authors include the constant factor 1/2). We remark here that throughout
the article we will make a slight abuse of notation and use R? to refer both to the usual
vector space and to Euclidean space as a manifold, though we doubt this will cause much
confusion as the context will make clear what is meant.

One easily sees that the fBf® is self similar of order «, i.e., if fBfY denotes the field
rescaled field { fBfS,},cra then

fBf* L fBf* Ve 0,
and that it has stationary (or homogeneous) increments:
EfBf = fBI1P] = o =yl = @) — e)|** = E[lf Bffy) — FB,I°]

for any isometry ¢ on R?. Moreover it is known that there exists a version X, of the fBf®

such that with probability one the sample paths X, (w) are Holder continuous of any order
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v < a and fail to be Hélder continuous of any order v > « at every point in R (see [1]).

3.1.1.2 White Noise

The treatment here follows [39]. Given a probability space (2, F, P) we call a complete
subspace G of L2(Q,.7-" , P) a Gaussian Hilbert space if every element of G is a centered
Gaussian random variable. Note that the inner product H inherits from L?(Q, F, P) is
then

(X,Y)e = E[XY].

Given any (real) Hilbert space H there exists a Gaussian Hilbert space G and a unitary
map W : H — G called the isonormal process or white noise process on H (one can
also consider complex white noises). If, as is the case below, H = L*(M, S, du) for some
measure space (M,S,dp) then if B={A € S : p(A) < oo} the map from B — G given by

W(A) = W(xa)

determines a Gaussian random measure on M. The properties of such measures will not
be important for us here, but we mention them to motivate the notation for W : H — G,

given by
W(f) = /M f(2)dW(2),

which we refer to as a white noise integral (this is also commonly called a stochastic
integral). Starting from a random measure one can construct the integral / dW in close

M
analogy with classical measure theory. All that will be important for us is the property

(f,9)n =E [/Mde-/MgdW] .

Now suppose we have a function h(z, z) : M — L*(M,dp), = — h(zx, z) € L*(M, du(z)).
We can then define a centered GRF Y, over X by

Y, < /M h(z, z) AW (2).



20

The covariance of Y, is then given by

E[Y,Y,] = (h(z,2), h(y,2)) 2 = /M h(zx, z)h(y, z) du(z).

Note that the last expression on the right is in fact positive definite and symmetric. In

this case we call h the integral kernel of Y.

3.1.2  Analysis on Manifolds

In what follows we assume throughout that all Riemannian manifolds are complete and
of dimension d, with 2 < d < oco. For a manifold M let A denote the Laplace-Beltrami
operator, or simply the Laplacian for short, on M. In any local coordinate system the

action of A on C°°(M) is given by

Za 99/98;)

where (g;;) is the matrix of the Riemannian metric in these coordinates, (§%/) = (gi;) ",
and /g = (det(gij))%. Because M is complete, A is essentially self adjoint (see e.g. [54])
and so we may consider from now on the unique minimal self-adjoint extension of A, which
we shall write as A also. Moreover the spectrum of A is contained in (—o0,0] (see e.g.

[54]). By the spectral theorem we can define the heat semigroup

[o@)
etA:/ e_t’\dEA
0

where dE) is the spectral measure of —A. The action of ¢'® on LQ(M, dVy), where dVj

denotes the measure derived from the metric g, is given by a kernel Hy(x,y):

/Htxy y) dV,(y).

Hy(z,y) is called the heat kernel of M. It is known that H; is strictly positive, symmetric,

and contained in C°°(M x M x (0,00)). Moreover we have the semigroup property

[ Hil ) He) V() = i),
M
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As a consequence Hy is positive definite for each ¢ > 0. As its name suggests, Hy(z,y) is a

fundamental solution to the heat equation on M x (0, 00):

(28 oo

lim [ H(z,y)f(x)de = f(y) VfeCCo(M).
tl0 Jpr
There are various constructions of the heat kernel, that given in [18] being most suited

to our purposes. In particular if we let

_d(z)?
e 4t

E(z,y) = W

then there is an open neighborhood of the diagonal U C M x M such that on U

Ht(flf,y)

e =®(t,z,y) (3.2)

where ®(t, x,y) is symmetric in z and y, ® € C’k([O, T]xU)V T > 0 where k can be chosen
arbitrarily large (see [15] and [10]), and

im0 =1
In other words, for  and y close H; ~ & as t — 0. Thus on any manifold heat diffusion
behaves locally for small times as in Euclidean space.

If M is compact then we also have the following eigenfunction expansion of Hy:

o

Hy(z,y) =) e M op(z)dn(y) (3.3)

k=0

where 0 = Ao < A1 < ... < A\ 1 oo and {¢y} are the spectrum and orthonormalized L?
eigenfunctions of —A respectively and where (3.3) converges absolutely and uniformly for
each t > 0 (see [15]).

Following [15] we define a reqular domain to be an open, connected, relatively compact
subset D of a complete Riemannian manifold such that 9D # () is smooth. In what follows

when we refer to the Laplacian of a regular domain we mean the Dirichlet Laplacian with
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corresponding the heat kernel (see [15], Chapter 7). As in the compact case we have an
eigenfunction expansion (3.3), the only difference being that Ag > 0. If (M, g) is a regular
domain in a manifold (N, g) then, as noted in [16], (3.2) holds in this setting as well.
Now suppose M is complete and non-compact, {D}7° is any increasing exhaustion
of M by regular domains, and HF(z,y) denotes the Dirichlet heat kernel of Dy. Then if
we extend each H” to be zero outside D x D, {HF(z,5)}3° forms a pointwise increasing

sequence on M x M x (0,00). It was shown in [24] that
k—o0

where Hy(x,y) is the heat kernel defined above.

3.2 The Riesz Fields
3.2.1 Motivation and Definition

As mentioned in the introduction, our first task is to write down a candidate covariance for
our fields. We could write down all the properties we want our field to have and see if this
determines a covariance, however even on R? this is non-trivial and as we shall see below,
on a general manifold the properties of the Euclidean fractional Brownian fields described
above do not uniquely determine a GRF. The other strategy is to find a characterization
of the Euclidean fields that suggests a generalization to manifolds and then verify that this
ansatz does indeed yield a probability measure on a nice function space with the properties
we want. This is the strategy we will follow, and so our first task is to find a suitable
characterization of the Euclidean field fBf“.

In [8] the authors begin by defining a symbol class of pseudodifferential operators over
RY. From such an operator A they define a Gaussian random field with covariance given
by the integral kernel of A~!. The authors are then able to derive all the important
properties of this field from properties of the symbol of the operator A. This approach to
constructing and studying GRF’s is a natural extension of the classical spectral theory of
Gaussian processes on R and demonstrates of the power of the spectral point of view.

The basic heuristic can be described as follows: Beginning with an unbounded operator
A on some L? space, define and study the GRF determined by the integral kernel of A~!.
So in attempting to extend the fBf® to a Riemannian manifold, we should first seek an

operator A that determines the fBf“ in the manner above.
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Our starting point is the well known (e.g. [8] or [59]) spectral representation of the

fBfe, e
et —1d/\

[Bre L ey, / W), (3.4)

RT ¢ et

where T is a complex white noise on L%(R%, dz), dz being Lebesgue measure, and Canisa
constant. Examining (3.4) we see that, formally (for example, for f such that f = || H%JFO‘Q

for some g € C2°) and up to a constant,

eHT8) 1 . q . d o
/R LRy de = (A D () (@) - (-A) D (1)(0).

d
@ gzt

Thus if we denote this last operator above by A then the fBf® is the unique (in distribu-
tion) GRF with covariance given by the Schwarz kernel of the operator A* A,

i(x—y,&) _ Ji(x,8) _ i{y,€)
e e e +1
[ * y] C/Rd H§|’d+2a :

We now have a characterization that extends immediately to manifolds: Simply re-
place the Laplacian on R? by the Laplace-Beltrami operator of the manifold in question
and determine the kernel of the operator A*A. Following [54] we arrive at the following

definitions:
Definition 3.2.1. For a complete Riemannian manifold M with heat kernel Hy(z,y) define
the Riesz field R* to be the GRF with covariance given by

E[ROR] = — ! / At (Hy(a,y) — Hi(z,0) — Hy(y, 0) + Hi(0,0)) di (3.5)

d
r (5 + Oé) 0
where 0 € M is a fixed “origin” and the stationary (or homogeneous) Riesz field hR™ is
the GRF with covariance

1 o
E[hR2hR2] = / FEHO L, () dt. (3.6)

I (5+a)Jo
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Because Hi(x,y) is positive definite for each ¢ > 0 and

Hi(xz,y) — Hi(x,0) — Hy(y,0) + Hi(o,0)

= /M (Ht/Q(xv Z) - Ht/2(07 Z)) (Ht/2<y7 Z) - Ht/2(07 Z)) dvg(z)a

each of these expressions is symmetric and positive definite, and thus when the integrals
exist each determines a GRF over M. Of course the convergence of the above integrals is
by no means obvious and our first task in Section 3.2.2 will be to determine manifolds for

which they do converge.

Remark 3.2.1. We will see shortly that if either (3.5) or (3.6) exist for some ag € (0,1)
then it also exists for any a € (0,ap). We say R* (resp. hR®) exists for all a € (0,b) if
(3.5) (resp. (3.6)) is finite for all & € (0,0), b <1, and all z,y € M.

It turns out (Proposition 3.2.5) that the Riesz field (3.5) extends the fBf® and that
they agree up to a constant in distribution over RY. However we will also see that the
stationary Riesz field has some claim to be an extension of the fBf%, for example over
negatively curved manifolds, even though it does not exist on R?.

Now let W denote the white noise over L?(M, dVy). We will show that when they exist

the Riesz fields admit the following integral representations:

aod 1 - §+5-1 T,2) — 0,z z
2 [, e e ) w)

and

o d 1 / /°° dia
hRS = ————— ta T2 Hy(x, z) dt AW (2). 3.8)
O+ 8) Ju s (

The issue is whether or not the functions appearing in the above are in fact square
integrable for each x € M. Let us consider this in detail, first for hR":
Letting

hnr(z,2) = / tg+%*1Ht(x, z)dt

rE+5) b

we have
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(hur(z,2), har(y, 2)) L2

dya dya_
:/ — 2t4+2 lgats 1Ht(x,z)H5(y,z)dtdstg(z)
mdo Jo T (§+5)
0o 00 1 . .
:/ / 2ti+2—132+2—1/ Hy(x, 2) Hy(y, 2) dV, () dt ds
o Jo T(§+%) u
00 [e'e) 1 g+g_1 é+g_1
- —————tiT 2 saT 2T Hyy (x,y) dt ds
o b T(E+3)
00 00 1 . )
= (t =) T3 55 (0, ) de s
d a)2
0 Js T(§+7%)

by the positivity of Hy(z,y) and the semigroup property.
Next note that if g(s) = ¢ 5151 then

T5lgit5 1 gg = g*g(t)

O\
i
—
—
s
4|~
IR
SN—
o
—~
-
|
VA
SN—
e

t
where * denotes the finite convolution f * g(t) = / f(t —s)g(s)ds. If £ denotes the

0
Laplace transform we have the well known property £ (f * g) = L(f)L(g). Applying this

to g * g above we have

e d

Llg+9)(s) = (£(@)* (5) = (5 H9) = s (Ee),
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Then inverting £ we obtain

t
7d1 geto—l = £l (s_(g“‘)) = / S 5 (t — S)%Jr%_ls%’L%_l ds.
(4 +a) 0o T(4+9)

Substituting this into the integral defining (hpr(z, 2), hnr(y, 2)) 12 above yields

1 * dia-1
— [ 2t H (2, y) dt.
I'(§ +a) Jo

Thus whenever hR™ exists it is given by (3.8).

1 o a
Turning now to (3.5), let hr(x,z) = da/ pits -l (H¢(z, z) — Hi(o, 2)) dt.
T'(§+5) Jo
Then
Ihg(z, 2)|I7
/ / / SIS Hy (e, 2) — Hy(o, 2)||Ha(z, 2) — Hy(o, 2)| ds dt dV(2)

a d

/ / SiHg143+ —1/ Hy(r, 2) — Hi(o, 2)||Hy (2, 2) — H, (0, 2)| dV, (=) ds dt
/ / TSNS Hy(e, ) — Holo, )2l Ho(, ) — Hy(o, )2 ds dt

:(/0 +i+s-1 | H(z, ) — t(O,')||2dt>2

= </OOO 15~V /Hy(z, z) — 2H,(z, 0) + Hy(0, 0) dt>2 .

Recall that if M is any Riemannian manifold then from (3.2) for any =,y € M we have
that Hy(z,y) = O(t_%) as t — 0. So then

1
/ t%JF%_l\/Ht(:p,x) — 2Hy(x,0) + Hy(o,0) dt < oo
0

and 1
/ t3+a—1 (Hi(z,2) — 2H (2, 0) + Hy(o0,0)) dt < oo
0

for all a € (0,1).
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Next notice that if o +e < b

/ t1+5 =1\ /Hy(z, ) — 2Hy(z, 0) + Hy(0,0) dt
1

:/ ¢atse=(1to VHyi(z,x) — 2H(z, 0) + Hy(0,0) dt
1

< (/100 ¢~ (1) cht)5 (/Ootif*“*“ (Hy(x,x) — 2H,(x,0) + Hy(0,0)) dt>

1

N

by Cauchy-Schwarz. Thus if R* exists for all « € (0,b) we may interchange the order of

integration as with hR* to obtain

<hR(gj7 Z)v hR(y’ Z)>L2

_¥ > %—i—a—l T _ 7.0) — 0 0.0
_F(nga)/ t (Hi(z,y) — H¢(x,0) — Hi(y,0) + Hi(0,0)) dt

= E[R; Ry]
for all such a.
In either case of (3.5) or (3.6) we see that the integrands are continuous on (0,00) so
by (3.2) convergence depends only on the behavior of the integrand at infinity. Thus the
existence of both Ry and hRS will depend on the large-time asymptotics of Hy(x,y). These

depend on the manifold in question and we will treat distinct cases below.
3.2.2 Existence
3.2.2.1 The Compact Case

We have the following:

Theorem 3.2.1. If M is a compact Riemannian manifold, then the Riesz field of order o
exists over M for any « € (0,1) and the stationary Riesz field does not exist over M for

any o € (0,1).
proof. Recall (3.3):
= e Mop(x)dr(y).

k=0
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We have
Hy(x,x) — 2Hy(0,x) + Hy(0,0) = Y _ e M |gp(x) — ¢p(0)? =O(e™)  VzeM
k=1

and A; > 0. Then (3.5) is clearly finite for any x € M and all o € (0,1).
To see that hRS does not exist on M notice that %iH(l) Hy(z,y) = Vol(M)™t #0
—
Va,ye M.

O

Theorem 3.2.2. If M is a reqular domain then hR%, and thus by linearity R, exists for
any a € (0,1).

proof. As above let

[e.e]

Hy(z,y) =Y e *ou(2)pn(y).

k=0
Then A\ > 0 and Hy(z,y) = O(e~ ") for each z,y € M.
U

We note here that in either case above we may integrate term by term using the
eigenfunction expansions of H; to obtain a series expression for the covariance of R* and

hR® as follows: For R® and M compact we have

E[Rng = F(gl—i_a) /000 t%Jralet(HJ,y) — Hy(x,0) — Hy(y,0) + Hy(o,0) dt
R I
- p(g+a)/0 AT e u(w) — o On) — (o)
_é ~ % a—1 = €—>\kt z) — o B o
- r(g+a)/0 e ; (or(x) — Pr(0))(Bk(y) — 1 (0)) dt

N

1 o dta-1 S — At _ 2
< T@ra) </0 t ;6 [Pk (z) — P (0)] dt)

x / HHLST M () — (o) d
0 k=1

— (B[ RSPIE[R2[Y)
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which we know from above to be finite.

Then by dominated convergence we may integrate term by term to obtain

0 d
E[RZ Ry] = dl Z L(;+a) (r(x) — Pr(0))(@r(y) — Pr(0))

=" (@) — 6k(0)) (91 (y) — 31 (0)).

k=1
In particular
Re L3 00) "5 (64() — d(0))6
k=1

where {£} is an i.i.d. collection of standard normal random variables, the series converging
in L*(M) almost surely.
The same equality holds for M a regular domain if we number the spectrum as { A }7°.

Similar arguments show that for M a regular domain

E[hRShRS] = (M Pr () Pk (y)
k=1
and -
hRE LS ()~ (4 g (2)g.
k=1

Example 3.2.1. Let M = S% Then in terms of the spherical harmonics {Y,,} we have
o
= e MEDEN " Y () Yo (1)
k=0 m=—Fk
Applying the harmonic addition formula we have
o0
2k +1
Z e h(k+1)t : Py (cos byy)
k=0

where Py, is the k-th Legendre Polynomial and (x,y) = cosf,,. Fixing an origin point
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o € S? we then have

(2+a) 2k +1

RaRa:i kE(k+1)) i

k=1

(Pr(cos Oyy) — Pi(cos byo) — Pr(cosbyo) + Pr(1)) .

Example 3.2.2. Let M =D = {2 € R? : |z| < 1} and J, the Bessel function of the first
kind of order k, k = 0,1, 2... Then if )\,1C < )\z < ... are the positive zeroes of Ji, using polar

coordinates on D we have

—(d+2a)
B (10 18] = L2 5 O 1) O Gosth0 — 6) + sin(h(0-+ ).
™ 47 e (A

)

3.2.2.2 The Non-Compact Case

For the case of M non-compact, first let us show by example that we cannot establish

existence in general.

Example 3.2.3. Let M =S! x R. Then we have

HM((8,2), (6,y)) = H (0, 6)Hy (2, y)

where H™ is the heat kernel of M, H® is the heat kernel of S, and H® is the usual heat
kernel on R (see [33], Theorem 9.11).
We then have that

—|z—y|?
1—e

(4mt)

O(%) as t — 00

B (6,2), 02)) — 2HY((6,2), (6.9) + HY (6,9), (6,9) ~ ~

for any (0,z), (¢,y) € M. So IEHR;‘\Q] =00 Vp € M and a > 1/2 and thus R* does not
exist over M for this range of . Using S? instead of S! in the above we have that R® fails
to exist for all a € (0,1).

Example 3.2.3 notwithstanding, for certain manifolds such that Vol(M) < co we have

a situation similar to the compact case:

Theorem 3.2.3. Suppose M is non-compact with Ric(M) > —k?, Kk €R, and
Vol(M) < oco. Let N(M) = lef\/[ {A:0(Q) = { e }izo} where the infimum is taken over
C
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regular domains 0 C M and o(2) denotes the Dirichlet spectrum of Q. Then if A(M) > 0
R® exists over M for any o € (0,1) and hR® does not.

proof. That hR® does not exist follows from the fact that on such M

1
Vol(M)

lim Hy(z,y) = #0 Ve,ye M.
t—00

For R*, under the hypothesis of the theorem it was shown in [43] that

1 3,
Ht(%y)—m =0(e 2

and so (3.5) converges V « € (0,1).

O

We now turn to our main existence theorem for the Riesz fields over non-compact

manifolds followed by some examples. Below we use the following notation:
Dy(r)={x e M : d(z,p) <r}

and
V) = Vol (D) = [ i

We write Hy = a(t*%) if there exist two distinct points xp € M, k = 1,2, and constants
C} > 0 such that
Hy(xp,a) < Cpt™2 Vit 1.

In that case using Theorem 1.1 of [32] we know that for any ¢ > 0 there exists a constant
Cs > 0 such that for all t > 1 and all z,y € M

d(z,)?

Ht(l‘,y) < Cgt_%efm'

Theorem 3.2.4. Let M be non-compact.
(1) Suppose Ric(M) > 0. Then hR does not exist for any o € (0,1). If

H; = 0 (17577
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and Vo(r)

N xT r

Jm

for some 3 € [0,1) then R* exists over M for any o € (0,1 — ).
(2) Suppose that

< 00 VeeM

H; = 0 (17(5+9))
for some > 0. Then hR* (and thus R* also) exists for any o € (0, min{,1}).

proof. (1): To begin we note that our hypothesis H; = 6(t_(d/ 2-)) implies the following
gradient bound for H; (see [20]): For all z,y € M and t > 1

d(z,9)?

Vo Hy(z,y)| < Cjt~(37F+3) e G (3.9)

for some constant Cf§ > 0.
Recall that by Cauchy-Schwarz in order for for (3.5) to converge it is sufficient to show
that

/ t3+a—1 (Hi(z,z) — 2Hy(x,0) + Hi(0,0)) dt < o0
1

for the specified range of . Moreover, by first restricting to a compact subset K C M we
may assume positive injectivity radius, i.e., 3 7 > 0 such that d(x,y) < r implies that z,y
belong to some normal neighborhood. By repeated use of the triangle inequality we see
that existence for all such z,y implies existence on all of K, and since K was arbitrary, on
all of M.

To that end let D = Dp(r) be a normal neighborhood containing x and o. We first

apply the mean value theorem:

/ #5341 (H(z,x) — 2H, (2, 0) + Hy(o,0)) dt
1
_/ tg+a_1/ |Hy (2, z) — Hy(0,2)|* dVy(z) dt
1 M

< d(z, 0)? / h+act / Vo (s, 2)? AV, (=) di
1 M

for some £, lying on some curve (parametrized to have unit velocity) contained in D,, and
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joining z and o. We now apply (3.9),

/ t§+a1/ |V Hy (&, 2) [ dVy(2) dt
1 M
SC/ t—;’+a+2ﬂ—2/ 672%2%5;) dV,(z) dt.
1 M

We have

00 2d(¢z.2)2
/ t—g+a+25—2/ e Wt dV(2)dt
L M
00 J _2d(&z,2)° Z)
_/ t_2+a+25—2/ e @t dVy(z)dt
1 D
00 Qd(Ez Z)
+/ t;l+a+2,32/ e Ot dV,(2)dt
1 M\D

<Vol(D )/ f=5+at28-2 g

/ / i~ dratop-z,— el dt dV,(z).
M\D

oo
By hypothesis / aHet28-2 g < o6 50 we only need to show
1

00 2d(§z72)2
/ / 5 Hat26-2,~ TGTh gt dVy(z) < o0.
M\D Jo
We have
/ / - tat28-2, -2 dt dV,(z)
M\D Jo

445 4_a—28+1 d
— () r ( —a—28+ 1) / d(E,, 2) 74222 gy (7).
2 2 M\D

Recall D = Dp(r) and let

A = Dp(r+k)\Dp(r+k—1) k=1,2,3...



By monotone convergence

/ d(fz, Z)fd+2a+4572 dVg(z) — Z/ d(gz’ Z)*d+2a+4672 dVg(Z)
M\D k=1 Ag

VOI Ak)
7’—|—k—1d 200—46+42

M

1

=
Il

Vo(r+k) = Vo(r+k—1)
(T + k- 1)d72a74,8+2

o

i
I

Because Ric(M) > 0 we have (see [21] or [17])

Vy(cr) < ¢V (r) Vr>0,¢c>1

Thus
00 o (r+k)¢—(r+k—1)2¢
Vp(r+ k) —Vp(r+k—1) Vo(r +k — )(—(T+k_1)d )
Z (r+k—1)d—20-45+2 Z (r + k — 1)d—20-45+2
=1

(r+k—1)¢

< (r+k—1)42 <M

)

IN

C ; (7“ +k— 1)d72a74,3+2

Ci (r+k)—(r+k-1)4
(r + k — 1)d-20-23+2
k=1

The convergence of this last sum is equivalent to that of

o'} kd_l 00

_ 2a+28-3
Z Ld—2a-23+2 Zk “ ’
k=1 k=1

By hypothesis oo < 1 — 3, which implies
[o¢] [o¢]
Zk2a+2573 < Zkf(lJre) < 00
k=1 k=1

for some € > 0.

34
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To see that hR® does not exist on M for any «, we note that (see e.g. [21])

d _d=zy)?

RZC(M) >0= Ht(a:,y) > (47Tt)7§e At

for all z,y € M and ¢t > 0. Thus

g
/ t2 Tl (2, y) dt = oo
0

for all z,y € M and any o € (0,1).
To prove (2), simply write

oo d [o.¢]
/ t2 Ol (2, y) dt < C/ t Pl dt < 0.
1 1

O

We are now in a position to show that, over R%, R agrees up to a constant with
the fBf® in distribution. We could do this abstractly using arguments along the lines
of Section 3.2.1, however we can also make a simple explicit calculation. Note that R?
satisfies the first hypothesis of Theorem 3.2.4 with 8 = 0. Thus R® exists there and if we

choose o = 0 has covariance

1 oo
E[RGRy] = —7—— / £2 4L (H,(0,0) — Hy(x,0) — Hy(y,0) + Hy(x,y)) dt.
I'(§+a) o
. d 1 —llz—yl? d
Proposition 3.2.5. If M = R® then Hy(z,y) = (Tt)de i and for all x,y € R
i

and for o € (0,1)
E[RYRy] = Co (|lz]** + [lylI** — [l — yl**)

where Cy, is the positive constant given by

proof. First note that if either = 0 or y = 0 the result is trivial; thus we assume otherwise.
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The integral defining E[R7 R}] reduces to

o) TP a2 Ne—yll2
(i )d/ ja-1 (1_6 lel? b sl ) it
V(@A) Jo

“le? el —lle—yll?
which we recognize as a Mellin transform. Let Fy(t) = X[q,00)(t) —€~ 4  —e = | =le

with a > 0. Then F,(t) = O(t™') as t — oo and F,(t) = o(t") as t — 0¥V N > 0. Thus

/ t7LE,(t) dt

0

converges absolutely for all s € C with #(s) < 1 and defines an analytic function there.
On the other hand for —1 < R(s) < 0 we have by direct calculation that

el =1yl + e — vl

> s—1 _ af _
/0 PR d = 4 - (=),

By analytic continuation this last equality holds for 0 < R(s) < 1 as well. For such s

we have by dominated convergence

1 1
/ 5 Ry (t) dt = lim | t*TLF,(t) dt.
0

a—0 0

Now for a < 1

/ t81Fa(t)dt:/ t5 Ry (t) dt

1 1

and so, noting Fy(t) > 0, we have using dominated convergence

00 1 00
/ ts_lFo(t)dt:/ ts_lFo(t)dt+/ t5LFy(t) dt
0

0 1

1 [e)
:(lim / ts—lFa(t)dt)+/ 5 Ry () dt
a—0* Jo 1
1 0o
= lim < / LR, (1) dt + / 5 Ry (t) dt>
a—0t 0 1

= lim t5 F,(t) dt

a—0t Jo
_ =l =Dyl + e —yl*
= yF

(=)
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Example 3.2.4. Suppose M is non-compact with Ric(M) > 0 and

Vo(R)

lim =0¢€(0,1)

R—o0
for some p € M (cf. the Bishop-Gromov comparison theorem). Then R® exists over M for
any «a € (0,1) and hR® does not. Indeed, in [45] it is shown that Hy(z,y) = O(t*%) for
every x,y € M. Theorem 3.2.4 applies once we note that for all p € M

Ric(M) > 0= V,(R) <wgR? VYR>0,

wg being the volume of the unit ball in R?.

Example 3.2.5. If M is simply connected with all sectional curvatures K < k for some
k < 0 and Ric(M) > —x* > —oo then hR® exists over M for any o > 0. For example
this holds if M = H¢, d-dimensional hyperbolic space. This follows from [46] in which it is
shown that o(—A)) C [(d — 1)?|k|/4, 00), which in turn implies the following upper bound
on Hy (see [22]):
(d—1)2kt

Hi(z,y) <Ce 4 Vt>1

for some C' > 0 and all z,y € M. Theorem 3.2.4 then applies.

In particular for M = H?, letting p = d(z,y) we have the well known formula

2

V2 1, [ se T
Hi(z,y) = e_4t/ ds.
t(z,y) (47rt)% o cosh(s) — cosh(p)
Then ,
1+s
2 R e T
E[hRShR] = 3# / / T P L ds dt.
(4m)2T(1+a)Jo Jp cosh(s) — cosh(p)

Remark 3.2.2. On negatively curved manifolds, hR® can also be viewed as an extension of
the fBf® in the following way: In Section 3.2.1 we saw how the covariance of the fBf® is
the integral kernel of the operator A*A where

A(f) = (—A)" G () (@) — (-2)"EFD(£)(0),
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Bl

+2) when this operator does not have an

d
it3)

which can be seen as a correction to (—A)~(
integral kernel. However on manifolds with spectrum as in Example 3.2.5, (—A)_(
does have an integral kernel and no correction is needed. So if we view the fBf® as the
GRF with covariance that is the integral kernel of the minimal correction to (—A)_(%+%)

that yields an integral operator, then on such manifolds as above we obtain the hR®.

3.2.3 Holder Regularity

Having done the analytical work to build our covariances and check when they exist,
we now turn to verifying that these covariances do in fact define random fields with the
desired properties. The first of those properties is in some ways the most fundamental:
Do the corresponding GRF’s define probability measures on nice function spaces? In order
to answer this we need some extensions of criteria for continuity of GRF’s indexed by
Euclidean space to the manifold case, that statements and proofs of which we postpone
until Section 3.5 below. What we shall see is that if M is compact or a compact subset
of a regular domain or non-compact manifold over which the Riesz fields exist, then with
probability one they have continuous sample paths and thus they determine probability
measures on C'(M) in the usual way (cf. [39], Example 8.27).

If M is any Riemannian manifold or regular domain with heat kernel Hy(z,y) then the

maximum principle implies
Hy(z,y) < Hy(z,x) Va,ye M
with equality if and only if y = . We then have that
Hy(z,x) — 2Hy(z,y) + He(y,y) >0 Vy#z.

In particular E[|RS — R;‘\Q] and E[|hRS — hRZ‘|2} both define metrics on M when they exist.
Note also that
le% « |21 le% |2

when both exist. In particular in the proof below we will not distinguish these two metrics
as the context of the Theorem will make clear which is being discussed.

We are now in a position to prove the following:

Theorem 3.2.6. Let M be a compact Riemannian manifold, a reqular domain, or non-



39

compact under the hypothesis of Theorem 3.2.4. We then have the following:

1. If M is compact then there exists a version, R®, of R® such that with probability 1
the sample paths of R* are uniformly Hélder continuous of any order v < a on M,
and there exists a dense subset of M such that with probability 1 the sample paths of

R~ fail to be Holder continuous at these points for any v > «.

2. If M is a reqular domain or non-compact under the hypothesis of Theorem 3.2.4,
then for any compact set K C M there exists a version, R, of R* such that with
probability 1 the sample paths of R® are uniformly Hélder continuous of any order
v < «a on K, and there exists a dense subset of K such that with probability 1 the
sample paths of R fail to be Holder continuous at these points for any v > a.

proof. In order to apply Theorem 3.5.4 below we need to compare the metric E[|RS — RZ|2]
(resp. E[|hRY — hR;\Q]) on (M, g) with the metric d(z,y) derived from g, in particular we
need to study the boundedness of
E[| RS — Ry[’]
(d(z,y))*

for d(x,y) small and v € (0,1). What we will show is that this ratio is unbounded if v > «

(3.10)

and approaches zero if v < a.
Our approach to controlling (3.10) will be to split the integral defining E[|RS — R§|2]

into two parts:

/oo thra*l(Ht(x, x) — 2Hy(x,y) + He(y,y)) dt

0
= /1 thra*l(Ht(:c, x) — 2Hi(x,y) + He(y,y)) dt (3.11)
0
" /OO 12O (Hy (2, 2) — 2H(w,y) + Hi(y, y)) dt. (3.12)
1

We start with (3.11). Recall that in any case around any point p there is a closed disk
D, such that (3.2) holds with ® € C*(D, x D, x [0,T]) where we can choose k > 2 and
T > 0.

As a consequence we have, denoting the integral (3.10) by I; and d(z,y) by p,

2

1
/ DL,z 2) + B(L,y,y) — 20(t, 2, y)e T ) dt. (3.13)
0

[SIIo8

I = (471')7
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Because ® € C*(D, x D, x [0,T]) with k > 2 and is symmetric, by Lemma 3.5.1,
O(t,x,x) + O(t,y,y) — 20(t,2,9) = O(p*)  asp—0

uniformly for ¢ € [0,1]. Thus we have

2

1
/ 17Dtz 2) + DLy, y) — 2 (t, x, y)e” ) dt
0

1 2

:2/ 1Dt @, ) (1 — e ) dt
0
1

+ [ @)+ 0t - 20 ) di

1 02

= 2/ t 7 (t, x,y)(1 — e” %) dt + O(p?)
0

Because

-2

! 2 - P
lim [ t“7'®(t,z,y)(1 — e %) dt = lim ,020‘/ t 7 (pt, 2, y)(1 — 6_4%) dt
0

z=y Jo Ty
and o
e
lim Lo (p%t, z, y) (1 — 6_4%) dt < oo,
z=y Jo
I = O(p*™) = O(d(z,y)**)  as d(z,y) >0 (3.14)
for z,y € D,,.

For (3.12), which we denote I, we first deal with the case of M compact. Using (3.3)

we have for ¢t > 1

Hy(x, ) = 2Hy(z,y) + Hi(y,y) = > e |r(z) — or(y) [
k=0

=Y e Mgr(z) — dr(y)]®
k=1

o

< d(z,y)* ) e | V|oo-

k=1
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Now we apply the following bound on ||V¢y||eo (see [52]):
d+1
[Vorlloo < CrrAy?

where Cjs is a constant depending only on M. We then have

di1
e MIN T = Oyd(z,y)?0 (e*)‘lt> ,

NE

Hy(z,x) — 2Hy(z,y) + Hy(y,y) < Cud(z,y)?

>
Il

1

which yields

I < Crrd(z,y)? / ti+a—lo (e_/\lt> dt = Cd(z,y)? (3.15)
1

as A\1 > 0.
If M is a regular domain then a similar argument using the corresponding bound (see
[58])
d+1
HVQZ)kHoo < CM)\k4
for the Dirichlet eigenfunctions on M we obtain (3.15) in this case as well. Thus for either

M compact or a regular domain
I, =0 (d(z,y)?) as d(z,y) — 0.

Turning now to the case of M non-compact, first suppose the first hypothesis of The-
orem 3.2.4 is in force. As in that proof we have, for z,y contained in a sufficiently small

geodesic disc,

/ 5+ (Hy (2, ) — 2H, (2, y) + Hy(y, y)) dt
1

:/ t§+a1/ Hy(z,2) — Hy(y, =) dV,(2) dt

1 M

<d(z,y)? / (et / V(6. 2)|2 dV(2) dt,
1 M

which was shown to be finite.

Next suppose the second hypothesis holds. For this case we will use a Schauder esti-
mate and Lemma A.1: We choose a geodesic disc D), and let L be A in geodesic normal
coordinates on D,, D = exp '(D,), P = &; — L on C®(D x (0,1)), and u(z’,y/,t) €
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C*(D x D x (0,1)) be H(z,y) in our chosen coordinates. For any 7' > 0 we then have
Pu(z',y t+T) =0wu(z', 9/, t +T) — Lyu(z',y/,t +T) =0

for each for all 2',y',t € D x D x (0,1/2). In other words, u satisfies Pu(z’,y’,t) = 0 on
D x (T, T +1/2) for each ¥/ € D and T > 0.

Because L is uniformly elliptic on D and its coefficients are all C*° (and independent of
T, t), using the Schauder estimate (Theorem 5 p.64 in [29] and choosing o = 1) we obtain
for each closed disk D, contained in D a constant K, > 0 such that

82
sup %(w’,y',t +7)| < K, sup lu(z’,y' t +T)|
(@' )eD, x(0,1/2) | 0L} (a/,£)€D, x(0,1/2)

for each 4, j and ¢ € D,. We then have

0%u
i ASSLALAY
ivj

<K, sup lu(2’, ', t + T).
(z'y' t)eDrxD,x(0,1/2)

sup
(z'y' t)eDrxD,x(0,1/2)

We note that K. is independent of 1" and by our hypothesis that H; = O (t_(%Jrﬁ )>,

sup Hy(z,y) < Ct*(g+ﬂ), B > 0. Thus, returning to D, = exp (D), for all T'> 1
(z,y)€Dpx Dy,

2

sup
(z,y,t)€Drx Dy, x(0,1/2)

(z,y,t + T)‘ < OK, 7=+,
8xixj

Then applying Lemma 3.5.1 and assuming without loss of generality we have chosen our

disc D, such that the above estimates hold, we have

/ 5401 (Hy (2, ) — 2Hy(z,y) + Hi(y,y)) dt
1

d 82

oo
< C’d(a:,y)2/ t%+a_lisug
1 DpXxDp |i,5=1

< C’d(x,y)z/ tateLp —1/2)~(2+8) g
1
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oo
for some C > 0. By hypothesis 8 > 0, so / t%'m_l(t — 1/2)—(§+6) dt < co. Lastly recall

1
that when hR® exists for « € (0,b) for some b > 0 then R® does as well. Moreover in that

case

E[|RS — Ry|*) = E[|[hRg — hRy?),

so in the second case of Theorem 3.2.4 the arguments above apply to R* as well.
Thus in each case from the preceeding discussion we know that for each p € M there

exists a closed disc D), centered at p such that for all v < «
E[|RS — R)|%] < Cpld(x,)*)

for some constant C,, > 0 and all z,y € D, and that such a condition fails for any v > «
in light of (3.14). Then if M is compact or K is a compact subset of M, there exists a
constant C' > 0 such that for all v < «

E[|R — Ry|?] < Cd(z,y)*

for all z,y € M (resp. z,y € K). Then by Theorem 3.5.4 there is a version of R® that
is almost surely uniformly Holder continuous over M (resp. K) of order 7 for any v < «.
Moreover from the discussion following Theorem 3.5.4 there is a dense subset of M (resp.
K) on which R® fails to satisfy any Holder condition of order v for any v > « with
probability 1. By the remarks preceding the Theorem the same holds for AR%, when it

exists. 0
Remark 3.2.3. From the proof above we see that

B[Ry - Ry | pdew 2 1
:}:%W_i% ; t* @ (d(z, y)°t 2, y) (1 — e 2 dt

and thus the exact comparison between the Riemannian metric of M and the metric induced

by R® depends on the local geometry of M, in particular on the comparison with the

Euclidean heat kernel contained in ®(¢,x,y).

Remark 3.2.4. It would be desirable in the case of regular domains to extend continuity
to the closure of M. However the local Euclidean approximation of the heat kernel is not

uniform near the boundary of M and so some other method of proof seems necessary. On

k

the other hand it is easy to show that for any sequence (x’f ,...,x,) that approaches the
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boundary of M, P(|[(hRx,...,hR )|l > ¢€) % 0 for any € > 0. This combined with the
1 n
existence of a continuous version as close as we like to the boundary seems sufficient for

most applications, at least from the point of view of simulation.

3.2.4 Distributional Scaling and Invariance
3.2.4.1 Stationarity

Definition 3.2.2. Let (M, g) be a complete Riemannian manifold and I (M) the group of
isometries of (M, g). If Y, is a centered GRF over (M, g) we say that Y, is stationary (or
homogeneous) if

ElY@)Y.(y)] = E[Y2Yy]

for any « € I(M) and all z,y € M. We say Y, has stationary (or homogeneous) increments
if
E[Y(r) = Y, |"] = E[|Yz — ¥, [’]

for any ¢« € I(M) and all z,y € M.

Because for any manifold (M, g) we have Hy(c(z),t(y)) = H¢(x,y) for any ¢ € I(M)
(see [33], Theorem 9.12) it is clear from the definitions,

1 4
E[RYRY] = ——— t2zt L (Hy(z,y) — Hy(x,0) — Hy(y,0) + Hy(o0,0)) dt
)= (Hilay) — Hilw,0) — Hily, 0) + Hi(0,0)
and ) -
d
E[ARYhRY) = ——— t2 o Hy (2, ) dt,
[ T y] F(g+a)/(] t( y)

that when they exist, R* and hR® have stationary increments and are stationary respec-

tively.

3.2.4.2  Self-Similarity

Turning to self-similarity, let us first recall how this property is defined for random fields
on Euclidean space: If Y, is a random field over R?, then Y} is self-similar of order a > 0 if
Y, 4 Y,. The Euclidean fractional Brownian field fBf® is self similar of order «, and
we vzfant to extend this property to manifolds. To do this we must define an operation that

extends the scaling operation on R?, z — cz. This operation scales the distance between
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any two points by ¢ > 0:
|z = yll = llex — cyl| = cllz —yl|,

or written another way,

d(z,y) — cd(x,y).

Viewing R? as a manifold, we see this is equivalent to scaling the Riemannian metric
(gij) = (519) of Rd by 02,

d

d d
> wiwigy =Y al =|z]* = Elal? = Y mixicigs.

ij=1 i=1 ij=1

Thus a natural definition of scaling for a manifold M is to simply scale the metric as
above. Indeed, if M is an embedded submanifold of R? with induced metric gy, then

scaling the ambient space R? results in the induced scaling on M

amMm — C29M-

Of course, we’d like a definition of scaling that is intrinsic to the manifold in question, i.e.,
independent of any ambient Euclidean space, but that also agrees with the scaling induced
by scaling any ambient space. If we take the above operation as the definition of scaling
for a general manifold M we achieve this goal.

We are thus ready to prove that the Riesz fields are self-similar.

Proposition 3.2.7. Let (M, g) be a complete Riemannian manifold or regular domain.
Both the Riesz field R® and the stationary Riesz field hR® over (M,g) are self-similar of
order o (if they exist on M) in the sense that if R and hR® are the Riesz fields over
(M, c2g) then

d
c*RS =

Ry
and
hR® £ hRe
for any ¢ > 0.
proof. First we note from the coordinate expression for A, if we denote by A, the Laplacian

1
of (M, g) and H}(x,y) the corresponding heat kernel, we have A2, = <A, But then
c

g
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because L?(M,dV,) = L*(M,dV,>g) we can write

/M SHEI (2, y) ) dVi(y) = /M HE9 (2, y) £ (y) Vi, ()
= By (f)
()

e <?
:/H
M ¢

% (2,9)f(y) dVy(y)

for any f € L?(M, dVy). Thus by symmetry

1 2
EH%(x’y):Hf !J(:L,’y) foayGM-
We then have
20 o pa c* 401 g g g g
FBIRRG) = oy [, 1 )~ o) — o) + H (0,0) df
2
1 * dia ]l g g g g
“TE+a) o 2 5 | HY (2,y) = HY (0,2) — HY, (o0,y) + HY (0,0) | dt
2 C C C C
1 > Q+a_1 czg ng 029 029
“tra T ()~ B o)~ HE o)+ H 0,0))
2
= E[RSRy]

and similarly for hR®.
|

Remark 3.2.5. Here we see that hR exhibits essentially non-Euclidean phenomena; on R?
there cannot exist a GRF that is both stationary and self similar (see e.g. [7]). We will

return to the questions this raises in Section 5.

3.2.4.3 Uniqueness

We now come to a natural question: Are the Riesz fields the only fields with stationary
increments that are also self-similar? In other words, does requiring stationarity and self-
similarity as above uniquely determine a GRF over a given manifold M? To answer this

we examine an example, M = S', which we normalize to have total volume 27. Using the
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— )&

expansion of section 3.2.2.1 we have

o(y) & 1
R(z) = Y Nirs

keZ\{0}

|k|—%—o¢(eikx

In [37] the author constructs a GRF, denoted R,,, with the following covariance

L (. 0)% 1 d(y, 02 — d(z,y)*)

In particular it is shown that
d ikx
Ro(z) = > dp(e™ —1)g,
keZ\{0}

where
|klT ) o
\/— Joo " u2e cos(u)du
k = .
\/ﬂwéﬂy
Note however that for o = —,
0 keven,
kodd

dy =
{(\/ﬂ:)l

Thus .
R I L

%
keZ\{0}

and )

VRRA(@) = 30 kTN - g
kezZ\{0}
We then find that

21 - -2 i2kx 1|2
Y] = 3 ik e -1

E[|V2R:(z)*] - E[|R
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which is not identically zero. As their variances are not identical, these two fields are not
equal in distribution. However it is easy to see that both fields have stationary increments
and are self-similar of order 1/2.

Thus even in the simple case of S' we do not have uniqueness, and so in general the
Riesz fields are not the only GRF’s that are self-similar with stationary increments over
a given manifold M. It then remains an open question to determine the general form of
the covariance of a GRF with stationary increments that is also self-similar over a given
manifold other than R%.

3.3 The Bessel Field

We now turn to constructing stationary counterparts to R® by analogy with the Brownian
motion and Ornstein-Uhlenbeck processes on R. We define the Bessel Field of order a €
(0,1) by

ad 1 / /OO dyo_1 ¢
BY = ————— tat2 e "Hy(x, z) dt dW (2), (3.16)
T(§+3) Judo t

which extends the Ornstien-Uhlenbeck fields with covariance given (up to a constant) by

et(@y)
/ L ond df
R (14 ]¢[2)2"
These fields are altogether more well behaved than the Riesz fields, which is not surprising

in light of the analogy with the Riesz and Bessel potentials.

Theorem 3.3.1. The Bessel field exists over any complete Riemannian manifold or reqular
domain M for all a € (0,1).

proof. Proceeding as for hR®, for each z,y € M

2
1
)2

1 o0
= d)/ t%“‘_le_th(x,y) dt (3.17)
0
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From the fact that the heat kernel always satisfies tlim Hy(z,y) < oo for any z and y, we
— 00
see that (3.17) converges everywhere on M x M.
|

Clearly BY is stationary and we can see that it does not possess the scaling properties

of the Riesz fields. Turning to sample path regularity we have the following result.

Theorem 3.3.2. The Bessel field B has a version with sample paths almost surely uni-
formly Hélder continuous of order v for any v < « and almost surely failing to satisfy a

Holder condition of order v for any v > o on a dense subset of M.

proof. Split the integral

1 ® dio g _
E[|By — By’] = d/ t2to? et (Hy(x,2) — 2Hy(2,y) + Hi(y,y)) dt
L(3+a)lo
1
=—— (1 +1
F(g—i-oz)( 1+ )
where

1
L = / ¢ +o2-1o—t (H(z,z) — 2H(z,y) + He(y,y)) dt
0

and -~
- / 154021t (H,(2,2) — 2Hy(z,y) + Hy(y,y)) dt
1

and argue as in Theorem 3.2.6.

3.4 Conclusion and Further Work
3.4.1 Existence and Uniqueness

Using a spectral theoretic approach we have constructed analogues of the fractional Brow-
nian fields over arbitrary compact manifolds and a wide class of non-compact manifolds.
There are still many questions remaining. For example in light of the non-uniqueness result
in Section 3.2.4.3, one could ask how many different such fields there are over any given
manifold. One could also attempt to determine the general form the covariance of such

objects must take.
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We also saw in Example 3.2.3 that R* does not exist on S' x R (with the product
metric) for @ > 1/2. This raises the following question: Does there exist any Gaussian
field over S! x R with stationary increments that is also self similar of order a for some
a € (1/2,1)7 More generally, are there geometric conditions that ensure a given manifold
can have such a field defined over it?

We conjecture that it is possible to construct such fields over any manifold M in the

following way: Somewhat informally, the Riesz fields are solutions to the stochastic equation
(~A)F 53X =W,

where W is Gaussian white noise over M and A is the Laplacian of M with certain
“boundary conditions,” i.e., with domain restricted to include only functions f such that
f(o) = 0 for some fixed point 0 € M. As we saw, for example in the case of compact
manifolds, this restriction of the domain led to the existence of a continuous integral kernel
for the corresponding inverse and it seems plausible that in general we could always obtain
such a kernel through restricting the domain of A by determining a sufficient number of
derivatives of f € dom(A) at the point o. Of course finding an explicit expression for such

a kernel may be very difficult in general.

3.4.2 Restriction to Submanifolds

There is one aspect of this theory we did not touch upon, that being the behavior of
our fields when restricted to geodesics and more general submanifolds. One thing we can
say is that for a given manifold M, following the discussion of self-similarity and dilation
in Section 3.2.4, the Riesz fields over M when restricted to an embedded submanifold
N determine self-similar fields over N. Also, being embedded, the isometry group of N
determines a (possibly trivial) subgroup of the general isometry group of the M. However,
the resulting restricted field may be stationary or have stationary increments (for example,
consider the fBf® over R? restricted to Sd_l). Moreover, as we already saw, stationarity
and self-similarity alone do not uniquely determine a GRF in general, and so we cannot
say that R® over M when restricted to a submanifold N agrees with R* over N.

While we have avoided symmetry hypothesis in our treatment, when dealing with in-
variance properties involving isometry groups one is naturally led towards general harmonic

analysis and it would be interesting to study GRF’s over manifolds from this point of view.
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For example, one could consider GRF’s that are only stationary with respect to a sub-
group of the entire isometry group, analogous to GRF’s over R? that are only rotationally
invariant (so called isotropic random fields).

One property of the Euclidean fractional Brownian fields (or more generally any GRF
that is self-similar with translation invariant increments) is that when restricted to lines
through the origin they agree with the usual fractional Brownian motion, up to a constant.
One could then ask if this holds more generally. For example one could require that a field
over M when restricted to infinite geodesics became a fractional Brownian motion. This
would require a subgroup of the isometry group of M that restricted to translation of the
given geodesic. Of course, in general geodesics may be closed or infinite. Again, one could

study such questions from a general harmonic analytic point of view.

3.4.3 Hyperbolic GRF’s

We also mentioned above that the existence of hR™ raises interesting questions regarding
negatively curved manifolds and what we could loosely call hyperbolic Gaussian random
fields. For example, although the proof of existence of hR® over H? uses properties of
the heat kernel, one can ask if there are more geometric or topological conditions one can
put on a manifold M to ensure the existence of some self-similar and stationary GRF.
Conversely one can ask what are the implications of such a field existing over M. Is hR“
the only such field or are there others?

The above is only a first attempt to state some questions at the intersection of geometry
and probability that, at least on the face of it, seem novel and interesting; doubtless there
are others. The study of random fields over manifolds, although its history is not short,
seems to the author to still be wide open. It is our hope that the work here and the
questions raised above will be of interest to both researchers in geometry or geometric

analysis and probabilists and lead to further interaction between the two.

3.5 Auxiliary Results
First we record the following Lemma involving Taylor approximation.

Lemma 3.5.1. Let M be complete and suppose f € C(M x M) is symmetric. Around
any point p € M there exists a closed geodesic disk D,, centered at p and a constant Cp, > 0
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such that
2 L9
DpxDyp |2 Li0T;

for all x,y € D,.

proof. Let F' € CQ(Rd) and recall Taylor’s Theorem: for each p € R? and all z € R?

F() = Fo) + 3 90 ()i — pi)
i=1 !
d 1 2
F Y - p)as ) s [ (U= 1)+t — p)).
ij=1 w70 v

Now let f € C*(R? x RY) and f(z,y) = f(y,z). Fix 2,y € R%. Then letting p = (x, y),

from the symmetry of f we have

flz,z)=2f(2,y) + f(y,y)

1 2
yj)/o (1—1) 31?1'(9];]' (x+t(y —z),x)dt

1 2
yj)/o (1- )az(;;](yﬂ(:v—y),y)dt

0% f
)1 —¢ ty — ),
/ )0 =) (Gt tly =)0
f
- f 0
= e Y (= ey~ ) (et 61.0) + 500+ 60
ij=1 ! '

for some constant ¢ > 0 and ), € R? with ||6x||ge < ||z — y||ga. In particular for z,y in a
closed disk D, of radius € > 0 we have

d

2
|f(2,2) = 2f(x,y) + f(y,9)| < Cillz = yl[za sup Z o7

DexD, |5~ 0xi0x;
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for some C7 > 0.
Now suppose f € C°(M x M) is symmetric and let D, be a geodesic disk centered at
p € M. Then the above implies

82 f

1
81’@8.%&' (3 8)

|f(z,2) — 2f (z,y) + f(y,y)| < Cod(z,y)* sup
DPXDP 1,j=1

for all z,y € D,.

3.5.1 Continuity of Gaussian random fields

Here we provide analogues of results given for Gaussian fields over R? in the setting of
manifolds. These proofs are simple modifications of the originals and we include them for
convenience. The first result is an analytical lemma, given for hypercubes in R?. We will
replace the cubes with metric disks and R? by a d-dimensional manifold M. Let p be even

and continuous on [—1,1], p(|z|) monotone increasing, and satisfy lir% p(z) =0.
z—

Lemma 3.5.2. (Manifold version of Lemma 1 in [31]): Let f € C(ly) where Iy C M is

compact, has non-empty interior, and has no isolated points. Suppose that

[ o (i) o<

for all closed metric disks D C Iy. Then for some C' > 0
d(z,y)
f@ = sl <8 [ floaBCu=) dpia

for all x,y € Iy.

proof. Fix z,y € Iy. Then choose a sequence of disks Dy = {z € M : d(z,z) < ri} such
that Dy C Iy, 2r; < d(x,y), rx — 0, and if d = 2r; we have

p(dy) = %p(dk—l)-
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Let fp, = Vol(Dy)™? / fdV. We apply Jensen’s inequality to obtain

Dy
for — foe 1 \?
exp <
p(di—1) >
o 2
< oo velow) [ f exp<fizhgﬁyf) 4V () dV ()

< B[Vol(Dy,)Vol(Dy_1)] 7"

We then have

/Dy = fDi1| < P(di—1)v/1og(BIVol(Dy) Vol (Dy—1)] ") (3.19)

By the definition of Dy, we have

p(dk—1) = 4[p(dk) — p(dg+1)]-

Then because
Vol(Dy,) = O ((dk)d> as k — oo,

4 C > 0 such that
Vol(Dy,) > C(dy,)?

so that dpy1 < u < dj, = u=¢ < C[Vol(Dy)Vol(Dy_1)]"!. Then we can write (3.19) as

dy,
\fD, — fDuy| < 4/ log(BCu=2%) dp(u).

di41

Summing these and using continuity of f we get

da
@) = ful = Jim |, = ful <4 [ \/os(BOw=) dota).

Now dy < d(z,y) so if we need to we can replace B by a larger bound to ensure the

integrand is defined, and after doing so we have

d(z,y)
!ﬂ@—ﬁﬂ§4A log(BCu~24) dp(u).
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The argument is symmetric in x and ¥y, so an application of the triangle inequality yields
the conclusion.
O

Suppose now we are given a (centered) Gaussian random field X, over (M,g) and
consider its restriction to a compact set Iy as above. Suppose further that the function
K(z,y) = E[X,X,] is continuous on Iy x Iy. Then K (z,y) determines a positive trace class

integral operator on L2(Io, dVy) and by Mercer’s theorem we have

2,y) =Y Medr(@)dr(y)
k=0

uniformly on Iy x Iy, where A\; and ¢; are the eigenvalues and eigenfunctions of K respec-
tively.
Let
p(u) = sup{y/E[| Xz — X, I’ : d(z,y) < |ul}

and

= V()0
k=0

where the 5 are independent standard normal random variables.

We then have the following adaptation of Garsia’s theorem to the manifold setting:

Theorem 3.5.3. (Manifold version of Theorem 1 in [31]): Suppose that for x,y € Iy as

above .
diam(Ip)Al
/ V= log(u) dp(u) < oo
0

Then with probability 1
1 iy
X - X< / log(BCu~1) dp(u)
0

where C > 0 and

sup/l0 /Io exrp— <Xm e j)%) dV(z)dV(y) < B < oo

almost surely. In particular the partial sums X' are almost-surely equicontinuous and
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uniformly convergent on Iy.

proof. Let

e (AN 1 (07 @) - Y @) (X - X ()
P"‘eXp8<p<d<x,y>>> e < pld(z,y)) >

where Y*(z,9) = /Mu(ér(z) — dx(y))0k. Then by independence of the ) and Jensen’s

inequality for conditional expectation

E[Pp+1|Pny -y P1]

1 (X — X;}H 2
=P, |E |exp- R —— P,, ... P~
" 8\ pldz,y)) "

S s (0]
~ e (E KY”H”))\PT“...,PID
> P, as.

Thus {P,} is a submartingale. Next note that E[P?] < v/2, as

X7 — X7
p(d(z,y))

is centered, Gaussian, and has variance less than or equal to one. Then applying the

classical submartingale inequalities we have

E[max P2] < 4E[P?] < 4/2.

m<n

Applying the Fubini-Tonelli theorem we then have

X2 — XM\?
E (/[0 max exp <y> dv (z) dV(y)> < 4V2(V(Iy))*.

I msn p(d(ac,y))

Letting n tend to infinity and applying monotone converge yields

E[B] < 4V2 (V (I))? < oo.
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We then have that almost surely

/10 /10 eXpi (M)Q dV(z)dV(y) <B<oco  VYn

so that Lemma (3.5.2) applies.
Lastly note that from

E ZAWZ] => N :/ K(z,z)dV(z) < oo
k=0 k=0 Io

we obtain with probability one
[e.e]
> b < oo,
k=0

which together with the conclusion of Lemma (3.5.2) implies the almost sure uniform
convergence of {X'} on I.
U

As remarked in [31] this result gives a sufficient condition for the existence of an almost

surely continuous version of X,. The next result establishes Holder continuity.

Theorem 3.5.4. (Manifold version of Thm 8.3.2 in [1]): Let the field X over Iy C M be
as above and let v = sup{f : E[|X, — X,*] = o(d(x,y)*") uniformly on Iy}. Then there
exists a version of X with sample paths that are almost surely uniformly Hélder continuous

over Iy of any order < ~.

proof. Let p = d(z,y). First note that, with p(u) as above, we have for any L > 0

/ p(e_mQ) dz < ce/ e~ (97 4 < oo
L L

for any 0 < € < v and some constant c¢.. But this is equivalent to

diam(io)A1
/ v —log(u) dp(u) < oo.
0

Thus by the previous result we have a version (which we also denote by X) for which

| X» — Xy| < Bp(p) + C/Op v —log(u) dp(u) a.s.
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for some constant C' > 0 and some positive random variable B which is almost surely finite.

Now for any 0 < € < v we have some constant C. > 0 such that p(p) < Cep?™¢, and
p

similarly / /= log(u) dp(u) < ClLp?=¢ for some C! > 0. Thus, with probability 1, for
0

each € > 0 there is an almost surely finite positive random variable A, such that
[ Xe = Xy| < Acd(z,y)"™°  Va,y €l

O

Note that we can also show under the hypotheses of the theorem that in any disk of
positive radius in Iy the sample paths of X fail to be uniformly Holder of any order greater

than ~. Indeed,
Xz — Xy

d(z, y)rte
is a centered Gaussian random variable with variance O(d(z,y)”2) and thus becomes
almost surely unbounded as * — y. For example we can pick any countable dense subset
of Iy and modify X on a set of measure zero to obtain the failure of Holder continuity at
each point in the set. Any stronger converse statement will require more refined tools, i.e.,

local times, which we will not attempt to develop here.

Remark 3.5.1. We mention here that the results in [50], of which the author became aware
after submission of the present article, may be an alternative to the results above for

establishing sample path continuity in Theorem 3.6.
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Chapter 4: On the Largest eigenvalue of products from the -Laguerre ensemble

4.1 Introduction

The limiting spectral behavior of products of random matrices has been the subject of a
number of studies in random matrix theory and various results on the limiting spectral
distribution of such products are by now known (e.g. [49, 14, 12]). In general the spectra
of such products will be complex, but in the event it is real, e.g., that of the product of
two Hermitian matrices where one is non-negative definite (see for example [5, 53, 13]),
it makes sense to speak of the largest eigenvalue. There are strong limit laws known
for these largest eigenvalues, but so far there are no results regarding the distribution of
the fluctuations around the strong limit. The purpose of this paper is to investigate this
limiting distribution in the setting of the S-Laguerre ensembles.

The S-Laguerre ensemble generalizes the classical Laguerre ensemble by allowing 5 to

vary over the positive reals in

L
e T = nlP TI A e, (1.1)
k=1

i<j

where without loss of generality x > n and cgﬁ is a normalizing constant (see e.g. [28]).
The above densities first arose in the study of certain quantum systems and orthogonal
polynomials (see [28] and references therein), however there were initially no known random
matrices with these eigenvalue densities. Then in [25] the authors constructed families of
tridiagonal random matrices whos eigenvalue densities agreed with the above, and in [51]
the limiting distribution of the largest eigenvalues was determined, thus generalizing the
classical Tracy-Widom laws for 8 = 1,2,4 to a family of distributions indexed by § > 0,
denoted T'Wjg.

In a first approach to the general problem of finding the limiting distribution of the

largest eigenvalue of a product of random matrices, we are free to choose which matrix

Submitted for publication, January 2013.
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ensemble to work with and the S-ensembles along the methods employed in [51] are partic-
ularly amenable to such a study (the reader may note that throughout this paper we make
the slight abuse of language in referring to both the above density and the corresponding

family of random matrices as the 5-Laguerre ensemble). Our results are as follows:

Theorem 4.1.1. Let XE and X! be two independent elements of the 3-Laguerre ensemble,
with k = p and q respectively. Assume that n < p < q and that p = O(n) = q. Then if Ay

is the largest eigenvalue of XP X1

An0 — d
n, Hn LN
On

TWg,,

where TWp, denotes the Tracy- Widom Law with parameter By and

(Vi + V)i (Vi + Va)i
(VD)3 (v/71G) 5

the constants Cy, and ¢y, being defined by (4.8) and (4.9) in section 2.4 below.

Bo :nh_{gocnﬁv Hn = (\/ﬁ+\/ﬁ>2(\/ﬁ+ \/51)27 On = Cp

)

We have written the scaling terms to ease comparison to the case of a single matrix
(e.g. [51], Theorem 1.4), where by the hypothesis p = O(q) we have ¢, — ¢ € R. It is
worth noting that if both matrices are identically distributed, i.e. p = ¢, then C,, = 2, so
even in the i.i.d. case the parameter of the limiting Tracy-Widom law is different than that
of the factors.

In [51] the authors show how elements of the S-Laguerre ensemble can be realized as
finite difference approximations to a stochastic differential operator on [0,00). Just as in
the usual finite difference schemes, e.g., for the Laplacian on [0, 00), the lowest k eigenvalues
and eigenvectors converge to those of the limiting operator. This characterization of the
limiting distributions is robust and we make full use of the results and techniques in [51]
below, in particular Section 5 in that paper. We note here that although we assume in
Theroem 4.1.1 that n < p < g, this is only to simplify the proof; one can relabel parameters
without altering the arguments in any essential way.

In the next section we outline the setup from [51] and then proceed to the proof of

Theorem 4.1.1. We end with some remarks and further questions in section 4.3.
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4.2 Proof of Theorem 4.1.1
4.2.1 'Tridiagonal elements of the -Laguerre ensemble

Here we briefly describe the tridiagonal matrix ensemble that realizes (4.1); for proofs and

further discussion see [25] and [28]. Let x, denote the random variable with density

2 a—1_—z2

e,
(%)

said to be a chi random variable with parameter o. Let B,, k > n be the following matrix:

Xa ™~

)NCBH
XB(n—1)  XB(k—1)

XB  XB(k—n+1)
where Y, and x, denote independent chi random variables. Then the eigenvalues of
X, =(Bn)" By,
have the density (4.1). Note that X, has

~2 2
XB(r—j+1) T XB(n—j)

along the main diagonal, j =1,...,n, and

XB(k—j) XB(n—j)

above and below the main diagonal.

4.2.2  Notation and Setup from [51]

Unless specified otherwise, for vectors v,u € R", (v, u) denotes the Euclidean inner product

and ||v]| = v/ (v, v).
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Fix 8 > 0 and let X,il, i =p,q, be as above. Define

HPEM HQEM

n n
On,p On,q

(#5) (2

2
1
—_— :n§
v+ i 14 ,/i

Wi

Mnpi —

)

(e V), UM:M,
fini = (Vn 4 Vi) : )}

Note here that the X¢, and hence the H}‘l, are independent, a fact we will use repeatedly

n’

below.
Let L* be the following subspace of L?,

L* ={f € L*0,00) : f(0)=0, |||} < oo}

where

1912 = [P+ af+ P
0
Let B be standard Brownian motion on [0, 00) and for f € L* define

d? 2
Hg(f) = —gaf raf+ ﬁB f

where B’ f is the distribution given by

d t
— dB
il !

and where we denote the action of Hgf on a test function ¢ € C° by

(¢, Hpf).

Thus if ¢ is a test function,

(B/f,¢) = _(f/B7¢) - (va¢/)



63

In [51] it is shown that (g, Hsf) defines a continuous bilinear form on L* and if A denotes

the smallest eigenvalue of Hg, given by

A =inf{(f, Hgf),: f €L |[fll2 =1}, (4.2)

then —A is distributed as T'Wj, that is, —A ~ TW3.
Next let Ly, ; be the subspace of L2[0,00) consisting of step functions of the following

form:

Let P, be the projection from L? onto this subspace. Then Ly, ; is isometric to R" with

)

the inner product
n
-1 -1
m,, (v, u) =m,; Z VUL,
k=1
n

(f,9)12 = chdkm;é = m;;(f, g)Rn-
k=1

We let T,, denote the shift operator

(Thv)k = Vg1,

that is, the operator given by the n X n matrix with 1’s above the main diagonal and zero’s

elsewhere. Then define the difference operator
ALy = M (v — Vg—1) = M (I — Ty,

i.e., for ¢ € C° ALAYP,¢ — ¢ in L?, and note ||T;,|| = 1. Additionally, for two vectors

u,v € R" we denote by uxv the vector

(u1v1, .« ., UpUy).

Now H' takes the following form:

. o o 1. .. 1o
Hyo = =AL A0+ (Anyna) v+ 5 (Anna)  Tov + 5T (Ann2) v,
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Anyn]_nn]—’_A:l n,js
(1) —%( +i— BTE[XG + Xan-r)) = 3L’i(%—l)
Tn,1)k = i n+1 XB(i—k+1) T Xg(n—k)l) = v )

2

1 mni s _ ~
(Mho)k = \/Tj?(\/ﬁ — BT'EXg(n—k) Xa(i—k)])>

(wr,

—1/ 4
Xn ]+X'L ]4»1)) n,i(n;,l)lﬁ
1

m?’lZ

m;( 50 X8-3) ) — Mok (T 2k

(w;,z)k =

We now collect some bounds we will need in the proof below in Section 4.2.3. In [51]
it is shown that for each ¢ and any subsequence Hflm there exists a further subsequence
and a probability space such that the statements below hold almost surely; from now on
we will assume we are working with such a subsequence.

First we have that for any e > 0 there is a . > 0 such that

AL w), ol < i€+ ¢ (4.3)

where
i k
nn,k’ = ]
n,0
Next we have the following two bounds
7772,]‘,19 < Qmi,i, it < 77%,1,k + n%,z,k < iy’ (4.4)

for some ¢] > 0. Finally (cf. Section 6 in [51]), there exist independent Brownian motions

B? and processes y; () such that

yfz,j(x) = (y;,j)La:mnqu lxmn’qe[(),n] — y;(l') (45)

and
2

Un1(@) +yna(@) = —=B'+ o

%w

in the Skorokhod topology on D[0, o0).
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4.2.3 Outline of the proof

Let HZ; denote the operator Hg above with B' in place of B. In [51] the authors show,
for each subsequence restricted to a further subsequence such that the above bounds hold
a.s., that the smallest eigenvalue and corresponding eigenvector of Hfl converge to that of
Hé using three Lemmas, numbered 5.6 — 5.8, the content of which is as follows: Lemma
5.6 states that there are positive constants ¢, independent of n such that for all v € R"

2

7,1k

AN0l1F s = my i ll0l13 < my i (Hyv, v)rn < lo]l7 ;.
where

. .1
101 e = mg s (1AL OlRR + 1) 201 En + [[0]1Fn)-

This is a coercivity bound used to control the eigenvectors as n — co. Lemma 5.7 estab-
lishes convergence in the sense of distributions, i.e., if f, € L . is such that f, — f and

AL f, — ' weakly in L? then for any ¢ € C*°

(&, Hyfu) 12 — (&, HEf).

Lastly Lemma 5.8 ensures that the eigenvectors of H}l contain a subsequence converging to
those of H': If f, € Ly, Hf||72M* < c< oo, and ||f]|32 =1 then there exists a subsequence

fny such that fn, —r2 f € L* and (¢, H}, fn, )12 — (¢, Hyf) for all ¢ € C°.

We want to study the smallest eigenvalue of

P y4a p q q
H _ anpunvql — XTLXTL _ :U”ﬂ,p-[ - Xn X’I’L Mn7p Mmq-[ - X’I’L
" 2 52 - 2 2
Un,pan,q On,p O-n,qo-nﬁﬂ Un,po-nyq On,q
Hnq P In,q 17q Hn,p q
= 5 (I - ——"Hy) + —"—Hj
O-n,qo-n’p ILanq Un,po-nvq
2 2
_ _ m m _
n,p"n,q
= anHP + b, HE — e o
mnO'mpO'n,q
where
1
Hq 2 Hp 2 3
i — my _ (ai,qan,pmnvp—i_ aﬁypamqmn,q) Mn,pMn.q
n=— 9 ns Mnp = Tig

Iz
Mng + 53 5—Mnp

3 2
n, On,q%n,p On,p9n,q
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and ) )
mn,prun,q mn,q“%p
_ b —
n = 59 ’ n= 00 :
mngn,qo—mp mno—n,po—’mq

This choice of m,, ensures the proper scaling for the convergence we need below.

In the next section we determine the limiting operator of H,, in the sense above. The
product term HEHZ prevents us from directly applying Theorem 5.1 in [51], so instead
we will follow the proof of that Theorem, stating and proving Lemmas analogous to those

above.

4.2.4 Convergence

To begin we first establish analogous almost sure bounds to those above. We have

_ , 1 : 1 ;
H:l'U = —AnA:;U + (Ang;,l) % v+ 5 (Angf’bﬂ) % Tn'U + §T7>: (Ang:lg) % v

where
A, =mu(I=T)),
i i
Anbp,j = T, + Bntlp,j,
2
= mnni o=
n,Jg 2 n, j ) n, | n, j )
J m2; J I gy ™
ie.,
1 k m
i o _q _q _ n 7
(yn,j)k = E (nn,j)k + (wn,j)k = (yn,j)k
mnp i1 Mpg

Noting that by hypothesis
i = O(my ) = O(mn,g) = O(n'/?),
it follows easily from (4.3) and (4.4) that we can reduce to subsequences as above such that
(An}, k| < M€l + ce, (4.6)

Mk <2mi, A<+ Mox < c5il, (4.7)
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and the processes defined by

Ui (%) = Wng) | wmn, | Lemn < [0, 7]

are convergent in the Skorokhod topology on D]0, c0), where 7, = k/m,, and where we
have used the same notation for the constants as in (4.4), though they may be different
here. With the bounds (4.6)—(4.7) in hand, the proofs of Lemmas 5.6-5.8 in [51] apply to

}_Iqu without change, a fact we will use below.

a b
If we now let ¥, ; = —nyjﬁj + —"gflj where
cn ™M eyt

(vp + vng)* (Vn+ va)*y/np + (Vn + v/p)*/nq)
(Vn+ vV + v ’

Cp = Ay + b, = (4.8)

then by our choice of m,, and using the independence of the ¢, it follows from [51], Section

6, that there is a Brownian motion B, such that

_ _ z2 2
Un,1 () + Yno(x) — 5 + ﬁBm
D 7 S WS OV /) e (A Vs |
= s Ty 3 2 =1+ m 5 v (4.9)
mpp Cn my q Cn VP4 ((\/ﬁ + \/]3) + (\/ﬁ + \/@ )

in law with respect to the Skorokhod topology on D[0, o0). As already noted, we can reduce
to a further subsequence such that this convergence holds almost surely on some probability
space. We now have a candidate limiting operator:

& +r+ 2 B! H Bo=Cp li
— T+ ——= = cHg,, =Cp, c =limcy,,

da? VCB* . ° "
the idea being that ¢, (a,HE +b,HY) — Hg, and the product term H?HJ vanishes in
the limit.

Hn—>c<

In the following lemma we let L; be the analogue of the discrete spaces already defined

above for our new scaling term, e.g., L) is the space of step functions of the form

mp ' Mmn

n
[= Z CEX[k=1 &
k=1
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and P, denotes the projection from L? onto this space.

Lemma 4.2.1. Let f, € LY be such that f, — f and A, f, — f weakly in L*. Then for
all p € CF°
<¢7ann>L2 = <Pn¢7 ann>L2 — (¢7CH50JC)-

proof. The bounds (4.6)—(4.7) can be extended additively to a,, H? 4+ b, HI and the proof of
Lemma 5.7 in [51] goes through without change to show that under the hypotheses above

(6, (anHE + 0o Hi) fu) 12 — (¢, cHpg, f). (4.10)

Next,

m2 . m?2

Mo = O (ma?)
so the proof of Lemma 4.2.1 reduces to showing
my, (@, HYHY fo) 2 = my, > (HE Pudy, —=An Ay fo) g2+ 2 (HE Pody, Hi fro+ An A ) 12— 0.
First note that for g € L?, T,g — g in L? and likewise for T)*. Then
(9, Tnfn)r2 = (T59, fn)r2 = (9, [ 12
so T, fn, — f weakly and likewise for T, f,,. Similarly T,, 7 f, — f weakly. Thus
(Ty—D(I—-T,)fn—0

n

weakly. Next observe that
(9, An(T, = DI = To) fn) = {9, (I = T) (T = DAL fn) = (T3, = DU = Tn)g, A fn)
and (T — I)(I — T,,)g — 0 in L. We also have A’ f, — —f’ weakly. Thus
ATy — DI —Ty)fn — 0
weakly as well and Lemma 5.7 in [51] now implies

My 2 (HE Py, —An A fo) 2 = (6, HY(Ty — 1) (I = T) fu) 12 — 0.
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For the terms

we note that from the proof of Lemma 5.7 in [51] we have the following: If g,, € L}, is such
that g, is bounded uniformly independent of n, g, and A, g, both have supports that are

contained in a finite interval I for all n, and both are convergent in L? with
L2 L?
gn =g and Ang, =g,

then
(Gny HEfro + Dp A5 ) 2 — (g, HOf + F7)

for all f,, as above. Thus if we show that g, = m,, QﬁﬁPngZ) satisfies the above hypothesis
and g, — 0 the proof will be complete.
The existence of I comes from ¢ € CZ° and uniform boundedness follows easily from
(4.6) and (4.7) together with the compact support and uniform boundedness of P,,¢.
To control
A,my 2HP P,

we first consider A, (—m, 2A A% Pop) = (I —T)(TF — I)AX P,¢. By the arguments above

this converges to 0 in L?. For the potential term

Apmy,? ((Angﬁ,l) P+ % (Anihs) TuPad+ %T; (Antha)_ anb) (4.11)
-1 (=1 Paot (= T0) Tuio

w57 (U= TD), Pao)
we note that gjgj(x) are locally bounded and convergent a.e. This combined with the
compact support of P,¢ implies the ijy j (z) converge locally in L?, and by the arguments
above regarding T}, we find that the above converges to 0 in L?. That m,, QﬁﬁPn¢ L—2> 0
follows similarly.

O



Lemma 4.2.2. Define the following norm on R":
012, = mis (1 AnvlEo + 170 30l + 030).
Then we have constants Cy, > 0 and N > 0 such that for all n > N
Cillol2. = Comna  [ollzn v/ TollBw — Comi ull2e < (Hov,0) .

proof. We have by definition

_ . » 1, 1,
Hv=-AANv+ ((77:11) LUt 3 (77711,2) . Thv + §Tn (77;’2) " v>

. 1 . 1, ., i
() v (Buih), T+ 573 (B, o)

= A'v + B'v + C"v.
So letting
2 2
mn?pmn’q
d = 1
mno—nvpa—nvq
we have

an{HPv,v) + b, (Hlv,v) — m(ﬁpv Hiv)
T nAn mionpong . "
= an(((AP + BP)(I — dpa, (A1 + BY))v,v)) + b, ((A? 4+ BY)v,v)
+ d,, ((C%, (AP + BP)v) + (CPv, (A7 + B)v) + (Clv, CPv))

+ an (CPv,v) + b, (Clv,v).

We first bound (4.14) and then (4.13). We have from (4.6)

iy, | AL W vkl < (1€ g + cevrl].
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(4.12)

(4.15)
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Then for m,,%(C%, CPv) we have

M O] < /el + coell + 5 1Ak o Tovell + 51T At 0
= |/ T ectnll + Ik, o] + ST Al
< /@i ¥ vl + 311/ T et + 5 T3 AL ]
< I/ €Mk + cevi|l + %H\/ €Tn 1 + CcVpr1 | + %H\/ €Mnk—1 + CeVk—1 ||
< 2| efs F el

and so

[y, 2(Ct, CPv)| < Aly/€nng + cevrll* = dell /T xvel* + cellv]]?

< demp||v][Z, + cel|v]En. (4.16)
For the (A, C) terms,
my A% = (1= T3) AR < 2| Ao
for constants ¢ > 0, so we have
my, A% < callAnvl|
for some c4 > 0. Thus

2O, 470)| < 2/ + ccunlleall Ano
< 2e4(v/emal[ol, + Vedvl)vimalloll,
= 2ex (Vemaloll2, + vedlolleVmaolB.) . (417)

and similarly for m,,2(A%, CPv).
For the (B, C) terms note that

my 2 [(Anwh )il < mp Ve + ce < Ve ma®i+myl e < eiv/e+ myl /e,
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By Cauchy-Schwarz and (4.7) we have

]mflz(C%, pr>‘ < 02(01\/E + mrfl\/a) Z(ﬁn)kvz
< cz(erv/e+ my, e mal|vf5. (4.18)

and likewise for m,,2(CPv, B1v).

For the remaining noise terms, we have from the proof of Lemma 5.6 in [51] that
(Clv,v) > —ca/emnlvll7, — c5(e)[v]|fn.
For (4.13), first we note that from the same Lemma in [51] using (4.7) we have
((AP + BP)v,v) > 0.

After some algebra we find

By definition,

my (AP + BPYv,0) =Y (my,2(7h 1 )k — 2)07 + my, > (7 5)k + 2) 0kt
<y (0 )k + 2)VkVk4a
< 4/

using (4.7) and Cauchy-Schwarz. Thus
dnay (AP + BP)v,v) < ||v]®

and so
I —dya, (AP + BP)

is Hermitian with spectrum contained in [0, 1]. Thus

T = (AP + BP)(I — dyna,,* (AP + BP)),



73

being the product of two Hermitian, nonnegative matrices has only real, nonnegative eigen-
values (though it need not be normal). Then using standard results (see e.g. [35], Chapter

1 and [57]) on the numerical range of T
{(Tv,v) : vl =1},
we see that (T'w,v) > —||v||%. Thus
((AP + BP)(I — dypa,* (AP + BP))v,v) > —|jv|%. (4.19)
Lastly, from [51], Lemma 5.6, we know
(A7 + BT)v,v) > cgmnlvll7, — czlv]|*.

Noting that a,, by, and d,, are convergent, we now have constants cs, cg, c19(€), c11(€), c12(€) >
0 such that

an(HEv,v) + by (Hlv,v) — dp (HPv, Hlv) (4.20)
> (es — cgO(e) — cro(€)my, Ym|0l[7, — crr(e)|[ollv/mallvl|2, — erz(e) o).

Taking € small and then n large establishes the lemma. O

Lemma 4.2.3. Suppose f, € LY, with || f]|2, < ¢ < 0o and ||fa|lz2 = 1. Then there exists

*n —

f € L* and a subsequence fp, such that fp, L—2> f and for all ¢ € C° we have

<¢?anfnk>L2 — (¢a CHﬁof>'

proof. The proof is that same as that of Lemma 5.8 in [51] and we omit it. O

Let an,g and v, 0 be the smallest eigenvalue and corresponding eigenvector of H,, such
that [|vnol72 = m, |vnoll&e = 1, and let Ag and fy be the same for Hg,. To show that
5\”,0 — ¢A\y we can proceed exactly as in [51], repeating the arguments for completeness.

Suppose lim inf 5\7%0 < 0o. Lemma 4.2.2 shows that )\, o is uniformly bounded below so
there exists a subsequence such that j\nk,O — lim inf S\n,O- Lemma 4.2.2 now implies that
[n,.0ll%, are uniformly bounded, Lemma 4.2.3 then implies that a further subsequence

converges to some f € L* as in Lemma 4.2.1, and so Lemma 4.2.1 implies that for this
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further subsequence
<Pn¢7 anvnk70>L2 — (¢a CH,Bof)-

Then it follows that
(¢a CH/J’O f)

A0 50 — Yiminf A,

<f> f>L2

for all ¢ € C2°. Thus
lim inf 5\,170 > cAy.

To see limsup Ao < cAg, let f© € C° be such that | f€ — fol> < e. Then by the

minmax principle and Lemma 4.2.1,

. 3 . <Pnf57HnPnf€>L2
limsup A\, o < lim su
p TL,O — n*)oop <Pnf€’ Pnf€>L2

(fea CH,BofE)
<f67 fE>L2 '

(4.21)

Letting € — 0 we have
(va CHﬁofO)

(o foype cho.

lim sup 5\n70 <

Noting that by definition
3 - )‘n,O — Hn
—An0=Ch————,
On
what we have then is that for every subsequence of {\, o} there exists a probability space

and a further subsequence along which

Ano —
An0 7 Hn
On

—Ag
almost surely. Recalling that —Ag ~ T'Wp,, Theorem 4.1.1 obtains.

4.3 Some remarks

The reader may note that contrary to the approach in the classical case, the framework in
terms of a limiting operator allows us to avoid determining the eigenvalue densities for finite
n, which, depending on one’s point of view can be either an advantage or disadvantage to
the approach.

Although Theorem 4.1.1 does not tell us about the largest eigenvalue of the product
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of two independent Wishart matrices, it does suggest some interesting questions regarding
the classical ensembles. For example, in [13] the authors determine the limiting empirical
spectral distribution for a product of independent Wisharts, the limit depending on the
ratio of the two parameters in the product. The authors there conjecture that the limiting
distribution of the largest eigenvalue of such a product is a Tracy-Widom law. One can
then ask the following: If the limit does indeed follow a Tracy-Widom law TWg, what is
5, and does it depend on the parameters in a way similar to that in Theorem 4.1.17 Much
is still unknown about the full family of TWj distributions and it would be of interest to

see them arise for 8 # 1,2, 4 in the context of the classical ensembles.
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Chapter 5: Conclusion

The above papers are examples of how one can solve problems in probability using func-
tional analytic tools and intuition. Here we have only seen functional analytical ideas
applied to probability, but in fact there is much work where the direction is reversed and
probabilistic tools are used to solve problems in functional analysis. One particular area
that seems to me to offer a wealth of possibilities in both directions is the general theory of
random operators. Of course that is just one example of a still largely undeveloped subject
where probability and functional analysis interact, and it is my hope that the work here

helps to demonstrate the rich possibilities when these two fields are considered together.
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