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PERIODIC SOLUTIONS OF PARABOLIC PARTIAL
DIFFERENTIAL EQUATIONS

I. INTRODUCTION

The determination of periodic solutions to a parabolic
partial differential equation began with Fourier's work on heat
flow [4] (see also Carslaw [ 2] ). Fourier treated the problem

of finding bounded solutions wu(x,t) of

2
S =a2 a—u, 0<x<ow, -00<t<oo,
ot 2

Ox

satisfying u(0,t) = A cos wt, and applied his results to the study
of temperature variations in the earth's surface. Lord Kelvin

[ lO]ltook up the problem in 1861; he used periodic solutions of

the heat equation in order to estimate the thermal conductivity

of the soil. More épecifically, taking the surface of the earth to be

the plane x =0 and assuming that the surface has the periodic

temperature

00
(%) u(0,t) =u.. + z .. cos (jwt-€.),
( Ko s (i j

e

nn

]

the temperature at depth x was found theoretically by solving

the equation




u =ku |, 0<x< o0, -0 <t < o0,

subject to the boundary condition (%), to be

7 8

u(x,t) = o + p.j cos (jwt—ej + kxnj)
J=1
Y
where k = (—2?) and n is the thermal conductivity of soil.
Experimental results showed that the temperatures u,,u, at
depths X,» X, were represented as
00
= ! ! 3 e !
ul(t) ko + E p.j cos (jwt Ej )
j=1
and
- N " : e
uz(t) Ko +Z p.j cos (jwt ej ).
j=1
Comparing the theoretical and observed results one has
-kxl'\/Tj -kxz'\/Tj
LT R.e , Y= .e ) =g T K
HJ HJ HJ |~1‘J Mg = Hg T Hg
€' =kx Nj+ e, e"=kx Nj+ e,
] 1707 ] A
Inp! - npt el - ¢!
and hence . Lo L kNj . From this it is seen
27" 27"

that either the amplitude or the phase of any harmonic can be used




to compute k and hence the thermal conductivity =n.

Another application is that of determining the conductivity
of a metal [ 1]. Suppose that the metal is in the form of a cylindri-
cal rod. One end of the rod is kept at constant temperature while
the other end is subjected to periodic variations in temperature.
By comparing the theoretical and the observed temperatures at
various points on the rod, one can obtain estimates of the metal's
conductivity. This procedure, which is originally due to
Kngstrb'm [ 1], is similar to that used by Lord Kelvin [ 4] .

More recently [ 11] periodic solutions of the heat equation
have been used to study thermal stresses in cylindrical walls of
steam and combustion engines. Further applications of periodic
solutions of the heat equation, as well as an extensive biﬁliography,
can be found in Carslaw's book [ 2].

In the above examples it is necessary that there exist
periodic, or nearly periodic, solutions to some parabolic equation.
The general problem of obtaining existence theorems for periodic
solutions of parabolic boundary‘ value problems seems to have
started in 1939 with a paper by Karimov.[ 6]. In a series of
articles from 1939-1946 (see[ 6, 7, 8, 9]), Karimov solved the

boundary value problem




9 ou ou

i (p(x) 8x) e d(x,t) + pf(u) 0<x<1
0<t <1

u(0,t) = u(1,t) = 0 0<t<1,

u(x, 0) = u(x, 1) 0<x<1.

Karimov assumed that (i) ¢(x,t) = é(x,t+1), (ii) $(0,t) =4(1,t) =0,
(iii) ‘ %»ﬂ exists ;nd is bounded, (iv) f satisfies a Lipschitz
condition, (v) £(0) =0, and (vi) p(x) 1is continuously differ-
entiable and satisfies p(x)> 0 on 0<x<1l. P isa real
parameter. (The fact that u(x,0) = u(x, 1) insures that u(x,t)
can be extjended periodically into 0<x< 1, -0<t<o0.)
Karimov was able to demonstrate existence of a solution to this gen-
erally nonlihear problem, but was able to ensure uniqueness only
by imposing the additional restriction that the parameter u be
"sufficiently small".

The next significant existence theorem for parabolic equa-
tions appeared in 1952 in a paper by G. Prodi [15]. Here Prodi

showed that, under suitable conditions, the nonlinear boundary

value problem

u =u +f(x,t,u,u ), 0<x<f, -0<t<o0,
t XX X

u(0,t) = u(,t) =0 -0 <t <




has at least one solution wu = u(x,t) which is periodic in t. In
addition to being assumed periodic in t, the function f must
also satisfy the growth condition: f(x,t, z, w)/wz—— 0, le — 0
for Iz! < M, where M > 0 is an arbitrary, finite constant.
Prodi obtains this result by using‘ the method of Leray and Schauder
(see [ 14] or also the textbook of A. Friedman [5]). Although
Prodi'é paper is a significant extension of Karimov's existence
theory, he does not examine ﬁniquéness.

Two years later [ 16]‘ in 1954 Prodi shov&:red that the more

general problem

u =u  + f(x,t,u,u ), 0<x<f, -0<t<oo
t XX , X

u(0,t)

$,(t,u(0,1))

u(l ,-t)

¢2(t, u(f,t)) -0 <t <

has at least one periodic solution. Prodi again used the Leray-
Schauder method to get this result and again did not obtain unique-
ness.

In 1961 émulev [ 18] extended Prodi's [ 16] existence theory

to the problem




u =a(x,t,u)u + f(x,t,u,u ), 0<x<{f, -0<t<oo©
t XX x

ut(O,t) ci)l(t, u(0,t), uX(O,t)), -0 < t < o0,

U-t(»@,t) ¢2(t,u(£,t), uX(Z,t)), -00 <t < 00,
where f, ¢1,,, and ¢2 satisfy certain smoothness, growth and
periodicity conditions. This was the first paper that allowed the
principal part of the equation to be nonlinear. Smulev did not,
however, take up the question of uniqueness.

In this same paper Smulev considered, for the first time,
periodic parabolic problems in several space variables. He

treated the parabolic boundary value problem

n n
u, = z aij(x,t,u)ux.ux. + Z bi(x,’c,u.)u.Xi + a(x,t,u)
i,j=1 | ST |
(X,t)G D X (_00,00),
u(x,t) =0 (x,t) € dD X (-00,00) ,

where D is a suitably smooth, bounded domain in n dimen-

sional Euclidean space, 8D is its boundary, and x= (xl,xz,-n xn)
is a point in n dimensional Euclidean space. In this problem

v

Smulev needs to assume a,,, b,, a are all periodic functions in

ij i
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t with the same period T, and that the functions aij satisfy
the usual parabolicity condition.
Later in the same year, émulev [19] considered the

parabolic partial differential equation

| n ) n
1 Bu _ 0% b
(1) 5 - Z aij(x)8x.8x. +Z bi(x) B + c(x)u + f(x,t),
. T i £ i
i, j=1 i=1

(x,t)eD X (-0, )

\
|
|
\
1
l with the boundary condition
\
\
\
|

(2) ulx, t) = Y(x,t) (x,t)edD X (-0, ),

where the functions f and | are assumed to be periodicl
functions in t with the period T. Assuming the functions

a..,, b., ¢, f, Y, andthe boundary, 98D, to be sufficiently
smooth, he shows the existence of a unique, periodic solution to the
problem (1),(2). In the same paper, émulev gives an existence
and uniqueness proof for solutiops to the equation (1) subject to the

Neumann boundary condition

/o :
There is an oversight in Smulev's paper. The assumption that
be periodic in t is omitted, but is needed in the proofof thetheorem.




3) 20D 4 b t) = gl t)

(x,t) e 8D X (-c0, 0),

ou . . . . . . .
where —— 1is a directional derivative in the direction of the

ov

interior conormal to 9D. More specifically, if

p(x) = (Hl(X), SRITI Hn(x)) is the unit interior normalto 8D at

the point x, then the vector v(x)-= (vl(x), e, vn(x)), where
n .

the components are vi(x) = Z aij(x)uj(x), i=1,-+-,n, lies in
j=1

the direction of the interior conormal. To obtain his existence and
uniqueness results for the problem (1), (3), Smulev had to assume,
in addition to certain periodicity and smoothness requirements,

that B(x,t)<b <0, b a constant. The existence proofs in

0 0

this paper make essential use of Fourier's method of separation of
variables.
v
In his most recent paper [ 20], Smulev proves that if the

parabolic boundary value problem

n n
(4) Z a,.(x,t)u + z b.(x,t)u + c(x,t)u-u, = f(x,t)
i) X.X, 1 X, t
e i . i
i, j=1 i=1

(x,t)eD X (-0, o)

(5) u(x,t) = d(x,t) (x,t)e 8D X (-00, ),
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has periodic data in t, in addition to other conditions, then the
problem has a unique solution, period in t. In the linear case
just described, Smulev was able to obtain both a uniqueness and an
existence theorem; however, when he took up the nonlinear prob-

lem

n
B 9 du
u, = Z o [ aij(x,t,u) % ] + a(x,t,u,ux)
N i i
i, j=1
(x,t) D X (-0, )
u(x, t) = P(x,t) (x,t)e 9D X (-0, o0) ,

he was able to extend only the existence theory for periodic solu-
tions, but not the uniqueness theory.

More recently [ 13] in 1966, Kusano showed existence of
periodic solutions for systems of quasilinear equation‘s:. He con-

sidered the following two boundary value problems (6), (7) and

(8), (9):
n
(6) Z a; (x,t)uz.x. - u}; = ak(x,t,u,Auk)
i,j=1 1
(x,t)eD X (-, )
(7) a“(x, 1) = ¢"(x, 1) (x,£) € 9D X (00, %),

(k: 1,2,""n)
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n
k k
(8) Z -'zl..(x,‘c,u.)u.k -u = a (x,t,u, Au)
1] XX, t -
i, j=1 1)
(x,t)eD X (-0, o)
k k
(9) u (X,t)=¢'(X,t) (X,t)Ean (-00, OO),
(k‘:l,z,...,n)
where
u=(u1,u2,"',un), Auk=(uk , uk AR s )
X X X
1 2 n
and
Au = (Aul, Auz, e, Aun) .

In problem (6), (7), Kusano made use of the Schauder fixed point
theorem and in problem (8), (9) he used the Leray-Schauder method
to obtain the existence of periodic solutions. In neither problem
does he discuss uniqueness questions.

It is the purpose of this thesis to extend the current litera-
ture by showing that, under suitable conditions, the four following
parabolic boundéry value problems I-IV have periodic solutions.

In all these problems the operator L is defined by

n n
Lus= Z a (x,t)u  + Zb.(x,t)u re(x, t)u - u
i) XX, 1 X, t
i3=1

U 1
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and the functions aij satisfy the usual parabolicity conditions,

namely see definition 2. 4 of the next section.

Problem I
Lu = f(x,t) (x,t)e D X (-0, )
g—:+ B(x,t)u(x,t) = g(x,t) (x,t)e 0D X (-, )
Problem II
Lu = f(x,t) (x,t)eD X (-0, )
g% ¥ B, tulx, t) = glx, £, u) (x,t)e 8D X (<w, o0)

Problem III

Lu = f(x,t, u) (x,t)e D X (-0, o)
%+ B(x, thu(x,t) = g(X, t) (x,t)e 8D X (-0, o)

Problem IV

Lu = f(x,t, u) (x,t)eD X (-0, )

-gl:* + B(x, thu(x, t) = g(x,t, u) (x,t) € 8D X (-, ) .
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Problem I generalizes gmulev's[ 19] result for the Neumann
problem by allowing the céefficients of the operator to depend on t.
We also obtain uniqueness for problem I. The proof of the existence

of a periodic solution to problem I follows along the same lines as

“Smulev's ingenious proof for the corresponding Dirichlet problem.

Problem II is an extension of problem I, since in problem II

- the function g depends on the dependent variable u, as well as

on x and t. In problem II uniqueness is obtained, but only
under stronger conditions on the function g. The proof of the
existence of a periodic solution to problem II depends on the con-
cept of a sequence of families of functions converging in an equi-

convergent manner, which will be introduced below. Using this

- concept, one can show that a certain class of functions is compact

and hence one is able to apply the Schauder fixed point theorem
[3] (_see~aiso [17]).

Problem IIl is also an extension of problem I, since the
function f depends on x,t and u. For this problem we also
obtain a uniqueness theorem but again under fairly strong conditions-
on the function f. The existence proof for this problem also uses
the Schauder fixed point theorem, but in this case one must obtain
a priori bounds on the Holder constants of the solution.

Problem IV extends problems I, II, III. The existence of a

periodic solution to this problem is proved along the same lines as




13
in problems Il and III. In problem IV we can also obtain a unique-
ness theorem if we assume strong enough conditions on the func-

tions f and g.




14
II. PRELIMINARIES

We now introduce the notation and terminology to be used
throughout the rest of this dissertation. Further, for the con-
venience of the reader, we shall state several theorems which will
be of fundamental importance in obtaining our main results.

Let En denote real, Euclidean n-spaceand D a bounded
domain in En. Let points of En be denoted by x,§ etc.,
with their respective coordinates (x5 %5000 x ), (5’1’ €2’ 8 ).

n

Denote by D the closure of D, by 0D the boundary of D,

n

, 1/2
and let | x| = (z Xk) . An open interval in E1 will be
k=1

denoted by (a,b), closed by [a, bl, etc.

We begin with the following

Definition 2.1. A real-valued function f, defined on a compact

subset, D, of En is called H8lder continuous (with exponent

a, 0< ag< 1) if there exists a positive constant M such that
|£(x) - £(y)| < M[x-y]|®

for all x,y in D. I =1, f is called Lipschitz continuous.

More generally, if X 1is any real metric space, we shall

denote by C(X) the normed, linear space of continuous real-valued

functions f, defined on X for which the norm
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el = suP [£e],
xeX
is finite.
We denote by cP (-]SX (-, ©)) the normed, linear space
of all continuous real-valued functions f, defined for
(x,t)eD X (-0, ©), that are periodic in t with period T. The

norm is the uniform norm

l£]| = sup lf(x,t)].
D X (-0, )

(This will sometimes be abbreviated to Cp when the context
makes the meaning clear.)

We ’denote by CE (BX (-, ©)) the normed, linear space
of all CP functions which are also Hilder continuous. in the x
variables (exponent ), uniformly over - <t< . (This
space will sometimes be referred to as CE )

Finally we denote by C (D) the class of real-valued

1+N
functions defined on B whose derivatives are Holder continuous

with exponent \.

Definition 2. 2. The second order linear differential operator L

is defined by
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n n 4
Lu= z aij(x’t)ux,x. +z bi(x,‘c)u.Xi + c(x,t)u - u, -
i,j=1 Yo

Definition 2.3. L is said to be parabolic on D X (-, ©) if the

matrix (aij(x, t)) is symmetric and positive definite for all

(x,t)eD X (-0, ).

Definition 2. 4. L. is said to be uniformly parabolic on

D X (-0, ©) if there exist positive constants a,b such that for

all {E,eEn
n n n
2 2
< < .
2) 80 < ) aibeugE <b ) €
i=1 i,j=1 i=1
The boundary 8D is of class C if locally 9D

1+\

+v,x ) for

can be represented by X, = hix, ,x,,--- X X "

172

some i where h belongs locally to C1+)\(ﬁ)'

Definition 2. 5. We say that 8D satisfies the strong inside

sphere property at the point x(O)e oD if there exists a closed ball

(1)

B with center x '¢eD satisfying

(i) B<D

(i) B~ aD-= {xDy .




17

Definition 2. 6. Let 8D have the strong inside sphere property

O =6 e =P ,0

at the point X(0)€ 9D and let p(x

. . 0
denote the unit interior normal to 8D X (-%0,0) at (x( ),t We

0)'

define the inward conormal direction to 9D X (-0, ) at the point

(X(O) ¢

0) by the vector v = (vl, VL 0) where
n
_ (0) (0)
v, = Z aij(x ,to)p.j(x ,to) .
j=1

Having defined the conormal direction we now define the

conormal derivative.

Definition 2. 7. Let X(O)e 0D and denote v(x(o),t) the inward

conormal direction at (X(O), t). The conormal derivative,
&X’O;)—, of u(x,t), xeD, in the direction of the inward
() 1)
conormal at (x(o),t) is defined by
n

du(x,t 0 )

_Edztﬁl__ _ 25 ai.(x(oxt)u.bé ),t)§%£§JQ

av(x' ,t) .~ Y ] i

i, j=1

We shall now define the conormal derivative at a point on
the boundary 0D. Before doing this, however, we need to intro-

duce the idea of a finite ciosed cone.
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Definition 2.8. A finite closed cone K in En with vertex

at the origin is any set of points in En satisfying the implications
(i) xeK=}axeK' for 0<ae<M<owo, M fixed
(ii) vx,yeK% x+yeK
(iii)) xeK = -x¢K
(0)

By a finite closed cone K in E with vertex x is meant a
n

set in En which is congruent under translation with a finite closed

cone whose vertex is at the origin.

We can now define the conormal derivative at a point on the

boundary.

Definition 2. 9. The conormal derivative of u(x,t) for xedD

is defined by

du _ Oulx,t) _ . Buly.t)
v dv(x,t) v(x,t) ’
y X
yeK

where K is any finite closed cone with vertex x and satisfying

K ~ {x} < D.

Definition 2.10. We say that u = u(x,t) is a solution to the

initial-boundary value problem
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(i) Lu = f(x,t) (x,t)eD X (0, T]
(i) ulx,0) = y(x) 4D
(iii) g—: + B(x, t)u(x, t) = g(x,t) (x,t)edD (0, T ]

(1) u is continuous on D X [o,T]

(2) u_,u ,» i,j=1,--+,n, are continuous on DX (0,T]

(3) u_ is continuous on D X (0,T]

(4) u satisfies the above conditions (i), (ii), (iii).

For the convenience of the reader we shall state two theo-
rems, the proofs of which may be found on pages 144, 147 of

Friedman's text [ 5], and which we shall make use of in the sequel.

Theorem 2.1

The boundary value problem

Lll:f(X,t) (X,t)EDX (O,T]
u(x, 0) = Y(x) xeD
g—‘: ¥ Blx, thulx, t) = glx, t) (x,t)edD X (0, T ]

has a unique solution u = u(x,t) provided the following conditions
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are satisfied:

(i) L is uniformly parabolic on D X [0,T]

(ii) the coefficients of L are continuous and satisfy the

following Holder conditions on D X [o,T]:

: a
laij(x,t) ~aij(x(0),t)l < Mlx—x(o)l

(0

a
|b, (x,t) - b.(x o))
-1 1

),t)l _<_M|x—x

a
letot) - e, 0] < M|x-x{?]

D i
(iii) o is of class C1+)\

(iv) f 1is Holder continuous in x (exponent a) and is

uniformly continuous on D X (0, T]

(v) g, B are continuous on 9D X [0,T]

(vi) ¢ is continuous in D and vanishes in some

neighborhood of 8D.

The second theorem taken from Friedman's book contains
an a priori estimate on the solution of the above boundary value

problem. We shall state a slightly modified version, which will be

sufficient for our purposes.
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Theorem 2. 2

Let wu = u(x,t) be a solution of the boundary value problem
stated in the previous theorem, and assume that L is uniformly
parabolic in D X [0,T] with continuous coefficients. Assume

also that 0D is of class C1+)\ and that

(1) clx,t) <D on DX[0,T]

(ii) Blx,t) <b <0 on 8DX[0,T].
Then the following estimate holds on D X [0,T],

lu(x,t)| <K (SUP |f| + SUP |g| + SUP |y])

where the supremums are taken over their respective domains and
K is a constant depending on L, and D.

We now state two more well-known theorems which will be

‘needed later.

Schauder Fixed Point Theorem (see e.g. [3] or [17])

If X 1is a normed linear space and S is a continuous

mapping of K, where K is a closed convex subset of X,

into a compact subset of K, then S has a fixed point in K.

Before stating the final theorem we now recall the concept
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of equicontinuity.

Definition 2. 11. A family of real-valued functions {fa }, e
belonging to some index set A, defined on a domain D in En’
is called equicontinuous if for every ¢ > 0 thereisa 6> 0
such that Ifa(x) - fa(y)l <e¢ for all x,y such that |x-y| < &

and for all ¢ 1in the index set A.

We can now state the final theorem.

Theorem (Arzela-Ascoli)

A necessary and sufficient condition that a family of real-
valued continuous functions defined on a compact metric space X
be compact in C(X) is that the family be uniformly bounded and
equicontinuous.

For a proof of this theorem see e.g. [ 12].
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III. PERIODIC SOLUTIONS OF THE SECOND BOUNDARY
VALUE PROBLEM
It is the purpose of this section to extend ‘S’mulev's [19]
theorem by proving, under suitable conditions on L, the exist-
ence and uniqueness of a periodic solution u = u(x,t) to the

second boundary value problem

(3.1) Lu = f(x,t) (x,t)eD X (-, o)
(3.2) LB, tuixt) = glx, 1) (,t) 9D X (-w, o0) .

Uniqueness and periodicity theorems can be proved a priori
without using all the conditions needed for existence. We shall

accordingly state and prove these two results first.

Theorem 3.1 (Uniqueness)

Let u =u(x,t) be a bounded solution of (3.1), (3.2) and

assume that

(i) L is uniformly parabolic on D X (-0, o),
(ii) c(x,t) <0  (x,t)eD X (-0, o),

(iii) B(x,t) < b0 <0, b0 a constant, (x,t)edD X (-0, o0,

(iv) 9D ©belongs to Cl+)\ .
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Then there exists at most one solution, u = u(x,t), to the problem

(3.1), (3.2).

Proof: Let u_,u be two solutions of (3.1), (3.2). The differ-

1’72
ence u= u.1 -u, satisfies
Lu-=0  (x,t)eD X (-0, )
ou
_8_V+ B(Xf, t)ll(X, t) =0 (X, t)€ 8D X (—00, 00) .

Let (;,?) be an arbitrary point in D X (-, o). If we can show
that u(x,t)=0, the theorem will be proved. - For this purpose we
let wv(x,t) = etu(x,t), and let t¥<t be arbitrary. Then the

function  v(x,t) satisfies

Lv-v=0 (x,t)eD X (t*, o),

v

Y Bx vk, t) = 0 (x,£)¢8D X (t%, ®) ,
g3 —

vix,t*) = e u(x,t*) xeD .

From Theorem 3. 2 follows the estimate

lvix,t)| <K e SUP |u(x, t#)].
xeD

The functions u and u

1 , are bounded by assumption, so u is

bounded. Denote the bound on u by B. Then
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* —
Iv(x,t)lSK Bet , (x,t)eD X [ t*, ),

and in particular, at (;,?),

IV(_X,—t)l _<_KBet*.

But t*¥<t was arbitrary and hence, letting t% tendto -,
we find that v(;c—,—t) = 0, and consequently, by the definition of v,

u(;, —’E) = 0, which completes the proof.

Theorem 3.2 (Periodicity)

If the problem (3. 1), (3.2) possesses a unique solution,
u = u(x,t), and if the functions aij’ bi’ c, f, B and g are
periodic in t with period T, then the solution u is periodic

in t with period T.
Proof: Let v(x,t)= u(x,t+T) and observe that

L(x, t)v(x,t) = L(x,t+T)u(x, t+T) = £(x, t+T)

= f(x, t) (x,t)eD X (-0, 00)

8V(8X, t) +B(x, t)v(x, t) = du(x, t+T) + B(x, t+T)u(x, t+T)
N ov

g(x,t) (x,t)e 8D X (-0, ) . .




Thus, both u ’

uniqueness assurription, v(x,t) = u(x,t).

That is,
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and v are solutions to (3.1), (3.2). By the

u(x, t) =u(x, t+T).

We now state and prove the main result of this section.

Theorem 3.3 (Existence)

The boundary value problem (3.1), (3.2),

Tu=f(x
ou
ov *Px

»t)

stha(x, t) = g(x, t)

has a unique, bounded solution u = u(x,t),

with period T,

(i) L

that is,

(x,t)eD X (-0, o)

(X’t) € 9D X (-00, 00)

which is periodic in t

provided the following conditions are satisfied:

is uniformly parabolic in D X (00, o0)

(ii) ~ the coefficients of L are continuous and satisfy the

following Holder conditions on D X (-0, o) :

(iii) 9D

) a

a6 t) - a7, 0] < Ml
a

b, (x, t) - b, (x(o),t)l < MIX-X(O)|
a

c (x,t) - C(x(o), t) | 5M|X-X(0)|

belongs to class C1+)\
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(iv) f satisfies the following Holder condition on DX (-c0, 00):

a

(0 (O)I

|f(x,t) -f(x ),t)l lex—x

and is uniformly continuous in both variables x and t

on D X (-0, o0)

(v) B and g are continuous on 9D X (-0, )
(vi) c(x,t)<0  (x,t)eD X (-®, )

(vii) PB(x,t) < b0 < 0, b0 a constant, (x,t)edD X (-0, )

(viii) the functions aij’ bi’ c, £, B and g are periodic

in t with period T.

o :
Proof: Let {tn} be a sequence of negative real numbers,

n=1
which decrease strictly to minus infinity. By Theorem 2.1 this

determines a sequence of functions, denoted by {un}, defined by:
Lu” = f(x,1) (x,)eD X (t_, ]
du’
5, t ﬁ(x,t)un(x,t) = g(x,t) (x,t)e dD X (tn,t*]
un(x,t*) =0 xeD ,

where t* is an arbitrary, positive number. Since t* is

arbitrary, we conclude that the above problem has a unique solution,

u”, defined on D X [tn,+°0).
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Nothing is known as to convergence of {un} on D X (-, ).
However, given any a < 0 we shall produce a sub-sequence of

{un} which converges uniformly on D X (a, ), namely any sub-
sequence {un}oo for which tn <a . (We shall henceforth call
n
0 0
sets of the form D X (a,®) left bounded subsets of D X (-, ©).)

0
n .
To show that such a sub-sequence {u } — which we re-name

n
0
{un } — converges uniformly in the sense of Cauchy on D X (a, ),

we first use Theorem 2.2 to obtain the following estimate on BX[tn, od):

|u"(x,t)| <K (SUP |f| + SUP |g]) =C. <

.the supremum of |f| being taken over D X (-0, ©) and that of

Igl over 09D X (-, o). The constant K depends only on L,

B and D. Next we pick integers g > p> 0 and observe that the

difference uP’? = u? - uP satisfies
Lu?? =0 (x,t)eD X (& ,%)
5P’ 4 |
—5— + B, t)a® Iz, 1) = 0 (x,6)€8D X (¢, )
up’q(x,t ) = uq(x,t ) - up(x,t )
P p P
= uq(x,t ) xeD
P
Making the transformation v©’ 3 = etup’q, we find that vP’ 9

satisfies
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LvPd P (x,t)e D X (tp,oo)
gvP’ 4 ‘
;v + Blx, t)vP’ Yx,t) = 0 (x,t) e 9D X (¢ )

t
P’ q(x, t) = e PP q(x,tp)

t

e pu.q(x,t ) xeD .
p

Again applying Theorem 2.2, we estimate v’ 9on Dx [tp,oo)

by

t
|v*Ux,t)] <KeP sup| ul(x,t ).
xeD P

n
But we have already seen that the elements of the sequence {u }

t
are bounded by C, sothat va’q(x,t)l <K e?C  on

0
D X [tp,OO), where K and CO depend only on L, B, f, g and
D. Substituting up’q(x,t) =e_tvp’q(x,t), we have

t -t
|up’q(x,t)| <K C0 e P

for (X,t)GB X [tp, ©). From this it follows that on every left

bounded subset of D X (-0, ©) the sequence {un} is a uniformly

Cauchy sequence of continuous functions.
Defining u(x,t) to be the pointwise limit of {un} , We now
show that wu(x,t) satisfies (3.1), (3.2). To this end suppose that

v(x,t) 1is a function that satisfies
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Lv = f(x,t) (x,t)eD X (t*,00)
& 4 Bl v, ) = glx, 1) (x,t) € 3D X (t*, w)
vix, t%¥) = u(x, t*) xeD

where t* is an arbitrary negative number. Choose n sufficiently

large so that tn <t*  Letting w" = v-u", we find that
n
Lw =0 (x,t)eD X (t*, )
dw n
5, T Bk thw (x,t) =0 (x,t)e 8D X (t*, )
wn(x,t*) = u(x, t¥) - un(x,t*) xeD .

Applying Theorem 2. 2 again, we have

|vx,t) - u’(x,t)] < K SUP |u(x,t%) - u"(x,t%)]
. xeD
for (x,t)eD X [t%,0) and K = K(L,B,D). From this estimate,
we see that the sequence {un} converges to v uniformly on
D X [t*, 0) and since {un} also converges to u in the same

region, we conclude that u =v. Thatis, u satisfies

Lu = f(x,t) (x,t)eD X (t*, )

g_: + B(x, thu(x,t) = g(x,t) (x,t) €D X (t* , o).
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Since t* was an arbitrary negative number, we conclude that u

satisfies (3. 1), (3.2). Finally the uniqueness and periodicity

assertions follow from Theorems 3.1 and 3.2, respectively.
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IV. PERIODIC SOLUTIONS OF THE NONLINEAR SECOND
BOUNDARY VALUE PROBLEM
The purpose of this section is to extend the results in the

previous section to the case where the right hand side of the bound-

du

v

ary condition +Pfu =g depends on x,t and u. We also
consider the case where the right hand side of the operator equation
Lu=f dependson x,t and u and finally, we take up the case
where both f and g depend on x,t and u.

Before stating and proving the major results, we first give -

the following definition and prove a lemma.

Definition 4. 1. If the pair (X,d) is a metric space, where X

is a linear space and d is a metric defined on X, we say that

n

a}’ ¢

a sequence of families of real-valued functions Fn = {f

belonging to some index set A, each fz defined on X, con-

verges to the family {fa} in an equiconvergent manner as
n— o if, for each ¢ > 0, there exists an integer N, inde-

pendent of a, suchthat n >N implies
£ (=) - £ (] <e;
a a

for all xeX andall egcA.
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Lemma 4.1

If for each n=1,2,--., Fn = {fz} is a family of equi-

continuous real-valued functions defined on a compact metric space

(X,d) and if {fz} converges to {f } in an equiconvergent
a in an

manner as /n—>00, then the‘family {f } is equicontinuous.
—_— a

Proof: Since each family 'Fn is equicontinuous, we know that
for every € > 0 there exists a 6n > 0, independent of a,

. . n n €
such that d(x,y) < 6n implies Ifa (x) - fa(y)l < 3 for all eeA,

by use of the definition. Also since {fz} converges to {fa}

in an equiconvergent manner we know that if e > 0 then there

exists an integer N independent of a such that for all xeX,

aecA,

120 - £ @) <5

for all n > N. Now pick € >'0. We conclude fhat there exists
a 6n > 0, independent of €A, such that if d(x,y) < 6n, then

for all eeA we have
£,60 -1 ] < 1f ) -0 + [£26 -2 ]+ [£2(9) - £ ()]

<&, &, c
-3 3 3

This proves the lemma.
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With the help of this lemma we can now state and prove the

major theorems of this section.

Theorem 4. 2 (Existence of a periodic solution to PROBLEM II)

The problem

(4.1) Lu = {(x,t) (x,t)e D X (-0, )
du

(4.2) 3, TR tulx.t) = glx,t,u) (x,t) €D X (-00,0)

has at least one solution wu = u(x,t), periodic in t with period

T provided the following conditions are satisfied:

(i) L is uniformly parabolic in D X (-, o)

(ii) the coefficients of L are continuous and satisfy the

following Holder conditions on D X (-0, o0):

a
200 - a0 < Ml

a
|bi(x,t) - bi(x(o), t)| < MIX-X(0)| )

a
lete, 1) - e, ] < M|x-x?]

(iii) 9D belongs to class C1+)\

(iv) f satisfies the Holder condition on D X (-00,00),

a

£, 1) - £, 0] < M[x-x(O
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and is uniformly continuous in x and t on

D X (-0, o0) .
? (v) B is continuous on 9D X (-0, ®)
(vi) c(x,t) <0 on D X (-0, )

(vii) B(x,t) < bo <0, bo a constant, on 9D X (-0, )

(viii)- the functions aij’ bi’ c, f, B and g are periodic

in t with period T

(ix) g = g(x,t,v) is continuous in (x,t)edD X (-0, ),
-0 <v <, and Lipschitz continuous in v with
Lipschitz constant "sufficiently small", the Lipschitz

constant being independent of x and t.

Proof: If in our nonlinear problem (4. 1), (4. 2) we replace
glx, t,u(x,t)) by g(x,t,v(x,t)) where v(x,t) is an arbitrary

function in Cp, we return to a linear problem

Lw = f(x,t) (x,t)eD X (-0, o)
(S)
2_1:+ B(x, t)u(x,t) = g(x,t, v(x, t)) (x,t) e dD X (-00, o)

of the type considered in Theorem 3.3, which consequently possesses

a unique solution w(x,t) in cP. we may accordingly consider
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(S) as defining a transformation S of CP into itself. Now if
w = Sv can be shown to have a "fixed point" u in cP (that is,
Su = u), we shall have a periodic solution to (4. 1), (4. 2).

In order to apply Schauder's fixed point theorem, we next

show that :
1. S 1is a continuous mapping from the normed linear
space c? into itself.
2. S maps a closed convex subset of cP intoa compact

subset of itself.

Having shown these two properties of © S, we shall be in a position
to apply the Schauder fixed point theorem and conclude that S has

a fixed point in cP?  and hence the problem (4. 1), (4. 2) has a peri-

odic solution. To show S is continuous let || vn-v” — 0 as
n— o, Now, if we write w =v -v we have
n n
Lw =0
~n
ow

5o+ Blx, thw_(x,t) = glx,t,v_(xt)-glx,t, vix, 1))

By Theorem 2. 2, we obtain the following estimate

Iwn(x,t)l < K SUP |g(x,t,vn(x,t)) - glx, t,vix, t))] ,
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where the supremum is taken over D X (-, ©) and the positive
constant K depends on L, B and D. Using the factthat g is

Lipschitz continuous in the last argument, we can write

lwn(x,t)| < KM SUP Ivn(x,t) - v(x,t)l

- KM v, vl

where ‘M is the Lipschitz constant. Taking the supremum of the

left hand side we have

o -ul < KM [v v

and hence S 1is a continuous mapping.
To show that S maps every closed convex subset of cP
into a compact subset of itself, let B(0,R) = {veCp: | vl <R},

a closed convex set. For wveB(0,R), we have that
|u(x,t)| <K (SUP |f(x,t)| + SUP | g(x,t, v(x,t))]).
To find a bound on the above expression one observes that

lg(x,t, vix, )| < |glx,t, 0| + |gx,t, vix,t))-g(x,t, 0)|

<lg(x.t, 0| + M|v(x,t)] ,

and by taking the supremum of each side of the inequality we con-

clude that
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SUP |g(x,t,v(x,t))| < SUP |g(x,t,0)| + M SUP |v(x,t)]

SUP |g| + MR .

IA

Using this estimate, we bound |u(x,t)] by

lu(x,t)| <K (SUP |f| + SUP |g| + MR)

= K (MR + CONSTANT)

where CONSTANT =SUP |f| + SUP |g| <® . From this inequality

we finally arrive at

ull < K (MR + CONSTANT).

This means that if KM < 1 then it is possible to pick R suf-

ficiently large so that
lull < K (MR + CONSTANT) < R

and hence ueB(0,R). That is, if the Lipschitz constant M is
sufficiently small, say M < L , then for R sufficiently large,
S maps the closed convex set B(0,R) into itself.

We now show that S(B(0,R)) is a compact subset of
cP (D x (-w, ©)). It is sufficient to show that S(B(0,R)) is
compact in C(-I_)X (-0, ®©)) since S(B(0,R)) will then be

compact in the closed subset, CP(B X (~00, o)), of C (Dx (-90, 0)).

To show S(B(0,R)) is compact in C(BX (-00, o)) let
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0
an = {u:: } be a sequence of families of functions defined by
n=1
n
Lu_ = f(x,t) (x,t)eD X (t_,t%]
\4 n
ou”
— 4 B(x, thu'(x,t) = g(x,t,v) (x,t) € 8D X (t_,t%]
8V ’ v ’ g s Lo s n’
where

(i) {tn} is a sequence of negative number decreasing

strictly to -o0.
(ii) t* is an arbitrary positive number.

(iii) veB(0,R).

We observe that from [ 5, p. 210] it follows that for each

n=1,2,--- F = {uz} is an equicontinuous family of real-valued

n

functions defined on D X [t ,t*]. Also for q> p> 0 we have
n

by Theorem 2.2 the following estimate on D X [tp,t*]

t -t
|u_q(x,t) - up(x,t)| < KeP SUP| ud (x,t )]
v v — v P

t -t
<KeP (SUP |£| +SUP |g)

t -t
<K”eP (MR + CONSTANT).

This estimate tells us that for a fixed veB(0,R) the sequence

00
{u:: } converges uniformly in the Cauchy sense on every left

n=1
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bounded subset of D X (-0, ©) and hence converges pointwise

to some function . We can show by an argument very similar
to the one given’yin the proof of Theorem 3. 3, that u, satisfies
(4.1),(4.2). We also conclude from the above estimate that the

' . n . .
sequence of families {uv} converges to {uv} in an equicon-

vergent manner, since the bound does not depend on v. Applying

Lemma 4.1 we conclude that {uv} is an equicontinuous family on

every left bounded subset of D X (-, ©) and in particular on a

where t.,t are numbers satisfying

' D X
set of the form D [tl’t 1’ %2

N

-0 < t1 < tz <. Using the Arzela-Ascoli theorem, we conclude

that {uv} is compact in C(B.X[tl,t ) and since t_,t, were

2] 1’72
arbitrary, {uv} is compact in C(D X (-, ©)). From what we've
observed before {uv} is compact in CcP(D X (-», ©)). The
Schauder fixed point theorem now tells us that the mapping S has
a fixed point uecP (—D_X (-0, ©)). That is, there is a function
u = u(x,t) periodic in t with period T satisfying (4. 1), (4. 2).
This completés the proof.

We now state a slightly modified version of the above theorem.

We first note the idea of a uniformly concave function. A function

$(v) is uniformly concave if

v, +v d(v,) + d(v,)
¢[1 2]_{ 1 2]>€>0,

2 2

for € an arbitrary positive number.
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Theorem 4.3 (Alternate existence theorem for PROBLEM II)

Let condition (ix) in Theorem 4. 2 be replaced by

(ix') g = g(x,t,v) is continuous in (x,t)e dD X (-0, 0),
-0 < v <o, and Lipschitz continudus in v, the
Lipschitz constant being independent of x and t;
furthermore |g(x,t,v)| < cé(x,t,v) where the func-
tion ¢ is uniférmly concave in u and c i‘s a
positive constant.
Then problem (4. 1), (4. 2) has at least one solution u = u(x,t),

periodic in 't with period T.

Proof: The proof follows nearly the same lines as Theorem 4. 2.
The only difference between these two proofs occurs when showing
that the mapping S maps ¢?  into itself. One can easily observe
that the hypothesis |g(x,t, v) |§c¢(x',t,v) allows ‘o'ne to relax the

condition that the Lipschitz constant of g be sufficiently small.

Remark: The function ¢(v) = |v|e, 0<©6<1, is uniformly

concave.

We now state and prove a uniqueness result for problem

(4.1), (4. 2).




42
Theorem 4.4 (Uniqueness theorem for PROBLEM II)

If u=u(x,t) is a bounded solution of (4. 1), (4.2) and if
(i) L is uniformly parabolic on D X (-0, 06)

(ii) c(x,t) <0 (x,’t)eB X (-c0, ©0)

(iii) B(x,t) < b0 <0 (x,t)e 9D X (-c0, )

(iv) 9D belongs to class C1+)\

(v) g(x,t,v) is monotone increasing in v,
then the solution u = u(x,t) is unique.

Proof: Let u_,u be two different solutions of (4. 1), (4.2) and

1" 72
denote by w the difference w = u,-u,. This difference satisfies
Lw =0 (X,t)ED X (-00, 00)
Ow

3, TR W) = glxt,u)- glxt,u,)

= Y(x, t)w(x,t), (x,t) e 8D X (-00, ©0)

where

g(X, t, u].) - g(X, t, uz)

ul(x,t) " uz(x,t) , ul(x,t) # uZ(X,t)

0 ul(x,t) = uz(x,t).
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Sincé g is monotone increasing, we conclude that (x,t) > 0. .

We now write the boundary condition as

4 [Bx 1) - Gl )] Wiz, t) = 0.

By Theorem 3. 1 we can conclude that the unique solution to the

problem
Lw= 0
g%’ +[B(x,t) - Y(x,t)]wi(x,t) =0

is the solution w= 0. Hence u, = U‘Z'

We now state a second uniqueness theorem.

Theorem 4.5 (Alternate uniqueness theorem for PROBLEM 11)

Let condition (iv) in Theorem 4. 4 be replaced by:

(iv') The function g(x,t, v) is differentiable with respect
to v and the derivative g, satisfies
l gv(x, t, v)l < b0 (b0 defined in condition (iii) of

Theorem 4. 4).
Then the solution u = u(x,t) of (4.1),(4.2) is unique.

Proof: The proof follows the same lines as Theorem 4.4. The
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major step is carried out by a simple application of the mean value
theorem.

We now take up the case where the right hand side of ILu=f

depends on x,t and u.

Theorem 4. 6 (Existence theorem for PROBLEM III)

The problem

(4.3) Lu = f(x,t, u(x, t)) (x,t)e D X (-0, o0)
(4. 4) 'éa% + B(x, thu(x, t) = g(x,t) (x,t) € 0D X (-0, o0)

has at least one solution u = u(x,t), periodic in t with period

T, provided the following conditions are satisfied:
(i) L 1is uniformly parabolic on D x (-0, )

(ii) the coefficients of L are continuous and satisfy the

Hdlder conditions on D X (-0, oo)

0 .

a
a0 t) - ayx 0] < Mlx - x|

(0) ‘

| B, (x,t) -bx )] < M|x - x%]

(0)

a
l Cc (X’t) = C(X ,t)l s MIX - X(O)I

(iii) 90D belongs to class C

1+h
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(iv) f(x,t,v) is uniformly continuous in x and t, and
Lipschitz continuous in v with Lipechitz constant

"sufficiently small"; furthermore the Lipschitz con-

stant does not depend on x and t
(v) B,g are continuous on 8D X (-c0, )
(vi) c(x,t) <0 (x,t)eD X (-, )
(vii) B(x,t) < b0 < 0, b, aconstant, (x,t)edD X (-, ®)

0

(viii) the functions a,j, bi’ c,f,B and g are periodic in
i

t with period T.

Proof: Consider the mapping S from CE (B—X (-0, o)) into

clz (DX (-©,®)), where S, Sv=u, is definedby

Lu = f(x,t, v(x,t)) (x,t)e D X (-0, o0)
g_: + B(x, thulx,t) = g(x, t) (x,t)edD X (-0, ) .

To show SveCE(_IS-X (-0, »0)), we first observe that since
f(x,t,v(x,t)) is H6lder continuous in x, we can apply Theorem
2.1 to conclude that SveCP (BX (-0, ©)). To show Sv is
Holder continuous in x uniformly on - © <t < o, that is,

Sve CE (D X (-, ©)), it is sufficient to show that u is uniformly
i
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bounded on ]_3— X (-0, ©). From Friedman's text [5] we know
that uX. is uniformly continuous on D X [0,T] and hence by
the peri;dicity of u we conclude that uX. is uniformly

i i

bounded on D X (-0, ©) and hence Sv is Holder continuous

in x, uniformlyon -0<t<o . We now show that:

1. S 1is a continuous map from the normed linear

space CE into itself.

2. S maps a closed convex subset of CE into a

compact subset of itself.

To show that S satisfies these two conditions we proceed along
the same lines as the proof of Theorem 4.2. We then apply the
Schauder fixed point theorem to obtain the existence of a periodic
solution.

We now state a slightly modified version of the above

theorem.

Theorem 4.7 (Alternate existence theorem for PROBLEM III)

Let condition (iv) in Theorem 4. 6 be replaced by:

(ivt) f =f{(x,t,v) 1is uniformly continuous in
(X,t)EBX(fw, ©0), -0 <v <o, and Lipschitz

continuous in v, with Lipschitz constant independent
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of x and t; furthermore, f satisfies
|f(x,t, V)I < c¢(x,t,v) where the function ¢ is
uniformly concave in v and c¢ is a positive

constant.

Then problem (4. 3), (4. 4) has at least one solution u = u(x,t),

periodic in t with period T.

Proof: The proof follows nearly the same lines as Theorem 4. 6.
The only difference between these two proofs occurs when showing
that the mapping S maps CE into itself. One can easily
observe that the hypothesis If(x,t, V)I <c¢(x,t,v) allows one to
relax the condition that the Lipschitz constant of f be sufficiently

Small.

We now state and prove a uniqueness theorem for problem

(4. 3), (4. 4).

Theorem 4.8 (Uniqueness theorem for PROBLEM III)

¥ u=u(x,t) is a bounded solution of problem (4‘. 3), (4. 4)

and if the following conditions hold:

(i) L is uniformly parabolic on D X (-0, )

(ii) c(x,t) < 0 (x,t)eD X (-0, o)
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<0, b, aconstant, (x,t)edD X (-0, o0)

(i) Blx,t) < b .

0

(iv) 9D belongs to class C1+)\

(v) f(x,t,v) is monotone increasing in v,

then the solution u = u(x,t) 1is unique.

Proof: Let u_ ,u be two solutions of (4.5), (4. 6) and denote

1’72
‘w the difference w = ul-uz. The function w satisfies
Lw = f(x,t,ul) - f(x,t,uz) ~ (x,t)eD X (-0, )
ow
5, T B(x, tyw(x,t) = 0 (x,t)e 0D X (-0, ) .
v

We now write

Lw = f(x,t,ul) - f(x,t,uz) = Y(x, t)w(x,t)

where

fix,t, ul)—f(x,t, U.Z)

ul(x’t)'uz(x’t) w(x,t), ul(x,t) # U‘Z(X’t)

P(x,t) =
0 ul(x,t) = uz(x,t) .

Now since g is monotone increasing, we conclude that y(x,t) > 0.

We now write this operator equation as
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Lw - Y{x,t)w = 0

and by applying Theorem 3. 1 we conclude that the problem

Lw -y(x,t)w = 0 (x,t)eD X (-00, o0)
¥ B tw = 0 (x,t) € 9D X (-a, )

has a unique solution. But the zero function is a solution and hence

'w =0, thatis, wu, =u

1 2’

We now extend Theorems 4.2 and 4. 6 by allowing both f

and g to depend on x,t and u.

Theorem 4.9 (Existence theorem for PROBLEM V)

‘The problem

(4.5) Lu =f(x,t,u(x,t)) (x,t)eD X (-0, o)
(4.6) 52 4Bl Bt 1) = glotubet)  (x,6)edD X (-, )
has at least one solution wu = u(x,t), periodic in t with period

T, provided the following conditions are satisfied:

(i) L is uniformly parabolic in D X (-0, )

(ii) the coefficients of L are continuous and satisfy the

Holder conditions on D X (-, )




50

; 0 0), ¢
[aij(x,'t)—aij(x( ),t)| < M Ix - x( )I

a
| b, 66,1 - b, (D) < M |x - %0

a

lc (x,t) - c(x(o),t)l < Mlx—x(o)l

(iii) 98D belongs to class c1+)\

‘ (iv) f is unifofm'ly continuous in x and t, Lipschitz
continuous in v with Lipschitz constant "sufficiently
small", the Lipschitz constant being independent of

x and t.
(v) B is continuous on 9D X (-9, )
(vi) c(x,t)<0 (x,t)eD X (-0, )

0

(viii) the functions a.,, bi’ c, f, B and g are periodic

|
(vii) B(x,t) < b0 <0, b a constant, (x,t)edD X (~00, 00)
1]

in t with period T

‘ (ix) g(x,t,v) is continuous in x and t and is Lipschitz
continuous in v, where the Lipschitz constant is

"sufficiently small" and independent of x and t.

Proof: Consider the mapping S from CE(BX (-0, o)) into

CIZ (DX (-o, ®)) where S, Sv =u, is defined by






