


AN ABSTRACT OF THE DISSERTATION OF

Sukosin Thongrattanasiri for the degree of Doctor of Philosophy in Physics presented on

July 22, 2010.

Title: Computational Nanooptics in Hyperbolic Metamaterials and Plasmonic Structures

Abstract approved:

Viktor A. Podolskiy

This dissertation concerns several problems in the fields of light interaction with
nanostructured media, metamaterials, and plasmonics. We present a technique capable of
extending operational bandwidth of hyperbolic metamaterials based on interleaved highly-
doped InGaAs and undoped AllnAs multilayer stacks. The experimental results confirm
theoretical predictions, exhibiting broadband negative refraction response in mid-infrared

frequency.

We propose a new class of nanofocusing structures, named hypergrating, combining
hyperbolic metamaterials with Fresnel optics, able to achieve extremely subwavelength focal
spots (up to 50 times smaller than free-space wavelength) in the far field of the input interface.
Several experimental realizations of hypergratings for visible and infrared frequencies are

presented.



We further develop a new technique capable of imaging subwavelength objects with
far-field measurements. The approach utilizes a diffraction grating, placed at the object plane,
to convert subwavelength information of objects into propagating waves and project this
information into far-field. The set of far-field measurements is used to deconvolute the
images. The resolution of the proposed method can surpass 1/20-th of the free-space limit,

strongly overperforming other subwavelength imaging technology.

We develop a new mode matching approach for analysis of scattering and propagation
of surface and volume modes in multiple multilayered-stack structures. Our theory relies on
the complete spectrum of free-space and guided electromagnetic modes to solve Maxwell’s
equations in the extended systems that have relatively few interfaces. We demonstrate the

convergence of this technique on a number of plasmonic and metamaterial structures.

Finally, we consider the problem of plasmonic beam-steering structures consisting of
a single slit flanked by a periodic set of metallic corrugations. We show that the light emitted
by the structures forms a prolonged focal range that may extend for hundreds of wavelength
from the plasmonic interface and eventually splits into two plasmonic beams. We develop a

guantitative theory to physically describe the beam formations and evolution of field pattern.

The numerical and analytical results presented here can be applied to several
nanooptics applications including deep-subwavelength imaging, nanolithography, on-chip
communications, high-density energy focusing, and beaming devices, and can be used for
metamaterial and plasmonic composites operating across ultraviolet, visible, infrared, or

terahertz spectra.



© Copyright by Sukosin Thongrattanasiri

July 22, 2010

All Rights Reserved



Computational Nanooptics in Hyperbolic Metamaterials and Plasmonic Structures

by

Sukosin Thongrattanasiri

A DISSERTATION

submitted to

Oregon State University

in partial fulfillment of

the requirements for the

degree of

Doctor of Philosophy

Presented July 22, 2010

Commencement June 2011



Doctor of Philosophy dissertation of Sukosin Thongrattanasiri presented on July 22, 2010.

APPROVED:

Major Professor, representing Physics

Chair of the Department of Physics

Dean of the Graduate School

I understand that my dissertation will become part of the permanent collection of Oregon State
University libraries. My signature below authorizes release of my dissertation to any reader

upon request.

Sukosin Thongrattanasiri, Author



ACKNOWLEDGEMENTS

I would like to thank my advisor, Prof. Viktor A. Podolskiy, for his effort and guidance to
discipline me to be a good PhD student, a good physicist, and a good researcher. | am truly
admired by his serious dedication to the study of physics and his research, and by his
overwhelming supports to all of his students. He is also the motivation and model for me to

work harder and harder to chase his pace.

I would like to thank one of our research group members, Nicholas A. Kuhta, for
valuable discussions in various topics, and for friendship that has been kept for three years
(and it will last forever). All times that we had spent together, both in office and in

conferences, are very enjoyable, and will be a part of my memory.

I would like to thank my OSU teachers, William Warren, Rubin Landau, Oksana
Ostroverkhova, David Mcintyre, Janet Tate, William Hetherington, Tomasz Giebultowicz,
Albert Stetz, David Roundy, Henri Jansen, Ethan Minot, Bokil Vrushali, Nathan Gibson, and
Thomas Plant, for their dedication in classes to teach me to learn advanced physics, and how
to solve problems systematically. | also thank for many valuable discussions related to my

research.

I would like to thank our collaborators from Department of Electrical Engineering,
Princeton University, Prof. Claire F. Gmachl and her students, Anthony J. Hoffman and
Matthew D. Escarra, for the guidance and contribution to the projects of hyperbolic
metamaterials, hypergrating structures, and image-retrieving technique. Also, | would like to

thank Prof. Daniel M. Wasserman and his graduate student, David D. Adams, from



Department of Physics and Applied Physics, University of Massachusetts Lowell, for their

criticism and contribution to plasmonic beam-steering project.

I would like to thank all American friends, Korean friends, Japanese friends, Thai
friends, Wat Buddha Oregon, Tarntip Restaurant, The Siam Classical Music Ensemble, and
The Siam Sentinel, for their concerns. Life of international students is sometimes tougher than
local people. Almost of them have to encounter unpredictable emotional fluctuation and self-
adjusting in different cultures. However, because of helps and cares of friends here, they can

pass all obstacles and obtain the highest achievement of education.

I would like to thank all funding from Development and Promotion of Science and
Technology Talents Project (Thailand), Office of Naval Research, National Science
Foundation, Air Force Office of Scientific Research, Air Force Research Laboratory, and

Department of Physics, Oregon State University.

Especially, | would like to thank my entire family members, Nattaphan, Suchart,
Surinta, and Sukhothai Thongrattanasiri, and Ubonrat Theantanakhom, for their supports and
advices of my study and ultimate goals. | am grateful for their encouragement in my abroad
study, and for their love and patience to help me succeed this highest educational

achievement.



1

2

TABLE OF CONTENTS

Introduction of NanOOPtiCs. .....ovviiriiii i,
Hyperbolic Optical Metamaterial...............ccoviiiiiiiiiiiiiiiiieeneenen,
2.1 INtrodUCHiON. .. ..e e
2.2 Wave Propagation in Hyperbolic Metamaterial............................
2.2.1 Maxwell’s Equations and Dispersion Relations.....................

2.2.2 Refraction Laws: Positive and Negative Refractions...............

2.2.3 Resolution of an Image.............oovvviiiiiiiiiiiiiiiians

2.2.4  Effective Medium Theory...........cooooiiiiiiiiiiiiiiii,

2.3 Semiconductor Metamaterial.................oooiiiiiiiiiiii
24 Broadband Negative Refraction and Flat Response........................
2.5 (70737e7 11 5] 10 o VA

Hypergratings: Light Communication in Planar Hyperbolic Metamaterials...

3.1 INtrodUCHION. . ..ot
3.2 Light Diffraction from a Single Slit..............c.cooiiiiiiiiiiiiiiii,
3.3 Fresnel Zone Plate Hypergratings............c.cooovviiiiiiiiiiininnan.n
3.4 Hypergrating as a Magnifying Lens...............coooiiiiiiiiiiiiin
35 CONCIUSION. -ttt et

Subwavelength Far-Field Imaging Technique............c.cocviiiiiiiiininan.
4.1 INtrodUCtion. ......ui
4.2 Diffraction Grating...........oouvvuiieirriii e eieeaeeeeeeeanaans
4.3 Imaging-Reconstruction Formalism..................ccooooiiiiiiinn,

10

14

17

20

25

29

31

31

34

36

41

45

46

46

48

51



4.4 Far-Field Imaging with Typical Objects.............cccoviiiiiiiiiiiinin,
4.5 CONCIUSION. « ..ttt e,
Wave-Matching Technique: Computing Light in Planar Structures............
51 INtroduCtion. ... ..ot
5.2 Modal Spectrum of Planar Guides................ccoooiiiiiiiiiiiiiin
5.3 Mode Coupling Across Two Multilayer Stacks............................
54 Wave Calculation in Multistack Structure....................coooiiia.
55 Interguide Coupling in Plasmonic and Metamaterial Systems...........
5.5.1 Light Emission and Scattering by Single-Mode Waveguide......

5.5.2 Light Scattering in Plasmonic Systems................c.ccovieinan.

5.5.3  Truly Planar Optics.......ooevuiuiiiiiiiiiiiiiiii i

5.6 CONCIUSION. ...ttt e,
Plasmonic Beaming: Modeling Beam Formation.................................
6.1 INtroduction. ... ..o
6.2 Mid-Infrared Beam Steering Structure...............cocoevvieiiienininnnn.
6.3 Field Extension Technique for Finite Element Results....................
6.4 Focusing and Beam Formation...................coooeiiiiiiiiiiieinnn,
6.4.1 Field Computation.............ccoviiiiriiiiiiiiiiii e

6.4.2 Beaming DireCtions............ooevviiiiiriiriiiiiiiiiiinaeienanne
6.4.3 Focal Region and Beam Formation....................c..ooin

TABLE OF CONTENTS (Continued)

55

58

60

60

61

67

72

75

75

77

78

83

84

84

86

90

93

94

95

97



TABLE OF CONTENTS (Continued)

Page
6.5 Verification of Beam-Steering Model...............cooviiiiiiiinininnn 100
6.6 COoNCIUSION. ...ttt 102
BiblOGraphy. ... .t 103
N 0153 0T 17T O 120
Appendix A Optical Transfer Matrix Formalism.............................. 121

Appendix B Coordinates of Fresnel Zones in Phase Aspect................... 125

Appendix C Analytical Calculation of Overlap Integrals..................... 127



Figure
2.1
2.2
2.3
2.4

2.5

2.6

2.7

2.8

2.9

2.10

3.1

3.2

3.3

3.4
3.5
3.6

4.1

LIST OF FIGURES

Cartesian coordinate, light polarizations, and dispersion relations...............
Relations of wavevector and Poynting vector in hyperbolic metamaterials....
Schematic of wavevector spectrum showing resolution of an image............
Nanolayered and nanowire hyperbolic metamaterials.............................

Dielectric tensor, absorption, FOM, and beam shift as functions of incident
wavelengthfor Ny =83 x 108 ecm™3 ...

Experimental transmission and reflection measurements for various
wavelengths and incident angles for N; = 8.3 x 108 em™3....................

Calculations of transmittance and reflectance for N; = 8.3 x 10 cm™3.....

Dielectric constants for different doping concentrations, and beam shifts
inside multistack metamaterials.....................c

Calculations of transmittance and reflectance with parameters given in Table
2

Experimental transmission and reflectance measurements with parameters
given in Table 2.2. ... .o i

Schematic of one-dimensional hypergrating structure, and corresponding
R 118 100 N

Hypergratings for subdiffractional photonics in the bulk of nanowire and
nanolayer metamaterialS...........oouiiiiiiiiiiii i e

Effect of metamaterial interface, and light focusing inside two-dimensional
RYPETIating. .. ..t

Light focusing with Fresnel zone plate hypergratings....................ccoenee
Shift of a focal spot as a function of incident angle................................
Imaging mechanism of thin-lens hypergratings...............c..ocoovviiiininn..

Schematic of light diffraction by a grating, and optical transfer function......

11

15

18

22

23

25

27

28

29

33

37

38

40

42

44

48



Figure
4.2

4.3

4.4

4.5

4.6

5.1

5.2
53
5.4
55
5.6

6.1

6.2
6.3
6.4

6.5

6.6
6.7

6.8

LIST OF FIGURES (Continued)

Schematic of imaging structure, and wavevector spectrum.......................

Field spectra of diffracted waves from a single slit with near and far
L4 Lo R

Reconstruction of single slits with different widths............................ ...

Reconstruction of single slits with different widths with a random 2% noise

Reconstruction of double slits, and focal spot from hypergrating structure....

Schematic geometry of the multilayered structures and electromagnetic
00 T0 16 (ST 7 0T

Overlap matrix formation............ovvviviiiriii e
Structure of planar-waveguide to homogeneous-dielectric coupling.............
Scattering of the SPP propagating across the Au-air step.........................
Structure of waveguide-to-waveguide coupling..............coeveirininininnnn.
Scattering of the SPP propagating across dielectric discontinuity...............

Diffraction of TM-polarized light by a subwavelength single slit and a
DEAMING STIUCTUTE. ...\ttt ettt ettt et et et ettt e e e e e e re e e eeene e

Schematic of mid-IR plasmonic beaming structure, and experimental setup...
Transmitted beam profiles for different wavelengths..............................
Dependence of beaming angle on device temperature..................ceoeuen....

Calculated angular distribution of transmitted beam as a function of
wavelength. ... ...

Field extension technique for FEM results.............c.cooioiiiiiiii,
Schematic of beaming-steering structure used in the model......................

Intensity distribution in the experimental plasmonic beaming structure........

56

57

58

63

71

74

76

81

82

85

87

88

88

90

93

96

98



Figure
6.9

6.10

LIST OF FIGURES (Continued)

Field extension from the FEM simulations for different wavelengths...........

Calculated intensity distribution and angular identification of the

transmission fields for different wavelengths



Table

2.1

2.2

3.1

6.1

LIST OF TABLES

Summary of important information when TE- and TM-polarized fields,
illuminated from air, propagate inside hyperbolic metamaterials................

Summary of doping concentration and substack thickness parameters used in
the study of broadband and flat response hyperbolic metamaterials............

Object and image properties in Fresnel lens hypergratings.......................

Dependence of permittivity of GaAs on temperature.................ocvvevennnn.

14

27

45

89



LIST OF APPENDIX FIGURES

Figure Page

A.l  Schematic geometry of the N-layer planar structure for transfer matrix
FOIMALISINL. ... sttt e 122

B.1  Schematic of Fresnel lens hypergratings..............ccoeeviiiiiiiniinninninnenn, 126

C.1  Schematic of piecewise INteGration.............ccoevrieivreriireiirenieeeeeanennn, 130



DEDICATION

«@ 330 4@ 1ih

DEIINHT U@z @IT8 N@OTIHITT



Chapter 1 - Introduction of Nanooptics

Nanoscience deals with the engineering of functional systems at the molecular and atomic
scales. Its original motivation is to build nanomachines — for example, motors, robot arms, and
even whole computers — on the scale of molecules [1, 2]. Nanoscience research became
overwhelmingly active after the discovery of fullerenes and carbon nanotubes in 1980s [3-5].
At the present time, nanoscience has covered broad areas, evolved to include both bottom-up
and top-down approaches, and has provided various scientific applications, including

nanomaterials [5-10], nanomedicine [11, 12], and nanoelectronics [13-17].

An important class of nanoscience called nanooptics, which we will discuss at length
in this dissertation, describes light manipulation on the nanoscale, which recently has
enormous influences on imaging, communication, security, and sensing applications. One of
the big successes in the nanooptics field was the invention of metamaterials, the engineered
nanostructures that can control the propagation of electromagnetic waves inside themselves
[18]. The very first optical metamaterial composite consists of a periodic array of metallic
wires and conducting nonmagnetic split ring resonators where their alignments and portions
tune effective optical properties of the composite, leading to simultaneously negative
permittivity and permeability for microwave frequencies [19-25]. When electromagnetic fields
propagate inside such a structure, they encounter negative refraction, where directions of
energy and wavefront (locus of points having the same phase) propagations are antiparallel.
This kind of refraction has also been verified experimentally and theoretically with fishnet,
chiral, and nanorod array metamaterials, and honeycomb-lattice photonic crystals in the

visible and infrared spectrum [8, 9, 26-37]. Another kind of negative refraction requires strong



anisotropy of permittivity, allowing forward direction of wavefront propagation and negative

refraction of energy propagation [6, 38-45].

One of the major applications in original negative refraction material is superlens,
which is able to perfectly image objects that are placed close enough to the lens by amplifying
the evanescent fields of the source [19, 46-56]. However, the resolution of image is highly
sensitive to losses inside the material and the image is restricted to near field [57-60]. Another
imaging device, named hyperlens is fabricated using interleaved metallic-dielectric
multilayered metamaterial with cylindrical structure, and yields imaging magnification in far

field [14, 61-68].

The flexibility of designing effective optical properties inside metamaterials leads to
the controlling of light propagation which may not be found in nature [18, 69-72]. A
mathematical approach, called transformation optics, transforms initial configuration of
electromagnetic fields on the Cartesian mesh to a specific coordinate system where light can
propagate as designed. One achievement of this mapping technique is represented by the
cloaking device, where its engineered coordinate is designed to bend electromagnetic waves
around a concealed volume, and return the waves to their original trajectory [73-83]. It can be
assumed that no radiation leaves and enters the concealed volume of space; so that, an object
of arbitrary shape is invisible inside the volume. Transformation optics has also been extended
to model celestial mechanics, general relativity, and even optical black holes inside

metamaterials [84-91].

Nanophotonics of surface plasmon polaritons is another important class of nanooptics
technology, where the physics of confined surface waves at a metal-dielectric interface is

studied [92-99]. It has been known that in present electronic devices, the speed of information



transfer is restricted by the speed and mass of electrons, leading to high losses of energy due
to heat inside circuits. Therefore, surface plasmon polaritons have been proposed as a means
of data transfer for on-chip devices, due to their extremely high frequencies. Recently,
researches in surface plasmons have been pointed interests to extraordinary transmission by a
single slit [100-106]. When the slit is surrounded by a set of metallic grooves on the input
side, the transmitted field is enhanced by surface plasmon polaritons induced by the periodic
corrugation. Such a phenomenon is not found in the single slit without a corrugation surface.
On the other hand, if periodic corrugation is installed on the output side of the slit, the
transmitted field is confined in some directions, allowing directional control of light beams
[107-114]. This beam-steering device can be applied to on-chip communications which

transfer photonic signals.

In this dissertation, we will develop physical insight for important problems in the
nanooptics field, including broadband negative refraction, subwavelength imaging, surface
plasmon scattering, and directional optical beaming. In Chapter 2, we will theoretically
present mathematical conditions for negative refraction inside strongly anisotropic
metamaterials and designs of broadband and flat response negative-refraction spectrum will be
represented. The theory was supported by the experiments, performed by our Princeton
University (PU) collaborators. This proposal leads to understanding of designing broadband
response in applications of cloaking and imaging metamaterial devices. In Chapter 3, we will
propose the structure, named hypergrating, which employs a subwavelength Fresnel
diffraction plate for generating high-wavevector information, and a strongly anisotropic
metamaterial to propagate high-resolution signal to the far field. Consequently, hypergratings
introduce new type of subwavelength imaging devices, nanolithography, or even optical

communications with high spatial resolution.



A mathematical algorithm used to image subwavelength objects with the far-field
measurement will be presented in Chapter 4. The general mechanism is to use a
subwavelength diffraction grating behaving as an optical device, to shift high-transverse-
wavevector signal of an object into the propagating regime which is detectable in the far field.
Later, the mathematical formulation is used to deconvolute original propagating signals and
originally evanescent signals. Moreover, we will illustrate that the technique can classify the
shape and size of objects that are much smaller than the wavelength of incident light. This
approach offers a new low-cost technique to image subwavelength objects using planar-
structure fabrication. In Chapter 5, a new wave-matching method will be developed to
numerically compute electromagnetic fields inside planar structures. The method is extremely
memory efficient when compared with the finite-element and finite-difference time-domain
algorithms. The method will be applied to the problem of control of surface plasmon
scattering and modal cross-talk in planar waveguide structures. We will also show the
robustness of our approach in several photonic and plasmonic applications. Chapter 6 will be
devoted to a theoretical model which is used to predict directions of beams in plasmonic
beam-steering structures. We will confirm the robustness of our model with analytical, finite-
element simulations, and experimental results obtained from our University of Massachusetts

(UMass) collaborators.



Chapter 2 - Hyperbolic Optical Metamaterial

2.1 Introduction

An optical metamaterial is an artificial medium engineered to provide effective optical
properties which may not be found in nature. A composite consists of nanostructured
components aligned in a periodic pattern. On the microscopic scale, electromagnetic fields
interact with each individual constituent, and consequently the microscopic electric and
magnetic fields are inhomogeneous. However, the macroscopic electric field and polarization
can be obtained by averaging the microscopic electromagnetic fields and local dipole
moments over the groups of constituents, leading to the macroscopic optical properties of the

composite, for example, electrical conductivity, permittivity, and permeability.

The origin of the overwhelming interest in the metamaterial research started from
theoretical possibility of perfect imaging by a slab of negative index material, whose both
permittivity € and permeability ¢ are simultaneously negative [19, 115]. Since then, several
negative index metamaterial designs have been proposed [20-25]. However, the metamaterials
require the overlapping resonances in permittivity and permeability, leading to the
complication of metamaterial design and fabrication [20-25]. Furthermore, the metamaterials
are highly lossy due to the dissipation at the resonances [116-118], significantly reducing the

resolution of imaging [57-60].

Another class of negative refraction employs a uniaxial anisotropic medium having
the hyperbolic form of the dispersion relation [6, 38-45, 119-124]. Such a material requires
only a single resonance and hence the optical loss is significantly reduced, and more

importantly negative refraction spectrum is not limited by double resonances. Here we design



semiconductor multilayered composites, which exhibit negative light refraction in mid-
infrared frequency regime. The planar structure provides many fabrication advantages and can

be easily adapted to current industrial techniques.

This Chapter is organized as follows. In Section 2, we will derive the refraction
properties of the electromagnetic field inside a hyperbolic material, and will show how the
hyperbolic material can transfer high-wavevector signals to the far field. Later, an effective
medium theory used in averaging field properties to calculate the effective optical quantities,
will be described. In Section 3, we will study theoretically negative light refraction in the
semiconductor nanolayered structure, comprising interleaved highly doped InGaAs and
undoped AlInAs nanolayers. The simulations are in good agreement with experimental results,
obtained from our PU collaborators. To reduce the dispersion of effective dielectric constant
tensor, the design of the broad bandwidth and flat response of negative refraction in such
heterostructures will be presented in Section 4. The agreement between simulation and

experimental results will be confirmed.

2.2 Wave Propagation in Hyperbolic Metamaterial

In this Section, we will present an overview of the mathematical description of light
propagation in anisotropic materials that will be used throughout this dissertation. We will
setup Maxwell’s equations for general uniaxial anisotropic materials, named birefringent
media [116], in the Cartesian coordinate system, and the conditions for the hyperbolic
dispersion relation will be presented. The solutions of Maxwell’s equations show uncommon
relation of energy and phase propagation in such the hyperbolic material, yielding positive and
negative wave refractions. Even though hyperbolic materials are found in nature [42, 43], the

losses inside those materials are very high for realistic applications and the changes in their



crystal structures are sensitive to the environmental stimulations. However, it is possible to
artificially make the low-loss and structurally-strong hyperbolic metamaterials. Effective

medium theory (EMT) will be employed to design the optical properties of the metamaterials.
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FIGURE 2.1: (a) Cartesian coordinate of the structure; the optical axis is parallel to z axis;
arrows show directions of electric and magnetic fields and wavevectors for TE- and TM-

polarized light; (b) relation of all electromagnetic vectors for TM-polarized wave; k1D L1H
and S LE L H; (c) illustration of isotropic dispersion relation [Eq. (2.7)] when TE-polarized

filed propagates inside a uniaxial material (assuming no loss); radius of circle is /S,’Cyw/c; (d)

dispersion relation Eq. (2.8) encounters elliptic form when &, # &;; solid and dashed curves
correspond t0 & > &y, >0 and &, >¢&; >0 cases (assuming no loss); (e) hyperbolic
dispersion relation occurs when either &, or &, is negative (assuming no loss); solid and
dashed curves correspond to &, < 0 < &, (positive refraction) and &; < 0 < &,, (negative
refraction) cases; in the positive refraction case, propagation condition yields k, > \/s_z’a)/c;
in contrast, the negative refraction case can cover all k;, spectra.



2.2.1 Maxwell’s Equations and Dispersion Relations

Maxwell’s equations for a nonmagnetic uniaxial medium for a monochromatic wave

are given by [116-118]

k-¢E=0, (2.1)
k-H=0, (2.2)
- - w —
kxE= ?H, (2.3)
- - w =
k><H=—?éE, (2.4)
where
&y 0 0
=10 &, O (2.5)
0 0 g

is a dielectric constant tensor of the uniaxial material, w is the angular frequency of light, c is
the speed of light in air, and k= {kx, ky, kz} is wavevector of light [Fig. 2.1]. Here the optical
axis (0.A)), representing the direction of the material symmetry, is perpendicular to the xy-
plane, and the electromagnetic fields depend on exp[i(k - # — wt)]. These conditions will be

used throughout this dissertation. Maxwell’s equations are reduced to the wave equation given

by

E(E‘E)—k2E=—C—éE. (26)

Note that for the isotropic medium, the first term on the left-hand side vanishes, and Eq. (2.6)

yields the spherical form of the dispersion relation [116]. The so-called anisotropic wave



equation [Eqg. (2.6)] can be written as a system of linear equations for the electric field

components, and the nontrivial solutions exist when

0)2
K2+ K2+ k2= &y 7 (2.7)

or

k2+k2 k2 w?
Ty = (2.8)
& &y C

In the case of light propagating on the xz plane (k, = 0) [Fig. 2.1(a)], Maxwell’s equations
and Eq. (2.7) allow possible field components: E = {0,E,,0} and H = {H,,0,H,}. Such a
wave is called “transverse electric (TE)” or “ordinary” polarized electromagnetic field, and its
“circular” dispersion relation [Eq. (2.7)] relating all possible k, and k, to &, and w, is

illustrated in Fig. 2.1(c). The waves with this polarization behave as electromagnetic fields

propagating inside an isotropic medium; both wavevector (direction perpendicular to

wavefronts) and Poynting vector (direction of energy propagation) (§TE), are related by

2
- c 2
STE = 47_[0) |Ey| {kx' 0' kz}; (29)

and have the same direction. Consequently, the directions of wavefront and energy

propagations are co-parallel.

On the other hand, another polarization, called “transverse magnetic (TM)” or
“extraordinary” electromagnetic wave, consists of the field components: E= {E,,0,E,} and
H= {0, H,y, 0}, and its dispersion relation Eq. (2.8) relates k, and k;, t0 &, &,, and w. The

Poynting vector (S, ) is related to wavevector by
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- Cz 2 kx kZ
Sty =—|H —,0,—¢. 2.10
™ 47rw| sl {ez sxy} (2.10)

Note that for TM-polarized field, both wavevector and Poynting vector, and both D and E are
nonparallel. Their relations are illustrated in Fig. 2.1(b). Apparently, in a uniaxial material for

a TM-polarized field, wavefronts and energy propagate in different directions.

2.2.2 Refraction Laws: Positive and Negative Refractions

Now we may classify combination of &,,, and &, into two groups: (i) both &, and &;
are positive quantities, and (ii) either &y, or &, is negative but not both. Note that notations '
and " denote real and imaginary parts of a complex number quantity, respectively, and they

will be used throughout this dissertation.

The dispersion relation of the material in the group (i) has the elliptical form, shown
in Fig. 2.1(d). The solid and dashed curves correspond t0 &; > &5, > 0 and &y, > &, >0
cases, respectively. The medium can be found plentifully in nature, for instance, calcite,
quartz, and ruby crystals [125, 126]. Applications include beam splitter, liquid crystal

displays, light modulators, color filters, wave plates, and optical axis gratings [127-130].

The group (ii) is the primary focus of this dissertation. When one of permittivities in
Eq. (2.8) is negative, mathematically the dispersion relation has the hyperbolic form, and each
hyperbola belongs to each negative permittivity. Specifically, negative ey, gives the east-west
opening hyperbola, and negative &, gives the north-south opening hyperbola [38-41] [Fig.
2.1(e)]. The peculiar behaviors of propagation of TM-polarized waves inside hyperbolic media
are clearly seen when considering propagation from an isotropic material into a strongly

anisotropic material.
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FIGURE 2.2: Schematics representing the transmitting wavevector (Et) and Poynting vector

(§t) for (a, c) positive and (b, d) negative refractions; (a, b) arrows of reflecting k and § are
not shown; (c, d) full numerical calculations demonstrating positive and negative refractions
of a monochromatic TM-polarized Gaussian beam across an air-metamaterial interface.

Let us setup the system as follows: a TM-polarized wave of wavelength 1, propagates
from air to a hyperbolic material, either e, <0 <&, or &; < 0 < &, case, with arbitrary
incident angle 6;,. [Fig. 2.2]. The propagation of the refracted fields inside the hyperbolic
materials can be analyzed by employing the Poynting vector-wavevector relation [Eq. (2.10)],
with the requirements of conservation of transverse component of the wavevector and energy
flowing in the forward direction (S; > 0). Hence, in the case of &, < 0 < &; material [38-
41] we need to choose k, < 0 and k, > \/gw/c. As a result, the wave transmits into the
hyperbolic dielectric with backward wavefront propagation (k, < 0) with respect to the
interface and exhibits positive refraction (S, > 0) [Fig. 2.2(a)]. In contrast, materials of the

£, < 0 < &, permittivities [38-41] allow wave propagation when S, < 0 and k; > 0; so that
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transmitted wave encounters negative refraction and forward wavefront propagation [Fig.
2.2(b)]. Both circumstances are very essential for imaging, high resolution transfer device and
nanolithography, which will be mentioned later in Section 2.2.3. Full numerical calculations
demonstrating positive and negative refractions of a monochromatic TM-polarized Gaussian

beam across an air-metamaterial interface are shown in Fig. 2.2 (c, d).

In an anisotropic material, the Poynting vector and wavevector have different
directions; their directions depend on the effective group (n,) and phase (n,) indices of

refraction, respectively. The group index is obtained from Snell’s law, giving the continuity of

the transverse Poynting vectors at the interface:

Ny Sin B = ng sinfy, (2.11)

where ny = /g, is index of refraction of air, &, is permittivity of air, and 6, corresponds to
the direction of transmitted Poynting vector, respective to the optical axis. Similarly, the phase
index is obtained from Snell’s law, giving the continuity of the transverse wavevectors at the

interface:

Ny sin B = ny,siné,, (2.12)
where 8, is angle of the transmitted wavevector, respective to the optical axis. Consequently,

the group and phase indices of refraction are represented as

&z Ex Ex )
Ng =— [&xy — = (1 — ) g, sin? O, (2.13)
Exy &z &z

Sxy .
n, = [&y+(1— ~)¢osin Oinc » (2.14)
V4
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Surprisingly, contrary to the conventional isotropic refractive index, both group and phase
indices of refraction depend on the angle of incidence. The &, < 0 < &, hyperbolic material
gives positive ng, and negative n,, yielding positive energy refraction and backward wavefront
propagation as mentioned earlier. The opposite case (¢, < 0 < &) gives negative n, and
positive n,, allowing negative energy refraction and forward wavefront propagation for all
angles of incidence [131]. Negative refraction by hyperbolic metamaterials has been shown in
experiments in the UV, optical, and mid-IR spectra [6, 44, 45, 119, 120]; applications include
broadband Purcell effect [132-134], imaging hyperlens [14, 61-66], waveguiding [12, 42, 43,
135], out-of-plane scattering elimination [136, 137], and on-chip light-communication [16,

17].

The other crucial quantities for bulk hyperbolic metamaterials are Fresnel coefficients
[116], describing the fractions of the incident light that will be reflected from or transmitted
through the air-metamaterial interface. For TM-polarized illumination, the reflecting (1)

and transmitting (7)) coefficients computed by the ratio of H,, components, are expressed as

g, tan by — &g tan Oy,

M (2.15)

g tanfy + g tan O,

2e,tan 6,

trm (2.16)

- gztanfy + o tan O,
where the refracted angle, tan 6, = S, /S, is defined as the ratio of different components of

Poynting vector. The fractions of the incident power that is reflected from and refracted

through the interface are given by the reflectance (Ryy) and transmittance (T, ), and are
related to Fresnel coefficients by Rpy = |rryl® and Try = Re(kyg/€xy)/Re(kyinc/

o) |trm|?, respectively. The incident plane wave can encounter phenomena observed in a
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conventional isotropic medium, for instance, total internal reflection and minimum of TM-

polarized reflection at Brewster’s angle.

Table 2.1 summarizes all necessary information for TM- and TE-polarized light
propagating inside hyperbolic metamaterials. The information will be invoked again in the rest

of the dissertation.

TABLE 2.1: Summary of important information when TE- and TM-polarized fields,
illuminated from air, propagate inside hyperbolic metamaterials.

Hyperbolic Metamaterials
Polarization Dispersion Relation

Exy <0< g g, <0< ey
Ki+ki _ w? _ Forward Wavefront

TE exy €2 No Wave Propagation o )
Positive Refraction
™ k% n kE _o? Backward Wavefront | Forward Wavefront

€z Ex c? . . . .
Y Positive Refraction Negative Refraction

2.2.3 Resolution of an Image

Another unusual characteristic of hyperbolic materials that goes beyond conventional isotropic
media is the propagation of high-wavevector-spectrum field components, which contain
subwavelength information which is necessary for high image resolution [14, 16]. In this
Subsection, we will prepare the physical understanding of image resolution limitations when
an object is placed in an isotropic medium. We will later show that a hyperbolic material can

achieve deep subwavelength resolution.
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FIGURE 2.3: (a) Schematic of wavevector spectrum illustrating the separation of propagating
and evanescent regimes of an isotropic medium with permittivity &; the coarse and fine image
details are kept in propagating and evanescent spectrum, respectively; (b, ¢) the retrieval of a
subwavelength single slit with width A,/4 when (b) kJ*** = 2w/c and (c) kI*** = 100w/c;

the dashed lines show the original size of the slit; the measurements are performed at the same
distance z from the slit.

Let us consider a subwavelength object placed in an isotropic medium with permittivity €. The
object can be written as a Fourier function, H,(x,z), constructed from broad range of

transverse-wavevector components, k, [138]:

+ 00

Hy, = f dky Hy, (ky)etkaxetka(kn)z (2.17)

where Hy(kx) contributes to the field amplitude for each k,, and k,(k,) = \/m
representing the spherical dispersion relation [Eq. (2.7)], classifies the type of field transfers.
Assuming the isotropic material is lossless, the wavevector spectrum may be separated into
two regimes: propagating (|k,| < vew/c) and evanescent (|k,| > vVew/c) [Fig. 2.3(a)]. The
wavevector governing the propagating regime can be detected in the far field; in contrast, the

wavevector governing the evanescent regime is only measurable in the near field. The
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resolution of an image that each wavevector keeps can be described as ~2m/k,. Therefore, the
propagating regime occupies low-wavevector-spectrum values, and stores coarse-resolution
details, while the evanescent regime occupies high-wavevector-spectrum values, and stores
fine-resolution details [Fig. 2.3(a)]. As a result, a conventional optical microscope cannot
image a subwavelength object with the resolution beyond about 4, /2, because it only retrieves

the coarse information [139].

We illustrate the resolution limitation of the conventional microscope with a single slit
of width A,/4 in air. Fig. 2.3(b) illustrates the retrieval of the subwavelength single slit when
k7*%* = 2w/c is measured in the far-field. It is clearly seen that this maximum wavevector
only contains propagating values, that the subwavelength resolution cannot be achieved.
However, it is possible to use a hyperbolic material, whose dispersion relation has open
hyperbolas with a broader k, range [Eq. (2.8)], to transfer high-wavevector-components
(subwavelength information) into the far field. Fig. 2.3(c) illustrates the complete retrieval of
the single slit placed in a lossless hyperbolic material when kJ*** = 100w/c is included in

calculation.

Therefore, hyperbolic materials, which can support high-wavevector-spectrum
propagation, are capable of providing subwavelength imaging and nanolithographic
techniques. Moreover, the hyperbolic materials posses a broad bandwidth singularity in the
photonic density of states; hence they are also a good candidate for enhancing the spontaneous
emission of a light source [132-134]. In the next Subsection, we will employ the effective
medium theory (EMT) [140-143] to design effective optical properties of the hyperbolic

metamaterials; such a media can be fabricated using present technology.
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2.2.4 Effective Medium Theory

Effective medium theory is an approach for computing macroscopic properties of a composite
from the microscopic properties and relative fractions of its constituents. The first traditional
EMT models for application in the optical regime was proposed by J.C. Maxwell Garnett,
where optical properties of a medium containing minute metallic spheres were examined
[140]. More recently theory developed by Von D.A.G. Bruggeman treats two composites in a
symmetrical fashion [141]. Moreover, modern applications allow the approximation of the
optical properties of nanocrystals embedded in a crystalline matrix [144-146], and

nanolayered and nanowire structures [41, 147, 148].

Nanolayered and nanowire structures are among most important compositions used to
design the dielectric constant tensor in hyperbolic metamaterials. The approximation is
restricted in the sense that the size of the inclusions, either nanolayer thickness or nanowire
radius, should be much smaller than the wavelength; in consequence, the radiation cannot
distinguish the collection of elements from the homogeneous material. Therefore, macroscopic
electric and displacement fields are obtained from averaging local electric and local
displacement fields inside the composites. The effective dielectric constant tensor &4 results

from the ratio of components of the average displacement (D), and the average electric field

(E)gp:

(D)q = gaB(E>B (2.18)
where the bracket ( ) represents spatial averaging of the material quantities for microscopic
scales over macroscopic compositions, and the indices a and £ represent summation in

Cartesian coordinates.
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FIGURE 2.4: (a, c) Nanolayered structures consist of interleaved layers of metal and dielectric
of thicknesses and permittivities a,,, &, and a,, €4; the formation of layers is aligned along to
the optical axis (O.A.); (b, d) nanowire structures consist of metallic wires of radius r with
center-to-center distance D embedded in the dielectric host; (c, d) scanning electron
microscope (SEM) images of (c) InGaAs/AllnAs nanolayered structure [6] and (d) Au/Al,O;
nanowire structure [123]; reprinted with permission from Ref. [6] (c) and Ref. [123] (d).

For the two-dimensional nanolayered metamaterial, a structure is comprised of multiple
interleaved layers of metal and dielectric perpendicular to the optical axis; layer thickness and
permittivity are a,,, &, for metal and a 4, &4 for dielectric [Figs. 2.4(a, ¢)]. The EMT vyields

the effective permittivities as [41, 117, 140]

AmEm + aq&q

£ry = , (2.19)

Ay, +ag

_|_
e = Emfa(dm +aa) (2.20)
AmEq + AgEm

The effective optical properties can be tuned to obtain the hyperbolic dispersion. However, the
efficiency of the EMT is controlled by a,,, az < A, where 4, is the free-space wavelength.
Egs. (2.19) and (2.20) are viewed as a formula relating the bulk dielectric constant tensor £ in

terms of its constituents &, which form inclusions of volume fraction N = a,,/(a,, + a4) in



19

the host e4. The multilayered sandwich structure of doped Ings3Gags7AS and undoped
Alg4slngs2As semiconductor layers, and a curved periodic stack of Ag and Al,O3; have been
shown in the experiments demonstrating negative refraction of TM-polarized light in UV,

visible, and mid-IR spectra [6, 64, 119, 120].

Another composition is the nanowire structure, consisting of metallic nanorods
embedded in the dielectric template matrix [Figs. 2.4(b, d)]. The composite can be fabricated
with electrochemistry [7]. The controllable parameters of the effective optical properties are
metallic nanorod radius r, metallic permittivity &4, average separation distance between each
wire D, and membrane dielectric permittivity ;. Letting the optical axis be parallel to the

alignment of nanorods, the effective permittivities are given by [41, 140, 147]

ZemEd 4o (1-N)
g, = it Ea 2.21)
2% Nia-ny '
Em T &4 +(A-N)
&, =&nN +e4(1—=N), (2.22)

where N = w2 /D? is the inclusion factor. Note that the efficiency of EMT requires N < 1
and D, r < Ay. The hyperbolic dispersion has been shown experimentally in Refs. [44, 45,
121, 122] with the compositions of Ag/Al,O;, Au/Ta,Os, and Au/Al,Os, operated at UV,

visible, and near-IR frequencies.

Note that for the nanowire structures, the effective optical properties described above
originates from the averaged microscopic properties of the constituents. Hence, the desired
response does not require any periodicity of the constituent arrangement and only the average

concentration has to be controlled during the fabrication step.
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2.3  Semiconductor Metamaterial

Here we demonstrate numerically negative refraction behavior for the mid-IR TM-polarized
illumination in the multilayered structure of all-semiconductor composites. Later, the
correctness of the simulations is confirmed by the experimental results, performed by our PU
collaborators. The advantages of the structure are that it has remarkably low-loss and
optically-thick planar structure, and also employs the single epitaxial growth process available

in the present nanofabrication technology.

Similar to Refs. [6, 120], the multilayered stack of total thickness L = 12 um,
comprised of interleaved layers of Ings3Gags7AS and Alggslngs,As, each 80 nm-thick, is
placed on the 620 um-thick lattice-matched InP substrates (g, = 9.61), and the light is
illuminated on the interleaved-layers side. The undoped AllnAs layers are treated as dielectric
media with permittivity €. _a;mas = 10.23 [149]. The InGaAs layers are uniformly highly
doped by Si to provide plasma free carriers, and then behave as metallic inclusions. The
permittivity of the doped InGaAs layers is expressed by Drude model [117, 118]:

2
Wp

T ww+in| (2.23)

€mGads = €o—InGads [1

4me®N
w? = d (2.24)

=— )
MinGaas €o—InGads

Where €q_jncaas = 12.15 is the high frequency permittivity of InGaAs, t = 103571
represents the electromagnetic losses due to damping by inelastic scattering inside the
material, e = 4.8 X 10~ %esu is electron charge, m;},cq.4s = 3.89 X 1072%g is effective mass
of electrons in InGaAs layers, and w, is the plasma frequency depending on the doping

concentration N, of cm™3 unit. Consequently, the effective dielectric constant tensor can be
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computed by Egs. (2.19) and (2.20), and the range of wavelengths corresponding to negative

refraction is tuned by adjusting the doping density in the InGaAs layers.

The dependence of the calculated permittivities ¢, and &, on wavelengths for free-
electron density N; = 8.3 X 1018 ¢m™3 is illustrated in Fig. 2.5(a, b); corresponding plasma
frequency is 2.26 x 10* s~1 which is in the infrared spectrum. The high imaginary part of ¢,
around 11.3 um is due to the plasma resonance in the highly doped InGaAs layers. The
spectral region, where the metamaterial exhibits negative refraction, is shaded by the yellow
band. The onset of negative refraction occurs at the critical wavelength 1. = 8.37 um, when
&, = 0. For the smaller wavelength 1, < 1., the metamaterial behaves as the conventional
uniaxial anisotropic material. However, beyond the negative refraction spectrum the
metamaterial exhibits positive refraction. Note that for this typical doping concentration, both
&xy and g, encounter negative values at approximately Ao = 11.31—11.35um. The
absorption coefficient, ary ~ —In(Try/(1 — Rpy))/L, and the figure of merit, FOM=
k,/k;, are shown in Fig. 2.5(c) for various wavelengths and incident angles. Try, and Ry, are
the TM transmittance and reflectance, respectively. The strong peaks around the critical
wavelength arise from high imaginary parts of k,, relating to losses inside the material and the
real part of &, vanished. We also compute the shift (Ax) of the laser beam with 5° angle of
incidence transmitting through the metamaterial using the ray-tracing method for various
wavelengths [Fig. 2.5(d)]. It is clearly seen the negative shift in the negative refraction spectral

region.

To obtain experimental verification of negative refraction, our PU collaborators
performed reflectance (R) and transmittance (T') measurements with incident TM- and TE-

polarized illumination as a function of incident angles and wavelengths. For transmittance
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FIGURE 2.5: (a) Real and (b) imaginary parts of &,,, and ¢, for N; = 8.3 x 10" cm™3 as a
function of wavelength; the yellow band covers negative refraction spectra; (c) absorption
coefficient (solid curves corresponding to the left vertical axis) and FOM (dashed curves
corresponding to the right vertical axis) as a function of wavelength and incident angle, are
plotted on the log scale; plots show 0, 20, 40, and 60 degrees of incident angles; (d) shift
(Ax) of transmitted fields behind the metamaterial for 5 degree angle of incidence; negative
shift is in the yellow band; the inset shows definition of the shift.

measurements, the ratio of the TM and TE transmittance is taken to reduce environmental
fluctuations [Fig. 2.6(a)]. The strong absorption dip around 8 um is observed; the dip
corresponds to high imaginary parts of k,. For the separated TM and TE transmittance plots
[Figs. 2.6(c, e)], the overall decrease in transmission with increasing wavelengths for each
angle of incidence is due to k; inside the metamaterials [Fig. 2.5(c)]. In addition, it also
appears the strong dip around 8 um in the TM transmittance plot [Fig. 2.6(c)]; the dip is not
observed in the TE transmittance plot [Fig. 2.6(e)]. Note that the critical wavelengths from
experiment and calculation are slightly different; this deviation occurs from variation of the

experimental doping concentration.
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FIGURE 2.6: Experimental transmission and reflection measurements for various wavelengths
and incident angles; critical wavelength for the doping density N; = 8.3 x 108 cm™3 is
expected at 8.37 um; each plot illustrate () Trp/Trg, (0) Ryp/Rrg, (€) Try, (d) Rrpy, (€)
Trg, and (f) Ryg; the strong dips in (a) and (c) represent experimental critical wavelength at
around 8 um; no dip occurs in TE-polarized transmission plot (e); (e) small transmission of
TE-polarized fields occurs after 10 um due to negative real part of &,,,; (b, d) discontinuity of
Brewster’s angle trace (solid white curve in Ry, plot) occurring at critical wavelength, is the
feature of the transition of normal positive refraction into negative refraction; (f) clearly, TE
polarization is not affected by the anisotropy of the material and does not exhibit any strong
features at critical wavelength; the dip in reflection around 10 um occurs because the real part
of &, is approaching 0 and the imaginary part is becoming increasingly large; printed with
permission from our PU collaborators.
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The interval of negative refraction may be observed by tracing Brewster’s angle for
each wavelength. Brewster’s angles, corresponding to minimum reflectance of TM-polarized
light, are marked as solid white curves in Fig. 2.6(d). The different spectra locations of the
minima are due to the wavelength-dependent permittivity of the metamaterial. The apparent
discontinuous step of the Brewster’s angle tracing specifies the critical wavelength switching
the optical properties of the metamaterial. Therefore, in experiments the discontinuity of
Brewster’s angles is utilized as the spectral indicator of the onset of negative refraction
bandwidth. Figs. 2.6(d, f) show the color plots of the experimental TM and TE reflectance,
respectively. The wavy fringes in spectra are due to multiple reflection effect across the

epitaxial layer. Not surprisingly, TE reflectance does not exhibit Brewster’s angles.

As mentioned above, the discontinuity of Brewster’s angle is utilized to mark of
beginning of the experimental negative refraction spectral region; moreover, we can also
determine the end of the bandwidth A, by the large increase in the reflectance [Fig. 2.6(d)].
This instant increase at As is due to both real parts of ¢, and &, approaching 0, and their
growing imaginary parts. The bandwidth (A) of the negative refraction is computed as the
percentage deviation from the middle of the interval [6],

A — A

A= ———— 2.25
@ +10)/2 (2.25)
For example, in this typical metamaterial, the negative refraction bandwidth is about 26.2%

covering 1, = 8.0 — 10.4 um.

Furthermore, we compare the experimental measurements to our theoretical
simulations [Fig. 2.7]. The simulations use the anisotropic transfer-matrix approach [116] [see

details in Appendix A] to compute the electromagnetic fields in the planar semiconductor
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heterostructure of air-metamaterial-InP-air. The discontinuity of minima occurs around the
critical wavelength. An interesting observation is that the minimum dip of the experimental
transmittance data at the critical angle stops at high incident angle; in contrast, the simulation
shows continuity of the minimum at high angle. Possibly the stop of the minimum dip is the
remark of nonlocality in the multilayered structures [59, 150, 151]. This behavior was

seriously studied in the nanowire structures [152].

Arb. Units

Angle of Incidence, degree

4 6 8 10
Wavelength, um Wavelength, um
FIGURE 2.7: Calculations of the ratio of (a) TM and TE transmittance and (b) TM and TE

reflectance; the results are in good agreement with experiments; however, position of critical
wavelength is quite off due to the variation of the doping concentration in the experiments.

2.4  Broadband Negative Refraction and Flat Response

The effective dielectric constant tensor is a dispersive quantity. However, in imaging or
optical cloaking applications [14, 16, 70, 76, 83, 153] the optical properties of metamaterials
are required to remain unchanged for a range of wavelengths, and the bandwidth of negative

refraction spectra should become significantly broadened.
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In this Section, we design the graded-negative refraction metamaterials which have
flatter dispersion and broader spectral response. Let us consider refraction of an
electromagnetic wave with a wavelength and an incident angle from air to a metamaterial. The
shift of the transmitted wave is directly related to the refracted angle, and depends on the
dispersive dielectric constant tensor. Therefore, theoretically if we can design a structure
which is capable of supporting constant shift in a range of spectrum, then as a result, we

achieve a flat dispersive response and a broadband spectrum.

The general concept of the design is very similar to the chromatic aberration
correction used in the conventional lens systems [116]. We need to add a set of multilayered
metamaterial stacks with longer critical wavelength and thinner thicknesses to the main
metamaterial stack, which is thickest and has highest doping constant. The negative refraction
bandwidth of each metamaterial stack is overlapped with each other to support the broader
bandwidth, and the thickness of each stack is tuned to flatten the negative electromagnetic

wave shift.

Three samples are designed for the study: one, two, and four metamaterial substacks
are labeled as sample A, B, and C, respectively. The designed structural parameters, including
different critical wavelengths are given orderly in Table 2.2. Fig. 2.8(a) shows the real parts of
individual dielectric functions of different substacks. It is clearly seen that the critical
wavelength of each metamaterial stack increases along with the decrease of doping
concentration. The ray-tracing simulations of all samples are shown in Fig. 2.8(b). Obviously,
the shift responses of two-layer and four-layer structures are almost independent of
wavelength in the range of 8.5—9.2 and 8.5 — 10.3 um, respectively. In addition, the

bandwidths in the structures are also expanded.
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TABLE 2.2: Summary of the sample parameters of the study; the alignment of substacks is
shown in inset of Fig. 2.8(b); the doping concentration and substack thickness are tuned for
samples B and C to broaden negative refraction bandwidth and flatten the optical properties;
calculations are compared to the baseline sample, sample A.

Sample Substack Thickness (um) N;z(1x 10 cm™3) Ac (um)
L =12 8.3 8.37
B L; =9.6 8.3 8.37
L,=19 7.5 8.80
C L, =80 8.3 8.37
L, =21 7.5 8.80
L;=1.1 6.8 9.25
L,=1.0 6.4 9.53
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(a) ! 83 | f\ 1.0
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FIGURE 2.8: (a) Real part of ¢, for various doping concentration; the critical wavelength is
increasing when the concentration is decreased, due to smaller free-carrier electrons; (b) the
shifts (Ax) of the beam transmitting through each sample for 5° incident angle; sample C with
four substack metamaterials has flatter and broader bandwidth; sample A, which is the
baseline sample, has the most narrow bandwidth; the inset illustrates how the substacks are

aligned.
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We also perform the transmittance and reflectance calculations for sample B and C [Fig. 2.9].
In the transmittance plots, we see the overlapping of the absorption dips from different
metamaterial stacks; the degrees of absorption reduce along to thickness of the corresponding

doped substacks. In the reflectance plots, sample C is less dispersive than sample B.

Our PU collaborators verified experimentally the transmittance and reflectance of
sample A-C [Fig. 2.10]. In the transmittance plots, we can see the overlapping of the minimum
dips, mentioned above. In the reflectance plots, we see the broader spectral region of the
negative refraction in sample C and B with bandwidth (A) of 33.2% and 32.0% respectively,
while the bandwidth of the baseline sample is 26.2%. Therefore, the broadening of the

bandwidth is improved by designing in advance the supplementary metamaterial substacks.
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FIGURE 2.9: Theoretical transmittance and reflectance calculations with parameters given in
Table 2.2; for sample B, (a) Try/Trg, (b) In Ryy,; for sample C, (€) Trp/Trg, (d) InRpyy; it is
clearly seen broader negative refraction spectra in (d).
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FIGURE 2.10: Experimental transmittance and reflectance measurements of samples B and C;
(a, ¢) the overlapping of the absorption dips across differently highly doped substacks occurs
in the flat dispersion portion of the negative refraction regime; (b, d) the broader negative
refraction spectra are observed in the designed multiple-metamaterial substack composition
with bandwidth of 32% and 33.2% for samples B and C; printed with permission from our
PU collaborators.

The broader bandwidth can be further improved by adding more designed
metamaterial substacks. However, as shown in Fig. 2.5(c), the loss is highest at the critical
wavelength. Therefore, the overall loss inside the material in the flat dispersion portion of the

negative refraction regime is increased.

2.5 Conclusion

To summarize, we first discussed the mathematical constitution of field propagation with

backward-wavefront positive-refraction and forward-wavefront negative-refraction in
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hyperbolic metamaterials. The physical understanding of image resolution inside isotropic and
hyperbolic media was clarified. Later, the effective optical properties of nanolayered and
nanowire structures were computed using the effective medium approximation; the dielectric
constant tensor yielded hyperbolic dispersion relation, relating to the unusual field propagation

behavior.

We showed theoretically and experimentally the negative refraction of waves
transmitting through the InGaAs/AllnAs multilayered semiconductor metamaterials with
different doping concentrations in mid-IR frequencies. The onset of negative refraction spectra
occurring at the critical wavelength can be controlled by determining the doping density and
layer thickness. Finally, we extended the spectral bandwidth of negative refraction and flatten
the optical response by adding the substacks of predesigned metamaterials. The potential
applications of such metamaterials include waveguiding, imaging, security and sensing, beam-

steering, and nanolithography.
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Chapter 3 - Hypergratings: Light Communication in Planar Hyperbolic

Metamaterials

3.1 Introduction

Progress in sensing, imaging, and communication technology requires ever improving control
over the propagation of electromagnetic waves [14, 19, 47-51, 61, 64-66, 70, 154-160]. A
generic photonic unit (e.g. optical sensor, lithographic or imaging apparatus, communication
unit) can be considered as a device providing the optical communication between several
spatially separated spots (“object” and “image”). The separation between the spots (“focal
distance™) and the size of the spot (“resolution”) are among the main figures of merit for

optical systems.

In this Chapter, we propose a technique for far-field communications between several
subwavelength spots based on manipulation of subwavelength signals in planar slabs of
hyperbolic metamaterials [16]. Our method combines the benefits of planar optics offered by
Fresnel zone plates [116] and negative-refraction lenses [19, 115], wide-spectrum-generation
offered by near-field plates [156-159], and diffraction-less propagation offered by strongly
anisotropic (hyperbolic) metamaterials. The method is illustrated on the example of far-field
subwavelength foci generated by the diffraction plates in hyperbolic metamaterials. Analytical
estimates of the performance of such “hyper”-gratings are provided and verified with
numerical solutions of Maxwell’s equations. Generalizations of the proposed technique for on-

chip communications are suggested.

The optical behavior of imaging or focusing devices is most clearly seen by

considering the wavevector space of a system. In this approach, an optical pulse at the
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entrance of a device is represented as a set of plane waves with well-defined components of

the wavevector k and frequency w. The spatial evolution of each of these waves is then
analyzed, and finally the spectrum is converted back into the real-space domain at the exit

point of the device.

As mentioned in Section 2.2.3, most transparent natural materials support propagating
waves with some limited range of transverse wavevectors. The maximum value of the
transverse wavevector component k*** = /ew/c determines the minimum size of the focal
spot that can be achieved in a device in the far-field limit « 27 /k"** = A, /[ [116, 139].
The role of conventional optical elements is therefore reduced to adjusting the phase-shifts
between different wavevector components to achieve the best-possible (although still
diffraction-limited) resolution. This adjustment is typically provided by material

inhomogeneities (lenses), or by diffraction gratings (Fresnel lenses or zone plates).

Several techniques have been suggested to achieve subwavelength imaging. Some of
these techniques — near-field scanning optical microscope (NSOM) [161-163], superlens [19,
50], and near-field plates [156-159] — rely on exponentially decaying (evanescent) fields with
|k, | > kI*** to surpass the diffraction limit. Unfortunately, the realistic applications of these
techniques are limited to near-field proximity of the imaging system [60]. Another class of
structures, either uses transformation optics techniques (light compressors) [66, 70], or makes
use of ultra-high-index modes in plasmonic [155] or strongly anisotropic [15, 42, 164] media.
While these systems are able to achieve subwavelength light manipulation in the far-field,
their fabrication requires three-dimensional patterning. Moreover, the devices themselves are

often non-planar which further restricts the range of their possible applications [14, 61-64].
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FIGURE 3.1: (a) Schematic of the hypergrating structure; 1D diffraction plate is shown; (b)
diffraction-limited propagation in Si, Ay = 15 um, d; = 200 nm, x; = 0, &, = &, = 16, (C),
(d) subdiffraction propagation in (c) negative refraction and (d) positive refraction
metamaterials, (c) d; = 100 nm and (d) d, = 200 nm; dashed lines show the direction of
|kyc/w| > 1 modes [Eq. (3.4)]; panels (e)-(g) show spectra of the systems in (b)-(d),
respectively; reprinted with permission from Ref. [16].

Here we propose a system capable of far-field subwavelength light manipulation which is free
of the above restrictions [16, 17]. The schematic of the proposed planar structure and several
realizations are shown in Fig. 3.1. The system comprises a planar slab of the hyperbolic
metamaterial covered with a subwavelength metallic diffraction plate. As will be explained
below, the diffraction plate is responsible for generating the high-wavevector components of

transmitted electromagnetic fields, and the slab is used for the routing of the resulting

subwavelength signals.
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This Chapter is organized as follows. In Section 2, propagation of diffracted fields
from a single slit in hyperbolic metamaterials will be studied. Formalism of the subwavelength
focusing structure will be developed in Section 3. Limitation of the technique is also
discussed. In Section 4, we suggest that Fresnel zone plate hypergratings may behave as a
converging lens and can be utilized for magnification and far-field imaging with

subwavelength resolution.
3.2  Light Diffraction from a Single Slit

We begin by discussing the propagation of TM-polarized light generated by a thin slit of width
dy < Ay with center positioned at x = x;. We assume that the pulse propagates along the
optical axis [axis z in Fig. 3.1(a)] of a uniaxial anisotropic metamaterial with the dielectric
permittivity tensor € [Eq. (2.5)]. The field due to the slit inside the metamaterial at the distance

z from the interface is given by [138]

o]

H,(x,7) = f (k)T (ky, 2)e " dk, (3.1)

— 00

with the slit source [S(k, )] and the transfer [T (k,, z)] functions given by

S(kyi x1,dy) = dysinc(leyd; /2)e 1, (32)
T(ky,z) = ez, (3.3

where k, = + /gxy (‘;’—22 — ';—’2“) is given by the anisotropic dispersion relation [Eq. (2.8)], and

the sign of the square root is chosen to enforce the field decay inside the absorptive medium.

The amplitude of the transfer function defines the evolution of the wavevector

spectrum, and thus effectively defines the resolution of the system. As seen from Eqg. (3.3), in
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isotropic systems, the high-k,, components of the spectrum are exponentially suppressed [Fig.

2.1(c) and Fig. 3.1(b, e)], and the subwavelength solution is limited to the proximity of the slit.

The situation is dramatically different in strongly anisotropic metamaterials that have
Exy€; < 0 where hyperbolic dispersion virtually eliminates high-k, cut-off [42, 121, 132,
133]. Nanolayer [6, 120] and nanowire [44, 147, 165] realizations of these unique structures
have been theoretically predicted and experimentally demonstrated for near-UV, visible, near-
and mid-IR frequencies. It has been shown — both theoretically and experimentally — that
optical properties of relatively thick metamaterials are well-described by effective medium
theories [6, 41, 45, 120, 140, 143, 147]. Here we illustrate the subdiffractional manipulation of
light for an Au-alumina nanowire system [41, 147] and InGaAs-AllnAs nanolayer [6, 120]
structures operating at 1.5 um and 15 um respectively, where applicability of effective
medium theories has been verified. The particular material parameters that we use in our
simulations are: &y, = 3.6 + 0.05i; &, = —12.2+ 1.360 for nanowire system and &, =

—6.4 + 1.4i; e, = 36 + 3.4i for multilayered structure [149].

We emphasize again that the two structures have opposite anisotropy. The nanowire
composite exhibits negative refraction (positive phase index) properties for incident light with
1.5 um wavelength as described in Chapter 2, and supports the propagation of both small
(lkyc/w| < \/%) and high-wavenumber waves. In contrast to this behavior, the nanolayer
composite operates in the positive-refraction (negative phase index) regime for incident light
with 15 um wavelength; the structure only supports high-wavenumber components. As seen
in Fig. 3.1, both structures dramatically outperform their isotropic counterparts. However,
suppression of diffraction-limited background in nanolayered structure makes these systems

more suitable for far-field operations.
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As described above, the subdiffraction manipulation of light relies on the propagation
of high-k, modes. In strongly anisotropic systems these waves propagate almost parallel to
each other, where the angle between the propagation direction and the optical axis is given by

the ratio of Poynting vector components [166, 167]:

(3.4)

The concentration of subwavelength components into the two subwavelength beams emerging
from the point slits are clearly seen in Fig. 3.1(c, d); the directions of these beams are in
perfect agreement with Eq. (3.4). Resonance cones exist only in the frequency regions where
either &,,, or £, becomes negative, but not both. For negative refraction, the diffracted fields
propagate inside the cone yielding the hyperbolic wavefront pattern on the optical axis; in
contrast, positive refraction metamaterials yield waves propagating outside the cone, and the
hyperbolic wavefront pattern is perpendicular to the optical axis. Note that while the field
distribution in nanowire metamaterials is dramatically different from that in nanolayer
structures, the spectra of both systems contain substantial contributions of subdiffractional

components [Fig. 2.1(d, e) and Fig. 3.1(f, 9)].

3.3 Fresnel Zone Plate Hypergratings

The light propagation behind an arbitrary 1D diffraction plate with slits of thickness d4, d,,...
positioned at x;, x,,... is given by Egs. (3.1)-(3.3) with the multiple-slit source function
S(ky) = Y; S(ky; x;,d;). Thus, each slit of the diffraction grating generates a set of two

subwavelength beams diverging at an angle 6. The interference of these beams can then be



37

H

= -

eyt LT

-

!
y { |
// \\ | A |
O . 2 N 1

N b

10 -05

i, | I
0.0 0.5 1.0
x/\0

———E==F

P ——

FIGURE 3.2: 1D hypergratings for subdiffractional photonics in the bulk of (a) nanowire and
(b) nanolayer metamaterials; profile of several subwavelength foci from (a) and (b) is shown
in (c) and (d), respectively; the fields in (c, d) are normalized to the maximum field at the
given distance from the plate; dashed and solid lines in (a, b) correspond to the positions of
field profiles shown in (c, d); geometry parameters: (a, c): slit thickness d, = d, =ds =d, =
100 nm, slit positions x; = =500 nm, x, = —300 nm, x3 = 300 nm, x, = 500 nm; (b, d):
slit thickness d; = d, = d; = d, = 200 nm, slit positions x; = —7nm, x, = —4nm,
X3 = 4 nm, x, = 7 nm; reprinted with permission from Ref. [16].

used to generate a subwavelength pattern inside the bulk of metamaterial or on its opposite

edge.

The class of nanophotonic devices based on combinations of planar hyperbolic
metamaterials and diffraction plates can be called hypergratings [16, 17], reflecting some

analogy between these systems, Fresnel optics, and hyperlenses.

The developed framework is easily extendable for 2D diffraction plates, with each
point of the plate generating a cone of radiation with apex angle 26 [see Eq. (3.4)]. The
superposition of these cones explains, in particular, the appearance of periodic subwavelength

patterns in recent numerical simulations which image 2D arrays of holes by multilayered
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FIGURE 3.3: (a) Subdiffractional light focusing at the interface between a nanolayer
composite and air and in the bulk of the structure; (b) light focusing inside 2D hypergrating;
profiles of several subwavelength foci from (a) and (b) are shown in (c) and (d), respectively;
the fields in (c, d) are normalized to the maximum field at the given distance from the grating;
dashed and solid lines in (a, b) correspond the positions of field profiles shown in (c, d);
geometry parameters: (a, c): slit thickness d; = d, = d3 = d, = 200 nm, slit positions
X1 = —7nm, x, = —4nm, x3 =4nm, x, =7nm,; (b, d): dy =d, =200nm, r; = 4 um,
r, = 7 um; reprinted with permission from Ref. [16].

composites [160]. The limit |&,| > |sxy| yields & — 0 and corresponds to canalization regime

observed in low-frequency nanowire structures [168, 169].

Hypergratings have potential to enable numerous exciting applications, including the
communication between diffraction-limited optics and subwavelength length scales,
communication between several subwavelength objects inside a system, high-resolution
lithography, high-density data storage, and high-density sensing. In particular, hypergratings
can be designed to realize the planar Fresnel-like lenses with subwavelength foci, potentially

enabling unprecedented density of pixels at the focal plane.
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Several examples of generation of subwavelength field patterns inside and at the back
edge of the metamaterial are shown in Figs. 3.2 and 3.3. Note that the size of the hypergrating
foci ranges from A,/50 to A,/20 and is almost unaffected by the presence of material

interfaces.

Such Fresnel hypergratings can be designed for any value of focal distance f by
blocking (or reversing phases) of even (or odd) Fresnel zones. The wavelength-dependent
coordinates x,, of boundaries of Fresnel zones [see Appendix B] in hyperbolic media are

expressed by

mmc
\/e,’fyfz + elx2 — \/e,’fyfz + epxl = i—w (3.5)

where x, is the horizontal displacement of the first opened Fresnel zone from the optical axis;
for materials with e, > 0, x, = 0 and for materials with &, < 0, xo = f tan 8. The sign in
Eq. (3.5) corresponds to the sign of &;. Note that Fresnel lens with &; < 0 < &, is “left-
handed”: for oblique incidence, its focal point stays on the same side of the normal as the
incident beam [see Section 3.4]. Moreover, the Fresnel lens hypergratings supports a number
of secondary foci along the optical axis in addition to its main focal spot [Fig. 3.4(a)], as well

as those usually found in the conventional Fresnel zone plate.

We now turn to the analysis of limitations of the proposed technique. The main
limitation of the resolution of anisotropy-based nanophotonics comes from material
absorption. In the limit of low loss, the high-k, behavior of the transfer function can be

characterized by
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FIGURE 3.4: Effect of losses on far-field resolution of Fresnel zone plate hypergratings; sizes
and positions of the slits are given by Eq. (3.5); panels (a, b) show field distribution in low-
loss (a) nanowire and (b) nanolayer structures (&'’ is reduced 10 times with respect to bulk
values shown in Section 3.2); panels (c, d) show field profiles in the focal planes; solid lines
correspond to field distribution in low-loss systems, dashed lines represent performance of
structures with full loss; reprinted with permission from Ref. [16].

8 8
T (ky,2)| =~ exp |- "y il k . (3.6)
EZ |€xy| |£Z|

The evolution of the spectrum of the wavepackets inside anisotropic metamaterials calculated

using numerical solutions of Maxwell’s equations are shown in Fig. 3.1(f, g). Note that the
performance of realistic metamaterials greatly exceeds the performance of their isotropic

counterparts [Fig. 3.1(e)].

Assuming that the wavevector spectrum at the focal spot is dominated by the high-

wavevector components given by Eq. (3.6), and neglecting the specific dynamics of |k,| <
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w/c waves, we arrive at the following estimate of the resolution in the anisotropy-based

gl gll n
Az _X7< ’,‘y+€z,). @7
gZ |gxy| |£Z|

Thus, material absorption serves as a major limitation to far-field subdiffractional focusing.

hypergratings:

However, since hypergratings are nonresonant and thus do not require restoration of
evanescent waves, it is possible to achieve resolution ~ 1,/10 at a distance ~ 1.5 4,. Note
that the resolution of hypergratings is directly proportional to the losses, A « &' (in contrast to
o« —1/1In(e’") dependence of superlenses [60]). Reducing the losses (for example by
incorporating the gain into the system [170-175] or engineering larger interatomic distances in
metallic conclusions [176]) restores the resolution [Fig. 3.4]. Our analysis indicates that under

realistic conditions, Eq. (3.7) tends to overestimate the FWHM of the image.

The second limitation of the proposed technique emanates from the appearance of
nonlocal corrections in the k, > w/c response of composite systems. Extensive previous
research [147, 150, 177] indicates that these corrections become important when the scale of
field variation in the system becomes comparable with the size of its structural unit. Thus, the
nonlocal corrections will limit the resolution of hypergratings systems to the scale of the

metamaterial component (< 10 — 50 nm in realistic nanowire and nanolayer structures).

3.4  Hypergrating as a Magnifying Lens

It has been known that a conventional Fresnel zone plate can behave as a thin lens [116]. In
this Section, we show that, similar to the typical converging thin lens, the Fresnel zone plate

hypergratings with negative-refraction metamaterials are capable of performing spatial
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Fourier-optics, transforming an incident plane wave into the point on the focal plane with the
position of the focal point depending on the angle of incidence of the original plane wave [17].

In the paraxial limit, magnifying objects by hypergratings is possible.

@ \ \o air,n; (D) _
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FIGURE 3.5: (a) Schematic of focal spot shifted by incident fields with small angles of
incidence; for negative refraction materials, focal spots stay on the same side as the incident
waves; (b) positions of focal points on the focal plane when 6; is varied; around 8 degree,
focal spot is destroyed; squared dots show maximum field intensity of simulations and orange
line corresponds to Eq. (2.11).

As mentioned above, a Fresnel lens with e; < 0 < &y, is “left-handed”: when a plane
wave is incident on a hypergrating with a small angle of incidence, the focal point shifts from
the normal spot toward the same side as the incident beam [Fig. 3.5(a)]. The shift (Ax) of the
focal plane agrees well with Snell’s law [Eq. (2.11)] where tan 8, = Ax/f. In Fig. 3.5(b), we
numerically measure the position of maximum field intensity on the focal plane for small
angles of incidence. The particular parameters used in the simulations are &, = 12.2,
&, =—3.6, 1, =3 um, and f = 6 um. The deviation of the measured focal spots from the
predicted positions may come from coarse step size used in the simulations. However, the

focal spot is destroyed for angles larger than 8; = 8°. Note that the shift of a focal spot with
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small angle of incidence is a property of a conventional lens. We emphasize again that the
Fresnel zone plate hypergratings are highly capable of transmitting signals to deep

subwavelength detectors placed on many locations at the focal plane.

So far we have considered hypergratings with plane wave incidence. However, as well
as conventional Fresnel lens, the hypergratings can magnify objects (sources) when the
paraxial limit is taken into account. Fig. 3.6 shows theoretically the imaging schematic. With

©m — @9 = —mm and formalism developed in Appendix B, we arrive at

x2, &) x2, _ mumc
Si 1+——1 + |exySo| 1+t —1|=—— (3.8)
s? Exy S& )

where s; and s, are image and object distances, respectively. Eq. (3.8) represents coordinates

of boundary of m-th Fresnel zone, related to s;, s,, and optical parameters. When s; — oo

(plane wave incidence), Eqg. (3.8) reduces to Eg. (3.5). In the paraxial limit in which

/_galcy/gzso > x,, and s; > x,,, we obtain a hypergrating thin-lens equation:

. - 3.9
s; {_e,’cyso X2, (3.9)

with

)| |

Exy S & 1
Mingx = — Sol & | (3.10)
Sz /10
o ]

(maximum zone number is discussed in Appendix B). Such a structure behaves as a

converging lens on a slab of negative-refraction metamaterial [Fig. 3.6] where the object and
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image focal distances are f, = —&;/ |exy [x5,/(mAp)] and f; = —x3,/(mA,), respectively.

Note that in this imaging structure, a ray tracing approach is employed in the paraxial limit of
hypergratings. The locations of the object and focal spots, and the image and object positions

are shown in Table 3.1. The transverse magnification of the hypergrating lens is given by

& S

.Sy (3.11)
’Sxy

In contrast to negative-refraction metamaterials, hypergratings with a slab of &, <0 < ¢,

MT:_

materials may not behave as a thin lens since the paraxial limit cannot be satisfied (x,, >

S ’—s,’cy/sg). Physically, electromagnetic fields coming out from an object inside the

metamaterial slab propagate outside the resonance cones; hence, in air the diffracted fields

will diverge and prevent the formation of the image.
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FIGURE 3.6: Imaging mechanism of thin-lens hypergratings; when subwavelength object is
placed at s, < f, (in negative refraction metamaterials or in reality, behind hypergratings with
thickness s,), real magnified image occurs at s; (in air) with erect orientation; ray tracing
technique is employed in this analysis.
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TABLE 3.1: Object and image properties in Fresnel lens hypergratings.

Object Image

Location Type Location Orientation Relative Size
So < fo real in air erect magnified
So = fo 00

So > fo virtual | in metamaterial inverted minified

3.5 Conclusion

We have proposed a new class of planar nanophotonic systems, hypergratings, which combine
the benefits of planar zone plates with the far-field subwavelength resolution of the hyperlens.
Subwavelength focal spots in the far-field of the hypergratings were demonstrated numerically
and the analytical description of the underlying physics was derived analytically. Examples of
1D and 2D amplitude gratings were presented. It is reasonable to assume that the results can
be further optimized with phase gratings. We also showed that hypergratings can be utilized
for magnification and far-field imaging with subwavelength resolution. The technique,
illustrated here on examples of near-IR and mid-IR frequencies, is scalable from near-UV to
mid-IR. Furthermore, the approach can be easily extended to enable the communication
between subwavelength spots inside the bulk of metamaterials. Applications of the developed
formalism lie in high-resolution sensing, nanolithography, high-density data storage, and on-

chip communications.
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Chapter 4 - Subwavelength Far-Field Imaging Technique

4.1 Introduction

High-resolution imaging is of interest for a broad class of applications spanning all parts of the
electromagnetic spectra. Some applications of subwavelength imaging in information
technology and life science include real-time biomolecule imaging, nanolithography, high-
capacity optical data storage systems, and compact integrated optical telecom solutions [178-
184]. Electromagnetic metamaterials and plasmonic systems promise to conquer the
diffraction limit and offer numerous solutions to the problem of subwavelength imaging [14-
19, 155]. However, while subwavelength light management in metamaterial systems may be
free from the diffraction limit, the finite wavelength of light in air provides substantial

challenges in experimental studies of nanophotonics.

Although near-field scanning optical microscopy (NSOM) [161-163] provides a way
to analyze subwavelength field distributions, this technique suffers from a nontrivial
convolution of the field pattern with the tip function. It is also implicitly slow and does not
support real-time imaging since the evanescent signal is collected on a point-by-point basis.
Moreover, NSOM is limited to visible and GHz parts of the spectrum and is not available at
mid- and far-IR and THz frequencies. Another technique, called stimulated-emission-
depletion microscopy (STED) [185-187] utilizes a light spot to excite fluorescence in
subwavelength areas of samples. However, the technique forms images using the scanning
scheme, and also needs fluorescent dyes and high illumination intensities to achieve a
nonlinear response. Structured illumination microscopy (SIM) [188-192] was shown to
improve the resolution of conventional optics by a factor of two by analyzing the light

transmitted through a wavelength-scale diffraction grating, under a set of different
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illumination conditions. More recently, an approach called far-field superlens (FSL) [193-196]
was proposed to conquer the resolution limit. The technique utilizes a plasmonic thin film as
superlens [19, 23] to enhance evanescent fields and then uses a first-diffraction-order metallic
subwavelength grating to convert these evanescent fields into propagating waves which are

detectable in far field. FSL can achieve ~A,/5 resolution.

In Chapter 3, we developed the hypergratings structure which can focus incident plane
waves into ~4,/50 — A,/20 resolution spot sizes. However, so far in our best knowledge,
there has been no imaging technique that can achieve this high resolution by using far-field
measurements. Here we present an approach that can be used to image unknown 1D objects

with far-field measurements [197].

It has been known that the spectrum of the subwavelength object is dominated by
high-wavenumber components that exponentially decay away from the object. Measurement
of these evanescent components is impossible in the far-field regime. However, a
subwavelength grating, located at the object plane, can potentially help the image-
reconstructing procedure by converting the evanescent waves into propagating waves.
Therefore, our technique, similar to FSL, relies on designing the plasmonic subwavelength
grating to convert the information of subwavelength features into propagating waves. In
contrast to FSL, our technique does not rely on resonant enhancement of subwavelength
information with plasmonic structures, and we take advantage of many diffraction orders of
the grating to obtain higher resolution. The approach promises broadband spectral response

and direct imaging of high-resolution objects.

The rest of this Chapter is organized as follows. In Section 2, we will mention the

concepts of the diffraction grating related to the grating equation and optical transfer function;



48

those will be necessary for our image-reconstruction technique. We will develop the imaging
formalism in Section 3. In Section 4, we will illustrate the robustness of the developed
technique by reconstructing the images of several single-slit sources, double slit-slit sources,

and the size and shape of a subwavelength focal spot inside a hypergrating system.

4.2  Diffraction Grating

A diffraction grating, formed by a periodic set of slits, is an optical component that transforms
the incident electromagnetic plane wave into a set of diffracted plane waves, called diffraction
modes. The direction of propagation of each mode depends on angle of the incident plane
wave, operating wavelength, permittivities of media, period of diffraction grating, and mode
number. Grating applications include monochromators, spectrometers, and even imaging

apparatus [186-191].
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FIGURE 4.1: (a) Schematic of light diffraction; plane wave of operating wavelength A, in
isotropic medium &; with incident angle 6; is incident on a grating with period A; only one-
diffraction-mode transmitted wave in isotropic medium &, is shown; (b) absolute value of
optical transfer function |¢,,| for several diffraction modes m and incident wavevector k ;.
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Consider the incidence of an electromagnetic wave, either propagating or evanescent, on a
diffraction grating with parameters: permittivity ¢4, periodic A, thickness h, and ridge filling
factor f [Fig. 4.1(a)]. The grating is surrounded by two isotropic media with permittivities &;
(on input side) and &, (on output side), respectively. The diffracted fields occupy many
diffraction orders m, and a diffracted transverse-component wavevector for each order is

given by the grating equation [116, 198]:

kym =ky;+mky 4.2)
where k, = 2m/A is the grating wavevector, k, ; is the transverse-component wavevector of
the incident field, and k., is the transverse-component wavevector diffracted by an m-th
order. It is clearly seen that the transverse wavevector component for each diffraction mode is

translated by the amount of mk,.

When the wavevector of the incident field is in the evanescent spectra (k;; >
|\v€121/A0), with proper design of a subwavelength grating the diffracted wavevector may be
shifted into the propagating regime (|k, | < ve;2m/A,) which is detectable in the far field.
Our imaging technique that uses a subwavelength grating to convert evanescent into

propagating fields will be mentioned in details in Section 4.3.

In contrast, when the wavevector of the incident field is in the propagating regime;
that is, a plane wave operated at wavelength A, is incident with an angle 6;, the diffracted
fields can occupy both propagating and evanescent regimes. In this case, the grating equation

is reduced to

A(ez sin6,, — \[e;sin6;) = mA,, (4.2)
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giving 6,,, the diffracted angle for each diffraction order m. For normal incidence and

& =&, =1,sin8,, = mi,/A.

As mentioned earlier, our image-retrieval technique employs a subwavelength
diffraction grating to convert the evanescent spectrum into propagating waves. Hence, it is
important to know the contribution of each wavevector — both propagating and evanescent — to
the diffracted fields. The quantity describing this contribution, called optical transfer function

[OTF; t,n (k1)1 is defined as the ratio of transmitted amplitude of the m-th mode [a (k3 )]

over incident amplitude [a(k )], for various incident wavevectors [k ;]:

tm(kyi) = C;((IZ‘T)) .

(4.3)

Rigorous coupled-wave analysis (RCWA) [199-202] is one of the most efficient techniques
employed to compute reflecting and transmitting field amplitudes for each diffraction order.
The technique expands the periodic relative permittivity in the grating region into the form of
a Fourier series, writes electromagnetic fields in input and output regions of the diffraction
grating as a linear combination of many diffraction modes, and then finds solutions that satisfy
Maxwell’s equations in all regions by solving the exact electromagnetic-boundary-value

problem.

Fig. 4.1(b) shows the absolute value of OTF, |¢,,(ky;)| as a function of m € [—7,7]
and kq;c/w € [—12,12] for a diffraction grating surrounded by air with parameters ¢, =

—100, f =0.5, A=22,/3,and h = 1,/10, and the operating wavelength of 1, = 1 um.
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FIGURE 4.2: (a) Schematic of imaging structure; an object is placed closed to the
subwavelength plasmonic grating with period A (at z = z,;;) and is irradiated by the plane
wave with incident angle 6;,; the far-field intensity is measured inside an isotropic material
with permittivity ¢; (b) transfer of evanescent information into propagating regime by the m-
th diffraction order of the grating; normal incidence is assumed.

4.3 Imaging-Reconstruction Formalism

In this Section, we will develop the formalism of image reconstruction as follows. A
subwavelength diffraction grating is placed at the object plane where the object is surrounded
by a dielectric medium or hyperbolic metamaterial [Fig. 4.2(a)]. Light with transverse-
component wavevector k,, and angle of incidence 6;,. illuminates the object. Consequently,

scattering fields with a broad range of wavevectors k,, covering both propagating and
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evanescent regimes, are diffracted by the grating. Each wavevector of the diffracted wave gq,,

can be related to the wavevector of the scattering field k,. by [Eq. (4.1)]

Qm = (ky — kyo) + mky . (4.4)
Therefore, the subwavelength grating shifts some portions of the original propagating spectra
into the evanescent regime, and shifts some portions of the evanescent spectra into the
propagating regime [Fig. 4.2(b)], and then the originally-evanescent components can be

detected with far-field measurements.

This procedure, however, leads to overlapping of the original evanescent signals with
original propagating waves; so that extra measurements are required to deconvolute the
different parts of the spectra from the far-field measurements. The approach to distinguish the
propagating and evanescent spectra is detailed below. For simplicity, here we consider only
TM-polarized incident waves. However, the formalism developed is directly applicable for

TE-polarized light.

In Fourier space, an object comprises Fourier amplitudes with all ranges of
wavevectors, k, € (—oo,+). However, only a part of the spectra is substantially important,
and then we might omit the other insignificant parts. Therefore, the electromagnetic field of

the object can be represented as [138]

kx,max
B a) = [ dialetsettatmn (43)

_kx,max
where z,,; is the position on z-axis where the object is originally placed, k pq, is cut-off
wavevector spectrum, k, is related to k, through the dispersion relation [Egs. (2.7)-(2.8)], and

a(k,) is the unknown complex amplitudes of the Fourier-decomposition of the light scattered
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by the object. Hence, numerically the problem of imaging can be reduced to the problem of
finding a(k,). When a subwavelength grating is placed at the object plane, each k,
component will be diffracted according to Eq. (4.4). Consequently, it is straightforward to
show that the far-field TM-polarized light measured in a dielectric medium can be described

numerically as

H}j/‘ar (x; Z, Hinc) = Z Z Wna(kx,n - kxo)tm(kx,n - kxo)eiqmnxeikZ(qmn)Z (4,6)

m n

where k,(qmn) = /€ w2/c? — g4, € is permittivity of the isotropic medium in which the

field is measured, and ¢, (ky, — kyo) is OTF [Eq. (4.3)]. It is clearly seen that a(aty,) =
a(kyn — kxo)tm(kxn — kxo). The index m corresponds to the summation over different
diffraction orders, while the index n represents numerical integration over k, with weighting

factors w,, [203] [Fig. 4.2(b)].

When high-wavevector regimes are shifted into the propagating spectrum by the
diffraction modes, the far-field propagating regime includes the overlapping of original
propagating (clearly, by the m = 0 diffraction order) and original evanescent (m # 0 modes)
components. We now come to the question how to deconvolute the different parts of the
spectra from the far-field measurements. Both SIM and FSL rely on rotation of polarization of
incident light to attain additional measurement and perform the deconvolution above. This
procedure, however, is not desirable for systems where the properties of the sample strongly
depend on polarization. Here we propose to fix the polarization of incident light, and instead
rotate the direction of incident light (given by the angle of incidence 6;,.) as shown in Fig.

4.2(a).
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This idea can be illustrated by the following simple example: let us consider a
subwavelength single slit, surrounded by air and illuminated by a plane wave with incident
angle 6;,.. Spectra of diffracted fields at two different distances behind the slit are shown in
Fig. 4.3. It is obvious that in the evanescent regimes (|k,c/w| > 1), the spectra of different
incident angles are distinguishable in the near field, but indistinguishable in the far field. In
contrast, the spectra of different incident angles in the propagating regime (|k,c/w| < 1) are
separated explicitly even in the far field. Hence, we may utilize this approach to split the

overlapping spectra.

(a) spectrum (b) spectrum

poss

k,.c/o k.c/o

-3 -1 1
FIGURE 4.3: Field spectra of diffracted waves from a single slit with (a) near and (b) far

distances; colored curves represent spectra of different angles of incidence (see inset); gray
areas (|k,c/w| < 1) correspond to propagating regions.

In this work, we numerically measure the field intensity at different transmitting angles 6;,-4n
on a semicircle. Let this data be represented by P intensity (1) data points, {8inc p, Xp, Zp, I }.
As an example, here we emulate the real experiment by sampling the numerical solutions of
Maxwell’s equations, obtained from commercial finite-element (FEM) [204] simulations. A

nonlinear least-squares fitting technique based on Gauss-Newton algorithm [205] is used to
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find the transmission coefficients. The method finds the unknown complex coefficients by

minimizing the intensity deviation, represented by the sum (F) of squared residuals,

P
F = Z[Ip - I(xp,zp, Hinc,p)]z 4.7
p=1

2 ) .
where [(x, zp, Oinep) = |H§“T(xp,zp,9incrp)| . Assuming k,, is smaller than the cutoff
wavevector k, ,qy, the unknown complex transmission coefficients may be represented as a

polynomial

ko\' koy
a(k) =ay+ a, +ota|—) +--. (4.8)
kx,max kx,max

The minimum occurs when V dF /da; = 0. Finally, when the spectrum of the source is

determined, the object is recovered using Eq. (4.5).

We emphasize that the most important aspects of our imaging-retrieval technique is to
(i) use a subwavelength diffraction grating to allow measurements of subwavelength
information in the far field, and (ii) vary angles of incidence to deconvolute the overlapping
signals. In this work, we use the least-squares fitting technique to compute the unknown
coefficient function; however, the technique could be vastly improved by employing more

efficient mathematical algorithms to obtain the object’s unknown Fourier function.
4.4  Far-Field Imaging with Typical Objects

The developed formalism is first illustrated on the examples of imaging several single-slit
sources with widths a = 44/2, 1¢/4, Ay/8, and 1,/20 and double slit-slit sources with two

Ao/4 slits separated by 4,/5, all placed in air. We assume that all linear dimensions are
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normalized to the wavelength in the air A,, and use the following parameters for plasmonic
grating: e, = =100, h = 4,/10, f = 0.5, and A = 21,/3. RCWA shows that this typical
grating provides substantial coupling between propagating modes and the evanescent
spectrum covered by the first seven diffraction orders which potentially yields a resolution of
Ao/20 [Fig. 4.1(b)]. To simulate experimental conditions, we calculate the intensity behind the
grating using the FEM commercial software [204], and use the calculated intensity as the
“experimental” input field. The good agreement of our retrieval technique for the single and

double slits and their original configurations is shown in Fig. 4.4 and Fig. 4.6(a), respectively.

(a) intensity (a.u.) (b) intensity (a.u.)

width = 2o/2

width = 2o/4 W}

. ‘ x/ho syt x/ho
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
(C) intensity (a.u.) (d) intensity (a.u.)
width = 4,/8 | width = 2,/20
i X/)\_D T X”)*O
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

FIGURE 4.4: Reconstruction (blue solid curves) of single slits with width (a) 1¢/2, (b) 4/4,
(c) 1,/8, and (d) 4,/20; gray dashed lines represent original sizes of the slits; air-to-air
measurement is assumed.

We further apply the developed formalism to recover the field distribution at the focal plane of

the planar subwavelength focusing device based on the strongly anisotropic metamaterials,
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hypergrating [see Chapter 3]. The TM-polarized field of wavelength 2, = 20 um is incident
on the hypergrating structure with the particular metamaterial parameter: e, = —23.25 +
3.65i and ¢, = 24.84 4+ 0.69i [16, 149], and the subwavelength focal spot is found at a
distance behind the diffraction plate. With this positive-refraction metamaterial, small k,
components of the field are suppressed, so that the image recovery can be achieved with only

single 8;,. measurement. The parameters of the Cu grating are ¢, = —12662.6 + 3726.0i

[149], h = 2,/80, f = 0.5, and A = A/ (V& + \/€). Fig. 4.6(b) shows good agreement of

subwavelength focal spot retrieval and FEM simulation.

Finally, we analyze the tolerance of the imaging algorithm to noise, present in any
experiment, by adding a random 2% noise to the “experimental” field distributions from the
single slits, and averaging the field recovered after several noise realizations. Our simulations

demonstrate that the recovered image is not sensitive to the small experimental noise [Fig.

4.5].

(a) intensity (a.u.) (b) intensity (a.u.)
width = q/2 width = 34/4 |

T T XI’}\_O I XI’;&O
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
(C) intensity (a.u.) (d) intensity (a.u.)
width = 14/8 : : width = 44/20 :

: h'm xIho /o

-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

FIGURE 4.5: Reconstruction (blue solid curves) of single slits [as in Fig. 4.4] with a random
2% noise added in the experimental field distributions.
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(a) intensity (a.u.) intensity (a.u.)

L x/1g

FIGURE 4.6: (a) Reconstruction of two A, /4 slits separated by 4, /5 (air-to-air measurement);
(b) reconstruction of the subwavelength focal spot of the hypergrating based on measurements
in air; solid blue and dotted black curves correspond to retrieved and original images,
respectively; intensities from both methods are normalized; positive refraction metamaterial-
to-air measurement is assumed.

We now discuss the advantages and limitations of the proposed technique. The main
mechanism of the imaging retrieval depends only on designing the subwavelength diffraction
grating to support the evanescent-to-propagating wave transformation in a particular material.
Once the permittivities of the materials surrounding the object are known, an appropriate
grating can be designed. The design of this grating does not depend on the shape of the object.
In addition, our technique is not only limited to TM-polarized incident fields, because our

structure does not need the slab of metallic layer to enhance the evanescent fields [19, 193].

The main limitation of the complete imaging retrieval is related to the robustness of a
mathematical approach, employed to fit the unknown amplitude function [Eqg. (4.8)] with
experimental data. Moreover, the speed of real-time bimolecular imaging depends on the

process of varying incident angles and fitting computation.

45 Conclusion

We proposed a technique capable of retrieving the size and shape of the unknown

subwavelength objects with far-field measurements and computer post-procession. The
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approach relies on a predesigned subwavelength diffraction grating scattering evanescent
information into the far field and on a numerical algorithm that is capable of deconvoluting
this information based on the far-field intensity measurements. We showed the robustness of
the technique by retrieving subwavelength single and double slits, with and without noise, and
determining the size of the subwavelength focal spot in infrared spectrum regime. As
compared to the previously introduced techniques (SIM and FSL), the proposed approach is
implicitly non-resonant, and thus provides a relatively large operating bandwidth. It also
enables deep subwavelength resolution (< 4,/20), and opens the door for high-resolution

real-time imaging.
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Chapter 5 - Wave-Matching Technique: Computing Light in Planar

Structures

5.1 Introduction

Accurate numerical analysis of electromagnetic fields is required to adequately understand the
behavior of plasmonic and metamaterial systems. Although a number of finite-difference and
finite-elements [206] techniques can successfully solve the problem of scattering in relatively
small geometries (S 104,), analysis of wave propagation in an extended system is beyond the
capabilities of methods that rely on finite-size meshing of space/time. One of the ways to
reduce memory requirement to calculate the field in an extended structure with a moderate
number of scattering interfaces is to implement some sort of wave-matching technique where
the modal spectrum is constructed to satisfy the solutions of Maxwell’s equations in the space,
and only boundary conditions at scattering interfaces are enforced, resulting in calculations of
amplitudes of the modes. Effectively, modal expansion can replace the need to calculate all
field components at every point of space with the need to calculate modal amplitudes in every

region of space.

One of the first descriptions of the wave-matching approach and its applications for
highly conductive plasmonic guides can be found in Refs. [207, 208]. Ref. [207] also
describes scattering by planar guides with highly symmetric cross-sections. Green’s function
formalism has been utilized to analyze out-of-plane scattering of plasmonic guides in Ref.
[209]. An approach to calculate the modal cross-talk and scattering in 1D guides was
developed in Ref. [210]. Scattering by periodically corrugated systems has been analyzed with
rigorous coupled wave analysis in Refs. [199-202]. Basis expansion of electromagnetic field

in piecewise rectangular structures was proposed in Ref. [211]. Recently, the generalization of
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field expansion to calculate scattering in plasmonic planar guides has been presented in Ref.
[212]. However, while the mode-matching calculations were proven to be highly efficient, this
technique had failed in the proximity of the plasmon resonance condition, when the field of a
surface wave is highly confined to the proximity of a metal interface. Here we present the
extended wave-matching technique that is capable of solving for wave scattering in complex

systems formed by coupled planar waveguides [137].

The rest of this Chapter is organized as follows. In Section 2, we will present the
mode structure of an arbitrary planar guide used in this work. Section 3 will be devoted to the
development of the mode-matching technique in a quasi-planar system comprising a uniform
in y-direction array of planar guides. The extension of the technique to multistack structures
will be proposed in Section 4. The presented numerical approach will be illustrated on

examples of light propagation in several plasmonic and metamaterial systems in Section 5.

Notations: In this work, we use the following notations for the electric and magnetic
fields in the system: the total electric (E) and magnetic (H) fields are shown in italic letters;
the fields of modal components contributing to the total field are represented with symbols [E
and Hi; the components of an individual mode in a particular layer of the multilayer stack are

represented with calligraphic symbols € and ..
5.2  Modal Spectrum of Planar Guides

We start from analysis of a modal spectrum of a planar waveguide, schematically shown in
Fig. 5.1(a). The structure comprises a set of N planar layers with layer interfaces parallel to
the yz plane, with the j-th layer occupying the space between x;_; < x < x;, and having the

uniaxial dielectric tensor described by
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Sx;j 0 0
=0 &z 0 [ (5.1)
0 0 Eyz;j

We assume that x, = —co and xy = oo. Here we consider the structure that is infinitely

extended in the yz plane.

The electromagnetic fields in this layered system can be represented as a set of TE and
TM polarized waves (modes). Each mode of the multilayer constitutes a solution of Maxwell’s
equations that is finite for —co < x < oo [116]. In a homogeneous layered structure, the mode
can be parameterized by a combination of (i) its polarization (TE/TM), (ii) the in-plane

components of the wavevector (k,, k,), and (iii) a set of layer-specific complex coefficients

{aji} playing the role of amplitudes of the mode components:

(afgl(kx;l(ky, ki) ky,ky) + ar&s (ke (ky ky) ky k), x < xy
E(ky' k,) = { ajfgj(kxu(ky' k) ky k;) + aj_é} (—kxj(ly kz) ky kz), xjoq <x <x;,
aEn(ken(ky ky) ky key) + anén (mkun (e ky) by ky), xy—g < x

(5.2)

H(ky, k;)
(afHy(kxa (ky ky) Ky key) + aT Hy (hewn (ky by Ky by, x <2y
- !é}fﬁj(kx;,-(ky. k) by k) + G (e (k) Ky ), 30 <2<,
l;,w?,v(kx;,v(ky, ky) ky ky) + anHy (ken(ky k), Ky k), xy_qg <x
(5.3)

where the fields and dispersion relations in each layer are described by
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FIGURE 5.1: Schematic geometry of the multilayered structures and electromagnetic mode
types; geometry of the single multilayer stack is shown in (a); coefficients aji play the role of
amplitudes of the mode components in each layer; panel (b) explains the composition of top,
bottom, and guided modes; field profiles in the outmost layers of the multilayer are shown; the
interface between two multilayer stacks is shown in (c); modal amplitudes constituting total
fields in each stack are given as A*; panel (d) shows geometry of P-stack structure with

(P — 1) interfaces; reprinted with permission from Ref.
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[137].

k,,

{_(k32/ + k;), kx;jky' kx;jkz} !

2 2 Exij
i+ 12, = 22 kg,
¥z,

&x;jkz)

- ky}

(5.4)

&x;j
T kx:ij}
yz]

—&jky} - (5.5)
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Note that for a given mode only two of the amplitudes a;—’ are independent to each other.

Indeed, the remaining amplitudes can be calculated using the well-known transfer matrix

method [Appendix A]:

<aj_+1> . [ (1+K)e; (1-K)of ] (“Ji) (5.6)

%1 (1-K)/of  (1+K)/97 I\G
with polarization-dependent parameters ¢;, a;, and K; given by qo;—r :exp[i(kx,.jﬂi

kx;j)xj]’ a]TE = 1/21 a]TM = gx;j/(zgx;j+1)v I(jTE = kx;j/kx;j+1v and KjTM = kx;j£yz;j+1/

(kx;js18yz;)-

For multilayer systems, layer-specific transfer matrices can be multiplied together,
yielding the transfer-matrix relating the fields in any two layers of the multilayer stack, and
thus solving the problem of reflection and transmission of a plane wave by the multilayer
composite. The singular solution that corresponds to nonzero scattered waves on both sides of
the multilayer structure (ay, aj; # 0) with zero incident fields (af = ajy = 0) corresponds to

the eigen (guided) mode of the stack [116, 207, 210].

For each polarization, the full spectrum of modes supported by the stack includes
three groups of waves [Fig. 5.1(b)]. The first group contains a discrete spectrum of guided
modes, exponentially decaying into first and last layers (aj = ay = 0,a7 = 1). Here we
characterize these waves by the in-plane components of their wavevectors {ky, kz}. The
remaining groups of modes contain the continuum of waves, known as open-waveguide
modes [207, 212] (bulk modes). The first of these groups represents the modes originated by a
plane wave that is incident on the layered structure from the top layer (af = 0,ay = 1),

while the second group represents the wave incident on the structure from the bottom layer
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(af = 1,ay = 0). Here, the modes of the first group (“top modes™) are parameterized by the
real-valued k,.y in the top (N th) layer, while the “bottom modes” are parameterized by the

real-valued k., in the bottom (1°%) layer.

In the limit of symmetric distribution of permittivity £é(x) = é(—x), the spectrum of
top and bottom modes proposed here is equivalent to the earlier proposed [207] combinations
of “standing wave” modes with symmetric and antisymmetric x-profiles. However, in contrast
to the later, the combination of top and bottom modes is more easily generalizable to the case
of nonsymmetric (such as plasmonic) planar guides. Note that in a majority of previous
studies of plasmonic structures [212], bottom modes were explicitly omitted. As will be
explained below, this omission becomes crucial in the regime of strong surface plasmon
polariton (SPP) [92, 93] scattering, e.g., in proximity to SPP resonance or in plasmonic step

geometry [Fig. 5.4]. Overall, the field inside the guiding structure can be written as

E= Z [A@E (ky, k{?) + AD7E (ky, k)|

q
+ fo 457" (ko )E (Ky, ez (o)) + A7 (oo )E (K =k (Ko ) )| b

+ fo : (42 (k1 JE (key ko (Kxa) ) + AP (Rt )E (K =y (Kt ) )| bt

(5.7)

A= [4@T (y, k) + AT (ky, k)]

+ f [A%P" (ke YH Ky, Jep (o)) + AP (e )T (bey, =k () )| e

0

+foo AP (e Y Iy, by () ) + AP (e Y (ley, =y (Jersn) )| s

0

8

(5.8)
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The first terms in Eqgs. (5.7) and (5.8) represent the summation of all guided modes, while the
remaining two terms integrate all possible open-waveguide modes. Here we assume that all
the modes in the layered material have the same value of k,,. This assumption does not limit
the applicability of the developed technique, since due to translational symmetry any solution
of Maxwell’s equations in the set of coupled waveguides can be represented as a linear
combination of solutions corresponding to a set of k, values. Likewise, we assume that
excitation and response of the system are monochromatic [E, H < exp(—iwt)]. The linearity
of Maxwell’s equations makes it possible to generalize the developed formalism for the
arbitrary pulse excitation by representing the incident radiation by the linear combination of

monochromatic waves.

Note that in the process of calculating waveguide modes it may be necessary to
determine the proper sign of the k, (or k,) component of the wavevector in a particular layer.
If the component of the wavevector has complex value, this sign is determined from the
requirement for the mode to be finite in its domain. If the wavevector component is real, its
sign should be determined to impose the propagation of energy in the positive x (or z)

direction [42, 213].
The set of waveguide modes defined above allows the introduction of the scalar
product
(B, [5) = f (B, x H}) - 2dx (5.9)

where the dagger (1) corresponds to the adjoined field, i.e., field of the mode propagating in
the reversed z direction [207, 210]. It can be shown [207, 210, 212] that in a given multilayer

(i) all TM-polarized waves are orthogonal to all TE-polarized waves, (ii) the guided modes are
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orthogonal to each other, and (iii) the top and bottom modes may have some coupling,
depending on &; and &y: if & = &y, the top and bottom modes corresponding to the same
value of k, are coupled to each other and are orthogonal to all other modes; if one of the two
materials is lossy (as is usually the case with plasmonic structures), the top and bottom modes

are, as a rule, orthogonal to each other.

Note that, similar to what has been suggested in Ref. [212], the scalar product can be

calculated analytically, significantly speeding up the calculation [Appendix C].

5.3  Mode Coupling Across Two Multilayer Stacks

We now turn to the main point of this work — discussion of coupling of the modes at the
boundary between the two multilayer structures. For simplicity, we present results for the case
when the interface is located at z = 0 [Fig. 5.1(c)]. Generalization of the technique for other

locations of the interface is straightforward.

We are solving the classical scattering problem: finding the fields scattered by the
interface provided that the incident fields are known. The incident fields are represented by the
modes propagating in the +z direction on the left-hand side of the interface (z < 0) and by
the modes travelling in the -z direction on the right-hand side of the interface (z > 0); the
scattered fields are represented by the modes travelling in the - z direction on the left-hand
side of the interface and by the modes travelling in the 4z direction on the right-hand side of
the interface. The modal representation [Egs. (5.7)-(5.8)] reduces the scattering problem to an
arithmetic task of finding the coefficients A and A% as a function of AF and Ag, which can be

solved by imposing the following set of boundary conditions:
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= ERx 5 HL = HRy ’ (510)

EL, = Eg,; Hy, = Hg, . (5.11)

y
As can be explicitly verified, the remaining boundary conditions follow from Egs. (5.10)-
(5.11). In the case of normal incidence (ky = 0), TM- and TE-modes do not couple to each
other. Correspondingly, in this case Eqgs. (5.10) describe the reflection, transmission, and

scattering of TM-polarized waves, while Egs. (5.11) describe the optical properties of TE-

polarized modes.

In order to solve the scattering problem, Egs. (5.10)-(5.11) need to be converted into a
set of coupled linear equations which contain amplitudes of the scattered modes. To achieve
this goal, we substitute the modal expansion [Egs. (5.7)-(5.8)] in Egs. (5.10)-(5.11), and
subsequently multiply the resulting expressions by the adjoined fields of left- and right-hand

side modes, as will be described below.

In numerical computations, it is necessary to replace the continuous integration over

k.. with finite sums. Thus, Egs. (5.7)-(5.8) become
E = Z[A(m>+ﬁ(m>+ + AMTEMT | wim) (5.12)
m
H = Z[A(mﬁﬁ(m)* + A(m)‘ﬁ(m)‘] wm | (5.13)
m

where E™* = E (ky, ikﬁm)), and similar for H; the summation in Egs. (5.12)-(5.13) go over

all modes (top, bottom, and guided) of TE and TM polarizations, and the weight factors w are
equal to 1 for the guided modes, and are determined by the numerical integration method used

for top and bottom modes [203]. Note that the number of modes on the left-hand side of the
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interface (N,) does not necessarily equal the number of modes on the right-hand side of the

interface (Ng). Egs. (5.10)-(5.11) now become

Ny, Ngr
z [Agm)+]E£r:)+ +Agm)_IE£T)_]WL(m) _ Z [A%mﬁ[Eg:ﬁ +A§3m)_IE§gT)_]W,gm),
m=1 m=1
Ny Ng
Z [Agm)+HET;1)+ + Agm)_HET;l)_] WL(m) — Z [Agn)+Hg;1)+ + Aém)_ﬂ'ﬂg:)_] W}gm) )
m=1 m=1
(5.14)
Np, Ngr
z [Agm)+EEryn)+ + Agm)_IEg:)_] WL(m) _ Z [A%m)+IEg;l)+ + A%m)_IEE?T)_] ngm)’
m=1 m=1
Ny, Ngr
Z [Agm)+HET)+ + AEm)‘HET)‘] WL(m) _ Z [A%m)+Hl(;:)+ + Afem)_HEeT)_] W}gm) .
m=1 m=1
(5.15)

To solve for Ni + N, unknown amplitudes, we multiply Eqgs. (5.10) by the fields of TM-
polarized modes and integrate the resulting products over x; similarly, we multiply Egs. (5.11)
by the fields of TE-polarized modes and perform the integration. Assuming that the index m
first spans the TE-polarized and then TM-polarized waves, the procedure results in the

following two sets of matrix equations:

— nm + — - — nm + _ -
G A+ 6 = G A A

—— nm + —~ nm - — nm + —~ nm -
55;& Agm) + D3y Agm) =‘5§-ER Agem) + Dqr Agem) ’ (5.16)

and
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G A+ G Al = G A+ A

— nm + — nm - — nm + — nm -
L) Agm) + 9L Agm) = D¢r Agzm) + Hor Agem)’ (5.17)

where the summation over repeated index m is assumed and matrix elements are given by

{LIR}y

GL oy = wim )
R{LIR} — {LIR} )t () .
]E ]H]Ry dx, n > Ng

f E HI dx, n<NEE

{LIR}x

( m)t () TE
. j H{LlR} IER dx, n < Np
Sium = Wain 3 f ,

(m)* m(mn)”
H;\ry, Bk, dX, > NiE

( f Egg}?} H{ dx, n<N/E
m o]

+nm ( —_
Cowiry = Wik f _ ’
k E

m* () TE
(LIR), ]I-]ILy dx, n > Ny

(00 ¥ _
f HI E™ dx,  n<NJE
+nm m - x

(m)
Dawiry = WiLlry foo (5.18)

An example of the matrix GE?—;L formation is illustrated in Fig. 5.2; the formations of other

matrices are similar. The modes of z < 0 region are not necessarily orthogonal to the modes in

the z> 0 region. Thus, the matrices (Sm, 5/;,%” (%:R, and 55%2 may have substantial
nondiagonal components describing cross-talk between modes across the interface. Note that
in the planar structure, the scalar product yields analytical solution [see Appendix C]. The

improper integration can be chopped into segments according to layers in both stacks.
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FIGURE 5.2: Matrix (E;—EL formation; columns (m) are from the discretization of the

continuous integration over k, where NTE and N™ are the number of TE and TM k,.-discrete
modes; the adjoined TM- and TE-polarized fields are multiplied to make rows (n).

In fact, the above matrices are square and invertible only when N; = Ny, in which case one of
Egs. (5.16)-(5.17) can provide the information required to solve the scattering problem.
However, even in this case, inversion procedure may lead to significant numerical problems
and is undesirable. When N; # Ny these matrices are rectangular and thus, even theoretically,
cannot be inverted. To overcome this difficulty, we reduce Egs. (5.16)-(5.17) to the following
set of equations that represent the generalization of transfer-matrix formalism for coupled

waveguide structures:

Al = Ton AL + T AL '
Af = Gy Ag + 0 A

o (Vwry)*
where A{LlR} = {A{”R}, ""A{LIR} and
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=~ [ — —1 ’_{_\ —~ -1 ’_{_\ 1 [0~ -1 —~ —~ =1 —~ ]
Ro1 = _(Ean Cxrr — Dar 559%}2_ _@ERR Cx. — Dar 559%_
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[ e= —1 = = —1 =]
Cor Cor — Do Dar]

g 1
= + = +
_@ﬁL Cor — Has 5212_

g o]
— |l + = +
L1 = _G:’QL CoL — DaL 55&_

PR
_ & ¥ = ¥
(L22 = |Co Cop — Do Doy

Finally, combining the second equation of Egs. (5.19) and the first equation of Egs. (5.20), we
arrive to the generalization of the scattering-matrix technique that solves the problem of

interlayer coupling:

A =[-8 Ar+ |-G G, A

->+ - o~~~ 7=1 —~ - N P N P —)+ (523)
AR = [1 —ER21312] S‘]%215311 Ag + [1 - i]%21812] iRzz AL

with I being identity matrices. Egs. (5.23) represent the main result of this Section.

5.4  Wave Calculation in Multistack Structure

In this Section, the wave-matching technique is extended to any general P-stack structure [Fig.

+
5.1(d)]. Let unknown coefficients in p-th stack be defined as A% = {Ag,l)i, ...,AgN’)) };

therefore, we are solving the classical scattering problem in which the coefficients E[ and Af}?

are described as a function of E}“ and A7. The set of two-stack transfer-matrix equations [Egs.

(5.19)-(5.20)] can be extended for P-stack structures:
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A; . AI
A);_ - mTotal A)T ’ (524)
A,I . A)KI
A)I - BTotal /TIT, ’ (525)
where
giTotal = i’R(P—1—>P)§R(P—2—>P—1) 9,%(2—>3)§%(1—>2) , (526)
ﬁTotal = §(2—>1)§(3—>2) "'Q(P—l—)P—Z)ﬁ(P—)P—l) . (527)

iﬁ(p_l_)p) is the transfer matrix of wave propagation from (p — 1)-th to p-th stack [Eq. (5.19)]
and E(p_,p_l) from p-th to (p — 1)-th stack [Eqg. (5.20)]. The elements of the matrices
iﬁ(p_l_)p) and ﬁ(p_)p_l) are defined in agreement with Eqgs. (5.21) and (5.22), respectively, for
z = z,, interface. Eventually, Egs. (5.24)-(5.25) provide scattering matrices solving the

problem of multistack wave coupling [Egs. (5.23)].

Before illustrating the accuracy of the developed approach, we would like to underline
its main advantages and disadvantages. The approach is ideal for calculation of light
propagation in extended structures with a relatively small number of multilayer segments; the
increase in the number of segments results in additional memory use for each given segment
and, correspondingly, minimizes the advantages of a wave-matching approach over finite-

difference and finite-element schemes.

The developed technique provides an efficient solution to the problem of coupling
between multilayer stacks with high index contrast (high optical mode density difference) by

implementing a multilayer-dependent number of modes. However, our calculations show that
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careful design of the spectrum of the open-waveguide modes is necessary when the coupling

to and from the highly confined modes is calculated.

@ e Ry [
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FIGURE 5.3: (a) Light reflection in the planar air-Si-air waveguide coupled to a homogeneous
dielectric; Aq = 1.5 um, waveguide thickness d = 0.6 um; the geometry and profiles of the
waveguide modes supported by the system are shown in the inset; excitation by TM, mode is
assumed; the graph shows the comparison between the technique presented here (lines) and
FEM simulations (dots); R, = 0 since the symmetry of TM; mode is different from that of
TMy and TM, modes; (b) reflection in plasmonic gap (Au-air-Au) waveguide; 1o =d =
0.6 um; thickness of lines illustrates the convergence of the computations; panels (c) and (d)
illustrate the field distributions in the system (a) with e, = 12.12 (c) and &p , = 3.6 + 0.05(,
&pyz = —12.2 + 1.36i (d); reprinted with permission from Ref. [137].
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For guided modes, the approach allows straightforward calculation of intermode cross-talk by
calculating the mode-specific pointing-flux and multiplying it by the amplitude of the given
mode squared:

(00)

T 2 *
S o |AM* |’ Re f E ) gy (5.28)

Similarly, the approach allows for easy calculation of emission directionality, naturally
separating the fields produced by guided modes from the fields of open-waveguide modes and

separating the fields of the incident waves from the fields of the scattered waves.
5.5 Interguide Coupling in Plasmonic and Metamaterial Systems

We now illustrate the accuracy of the presented approach on several examples of plasmonic

and metamaterial systems.

5.5.1 Light Emission and Scattering by Single-Mode Waveguide

We first consider light coupling to and from a waveguide. As an example, we use a 600-nm -
thick Si waveguide surrounded by air, and calculate the coupling between this system and a

homogeneous dielectric at 1, = 1.5 um; e; = 12.12 [149] [Fig. 5.3(c)].

To analyze the accuracy of our technique we assume that the system is excited by the
TM, (symmetric) mode with an amplitude of 1, and study the percentage of the reflected light
into TMy, TMy, and TM, modes as a function of dielectric permittivity of the homogeneous
dielectric [see inset in Fig. 5.3(a)]. For comparison, we calculate the same parameters with
commercial finite-element-method (FEM) software [204]. The perfect agreement between the

results of our technique and FEM simulations is shown in Fig. 5.3(a). As expected, even for
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this relatively simple system, the scattering-matrix approach uses orders-of-magnitude less

memory than the FEM model (~1.5 Gb for mode matching vs. ~8 Gb for FEM).

The field matching obtained with our technique for e, = 12.12 is illustrated in Fig.
5.3(c). Panel (d) of the same figure illustrates the matching obtained in coupling between an
air-Si-air guide and an anisotropic hyperbolic metamaterial with e, , = 3.6 + 0.05, ¢p,,, =

—12.2 + 1.36i [41].

00 02 04 06 08 10
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z, ym Z, um

FIGURE 5.4: Scattering of the SPP propagating across the Au-air step; panels (a) and (b)
show transmission, reflection, and scattering (S =1 — R —T) of an SPP that is incident on
the step; geometry of the structures is shown in insets; curves correspond to the formalism
developed in this work (curve thickness represents data variation due to changes in spectra of
bulk modes); dots represent results from FEM simulations; panels (c) and (d) illustrate the
field distribution obtained from scattering matrix (¢) and FEM (d) simulations for d =
0.7 um; reprinted with permission from Ref. [137].
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5.5.2 Light Scattering in Plasmonic Systems

To further analyze the accuracy and limitations of the developed field-matching technique, we
calculate the scattering from the plasmonic analog of the Si guide presented above: a 600-nm-
thick plasmonic gap waveguide operating at 1, = 0.6 um. We assume that cladding of this
guide is composed from two gold plates with g4, = —8.94 + 1.32i [149]. The agreement
between the mode matching and FEM calculations of modal reflectivity in plasmonic gap

guides is shown in Fig. 5.3(b).

We have further simulated the propagation of plasmonic modes across surface
structure defects. In particular, we have used our approach to simulate the SPP propagation in
“plasmonic step” geometry [Fig. 5.4]. As expected, when the incoming SPP is travelling on
the upper side of the plasmonic step, most of the incident energy is converted into free-space
modes. In contrast, when the incident SPP is travelling on the lower side of the step, the

majority of energy is converted into the reflected SPP wave.

Our numerical simulations demonstrate that at near-IR frequencies (when |g,,| > &p),
the scattered field can be successfully decomposed into “top” open waveguide modes, as
suggested in Ref. [212]. However, in the proximity of SPP resonance (g, = —¢p), the
inclusion of the “bottom” modes is necessary to adequately describe the optical properties of

the system.

Note that the results of wave-matching simulations are almost identical to those
obtained with FEM. Once again, we underline that the wave-matching technique allows for

calculation of light propagation in much larger systems than the FEM system does.
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To assess the convergence of our method, we have performed a set of simulations for
each SPP structure described above, varying the configuration of spectra of top and bottom
modes (for simplicity, equidistant k, spectra between 500 and 3000 modes were used for
Riemann numerical integration [214]). As expected, our simulations showed that it is
necessary to design the spectrum of bulk modes to adequately resolve the SPP propagating at
the z = 0 interface. Interestingly, the “averaged” parameters (such as amplitudes of reflected
guided modes) are much more sensitive to spectrum variations than the matching of the
boundary conditions at z = 0 interface, which is often considered to be an indication of
accuracy of a numerical method. The typical inter-set variation of reflection, transmission, and
scattering are illustrated in Figs. 5.3 and 5.4. The latter figure also shows the agreement
between the field distribution obtained with our generalized scattering-matrix formalism and

with FEM.

5.5.3 Truly Planar Optics

We now apply the developed wave-matching approach to analyze intermode coupling and out-
of-mode scattering in planar optics [136, 212, 215]. Planar optics, in general (and SPP optics
in particular), are fundamentally different from their free-space counterparts. Thus, when a
plane wave is incident on a planar interface, the scattered field can be decomposed into one
reflected plane wave and one transmitted plane wave. In contrast to this behavior, when one
guided mode is incident on a planar interface between two waveguides, it generates a
continuum of open-waveguide modes in addition to the sets of reflected and transmitted

guided waves.

As seen from Figs. 5.5 and 5.6 and from Ref. [212], the typical interface between

waveguide systems leads to the scattering of about 20% of incident radiation. Every attempt
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to change the effective index of the mode in planar structures is necessarily accompanied by

modal cross-talk or by out-of-plane scattering of radiation.

It is possible, however, to utilize anisotropic metamaterials to completely eliminate
the cross-talk and to map the familiar laws of 3D optics to optics of planar guides [136, 216].
The main idea of planar optics lies in the ability to guide light along the planar optical circuit
without out-of-plane scattering or modal cross-talk. Here we assume that the layers on both

sides of the interface are aligned with each other (x; ; = xg ;).

In order to realize the efficient control over pulse propagation in the plane, the two
layered structures must (i) have the same number of guided modes, and (ii) provide the ability
to independently control the index of the mode (crucial for steering the light) and modal

profile (crucial for optimizing the overlap integrals involved in  and § matrices).

As shown in Ref. [136] on the example of surface waves, these conditions can be

satisfied when

€Lyzj = ERyz;j» (5.29)
n’ep i = ER;j» (5.30)

with n being the constant number that does not depend on layer number ;.

As can be explicitly verified, when Egs. (5.29) and (5.30) are satisfied, all € and §
matrices become diagonal. Thus, the intermode coupling is absent across the interface. The
interface remains completely transparent to TE-polarized waves, while reflection and
refraction of TM-polarized modes are controlled by the ratio of out-of-plane permittivities.
The direction and amplitudes of the reflected and refracted modes are related to the direction

and amplitude of incident modes via the following Snell’s law,
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sin(8;) = sin(6,) =nsin(6,) (5.31)

and Fresnel coefficients,

Agm)_ ~ kl(;n) _ k}(gzn)

= , (5.32)
A ki’Z” + kg;)

m)* (m)
A 2k

R__ = Lz (5.33)

AT
The above equations represent generalization of the formalism of Ref. [136] to multilayered

guides.

The concept of truly 2D optics is illustrated in Fig. 5.5 on example of an air-Si-air
system coupled to a metamaterials waveguide. As expected, reflection of a single mode in a
conventional planar system is accompanied not only by significant radiation scattering and
modal cross-talk but also by cross-polarization coupling [Fig. 5.5(c)]. In contrast, for
metamaterial guides the single-incident mode excites one reflected wave and one transmitted

wave [Fig. 5.5(d)].

An interesting extension of truly planar optics is possible in plasmonic systems. From
the fabricational standpoint, it is highly desirable that the plasmonic circuit is fabricated on top
of common metallic substrate. Fabrication of an extremely low-scattering plasmonic circuit is
possible when using anisotropic dielectrics deposited on noble metals in the limit of visible
and near-IR frequencies, where the permittivity of metal is much larger than the permittivity

of the dielectric (|, | > &p x, €p,yz)-
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FIGURE 5.5: (a, ¢) An interface between an air-Si-air waveguide and isotropic air-(¢ = 6.06)-
air guide leads to substantial modal cross-talk, polarization mixing, and out-of-plane
scattering; while the interface between air-Si-air waveguide and its anisotropic truly planar
optics analog allows for ideal mode matching with light steering capabilities (b, d); guided
modes in (c, d) correspond to mode number > 2000; the system is excited by a TM, guided
mode propagating at the angle 30° to the z = 0 interface; the amplitudes of modes in panels
(c, d) are normalized to the amplitude of the incident mode; reprinted with permission from
Ref. [137].

Consider the situation where the in-plane (yz) component of the dielectric’s
permittivity is kept constant across a plasmonic system, and only the out-of-plane (x)
permittivity component of the superstrate is varied. In such a system, the propagation constant

of a plasmonic mode, is approximately given by [216]

2
K3+ k2 = e (14222) %, (5.34)

leml / c?
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and can be effectively controlled by changing the parameter &p,. In the same limit, the

exponential decay of the mode into the dielectric [E,HOCexp(—KDx), Kp = w/

c fsg,yz/ |£m|] does not depend on its propagation constant. The only source of out-of-plane

scattering in such a structure is related to a weak dependence of the field profile in metal

[E;H < exp(KyX), Ky = w/c\llsml(l - ED,x/IEml)] 0N &p .

FIGURE 5.6: Anisotropic coatings (b, d) can significantly reduce (and almost eliminate) the
scattering losses in plasmonic circuits; the figure shows reflection, transmission, and scattering
in conventional plasmonic circuit (c) and in a plasmonic system where the space x > 0,z > 0
filled with material €,, = 1, &, = ¢, (d); field distribution for &5, = 4 (a) clearly shows that
only a fraction of the energy of incident SPP is transferred into SPP on the right-hand side of
the interface; on the other hand, the interface between the anisotropic system with ¢, = 1,
&, = 4 (b) allows for substantial modulation of SPP index, and results in almost perfect SPP-
SPP coupling across a z = 0 interface; reprinted with permission from Ref. [137].
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As seen from Fig. 5.6, anisotropy in the dielectric constant of a superstrate is achievable, for
example, using the electrooptic effect [216], providing orders-of-magnitude suppression of

out-of-plane scattering in plasmonic systems with respect to their isotropic counterparts.

5.6  Conclusion

We developed a reliable wave-matching technique for calculation of light propagation in
planar guides and in arrays of planar guides. The technique combines full spectrum of three
groups of modes: top, bottom, and guided, and finds solutions that satisfy boundary conditions
at the interfaces of the multilayered stacks. We illustrated the developed formalism on
examples of photonic, metamaterial, and plasmonic guides, and presented an approach to
utilize anisotropic metamaterials for the minimization and elimination of modal cross-talk in
planar optical circuits. Mode-matching computations showed substantial reduction of memory

usage (~1.5 Gb for our mode matching vs. ~8 Gb for FEM).
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Chapter 6 - Plasmonic Beaming: Modeling Beam Formation

6.1 Introduction

It has been known that light emerging from a subwavelength aperture is diffracted in the form
of cylindrical (circular) waves [116, 217]. However, it was recently shown that a single
subwavelength aperture, surrounded by a set of periodic grooves on the output side, emits
highly-directional beams of light under TM-polarized illumination [98, 103, 107]. This
directional beaming was observed in experiments using optical [218, 219], mid-IR [112, 113],
and microwave [220-223] radiation. Several theoretical explanations supporting the
directionality of the emission have been published, including methods of Huygens’s principle
and surface cavity resonance [108-110], of multiple scattering effects of surface plasmon
polaritons (SPPs) [111], and of field expansion from impedance boundary matching [114].
Since then, various aspects of beaming structures have been studied; for example, multiple
direction beaming [224], a nonuniform and nonperiodic set of grooves [225], off-axis
directional beaming [226, 227], grooves in curved depths [228], dielectric surface gratings
[218], and beam focusing through a tapered subwavelength aperture [229]. Note that most of
the previous studies are related to deforming configurations or optical properties of the
grooves. Recently, two groups of researchers numerically observed focusing phenomena of
beaming structure [230, 231], and dependences on number of grooves and period were

studied. However, there was no analytical theory to explain the focusing behavior.

In numerical studies of the beaming phenomena, finite-element (FEM) and finite-
difference time-domain (FDTD) methods are useful numerical approaches to compute light in
beaming structures. However, the substantial limitation of the techniques is that the area of

computation is restricted to only small geometries (< 104,). In experimental studies, field
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intensity distribution is always measured in the extreme far field, a region where FEM and
FDTD cannot access. Consequently, in order to verify the experimental results by these
numerical methods, we need a numerical approach to extend the numerical FEM or FDTD

fields to the extreme far field.

In this work [113], we provide a numerical technique to extend electromagnetic fields
computed by a commercial FEM software [204] into the far-field regime, and also propose a

model to predict focal spots and beaming directions.

The rest of this Chapter is organized as follows. Generalization of the beaming-
steering structure and our plasmonic mid-IR beaming device will be briefly described in
Section 2. The experimental results from our UMass collaborators and applications will be
mentioned. This Section will give the motivation to the rest of this work. In Section 3, we will
propose a technique to extend the field distribution in the limited space from the FEM
simulations. Full description of our model for beaming directions and array of focal spots will
be shown in Section 4. We will verify our field expansion technique and our model with
experimental results, FEM simulations, and field calculation in Section 5. All of them show

very good agreement.

FIGURE 6.1: Diffraction of TM-polarized incident fields by (a) a subwavelength single slit
and (b) a subwavelength single slit flanked by a set of periodic grooves; (a) waves diffracted
in all directions and have circular (cylindrical) wavefront form; (b) transmitted fields
concentrate in specific directions, giving highly-directional beams.



86

6.2  Mid-Infrared Beam Steering Structure

As mentioned earlier, a subwavelength single slit diffracts an incident plane wave in all
directions [Fig. 6.1(a)]. In contrast, an aperture, flanked by a set of periodic grooves on the
output side with TM-polarized illumination, can confine the diffracted wave into directions
that depends on the incident wavelength, optical properties of metallic film, substrate, and
superstrate, and period of the grooves [Fig. 6.1(b)]. This directional emission is created by the
interference of scattering waves due to SPPs propagating through a corrugated structure [98,
102, 107-111]. In this Section, we review the mid-IR beaming experiments that our UMass
collaborators performed [112]. The discrepancy between the experimental and preliminary

numerical FEM results leads to the motivation through the rest of this Chapter.

The schematic of the beam-steering device is shown in Fig. 6.2(a). The 2N, grooves
are deposited on GaAs substrate of thickness L with unpolished surface, and then gold layer is
coated on top of the grooves. The TM-polarized field with wavelength A, is illuminated on top
of the gold layer in the air. The transmitted waves are collected as a function of angle 6
respective to normal axis in the very far-field air behind GaAs [see the experimental setup in
Fig. 6.2(b)]. Note that the GaAs substrate provides the benefit of both carrier concentration
and thermal tunabilities of beaming [112, 232-235]. Geometrical and optical parameters are
given by the following: number of grooves N, = 100, groove period A = 2.8 um, groove
depth h = 0.5 um, groove and slit width a = 1.4 um, gold layer thickness d = 200 nm,
GaAs thickness L = 650 um, and permittivity of GaAs substrate &;,4s = 10.87 at room
temperature (23°C) [233] (permittivity is a wavelength-dependent quantity; however, for

simplicity we use it of 10 um-wavelength). Two pulse tunable quantum cascade lasers
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(QCLs) with wavelength A, ranges of 8.3 —9.4 um and 9.8 — 10.5 um are used as the

incident radiation sources.

Directional beaming is clearly seen in experiments at room temperature [Fig. 6.3]
where the gap in the experimental data represents the portion of the spectrum not accessible
with QCLs. The normal beaming wavelength (a wavelength which the beaming direction is
normal to the GaAs/Au interface) is found at approximately 9.2 um. The transmitted beams
split into two, and steering angles increase while the incident wavelength is tuned away from
the normal beaming wavelength. The dashed lines come from our theoretical model (as will be
proposed in Section 6.4). The asymmetric intensity of the split beams likely emerges from the

slight misalignment of the single aperture respected to the grooves.
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FIGURE 6.2: (a) Schematic of our mid-IR plasmonic beaming structure used in experiments;
Ny, =100, A=28um, h=05um, a=14pum, d =200nm, and L = 650 um; (b) the
experimental setup for determination of the angle-resolved transmission of beamed light; field
intensity is collected for different angles 6; reprinted with permission from Ref. [112].
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FIGURE 6.3: (a) Two-dimensional profiles of transmitted beams for five wavelengths
between 9.4 and 9.0 um; the narrowest beam width is seen for a laser wavelength of 9.2 um
(normal beaming wavelength); (b) the experimental (contour plot) and predicted (dashed lines)
angular distribution of the transmitted beam as a function of wavelength; the gap in the
experimental data represents the portion of the spectrum not accessible with our lasers; the
dashed lines are computed from Eq. (6.14); the computed normal beaming wavelength is
found at wavelength 9.25 um; reprinted with permission from Ref. [112].
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FIGURE 6.4: Normalized beam intensity vs. steering angle for a laser wavelength of 10 um as
a function of temperature; device temperature is increased from 23 to 200°C; the highest peak
in each curve represents beaming direction; computed beaming direction for each temperature
is shown in arrow; reprinted with permission from Ref. [112].
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The beaming directions can be tuned by changing optical properties of the steering materials.
In Ref. [112], our UMass collaborators control the permittivity of GaAs by increasing the
temperature inside the substrate from room temperature to 200°C [see Table 6.1]. For incident
light at a laser wavelength of 10 um, the total shift in the steering angle of the transmitted

beams is found to be approximately 3° [Fig. 6.4].

TABLE 6.1: Dependence of permittivity of GaAs on temperature [232, 233].

Temperature (°C) Permittivity of GaAs
23 10.87
100 10.95
150 11.00
200 11.05

We verified the experimental results by modeling our beam-steering device with commercial
FEM software [204]. The transmitted beams are measured at the GaAs/air interface where
Snell’s law is also applied in order to compare to realistic refracting behavior. However, in
contrast to the previously reported works [108], our simulation-designed pattern (with
L = 200 um) does not represent the experimentally observed pattern (with L = 650 um) [see
Fig. 6.5(a) compared to Fig. 6.3(b)]. Moreover, we observe the dependence of normal
beaming wavelength on the thickness of GaAs substrate [Fig. 6.5(b)]. Surprisingly, in
experiments with extremely far-field measurements, we do not see any dependence of
beaming directions on the substrate thickness. Note that due to the limited memory unit of our

computing resource, we cannot simulate samples where L = 500 pm with a fixed mesh size.
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FIGURE 6.5: (a) Angular distribution of the transmitted beam as a function of wavelength
from FEM simulations for L = 200 um; normal beaming angle is found at 10.2 um; (b)
dependence of normal beaming wavelength, observed from FEM simulations, on GaAs
thickness; field intensity is measured at GaAs/air interface.

The discrepancy between experimental and numerical results comes from the evolution of
wave packet (beam formation) that still happens in “extreme” far field of the sources, which is
not accessible with the FEM approach. Therefore, we (i) need a new technique allowing the
extension of the FEM numerical solutions into the extreme far field, and (ii) need a
quantitative description of beam formation. The latter is very crucial when beaming is used in
on-chip devices where the distance from the aperture to the receiver is on the order of a few
tens (hundreds) of wavelength. In Section 6.3 and Section 6.4, we will develop formulation to

support these two goals [113].

6.3  Field Extension Technique for Finite Element Results

The FEM technique gives solutions of Maxwell’s equations satisfying boundary conditions in
every point in the space. On the other hand, the magnetic field, H,,(x, z), of the TM-polarized

wave could be represented as



91

M
Hy(x,2) = Z a,,e*xm*gtkzm? (6.1)

m=1

where k, = \/egqasw?/c? — k2 and in the distance very far from the source, k, occupies only
the propagating regime, ky € [—y/egaasw/c,+/€gansw/c]. The summation over m
represents nodes in numerical integration techniques [203]. a,, corresponds to the weighted
complex coefficient for each wavevector component k, ,,,, which is not given by the FEM
approach; therefore, we need a reliable method to extract the spectrum a,, with the given

FEM data. Eventually, we can compute the extreme far-field H,,(x, z) using Eq. (6.1).

Here the problem of the spectrum definition can be considered as the linear least-
squares fitting problem [205]. Assuming that the FEM software gives us the measured y-
component magnetic fields h,, of N data points: (xq, 21, hy), (x5, 25, hy), ... , (xn, 2y, hy), the

problem of the fitting technique is to minimize the field deviation:

N
F(@) = ) Iy = Hyl? 6.2)
n=1

where H,, = H,(x,,z,) is given by Eq. (6.1). The minimum occurs when 9F /da,, = 0;

consequently, the amplitudes of modes a are obtained as

Ai+b=0 (6.3)

where
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(6.4)

(6.5)

(6.6)

(6.7)

(6.8)

(6.9)
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FIGURE 6.6: Field extension technique for FEM results; (a) field distribution from the FEM
simulation is shown in small rectangle; (b) extension of the FEM fields; the dashed rectangle
shows the original region; (c) retrieved spectrum components a(k,); red, black, and pink
curves represent real part, imaginary part, and absolute value of the components, respectively;
two lines correspond to highest peaks in spectrum, computed by Eq. (6.13).

Fig. 6.6 shows the extension of the field at L = 250um for A, = 11.5 um. The fitting
coefficients are shown in Fig. 6.6(c). The directions of the beams correspond to k, of the

dominant peaks; the lines, specifying the peaks, are given by Eq. (6.13). Note that in Eq. (6.1),

the wavevectors of SPPs are neglected [92, 93] (|kx.spp = v €auccans/ (Eau + Ecans)®/c| >

«/€aaAsw/C)i therefore, near the GaAs/Au interface we cannot see the SPP scattering in Fig.
6.6(b). Omitting SPPs will not affect field distribution in very far field because here plasmonic

mid-IR SPPs are only significant in the range of z = 1/Im(k,spp) = 10um.
6.4  Focusing and Beam Formation

Even though it has been almost a decade after the first discovery of beaming phenomenon
[107], up until now there has been no theory that can clearly and completely describe the

underlying physical mechanism of the formation of the beams. In this Section, we develop the
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formalism to compute the transmitted fields in the real space, and describe the focusing
property of scattering waves from each groove (scatter) and its neighbor. In addition, our
model is substantially different from conventional understanding in the case that the beams
emerge from the focal points, not the aperture. Consequently, the numerical measurements of

beaming directions from FEM simulations must be careful.

6.4.1 Field Computation

In the beam steering device, SPPs excited by a subwavelength aperture, propagate away from
the slit along the metal-dielectric interface. The periodic surface corrugation results in partial
out-coupling of SPPs into free-space. As a result, the light emitted by the device represents the
interference of the cylindrical wave emitted by the central hole and the portion of original SPP
scattered by periodic surface corrugations. Since the emission of the central hole lacks
directionality, the direction of the beams is determined solely by interference of SPP-scattered

waves.

Therefore, the field behind the corrugated surface, combining SPPs and scattered

waves is described as

+oo
Ng

Hy(oz)= | dky Z S (ky) t; etkx(xx))giks(ko)z (6.10)
j=_Ng

where the index j includes all scatterers in the beam-steering structure, x; = jA is the position
of the j-th bump, and S;(k,) describes scattering at x = x;. For simplicity, we assume that the

bumps are point scatterers, so S;(k,) ~ 1. t; represents the amplitude and phase of single SPP

at the j-th scatterer in which t; = th and ¢, =t, exp(i kyspp/A). Note that ¢, = 0.9,
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computed by the FEM software, is the normalized amplitude of single SPP transmitting
through a delta-function bump. Here we are interested only in problem of the far-field
beaming; k, is limited to the propagating spectrum, |k,| < ./€gaas@/c. Using geometric

series, the far-field distribution is reduced as

+\/5GaAsw/C
Hy(x,z) = f dk, F(ky)etkxxetkz(ka)z (6.11)
—VEGaasw/c
tle lkxA _ tle x
Flke) = T =n e_lkxA[ — (tye~tkat)" ] s euch[ ~ (te)"]. (612

The function F(k,) can be used to calculate a(k,) in Eq. (6.1). Instead of the point scatterers,
if the subwavelength single slit is surrounded by a set of periodic grooves with a finite width,

then a(k,) is directly proportional to S; (k) F (ky).

6.4.2 Beaming Directions

The beaming directions corresponding to the maximum interference of SPP-scattered
waves are given by the resonance of the function F(k,) in Eqg. (6.12); that is, select k, where
dF (k,)/dx = 0. For an infinite number of bumps, the predicted directions are given by the

SPP diffraction equation [92, 93]:

21 o) ,
ke =1(5) = 3~ Khser (6.13)
or
A A o) c
sina=l< 0 )— o ° T (6.14)
gGaAsA \/ EGaAsA 2m \/ €Gaas
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where ngpp is the real part of the refractive index of SPPs, « is the beaming angle which is
measured with respect to the z-axis, and the parameter & describes retardation of the phase of
the SPP caused by an individual corrugation. I > 1 is an integer chosen to give pure real
number a. For small wavelengths, Egs. (6.13) and (6.14) supports many [ modes; physically,

it is possible to have multiple beaming directions. This phenomenon is studied seriously in

Ref. [224].

The normal beaming wavelength corresponds to the normal beaming angle a = 0,
given Ay = ngppA. In our plasmonic mid-IR beam-steering structure, the normal beaming

wavelength is computed as ~9.25 um, which is very close to the experimental measurement

[~9.2 um in Fig. 6.3].

(@) (b) 11

r’x J Jj+i

-
o
L

Wavelength, um
(o]

0 400 800
Conventional Understanding
L, pm
FIGURE 6.7: (a) Schematic of beam-steering structure used in our model; scattering light
from delta-function scatterers j and j + 1 will constructively interfere at a focal point f;; our
model’s beams (blue line) emerge from the furthest focal spot f,,,,, with directional angles «;
however, in the conventional understanding the beams (brown line) emerge from the slit with
directional angles 6; an observation point is marked as (x,,y,); (b) contour plot showing the
apparent directions of the beam, 6, for different wavelengths and GaAs thicknesses; the

simulations are computed in air upon exit from dielectric; normal beaming is marked as a
white-dashed curve.
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6.4.3 Focal Region and Beam Formation

We now come to the question of where the beams do emerge. It appears that the
periodic corrugated surface generates array of relatively tight focal points [Fig. 6.7(a)].
Therefore, the beaming structure behaves as a Fresnel lens in the sense that phase difference
of scattering light from the j-th scatterer and its neighbor (j + 1)-th is 2 and then a focal

point f; is formed by constructive interference. Assuming that only bumps close to the slit are

important for wave scattering (fj > xj), the phase difference may be written as [Fig. 6.7(a)]

(kxje1Xje1 + kg jurf; + kasppXjan) = (Ku jXj + kg jf; + ks sppX;) = 21, (6.15)
ey = oyl % 6.16

w x}
kyj = Jecans — [1 . (6.17)

c 2f;

Eventually, the focal spot of a scatterer and its neighbor is given by

VeeansA2(2j + 1)
f}' ~ GaAs_ ’] . (618)
2(Ag — ngpph)

It is straightforward to obtain the focal spot equation without the restriction of f; > x;. The
deviation of both equations is very small and negligible when the operating wavelengths are
close to the normal beaming wavelength. Note that each focal point is originated from four
scatterers (two on each side of the single slit). The focal spots corresponding to different j-

values occupy the region between f; and f,,,.; €ach is separated by a constant distance

VEGaash? /(Ao — ngpp /). The furthest focal spot f;,,, represents the cut-off number of bumps
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where the intensity of the SPP is substantially reduced [técuf~1/e]. Thus, the array of focal

spots would effectively cut-off when

) 1
Jeut™ _m- (6-19)

The formation of the focal range is observed in the experiments [Fig. 6.8], simulations [Fig.
6.9], and in Ref. [230] in the visible spectrum. It appears that the beams emit from the furthest

focal spot f,,, 4., With the beaming directions (with angles a) given by Eq. (6.14).

-

TerAd g ; -'s% ::J X% £
0 300 600 900 12001500 ¥} 0 300 600 900 12001500
X, pm < X, pm
N_
i (C) }\.0= 93 }J.m -0]_:>'

4

0 300 600 900 12001500
X, pm X, um

FIGURE 6.8: Intensity distribution in the experimental plasmonic beaming structure at
wavelengths of (a) 9.1, (b) 9.2, (c) 9.3, and (d) 9.4 um; normal beaming wavelength is
between 9.2 and 9.3 um; oblique dashed lines represent accuracy of our model [Egs. (6.14)
and (6.18)]; printed with permission from our UMass collaborators.
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Therefore, our model contrasts to the conventional understanding that the beams emanate from
the central slit itself with directions of angles 6 [Fig. 6.7(a)]. Consequently, when using the
finite-element method to deduce the field profile, one should be careful in numerically

measuring the beaming angles. Both angles a and 6 are related by

Zg
0= arccos -, (6.20)

2y = frmax SIN* @ + JLZ — 24 sinZacosa. (6.21)

The excellent agreement between the experimental and predicted angular distribution of the
transmitted beam as a function of wavelength is shown in Fig. 6.3(b). The dashed lines are
computed by Eq. (6.20) and Snell’s law. Moreover, the computed beaming angles of 10 um-
operating wavelength for room temperature, 100°C, 150°C, and 200°C are 15.3, 14.58,

14.13, and 13.69 degrees, respectively [see arrows in Fig. 6.4].

e 200 e 200 e 200
=4 = 3
N N N
400 400 400
-100 0 100 -100 0 100 -100 0 100
X, pm X, um X, pm

FIGURE 6.9: Field extension from the FEM simulations for wavelengths of (a) 8.25, (b) 9.25,
and (c) 12 um; the predicted beaming angles, shown as lines, are (2) 6.2, (b) 0, and (c) 17.3°;
the cross symbols show the positions of focal spots.
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As mentioned earlier, the wavepackets of scattering fields slowly evolve; therefore, in
relatively close proximity to the plasmonic surface, beaming profile is related to the
observation distance. Such slow field evolution is crucial when beaming is used in on-chip
devices. We verify the field evolution by computing the beaming angles, calculated at the
furthest-end interfaces of the GaAs slabs, for various wavelengths and slab thicknesses [Fig.
6.7(b)]. Obviously, for an arbitrary laser wavelength, the angle varies for small distances from
the aperture (roughly L = 0 — 200 um), and approaches the beaming angle in the extreme far

field (L = 1000 pm).

6.5  Verification of Beam-Steering Model

In this Section, we will verify the robustness of our beam-steering model with different
experimental and numerical simulation examples. All of them show excellent agreement with

the proposed approach.

The experimental evidence of focal range in the far field, performed by the UML
group, is shown in Fig. 6.8. The field intensity is measured behind the plasmonic mid-IR
beaming structure for different distances up until 10000 um. It is clearly seen that the normal
beaming occurs for wavelengths between 9.2 — 9.3 um. We verify the accuracy of the
focusing range and beaming directions by Egs. (6.18) and (6.14), respectively. In Fig. 6.8(d),
the furthest focal spot is located around 1300 um, and the computed result is located at
1224 pm. The oblique dashed line corresponds to computed o = 3.24° with respect to the z-
axis. In Fig. 6.8(a), fnax is found at —1369 um, and a = 2.9°; so that, the negative focal spot

is virtual, and the beams appear to emanate from behind the corrugation surface.
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We also use our field extension technique to decompose the spectrum components at a
distance z = 250 um and extend the measured fields into the far-field regime. The array of
focal points and angle of beaming directions for each wavelength are computed and shown
along with intensity distribution in Fig. 6.9; the model is in excellent agreement with FEM

simulations.

It is regularly observed in a beam-steering device that the beams cross each other
when the laser wavelength is increased [107-111]. We emphasize that the crossing behavior of
the beams is the result of focal spots moving from virtual space (negative f,,4) to the front of
the corrugated structure (positive f,q.). We use the field equation [Eg. (6.11)] to illustrate
three field evolution patterns; negative, infinite, and positive f,,,, for wavelengths of 8.25,

9.25, and 10.25 pm, respectively [Fig. 6.10].

FIGURE 6.10: Calculated intensity distribution and angular identification (lines) of the
transmission fields for the illumination wavelengths of (a) 8.25, (b) 9.25, and (c) 10.25 um;
(@)-(¢) finax = —195, 23143, and 192 um, and a = 6.2, 0.05, and 6.27°, respectively; array
of focal spots is shown as dots in (c); three beaming patterns are following: (a) diverging for
smaller wavelength, (b) parallel for normal incident wavelength, and (c) crossing for larger
wavelength.
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6.6  Conclusion

We reviewed the experiments of steering of mid-IR radiation using plasmonic structures
consisting of a subwavelength single slit flanked by periodic subwavelength grooves on a
semiconductor substrate. Later, we proposed the numerical technique to extend the FEM-
calculated electromagnetic waves to the extremely far-field regime, which is not accessible by
conventional FEM routines. The model fully describing the formation of the directional beams
was proposed. The robustness of the model and underlying physics was illustrated on the mid-
IR beaming experiments, FEM simulations, and scattering field calculations. The developed
formalism is very crucial for optical and plasmonic applications, including on-chip, sensing
and security devices. Even though we focus this work on mid-IR frequency, the approach is

directly applicable to visible, near-IR, THz, and microwave frequencies.
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Appendix A - Optical Transfer Matrix Formalism

The optical transfer matrix method is a numerical technique used to analyze the propagation of
electromagnetic fields through a stratified medium [116]. In this Appendix, we will represent
the transfer matrix formalism for our planar structure with uniaxial dielectric constant tensor
in the Cartesian coordinate system for both TM- and TE-polarized waves. The solutions will

be further developed for scattering and waveguiding problems.

Let us consider the multilayered structure illustrated in Fig. A.1: the structure consists
of N layers, each having dielectric constant tensor ¢; [Eq. (2.5)] and thickness Az; = z; —
zj_4. We assume that z, = —oo and zy = 0. A plane wave with free space wavelength 4, is
incident on the first layer with an incident angle 6;,,.. For TM-polarized illumination, the field
components comprise E™ = {ET™,0,EI™} and H™ = {0,H]™,0}; Maxwell’s equations

[Egs. (2.1)-(2.4)] relate all components as

™ &z kz T™
=2 ZfM _
w
H};M = —SZEE;M ) (AZ)

where w/c = 2m/A0 is free-space wavevector, and k, is related to k, by the anisotropic
dispersion relation [Eq. (2.8)]. Ef™, defined here as the main field component, is represented
as the superposition of incoming (+2z) and outgoing (—z) waves with corresponding

amplitudes at and a~, respectively. For an arbitrary layer j, the field inside is given as

E;ll = afetziZetxX 4 g7 e~ HajZelhnX (A.3)
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FIGURE A.l: Schematic geometry of the N-layer planar structure for transfer matrix
formalism; arrows in each layer illustrate directions of incoming and outgoing waves, ajf and
a; at z = z; interface.

g
Therefore, the coefficients of layer j + 1 can be solved by employing boundary conditions at
the z = z; interface. Note that the exponential term exp(ik,x) can be neglected due to the

continuity of the tangential component of the wavevector k, along the structure. Using the

continuity of ET™ and DI™ across the boundary, we obtain a set of equations linearly relating

coefficients a;, , and afiq toa; and a

el =ala em: el

A -K)/ef (1+K)/ 07

with (pji, a;, and K; given by (p;—r=exp[i(kz;j+1ikz;j)zj], a]TM=£Z;j/2£Z;j+1, and

KJ'TM = kz;jgxy;j+1/(kZ:j+1€xy:j)'

The analysis for TE-polarized wave is very similar. The field components given by

E ={0,El¥,0} and H™® = {HIF,0,H]F}, are related to EL* by

Ka€ e (A5)

TE _
HIE = -2 ETE,
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k,c
HIE = jE;E , (A.6)

where k, is related to k, by isotropic dispersion relation [Eq. (2.7)]. For a layer j, the main

field component, EJ is given by

TE _
Ey:j =aje

lkZ]Z ik,x
]

lkz;jZ

+aje ethxx (A7)

Using the continuity of Ej* and H;* across the interface, we obtain another set of equations

[Eq. (A.4)] relating a;,, and at, 11 10 a;” and a7, and polarization-dependent parameters are

given as af* = 1/2 and K/® = ky;;/k,,j.1. Note that in this k,-independent multilayered
planar structure, TM- and TE-polarized fields are completely decoupled; consequently, we can
compute the layer-specific coefficients separately, and the full-wave solutions are the linear

combination of the decoupled fields.

The set of equations, Eg. (A.4) can be written in general from as

]+1

+
Gj+1

=Tjjs1 [ ] (A.8)

where T] j+1 Is called transfer matrix. Such a matrix can represent field propagation through a
layer. For a system with N layers, each layer j has its own transfer matrix T‘, j+1 hence, the

system transfer matrix is

Tl,N = TN—l,N T jj+1 - T2,3T1,2 . (A.9)
When a plane wave is incident on z = z, interface (af # 0, ay = 0), the reflecting (r) and

transmitting (t) coefficients of the multilayered planar structure are expressed as
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- T
e (}’N)lz , (A.10)
4 (T1,N)11
_ G _ detyy (A11)

T T (),
It is straightforward to show that for single interface structures, Eqgs. (A.10)-(A.11) give
Fresnel coefficients [116]. Even though the transfer matrix approach is easy to implement and
very useful in many applications, the disadvantage we cannot avoid is the numerical error
which arises when computing the growing exponential terms of lossy layers. Another method
called the relaxation technique [236] requires more computational time, but provides more

accurate results when solving the scattering problem for planar structures.

In many situations, we are involved with scattering problems where coefficients af
and ay are known. Therefore, we can relate the system transfer matrix 7, y to the system

scattering matrix S; y by

a A a
[a11+v] = Sin [a’li] (A.12)
Sin = ; . ! _(Tl'iv e (A.13)
(TLN)11 (TLN)21 detT, v

The equations give the scattering coefficients a; and a;; having linear relations to the incident
field coefficients af and ay. The scattering problem can be extended to the waveguiding
structure where af, ay = 0. The guided modes exist when k,’s yield nontrivial solutions of

the guiding dispersion relation, det[S (k,)] = 0 [207, 210].
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Appendix B - Coordinates of Fresnel Zones in Phase Aspect

In this Appendix, we will derive the coordinates of the boundaries of Fresnel zones with
hyperbolic metamaterials [Eg. (3.5)] by explicitly calculating proper phase relationships. The

phase difference of each Fresnel zone (¢,,,) and the first zone (¢,) is [Fig. B.1]

Pm — Po = Tmm, (B.1)
Pm = I_c)m * (f éz + xméx) ’ (BZ)
Po = kz(kx = O)f ’ (B.3)

where the sign in Eq. (B.1) corresponds to the sign of &,. In other words, the sign characterizes
refraction of fields inside metamaterials. The next step is to relate x,, t0 &, &,, and f. Using
relation of Poynting vectors and wavevectors [Eq. (2.10)], Sy, = —S(6;,)sin6,,, and

Szm = S(0:,) cos 6, where

c? sinZa,, cosZa,,

S0,,) =—K , B.4
(Om) P (am)\/ 22 + 2 (B.4)

w[sin®a,, cos?a,, ~1/2
K(am) =— + , (B.5)

c|l g Exy
Eq. (B.1) yields
sin?q,, cos?a,, sin? 6, mm

K(am)\/ 22 + 8;%3; Exy COS O + &, cos O, —K(0) = iT (B.6)

Note that 9,,, and a,, in Eg. (B.6) are connected by the Poynting vector-wavevector relation.
Using x,, = f tan 8,,, we obtain Eq. (3.5). In the case of an isotropic material, Eq. (B.6) is

reduced to the conventional Fresnel zone plate [116].
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FIGURE B.1: Schematic of Fresnel lens hypergratings; the coordinate of m-th zone is related

to Poynting vector (S,,) and wavevector (k,,); note that in anisotropic material, S, and k5,
have different directions, whereas their corresponding angles to optical axis (z-axis) are 6,,
and a,,, respectively.

In hyperbolic structures, two significantly different types of refraction might be considered. In

the case of &; < 0 < &,,, )y, is limited by the resonance cone [Eq. (3.4)]. Therefore, a Fresnel

lens based on this material will have at most my,q, zones wWhere my,q, = 2f |&x,/Ao. In

contrast, the material with £,,, < 0 < & yields wave propagation outside the cone. Therefore,

this Fresnel lens has infinite number of zones with the initial minimum shift from the focal

axis, xo = f |—&xy /5 .
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Appendix C - Analytical Calculation of Overlap Integrals

In a planar structure, the scalar products yield analytical solutions, substantially speeding up
the calculation. This Appendix is devoted to the computation of overlap integrals with all

possible integration limits.

Firstly, assuming that each of the modal fields has dependence [Egs. (5.2)-(5.3)]:

EHx drelkx® + pmethex, (C.1)
where @ is the field contribution functions independent on x. The overlapping of the field
components can be considered by improper integration of the field components over x
covering infinite space [Egs. (5.9) and (5.18)]. The integration can be chopped into many
segments according to discontinuity of layers at a two-stack interface; each segment of the

scalar product (&) has general form:

X2
E=w f (Prethxr 4 CD‘e‘ikxx)(CTD*'e”}xx + CTD‘e‘”}xx) dx, (C.2)

X1
where w represents the weighting factor of the numerical integration over k,. The limits of

integration of the integral, {x;, x,} are classified into three cases:

e Case 1: x; and x,, finite
e Case?2:x;and x, - o
o (Case 3: x; finite, x, - o

o Case4: x; » —oo, x, finite

The solutions of these three cases are given as ¢ = &; + &, where &; and &, are following.
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Case 1: x4 and x; finite

&
w
(D+513+[ei(kx+kx)x2 _ ei(kx+kx)x1] _ q)—as—[e—i(kx+kx)x2 _ e—i(kx+7cx)x1] _
; = ;okx #F —ky
= l(kx + kx) )
(PTPF + d~D7)(x, — x1) 0 ke = —k,
(C.3)
&
w
¢+a’)—[ei(kx—7<x)x2 _ ei(kx—fcx)xl] _ ¢—q~)+[e—i(kx—fcx)x2 _ e—i(kx—fcx)xl] B
, = 3o fex # Ky
= i(ky — ky)
(@D~ + @~ D) (x, — xy) ; ky =k
(C4)

Case 2: x4 and x, —»

In this case, the stack comprises at most single layer, allowing only propagation of top and

bottom modes, which are characterized by real-valued wavevector k,. Using the integration

property [214]
f dx et * = 21t5(k), (C.5)
we arrive
% = (PPt + &~ D7)2n8(ky + ki) + (TP + O~ DV) 218 (ky — ky ). (C.6)
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Case 3: x4 finite, x, — o

This case is different from the previous one, because one of the limits goes finite; that is, the
stack contains at least two layers. For the plasmonic planar structure, the guided modes are
characterized by the in-plane components of their wavevectors k,, which allows wavevectors
k, to be complex numbers. However, the electromagnetic fields must not contain
exponentially growing components; hence, the condition k;/ > 0 must always be enforced. If

k; # 0, then @~ must be vanished. With the properties [214]

[e'e}) 0 (o]
f dx etikx = fdx etikx 4 f dx ©(x)etikx
X1 X1 —0o0

(C.7)
0 .
; l
= f dx eXihx 4 (mS(k) iE),
X1
where ©(x) is Heaviside step function, we obtain
{—®+c3+ei(kx+kx)x1 + q)—aj—e—i(k,ﬁkx)xl -k
E_l = ! i(kx + fo) P x ) (C.8)
l(q>+c1>+ +078) (= —x,) ke = —F,
—®+a)_ei(kx_kx)x1 + CI)‘(B"'e_i(kx—kx)JQ ~
= ; ky Fk
% = ((kx = k) B (C9)
~ ~ /s ~
(@*F + 078 (= —x) D ky =Ry

s
w

Note that the terms (— —x1) in Egs. (C.8) and (C.9) are approximated from Eq. (C.5) [see

illustration of the improper integration in Fig. (C.1)].
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FIGURE C.1: The improper integration of exp(+ikx) over x [Eq. (C.5)] is divided into three
regions, indicated by different colors; result of the piecewise integration is given in each

region; total summation yields 278 (k,.).

Case 4: x4 — —oo, x, finite

This case is similar to Case 3. The analytical calculation yields

(o+F+eilkatk)xs _ p—F—p—ilkntka)x,
1 _ J i(ky + Ky
w ~ ~ s -
L(CD*CD* +07F7) (—+x,) ey = —ley

{CD+EI3‘e"("X‘kx)x2 - CD_av)+e_i(kx_’~<x)x2
&_ ! i(ky — ky)
@ o5 (Cin)

(C.10)

(C.11)
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