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COVARIANT DERIVATIVES ON NULL SUBMANIFOLDS

1 INTRODUCTION

The covariant derivative, V, is one of the primary tools used to describe the geo-
metric structure on a manifold. Separate points on a manifold have different tangent
spaces and the covariant derivative defines a relationship between the tangent spaces. For
this reason, the covariant derivative is often called the connection on the manifold. The
covariant derivative determines the Riemann and Ricci curvature tensors as well as the
scalar curvature, all of which describe geometric properties of the manifold.

A non-degenerate metric uniquely determines a metric-compatible, torsion-free con-
nection on the manifold, called the Levi-Civita connection; the corresponding connection
coefficients, called Christoffel symbols, depend only on the metric. For a non-degenerate
submanifold, it is straightforward to obtain a Levi-Civita connection from the metric on
the full manifold. However, if the metric on the submanifold is degenerate, the Christof-
fel symbols can not be computed, so an alternate strategy is needed. The remainder of
this dissertation discusses and extends previous attempts to produce connections in the

degenerate case.

1.1 Connections on Null Submanifolds

Degenerate metrics often occur when considering submanifolds defined with a Lorentzian
metric. A Riemannian metric is positive definite, i.e., has signature + + ... 4, while

Lorentzian metrics are not positive definite. For example, the metric of a spacetime in
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relativity has Lorentz signature, that is, — + + +. A manifold defined with a Lorentzian
metric is called a Lorentzian manifold. Vectors on a Lorentzian manifold are classified as
spacelike, v -v > 0, timelike, v - v < 0, and lightlike, v - v = 0. If there is a lightlike vector
n that is also orthogonal to the submanifold, then the submanifold is classified as lightlike
or null. Null submanifolds have degenerate metrics, thus introducing great difficulties in
defining a covariant derivative.

The need for a well-defined covariant derivative on a null submanifold arises in the
study of asymptotically flat spacetimes. The boundary of an asymptotically flat spacetime
can be studied according to several different structures corresponding to approaching
infinity along spacelike, timelike or null directions. In Geroch [1], both the spatial and
lightlike cases are addressed. Notation, structure and methods are given to define these
infinite boundaries as submanifolds in Lorentzian space. Moving in a lightlike direction

results in a null submanifold. According to Geroch:

In the null case, one has no unique derivative operator, and so one works more
with Lie and exterior derivatives, and with other differential concomitants. As
a general rule, it is considerably more difficult in the null case to write down

formulae which say what one wants to say.

Geroch’s discussions of null boundaries of asymptotically flat spacetimes motivated the
techniques used here to find a preferred derivative operator on null submanifolds and will

be summarized in Chapter 4.

1.2 Statement of the Problem

Given a null submanifold, is it possible to define a preferred torsion-free, metric-
compatible covariant derivative? Is it possible to determine, a priori, when such a con-

nection may be found? Attempts to define a covariant derivative on the null boundary of
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an asymptotically flat spacetime are the primary motivations for this dissertation. Two
results will be given to address these questions. Chapter 5 provides a construction, based
on the Lie derivative, to define the preferred covariant derivative on some null submani-
folds. The second result, given in Chapter 6, uses the Ricci tensor to determine when the

construction in Chapter 5 is possible.

1.3 Standard Methods to Define a Covariant Derivative

The results of this dissertation are motivated by numerous examples using standard
techniques to define a connection. Chapter 2 demonstrates the use of Gauss decompo-
sition to induce the connection on a non-degenerate submanifold. Using an analogous
decomposition, the connection on a null submanifold is addressed, summarizing work by
Duggal and Bejancu [2]. The chapter concludes with a simple example where the Duggal
method fails, thus motivating the need for an alternate method to construct a covariant
derivative.

Chapter 3 provides another series of examples that introduce the method of the
pullback to define the covariant derivative on null surfaces. Through the examples, lim-
itations of the pullback method will be demonstrated. Motivated by work of Geroch [1]
on the asymptotic structure of spacetime, conformal transformations will be investigated
in order to define a connection on the null surfaces. Chapter 4 will give a more detailed
summary of the Geroch approach.

Again based on the work of Geroch, Chapter 5 establishes an existence condition,
using Lie derivatives of the degenerate metric, to determine when the pullback method
can be used or whether an additional conformal transformation may be necessary to de-
termine the connection. In the case where the conformal transformation is needed, an

equation for the conformal factor is given. The conformal transformation is applied to
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the original manifold, the connection coefficients are then recalculated and pulled back
to the submanifold. This process requires one to work with the metric on the degenerate
submanifold for the Lie derivative, compute the conformal factor, carry out the conformal
transformation on the original manifold itself, and finally compute and pullback the con-
nection coefficients. This is a tedious process that requires one to obtain information from
both the null submanifold and the original manifold in which the null surface is defined.

Chapter 6 provides a simpler method applied on the original manifold to determine
when and if the conformal transformation method is possible. This check, involving a
limit of the difference of Ricci tensors on the original manifold, simplifies the previous
results by working only on the original manifold and a conformal transformation of the
manifold. This result eliminates the need to bounce back and forth between the two metric
structures. Other than needing to know the metric on the submanifold, all calculations
are done in the 4-dimensional space of the overlying manifold.

The results of the previous two chapters are tested in Chapter 7 on two specific
spacetimes used regularly in relativity. In particular, the horizon of the Schwarzshild
geometry and the class of all spherically symmetric spacetimes are investigated. In both
cases, the existence of a well-defined covariant derivative is shown. Lastly, Chapter 8

provides a summary of the results, with areas of possible future research included.



2 CONNECTION ON SUBMANIFOLDS, TRADITIONAL
APPROACHES

For a Riemannian manifold M, let I'(TM) = C*°(M,TM) denote the set of smooth
vector fields on M. The covariant derivative V on M is an affine connection from I'xI' — T

such that
1. Vaxqpy Z =aVx Z+ (Vy Z,
2. Vx(Y+2)=VxY +VxZ,
3. Vx (oY) = (Xa)Y +aVxY

where X, Y, Z are vector fields in I" with o and (3 functions on M. These three conditions
do not determine the connection uniquely. The Levi-Civita connection is the unique affine

connection satisfying the additional conditions
4. V is torsion free: [X,Y]=VxY — Vy X,
5. V is metric compatible: Z g(X,Y) =¢g(VzX,Y)+g(X,VzY).
Given coordinates (z',22,...,2™), the connection coefficients can be defined by
Voo 0/0x" =T%;;0/0a" (2.1)

The coefficients for the Levi-Civita connection are given by the Christoffel symbols,

k L wn (Ogin  Ognj  0gij
i = 27 oxI + aazi] a ax’j‘ ' (22)

If (X, q) is a submanifold of (M,g) given by ¢ : ¥ — M, and if ¢ = ¢*g is a
nondegenerate metric on X, then a connection V on M induces a natural connection D
on Y. A traditional approach to defining this connection is to split 7'M into the direct
sum

T™ =T & (TY)*, (2.3)



where (T£)" is the orthogonal complement of 7% in TM.

For X, Y € T'(TM), VxY can be separated on ¥ into tangential and orthogonal
components of T'M which define the induced connection, Dx Y, and the second funda-
mental form, I7(X, Y). Explicitly, we have

DxY = (VxY)l (2.4)
II(X,Y)=(VxY)t =VxY — DxY. (2.5)
If V is the Levi-Civita connection on M, then D turns out to be the Levi-Civita connection

on Y. The decomposition

VxY =DxY +II(X,Y) (2.6)

is called Gauss’ formula [3].

2.1 An example: ds* = —dt* + q;; dz* da?

To demonstrate Gauss’ formula, consider the line element

ds® = —dt* + q;; dz" da’ (2.7)
with corresponding metric
-1 0
g= (2.8)
0 ay

where all components are functions of t = 29, 2!, 22, z3.

Let ¥ = {t = constant} with induced line element
ds® = q;j dz" da? (2.9)

2

where all components are now functions of z!, 22, 3. The Levi-Civita connection V on



M is given by

0 0 0
=10 4 Th 2.1
V% ot 7 020 T Oxk (2.10)
0 o O k 0
g o 0 O
0 0 0 k 0
where the Christoffel symbols are defined by equation (2.2).
Since 0 = Vy (6%0 . 8%0) =2 (VV% . %), we have
0 0 0
0 0 0 0
Using Vv (325 - 5%) = Vv - g + Vv - 520 = 0 with V = % yields
0 0
V%O <ax0 : 8951') = —T%0+ qil* 00 =0, (2.16)
which implies
%00 = 0, (2.17)

where the last equation follows from (2.15) when ¢ is nondegenerate. Thus, equations

(2.10)-(2.13) simplify to

Vo a?;i I 8(; + 19 820 (2.18)
Vo ;Zo %, aik (2.19)
Voo aii =Tk m% (2.20)
Vo, ;;O =0 (2.21)

Comparing the first term of (2.18) with (2.6) allows us to read off the coefficients

for the induced connection D on ¥. Furthermore, due to the assumed form (2.8) of the



metric g on M, these connection coefficients are

1 0qin  Oqnj 0qij
k _ kh J J
i = 21 <8xj T or  ozh ) (2.22)

Comparing with (2.1), we see that D is the Levi-Civita connection on 3,

, )
DxY = X'T%,;YI Pt (2.23)

The second term of (2.18) now gives an expression for the second fundamental form,

i ; 0
II(X,Y)=X"T%; Y7 5.0 (2.24)

A closer look at I'° ij will produce a more explicit expression of I1 for this example.

Returning to M,

1 0 0 0
0 _ L Oh . . N
i = 59 (&rﬂ Gih + @gh‘] - WQ@]) . (2.25)
Again using the assumed form (2.8) of g, (2.25) simplifies to

_10q;
Y9 920

o (2.26)

Finally notice (2.24) is defined only in terms of 9/02° € I'((T£)*). With 2 = ¢ and
letting n = 0/0t, equation (2.18) produces the decomposition

1/d
VxY =DxY+3 <d;](X,Y)> n. (2.27)

Thus, the second fundamental form can be expressed as a multiple of the unit normal, n,
I1I(X,Y)=B(X,Y)n (2.28)

and Bjj is given by (2.26).
2.2 Duggal Lightlike Hypersurfaces, Definitions and Notation
Difficulties arise when the metric g, on X, is degenerate. In this case, the Christoffel

symbols are not even defined on ¥. Furthermore, if 3 is lightlike, TM cannot be decom-

posed into the direct sum of T and (T'E)*, since there are vectors in T that are also in
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(TX)*, as well as vectors that are in neither space. Despite these difficulties, Duggal [2]

introduces a decomposition that produces equations similar to the Gauss formula (2.6) as
we now describe.

Given a lightlike submanifold ¥ of M with tangent space T3, the goal is to create

a decomposition of TM by producing a vector bundle similar to (TX)*. Choose a screen

manifold Scer(T%) C TS such that
TS = Ser(TY) @ TS, (2.29)

where TSt = {V € T(TY) : V- W = 0VW € I'(TE}) is the orthogonal complement of
T in TM.

Given a screen manifold, Scr(T'Y), Duggal proves the existence of a unique comple-
mentary vector bundle, tr(TX), to T, called the lightlike transversal vector bundle of ¥

with respect to Ser(T%).

Theorem 2.1 (Duggal). Let (X, g, Ser(TX)) be a lightlike hypersurface of a semi-Riemannian
manifold (M, g). Then there exists a unique vector bundle tr(TX) C TM, of rank 1 over

¥, such that for any nonzero & € T(TXL) there exists a unique N € T'(tr(TX)) such that
N.-¢=-1, N-N=0, N-W=0VYW € Ser(T%). (2.30)

Thus, tr(T%) L Ser(TY) and since tr(TX) is 1—dimensional, I'(tr(T%)) = Span(N).
By construction we have ¢r(TY) ()TYX = {0} and have decomposed T'M to

TM = Scr(TE) @ (TS @ tr(TX)) = TS @ tr(TY) (2.31)

where T'M is restricted to X.
We can use (2.31) to decompose the connection V on M as follows. Let X, Y € I'(T%)
and V € I'(tr(X)). Then, since tr(T'Y) has rank 1, we can write
VxY =DxY + B(X,Y)N (2.32)

ViV =—Ay X +7(X)N, (2.33)
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where Dx Y, Ay X € T'(T¥). Equation (2.32) can be thought of as the Gauss formula
for the lightlike hypersurface and (2.33) as the lightlike Weingarten formula. Under this
decomposition, Dx Y is a connection on ¥, but, as discussed in Duggal [2], this connection

is not, in general, metric-compatible.
2.2.1 An example with null coordinates

To investigate the Duggal decomposition, consider the line element

ds® = —2du dv + g;; dz" da’ (2.34)
and metric
0 -1 0
g=1|-1 0 0 (2.35)
0 0 qij

with i, = 1,2. Let V be the Levi-Civita connection on (M, g). The lightlike submanifold

¥ = {u = 0} has degenerate metric

0 O
q= . (2.36)
0 qij

Choose a screen Scr(TY) = Span ({ X1, Xa2}) by setting

Xk + o € (2.37)

T

where £ =17 a@v € T(TXh) and ay is a function of v, #' and 2. All possible screens can
be obtained by choosing different aj. For N € I'(¢tr(T%)) satisfying Theorem 2.1, the

vectors {&, X1, Xo, N} form a basis for I'(T'M). Using this basis, the covariant derivatives
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take the form

Vx, Xi =7% 56 +7" 5 X+ Bi N (2.38)
Vx, & =70 € +7"0; X, + Boj N (2.39)
VeXi =908+ i Xe + Bio N (2.40)
Veé=7"00&+7" 00 Xi + Boo N (2.41)
and
Vx, N=-A4%¢— A" X +7; N (2.42)
VeN=-A%¢— A" Xp+ 1N, (2.43)

with 0 used for the v index. Equations (2.38)—(2.43) give the Gauss-Weingarten decom-
position of V on M; it remains to find the coefficients explicitly.

The properties of the basis vectors {&, X1, X3, N} are now used to find equations
for the connection coefficients and thus determine the decomposition of V as given by
equations (2.32) and (2.33). Since the metric ¢ is degenerate on X, the 4’s in (2.38)—(2.41)
cannot, a priori, be defined by equation (2.22). As will be shown, only +* ij follow the

Christoffel symbol definition given in (2.22).
2.2.2 Derivation of coefficients for V

Recall that for £ € T(TEL), €-€ =0, ¢-X; = 0 and by (2.30), £ - N = —1 with
N-X; =0and N-N = 0. For any vector V € I'(T'M ) we have 0 = Vy ({-&) =2 (V€ - §).

Letting V' = X and taking the inner product with equation (2.39) gives
V&€= =By =0, (2.44)
Repeating with V' = £ in (2.41) yields

By = 0. (2.45)
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Carrying out a similar argument with V(N -N) =2 (VyN - N) =0 and letting V' = X

in (2.42) yields

AY; =0 (2.46)
and V = ¢ in (2.43) gives

A% =0. (2.47)

The metric compatibility condition 5 for the Levi-Civita connection gives

0=Vy (- X;) =VyE-  X;+ & VyX;. Setting V = ¢ and using (2.41) and (2.40) gives
Bio = gik 7" 00. (2.48)
Letting V = X; and using (2.39) and (2.38) gives gix ¥ 0j + —Bij = 0, so that
Bij = g 7" o;- (2.49)

It is clear from (2.37) that the commutator of X with any coordinate vector field
will be parallel to {. Thus, both [£, X;] and [X;, X;] are parallel to {. Subtracting (2.39)

from (2.40) and using the torsion-free condition 4, [§, X;] = Ve X; — Vx, &, simplifies to
€, Xil= ("0 —""0) £+ (Vk 0 — " Oi) Xy + (Bio — Boi) N. (2.50)
Since [£, X;] is parallel to £, the last two terms of (2.50) must be zero, giving

Wk 0 = ’Yk 0i (2.51)

B;o = By;. (252)
The nondegeneracy of ¢ along with equations (2.44) and (2.48) implies

Bip = By; =0 (2.53)

'yk 00 = 0. (2.54)
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Substituting the results from (2.45)—(2.47), (2.53) and (2.54), the Gauss and Wein-

garten formulas can now be simplified to

Vx, Xi =1+ X+ By N (2.55a)
Vx, € =706 +7"0; X (2.55b)
VeXi =10 &+v" 0 Xk (2.55¢)
Ve =7"00¢ (2.55d)
and
Vx,N=-AF; X, + ;N (2.56a)
VeN=-A" X + 1o N (2.56b)

Duggal defines the last term in equation (2.55a) to be the second fundamental form,
II(X,Y)= B(X,Y)N. Thus, equations (2.55a)—(2.55d) decompose V to a form similar
to Gauss’ formula, (2.32). Once the coefficients in (2.55a)—(2.55d) are known, a connection
D on ¥ has been constructed. The properties of the Levi-Civita connection V on X are
used to find the remaining coefficients.

Using 0 = Vy (£ - N) = Vy&- N+ & - Vy N with V = X; in equations (2.55b) and
(2.56a) yields

Y oj=-7 (2.57)

and with V' = ¢ in (2.55¢) and (2.56b) gives

v 00 = —70. (2.58)

Now using 0 = Vy/(X; - N) = Vy X, - N+ X; - VyN with V = X, in (2.55a) and (2.56a)
gives
")/0 ij = —3ik Ak i (259)

and with V' = ¢ in (2.55¢) and (2.56b) yields

700 = —gix AF . (2.60)
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Switching indices in equation (2.55a) and subtracting, the commutator

(X, Xi] = Vx, X; — Vx, X; simplifies to
(X, Xi] = (70 i = ji) €+ <7k ij — ’iji> X+ (Bij — Bj;) N. (2.61)
Using the fact that [X;, X;] is parallel to £, equation (2.61) gives
Vi =" i (2.62)
By = Bs, (2.63)

establishing symmetry in the lower indices for both v* ij and Bjj.

The remaining coefficients are found using Koszul’s formula [5],

29(Vx Y, 2) = X g(Y, 2)+Y g(X, 2)=Z g(X, Y )+9([X, Y], 2)—g([X, Z], Y)—g([Y; Z], X).
(2.64)
This formula is derived through repeated sums and differences using the Levi-Civita
torsion-free condition 4 and metric compatibility 5 on the connection. Letting X =¢, Y = X,
and Z = X; in equation (2.64) gives
29(Ve Xj, Xi) = £9(X;, Xi) + X 9(&, Xi) — X g(&, X))+

g([fan]in) - g([vaiLXj) - g([Xj’Xi]vg) (2'65)

Using the properties that for V' € I'(T'Y) the commutator [V, X;] is parallel to £ and

that £ - & =0 and X; - £ = 0 implies the last three terms of (2.65) vanish,
Now evaluating the remaining terms of (2.65) gives

297" jo = € gji = € gij (2.67)
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A simpler form of B;; is found by substituting (2.67) into (2.49) and using the lower index

symmetry from (2.51),

Bij = gix Y 0j = 97" jo (2.68)
1
Bij = 5 £ 9ij- (2.69)

This equation is very similar to the coefficient for the second fundamental form found in
the previous example with nondegenerate metric on .
Finally, Koszul’s formula with X = X;, Y = X;, Z = X, and the symmetry condi-

tion (2.62) produces the familiar definition of the Christoffel symbols

1
Vi = §qkh (X @in + Xianj — Xnqij) (2.70)

In summary, the nonzero coefficients in (2.55a)—(2.55d) are given by

Vi = éqkh (X5 qin + Xiqnj — Xnaij) (2.71)
V0= —gin A¥; (2.72)
Y oj=-7; (2.73)
v oj = %gikfgij (2.74)
700 = —70 (2.75)

Bij = éggij- (2.76)

Using these coefficients, the induced covariant derivative on T3 becomes

Dx, Xi =" ;€ ++" i Xy, (2.77)
Dx, &€ =7"0;&+7" 0; Xk (2.78)
De X; =% 50 €+ %0 Xy, (2.79)

Deé=7"00¢ (2.80)

Duggal goes on to prove that under certain conditions there is a unique induced connection

on X,
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Theorem 2.2 (Duggal). Let (X, q, Ser(TX)) be a lightlike hypersurface of (X, g). Then
the induced connection D is unique, that is, D is independent of Scr(T%), if and only if
the second fundamental form II vanishes identically on Y. Furthermore, in this case, D

is torsion free and metric compatible.

For the example in null coordinates, Theorem 2.2 implies that if B;; # 0, or equiv-
alently, £ g;; # 0 for all 7, j, then there is a need for a new method to define D. The
following examples give one case where the conditions of Theorem 2.2 are met and one

where the conditions are not satisfied.
2.2.3 Duggal and the Null Plane

The line element for Minkowski space M* in null rectangular coordinates takes the

form

ds? = —2dudv + da? + dy?. (2.81)
The metric on M? is
0O -1 0 O
-1 0 0 0
g = (2.82)
0 0 1 0
i 0 0 0 1 |

The null plane is defined by ¥ = {u = 0} with metric

00 0
¢ =010 (2.83)
00 1

Clearly ¢ is degenerate.

For the null plane, the tangent space T3 is spanned by {%, %, 8%} with
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TSt = Span {%}. The screen manifold is constructed such that Ser(T%) C TS and

Ser(TY) @ TS+ = TY. This screen is not unique. In general, a basis for Ser(TY) is

0 0 0 0
Let
0 0 0 0 0
Xl—a%—l—%, X2—B%+%, 5—77% (2.85)

where X1, Xo € ['(Scr(TY)) and & € T(TZ4).

Recall Theorem 2.1: For & € T'(T'Y) there is a unique N € T'(tr(T'X)) such that
N-¢=-1, N-N=0, N-W=0YW € (Scr(T%)). (2.86)

For the null plane, tr(TY) C TM has basis

o 0 0 0
so N must be of the form
0 0 0 0

One can now find A and B so that N satisfies the conditions of (2.86).

Using N - € = —1 gives

—nB=-1 (2.89)
B=1/n (2.90)
and N - N = 0 yields
—2AB+ B*? +B?3*=0 (2.91)
A= B+ 5) o+ 5 (2.92)

2 2n
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Thus N is of the form

1/0 o+ 32\ o o )

It is not difficult to check X7 - N =0 and X5 - N = 0.
Finding N verifies Theorem 2.1, making way for the decompostion of V on the null
plane satisfying (2.32). To check that the induced metric on ¥ produces a Levi-Civita

connection independent of the screen, as stated in Theorem 2.2, it remains to verify that,

9 Oa
for £ =1 90’ B;; = g éq;] vanishes on the null plane. For u =0 on M,
00 00
00 00
g = (2.94)
0 010
| 00 0 1
a
Clearly Og Y =0, so B;; = 0. Thus a unique connection is defined using the screen
v

distribution and transversal vector bundle.
2.2.4 Duggal and the Null Cone

The line element for Minkowski space M* in null spherical coordinates takes the
form

ds®> = —2dudv + 12 d6? + r* sin” § d¢? (2.95)

with 7 = (v — u)/v/2. The metric is then given by

g = (2.96)

0 0 0 r2%sin%6
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The null cone is defined by ¥ = {u = 0}, so 7 = v/v/2 and the degenerate metric on the

cone 18

0 0 0
2

Y 0 (2.97)

? 2
0 0 %smw

<
Il
o

Similar to the null plane, the tangent space T'% for the null cone is spanned by

{%, %, %} with TS+ = Span {%}. The screen manifold is constructed with basis

vectors
0 ﬂ 0 0 \@ 0

Xi=—aZ Y29 x,-52 9.
! a@v—l_v@@’ 2 66v+vsin«98¢

(2.98)

For ¢ =nZ € I(TS1), we will find N € I'(tr(T%)). With basis for ¢tr(7%)

0 0 «od g 0
{81}’8u+7’86+ 7 sin 8(]5} (2.99)

this amounts to finding A and B for

0 0 ad B
N_A&)+B<(9u+r8c9+7“sin6’a¢) (2.100)

that satisfy (2.86). NV -& = —1 again gives

B=1/n (2.101)
and N - N = 0 also yields
a? + 32
A= 7 (2.102)
Thus N is
1/0 a?+32\ 0 ad 6 0
Nn<au+<2 )aﬁraa*r sin08¢>> (2.103)

As with the null plane it is not difficult to check X; - N =0 and Xo- N =0 on X.
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For the null cone, finding N demonstrates the procedure in Theorem 2.1, but for

a Levi-Civita connection, independent of screen, the hypotheses of Theorem 2.2 must be

1
checked, namely B;; = B £9ij = 0. For &

00 0 0

dg 00 0 0

v 00 Vvor 0
00 0 V2rsing |

where 7 = (v — u)/v/2. On the null cone, ¥ = {u = 0},

0

0 0 0 ]
0 0 0
0 v 0
0 0 vsinf |

(2.104)

(2.105)

so B;j # 0. Thus, the method using the screen distribution and transversal vector bundle

will not necessarily yield a Levi-Civita connection on the null cone. Alternate methods

will be developed in this paper.
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3 CONNECTIONS VIA THE PULLBACK

A series of surfaces are examined to motivate the methods used to define a co-
variant derivative on null surfaces. The plane and cone in Euclidean space will be used
to demonstrate how the covariant derivative can be defined directly from the definition
involving Christoffel symbols. While the Euclidean examples may not be very exciting,
they do demonstrate the need for the other methods in the Minkowski space examples.

Progression through the examples will also lay the groundwork for the final results.

3.1 Notation and Definitions

The preceding examples all used standard math tensor notation and component
notation pwhen a specific basis was given. There is yet a third notation commonly used
by relativists, abstract index notation. This notation allows one to keep track of the tensor
index with out specifying components. The table below summarizes abstract index and
component notation. For the remainder of this dissertation, abstract index notation will

be used unless a coordinate basis is specified.



Abstract Index
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Component /Basis

Basis

vector
1-form
metric

Christoffel symbol

vector derivative

1-form derivative

Ua

Waq,
Gab

I'* . (not a tensor)

Vool = 008 + T 4o 0°

Vowy = Oqwp — I'C gp we

(2%, 21, 2%, 27)

v =10"9/0z"
w = w; dx’
9 = [9ij]

; im ((O9mi | OGmk  Ogjk
i 1 im J _ J
Tk = 29 < dxk e dam

o . i .
Vxv=X"|— 417 0" 0/0x’
ot
VQ/ami 8/6:c3 = Fk ji 8/61’k
Vxw = X" [awj.' — Tk ijwk} dax?
ox?

The calculations required to compute the Christoffel symbols given a metric g, are
very involved and tedious. For all of the examples the computer algebra system Maple
and the GRTensor package were used to check the computations of the Christoffel symbols

as well as the Riemann and Ricci tensors.

3.2 Euclidean Space

In Fuclidean space with rectangular coordinates the line element is given by
ds? = dz* + da® + dy?®.

In E3 the metric is then

1 00
[gij] =10 10
0 01

All of the Christoffel symbols are zero and the covariant derivative is given by

Vyv® = 0v®/0z® for vectors and Vyw, = dw,/dxb for 1-forms.



3.2.1 Euclidean Plane
A plane in E? with z = z has line element
ds® = 2dz® + dy?.
The plane is a 2-surface with 2 x 2 metric

2 0
[qij] =
0 1
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For this surface the covariant derivative can be computed directly. All of the

Christoffel symbols are zero, and the covariant derivative is given by Dyv® = 9v®/0x?

and Dyw, = Ow,/0z°.

Since vectors on the plane can be thought of as vectors in E3, the symbols v* and

w, have been used for both spaces.

3.2.2 Cylindrical Coordinates in E?

The line element in cylindrical coordinates is given by
ds* = dz* + dr® + 12 d6>.

The metric is

10 0
[935] 01 0
0 0 r2

On the cone the nonzero Christoffel symbols are

1
0
r 0= I'"pp = —.

Letting © = 9/0 6, the covariant derivative is given by
0 1
Vo (df) = -1V .pdr=——dr
r

Ve (dr) = —I"ppdd =rdb

(3.1)
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All other derivatives will be zero. In particular, the derivative Vg (dz) = 0 will be used

in the next example

3.2.3 Euclidean Cone
In E3 the cone, C, is given by © = z. The line element is
ds* = 2dr* + r? d6*.

The metric is

2 0
[gi] =
0 r?
The nonzero Christoffel symbols are
1 T
F9 rd = T " =5
0 r 06 9

The covariant derivative can be defined on 1-forms by

1
Do (df) = -TY,.gdr= - dr

Do (dr) = —T7ppdf = gde

(3.4)

(3.5)

(3.6)

One may wish to relate the derivative operator on the cone C' to the space in which

it is imbedded, E3. Consider v = r 4 z and u = r — z in E3 with differentials dv = dr + dz

and du = dr — dz. Their respective ©—derivatives are

Ve (dv) = Ve (dr)+ Ve (dz) =rdf + 0 =rdb

Ve (du) =Ve (dr) — Ve (dz) =rdd —0=rdf

(3.7)

(3.8)

On the cone with r = z, let v = 2r and u = 0 where the underline is used to show that u

and v are now on the 2-dimensional cone and not in 3-dimensional Euclidean space. The

differentials become dv = 2dr and du = 0 the ©—derivatives are

Dy (dv) = De (2dr) :2gd9 —rdf

De (du) = De (0) =0
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Returning to Euclidean 3-space, evaluate the @ —derivatives at r = z to check if the

derivatives agreement with those computed on the cone. In this case, let Vg dv represent

the 3-space derivative evaluated at » = z and then expressed in the 2-dimensional space

of the cone,

Ve (dv) = rdf (3.11)

Ve (du) =rdf (3.12)

The derivatives of dv are the same, Vg dv = Dg dv, but the derivatives of du do
not agree, Vo du # Dgdu. This example demonstrates the difficulties in obtaining a

well-defined derivative on submanifolds based on the space in which they are imbedded.

3.3 Minkowski Space

The next examples will concentrate on surfaces in Minkowski space. More chal-
lenges will present themselves when trying to obtain a well-defined covariant derivative
on submanifolds. Surfaces in Minkowski space lead to degenerate metrics. Without an in-
vertible metric it is not even possible to compute Christoffel symbols on the surface. Since
our definition of covariant derivative is based on Christoffel symbols, it is not possible to

directly define the derivative on the surface. Other methods must be investigated.
3.3.1 Rectangular Coordinates in M*
The line element in Minkowski space is given in rectangular coordinates by
ds? = —dt® + dz? + da?® + dy?

with metric
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-1 0 0 O
0O 1 0 O
[gij] =
0O 010
i 0O 0 0 1 ]

Like Euclidean space, all of the Christoffel symbols are zero and the covariant deriv-

ative is given by Vyv?® = 9v®/02° and Vyw, = Ow,/0z°.
3.3.2 Minkowski Plane

Define a plane in M* by ¥ = {t = z}. The line element on this plane in Minkowski

space is given in rectangular coordinates by
ds® = dz? + dy?

with metric

0 0 O
lgsl=10 1 0
0 0 1

Clearly qqp is not invertible. The covariant derivative, D, cannot be defined using
Christoffel symbols since the inverse metric is needed to calculate I'“;.. The properties
of the derivative V on M# will be used to arrive at a definition of the derivative D on X.
Before attempting this, more formal definitions and notation must be introduced to allow

objects to be moved from one space to another.
3.3.3 Pullback

Let ¥ be a submanifold of M* with ¢ : ¥ — M* an embedding of ¥ into M*. For
vectors v® € T, ¢, v is a vector in TM*. That is, vectors are “pushed” from the tangent

space of ¥ onto the tangent space of M*. On the other hand, 1-forms w, defined on M*
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are “pulled” back to the surface . The pullback of w, onto X is given by ¢* w, such that

b— Wa (Px vb).

(™ wa)v
Since ¢* acts on forms, the covariant derivative will be computed on 1-forms in M*
and then pulled back to 3. As with the previous example, D will represent a covariant

derivative on ¥ and V a covariant derivative on M*. This approach attempts to define a

covariant derivative on ¥ by

Da(¢ ws) = ¢ (Vaws). (3.13)

Less formal notation will be adopted to represent the pullback. Instead of ¢* for
the pullback, an « will be used. The pullback of 1-forms will be written p*w;, = Wp.
This notation will be less cumbersome and will lend itself to a more visual representation
of pulling the object back to the surface 3. With this new notation the pullback of the

covariant derivative is written

Dawb = Vawb. (3.14)
—

Jarb
This notation will also eliminate the confusion of where objects live. wy is a 4-dimensional
1-form defined on M* while W is the 3-dimensional 1-form pulled back to 3. This notation
will be used throughout the remainder of this document. Since the pullback is not the
traditional method used to define D, care must be given to insure the derivative is well-

defined.
3.3.4 Minkowski plane revisited

For the plane, the pullback method can be summarized by starting in M* to calculate
the Christoffel symbols, define V on M*, and then pull the derivative back to the plane

by letting z = t. Since all of the Christoffel symbols vanish in M?, the pullback of the
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covariant derivative to the plane becomes
Dyw, = Vyw, = 8wa/8xb = O wg. (3.15)
— — «— —

In other words, using the pullback definition (3.14) the covariant derivative D on
the plane is again given by partial differentiation.

Now to check that this derivative operator is well defined. Consider v = t 4+ z and
uw=t— z in M* with differentials dv = dt 4+ dz and du = dt — dz. Minkowski space with

t = z gives derivatives

Vx dvli=, = Vxdz+Vxdz=20xdz (3.16)

Vxdu|i—, =Vxdz—Vxdz=0 (3.17)

Pulling these derivatives back to the plane gives

VX dv = 28)( dz (318)
patad
Vxdu=0 (3.19)
e 77

Using (3.15) on the plane with dv = 2dz and du = 0 yields
Dx dv = 20 dz (3.20)
Dx du = (3.21)

Indeed, both derivatives agree. The pullback method has produced a well-defined deriva-

tive operator on the Minkowski plane, a surface with degenerate metric.
3.3.5 Well-Defined Covariant Derivative

Since the pullback is not a traditional method used to define the covariant derivative,
we must clarify what will be accepted as “well defined.” Consider a surface defined by
Y = {u = 0} and any 1-form, w. For an arbitrary function f, the pullback of w + f du

onto X is w + fdu = w since du = 0 on X. In this case
¢ — —

Vx (w+ fdu) = Vxw+ (0x flu=0) du|u=0 + (flu=0) Vx du = Vxw (3.22)
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as long as Vx du = 0. Dealing with the du—term in pullback derivative certainly is
R S

not ideal, but it does provide the necessary condition to define a “well-defined” pullback

derivative on . The u—coordinate defines the surface, but is not part of the coordinate

representation of . For this reason, as long as the pullback derivative

Dy du=Vxdu=0 (3.23)

JX 27
the derivative D will be considered well defined. On the other hand, if Vx du # 0 the

covariant derivative D on Y will not be well defined.

3.3.6 Minkowski Null Rectangular Coordinates

The choices u = (t — 2)/v2 and v = (t + 2)/V/2 are called null coordinates in
Minkowski space. This coordinate transformation turns out to be commonly used to
represent spacetimes in relativity. Now the covariant derivative on M* will be determined

using null coordinates. The line element in null coordinates is
ds® = —2du dv + dx? + dy?

with metric

0O -1 0 0
-1 0 00
[gij] =
0 0O 1 0
i 0 0 0 1 ]

All of the Christoffel symbols are zero and the covariant derivative on 1-forms is given
by Vewp = J,wp. As expected this is exactly the same as the derivative in rectangular

coordinates.

3.3.7 Minkowski Plane, Null Coordinates

Null coordinates give a very simple definition of the null plane, ¥ = {u = 0}. In

null coordinates the line element for the null plane is

ds® = da® + dy?
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and the metric is

0 0 O
lg5]=10 1 0
0 0 1

This appears to be the same degenerate metric as in rectangular coordinates, but
they are different in their coordinates. In the rectangular case the coordinates on the
plane are [z, z, y] while in the null case the coordinates are [v, z,y|. Pulling V back to the
null plane yields the covariant derivative D,w, = V,wp = J,wp. Once again this is the

Pl —

same derivative as computed in rectangular coordinates.
3.3.8 Minkowski Spherical Coordinates in M*

The line element in Minkowski space is given in spherical coordinates by
ds® = —dt* + dr® + r?df® + r? sin® 0dg”

with metric

[gij] =

The nonzero Christoffel symbols are

1
r,, = = "9 = —r (3.24)
1% 44 = —sinf cos b, I 4y = —7rsin?0 (3.25)
1
T?.4=-, T? 4 = cot § (3.26)

r
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The nonzero components of the covariant derivative are

1
Veodd = —T? gdr = —=dr, Vodr = —I" godf = rdf (3.27)
T
Vodd = —I'? spd = sin @ cos Od¢p Vodr = —I" 4gdp =1 sin? 0d¢ (3.28)
1
Vedp = —T? . gdr + —T? g4df = ——dr — cot fdf (3.29)

All of the remaining components of the derivative vanish. In particular, Vg dt = 0.
3.3.9 Minkowski Cone

Using spherical coordinates in Minkowski space the cone, ¥ = {t = r}, has line
element

ds® = r2df? + r* sin® Od¢?

with degenerate metric

0 0 7r2sin?(9)
Since qqp is not invertible the Christoffel symbols needed to define D cannot be
calculated. This forces a return to M* to get the derivative V and then pull the covariant
derivative back to the cone by letting ¢ = r. The nonzero components are of D on the

cone are given by

1

Do db = Ve df = ——dr, Do dr = Ve dr =rdf (3.30)

Dy df = Vo df = sin6 cos dg, Dy dr = Vg dr = r sin® dg (3.31)

Dadd = Ve dé = —> dr — cot 0o (3.32)
— ¢ r < —

In this case there are no problems pulling V back to the cone, but it turns out that

this derivative D is not well defined. Recall that a well-defined derivative must satisfy
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the condition Dx du = Vx du = 0 on the surface given by ¥ = {u = 0}. On the cone
—

u=1t—r. For ¢ = r the pullback of the 1-forms must be equal, dr = dt. Our condition

for a well-defined derivative on X then becomes
Dx(dij,z V)(dUZVX (d?“—dt) = deT—VthZDxﬂ—DXcﬁ‘ZO. (3.33)

So it remains to check if the pullback method yields Dx dt = Dx dr. Consider the

derivative along 6,

Do dr =Vedr=rdf (3.34)
De dt = Ve dt = 0. (3.35)

Clearly De dr # De dt even though dr = dt on X. Thus D is not well defined on ¥. The
lesson here is that one must be particularly careful when using the pullback to ensure a

well defined derivative D.
3.3.10 Minkowski Null Spherical Coordinates

As with the plane, the null coordinates u = (t —r)/v/2 and v = (t +r)/+/2 can be
used in spherical coordinates. Now r = (v —u)/v2 and t = (v +u)/v/2. The line element

in null spherical coordinates is
N2 N2
ds? = —2dudv + r2 d® + 12 sin? 0 do? = —dudv + (”2“) 62 + (”2“) sin? 0 dg?

with metric

0 -1 0 0
1 0 0 0
[gij] = — )2
2 2
0 0 0 W =w)” G2y
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For this coordinate system there are many more nonzero Christoffel symbols,

% 4 = U__lu 19,0 = . i - 1% 44 = —sinfcosd (3.36)
%5 = v__lu T?,4 = . i - % 5y = cot 6 (3.37)
I gp = _(”2_“) I 44 = _(”2_“) sin” 6 (3.38)
T gp = — 3 - T 4o = % sin? 6 (3.39)
The nonzero components of Vx are given below.

V xdf terms:
Veodd = —TY ,gdu —T? gdv = —— (du —dv) (3.40)
Vedd = —T? 45 de = sin 6 cos 0 do (3.41)

V xd¢ terms:
Vedp = T updu—T? 4 dv = —— (du — dv) (3.42)
Vaodp = —T? 45d0 = — cot 0df (3.43)

V xdv terms:
Vodv — 1% gpdd — 3 “) 49 (3.44)
Vodo = —T" 4y dep = 5 Y sin?6 dg (3.45)

V xdu terms:
Vedu=—T"gd) = —>— 40 (3.46)
Vodu = —T" 4y dg = —(”;“) sin? 0 do (3.47)

It is important to note that V xdu contains nonzero terms other than du. As the
null cone example will show, this creates problems when one tries to use the pullback

(3.14) to define a derivative.
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3.3.11 Minkowski Cone, Null Coordinates

The null cone is defined by ¥ = {u = 0} . Now the line element for the null cone is
ds? = (v*/2) d6? + (v*/2) sin? 0 d¢?
and the metric is
0 0 0
gl =] 0 v2/2 0
0 0 (v%/2)sin?6
Now with this degenerate metric the attempt to pull the derivative back from M?*
with null coordinates will lead to problems when V is pulled back to the null cone. As
a reminder, a well-defined derivative D on the null cone must have Vxdu = 0. Consider
JXT

only the nonzero terms from V xdu = 0 yields

Vodu = —- 3 Odj £0 (3.48)
_(v=0)
Vodu = — sin 9c<l_¢ # 0. (3.49)

As with the cone in spherical coordinates, the pullback method does not result
in a well defined derivative operator D. This will be a problem for any null surface,

¥ = {u = 0}, when there are nonzero components other than du in Vx du.
3.3.12 Conformal Minkowski Cone

This example will use a conformal transformation to obtain a well-defined derivative,

D, on the Minkowski cone. A conformal transformation on the 4-metric g4 is of the form

ab = @ Gab. (3.50)
The transformation is chosen so V,du has no components other than du itself.

When V is pulled back to the cone, D will be a well-defined derivative. Let w = 1/r

where r = (v — u)/+/2. The line element becomes

5 dudv + df* + sin® 0d¢”

1 2
ds* = = (—dudv + r*d6® + r*sin®d¢?) = ————
r2 (v—u)



with metric

[9;] = | (v—v)

which gives nonzero Christoffel symbols:

fed)d) = —sinf cosf

_ —2
FU vy —

v—u

The nonzero V, terms are

<
<
QU
S
Il

-1
CEE 0 0

0 0 0

0 1 0

0 0 sin?4d

fd) 9 = COt 0
T .

uu —
vV—U

-1 o d¢ = sinf cos 0 do

v—Uu
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(3.51)

(3.52)

(3.53)
(3.54)

(3.55)

(3.56)

Now there are no problems in the pullback to the cone. The first three derivatives

pull back to the cone with v = 0. With u = 0 and du = 0 the last term will vanish in the

pullback,

The covariant derivative D now becomes

Dyd

—

)

[

= %d@ = sin # cos Od¢
ki

D¢c<i_q§ = Vydp = — cot 6d0

D,dv =
@

<

wdv =
—

2 2
dv:fc(l_v
v

v— 0

(3.57)

(3.58)
(3.59)

(3.60)
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3.4 Christoffel Symbols and the Pullback of V

In summary, we have seen three examples of null surfaces where using the pullback
resulted in well-defined covariant derivatives; the plane, the plane in null coordinates and
the cone with conformal null coordinates. There were two surfaces that did not yield well-
defined derivatives; the cone in spherical and in spherical null coordinates. As defined
earlier, D is not well defined when D, du = M # 0. Based on the previous examples
this occurs any time there are non-du terms in V,du. Looking more closely at this
derivative reveals the Christoffel symbols on M* will determine if the derivative is well

defined on X:
Vadu = Vg6 dzb = 0, (68 da®) — T° 4 6% da® = 0 — T oy d®. (3.61)

So V, du will have non-du terms anytime I'* 4 # 0 on M?. There is one exception to this
condition. If I'*,, # 0, the pullback I'* 4 |u=0 c(l_u will still vanish. Now, checking if the
pullback of V is well-defined amounts to looking for nonzero Christoffel symbols of the
form I'* 4.

For the cone in spherical coordinates, © = 0 implies ¢ = r and the Christoffel symbols
were [ g9 = —r, [ 4y = —r sin?@, T pg = —r and T? #¢ = 0. Pulling the derivative back
to X resulted in nonzero terms, M =V (dt —dr)#0

For the cone in null spherical coordinates it was much easier to look at the Christoffel
symbols to realize the pullback will not give a well-defined derivative. Here one sees

v—u —(v—u)

T%gp = 5 and I'* 44 = — sin? @ so the pullback of V will not be well-defined.

The fundamental question after all of the examples becomes: What are the necessary

conditions on a null surface to give a well-defined covariant derivative? We began with a
definition of well-defined that required V, du = 0. A closer look at V led us to check the
Christoffel symbols of the form I'“ ,;,. Now the question becomes, if there are Christoffel

symbols I'* ;5 # 0, is there a conformal transformation that results in a well-defined deriv-
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ative, and if so, what is the conformal factor? We address these questions in Chapter 5,
but first some results on conformal transformations are presented from Geroch’s work on

asymptotically flat spacetimes.
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4 ASYMPTOTICALLY FLAT SPACETIMES VIA GEROCH

Our prior constructions led to a well-defined covariant derivative on the conformal
cone in section 3.3.12, but not for the null cone in section 3.3.11. It turns out the conformal
transformation is key in defining a covariant derivative on null hypersurfaces using the
pullback method. In a 1976 paper, Geroch [1] used conformal transformations to study
the asymptotic structure of spacetimes in general relativity.

The boundary of a spacetime can be approached along spacelike, timelike, or lightlike
paths. It is Geroch’s work on the null case, with its degenerate metric, that is considered
in this chapter. The null boundary of a spacetime is a hypersurface that is attached to
the physical spacetime using a conformal transformation. This technique allows one to
study the properties of the boundary as a submanifold.

While the covariant derivative was not the focus of his work, Geroch’s techniques
using conformal transformations turn out to provide the tools needed to define a connection
on some null hypersurfaces. This chapter summarizes Geroch’s, presentation including the
definition of an asymptotically flat spacetime, some equations that result from conformal
transformations, and the use of an additional conformal transformation to guarantee that
the null vector field is a Killing vector field. All of the calculations use abstract index

notation.

4.1 Physical vs. Unphysical Spacetime

Let <M , §ab) be a spacetime (i.e., a 4-manifold with smooth metric of Lorentz
signature). By an asymptote of (]TJ/ ) §ab) we mean a manifold M with boundary 7,
together with a smooth Lorentz metric g,, on M, a smooth function 2 on M and a

diffeomorphism 1 from M to M —7 (by means of which we shall identify M and M — ),
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satisfying the following conditions:
1. On M’ Gab = Q2 gab-

2. On 7,

(b) Va2 # 0, and

(c) g°(Va)(VpQ) = 0, where “V,” denotes the gradient on M.

The metric gqp is called the unphysical metric (to distinguish it from the physical
metric gqp), while J is called the boundary (at null infinity). Note that the definition
requires the unphysical metric to be defined and have Lorentz signature also at points
of the boundary. By contrast, the physical metric is not even defined on J (and, indeed,
according to conditions 1 and 2a could not be given sensible meaning there). It follows
from the definition that § is nonzero on M (by convention, we choose it positive there),
and that J is a null surface (since V42 on J is normal to J, nonzero, and null.) The normal
vector will be defined by n® = g% V,Q.

It is intended that the definition represent the intuitive idea of “the attachment
to the spacetime manifold M of additional ideal points at null infinity.” The additional
points are of course those of J, while the diffeomorphism ¢ inserts M in M ; thus M itself
represents the physical spacetime manifold with points at infinity attached. Condition
1 states that the conformal factor rescales the physical metric to the unphysical, while
condition 2a together with the requirement that the unphysical metric be well-behaved
on J states that “infinity is gu,-far away.” Condition 2b fixes the asymptotic behavior of
Q; in effect, it states that € falls to zero “as 1/r.” Finally, condition 2c states essentially

that we are dealing with null infinity.
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4.2 Conformal Transformations

A conformal transformation is most commonly thought of as a rescaling of length.
The conformal transformation in our case is a rescaling of the metric in the spacetime, in
effect bringing the boundary at infinity to a finite distance. Under this transformation it
is now possible to study the structure of the null hypersurface J. First we must consider

the covariant derivative under the conformal transformation.
4.2.1 Conformal Coefficients for the Covariant Derivative

Let (M , f]'ab> be an s—dimensional manifold with a non-degenerate metric of any
signature. If  is a smooth, strictly positive function, then the metric g,, = Q2 g,y is said
to arise from gy, via a conformal transformation. ) is called the conformal factor. Since
now either g,; or g could be used to raise and lower indices of tensor fields on M , We

(13}

adopt the convention that the indices of tensor fields with a are to be raised and
lowered with g4, those without the tilde use ggup.
Each of g, and g4 gives rise to a Levi-Civita derivative operator, ﬁa and V,

respectively. Setting C™ ,, = rm ab — L' 4p, Where rm ab and I'™ 4, are the Christoffel

symbols for V, and V, respectively, we have

Vac’lbmC de = VaabmC de T ok am @ et FCam ol m d--e
O S L L, (4.1)
for any tensor field a¥ ¢ ... on M. While the Christoffel symbols are not tensors, C™ 4

is none the less a tensor field, symmetric in its lower indices.

To find C™ 4, we use metric compatibility and the Leibnitz rule for the derivative
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operator:

0 = V, gbc =V, (Q_ngc)
= _29_3 (%a9> Gbe + Q_Q %a 9be
= =207 (Va) ghe + Q72 (Va goe = C% ab gae — C% ac gbd> (4.2)
Assuming gq is invertible, we can symmetrize equation (4.2) in a and b, and solve for

C° o, giving
C = =07 (Va0 + Va5 — g 6 V102) (4.3)

The Riemann curvature tensor is now expressed in terms of V, using

R pwg = — (ﬁa%b - 61)6&) we, for any one-form w.. The relationship between the

curvature tensors RY cap and R . is derived using equation (4.1)

6(, We = Vb We — Ck be Wk (4.4)
ﬁaﬁb We = %a (Vb We — Ck be wk> (4.5)
= V, (vb We — Ck be wk)

—Ca (Vl we — C* zcwk> — e (waz —C*y Wk) (4.6)

Again using the symmetry of C¥ 4, and the Leibnitz property of V, we get

~R? cpwq = —R* capwa — <Vacd be — VpC* ac) wd
+ <Claccdbl _Clbccdal) W (4.7)
Since wy is arbitrary, we have the relationship

Ed cab = Rd cab T (Vacd bec — vbCYd ac) - (Cl ac Cd bl — Cl be ng) (48)

The Ricci Tensor, Rapy = R* 413, can now be expressed in terms of Ry, and CF 4,

Rap = Rap — (Vack k — ViCF ab) + (Cl ab CF = Cl iy CF al) (4.9)
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Equation (4.3) can be used to express the Ricci tensor in terms of 2 and gqp. The

results are given without derivation.

Ry =R+ (5—2)Q7 'V, V, Q+ Q71 g, V"V, Q

—(s=1)Q % gwp (V"Q) (Vi Q) (4.10)
The Ricci scalar curvature, R = g ﬁab =02 g ﬁab, is given by

R=0R+2(s—1)QV™Y,, Q2 —s(s — 1) (V"Q) (V,;nQ) (4.11)

4.3 Lie Derivative under Conformal Transformations

The Lie derivative of an (0,2) tensor 7, is given by
Lo Tap = v VeTab + Tep Vavc =+ Tac Vb'l}c (4.12)

Let the (0,2) tensor be a metric tensor, g,p, and replace v® with the normal vector field
n® = ¢*Vv,Q = V). Assuming a metric-compatible (Vegay = 0) and torsion-free

(Vo V2 = ViV, Q) derivative operator, we get

£ 9ab = geb Va " + gac Vo n©
= 9¢b Va 9% Vi + gac Vi g V2
= 0FVaViQ + 68V, V1Q
=VVp2 + V.V Q

=2V, V) (4.13)

This result can now be substituted into equation (4.10) to give

- )
Rab:Rab+(S )

Q_l £n Jab + Q_l YGab vmva

—(s=1)Q 2g4 (V™Q) (V) (4.14)
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4.3.1 A Second Transformation, Killing Vector Field

A vector field, n%, such that £,, g, = 0 is called a Killing vector field. Using the
“gauge freedom” in the original conformal transformation given in condition 1, we can
make the Lie derivative above vanish. To do this, we seek to use a nonzero smooth

function w on J to define a diffeomorphism ¢ : I — J such that:
1. Gup = w? gap and
2. £ﬁ§ab = 07

where 7% = w™'n?% As shown by Geroch, this preserves the conditions outlined for J.

Using equation (4.12) to calculate the Lie derivative gives:

£ﬁ§ab = w_l n‘ Ve (WQ.gab) + w2 geb Va (w_l nc) + w2 Gac Vb (w_l nc)
= wlin® (2w (Vew) gap + w? Ve gab) + w? gop (—w*Q (Vaw)n® 4+ w1V, nc)
+w? gae (—w? (Vow) n +w ™! Vyno)

= N (29gab Vew = geb Vo w — gac Vow) +w £5 gab (4.15)
Requiring that n® be a Killing vector field and solving for w gives
n‘ (2gab Vew = 9geb Vaw — Gac vbw) = -2w0ONgw (4.16)

where OQ = ¢V, V;, Q is the d’Alembertian. Using the inverse of the metric tensor gives

2
n¢ (25gvcw — 08V w — 52wa) = —w-0Q6; (4.17)
s
n®(2nVew — Vow — Vew) = —2w0Q (4.18)
—1
nVelnw = 1 oQ (4.19)
s —

So w is the solution to the ordinary differential equation (4.19) along each integral curve

n?.
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In summary, given an asymptotically flat spacetime satisfying the original Geroch
conditions, one can construct a second conformal transformation so as to ensure a Killing

vector field, £,9., = 0.
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5 KILLING VECTORS AND CONFORMAL TRANSFORMATIONS

The examples in Chapter 3 used the pullback method to produce a well-defined
covariant derivative operator on the null surfaces ¥ = {u = 0}. It was shown that the
pullback method works provided the Christoffel symbols of the form I'* 4, except I' 44,
vanish. Geroch, on the other hand, requires the Lie derivative on the unphysical manifold
satisfy a “divergence free” condition, £,q. = 0. If this condition is not satisfied, a second
conformal transformation can be introduced to obtain a divergence free manifold. In this
chapter, the necessary Lie derivative will be computed for several examples to verify that
Geroch’s conditions hold. Finally, sufficient conditions on a null-surface, ¥ = {u = 0}, will
be derived for the existence of a well-defined derivative D on ¥. This result will be shown to
be equivalent to Geroch’s conditions without needing to introduce a non-physical manifold
by “attaching” a null surface to the physical manifold using the conformal transformation

Q - VQu.

5.1 Lie Derivative

Recall from equation (4.12) that the Lie derivative of the metric tensor is given by

£ngab = ncvcgab + gcbvanc + gacvbnC (51)

where £,g4 is an (0,2) tensor. For a metric-compatible derivative operator, equation

(5.1) reduces to

£n Gab = gcbva n¢ + gacvb n = va (gcbnc) + vb (gacnc) - va np + Vb Ng.- (52)

Notice that in (5.1), n is a normal vector of the form n® while in (5.2) the right-hand

side of the equation is taking a derivative of 1-forms, ny = gp. n°. For a null surface with



46

ny = 0y,
Vany =Va o) = 0,080 — T = —T" . (5.3)
The symmetry of the Christoffel symbols implies V, n, = Vi n,. The Lie derivative (5.2)

can now be simplified to

£ Jab = 2Vanpy = —2 r ab- (5,4)

To find the Lie derivative on the surface 3, use the pullback to get

Lnab = £n gab = 2V g np. (5-5)

In coordinates, the 1-form ny is du and the coefficient of the 4j**—component of
£ 9 is
(£”g)ij = —QFUZ‘J'. (56)

The full tensor notation for the Lie derivative of the metric is then
£y,g=—2T"; d" da’ (5.7)

5.1.1 Lie Derivative under Conformal Transformations

1

If the normal vector, n®, is changed under the transformation to 7* = w™"n% and

Tup = W2gap, the calculation of £57g,, will also be different.

Using equation (4.12) to calculate the Lie derivative of the metric gives:

LGy = w 'nVe(w?gap) +w” geb Va (0'0°) + w? gae Vi (0! n)
= wln¢ (2w (Vew) gap + w?V, gab) + w? gap (—ufz (Vow)n® +w v, n°)
+w? Gae (—wiQ (Vyw)n® + w v, nc)
= n°(2(Vew) gab — 9eb Vaw — gac Vow) +w (n° Ve gap + geb Va1 + gac Vi n€)
= n°(2(Vew) gab — 9ob Vaw = gac Vow) +w £ gap (5.8)

From the previous examples, it appears that if the pullback of the Lie derivative of

the metric is zero, the pullback of V gives a well-defined derivative, D, on Y. The null
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cone did not satisfy this property, but a conformal transformation was used to get the
Lie derivative to vanish. The choice of w = 1/r was given without justification. The next

section will provide the conditions and equation for finding w.

5.2 Killing Vectors and Well-Defined Covariant Derivative

Recall that a vector field v* is Killing if £, ga» = 0. Given a null surface, ¥ = {u = 0},
the first theorem shows that if the vector n® is Killing, then there is a well defined covari-
ant derivative on . The second theorem will give a condition on ¥ such that a conformal
transformation exists, after which the Killing condition is satisfied. A consequence of the
proof will be an expression which can be used to compute w. Together, the two theo-
rems provide the conditions and techniques to define a covariant derivative operator on
some null hypersurfaces. It should be pointed out that the following results are found in

Geroch [1], but are not there applied to the covariant derivative.
5.2.1 Killing Null Vector

Theorem 5.1 (Covariant Derivative on X). If £,qs = 0 on a null surface 3, then the

connection defined by the pullback is well-defined.

Proof. Let ng be a null 1-form and let wy be any 1-form on the surface 3. We would like
to define a covariant derivative using the pullback, D, wy, = Ya_VVb, where W}, is a 1-form
such that W{i, = wyp, but we must show that this is well defined.

On ¥ = {u = 0}, ny is given in coordinates by du and du = 0 on X. In abstract
index notation np = 0. Let V4 be a 1-form given by V;, = W+ k n;, where k is any function.

V}, has the same pullback as Wy,
Vi =Wy + kny = wp + 0. (5.9)
«— «— ¢

Since V, and W; are identical on ¥, a well defined derivative operator must satisfy
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Vo (Vy = Wp) = 0. Consider the pullback of the derivative of Vj, — Wy,
Jal\"e T Y

Vo Vo —=Ws) = Vg(kny)
= (Tak) m+ & (Yam)

— (M)OJrk\u:o (M)

= kluco (M’) (5.10)

Since k is an arbitrary function, a well-defined covariant derivative must require V, np = 0.
Jal

Recall from Equation (4.12) using metric compatibility and defining £,¢.5 = £n9abs
—ndab

LnGay = (ncvcgab + gcbvanc + gacvbnc)

_ (0+M+M) (5.11)

Now if V,n, = 0, as required for a well-defined connection, then £,q., = 0. Thus, if
Ja'’h
£nqa = 0, a well defined covariant derivative can be defined on the null surface ¥ by

D=V. O
—

5.2.2 Conformal Killing Vector

Theorem 5.2 (Conformal Killing Vector). If £,,qap = f qup, then there exists a unique

conformal factor w, up to a constant function, such that £7q,, = 0.

1

Proof. For conformal transformation given by 7% = w~!'n% and g,, = w?ga the Lie deriv-

ative of the metric is given in (5.8) is

L7 Gab = ne (2(vc W) 9ab — 9eb Va W — Gac Vo W) +w £y Gab- (5~12)

Pull the Lie derivative of the metric back to ¥ with £7q,, = 0 and £, ¢ = f qup to get
n¢ (2(vcw) Gab — 9cb Va W — Qac Vi w) = —(.df qab (513)

2(nc vcw) qab — (QCb nc) Vow — (Qac n0) Viw = —w f qab (514)

2(n°Vew) gy —mpy Vow —ng Vew = —w fqe (5.15)
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On the null surface ng = g n¢ = 0, leaving only
2(nc vc) WGah = —W f qap- (5.16)

Letting w = n® V. w the equation simplifies to

g S (5.17)

!
2

This ordinary differential equation will have a unique solution, up to a constant function,

yielding an w such that the conformal transformation will result in £7gq = 0. 0

5.3 Well-Defined Covariant Derivative via Pullback

In combination, the two theorems above use the Lie derivative to determine if and
when the pullback method will give a well defined covariant derivative on the null-surface

using the pullback.
5.3.1 First Result

Theorem 5.3 (Covariant Derivative on ¥ with conformal transformation). If £,qa = f qab
on a null surface 3, then the pullback method produces a well defined covariant derivative,

D, on 3.

Proof. Since £,,qqp = f qap, Theorem 5.2 gives an w such that under the conformal trans-

formation £7¢,, = 0. Now by Theorem 5.1, define the covariant derivative by D = z O

5.4 The Examples and the Lie Derivative

Up to this point, the examples have been used to motivate the technique of using
the pullback to define a covariant derivative on the null surfaces. Here we revisit the
examples to show they satisfy the hypotheses of our theorem as well as the differential

equation (4.19) for the conformal factor, w.
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5.4.1 Plane in M*

From 3.3.1 the covariant derivative in rectangular coordinates on M* was shown to
be V,wp = 9, wp. The Minkowski plane was defined by ¥ = {t = z}. Lettingu=t—2 =10
and du = dt — dz gives Vyidu = Vi (dt —dz) = 0. The Lie derivative of the metric is
then £,g9., = 0. Pulling this result back to the plane yields £, g = M = 0. Notice

the Lie derivative on the plane satisfies the Geroch condition needed to give a well-defined

derivative on the Minkowski plane, D, = 0,.

5.4.2 Plane in M* with null coordinates

Using null coordinates on M4, 3.3.7 showed the covariant derivative is V, wy, = 0, wp.

On the plane, ¥ = {u = 0}, Vxidu = 0. The Lie derivative of the metric is again

£n gap = 0. Pulling back to the plane gives £, gy = £ gap = 0. The Geroch condition for
—

a well-defined derivative is satisfied and as previously shown D, = 9, on the null plane.
5.4.3 Cone in M*

For the cone in M*, the normal vector is given by du = d(r — t) = dr — dt. Now
we need to compute the derivatives Vx (dr) and Vx (dt) on M* and then pull the result
back to the cone.

Recalling the Christoffel symbols from 3.3.8,

1

F9r9:;> IMog=—r

r? ¢¢ = —sinfcosb, I'" gy = —r sin? 0
1

F¢T¢:;, F¢9¢:cot9.

For the Lie Derivative, £, gup, only the Vx; (dt) and Vx; (dr) need be considered:
Vi (dt) = Ty da’ =0Vi,j (5.18)
V@ (dT’) = I 00 df = —rdb (5.19)

Vo (dr) = T74pdp = —rsin?0dg. (5.20)
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The only nonzero components of £,, g are,

(£n9)gg = —2I" g9 =2r (5.21)

(£n9)gy = —2I7 gp = 2rsin®0. (5.22)

Pulling the Lie derivative back to the cone gives,

0 0 0 0 0 0
2 2
£ng=10 2r 0 =10 0 =4 (5.23)
0 0 2rsin?(f) 0 0 r%sin?(9)

Clearly £,qq # 0, but the Lie derivative is proportional to q, £, gap = (2/7) qap-
5.4.4 Cone in M* with null coordinates

Using null coordinates on M*, recall the Christoffel symbols from 6.3.2 are

-1 1

Faug— FBUQZ F9¢¢:—sin900s9
v —u v—u
-1 1

Fd)quzv_u PQ&WB:U—U F¢9¢:C0t9

I gg = _(U2_ v 'Y 4g = —(v2— v sin? @

FUGG—U;U Fu¢¢zv_usin29

The components of £,g., come only from V xdu which has two nonzero components:

V—Uu

Vodu = —-T%gpdf = 5 dé (5.24)
v VU,
Vedu = —T"45dp= sin” 0 d¢ (5.25)
The only nonzero components of £, g are,
(£ng)gg = —2I"gp = (v—u) (5.26)

(£nglgy = —2I"pp=(v—u) sin? 6. (5.27)
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Pulling the Lie derivative back to the cone, u = 0, gives

0 0 0 0 0 0
2 2
Lng=10 v 0 =510 o2 0 =4 (5.28)
0 0 v sin?(0) 0 0 (v?/2)sin?(0)

Again £,q. # 0, but the Lie derivative is proportional to q, £, ¢ = (4/v) gap. Recall
for null coordinates r = (v — u)/2, so on the null cone, v = 0 and r = v/2 which is the

same constant of proportionality for the Lie derivative in 5.4.3.
5.4.5 Conformal Factor for the Null Cone

The Lie derivative of the metric for the null cone was shown to be £, gup = (2/v) qup-

Substituting f = 2/v into (5.17) gives the ordinary differential equation

w 1
2 (5.29)
In null coordinates w = n°V,w = dw/0 v giving
%% _ _%. (5.30)
Integrating with respect to v gives
lnw:—lnv—i—c:ln%—i—c. (5.31)

Solving for w gives w = C' (1/v) where C' = e°. In the original example 3.3.12 the conformal
transformation was w = 1/r applied to first M* and then the results were pulled back to

Y. As pointed out earlier on ¥, 1/r is evaluated at u = 0 giving
(1/r)lu=0 = (2/(v = u))lu=0 = 2/v. (5.32)

Letting C' = 2 gives the conformal factor, w = 2/v which was used in the examples.
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5.4.6 Conformal transformation on null cone in M*

Lastly consider the Lie Derivative for the null cone after the conformal transforma-
tion, w = 1/r where g,, = w?gap. Recall from 3.3.12 the Christoffel symbols under that

conformal transformation are

fe b = — sinf cos 6, f¢ 0p = cot 9, (5.33)

. -2 . 2
I’y = Ty = (5.34)

v—u’ v—u

The components of £,,G,, come only from V{ du which has just one nonzero component:

_ 2
Vydu=-T" udu=— du (5.35)
v—u
leaving the only nonzero component of £,,g.s,
£n9), = =2y = 1
(£n7)yy = —2 w = (5.36)

The tensor notation for the Lie derivative is just £, = — dudu. Pulling this

v—u
result back to ¥ with du = 0 yields £, ¢ = 0. While the null cone did not satisfy the
Geroch condition for a well-defined covariant derivative, the null cone with conformal

transformation does satisfies the Geroch condition and the covariant derivative D can be

defined by the pullback as in 3.3.12.
5.4.7 Lie Derivative conclusions

In the Minkowski space examples, the Lie derivative of the metric on ¥ vanished
for both the null plane and the conformal null cone where the covariant derivative D was
well defined using the pullback. In both cases where the Lie Derivative of the metric did
not vanish, the pullback method for the covariant derivative failed. In the case of the null
cone, a conformal transformation produced the desired Lie derivative conditions and the

choice of the conformal factor w = 1/r was shown to satisfy (4.19).
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6 RICCI TENSOR AND COVARIANT DERIVATIVE

6.1 Conformal Pullback and Geroch

The techniques from Geroch have addressed the fundamental question: What are
the conditions on a null surface needed to construct a well-defined covariant derivative?
Fither a Killing normal vector, £,q. = 0, or £,¢ap = f qap, & conformal Killing vector,
combined with a conformal transformation gives a well-defined covariant derivative on a
null surface Y using the pullback method.

One of the drawbacks of this method to define D is that the Lie derivative of the
metric must first be computed on M and then pulled back to ¥ to test the hypotheses
of the theorems. If the hypotheses are met, we return to M, compute V, then pull this
derivative back to X, giving D. If the hypotheses are not met, there is the additional
conformal transformation step that is required before V can be pulled back to . It would
be nice if there was a test to tell if the pullback led to a well-defined covariant derivative
on X and if a conformal transformation is required before pulling the V back to 3. Again
the work of Geroch has pointed to exactly such a check, as explained in the following

section.

6.2 Ricci Tensor and Covariant Derivative

In Chapter 4, an equation for the Ricci tensor under a conformal transformation
was given in equation (4.10). For Q a smooth, strictly positive conformal factor, and with
metric Gap = Q2 2gus, the Ricci tensor is expressed in terms of the Lie derivative of the
metric as well as  and g in equation (4.14). This is significant since the Lie derivative

of the metric is the primary indicator of when the pullback method will provide a well-
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defined covariant derivative. This result will provide another test to determine when a
well-defined derivative operator can be defined on a null hypersurface.

While the computations will be the same as Geroch, it should be pointed out that

we are able to start with a metric gqp, a null surface ¥ = {u = 0} and (2 defined by Q = w.

In the sense of Geroch, we were creating an artificial “physical” space (M , Gab) in order to

determine if the pullback method will result in a well-defined covariant derivative. In the

Geroch approach, the boundary at null infinity was separated from M by the conformal

transformation in order to define some structure of the null surface. The following ap-

proach begins with the null surface and uses the “physical” space to define the covariant

derivative.
6.2.1 Second Result

Theorem 6.1 (Ricci Tensor and Covariant Derivative on ). Given a manifold (M, gap)
with invertible metric with Lorentzian signature, a null surface defined by ¥ = {u = 0},
and a conformal transformation o, = Q™2 gy where Q = u. If <Rab — ﬁab) =kquw ,
where Ry, and Eab are the Ricci tensors from gu, and gqp respectively, then the pullback

gives a well-defined connection on ..

Proof. From (4.14)

- —9
Q Rab = Rab + Siogngab + gabvmvmQ

2
(T (V). (61)

Setting 2 = u gives gup (V™) (V) = 0. Solving for £,,g.p gives

-9 ~
Logar = 5 (2 (Rap = Bar) + 9 V" Vin2) (6.2)

Lastly, we must pull this result back to our surface ¥. If Q (Ry, — Rap) = k qap for some
i
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function k, then £,q. is

f£nQab = £ngab
ZnJdad
2

= (k 4+ (V"ViS)|u=0) qab (6.3)

n— 2
With Q = u and Q (Rgp — ]Aéab) = k gap, Theorem 5.3 therefore implies there is a covariant

L \Tradb  Srab)

derivative D on X. O

6.3 Examples Revisited

Even though a connection has been shown to exist for the null plane and null cone,
the examples will be revisited once again to verify the results of the previous theorem. In

order to calculate the Ricci tensor, one must first compute the Riemann curvature tensor

O pq O e

R bed = —5 2 gpd T1 ek I pq =T ap T e (6.4)
Now the Ricci Tensor is given by
' gy OT! g
Rap =R aip = (%la - 695’? T G TV g = T T (6.5)

These tensors require a great deal of computation so Maple was again used to check the

tensors for all of the following examples.
6.3.1 Null Plane
Recall the line element for Minkowski space in rectangular null coordinates is
ds® = —2du dv + dz? + dy?

with metric

[0 -1 0 0]

1 0 00
[9i5] =

0 0 10

0 0 0 1]
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All of the Christoffel symbols are zero, so all the components of the Ricci tensor R, are
also zero.

The null plane is defined by ¥ = {u = 0}. Letting Q = u, ga» = (1/u?)gss becomes

0 —1/u* 0 0
N ~1/u* 0 0 0
[9i] =
0 0 1/u® 0
0 0 0 1/u* |

For this metric, the Christoffel symbols are not all zero, but all of the components of the

Ricci tensor are zero. Thus all the components of Ry, — Ry are zero and the conditions

of Theorem 6.1 are satisfied trivially, 2 (Rab — ]A%ab> =0qup-
P

6.3.2 Null Cone

The line element for Minkowski space in null spherical coordinates is

N2 N2
ds? = —2dudv + 2“) ag? + & 2“) sin? 0 dg?

with metric

0 -1 0 0
1 0 0 0
[9:5] = )2
2 2
0 0 0 (”_2“) sin2 6

All the components of the Ricci tensor for this metric are zero.
As with the null plane, the null cone is defined by ¥ = {u = 0}. Letting Q = u,

Gab = (1/u?)gq, becomes

| 0 —1/u? 0 0 ]
B —1/u* 0 0 0
[9i5] = . , -’ .
2u? (0 uy?

0 0 0 5oz s |
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For the conformal metric, the Ricci tensor is

0 2 0 0
(v—u)u
2
_ 0 0 0
[Rw} (v —u)u , (6.6)
0 0 - (”u_ v) 0
0 0 0 200 =W G2
L u J
Now
- 0 —2 0 0 -
(v—u)
—2 0 0 0
Q (Rab - Rab) =u (Rab - Eab) = (’U - u)
0 0 2(v—u) 0
0 0 0 2(v — u)sin? 0
i (6.7)
In the pullback, u = 0, giving
0 0 0 0 0 0
Q (Rab - Eab) =10 2v 0 _8 0 v%/4 0 = §[Qi'] (6.8)
v v J
0 0 2vsin?f 0 0 (v*/4)sin?6

Again the hypotheses of the theorem are satisfied, guaranteeing the existence of a connec-

tion using the conformal pullback method.
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7 FURTHER EXAMPLES

To this point, all of the examples were used to motivate the theorems. The following
examples use the techniques developed to define a covariant derivative on the null surface.
The first example is the horizon of the Schwarzshild geometry. The last example is a

generalization to all spherically symmetric spacetimes.

7.1 Horizon of Schwarzshild geometry

The Schwarzschield metric is given by the line element

oM oM\ !
ds? = — <1 - ) dt® + <1 — > dr? 4+ r? d6? + r? sin® 0 d¢>.

T r
Letting
_ o r/AM
T (mw 1>e smh< ) (7.1)
— (e 1) eram b
R (2M 1) e cosh <4M (7.2)

(when r > 2M) the metric becomes

2 _ 32 M? e—r/2M
T

ds (=dT* + dR?) 4+ r* d6* + r* sin”® 0 d¢*

To get null coordinates, the substitution

u=T-R (7.3)

v=T+R (7.4)

yields the Kruskal-Szekeres metric with line element

32 M3
T

ds? = e "M qudv + r? d9? + r? sin® 0 dg?
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where r is given implicitly by

uv = (1 - ﬁ) e"?M (7.5)

With a little work it can be shown that all the components of the Ricci tensor are
zero. Next, the Ricci tensor for the metric with conformal transformation gu, = Q2 gy =
(1/u?) gap is computed. Since the difference Q (Rqp — Eab) is being pulled back to ¥, only

the ﬁw, figg, and ﬁdxb components are needed. The resulting components are

Ry, =Ry, =0 (7.6)

~ r

Ry =R — 7.7
00 00 + i (7.7)

Ed@ :R¢¢ + % sin2 0 (7.8)

Pulling the expression, Q (Rqp — Rap) = u (Rap — ]Aéab), back to X, all of the compo-

nents of the difference vanish to yield

Q (Rab - Rab) = OQaln (79)

trivially satisfying the necessary conditions of Theorem 6.1.

Now, letting w = 1/7(u,v) the conformal metric g,, = (1/72) go» becomes

32 M3

s— ¢ "M dudv + d6” + sin® 0 dg”.
.

ds® =

The corresponding Christoffel symbols are

— 6M +1) 5t (2M

Ty =— (QJT/[T)H = <r2 (6M + 1) e_r/2M) v (7.10)
T

_, 6M Ir oM

T = — (2;\;7")6 = <r2 (6M + 1) e_r/2M> u (7.11)
T

I 0¢ =cot 6 (7.12)

=0

I 44 = —sinf cos b (7.13)



The only nonzero V,, terms will be

~ =4

Vedu=—-T" ,.du

v

Vedv=—T ,,dv
Vode =—T? gy do

Vdd=—T' 4y d
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(7.14)
(7.15)
(7.16)

(7.17)

Again, there are no difficulties in the pullback to ¥. This time, the first two terms
will vanish in the pullback with u = 0 and du = 0. The last two derivatives pull back with

u = 0 to define a covariant derivative D on X given by

D¢C<l_¢:vq§d¢):—cot0(j_9 (718)
Dy df =V df =sind COS@(}_@b (7.19)

7.2 Spherically Symmetric Spacetimes

Spherically symmetric space times can be written with the line element
ds? = hdudv + 12 d6? + r? sin® 0 d¢?

where h and r are both functions of the null coordinates u and v. The corresponding

metric is given by

0 h(u,v)/2 0 0
h(u,v)/2 0 0 0
[9i] =
0 0 72 (u,v) 0
i 0 0 0 r2(u,v)sin? 6 |

As in previous examples, the null surface is defined by ¥ = {u = 0}. Unlike the

previous examples, the Ricci tensor will be calculated first. The nonzero components are
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9 (ha2r Bk @)

ouZ — Ou Ou
R = 7.20
" o (7.20)
Oh Oh 9%h 2 _0%r
reegt —h —2h
R, = Ju v 0v Ju 0v Ou 791
2 (h3 - 35)
R — 7.22
. - (7.2
Ap L _pyg0ror
Rop = — ov du v Ju 7.93
. . (7.23
(4r 6?)25"” —h+4 %%) sin2 6
Ryp = — ; (7.24)
With Q = u the metric g, is given by
0 h(u,v)/(2u?) 0 0
_ h(u,v)/(2u?) 0 0 0
9] = [(1/v?) gij] =
0 0 r2(u,v)/u? 0
i 0 0 0 (72 (u,v) sin? ) /u? |
Here the Ricci tensor has nonzero components
B 2<—uhg—i§—r%+u%%)
R, = 7.25
» — (7.25)
Oh Oh %h 29 2 092
~ urgigr —uhrgos +2h7 50— 2u h® 55
Ry = 5 (7.26)
uh?r
2 (h r _ @&)
~ ov? ov 0
va = - Uh?’ o (727)
92 ar 9 o]
§96:_4uravgu—uh+4ua—;£—8ra—; (7.28)
uh
_ (4u7“8?)25u—uh—|—4ug—zg—2—8rg—;)sin29
Ryp = — — (7.29)

To compute the pullback of Q(Rgp— Rap) = u (Rap— Rap) only the Ry, Rgp and Ry,

components are needed since all other components vanish on ¥ = {u = 0}.
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W(Ryy — Rup) =0 (7.30)
~ —8 o —gdr
_ — v _ ov 2
U(RQ@ Reg) 7]1 (Th ) r (7.31)
D —8rg S8F\ 2.9
u(Rgp — Ryge) :T‘% sin“ 0 = rif(?v r“ sin” 6 (7.32)

Evaluating the difference on ¥ = {u = 0} yields

- -8
QR — Ryp) = | ———22 | ¢, 7.33
2 Rap — Rap) 0, v) h(0,0) | 1 (7.33)
where
0 0 0
[gij] =] 0 72(0,v) 0

0 0 72(0,v) sin? 0
Thus the conditions of Theorem 6.1 are satisfied, and the conformal transformation
Gab = (1/92) gap should lead to £5Gus = fdap- More importantly, the conformal transfor-
mation G, = (w?) gap With w = 7(u,v) will yield £7q,, = 0, the condition needed to use
the pullback to produce a well-defined covariant derivative on ¥ = {u = 0}.
With the conformal transformation, the new metric for the spherically symmetric

space time is

0 h(u,v)/(27r%(u,v)) 0 0
7 h(u,v)/(27r%(u,v)) 0 0 0
[9,5] =
0 0 1 0
i 0 0 0 sin%@ |
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The corresponding Christoffel symbols are

_ 2h 9 4y Ok
[, =——90u__du 7.34
rh ( )

_ 2h 9 4 p O
TV =——% % 7.35
rh ( )
T’ 9y =cot 6 (7.36)
i 6¢ = —sinf cosf (7.37)

The only nonzero V,, terms will be

Vudu=—T" 4, du (7.38)
Vedv=—T",,dv (7.39)
Vode =—T? gy do (7.40)
Vodo =—T' 45 do (7.41)

As with the earlier examples, there are no difficulties in pulling the components of
V back to ¥ = {u = 0}. The first term will vanish in the pullback with u = 0 and du = 0.
The last three derivatives pull back with © = 0 to define a covariant derivative D on X

given by

_ 2h - Oh
Dydv =V, dv=— <M> dv (7.42)
u=0
ch ((i—qb = V¢ dp = —cot 6 6}_0 (7.43)

Dy df = Vs df =sinf cosf (Lgb (7.44)
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8 DISCUSSION AND CONCLUSIONS

8.1 Overview

The first portion of this dissertation, Chapter 2, discussed the need for an alternate
method to define a covariant derivative on a null hypersurface. Due to the degenerate
metric on the null submanifold, traditional decomposition methods are not possible. The
work of Duggal provided a framework for constructing a covariant derivative defined sim-
ilarly to the traditional Gauss formula, but depending on the choice of decomposition. It
was shown that the null cone did not satisfy the conditions necessary for the resulting
derivative operator to be independent of the chosen decomposition.

In Chapter 3, a sequence of examples were presented to motivate a technique using
the pullback to define a covariant derivative on a null hypersurfaces. Through these
examples, it was shown that care must be taken to ensure the derivative is well defined.
This technique, motivated by Geroch’s work with asymptotically flat spacetimes, led to the
use of conformal transformations to eliminate the possible ambiguities in the derivative.
Chapter 4 provided a summary of Geroch’s use of conformal transformations to study the
boundary of asymptotically flat spacetimes as well as to produce normal vectors that are
Killing.

Chapter 5, outlined a pullback technique similar to that of Geroch and provided
conditions when a further conformal transformation is needed to arrive at a well-defined
connection. An equation for the conformal factor was provided.

Chapter 6 gave a test to see if the conformal pullback method will result in a
connection on the null hypersurface. This result allowed one to take a limit of the difference
of two Ricci tensors to test whether the conformal pullback method will work. The

conformal factor could now be checked in the equation from the first result.
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Finally, the conformal pullback method was shown to work for the horizon of the
Schwarzshild geometry and then generalized to all spherically symmetric spacetimes. It
would be interesting to test this method on other null hypersurfaces. In particular it
would be nice to find the set of all null hypersurfaces where the pullback method produces

a well-defined covariant derivative.

8.2 Summary

Due to the degenerate metric, working with null surfaces offers some very challeng-
ing obstacles. Traditional tools such as Christoffel symbols are not defined due to the
degenerate metric. The Gauss decomposition fails, since there is a non-zero null vector
that is in the hypersurface itself. The work of Duggal and Benjacu attempts to overcome
this difficulty by defining a screen manifold and a lightlike transversal vector bundle to
decompose the manifold and the null hypersurface. Even with all of this structure, it was
demonstrated that the null cone still does not satisfy the hypotheses necessary to produce
a covariant derivative independent of the screen.

A technique using the pullback of 1—forms instead of vectors to define the covariant
derivative was developed. Care must be taken when using this technique, since pulling
forms back to the null surface can result in derivative operators that are not well defined.
Upon closer inspection, it was shown that this technique will work as long as the null
vector field is a Killing vector field.

Motivated by the work of Geroch on asymptotically flat spacetimes, conformal trans-
formations were used not only to give a well-defined derivative on null hypersurfaces, but
also to provide a test to determine whether the null surface admits such a definition. An
equation for the necessary conformal transformation was presented. This method was ex-

tended by giving a test using the Ricci tensor to determine whether the conformal pullback
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method will give a covariant derivative on a given null hypersurface.

8.3 Summary of Theorems

This dissertation gives a procedure for defining a connection on a null hypersurface.
Given a Lorentzian manifold (M, g.), a null hypersurface given by (X = {u = 0}, qu)
and satisfying (2 (Rab - ﬁab) = k qq has a well-defined covariant derivative given by the
conformal pullback method, which can be constructed by the following procedure:
Theorem 6.1: If (Rab — Eab> = k qqp where Q = u, then there exists an f such that
Lndab = [ qap-

Theorem 5.2: If £,qapy = f qab, then there is a conformal transformation g,;, = w? gqp such
that £7¢,, =0

Theorem 5.1: If £7G,;, = 0, the connection on ¥ given by D, = ZL is well defined.

8.4 Future Work, Further Questions

What information do the covariant derivatives constructed here provide for null
hypersurfaces? What are the implications of using V defined via a conformal transforma-
tion? In the case of the null cone, the conformal transformation results in a null cylinder.
What does it mean to use V., on the cone?

All of the examples considered here are axially symmetric. Are there examples of
non-symmetric null surfaces on which this construction works? One such class of examples
to be investigated are Einstein metrics.

Is there a similar technique for Riemannian spaces? Since the traditional Gauss
decomposition works, this technique is not really needed. Furthermore, it is not clear if

there even exist analogous conditions, since n is not null. But, suppose there exists a
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conformal factor w leading to a Killing vector field, what would V mean in that case?
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