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AN EXTENSION OF THE METHOD OF HAAR FOR DETERMINING
THE ASYMPTOTIC BEHAVIOR OF INTEGRALS OF .-THE
INVERSE LAPLACE TRANSFORM TYPE

INTRODUCTION
Integrals of the inverse Laplace transform type,

1 c+ioo ¢
F(t) = —— f(s)e "ds , (1)

2T c-ioo

occur frequently in problems of applied mathematics or mathematical
physics, especially boundary value problems. Numerous examples of
the use of inverse Laplace transforms may be found in electrical cir-
cuit theory [5], in problems in the theory of heat conduction [4] and
wave propogation [19] .

Best known perhaps is the procedure to make a partial differ-
ential equation with given boundary and given initial conditions subject
to a Laplace transform. The result of this operation is the reduction
to an ordinary or partial differential equation with given boundary con-
ditions. Suppose the latter problem can be solved. The Laplace in-
verse of this solution then yields the solution of the original problem.
Other applications center around pulse diffraction and pulse propoga-
tion problems. While in the well known classical problems only time
harmonic phenomena were considered, it has become more and more

important in recent times to investigate such phenomena under the




influence of arbitrary time dependency (signals).

For instance, denote by (}1 (P,Q,y) the two Green's functions

2
of the "modified" Helmbholtz equation Au - yzu =0, where P and

" Q are the locations of the point of observation and the unit source

respectively. (This equation is obtained from Helmholtz's equation,
Au + kzu = 0, when the wave number k is replaced by -iy [20]),
Then the solution for the case of a "Dirac" pulse stimulation of the

source is given by

1 c+ioo \t
@D(t) =50 S' _ Gl(P, Q,v) e'dy. (2)
C-1%0 2

From this the case of an arbitrary time dependency of the source

stimulation can be obtained by afurther integration [21] . Finally,

the corresponding Green's function, G1 , for the heat conduction

equation can be obtained from those G1 of the modified Helmholtz

2
equation as an inverse Laplace transform,

1 27i .
2 C-1% 2

c+ico
G =t S' G, (P,Q,NY) Yy, (3)

(k is the heat conduction constant).
The parameter t in the inversion integrals usually repre-
sents the time. Since it is often not possible to give the solution of

such inverse Laplace integrals in a closed form it is desirable to




obtain approximate solutions. For instance, a method for asymptotic
evaluation for large t would then lead to an approximate solution
for the afore mentioned physical problems after the lapse of a suf-
ficiently long time. Various methods of finding approximate solu-
tions of F(t) for large t have been employed. The‘ method of
stationary phase [9], the method of steepest descents [9], and cer-
tain other types of contour integration [3] can be used rather gen-
erally. For specific forms of f(s) other methods are possible.
Carson [6] determined an asymptotic expansion of F(t) for large

t when f(s) is represented by a series of the form

f(s) ~ a, + al/s +a2/sz+ SR ‘ (4)

or

1/2 3/2+ ...' (5)

f(s) ~ a0+a1/s +a2/s+a3/s

Similar representations were also given by Stacho’ [24] and Amerio

[2]. If {f(s) 1is of the form

f5) = = +28) Lo, n<1, |es)] <M (6)
v n
s s
as s — ©, and satisfies certain other conditions, then Obreschkoff
[22] gives an estimate of F{(t) valid for complex t. More gen-

eral forms of asymptotic representations of Laplace transforms are

given by Erdélyi [10, 13].




It is the method of Haar [16] which we shall consider. In
this method we consider the singularity of f(s) furthest to the
right in the complex s-plane, and show that this singularity de-
termines an asymptotic value of F(t) as t — .

In Chapter I we generalize Haar's method and give a theorem
for determining an asymptotic estimate of a function which is repre-
sented by an integral of the inverse Laplace transform type.

In Chapter II we apply the method to some specific compari-
son functions having essential singularities. We use functions involv-
ing Whittaker functions of the first and second kind for comparison
functions.

In Chapter III we show how the previous result can be made
valid for complex values of t.

In Chapter IV we tabulate the special cases which follow as a

result of using Whittaker functions as comparison functions.



CHAPTER I

ASYMPTOTIC ESTIMATES OF FUNCTIONS REPRESENTED BY
INTEGRALS OF THE INVERSE LAPLACE TRANSFORM TYPE

PART 1. DARBOUX'S METHOD

The method for the determination of the asymptotic behavior
of an integral of the Laplace inverse type (1) for large t as devel-
oped by Haar[16] has its origin in the famous investigations by
Darboux [25] . The latter's method is concerned with the determina-
tion of an approximate expression for a given sequence of numbers,
a for large n.

Suppose that

YA ]

1 lim lanl r (7)

is finite, Then the function f(z) defined by the power series,"

0
n

f(z) = z anz , (8)

n=0
: . ip
represents an analytic function for |z|< r. For =z =pe '(p<r)
we may write

0

f(pe1¢) _ z anpnem¢ , (9)

n=0




th .
and for the ( derivative we may write

o
(0 ity - b z annz Jnind (10)
n=0

(The differentiation in the expression is taken with respectto ¢ for

fixed p). Then the properties

2m

2ma_p " = § f(pe'®) e ™ g (11)
™ 0
and
1 o : 2w 7 . .
2mi a m pm; § f( )(pe1¢) e—lm(bdq), (12)
™ 0

which are the coefficients in the Fourier expansion of f(p e1¢) and

A0

(p e1¢), tend to zero as m— © by the Riemann-Lebesgue

lemma; and the asymptotic estimates

- o 13
a_p = o(l) (13)

and

I m .
a m p = o(l) (2 =1,2,3,""-) (14)
m

hoid as m —© . The second estimate is, of course, a refinement
of the first estimate. Since the above statements are improved as

p approaches r, the question arises whether it is possible to let
p become equalto r. Itis clear, likewise, by the Riemann-

Lebesgue lemma, that the more precise estimates



m
a T = o(l) as m-— © (15)
and
£ m
a mr = of(l) as m-—* o (16)
m
also hold if
lim f(pe'?) (17)
p—r
(which is called the boundary function of f(p e1¢)) , 1s a continuous

function of ¢, or if its first £ derivatives with respect to ¢

have the same property as far as the second esimate is concerned.

If the boundary function f(re1¢) is not continuous, one proceeds in

the following manner: a new function,

0

g(z) = Z bmzrn , (18)

m=0

with given coefficients, b is constructed such that

?

*

lim|b_ | "™ - tim|a_|"Y/™ (19)
m m

If, furthermore, the boundary function f(z)-g(z) is continuous,

then

(a -bm)r = o(l) as m-+ © , (20)
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and if the first £ derivatives of £(z)-g(z) have the same proper-

ty the above estimate is refined to

(am-bm)rmm£ = of1) as m-— 9 e (21)

PART 2: HAAR'S METHOD

The general procedure developed by Darboux can be carried
over in an analogous manner to find an asymptotic estimate of an
integral of the inverse Laplace transform type. Consider the integral

1 c+ico ts '
F = = 2
(t) 51 § . f(s)e ds, (22)
c-io
where f(s) is a known function. We have an analogous estimate
of F(t) for large t which follows from the Riemann-Lebesgue

lemma for Fourier integrals [26], which may be stated as follows:

let
o)

gly) = S eV h(t) dt (23)
-0
be uniformly convergent for lyl >Y, thenfor t>T, g(y)—0
as ly‘l-—» oo .,

Now let s = c+1iy in equation (22), so that

1 c+ioco st
F(t) = > S; . f(s) e ds
ct 00

e iv) etV 24
e S:oof(c+1y)e dy, (24)




then by the Riemann-Lebesgue lemma we have

[¢ 0]

Theorem 1. If 5 f(c +iy)elytdy converges uniformly for t > T,
- 00
then
c+ioo
F(t) = 21];i § f(s)eStds = o(eCt) as t— o, (25)
c~ic0
00 ¢
Theorem 2. I § f(c +iy)e1 Ydy converges uniformly for
-00
t>-T, then
c+ico
F(t) = "“""‘21];.1 5 f(s)eStds = o(e_Ct) ast— -0, (26)
c-100

We see from Theorem 1  that the further we can shift the
path of integration to the left, the better the estimate of F{t) as
t becomes a large positive number, For large negative t a better
estimate of F(t) is obtained by shifting the path of integration as
far to the right as possible.

In investigating the behavior of F(t) for large positive ¢,
the question arises as to how far one can shift the path of integration
to the left. By Cauchy's theorem we can shift the integral to the left
until the new path of integration reaches the singular point of f(s)
furthest to the right. It should be noted, that in some cases, we

may be able to shift the path of integration beyond the abscissa of




10
convergence of the integrand. This differs from the analog to power
series where it is necessary that there be a singularity on the radi-
us of convergence.

Denote by =x the abscissa of the singular point or points of

0
f(s) which is furthest to the right. Can we shift the path of integra-

tion onto the line Res =x_.? The answer is yes,if we can construct

0
a function g(s) which is analytic inside the strip X <Res <c
and two dimensionally continuous on the line Res = X i.e. g(s)

is continuous on the line Res = as we approach the line in any

*0
direction from the inside. The less severe condition of continuity on
the boundary is an improvement of Cauchy's theorem first given by
Pollard [ 23], and then refined by Heibronn [ 17].
Haar stated conditions under which a comparison function, |
|
having a singularity of the same character as f(s) and at the same i
|
point as the singularity of £(s), could be used to estimate F(t).
In his paper Haar considered only functions, f(s), which were results
of Laplace transforms, i.e. f(s) 1is given by
e o]
~-st
f(s) = § F(t)e ~dt. (27)
0

Furthermore, the comparison functions which he assumed were of

algebraic character, (s-s where « :{= 1,2,3,:- -, and algebraic

a
0) 2
logarithmic character, (s-so)alog(s—so). For functions, f(s), pos-

sessing these types of singularities at the point s = 5,5, an




11
asymptotic estimate of F(t) can be given for large t.

More recently another corﬁparison function was given by
Hull and Froese [18]. If f£(s) has a singularity of the above type
multiplied by exp(l/s), then F(t) has an asymptotic expansion
for large t.

We now generalize the method developed by Haar to obtain
asymptotic expressions for functions, F(t), represented as inverse
Laplace transforms whose image functions, f(s), have essential
singularities. Furthermore, F(t) will be assumed to be defined

by an integral of the Laplace transform type,

1 i st
F = d 28
(t) - 2mi S‘ . f(s)e s, ( )

but f(s) itself isn't necessarily the result of a Laplace transform.
We shall also show later that we do not need to restrict ourselves to
real t. We first give a theorem which is the basis for results which

shall follow.

Theorem 3, Let F(t) be represented by an inverse Laplace

transform type integral

F(t) = 5o f(s)etds . (29)

Assume that f(s) has the following properties :




12
(i) f(s) 1is analytic for all values of s =x+iy whose
real part is larger than some number a. Further-
more, the function f(x+1iy) is for real y at y=z%

and large t of Fourier character, i.e.
0 -Y it
5 and g f(x+iy)e “dy — 0 (30)
Y Y _oo

uniformly for all t>T, x> a.

(ii) F(s) 1is two dimensionally continuous on the line
Res=a, and is of Fourier character for large t

at y=#% 0 on this line.

(iii) The integrals

ctiw c-1iw ¢
S' andy f(s)e® ds (31)

atiw a-iw
tend to zero for large values of t as w—®

for any finite ¢ > a,
then, under these conditions

F(t) = o(e2h) as t— o . (32)

If in addition we have the further condition that
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(iv) f(a+iy) is £ times differentiable and each of

the derivatives are continuous and such that

fa+iy), f'(a+iy), ", f“_l)(a+iy)

(£)

tend to zeroas y-—+* o, and f" (a+iy) is

of Fourier character for large t at y = %o,

then under conditions (i)-(iv) we have the asymptotic formula

F(t) = o (F &Y as t— ® . (33)

The proof is based on an extention of Cauchy's theorem where
we allow the function f(s) to be two dimensionally continuous on the
boundary [17]. Consider the integration around the closed path in
Figure 1. When we let w—%, condition (iii) requires the contribu-

tions on parts C2 and C to vanish. Hence,by Cauchy'stheorem,

4

c+ioo atico
1 § f(s)eStds = — S' f(s)e tds (34)

27 i 27 i ) ’
c-i0 a-ic

Now apply Theorem 1 and the result follows immediately.

When condition (iv) also holds, we write

G~ 00 -

0 R w .
S‘ f(Je‘)(a+ iy)eltydy = lim § f(z)(aJr iY)eltde (35)
~00 w

and integrate by parts to obtain



s~plane

—¢ K

s0=x0+1y'0 (f)

3
C
(D i
4——-x0._.,
C

Figure 1. Contour of-integration for determining F(t)

when t

is real.

14
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w ) ityr(ﬁ -1) ) w
lim f('e)(a+ iy)eltydy = lim [ le 71 ; (atiy) }
w—00 -w w0 ! -W
w
-t § eltyf('e _1)(a+ iy)dy ] . (36)
o)

The first term on the right vanishes by condition (iv). Now, repeat
the operation until

~f at A .
F(t) = =W § f(f)(a+iy)e1tydy. (37)

A
-0

Apply Theorem 1 and the theorem is proved.

When f(s) has a singularity on the line Res =a, we
follow the procedure of Darboux to obtain an asymptotic estimate of
F(t) for large t. If f£(s) has more than one singularity, it will
be the singularities on a line furthest to the right which will concern
us. If we can form a difference function by introducing a new func-
tion ¢(s) having the proper singularity (or singularities if £(s)
should have more than one singularity on this line) such that the
difference function satisfies Theorem 3, then the behavior of F(t)
is essentially determined by the inverse Laplace transform of ¢(s).

Let F(t) be a function represented as an inverse Laplace
transform type of integral whose asymptotic b’ehavior is desired.

Assume that f(s) has a singularity at S = x0+ iyo, and it can




16

be decomposed into two parts,a singular part and a continuous part,
= 3
£(s) = £_(s) + £_(s) , (38)

where fc(s) is analytic in x, <Res <c and where <c Iis

0

some real number greater than x Now define a new function,

0

¢(s), whose inverse Laplace transform is known, namely,

1 c+i<>ots :
= 3
& (t) 5 y e é(s)ds. (39)
"c-i00
Furthermore, let ¢(s) be analyticin x, <Res <c¢ and continu-

0

ous in x

gSRes<c (save at the point s=s

0) and at s, Possess
a singularity of the same character as f(s). Now let g(s) denote

the difference function

g(s) = f(s) - ¢(s) . (40)

If g(s) behaves suitably at infinity, i.e. fulfills the conditions
(i)-(iii) of Theorem 3, then by the generalized Cauchy theorem we

can shift the path of integration from the line Res =c to the

abscissa Res = xo. Hence,
ct+ico X 100
G(t) =5 y . e g(s)ds = pyry y . e “g(s)ds, (40)
Cc-10© X ., ~100
0
so finally,




In addition, if

F(t)

g(s)

F(t)

x. .t
&(t) + ole ) as t— .

satisfies condition (iv), then

x.t
O (t) + o(e Otf'a) ast-— o .

17

(42)

(43)
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CHAPTER 1I

ASYMPTOTIC ESTIMATES OF INTEGRALS OF FUNCTIONS
HAVING ESSENTIAL SINGULARITIES

Let us now consider the following Whittaker functions

Kk a/Z(s:sO)
¢ (s) = (s-s.) e M, pL[a/(s-so)] (44)
Re(k-p) <-1/2
= kw / 45)
$,(8) = (s-s4) k’p[a (s-s4)] | (
Re (k+p )< 1/2
K —1/2(5—50)
¢3(s) = (s—so) e Wk |~L[l/(s-so)] (46)
Re (k£p) > - I/2
r a/Z(s—sO)
¢ (8) = (s-s.) e W W /ls=sg)l o (47)

Re(1/2 £u+0) > 0

We shall show that these functions, ¢Z (s) £=1,2,3,4,
which have essential singularities at s = 54, are suitable to use

as comparison functions in the theory previously developed. We

start by stating four lemmas.

Lemma 1. The functions ¢£(s) £=1,2,3,4, as defined by

‘equations (44)-(47) are analytic for all values of s=x+iy whose real

part is larger than x Furthermore, the functions ¢£(s) are

0
such that the integrals
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| © -Y+y .
51 and § Qb [(x-x4) + i(y-yy)l elytdy (48)
Y+ co E
Yo

| tend to zero uniformly for t> T and for some finite Y > 0 and

any finite x> X ¢
|

Proof Since the functions ¢£ (s) £ =1,2,3,4, are the
Laplace transforms of functions @1 (t) £ =1,2,3,4[12], they

are analytic in their half-plane of convergence, namely Res>x

(8] .

0

To establish the Fourier character of these comparison
functions we point out the relation of the Whittaker functions to the
Kummer or confluent hypergeometric functions. The Kummer func-

tions are defined as

(a)n z
M(a,b,z) = Z ) o
n=0 n
™ M(a,b, z) zl-bM(1+a 2-b, z)
Ula,b,z) = sin b { I“(1+’a—b)I‘(b) B T'(a) I'(2-b) b

(50)

where

(a)n :_:l'_(_a.i-_r_ll_ ). =1.

The Kummer functions are related to the Whittaker functions by
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M, pL(z) = e-]’/zzzl/2+HM(l/2+p—k, 1+ 2u, z) (51)
W (z) = e'l/zzz]/ZJ’”U(]/up-k, 142, z) (52)

Hence we may express our comparison functions as Kummer func-

tions

1 1

ST —(-Zﬂx—k) a
$.(s) = a (s-s,) M(Ss+p-k, 1+2u, — ) (53)
1 0 2 5-85,

a
1 1 1
—+ W kep-— -5 s8-8
2 : 2 2 0 1 a
4)2(5) a (s-so) e U(2+p—k, 142, r
1
’k'”“% ’%S‘So 1 o4

¢5(8) = (s-5) e UGG+p-k, 1420, Vs-s.) (55)

Phils ""”’% 1
o l8) = a (s-s, UG+ p -k, 1+2p, 1/5_50). (56)

We may further express the ¢£(s) in terms of the first Kummer

function by equation (50); hence,

5 - -
b, (s) = JVe+u By /(s-sq) (A, (s-5,) ag
M(1/2+ p-k, 1424, a/(s-so) - Bﬂ(s—so)—ﬁﬁ
M(Y2+ p-k, 1-2p, af(s-s;)], (57)

where
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6, =0 a1:1/2+|.x—k B, = O
5, = /2 ¢ a, = V2 + u-k B, = 1/2 -p-k
6, = 1/2 e, = /2 + p+k By = /2 -u+k
64=0 a4:1/2+p,+o' ﬁ4:1/2-|.x+0'
A =1
_ _ _ T 1 1
Ay = A‘3 - A4 T sin[w(1+2p)] r(l X) T(1+2p)
2 H°
B1 = 0
T 1 1
By = B3 7 By 7 THm(zn)] ol Hi-2w)
2

We note from the restrictions on k, p and ¢ in equations

(44)-(47) that Rea, >0 and Reﬁz > 0. Since the confluent

2
hypergeometric function, M(a,b,z), is an entire function of =z
and tends to unity as |z| tends to zero, the behavior of 4)2 (s)
at s = 54 is simply
,)\JZ
lim ¢£(s) = A£|5—50| ) (58)
s s,

where Re)\z > 0.

Consider now the integral
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0 .
I = g ¢£(s—so)e1tydy for t> T, (59)
Y+y0
when Y is large, I behaves like
o it -)\2
i ) .
AI S‘ e y[ x—xo) + 1(y-y0)] dy . (60)
Y+y0

The above integral is absolutely convergent when Rel 6 > 1.

2
For the case where 0< e <1 we may use partial integration,
o it -}\2
i
A 51 e Vlx-xy) + ily-y,)] dy =
Y+y0
it X o
ity - :
A e . 2
2% [lx-xy) + ily-y,)]
it Y+y0
A -\, -1
i,

© ity , 2
t e Mlaesg) +ily-y)] * ay. (61)
+y0

Now the first term on the right can be made arbitrarily small by
taking Y to be large, and the second term on the right now con-
Verges absolutely to zero.

A similar argument holds for the integration from -OC; to

yO—Y. This proves the lemma.

Lemma 2. The functions (s) £ =1,2,3,4 as defined by
E—— 2

equations (44)-(47) are of Fourier character on the line Res = X,

The proof is exactly the same as for Lemma 1 except that

we take s = X + iy.
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| Lemma 3. The functions 4)2 (s) £=1,2,3,4 as defined by

equations (44)-(47) are such that the integrals

X +iw xo—i(.o st
lim and lim S‘ 4’)2 (s)e ds (62)
-iw

w0 “ctiw w—®©

tend to zerofor t > T and w— ® for any finite c > X
The proof of the lemma follows from the known asymptotic

behavior of the confluent hypergeometric functions when the argu-

ment tends to zero. let s =x+iw, then
X F+iw
. 0 t
lim § <1>£(s)eS ds =
w=—*co ctiw

. X
eVt im y 0¢£(x+iw)eXtdx . (63)
W+ c

For large ¢ we can replace 4)2 (x+iw) by Az[(x*xo)"' (w -YO)]_M ’

then,

. X -\
t 0

|A e’V lim eXt[(x-x ) + i(w-v,)] de |

L (00 0 0
C
< Aje (kc-xo) lim [(x;-x,) + i((.gA-yo)] x,<x <c
Lold wn—bw
_}\2

< M lim [(xl'-ﬂxo)+ i(w—yo)] =0 if Re, > 0. (64)

w—+ -

The condition Rel > 0 was shown in lemma 1,

£
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Lemma 4. 4)2(5) and its first n-1 derivatives tend to zero as

(n)

y —x%, (where n may arbitrarily be chosen) and 4)2 {(s) 1is of
Fourier character.

Since the ¢£ (s) are essentially of the form

o0
Z (b)m 1 am (65)
{c) m! m-H\z
m=0 m (S«SO)

we see that their derivatives tend to zero more rapidly than the
4)! (s) themselves, hence the Fourier character is clearly estab-

lished.
Theorem 4, Let g (s) £ =1,2,3,4 Dbe defined as

g,(s) = £,(s) -¢,(s) (66)

J/

where (s) = f£ S(s) +f (s) suchthat f, (s) is continuous in
c

fﬂ £ £ s

the strip xq < Res < c save at the point s = 54 and analytic

in x

0 <Res<c, and f is analytic in x

< Res < c. The
fc - —

0
¢£ (s) are the functions defined by equations (44)-(47). Further-

more, let

gz(so) = £, (s (67)

If f(s) satisfies the

)]
I
)]

be two dimensionally continuous at

conditions (i)~(iv) of Theorem 3, then



/2 —k——l- 11 x .t
F () = 2 I(eptl 1+1 ¢ 2 L (2a%t%)+ ot Pe 0
D(p -k- 5 ) "
1 11
k= = =
Za]’/zt 2 KZ (Zaztz) : n xot
F(t) = - 1” +o(t e )
' “kbp) TG -k- )
k-1/2
F3(t) = -t Y {JZH(Zt]’/Z)sin[(§.L~k)TT]
X
+ YZH(ZtVZ)cos [ -k)m] }+ oft e 0
Py - ¢ (- 2 (an)* T V2
4 - +(Y2-k-p) T(V2+u+ o)

IFZ(]/Z-kﬂL s 142p, 12 4+ u +0; at)

r(2p)@y Y2
+(V2-ktp) I(Y2-p+o)

+

lFZ(]/Z-k-p; 1-2p, Y2-p+o; at)] + oft”

25

(68)

(69)

{(70)

(71)

x t

n O

e ).

The proof of the theorem follows as an immediate consequence

of Lemmas 1-4 .
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CHAPTER III

AN EXTENSION OF THE METHOD FOR COMPLEX ARGUMENT

The extension of Haar's method to include complex values of

t is given by Doetsch [9], but only for a function, f(s), whose

~ behavior at s =s is algebraic, or algebraic-logarithmic.

0

Doetsch gives two theorems related to these particular com-
parison functions. The first theorem requires the function f£(s) to
be analytic in the sector |arg (s-'so)‘ <y(r/2<¢y<7) andnear

s=s8 with the exception of s=s itself; furthermore, f(s)

0 0

must be integrable in every finite interval on the line Iarg(s -'sO)I =y,

and f(s)~A(s—sO)>\ uniformly as s-—s in the sector (\ is

0
arbitrarily complex). Then under these conditions

%0t -1
F(t)~Ae t /T(-\) for t tending to infinity in the sector
|arg t] <y-n/2.

To prove this he considers a transform W(t) defined as
ts
Wi(t) = 5‘ f(s)e "ds,. (72)
C
where C is the contour shown in Figure 2. By considering the
separate segments of the contour,each integration is shown to be less
\ -

-A-1
than Ket , thus proving the theorem.

The second theorem allows f(s) to have one of the three



C S-plarie

C' denotes that part of

C _
where ls sol > R

Figure 2. Contour path for W(t).
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following expansions near s = s

0"
[ee}
. Y
A. f(s) = c (s-s.) (Rel_ < Rek_ < .-.)
v 0 0 1
v =0
[v'e]
v
B. f(s) ~ 1og(s—so) ch(s-so)
v=0
Q0
C f(s) ~ log( )—ﬁ ( YW Y(Reh < Reh <)
. s) =~ log(s-s, c (s-5, el el
v =0
O 1 v e
Re)\v :rL , 1, .

If f(s) satisfies the other conditions of the previous theorem, then

as t —o

-A -1
o0 v
s .t c't
A F(t) ~ e ° =
’ ~ T(-\v)
v=0
¢ co
- s
I _ _1
B'. F(t) n -e Z cv(-1)v vit™”
v=0
-\ =1
s t ct
0 v ' (-\Av)
1 ~ . —— - et |,
C'. F(t) = -e Z o) [logt TTon o) ]
v=0
where the expansions are now valid for |argt| < y-n/2.

Hull and Froese [18] give a theorem similar to Doetsch's,

showing that under suitable conditions on f(s), the contributions
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on the part of C for which Is-sol >R > 0, tendtozero, i.e. the

integral

| Ziri S‘ eStf(s)ds = o(e_et) (73)
CI

for some ¢ > 0. We shall now show that the comparison functions
used in Chapter II are suitable to allow the asymptotic representa-

tions for F(t) to be extended to complex t.

Theorem 4a Let g(s) satisfy the following conditions:

(1) gﬁ(s) is an analytic function of s for |arg (s-so)|< g
and continuous in |arg (s-so)l < Lp where 1/2v< y<m,

except possibly for a singularity at s= 54 :x0+ iyo .

(ii) e'psg(s), epsg'(s), s, epsg(n)(s) are continuous and tend
to zero as |s| — © in the sector —;"rr ﬁ_arg(s-so)l <y,
where p is real and finite.

1 a+tic st ’
(iii) G(t) = 2n1 g e g(s)ds (74)

a-icc

exists for some real a > XO e

(n)

(s) tend to zero uniformly in

(iv) g(s), g'(s), - -,g

x as y-—+*x © inthe strip 0<Res< a.

Then, under these conditions,
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t
Glt) = —— y eta(s)ds, (75)
2mi
C
where C is the contour shown in Figure 3.
The proof of this theorem follows as an immediate conse-

quence of Cauchy's integral theorem. By condition (iv) the contribu-
tions to the integral over paths C and C vanish. The inte-

1 4

gration also vanishes on paths C2 and C3 by condition (ii). By

Cauchy's integral theorem

atioo
S. +S +S -§+S +S = 0, (76)
jco C, c, C C, C,

a—

and since

I S O P T

c1 c2 c3 4
we have
atie ¢ st
G(t) = S g(s)eS ds = S g(s)e ds. (78)
“a-i C

Theorem 4b Define the functions gz(s) £ =1,2,3,4 to be




F(t)

when

t

C ) T
2 Cl
A W
C 7 3
w
< a
C
4
P - —
Figure 3. Contour of integration for determining

is complex.
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a
2 (s-s.)
B k 2 0 a
g s) = £ (s)-(s-5,) e M (35D 09
Re(k—p)<—;
(5) = f(s)-(s-s )W _ (—2—) (80)
8180 = Asimls=sgl Wy w s-s,
Re(k:lzp)<—%
1
- 2 0 1
gyls) = f,(s) ~(s-sp) e Wy wbma) (8D
Re (kxp) > - —
1 a
_ -0 _Z S'-SO a
g,8) = f,(s)-(s-5)7" e Wi (ae) (82

Re(—%:l:p, +0) > 0.

Furthermore, let the g (s) satisfy the conditions of Theorem 4a,

then,
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1 11
/2 -k-= =S = _ox t
E () = 2 r(zjf—ﬂ) ¢ C L (2at%)+o(@e 0 ) (83)
D(p-k- =) "
1 11
k= = =
_ za]/;t"’ ZKZ (Zaztz) o %ot (84)
Folt) = — 1“‘ to(fte )
PG-ktp) IG5 - k-p)
_ k-1/2 2, .
F3(t) = -t {JZp(Zt )sin[ (u -k)w] (85)
x .t
+Y2H(2t1/2)cos[(p -k)w] }+ 0(1-:ne 0 )
nt+1/2
o -1 I(-2up(at)
F0 20 Tk T (Ve ) (86)
1]5*2(1,/2 “ktpo; 42, V24u+te; at)
—put+12
, 2w @)™ v
T(Y2-k+p) D(Y2-p+c)
-n XOt
IFZ(]/Z-k—p; 1-2u, Y2-p+a; at)] +o(t e )
where the asymptotic representations, F£ (t), are valid for

largt|.<¢-1r/2, T<{y<m/2
Again we assume fz(s) is composed of a singular and a
regular part such that fﬂs(s) is continuous in the region

-y < arg(s—so) <Y and analytic in the region - < arg(s—so)<¢

except possibly in the point s = 593 fcs(s) is analytic in the
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region -¢ <arg (s—sO) < 4.
That the integration of ¢£ (s) along the line a-i®w to

ati® may be replaced by the integration on the contour C is easily

seen. By lemma 3 the integrals over ¢£ (s) vanish on paths
Cl and C4. On paths C‘2 and C3 the integrals
Xt+iw st -w st
lim S‘ e ¢,(s)ds and lim e ¢, (s)ds (87)
. 2 . 2
W ~*>00 iw 9 =~—*>00 -X-iw
-\

vanish for X > 0 since ¢£(s)-—>Ak(s—sO) ! for large s, where
)\ﬂ > 0, and since the exponential term is never positive.
Since fﬂ(s) = ¢£ (s) + gl(s) we see that f(s) satisfies the

assumptions of Theorem 4a, hence,

t
F,(t) = fC[¢£(s>+g£(s>] e ds

x t
n

= <1>£(t)+ oft e 0 ) < (88)

We now establish the domain of t for which the above equa-

tion holds. To do this consider the integration along the line

s = re1¢,
o0 i g
§ g(re 141) etre enpdr , (89)
R
where R is a large positive real number. Let us allow t to be

complex and denote it by t = ’Te1B ,  then the above integral
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becomes

S.oo g(rew) eTr cos(y+ B) ei[s.[;+ rTsin(L[J:+ 8)]
R

(e @]

i T

< § g(re'¥) e rcos(ytp) (90)
R

By condition (iv) of the theorem this integral is finite as long as the

exponential term in the integrand is negative. This leads to the

condition

/2 -p<p<F oy, (91)

..iLl;

Considering the integration along the line s =re ', we are led by

a similar argument to the simultaneous condition on  that

_3’575+4,<p<¢-n/2. (92)

The common domain for the argument of t is
U+ 2<P = argt<y -2, (93)

For the functions 4)2 (s) we may let & extendto mw, hence the

asymptotic representations for Ff (t) are valid for -m2 <argt <7/2.

In a similar manner we can find the asymptotic estimate of F£ (t)

as t tendsto minus infinity in any direction in the left half-plane.
The comparison functions introduced in Chapter Il are not the

only functions, having essential singularities,that can be used for
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comparison functions. In fact,any function whose inverse Laplace
transform is known and which also satisfies the conditions of
Theorem 3 or Theorem 4a can be usedas a comparison function.

A general procedure for estimating a function F(t) Whi;:h
is represented by an integral of the inverse Laplace transform type
would be to first determine the singularities of f(s) furthest to the
right and determine the character of these singularities. Secondly,
we would check a table of inverse Laplace transforms and see if -
there exists a function (or functions) ¢(s) having singularities of
the same character as f(s) which are located at the same points
or can be translated to the same points as the singularities of £(s).
Thirdly, the function ¢(s) must satisfy the conditions of either
Theorem 3 or Theorem 4a; if it does satisfy these conditions, then
an estimate of F(t) can be given.

When it occurs that a comparison function is of the form
_ B .
b(s) = s" Y(s) , (94)

we can often obtain logarithmic comparison functions by differentia-

tion with respect to B,

or n B
- d(s) = (logs) s Y(s). (95)
9p
One must check to see if this new comparison satisfies the conditions
8" @ (t)
op™

of the theorem and verify that exists.
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An interesting problem still to be investigated is that of finding
an estimate of F(t) when {f(s) has an infinite number of singulari-

ties spaced on a line Res = %y -
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CHAPTER IV
SPECIAL CASES OF THE GENERAL COMPARISON FUNCTIONS

The advantage of choosing Whittaker functions for compari-
son functions is evidenced by the large number of functions which
can be obtained from the Whittaker functions by specializing their
parameters. By suitable choice of k and p we obtain as com-
parison functions Bessel functions, parabolic cylinder functions,
error functions, Hermite functions and several other functions.

The number of examples of comparison functions previously
given by Haar [16], is extended to several types of functions having
essential singularities. The results of Hull and Froese [18] also
follow as a special case.

We first list the functions which are obtained from Mk, H(S)
and Wk, H(S) by specializing the parameters k and . These
are listed in Tables 1 and 2. We then apply Theorem 4b to each of
special cases which lie in the range of validity of the theorem. These
special cases and their inversion formulas are listed in Tables 3
through 6. The numbers in the left hand column identify the special
case which is numbered in Tables 1 and 2.

The notation is the same as that used in the Handbook of Math-

matical Functions [1], and the properties of the functions listed

may be found there.



Table 1. Special cases of Mk H(Z) .

M T(2)
"
K [ Z Relation Function
1 1
2 2 .2 2
1 0 v 2iz 2°vt Y i" T(ltv)z" T (2) Bessel
1 1
-— _2 —
. v27v 12
2 0 -v 2iz 2 i N1l-v)z Bessel
[ Jv(z)cos(Trv)—Yv(z)sin(wv)]
1
2
3 0 v 22 Ve, N1+v)1 (2) Modified Bessel
2 2 2
4 0 n+l 2iz 2 nty in+1I‘(§+ n)z]’/ J 1(2) Spherical Bessel
2 2 n+
2
1 , -2n-1/2 -n_1 1/2 .
5 0 -n-3 2iz 2 i H2~n)z J_n_l/z(z) Spherical Bessel
1
Znt+=
2 3 1/2
6 0 n+% 2z 2 H-2-+n)z / I 1(z) Spherical Bessel
n+"£

6¢



Table 1. (Continued)

Mk u(Z)

k I Z Relation Function
1 1
2nt= =n+tl/4
1/2 2 %t O T(1+n)
7 0 n -2(iz)’ ) 1 Kelvin
]/2 - nt+—
-2 i 2
e z+(iz) x (ber z+ ibei z)
n n
. 1 . L+1
8. in L+—2- 2iz (21) FL(n, z)/ CL(n) Coulomb Wave
1 1
-~z sato
1 1 1 n! 2 2 _(a)
9 2a+ > +n >0 z (ot1) z Ln (z) Laguerre
1, 1
Zim(a+ 1) =z -=a+1/2
1 2 2 2
Sa -2 ae e z v(a, z) Incomplete Gammd
1/2 -—1-z lv + 1/2
-1-(v-n) Z (n:) 2 z2 (v, z) Poisson-Charlier
2 (14+v-n) Put?
la —l-z
—;-(a— 1) z z 2 e 2 Exponential

ov



Table 1 (Continued)

(z
M,
k L z Relation Function
13. % - 2iz -2isinz Trignometric
1 . .
14. 0 > 2z 2sinhz Hyperbolic
15 _1_+l 1 1 2 2—3/4 1/2 E(O)( ) Weber or Parabolic
et 2’ ! 22 z y 2 Cylinder
1 1 1 1 2 -4 12_(1) Weber or Parabolic
. —+= - = 2 '
16 4+ 2" 4 2% z Ev (z) Cylinder
1 2
- Z —
1 12 n! n_n-1/4 "4 2 .
-— - - 2
1 5 2 (2n)! (-1) e z He 21q(z) Hermite
1 2
1 1 2 n! n.n-3/4 “4%  3/2 .
= = 2
4 z (Znt1)! (-1) e z He2n+1(z) Hermite
ié'TT iz2
-}I —z2 2_1 Ve 4 e2 z]’/2 erf(x) Error Integral
1 2
1 2 n! 22 -n-m
Sn z '1 e z T(m, n, z) Toronto
Lim+ 1/2)

187



Table 2. Special cases of Wk |~L(z) .
Wk,u,(z)
k W z Relation Function

2 -1/2
21. 0 v 2z 2]’/ T 4 z]’/2 Kv(z) Modified Bessel

5 2 ‘ ; 2 N - s . . ’
22, 0 v - 2iz 2 ]'/_(-i)"’“/znl/ o TV 1/2 z)+lszZHil)(z) Hankel
23. 0 y 2iz z‘l/z(i)v+]’/2n]/2e'1“(v+V2'z)'lzzvzHi2)(z) Hankel
24. 0 nt 2z 2]’/2 'rr-]’/2 z]’/2 K 1 (z) Spherical Bessel

n+-2-
25, 0 % -;-1-23/2 Z'n']’/2 z]’/4 Ai(z) Airy
1 1,. .12

Cond —(iz)

- -1/2
26. 0 n (iz)]’/2 27" 4'rr Y e2 z]’/4(kernz+ikeinz) Kelvin

la+l -l—z
: 2 "2 ‘

27. %(a+1)+n -;—a z (—l)nn!_ z 2 e Ll(qa)(z) Laguerre

T1_1,

> -
28. %as% -%o. : z z 2 e2 Na, z) Incomplete Gamma

(4%
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Table 2. {Continued)
|
|

Wk,y(z)
k Z Relation Function
1
-z
2 2
29. -% -z - e (—z)l/ Ei(z) Exponential Integral
1s
2
30. -% z e zl/2 El(z) Exponential Integral
31. —% -1nz -z ]’/2(— 1nz)]’/2 Li(z) Logarithmic Integral
., 1
1 -1'rr(-2—m-n)
T'(l+n-—m) e
1 1 2 .
32. Stn Sm z 1 1 Cunningham
—(mtl) =z
2 2
z e w (z)
n, m
1 ' 1
33, P - 2z 1“(1+Ev)kv(z) for z>0 Bateman
1. . .
1 ]/2 Siz 1 Sine and Cosine
34, =) iz (iz) e [--z'rri +1iSi(x)~ Cifz)] Integral
1 1, . .
) 5 iz 1 Sine and Cosine
35, -5 -iz (-iz) e [-Z'n'i-iSi(z) - Ci(z)] Integral

174




Table 2, (Continued)
Wi, )
’ k M z Relation Function
1
| 1 1 1 -5V -i -;— Weber or Parabolic
| 36. —p 4= — = ‘ .
> v+ 4 52 2 z Dv(z) Cylinder
—l -1—V Weber or Parabolic
1 1 1 1 42 32 .
37. 2v+ " 4 52 2 b Dv(z) Cylinder
12
38. =n+ — % z e 23/2 H (z) Hermite
1 2
=z
2 2
39, —-i --i z 1/ e zl/ erfc(z) Error Integral

144



Table 3.
functions.
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Inversion formulas for special cases of first comparison

General comparison formula

Re(k-p) < 1/2

b (5) 2 (t)
la 1
ske2 S l\/&(’p(a/s) aZI‘(ZE+1) 1:-k-l/ZI (Zal/zt]’/z)

2
Tl =kt~ ) .

Special cases

1 la .
- 2 = —=imy
2 2s a 2 "2 2 1/2.1/2
s e Jv( 2Ais) 2t e IZV(Za t' )
1
1
<_--
Rev >
lla l'1'rrv 1
"2 2s a -1 -12 "2 "2 1/2 1/2
- 2
s e [Jv( 2,ls)cos('rrv) 2v w7 e t IZv( a’ t’)
2
a .
-Y_( 5)sin(mv)]
Rev < 1/2
1 1a
5 5 -V2 -1/2 2.1/2
szezsl(—a— Zw]/tl/ I (Zal/tl/)
v 2s 2v
3
Rev> -—
1 1la /2 -—lz-i'rr(n+1/2)1/ : V.12
s 2e2 ) ( = ) 2w e t_"zl (2a” t7 )
1" 2is 2n+l
nt+—
2
n> -1
33l Ve Y,
2 2s a -2 -1/2 /2 1/2
s e 1 1(2_5 2m t IZn+1(2a t )
nt—
2
n>0




Table 3. (Continued)
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3, (5) 2 (t)
2'rr 1 1
a
— = = — -— 2.1/2
7 2 T e2 Tt ntl n 272 .-n "2 (Zal/ tl/)
s e 2 a T t IZn
2 2
7 (ber > + ibei 2
4is 4is
n>0
la
in 2s a /2, .. -L+1
s e FL(n, Zis) a”’ (21) CL(V)
8 i 1
Re L + Immn > 1 r(2L+2) 72 L (2aV%V?
LA+ 1+in) 2in
1 1
v(a, -a/s) —a ., =a-1
- 2
10 aZ o 1'rrt2 I (Zal/zt]’/)
Re a>0 ¢
@ s =T 1
s e =(l-a) =(a-1)
12 52 ¢2 I 1(Zal,/ztl/z)
Rea>0 a-
la li'n' L
2 - - T 2
13| e“® sin(=>— _L e, ¢ 21 (Za]’/zt]’/)
2is 1
la 1
2s a /2,72 /2, 1/2
14 -— =
e sinh( 3is 52 t Il(Za t )
1 la 1
SV S 2 12 1/2 -=v
2 2 0 2 2
s e” s E( ) (2 5 ) 2 t s1nh42a]/ tl/z)
v 1/2 r 1 )
15 s (-Zv
Rev <0
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Table 3. (Continued)
¢, (s) 2, (t)
1 1a 1
=y == = 1
16 SZVe ZsE(l) (Zl/zal/z) ZZ - /21/2
v 1/2 — 51nh(2a
. L L
2727
Rev <1
'Ei“rr
20 . 12
19) erf[ (- % )1/2] e t smh 1/2 /
313 i1
- 2™ 1
54 4 4 e T(m,n al'/ s 1/2) az 2‘erl/Z) —m--zn-3/4
20 m> -1 Fentim+s)
) 40T g™MTy

(2a 1 /zt 1/2)




function.
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Table 4. Inversion formulas for special cases of second comparison

General comparison formmuia

4 o
$,(8) &, (t)
k /2 -k-1/2 1/2 1/2
2
s Wk’p(a/s) 2a’ t KZM( a’' t' )
o 1 1
Re(k#p) > 1/2 I‘(E-kn‘«p.)f‘(g—k-p)
Special cases
oYy (2= Zirr—l/zcos(ﬁv)
21 v'2s ,
Sy, 2
L <Rev<i t MK? (Zal/ztl/)
-3 ev<s Zv
_1_9.(-,7 1) "lﬂi
B - - -1 -32 2
e2 S s ]’/ZH(l) (—-,9-) 4e 11T(v+1/2)17 ¥y e cos(mv)
v 2is
22
1 1 -1/2 /2 12
—2<Rev<2 t KZV(Za t7 )
2 (r-1) -
- =
- (v + 1/2
e és s I/ZH(Z) (—3—) 4em(v y2) cos(mv)
v 2is
23
1 -1/2 /2. 1/2
—2<Rev<1/2 t K, (227t )
Ve . 3a Y3 3 V6 13 Y212 1/2.1/
25| s Aif (=) ] 2 3 a 'Tm’t7 K ,(2a’ t 2)
4s /3
la 1. 1.
a-1 2 s 2 2
s e T'(a,a/s) 2a t 1/2.1/2
28 ml"(l—o.) Ka(Za t’ )
Rea< 23
la L
- 2-1/2
29| s7le 28 Ei(i:—) 2e° KO(Za]/‘tl/)
la
- 2
30 571 28 £, (a/s) ZKO(Zal/Zt]’/ )




Table 4.(Continued)
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¢, (s) 2, (t)
1 a ) 1.
1 2% -a/s 2™ 1/2.1/2
31 s e Life ) 2e KO(Za t7 )
1 la -—1—m »in‘(lm n)
no2™ 2% a 2 o migme
s e (—) Z2a gl e
32 m, s m
) I‘(—n——z—)csc['rr(m/Z-n)]
n:l:—z-m <0
-n-1 1/2 1/2
t Km(Za t7 )
1 1
—v ~-={v+1)
2 a 1/2 "2 /2 1/2
33| S kv(Zs 2a 't Kl(Za t7 )
Rev <0 T(-v/2) T(1-v/2) T(1 + v/2)
la
-1 2 2 12
s 1e S [-%wi+iSi(-T—) ZKO(Zal/tl/)
34
., a
-Ci(77) ]
la
- - 2
s ! e2 2 [—1-Tl'1 - iSl(‘_?‘) 2K (Za]/ztl/ )
2 s 0
35
. -a
-Ci(E)]
1 1 1
=v 1/2 v -=v+1/2 2. 1/2
2 72 -2
36| s° Dv[(%) ] 22 V2 a ¢
1 1
Rev < 0 N7 -5V T-5v)
1 1
—v-1/2 1/2 —+=-v ~=v-1 1/2.1/2
2 T2 -2
37 SZ 'Dv[('zgi) ] 2 ’lTl/ t e 2 t
1 1 1
Rev <0 D(5-3v) T(-3v)
1 1a
_ == 1/2 /2 1/2
2 - -2
391 s % s erfc[ (=) ] 2m Y2, -V4 a’ t
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Table 5. Inversion formulas for special cases of third comparison

function

General comparison formula

$5(s)

2, (t)

k,p(s
Re(kxp) > - 1/2

)

utk_l/Z{sz (Ztl/z)sin[ (h-k)m]

+ sz‘ (Ztl/z)cos[(p -kyr] }

Special cases

1 11
- - I
s 2o 28 v(—z-;—) ~1r1/Lt—l/Z[JZV(Ztl/Z)sin(Trv)
21
-1/2 <Rev < V2 + sz(Ztl/z)cos(Trv)]
1
e’ s (em-1) S_1/2 (1)( ) L -imv + 1)(-1)'V1T'1/2t'1/2
22 v 2is
-1/2 <Rev < /2 [JZV(ZtI/Z)sin(Trv)+Y2v(2t1/2)cos(ﬂv)]
1
s (gr-1) -1/2 e 26T )V SRS
23 © S v (le) B
-1/2 <Rev < I/2 [J (Ztl/ )s'1n(1rv)+Y2 (Ztl/z)cos('rrv)]
1
> Y3
25 s"l/ée 2‘ﬂtxi[(-fﬁ) ] "1/2 ]’/6 2/3‘[3 J 2 )+Y (Ztl/z)]
27 s te ® LLQ) (s—l) 1:n+l/2 Ja(Ztl/z)
n'
-2(n+l) < Rea< 2n
(o, é) ~ta_1{{a(2t]/2)sin[(—é- -%a)]
28 1/2 1 3
Rea> 0 + Y_Q(Zt Ycos|( > - '2—0.)]}
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Table 5. (Continued)
b,(5) 2, (t)
1 i'rr(-l-m n
Zr-zm-l w 1/s) e ° JrrSZtl/Z)su{(—m-n-l/ATr]
32| ® . T 1+n-1/2m)
+=m > -1
nEZ 1Y (2tY%)cos[Em-n-12)r]}
m 2
1 1
33] ° ’ € ’ k(él—- Tr]/Zt—l/4 in[ 2t Zl'|'r l'|'r]
S ) S -5 TV-S
Rev >0 s >0
1 1 1
-—v—l/Z -
2 2 -2 12 -1/2 1 2Y 2
s e °D (21/zs ]/) /2,-1/2v- [21/——v+—-)'rr]
36 v
Rev > -1
LV e 1/2 3/2
27T 2 - eV 2
s e °° 1/Zs ye 1/2 ‘c cos(Zt +l'rrv)
37 v 2
Rev > -1
1 1 —l-n
-~  -=n-1 n Y2 2 vz 1
o 2 . 2 H (S-]/Z) -27 w77 tT cos(2t” T+5nm)
38 n
n>0
39 erfc(s—l/z) Tr_1 t—l sin(Ztl/Z)




Table 6. Inversion formulas for special cases of fourth comparison

function

General inversion formula

b,(5)

()

la

-0 2s
s e Wk’p(a/s)

Re(—1-+0':l:pu)>0

bt
g-1{I'(-2n)(at)

t 1 1
FG-k-p)IGtpto)

F(%—k%—p‘, 42y, /2 u +o; at)

2
1
_H—{-—-—Z-
. I2u)at)
l"(% ~ktp) T(Y2 -p +0)
F(-l- k-p; 1-2 L +o ; at)
2‘—}1: "'p"z—p‘o-’a
Spe‘cial cases
1 la 1 I
= =2 = 2
s T2 2s K (.i_ a ZTrl/ZtO'—l‘ I(—Zv)(at)v+l/
© v\ 2s Lm/z-v)r(l/avw)

21 Re (0 £+v) > - 1/2

1
F(—;—-{-v‘, 1+ 2v, E+v+0'; at)

' l"(Zv)(at)"v+ V2

1'(]/2+v)l"(—;-—v+0') .

F(1/2-v; 1-2v, 1/2 -v+o; at)_i
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$,(5)

8,(t)

ma

v

Re (o xv) > -—;—

22

5—0'—1/2 o285 (1) =2y

2is

Ze—iTr(v+1/2)(_i)—vTr—],/Za-],/ZtO' -1

'_
(- 2v)(at) " V2
T(1/2-v)T(1/2+v+0 )

1 1
F(—Z+ v, 1+2v,-2-+ v+o ; at)

., T(2v) (at) VT V2
T'(1/2+v) r(%_v+ o)

F(1/2-v; 1-2v, 1/2-v+0; at)]

Ta
-0 -2 28 . (2
s™? Y s H‘f})

Re(e £ v) > -1/2
23

a

(____

2is

)

Zeiﬁ(v+1/2)i-vﬂ-1/2a‘l/2 tb- -1
| o2y (@) "2
r(1/2-v) l"(%+v+0')

1 1 .
F(E‘+ v, I+2v, 5+ v +o, at)

r2v)(at) "" 12
( 1/2+v)l"(% -vto)

+

F(1/2-v; 1-2v, 1/2-v+c;at)

24 n <Reg < n+l

-1z V2o - T(-2n-1)(at)™"?
I'(-n)I'(nt+ 1+ o)
F(nt+l; 2nt+2, ntl+o; at)

T(2n+1)(at) "
T'(nt+l) I'(-nto )

+

F(-n; -2n, -nto; at)J
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5,(5)

& (1)

25

L2316 - - -
5 ,331/68' 1/6Tr1/2t¢1

[ﬂ@’sxaa%

T(1/6)T(5/6 +o ) F(5/6;5/3, 5/6+0;at)

1/6
I12/3)(at) . ,
+ o) T (Vora )F(l/é,-l/B, /640 ;at)]

a2 ‘
‘ + ke1n(. 2) :J
is
26

Reo >n = 1/2

A 2
0 -Y2-on Yio-1 F(—Zn)(at)n+l/
L a3 it g 1
‘>H1/2-n)l"(z+n+0')

F(1/2+n; 1+2n, 1/2 + nto ; at)

-nt+1/2

+l"(2n)(at)

l“(%+n)l"(%-n+0')

1 1
F(-E-n; 1-2n, > - n+ o, at):}

i 1 1
Re ( :Ezo.)>--z

i

27

s LL“’(a/s)

1 1
Qe —a+ ],/2
a 2(—1)1’1 o-1 {T"'(-a)(at)

t
r 1
o I(-a-n)T(5+ato)

1
F(n; l+a, 1/2+-2—a+0", at)

a

N

1
C(a)(at)”

l"(—n)l“(-]zf»% a+0)

ato , at)J

™ f—

1
F{n-a; 1-a,%-
(n-a; l-a,5

28

1.1 -2 at 1/2
"z+z°t¢_1 T( oat) 2

(Y2 - %a+0')

1 .
Fl( > + a+t+o; at)
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¢,(s) 2,(t)
1
2 -0'+-—1'1'1—l ‘ m(-l-'rnmn) —-z-m—l/Z
e’ s 22 (a/s) 2 2 T (1+n-1/2m)
wn’m s e a n-12m
1
1 =m+1/2
R >=m-1/2
ec >Zm-VY g-1 ,rre;«m}(at)z
1 11
32 LI“(*n—zn'x)l"(z 2m+0')
1 1
- ml’Zm, i+m, 2+2m+0' at)
1
-1 *1/2
. Tf‘*{;r»fl)(at)
I‘(~§m~n)l“(l/2 -1/2m +7)
F(-n-1/2m; 1-m, 1/2-1/2 m+0",at)]
1a 1
-2 1/2 v ryz, 14
- 4 2 2 2 - -
v -1 st[(sa) ] 2% . l/4t0' I 1(l‘c)
| l"(2 2v)l"( +0)
, Reo > - 1/4 1
F(5v; 1/2, 1/4 +o; at)
36
2w1/2(at)3/4‘
r(% )T(3/4+0)

v, 1; 3/4 +0; at)

o

1
F(Z—

-
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Table 6. (Continued)
$,(5) 3,(t)
1a 1 1
o - 3/4 eE;D [(_2_9_)1/2 Z’E+EV -Y4g-1 1/2( t)3’/4
Vs (-3 v)TE+0)
37| Re @ > -1/4 F(-;——-;-v; 1, 3/4 +0; at)
N 'rrl/ a‘c)]’/4
l“(l/Z--Ev ) I'(1/4+0 )
F(—%v’, 1/2, 1/4 +¢; at)}
-0'-3/4H 9_1,/2 0 —3/4t0'—1 -ZTrl/ a‘c)3/4
° L] a I(-1/2n) T'(3/4+0)
11 )
Reo >- 1/4 F(-E—-Z-n 1, ¥4+0; at)
38 +'rr/ at)]’/4
I'(1/2-1/2n) T(1/4+0)
~1n', V2, /4 +0; at)}
-0-1/4 '2‘ a, ye -1/4 o-1 (at)]’/4 1
s e erfc|( () ] a 't T(/ire) oF (7t at)
39
<at)3/4

1
> -
Reo I

T(34+0a) oF 1!

(3/4+ 0, at)J
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APPENDIX

Since the behavior of F{t) for large t 1is determined
primarily by the behavior of the inverse Laplace transform of the
comparison functions, it is helpful to know the asymptotic behavior
of the @2 (t) £=1,2,3,4 for large t. For cpl(s) we found

k- 2 1/2
that él(t) contained the factor t k-1/2 IZH(Zal/ t / ). An asymp-

totic expansion of Iv(z) for large 2z is known [11, p. 86].

1
-1)™(v, m)(22) P+o(lz M)

M
I (2) = (2mz) Y2 (&% Z
m=0

M-1 )
~ziny | (v, m)(22) ™ +o(lz| M)
m=0

+ ie

-2 < argz < 3m/2 .

Hence for large t we have

- Y2, 1/2 1/2,1/2 .
Ql(t)"VA.lt_k—3/4 [eZa t . ie—Za t7 o+ 2imy 1.

1/2 1/2
Similarly, &,(t) contains the factor K_ (2a / tl/ ) and

2 A%

again an asymptotic expansion for the modified Bessel function is

known [11, p. 86],
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M-1
2
K (z) = (— )]/ e ? [ (v, m)(22) ™ +0(lz] M
v 2z ’
m=0
3 3T
——2— <argz < —E "

Hence we have for the leading term in the asymptotic expansion of <I>2(t)

1/2.1/2
<1>2(t)~A.2t'k°3/4 e-Za t .,

- An asymptotic representation of <I>3(t) requires asymptotic

expansions for Jv(z) and Yv(z) for large =z [11, p. 85],

1 -1/2
Jv(z) = (EWZ) {cos(z-12vr - 1/47)
M-1
[ z (- 10w, 2m)(22) ™ + o] 2| M)
m=0
M-1
- sin(z-V2vm - V4ag) [ }: (-1)m(v,2m+1)(2z)'2m'1
m=0
rollz| M 1y

-m < argz < m

and
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Yv(z) = (-;—11'z)-1/2 {sin(z»%ﬂv - 1/4 w)

M-1
[ Z 1™ (v, 2m)(22) ™ + o( |z | *M)]
m=0
M-1
+ cos (z_%'trv —%w)[ Z (--1)H1(v,errlJrl)(Zz)-zn’l_1
m=0
+o(lz "M N1y |

Combining the above terms we obtain an asymptotic expression for

3, (1),

- 2
¢3(t)~A. tk y4 sin (Ztl/ -km - %Tr) .

3

The asymptotic representations for generalized hypergeo-
metric functions have been obtained by Fox [14] and Wright [27 ],
[28] . Defining the generalized hypergeometric function by the

series

[ee]
(e, +nB YT (e +tnB ) - - T(e +nP ) n
Fq(z)zz 1 1 2772 p 'p

. !
he0 T {p 1+n0‘ 1)1"(p2+n0' 2)- . l"(pq-{-no‘q) n!

we see that in Table 6, the asymptotic values of F(t) for large t

are expressed as hypergeometric functions of the type F_(t)

12(
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with Bl =1 and o, =06, = 1. We can specialize the parameters
in an asymptotic expansion for the generalized hypergeometric func-
tion to obtain an asymptotic expansion for ©4(t). Using & theorem
by Fox[14] we have

20 A_(0) A_(0)
1 2

t&
F_(t) = {[ + ...
12 21T1/2 (4t)1/2 4t

A (0)
N -N/2 /2
+——= + oft )] exp (2t )
(4t)1/2N
. A1) -mi ) AL (e %™ .
(4t)1/2 (4t)
A_ (1) -Nwi .
N e + o(t-N/Z)] exp(Z’cl/2 eTr1+G'rri)}
(4t)N/2

6 -N

1
N Z K)\ t—a—?x eln’(a+/\) + oft 2 ),
A =0

where A)\(ﬂ) is determined from the expansion

1

T(1+t) I(t+1)
N2 Rp +L+OT(p+0+t) z MW THzoToo)
) =0
'O(te—l) -m <argt<m .

Denoting the left hand side of the above equation by H(t), then

~att+n

K.\z is the residue of z]I‘(—t) H(t)/ N 27  at the pole
i

t = - (e+£+)). We have further denoted ¢ = ¢ - Py~ Py + 1/2
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and A as the largest positive integer such that
Re [0 + 2a+ 20 ] <N, where N is any positive integer. The

leading terms in the expression are then

-1/2

2

T

Lexp (2172 4 im0) + Az Y2exp (2672)]

10~

Hence we can determine the asymptotic behavior of ®4(t) and

any of the special cases given in Table 6.





