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ON BATEMAN'S METHOD FOR SOLVING LINEAR INTEGRAL EQUATIONS

Introduction. The integral equations which will be considered

here sre those of Fredholm type and sscond kind, that is, of the form

. ,
(1) x(a) = A j K{sst) x(t) dat = y(s) 08 <1
o ,

vhere y(s) and X(s,t) are given, and x(s) is to be fwaé.“ ) It
E(s,t) 4s a bilinsar form of 2n functions ﬁ‘{t); cee s ﬂa(a)z
Y, (t)s wos » ¥, (t)s 1t i well known that (1.1) 48 equivalent to an
ordinary system of n linear algebralc equations [8, 11].(2) In this
case the kernsl is said %o be of "finite rark® or "degenerate”.
Ordinarily a kernel is not of finite rank; but one may still hope to
take advantage of the reductien to a finite system by replacing K(s,t)
by an approximation of finite rank. The essential idea of H, Bateman's
process, which will be desoribed in B 2, 18 to accomplish this system~
atically, the f's and ¥'s being deternined directly from the kernel
K(sst) 4iteelf in a very cimple way.

When K(s,t) 4s replaced by, say,

&
K (s,t) = g j% a4 #, (a) 2, (t),
the original equation (1.1) becomes

1 |
{1.2) xa(s) - /\f an(s,t) xu(t) at =y(s), 0£8x5t.
°

() All functions considered in this paper are real.

(2)  gumbers in breckets refer to the list of references at the end of
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Now it is hoped that ’h(') is approximately the unknown true sclution
x(s)s Shortly after Bateman's peper [3] apw, F. Tricomd [12]
published an error bound. His result was based on the determinantal
formlas of Fredholm [6] and was obtained by the use of Hadamard's
inequality; but he did not assume that the kernel was of finite rank,
much less of Bateman's variety. Comsequently his error bound cemld
not be expscted to be particularly good for methods of the type dis-
cussed here. In fact, altheugh his bound has been reproduced in books
of Buckner [4] and Kantorovich snd Krylev (9], it dees not appear ever
to have been applied (at least in print) te a mumerical example.
Tricomi's ideas seem to be more appropriate to an ﬁomtin schens for
deternining the Fredhols resclvent for (1.1). An adsptation of his
results has been carried out recently by T. L. Glahm (7).

A general bound for the ervar incurred vhen K(s,t) s re-
placed by an appreximate kernel of finite rank has been derived by
Lonssth [10 ]. But this bound, although derived outside the framework
of Fredholn's formalas, is still mot directed toward the Betemen
scheme. |

' In this paper the Bateman idea is analysed in detail for the
physically important case in which K(s,t) 1s the Green's fusction
for the self-adjoint second order linear differential operater

Liw) & (u')! - qu
with homogensous boundary conditions. An errar bound is derived
[inequalities (8.1), (8.2)] which is O(en/ /G), vhere &, 1is a measure



of the errar in the approximation to K(sst) by K, (st )s

amﬂm example is dcm&bndmﬂ 9« Bateman hinself
1llustrated the process in the hmgmm case y(s) B0 by com=
mtm five characteristic values )\,: Mgt see 3 Ay for

w = Au, u(ﬂ) =ufl) = 6.

pgesg. Ve shall now discuss Bateman's method in

| m» ﬁialm# le of m mogﬂ.l kéq‘nstim
@1)  yle) =xle) = A f ! Koyt x(t) et |
is a m«mw, can 1t k{syt)s vhich satisfies
(2.2)  =x(s) = y(s) + )\f k(s,t) y(t) dte

Assume k(s,t) is kmown, y(s) is contimucus, and let E‘(uﬁ-) be
' dot wy , - ,
| K(s.‘b) - Bn(s,t) £ (8) +o¢ £ (a)

(2‘3) ' 31 (t) ' A-” see 11‘ = ﬁ'
g,(t) Ay A

vhere £,(8) (1 =1, vue ym) wmd g(8) (=1, cee s 0) sve ay
given contimicus fumctions and A, (1,5 = 1y oo » n) ave arbitrary
constants. Bateman proved [2] that the resolvent kernel, call it
h (3,t)s asscciated vith K (s,t) is given by the aetmm
equation |



ksst) = b (sst)  f,(a) «*+ g (s) |
) ey ey
(2.4) vee =0,
(t) | 'V""':'T’nm LR WY

:“Wrcthu ﬁ‘;g’!'am ‘j (id “1; . .n)uw&mmwi

‘5(‘) = :‘J‘(a) + ’\L k(%t) f,(t} at,
@ nwegws M o) o) @

ai.j = ‘ + /\f 31(3') ﬁ:tx) dx,

and k(s,t) mtiaﬁu (2.2)* ALL functions are mﬂm tlwmgmt
mmm;(e«:ﬂ).(e<tﬂ). '
If the results above are to be used to solve approximately
& given integral equation, e.g.
1 )
(2.6)  y(s) = x(s) - /\j‘ W(ast) x(t) at,
o

"~ then

a) K(s,t) must be defined so that k(s,t) is easily determined
wnd |

b) the elements of (2.3) must be defined so that H,(s,t)
approximates W(s,t).



Bateman shows how this zay be.done in the second of two papers concermed
‘with thia topic [3]. First set K(s,t) %0, Clearly k{s,t) 0.
To fulfill requirement b) let |

fj(’) 2 - ﬁ(ﬂi@j)t
(2.7) Bi(t) B~ H(ﬂg;ﬁ), |

Aij a"'ﬂ(’ t) s

'vhom a.‘; “ee gs;t.?, ess .t mpsrtiaﬂ.arulmsef 8 aad t
belenging to t!» intamal (ee1)e Then nquaticn {2,3) bﬂm& '

Ho(sst)  Wlspty) »on Wlsst))
S o : wh‘l st) V’(!‘ Qit\‘)‘ e ﬁ(t.’ g&n} |

t“i «ow

Mlagat)  Waguty)ees Wloyety)

"",Itiemmnwterequnmt Wn#%m L ubymmsam
| | ¥, ,t,) oo Moty
@9 W=l . e e |
” W(a ,t‘) see w(a ity )

ar (2.8) would not define nn('*ﬂ‘ To show b) is uﬂ.ﬁﬁ.ud w ut :
= t; and subtract oolum (§41) from colum (1) in (2.33 to sém

' Kn(l:fv ) - H’(ﬁ;tj} W(i,t‘) wes N(ir‘k ) ‘
D AR - RE W(l%pt’} “ue ﬂ{l."t‘l) i
- a1 o ame e ifiin
0 Wty ) e ’il(an,tn)

(8, (ast,) = (st )]+ 4= 0



Since W # O, then '{nn'(s,tj) - Ii(a,tj)l = 0, ar

aafht-‘) = H(ﬁhij) (G=1p eee s ?‘)(G ssg1)
Similarly it msy be shown that

ﬂ#{ﬂigt) = H(‘i‘t) ‘ i {i % 1y aee @ n){0 £t .‘51)!
Therefore %(a.ﬁ) equals W(s,t) on a network of lires in the (s,t)
plane over the region (0 < &, t € 1); and consequently ha(a,t), which
can be obtained now from (2,4), may be used to cbtain an approximate
solution xa(:)&

\ ~ 1 o ;

- @01) x (s) = y(s) + )\\S‘ ‘. hn(u,t) yit) ai, {(0s8g1)

From (2.08) it 4s evident that -ah(a,t) may be written

o B B 6, -
(2.12) %"*‘””% ’; o Wlsety) Ulsgst)s

n

vhere o, 1s the cofactor of W(s;et,) in W. Wnen W(s,t) is
1tself "degenerate”, it 1s possible to prove the following lemma stated
by Bateman [31.

Lesmg . If W{s,t) 1is of the form
‘ B B |
(2.13) (k) = 1};1 % Fu §3(a) ¥, (¢)

then W(sst) E K (85t
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| n | n
et Tgle) = 2 Figfyte). moen Wiss) = 7 3y (0.

“Row consider
oo ~ ;
> rake LR@RE) - - 2 @ Rika)
=2 [ [ L
M ~ “a
Z Rtoviy Taeond 0 - Totartt
- L= Car :
‘W(A;tl)"‘ Hmla ) =
~ - ' -
_Z LACI L AYY) LZ?J;\O,.\W.;(ﬁ) - ZBE,(A,.)‘{’.;&,,)
L - ] =) ‘-:'

Factoring the above determinant imto the product of two (n+1) order
determinants ylelds

¥ @) galad - Tmie) O W) B4 - W ()

Fi(a) ¥F2(a)- " Imla) © Watt) Yalh) - - Yot
W(oft\)—H“\(ﬁl*) N ) . ) PN ,

Filon) T2(2n) -+ Tm(am) 0 ‘Vmg) w..;m e Wik

1

0.

Thus W(s,t) = Rn(mt).

3sSome Gene jons, Since x(s) 1is to be approximated
by another function x (s), one must devise a scheme to "measure” them
(or more frequently, their differences) to estimate how good the
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appreximation is. For this purpose one ordinarily uses some porm of
x(s)y denoted by ||x(s)}|, a real rumber such thats {ixl] 2 o,

~ laxll = Ja] Jixl] 1£ a 15 any real mumber, |jx + ¥]| < < =l + lrlis

The quadratic norm is used in this paper, that is,
1

{3.1) Hxll = ¢ j x*(s) as)/?
o

It 15 sasily shown that all the properties above are satisfied by this
~ fupctional of x(s)s Other possibilities would be "

Gi2)  [lxll = max |x(s)]
o<a<]

Lo e

1
G.3) =] = ( L Ix(e)|P as)/P e

The last norm ind udes the first two sime, if p = 2, then (3,3)
becomes (3.1) and if p < =, then (3.3) becomes (3.2).
Using operator notation one may write (2.6) as

(3.4) ys‘(z -Wx=Tx
where I atmdu for the identity transt‘wtim. it 1s ms&h&o to
relate |[Tx|| to [|x|]. Ve shall assume x ie an element of a (real)
normed ldmar vector space L, which 4s defined with these propertisst
1) 1r %) and x, are in L, then ax, + bx, is alse, vhers
a and b are realj
11) for every x in L, ||x]] exists.



Moreovery T 4s & linear operator:
1) It is sdditive: T{x, -!'32)*‘1‘:‘ %’ixz-"
1) 1r |ix|| 1s mm, then ||tx|| 4s alse.
1) 12 |lx, ~x|] »0 ss n >, then Hax *y’&H*G.

For this type of operator over 1L there exist [2, p. 51{! nmgsuw
nusbers M(T) and n(T) sueh that:

(3.5) M(T) = leu,be Hﬂl L, am(®)= gd.b. W il
T T e TR TR T

vhich satisfy the inequalities

(3.6)  a(r) lix|] < x|} < w() |Ix]}.

. If T, + 1, and ‘!‘11‘2 are defined so that {’ft + ‘:z)x = 'K‘ix + !‘zt
and (T T,)x = 7,(T,x), then they are bounded and

(3.7) M(T; + T,) £ MW7) + M(T)y M(T,T,) € M(T) M(T)

One must restrict the space L and the tmnarmtien W
further to guarantee s unique solutiom x which satisfies (3.4) and
the inequality [10, pp. 194, 195)

(3.8) x|l = [ixll/11 = mGidl.
awmmm«uamch space B ifit aamemhm
it { ?) is an infinite set of vectors in B, and if Hx‘*» H*ﬁ
88 my n * ®, then there exists an x, 4in B mthat“xnwxeﬂ

as new, If MW) <1,y ¢B and x 4is found in a,m(a.s)u
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trus. Morecver it is true if M{W) <1 and ¥ 1is a completely eon~
timous transformation, 1.0., one which carries a bounded set of Wﬂ
~ into a compact ome, even though L may not be complete.

8 4+ General Bounds for ||x - ’fsﬁ. « With inequalities (3.6), (3.7),
‘and (3.8) 1t 1s pessible to develop general bownds for ||x = x ||
' - vhich villbe adapted to Bateman's method in § 6 and refined in 8 8,
(4s1) x=x=y

| ‘ ana the equation
By applying (3.8) to (4.1) and (4.2) respectively we have

“3)  |lxll ¢ ;’%‘7 1 M) <1,

and

(4ed) Ha,!l&%’ ir u(g) <.

Subtracting (4¢2) from (4.1) we find that

(4e5) x=x ~UWx+Hx =0,
vhich may be written either as |

(48) (x=x) =Wxex)= (-8

or as S

(4.7} (xex)=Blx=x)=(W- B) x.

Then 1f both (3.8) and (3.6) are applied to this pair of equations, we
obtain ‘



1"
M- B) ||x ||
(lus) ‘lx"xn“ﬁ 1,..11;;)';&!":*: ﬂ(‘”" 1y

and

| ; (W - HxH
“%e9)  lix-x || < TR i ﬂ(ﬂn)‘ﬂ.

Now applying (4.3) to (4.9) yields

| MW ~ H
G4a0)  llx-xll s 13 -(-u("?m _im v 42 M)y (R ) < 1.

If we write
WaV-H +H
then because of (3.7)
et1)  M(W) < M(W - B ) + M(H,)
‘vhich, vhen substituted into (4.8)s gives
L H(ﬁ-ﬁ)”:s“

Ge12)  llx-x ]l s T %) D A MV - B) + M(E) < 1,

If (4.9) is altersd similarly we find that

(4.13)  llx-x |l = 25 f‘;; ?; glxi;m » 48 MW - B ) + M(W) < 1.

 ¥rom (4.10) we obtain

) e
R -

‘ MW -
(4+14) Hz - x| wf““n-

Ar M- H) 4 N(R) <1
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A ve use (4,11); and

W) el sy

ir M - R ) fﬁ(ﬂ) <1
| 'bw dtering M(E) in the denominator.

Each of these bounds is sultable under different Wt&n«a.
In this paper (48) and (415) wil2 be used,

83 ; r in Bateman® pimation, If the quadratie norm (3.1)
1a used, and if keml K(;.’b) m aqm.ro mmgmx- on0¢ :, t21,

. the intagral operatar

LI ;
Kx = f E(syt) x(v) at
(-} o
~ is bounded, and

| 101, ,
C454)  Mx) sl f f K*(s,t) da at)1/2 = N(K) .
‘ Mo o

This follows directly from the definitions by use of the Sehwars

5.2) MG -B) SEO =KD .

Now write o S ANTUREOE
W(a,t) V‘(39t1) sy H(Si?:n)
(5:3) W) (0,0) = | W(a,st) Wlsyaty) oo Wispet,)

- L “¥e *

H(sn,t) H(an.£1) oo H(an.tn)
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whcra 8 S8 <8, tj <tg tﬁ,g Then referring to (2,8) and (2.9)

we £ind that

, a~1 n~1 3-1‘1 2 | 1
(5.4) NW-H )= {ﬂ(a.t) - ﬁn{u,t.)l ds ds
. iwa jm
| 1
. Gm n=1 f 31 J“'w [u‘”(m)J . “r
. 1»5 Jﬂa a

| mm’aeting rov (i+1) from the first rov and enlm (3+‘3) m‘ tho first
coluan of ii(""’) yields

W]:u,a)’__
G W(%t)_w,‘;,,t)—[wu.*.')—W(M,tgﬂ ‘Wy(a,t.%w«o:.,{.) c - Wlota)~Wiloitm)
L Wo. )~ wia,t)) Wle.it,) T WldnLty,)
W (Am, %)~ Wl0nt; > S Whal ) T WH(Re, 44D

I w‘""’(a,t) 1s expanded in terms of elements of the first rov and
mlamn. we have “

1 (143) L
v
( 5.6) g,(' t)\ = {{’h‘(a.‘t) - w(si.s)}  Llasty) - “"1’*‘ 31

o+ Z Skl [w(a,tl) - W(s, oty )}{w(-k.t) - w(-,n. )]

whsra °x1 1; the nagative of the cofactor of W(sk.tl) m u . JIt
w(a,t) is nontixmoua on the closed \mit aqua.re. for any c. > ﬂ thare
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exists a positive integer K(c) such that

i_‘ﬁ“:i

:H*‘l
[W(a,st) - w(nagtjil <e¢ for n>K(c), 3
35*‘ﬁﬂ

4

: o z~] n-] + 141 |
"(m)n(u»an)g[zui k f [uuz
o t By k=1 m

imo j=o

and then

w(iaj )( P yt)

(5.7) ~5-~§;-—-- 52‘*“2;;

Awlwins this result to {5.4) gives o
2

P
” [g ng;f :M L:‘*‘,,, M} 2

[u+3

kﬂ‘% 3.»1

Rt <

sherbun L Simo 3(5! Bn) > K(V - 8,5) m w apklr (5.8) ;""’”“"V of
tbu results of § 4 te obtain a bm :‘w l! - an,. 1t }a. ;

n‘hctoé, wa haw A
, H= 0l |
;  ;;. (,5.9) Hx-xnﬂ < [2&4—& Z éf‘ ,,  } [3 »KH]

[§ Uell .;] |
(1 = M1 - w( =~ ) = w01 )

. '; ,“,vhmu (415) would give

W

64a0) [lx-xll € [2:: v
st k=1 1=
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.- Rere we include a sketoh ef the “m‘a functim" approach
: %o the solutien of simple boundary value pmhlm thr cma:m and
~proefs may be found in [5] snd elsewhere.

Ve awm.dnr first a hmngsnm ulf*-adjum wdiw diftor-
; tnt:ml squation of second order

,""{6.1) L(u) B (pu')! =qu=0

fm» u(s) mmmm (0<as < 1}. xthem Pr p'y q are amtm

functions of s and p(a) > 0, M tlu associated amhmogcnom
: oxpreuim is

 (6.2) | x.(n) =~y(s)
o whcm y(&) is yincw&u mﬁnw. The woh:{m is to m a aMm

in the given interval which will wﬁ»ty pmmibad hmm boundary
’gemd‘it:lm, @.gey u = 0. With this in mind we define the Qreen's
 funetion, &;ﬁm by W(s,t), for the diffmtm oqmtien (6;1); W{n,t)
isy for fixed t, & continuous mﬁ&'ef 8 wvhich satisfies the
 boundary conditions. Exsept at the pelnt @ = t, the first and secend
, ‘ﬁarivatim \ath respect to & are continuous in the m& (08 <1).
At tha point &8 = ¢ the first derivative hps & Jump m@nﬁm&w gliven

r |

s=t+o ‘
A - =o- ‘%‘? .
ds guteg p‘ t

Moreover, considered as a function of 8, W(s,t) satiafies the differ=

~ ential equation L(W) = O in the given interval except at tha,j:oint 8 = t,
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The foumg theoren is basic,

ml‘ iL v(s) MQWR
of ®, then the funotion

1
(6e4) ufs) = j W(s,t) y(t) at
, °

42 2 selution of the differential
(65)  Liu) == y(s)

satisfies (6.5) it can be represented by (6.4).
It is also possible to eatablish that the Green's funotion of
A uif*ad}oﬂ.nﬂ differential opcrator is a symmetric mt&ﬁ of m

»  SOnverasly

parameter t and the argument a, That 3.3;

W(syt) = W(t,a).
| We now turn to the construetion of the Oreen's function frem
the differential operator L(u)s Consider any solutiom u, of w) =0
‘which satisfies the homogeneous boundary conditions at & = O. Then
gonerally o, u  1is a solution of the same nature for any constant o .
~ Similarly, if u, satisfies L{u) = 0 and the boundary econditiens at
8 =1y then oy uy is the most general such solution. We will assume
that u, and n‘ are linsarly independent, Then

{6.6) u"u{ - ulu, = 1/pe
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How Aif we let

- ug(s) u,(t), 0ssctset;
(6#?) ﬁ("t) = ' oo
~u(t)u1(n). 3**-“:535

the defining properties of a m‘a !mct&m are nﬁlﬁaﬂ.
An important relation htmn integral and differentisl
equaticns holds. Consider a linear family of differential equations

(6.8) L(u) + Au =¥(a)

depending on the parameter A ; here ¥(s) is Mﬁu contimious
and u satisfies the boundary conditions., If the Green's functien for
L{n) exists, then by setting

#(s) = ¥(s) = A u(s)
ve get

v i S
(6.9) ufs) = /\f W(s,t) ult) at + g(s),
‘ o .
where
' 1
gls) = - f W(a,t) ¥(t) dat
°

is 8 known funetion.

8 7. ABound for K(H*-En) ¥hen W hu@w&'a Matim. Mnom
at least two disadvantgges in using R(i! ~B) asa bound for M(W - ﬂ‘)¢
One is that it is not apperent that N(W = a)»a a8 0~ wj fory
although each individual [W(sst) = W(sistj)| decreases in the (1,§)%
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subrectengle as n becomes large, it is quite possible that
-
k=1 1= |'n
" will increase. Even at best the ca‘leulntaan of such a quantity is pro-
hibitive vhen n 1is larger than five or six and only a desk saloaletien
is available. In this section these diffiuulms will bc umm by
" reatrieting W(a,t) to the Green's mcum dlscussed in B 6. !o fix
the 1deas, we assume such boundary conditions that W(syt) = 0 on the
| pamm of the unu sqmro. k
Ent o mesh in the (a,t} plm M oonstructed such that
O=g < 8y <8, " < <8 =1 Ga%@t‘ Cty et k=,
where s, =t, (1 =0y ses o n41). Further let (2.8) be evaluated st a?
polnts (33.1.:) (s § =15 ves » n)e If (2,8) were evaluated at the
points (s, tj) (3, § =0y n +1) then W, =0 ana N would net be
defined. Let

a(s) = =~ u_(s)
{7.1) a, == n”(li)
bt) = u,(t)
bj, = ‘n,(tj) .
Then |
‘1‘1 a,hz see qu
(7.2) Wy = [ ab, ab, eee azh

— FYTT »

“1bn ’a"’n ‘ anbn



Thegrem IIt+ W, = ajb E CHPL AR WA

thnwmfaahwimﬁm. For n=2
840,

Wy= ) = “l’b‘zt‘zbi“ ‘3‘2{ .

‘aibz ‘2"2

(73) W o=ab H lagsy®y = agdsyy]

is true, we must prove

(Ted) Wy = oty Q lag4iPy = 8gPyyy)

By definition

aby byttt ahiw
{’?..5) Hk‘ﬂ = « . ™ » *

ab ab ctab ab

aby  ayb,  tttak, oAby

8Beet ®2Pkat *** APt Baieny

19

It has been required previcusly that W, # G} therefore bk;!o?. Hence
by multiplying the k~th column by bk+‘/bk mmmm;mwsm

column we obtain



L L
a‘bz ess @, Q

‘ (7,6) ”kﬂ = . . L
o , "3bk /ilu ’khk 0 |
T . L WO WL P S o

L %:i (o yqby = BByyq] ¥ = *1%en l:;r (ag by = 3403 44]

and the theorem ia proved.

Theorem 1II may be stated as simply as Theorem II.
It I£ 1 # 3 then W) =0

If 4 < §, vith tho new notation

(1.7)

WS (at) =

ailet) b - Wb O.(o)B'u'.H

. Q"'c:

aww b ale) Ljs -+ @t by Gla) Cra

a'bu.) a b a'&in - aa‘-" Q-é‘jﬁ o 4.6’»»-1 ‘a!"’ﬂ‘"

Glw @bl .. ikl aiBie - - Giby ailje S S T

Aiss ‘-I(')

0(’(’)3)-“

am&,.-. '

Glier -

aie(-n a,,&j R

ale‘)-‘-‘ P

ailbmy - -
a('f)&‘m Gbm - ..

il aiélt’iﬂ .

a.'f—J- Gin‘j .o

a';cé-*' Gie 'rju s

© OB Girr fruey - -
Qilon  Giribom - - .

- Ginly ainbi . ..

at a6

- Ci‘)' Guet a)'n ‘a-r o

Gyba e fram

- CJ ‘n-l a) c‘

aj"d--bl aj" t"ﬁ .- aA"H‘m-l ﬁju‘-,,

al“-l “‘.q a,;c. ‘-‘\

Ut l-.,..uaq-: ".-,

Gow-t (}.’u an“'m. i
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By multiplying column n by [bu/ha,‘} and subtracting it from the
~last column (column n+l) we reduce svery slement to sero exespt the
bottom one, vhich is (b /b . J{ad ., -8 bl
Then |

(7.8) ﬁi"”‘) = Ib’n/bnﬂn‘nbmd - .&W«I’bn} Wn‘i;’? )‘(Dat) o
Continuing in the same manner we have

Y n‘*'-‘*’u.u-th,,/bn_zun = gty

1} (1!3)(,’{;)

[‘u»z zr-ﬁa—- n=2

= tb /”1‘!*1] H (.k‘“bk .khk""}} '3)(‘!"3) uy

‘ Mr, '

a(edb(t)  abls) «o- ?(n; alodby,q
aybit) Bgby  creagby  agbgy
a0 Wi a | R P S
ab(t) 8By tetaby  ayb,
agylt) “15“1 e abiy SPuy

and since the first and last rows are :.mars.y dependent, w""“ = 0

consequently W{**3)(s,0) = 0. 4 stmilar preof is possitle if & > 4.
With theoreus IT and III it is possible %o simplify

R(W = K )3 -
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| 2 n tjﬂ, Bs 41 1
(7.11) ¥(W-H ) = f f M (st ) (s,8)]2 2
( W-x (,;. % o Joy &i(a.g)-nhca;t)l ds at)

f ,mf m(w“’”(s t))
ds dt
19‘3 |

1
J“m f 141 w‘*""(u t)) )3
aa at
’ 1m (
i I 4 ;‘j then H(j"ﬁ(t t) = 0, and
(1 s.) 2 | gz'
~ m 8341 w 4 t)

. With this arrangement it is possible ta siupuf,r M .

'mmrﬁm. iaﬁméﬂ<s<t§s‘ Then
o (0»)( ) al(s)v(t) a(a)b ;(;)h see a(a)b
L Y . ,
i 7(7,13) _&.-ﬁ...— g(t)’b‘ a’}% “sz Cwue a.‘ a :

a(t)hg b, b, e azb

- - e mew

a(t)bn a,by asb, e ‘nba
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By multiplying the second row by a(a)/a1 and pubtraseting from the first

ve obtain |
&) (o p(t)-a(tle] 0 0 v 0
ylo0) (8,8) . ,
o M -1‘ e )
Catthy, e, e e

a&%l [agb(e) - ateipy] o

 Similarly for 0Lt<sss, 1t may b shown that

; f(ﬁtﬁ) o : '
. . W Bst) ; ; .
- (7a5) *‘n";rsg* s ‘{‘u lajble) ~ a(e)d,}
‘ . 1 o
If 1=n and s, S8<t<1, then
' q (n,h) r )
W t) ;
(7.16) %&* = h&l h(ﬂb,', - anh(s)} H
W n ,

vhile if 1 =n and o St <8 <1, then

(ren) g, 4
(a17) R B [ - ab(e)]
n n

 The other values of 1 may be treated collectively by eonsidering (7.7)
with j = 4. Ve may, as befors, reducs Hg"l}(opt) |
yidet)

b nwl
: il | :
@18 i) = oy Miﬁi [agB = ] MEeg (st



vhere s < %y but by the same steps Hn can be factored so that

79w, ""’A" N "mhk ] Viag o

Byt k=149
Then
w(ted) (1,4)
(7.20) (a t) wl l (m.)
n :H}

Aseording to theorem II we may write

N L ﬁT Capar®y - O] o

Hovever, it 1s also possible to simplity w{*g”(m}. Ve have
a(slb(t) ayb(s) +»» a b(s) a(sb 149
| ab(t)  ab, v «a‘hi LN
(7.22) ﬁﬁ{“{nt)i A S
(ab®) aby ceab o aby,

althby,,  abyy **t aby,e Ay b, g

 Maltiplying the last ocolumm by b(t)/bi 4 nd subtracting the predust
" from the first ve have

o 'a,ucs:#mgw; atodbgyy |
o gt T uib, .,.gibi g,;sm
{7.23) wg{")(ut) = Y o ene e .
| O apy cead b,
a(eh byyy™ By4qb(t) adi. a Pist 441Pant
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Similarly multiplying the next to last row by h(a)/bi and subtracting
~the product from the first yields

r.20). Wt (a0 =

1+
b, .
0 ] see 0 -‘"—*1[&(:)» -a,b(s)]
b, 7\
0 e b TR LY 84041
» » » ey * E ]
| 8 a;by  rev aby 840y 49
(a(tdby,y = 8, D0)] ayby,, oo ‘1 141 “m 141

80

- (7.25) ﬁﬁ;‘” (sst) = J‘ﬂ [a{s)b (n)](a(t) 14178 1‘»{;)1 91

from laplace's expansion. Them, if 8 < t mmag (?.ae)- {7.21),
- and (7.25) ve have o '

b
Wid), ) ta(mi el m«mmn N

(7.26) M - 5% —
n ‘1*1

b
hm [u{,)}, (l)}[a(t) 141 u_zb(%na‘h H {‘;ﬁ;bk"kbkq-‘{

815441 ]‘T layag®y - “k"m

{"(')b; - gb(a)'! {slt)y, L sﬁh(tﬁ
[“m = 8yby ]
If a>»t by a similar proof we find that

-




widet)g e [a{t)v, ~ aib(t)}[ﬂ(’)b 0 ;-Mb('}}

(7.27) B =
Wy CHRLRE YO

- Moreover, it is evident from the above that Wg"i}(ﬁ,t) for 8<t is
equal teo Uﬁi's‘) (ty3)s t < 8.
Summarizing we state
hegrem IV: If W 1s g Green's fungti

n belongdsg to the self-adielnt

B(ﬁ)“ (pat)' = qu,
and H mmmwmmmwmm

| (7.28) x(u— n ) < n(w - xh)

| t,.. Nt ‘ |
*( f[ f wf 148 (8,4012 a8 ot
i [Jt, 8
tA 8, .. | % ‘
Y41 [V %11 | ~ s
+ f " f * I“i(t;s)}z ds as}) B
ty Jv )

¥ et , S S
) *32'1 [ayp(t) = attey] o

| c(‘“)(a t) = ﬂﬂ (e(s) - nnb(‘)} -

(a(s)bi - alb{a}}[a(ﬂ }.ﬂ Ll“f.)}., o

{-“1 +1% = 84D ﬂ}

(")(I’t) =

=21y sun ;n*f‘
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The bounds for |jx =z || will be stated in terme of this
stuple expression for N(K = K )i hovever, naing (7428) ome vay obtaia
& grouser bound for M{V ~ B ) and st the sace time show thet
WY «B)->0 as 2« .

Sinee ale) and (i) axe contisucus, as the pesh is mds
saller vith (84) 1in the (0,8;) ngle, ’ ﬁi > 13
Lagb(s) ~ a{t)v, > 0; and shecefore s

g&&}(%t} ,&i:l hﬁ(’ﬂ - g(g}%i} >0

By sinllar ressoning, ieﬁ‘){n.s)i ~» 0 . MNoveover in the itk

Ty Tay | 7 b g = o)l 0,

80 that fﬁg’)(%t}i “ 0y £33y eoe gl . Jet
ﬁ;aw?}(mii g Lm0 ey n=1 (8 S 0t S 0yy,)

 (7429) BV - )3 (E‘[ rm r ‘i i & + ‘[‘gm“ Pﬂ‘ { mj)t

Y = by %

(2L wae [ wa] )* ‘

uoon b



, : : 1
O YO AT 2
& Z ds dt
iz t’i : 31

1
& L - \3
2 "n( {; (b0 = By Moy4 = ':L‘))

" ¥Now provided equal subdivisions have been made; we have
(1.30)  NW-H)se (; [-J-n ”] )
: =0
= en/ /o +1

Clesrly N(W = Eﬁ) -0 as8 n> o,

§ 8, The Final Bownd for |lx ~= H It is n;mc that c7.zs) is a
marked improvement over (5.8). Calculations which would have been
prohibitive with large n have now been made feasibls with the later

formala, Using (7.28), (4.8) and (4.15) we shall new state the final
result. | o o

mmmmmmnmm

1 |
(1) x(a) - /j W(s,t) x(t) dat = y(s)
] : .

. x(s) hWa ?(i) ghvens._and ’W‘(s,t) gmmm

 L{w) = {m )t - qu.
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o L1
- (1) x (s) = /\J; B (s,t) x (t) dt = y(a),

~ where H(s:t) ia the kernel derived fros Batenen's formulass ulth $he
- reselving kemnel b, (sst)s lso given by Eateman, e the srrer avelved
may be hounded either by N

1)  llx-x || sn@-8) [%] , 1r M) <1,

whsre
t .
{f | [32(}){3;%)}2 ds
B
\ e

| e U2 RPN T 2
‘ + \]; ” [GS‘)(@”)}Z‘“} d‘&} ) |

efot) = igl [ap(e) = atedey) o

B(W - "n’ u(é [Ltm

’ i

Gf:‘)’(:,t) - hé:-)- {i(a)hn - a,p(s)] o

[a(e)n, = ab(s)}[a(th,,) = oy, b(v)] ’

(1)
¥ (a,t) = , :
s TV lag By = abyyy)

£ =21 ees an=1,

[ 4

; D1 _—
(8:2) Hx = x,l| < WG - Ky {u -~ M1 - 3~ 1) - xm}}
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Using the grosser bound for M(W = H ) we have

(8.3) Pz - =l < %ﬁ , [Jixgj(%} 1 M) < 1,

or
g
(8.4) Hx=~xl & - { ~ ; H:r“ ” .
a1 1 - MW, 1-—-&—-..”u)
/ 01 =m0 ( = W)
ir ---'-E3--f~+x(w)¢1.
/a+

Por a numerical example we consider the

Green's function associated with the differential operater L(u) =u*
and bounding condition a(ﬂ)‘k# u(1) = 0y nomely

0u1) ilant) © {-(t-t) 0gs<t g
. -3
' (1 - 8) 0<t<s <

Then

1 1 1
(9.2)  N(W) ={ J j W(s,t) de at]® = 0.10541.
<] o

The integral equation
1

93)  x(s) - f Wis,t) x(b) = 82
o

vas solved vith Bateman's formilas with n =1, 2. In each ocase

Hxl <L a=1,2



3

From (7.28) it is possible to caleulate several values of N(W - aa)
vith n=1, 2, 34 4y vhich are listed below.

| 0.037267
| 0.020286
0.013176
0.009428

F O T O T Y

In this case

(9.4)  llrl] = 0ess213.

From (8.1) — modified im accordance vith (4.8) = ve find that
llx = x,|| < 0.02083,
llx = x,]| € 0.01134,

" Using (8.2) we obtain

llx = x,]] £ 0.02148,

lx = x, || £ 001147,

lix = x41] = 0.00625,

Hx < x || < 0.00526.
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