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This dissertation treats information theory and its applications
to the general area of decision making. Specifically, three areas are
covered; (1) information theory applied to Bayesian analysis,

(2) estimation using multi-factor information channel models, and
(3) information theory applied to Markov chain analysis.

A major portion of this dissertation concerns the concept of
conditional information which occurs as the result of the transmission
of information for an experiment (Z) when the outcomes of another
experiment (Y) are known. The gain in information is measured by
computing the difference between the information transmitted when one
set of values is known for an experiment, and another set obtained
when certain experimental parameters are allowed to vary. When
only one set of experimental results is available, the information gain

is computed as the difference between the transmitted information



under the experimental conditions and the information transmitted

assuming complete uncertainty. The latter is characterized by the
condition which results when the events of the experiment are con-
sidered to be equally likely.

The information theory technique appears to be especially use-
ful in the area of sampling. The cost of gathering information may be
balanced against management's willingness to pay for the information
in order to arrive at an optimal number of events to sample for a
particular experiment.

Utilizing the concept of conditional information and information
gain, estimates may be made by applying a multi-factor information
channel analysis. In order to obtain the maximum amount of informa-
tion from a sampling experiment, it may be desired to predict the
strategies one should use. A case study is presented in which a
research questionnaire was sent to prospective customers of several
manufacturers of crushing and grinding equipment in an attempt to
determine a particular company's standing with respect to its "'image"’
and ''progressiveness.'' The results of five specific questions were
analyzed by the information theory approach in an attempt to predict
the market shares for each of five companies. The information theory
analysis showed that each of the five questions could be used independ-
ently as a market share predictor. This suggests that a person may

subconsciously possess a pre-conceived opinion of a company which



affects his answer to a specific question about that company.

A matrix method based on the work of Muroga (1959) is pre-
sented for solving multi-factor information channel problems. In
order to solve a problem of this type it is easiest to first ignore the
existence of non-positive solutions and solve the information maxi-
mization equations accordingly. If a non-positive solution occurs, one
or more restrictions may then be imposed in order to force only
positive values on the final solution. Non-positive solutions indicate
that the maximum information gain occurs outside the realm of per-
missible values. The solution, then, involves maximizing the infor-
mation gain while insuring that the probability of each event of the
experiment is positive.

A multi-factor information theory analysis is applied to Markov
chain problems in order to estimate at what point stochastic equilib-
rium occurs. This result is especially useful for computer simula-
tions of Markov chains in which the equilibrium condition is of prime
importance. By first employing the information theory analysis, the
simulation may be started at or near stochastic equilibrium, thereby
reducing the costs of unnecessary calculations during the transitional
stages of the process. The information theory analysis shows that at
least in some practical problems, stochastic equilibrium will not
occur for a long period of time. In many applications, the transitional

stages are of more interest than the steady-state conditions.



Current research points to several areas for further investiga-
tion. Models to allow for the heterogeneity among consumers, means
to identify and quantify the important factors in a multi-factor infor-
mation theory model, and learning models offer unique challenges for
future research.

Also included in this dissertation is a computer program for
solving any one-factor, two-factor or multi-factor information
theory problem. A table of values for 1, 2, 3, or 4 levels of a one-

factor model is also given.
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MULTI-FACTOR INFORMATION THEORY MODELS
AND THEIR INDUSTRIAL APPLICATIONS

I. INTRODUCTION

The Meaning of Information

The use of the term "information" in communication theory does
not necessarily relate to what one does say but to what one could say.
In other words, information measures one's freedom of choice in
selecting a specific message out of all possible messages (Weaver,
1964). Also, it is not so much a property of an individual message,
rather it is a property of the entire experimental situation which pro-
duces messages.

When evaluating alternatives using information theory, one has
to consider not only the particular message sent but the set of all
possible messages of which the chosen message is an element. The
message source can be considered to consist of all the possible ele-
ments in a probabilistic experiment. These individual elements can
be viewed as stimuli generating particular messages. For purposes
of this discussion a discrete information source is assumed. Various
experiments under consideration will consist of a finite number of

elements or outcomes each having a definite probability of occurrence.



Justification for Using Logs to Base Two

Consider an experiment consisting of two equally likely outcomes
such as in the tossing of a fair coin. On one toss of the coin there are
two possibilities; "head" or "tail" each with probability one-half.

This is the ‘simplest experiment in which the outcome is uncertain.
Before conducting the experiment we do not know for certain whether
a head or tail will appear. This, the simplest case, has been chosen
as a standard and is defined as transmitting one unit of information.
If logarithms to base two are used, then the information transmitted

by the two outcomes of the experiment would be:
H = logZ 2 =1

which does give a unit measure. Information of this type is defined
as one "bit."

Now consider an experiment in which there is only one certain
outcome. For example, suppose a card is drawn from a standard
deck of playing cards from which all the black cards have been
removed. We wish to determine the information transmitted by the
result "a red card was drawn."" There is only one outcome of this
experiment; a red card occurs with certainty. The information

transmitted, then, will be:

H-‘-long:O



Since the outcome of the experiment was a foregone conclusion, there
is no information transmitted by the answer 'a red card was drawn."'
Therefore, there is no uncertainty or equivocation concerning the
outcome of an experiment and there has been no new information
transmitted.

Given an experiment having two outcomes as a standard of
measurement, one which consists of eight outcomes will transmit
three times as much information. This result is not immediately
obvious. However, consider tossing a fair coin three times in suc-
cession. The sample space of outcomes will consist of:

HHH
HHT
HTT
THH
TTH
THT
HTH
TTT
Since each toss is independent and each outcome is equally likely with

probability one-eighth, the information transmitted by the combined

experiment can be viewed as consisting of three separate elements or:

H(experiment) = H(1st toss) + (H(2nd toss) + H(3rd toss)
so
H(experiment)= 1og2 2 + 1og2 2 + 1og2 2

and
H(experiment)= 1+ 1+ 1=3



Therefore, an experiment consisting of eight outcomes should trans-
mit three bits of information. Indeed, H = log2 8 = 3 bits. A choice
of logarithms to base two as a unit of measurement gives consistant
results (Raisbeck, 1963). More rigorous proofs for the use of base
two are given by Shannon (1949), Watanabe (1970) and others.

The information transmitted is usually expressed in the form of

negative entropy.

n
H=- zpi“’gz Py
i=1

where H is the entropy in bits, P, is the individual probability

of each outcome of an experiment which must add to unity or
n

Zpi = 1. For example, the entropy that results from tossing a coin

i=1

once could have been determined from:

and

Maximum Information and Information Gain

It may also be noted that the entropy of one bit is the maximum



amount of information that can be transmitted by an experiment con-
sisting of two possible outcomes. Figure 1 shows the change in
entropy as the probability p of one outcome increases from 0 to

1.0 as the probability (1-p) of the other decreases from 1.0 to O.

1.0 ;

H (bits)
o

4

Figure 1. Entropy of a two outcome experiment.

1.0



It can be shown that for any experiment having n outcomes,
information transmitted by the experiment will be a maximum when all
outcomes are equally likely; this being the condition of greatest uncer-
tainty or greatest equivocation. To illustrate, assume an experiment

with a finite number of outcomes X _ ,X_,X

Xy Xy Xn having prob-

abilities Py Py P3sv - s P respectively. The Lagrange Multiplier
Technique may be employed to maximize the information subject to

n

the restriction that Zpi = 1. In equation form:

i=1
n n
[max]H(X) = -Zpi logZ pi+)\(1- Zpi) (1.0)
i=1 i=1
Since
loga b = loga e loge b
Then,

logZ P; = (logZ e)(loge pi)

Therefore, defining K = logze =1.4427 Equation (1.0) may be

written:

Now, taking derivatives:



P
o[H(X)] _ o1 B
Bp ——Kp -Klogpl—)\—O
1 1
P
8[18_1()() =—K—;'-Klogp2-)\20
P2 P2
P
8H8(X) =-K——-Klogpn-)\—0
Pn Py
n
8[H(X) -
o p; =0
i=1

Equations (1. 1) through (1.3) may be solved to obtain:

(-1-\ /K)

p, = e

Now, let

A:e('l‘)‘/K) i=1,2,....n

The individual probability values may now be calculated as:

p1=A
pZ=A
pn=A

From Equation (1.4):

+...4+p_=
P, t P, tP; p, =1

(1.3)



Therefore:

A+A+A+... +A=1
or

nA=1 and A=1/n
so,

plsz:.,.:pn:I/n

and information is maximized when all possible outcomes are equally
likely. The equally likely concept also has anintrinsic intuitive
appeal. If one knew absolutely nothing about the occurrence of various
outcomes of an experiment, a logical choice would be to place equal
weight on each. This condition represents one of maximum uncer-
tainty. The point of maximum uncertainty will also be defined as

zero information gain. Therefore, when we are able to place

probabilities other than the equally likely conditions on outcomes in an
experiment we will gain knowledge and experience an information
gain. Information gain, then, will be defined as the difference between
the information transmitted by the equally likely conditions and the
information transmitted by a set of augmented probabilities based on
our knowledge concerning the experiment. An equation for information

gain, G(X) may be written as:

n

G(X) = logzn - Z P; log2 P,
i=1



where n and p, areas previously defined.

An Example

Shirland (1971) gave results of a survey to determine the airline
ticket purchasing habits of college students. The following response
frequencies were obtained upon asking students whether they would
travel first class, tourist, or excursion given specific price levels

for each.

First Class 10.2%
Tourist 30.8%
Excursion 59.0%

The information transmitted before the experiment is conducted,

assuming complete ignorance is
H(X) = logZ 3 = 1.585 bits
The information gain then, would be calculated from:

G(X) = log2 3 -.102 logZ .102 - .308 1og2 .308 - .590 log2 .590

G(X) = 1.585 - (.336 + .523 + .449)
or

G(X) = 1.585 -~ 1.308 = . 244 bits

which represented a 17.5% gain in information.
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II. INFORMATION THEORY AND BAYESIAN DECISION ANALYSIS

Conditional Information

Consider an experiment X consisting of two sub-experiments

Y and Z as shown in Figure 2.

F

Experiment Y

outcomes Y1 Y2 N

Experiment Z A

outcomes Z1 Z2 ..

Figure 2. Information transmitted by two experiments.

If the outcomes of experiment Y and Z are independent,

the information transmitted by the combined experiment X will be:

H(X) = H(Y) + H(Z)

which means that the information transmitted by the joint experiment
is the sum of the individual subset experiments.
If the experiments Y and Z are not independent, then the

information transmitted is given by:

H(X) < H(Y) + H(Z)

These results were proven by Kunisawa (1958), Shannon (1949) and

others.
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Considering the general case of two dependent experiments as
shown in Figure 2, the joint probability of obtaining Yi and Zj

may be expressed by p(yi’ zj) and the transmitted information by:

n m
H(Y, Z) = - z ZP(Yi, zj) log, p(yi,zj) (2.0)
i=1 j=1
The conditional probability distribution may be determined from the

definition of conditional probability and the definition of Bayes

Theorem.

p(yizj) p(zj)p(y-ll zj)

p(zjiyi)z p(y;) “m

p(zj)p(yilzj)

(2.1)

j=1

Bayes formula gives the probability of an outcome Zj given
that outcome A of experiment Y has already been observed. In
our information theory analysis of Bayesian decision problems, we
will want to compute the uncertainty or equivocation after having
learned of a result of experiment Y. The information transmitted

by an outcome of this conditional analysis is:

m

H(ZjIYi) = - Zp(zj]yi) log, p(zjlyi) (2.2)
j=1

and there will be exactly n terms of this type. In other words, we
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will have:

m
H(ZjIYl) = - Zp(zjlyl) log, p(zj|y1)
j=1

m

H(ZJ.]YZ) = - Zp(zjlyz) log, P(Zj|Y2)
=1

m

H(Z|Y) = - Zp(zjhn) log, plz;]y,)
=1
Since a particular H(Zj|Yi) occurs only a fraction p(yi) of
the time, the conditional information of the entire experiment may be
expressed as a weighted sum of the information from the individual
outcomes.

n m
H(Z]Y) = - z Zp(yi)p(zjlyi) log, p(zjlyi) (2.3)

i=1 j=1

The above equation may also be written as:

n m
H(Z|Y) = - Z Zp(yi, zj) log, p(zjlyi) (2. 4)

i=1j=1

since from the definition of conditional probability:

ply., z.)
't ). (2.5)

p(zjlyi) = oy
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multiplying through by p(y.l) gives:

= r
ply; z;) = Ply)riz|y)) (2.6)

which can be substituted into Equation (2.3) to obtain Equation (2.4).

Input/OQutput Information Tree

An input/output model may help to clarify calculations in an
information theory problem. Figure 3 shows an input /output informa-=
tion tree which may be used to calculate the transmitted information
H(Z|Y) for a decision analysis problem. The tree is used as follows:

1. Information in, represented by the marginal probabilities

ply.) i=1,2,...,n are entered on dotted lines.

2. The information transmitted by various signals is calculated

as H(z|y) = plz,|y,) log, plz;]y;)-

3. The respective H(zjlyi) are summed over j to determine

H(Zlyi) for each i=1,2,...,n.

4. The frequency of occurrence of each v is noted on a line

terminating at the output node.

5. The information transmitted by the experiment is computed

by summing p(y‘i) H(Z|y.1) f(yi) over the various branches of
the decision tree to get H(ZIY).

In this chapter, the comparative information gain between



I

/

/
/ By
/

nformation
in
g = Py,

~ H(z,] y.)
~ PARS
\ O é Hez |y,)

Hz |y,)

:Dé Hiz,|yy)
H(zj |y1)

H(zm| y,)

Hz | y,)

o= ol 72
H(Zj le)

H<zml Y2)

He | y)

Hiz 1v.)

ml i

Hz |y )

H(22| yn)
O é He, |y,)

H(zmly )
n

~
—_—O~~> H(Z|y,)

Information out
H(Z |Y)

Figure 3. Input/output information tree.
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experiments will be analyzed. In other words, the information gain
due to additional information will be computed by considering experi-
ments:

X composed of Y and Z
X' composed of Y'and Z'

The information gain will be computed from:
G(X) = H(X) = H(X") (2.7)

Many decision making problems involving Bayesian analysis may
also be solved using information theory. Instead of simply computing
conditional probabilities as is done in Bayesian analysis, information
theory allows one to view the entire experiment with respect to total
information gain. The information theory éalc;llations result in a
sensitivity analysis answering questions such as: "Given slight
changes in any or all probabilities in an experiment, what is being
gained as far as information content is concerned?' It may even be
possible to treat information theory in decision problems with respect
to costs or profits. For example, a decision may be made concerning
the cost value of information gain which can be balanced against the
cost of collecting additional information. In this manner, an optimal
point may be determined at which the cost of additional information is
off-set by the amount that one is willing to pay for that information.

Two examples will serve to illustrate the decision analysis using
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information theory. The examples are drawn respectively from Halter

(1971) and Riggs (1968).

Urn Problem

Formulation of the Problem

Twourns A and B are given. Urn A contains 4 red and

2 green balls and urn B contains 3 red and 7 green balls.

A B
4 red 3 red
2 green 7 green

Figure 4. Distribution of balls for urn example.

Three sampling procedures are available:

a. Randomly choose an urn, draw one ball and examine it.

b. Randomly choose an urn, draw one ball, examine it, replace
it and draw another.

c. Randomly choose an urn, draw two balls without replacement

and examine them.

Decision Procedure

An outcome of the experiment is observed, but it is not known

from which urn this particular outcome has been chosen. Which
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sampling procedure (a, b or c) more accurately predicts from which

urn the sample has been selected?

Sampling Procedure (a)

Since we are choosing a ball from an urn in a random manner:

p(A) = p(B) = 1/2

The sample space for this experiment consists of two outcomes:

1. A green ball is drawn.

2. A red ball is drawn.

We would like, then, to determine the information transmitted
by this experiment. Equation (2.3) may be used once we have calcu-
lated the respective probabilities. For this example, Equation (2.3)
will be:

H(z|Y) =p(g)H(g) + p(r)H(r)

which will be computed from:

H(Z|Y) = -p(g)[p(A]g) log p(Alg) + p(B|g) log p(B|g)]

_p(r)[p(A]r) log p(A|r) + p(B|r) log p(B|r)]  (2.8)

Definitions of the terms used above are as follows:

H(g) - Information transmitted by observing a green ball.

H(r) - Information transmitted by observing a red ball.



p(g) -

p(r) -

p(Alg) -

p(Blg) -

p(Alr) -

p(B|r) -

Bayes
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Probability of drawing a green ball.
Probability of drawing a red ball.
Probability that we were sampling from urn A given that
we observed a green ball.
Probability that we were sampling from urn B given that
we observed a green ball.
Probability that we were sampling from urn A given that
a red ball was observed.
Probability that we were sampling from urn B given that

a red ball was observed.

formula rriay be used to calculate p(A.| g) and p(A| r).

p(B|g) may be calculated as: 1 - p(Alg) and p(B|r)=1 - p(Alr).

p(A)p(glA)
p(A)p(g|A) +p(B)p(g| B)

p(Alg) =

From the statement of the problem:

Therefore:

p(g|A) =1/3
p(r|A) =2/3
plg|B) = 7/10

p(r|B) = 3/10



- (1/2)(1/3) _0.333 _
p(alg) - (172)(1/3)+(1/2)(7/10) " 1.033 ~ 0-3%!
p(Blg) =1 -0.321 =0.679
_ (1/2)(2/3) _0.667 _
P(ALT) = 1722 /3)+(1/2)(3710) - 967 - 670
p(B|r)=1-.690 = .310
Now, the probability of drawing a green ball p(g)

weighted sum of all the ways in which a green ball can be drawn or;

80

and

plg) = p(A)p(g|A) + p(B)p(g| B)

p(g) = (1/2)(1/3) + (1/2)(7/10) = . 517

p(r) = 1 - p(g)

In tabular form, these results may be written: (z,

and urn B for j=1,2; A refers to a red or green ball for

i=1,2).

Table 1. Bayesian probabilities for urn
example--procedure (a).

Z\Yi r g
]
A . 690 .321
B .310 . 679
p(y‘i) . 483 .517

will be a

19

refers to urn A
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The information transmitted can now be calculated from Equa-

tion (2. 8).

H(Z|Y) = .517[.321 log -321 + . 679 log . 679]

+.483[. 690 log . 690 + .310 log .310]

H(Z|Y) = .517 (.9055) + .483 (.8932)
H(Z|Y) = .8400 bits
If we knew nothing concerning the outcomes; (1) we are drawing

from urn A or (2) we are drawing from urn B, we would assign
equal probabilities of . 500 to both which would result in an information
transmission of 1 bit. By using sampling procedure (a) we trans-
mitted . 8400 bit for a gain of . 1600 bit. Sampling procedure (a),

then, contributes 16% gain in information over complete uncertainty.

If either sampling procedures (b) or (c) result in an information gain
of more than 16% we may safely assume that we are even less uncer-
tain about the urn from which we have been sampling. Therefore,

the sampling procedure which results in the greatest amount of

information is the best procedure to use.

Sampling Procedure (b)

Randomly choose an urn, draw one ball, examine it, replace it
and draw another.

The sample space for this experiment consists of four outcomes:



4.
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. (gg) green on both draws.
. (gr) green first, then red.

. (rg) red first, then green.

(rr) red on both draws.

The information transmitted by this experiment will be:

Since pl(rg)

H(Z'Y) plgg)H(gg) + p(rr)H(rr) + 2p(gr)H(gr)

plgr), then H(gr) = H(rg) which accounts for

the factor of 2 in the above equation.

As in procedure (a) the respective conditional probabilities can

be obtained from Bayes formula. The individual probabilities of each

outcome can be computed as weighted sums of all the ways to achieve

that outcome.

The results of the probability calculations are given in Table 2.

Table 2. Information gain analysis for urn example--
procedure (b).

zj \’i gg gr rg rr

A . 185 .514 514 .832
B .815 .486 . 486 . 168
H(i) bits | -6908 .9994 9994 . 6531
ply,) .301 216 216 . 268

The transmitted information will be:

H(Z|Y) = -301 (.6908) + .216 (2)(.9994) + . 268 (.6531)
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H(Z|Y) = .8150 bits

The information gain of procedure (b) over procedure {a), then,

is:

G(X ) = .8400 ~ .8150 = . 0250 bit

b-a

which represents a 3.08% increase in information gain over procedure
(a).

We may conclude that drawing a second ball results in a gain in
information of 3.08% or that we have learned 3.08% more about the
experiment and are now in a better position to make predictions about
from which urn we had been sampling given a particular outcome.
Procedure (b) also contributes an 18.50% gain in information over

complete uncertainty compared with 16% for procedure (a).

Sampling Procedure (c)

Randomly choose an urn, draw 2 balls and examine them.

The sample space for this experiment will be the same as in
procedure (b). Since the first ball drawn will not be replaced, how-
ever, the probability distribution of outcomes will be hypergeometric
rather than bionomial as in procedure (b).

The results of the calculations are given in Table 3.
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Table 3. Information gain analysis for urn example--

procedure (c).

z. &. gg gr I‘g T

j
A . 125 .532 .532 .853
B .875 . 468 .468 . 147
H(i) bits . 5436 .9970 .9970 . 6023
p(i) . 267 . 249 . 249 . 233

Transmitted information

H(Z|Y) = .267(.5436) + .249(2)(.9970) = .233(. 6023)

H(Z|Y) = . 7097 bits

The information gain over procedure (a) is:

G(X ) = .8400 - .7097 = .1393 bit

which is a 15.5% gain.

G(Xc—b

) = .8150 - .7097 = . 1053 bit

which is a 12.9% gain. The gain in information over complete uncer-

tainty is 29.03%.

In answer to the question posed in the statement of the problem,

our analysis shows that procedure (c), sampling two balls without

replacement is the best technique to use since it results in our gaining

the most information concerning the combined experiment. Figures

5, 6 and 7 show the calculations for the three sampling procedures in
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the input/output information tree format.

Alternative Solution

In order to check the validity of the information theory analysis
in the urn example, the following traditional solution method is pre-
sented using the concept of Maximum Likelihood.

Procedure (a);: Referring to the table of probabilities obtained

for this case we may determine the likelihood function for the experi-
ment.

Table 4. Likelihood values for procedure
(a) in the urn example. .

A 321
B .310 D)

p(y,) . 483 517
L(zjl y;) . 690 . 679
guess A B
The likelihood function, L(zj|yi), indicates our guess as to

which urn we have been sampling from given various outcomes. For
example, if we observe a red ball, the probability that we have been
sampling from urn A is (. 690) and from B (.310). Therefore, if
we observe a red ball we should guess that we have been sampling
from urn A since it is more likely that we have been doing so.

Similarly, if a green ball is observed, the probability that we have
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been sampling from urn B is (.679) and from A (.321). So, the
likelihood function is (. 690) and (. 679) given a red and green ball
respectively.

In order to determine which sampling method is best, we would
like to determine the probability that we guess the right urn given a
particular outcome.

From the likelihood function:

QOutcome (r) results in a guess of (A)

Outcome (g) results in a guess of (B).

so:
P(Correct Guess) = P(red)P(Sampling from A given red)
+ P(green)P(Sampling from B given green)
P(Correct Guess) = (.483)(.690) + (.517)(. 679)
and

P(Correct Guess) = . 685

Procedure (b):

Table 5. Likelihood values for procedure (b) in the
urn example.

2, \Yi gs gr rg rr
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and
P(Correct Guess) = p(gg)p(B|gg) + 2p(gr)p(Algr) + p(rr)p(A|rr)
P(Correct Guess) = (.301)(.815) + (.216)(2)(.514) + (. 268)(.832)
P(Correct Guess) = . 691
Procedure (c):
Table 6. Likelihood values for procedure (c) in the
urn example.
Zj \ Y gg gr rg rr
A s GD GR
B (875) . 468 .468 . 147
P Yi) . 267 . 249 . 249 . 233
L(zilyi) .875 .532 .532 .853
Guess B A A A
and

P(Correct Guess) = p(gg)p(B|gg) + 2p(gr)p(Algr) + p(rr)p(A|rr)
P(Correct Guess) = (.267)(.875) + 2(.249)(.532) + (.233)(.853)

P(Correct Guess) = . 697

To summarize:
Sampling procedure (a) = . 685

. 691

H

Sampling procedure (b)

- 697

i

Sampling procedure (c)

The conclusion is that sampling procedure (c) is preferred since

it results in a higher probability of guessing correctly given the
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various outcomes. However, it may be noted that the above probabil -
ities are nearly equal. Therefore, the information theory analysis
which results in the same conclusion appears to offer the investigator
a ubiquitous look at the data in that he may view the entire process at
once to obtain the ;elative gain in information between the various
experiments. The information theory analysis also allows the
investigator to set decision limits on the value of additional informa-
tion. In other words, it may be determined before the experiment is
conducted that an additional trial should result in at least say 10%
gain in information to be significant or worthwhile. In this manner.

a decision can be made at each stage of an experiment to determine
whether another trial should be conducted. The example which fol-

lows illustrates an analysis of this type.

Concrete Mixing Problem

Problem Formulation

New types of concrete mixes are tested in a laboratory by con-
ducting compression and other strength tests on one or more test
cylinders. The probability that a trial batch will yield the specified
strength is 0. 90 if the mix is properly prepared and tested.
Occasionally, about once every 20 times, the trial batch will be

improperly handled or the ingredients inaccurately measured. The
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probability that a poorly prepared mix will yield the specified strength
is 0.20.

We wish to determine the information transmitted and the
information gain from sampling 1,2,3,,,n cylinders at random
from a particular mix.

The following notation will be utilized:

z_: The mix was properly prepared.
z_: The mix was improperly prepared.
Yy The mix is of the specified strength.

¥y The mix is not of the specified strength.

Analysis

The transmitted information as a result of conducting an experi-
ment with the above data may be computed from Equation (2.3). For

this example, Equation (2.3) will be:

H(Z|Y) = p(y NIH(Z |y )] + ply,)[H(Z]y,)]
or
H(Z|Y) = -p(y))p(z | y,) log p(z |y)) + p(z,|y,) log p(z,|y)]
p(y,)lp(z,|v,) log plz,|y,) + Plz,|y,) log plz, |y,)]

From the formulation of the problem, the following probabilities

are available:
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is of the specified strength given it was properly mixed)

p(y1|z1) = 0.90

is not of the specified strength given it was properly mixed)

p(yzlzl) =0.10

is of the specified strength given it was improperly prepared)

p(y'1 | z2) =0.20

is not of the specified strength given it was improperlyprepared)

p(y2| z2) = 0.80

was properly prepared)

p(zl) =0.95

was improperly prepared)

p(zz) = 0.05

The transmitted information will be calculated for sampling

3, 4, 5 and 6 cylinders respectively.

Case I: Determine the transmitted information by sampling one

cylind

er at random and observing whether it is of the specified

strength.

Sample space of possible outcomes:
1. Yyt cylinder is of the specified strength.

2. ¥y cylinder is not of the specified strength.
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Bayes formula may be used to determine the probabilities

necessary for the equation of information transmission previously
given. The results are as given in Table 7. In the ensuing analysis,
the possible outcomes will be denoted by the number of yl's in the
outcome. For example, the two possible outcomes for Case I
(sampling one cylinder) will be ly1 and Oy1 respectively. The
outcome Oy1 denotes the absence of Yy, or that Y, is the out-
come. The reason for this notation will be obvious when possible

outcomes for sampling 2, 3, 4, 5 or 6 cylinders are enumerated.

Table 7. Concrete mixing problem--sampling one cylinder.

Outcome p(z1 I Yi) 1:>(Z2 l Yi) P(Yi) H(Z | Yi)
lyl 0.989 0.011 0.856 0.0874
Oyl 0.702 0.298 0.135 0.8780

The transmitted information may be computed as:

H(Z|Y)

n

0.865(0.0874) + 0.135(0.8780)

it

H(Z|Y) = 0.1932 bits

Case II: Determine the transmitted information by sampling two
cylinders at random and observing whether each is of the specified

strength.
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Sample space of outcomes:

1. The first cylinder is of the specified strength, the second

is also.

2. The first cylinder is not of the specified strength, the second

is not.

3. The first cylinder is of the specified strength, the second is

not.

4. The first cylinder is not of the specified strength, the second

is of the specified strength.

Since the probabilities of outcomes 3 and 4 are identical, we
may compute one of them and note the existence of the other. The
four possible outcomes are:

Loy = 2y

2 Yp¥p =0y

3 vy, = vy

vy Ty

Table 8 shows the results needed in order to calculate the
transmitted information.

Table 8. Concrete mixing problem--sampling two cylinders.

Outcome p(z1 Iyi) p(z2 | Yi) p(yi) Frequency | H(Z]| Yi)
1. Zyl 0.997 0.003 0.7720 1 0.0295
2. 0y1 0.229 0.771 0.0415 1 0.7763
3. lyl 0.914 0.086 0.0935 2 0.4230
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The transmitted information may be computed as:
H(Z|Y) = 0.7720(0.0295) + 0.0415(0.7763) + 2(0.0935)(0.4230)

H(Z|Y) = 0.1340 bits

Case IIl: Determine the transmitted information by sampling
three cylinders at random and observing whether each is of the
specified strength.

Using similar notation to that used in Case II the sample space

of outcomes will be:

yi¥Yy T3y,

[3Y]

Y1Y1Y2 T %Y,

w

YY1y <y,

4. y,y,v, = 0y,

Table 9 shows the results needed in order to calculate the

transmitted information.

Table 9. Concrete mixing problem--sampling three cylinders.

Outcome | p(z, |y,) |p(z,]y.) p(y,) Frequency |H(Z|y)

1. 3y, 1.0 0.0 0.6540 1 0.000

2. 2y, 0.980 0.020 0.0786 3 0.1415

3. 1y, 0.572 0.428 0.01495 3 0.98499

4. oy 0.036 0.964 0.02655 1 0.2237
1

The transmitted information may be computed as:
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H(Z|Y) = 0.6540(0.000) + 3(0.0786)(0. 1415)
+3(0.01495)(0.98499) + 0.02655(0.2237)
H(Z|Y) = 0.0835 bits

Case IV: Determine the transmitted information by sampling

four cylinders at random and observing whether each is of the

specified strength.

The sample space will be:
L. oyy vy, 7 4y
2.y YY1V, T3V,
3.y Y Y,Y, T 2y,
4y Y,Y,Y, Ty
5. ¥,Y,Y,Y, 7 0y

Table 10 shows the results needed in order to calculate the

transmitted information.

Table 10. Concrete mixing problem--sampling four cylinders.

Outcome p(z1|yi) p(zzlyi) p(yi) Frequency H(Zly.l)
1. 4y1 1.000 0.000 0.622 1 0.00

2. 3y1 1.000 0.0000 0.069 4 0.00

3. Zyl 0.855 0. 145 0.009 6 0.5972
4. lyl 0.145 0.855 0.006 4 0.5972
5. Oyl : 0.000 1.000 0.021 1 0.000

The transmitted information may be computed as:
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H(Z|Y) = 0.622(0.00) + 4(0.069)(0.00) + 6(0.009)(0.5972)
+ 4(0.006)(0.5972) + (0. 021)(0. 000)

H(Z|Y) = 0.0466 bits

Case V: Determine the transmitted information by sampling

five cylinderé at random and observing whether each is of the speci-

fied strength.

The sample space will be:
Looyyyyvyv: © 9y
2. yY1YYyY2 T Ay
3. vy 1YYy, T3y
4 ¥y 1YY,V T2V

5.y Y,Y,Y,Y, T 1y

o

Yo¥o¥a¥o¥a = 0y

Table 11 shows the results needed in order to calculate the

transmitted information.

Table 11. Concrete mixing problem--sampling five cylinders.

Outcome p(zllyi) p(zzlyi) p(yi) Frequency H(Zlyi)
1. 5y1 1.000 0.000 .5600 1 0.000

2. 4y1 1.000 0.000 . 0620 5 0.000

3. 3y1 .973 . 027 .0071 10. 0.1791
4. Zyl .426 .574 .0018 10 0.9841
5. lyl .021 . 979 .0042 5 0.1470
6. 0y1 . 000 1.000 .0164 1 0.0000
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The transmitted information is:

H(Z|Y) = .560(.000) + 5(.0620)(. 0000) + 10(.0071)(. 1791)
+ 10(.0018)(.9841) + 5(.0042)(. 1470)
H(Z|Y) = .0290 bit

Case VI: Determine the transmitted information by sampling
six cylinders at random and observing whether each is of the specified

strength.

The sample space will be:
Looyvyyvyvyy, = 6y,
2. Y VY YY1V T Y,
3.y VY Y YRV, T 4y
4y Y Y Y,YRY, T3
5. Y Y Y,Y,Y,Y, T2y
6. Y Y,Y,Y,Y,Y, T 1y
T Y,Y,Y,Y,Y,Y, © 0y

Table 12 shows the results needed in order to calculate the

transmitted information.



Table 12. Concrete mixing problem--sampling six cylinders.

Outcome p(z1 | Yi) p(z2 | A p(yi) Frequency | H(Z| Yi)
1. 6y1 1.00 0.00 0.503 1 0.00
2. 5y1 1.00 0.00 0.056 6. 0.00
3. 4y1 1.00 0.00 0.00621 15 0.00
4. 3y1 0.772 0.228 0.000896 20 0.7745
5. Zyl 0.085 0.915 0.000905 15 0.4196
6. ly1 0.00 1.000 0.003365 6 0.00
7. Oy1 0.00 1.000 0.01310 1 0.00

The transmitted information may be computed as:

H(Z|Y)

t

H(Z|Y)

0.0195 bits

20(0.000896)(0.7745) + 15(0.000905)(0.4196)

Figure 8 shows a plot of the transmitted information for the
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various sampling experiments given in the concrete mixing example.

Figures 9 through 14 summarize the six sampling procedures

in terms of input/output information trees.

The concrete mixing example can be viewed as a decision

process by calculating the information gained from taking successive

samples. Suppose, for example, that due to the cost of sampling, it

is felt that at least a 25% gain in information must result from

sampling an additional cylinder over sampling just one cylinder.

Since the transmitted information from sampling one cylinder is



Information transmitted (bits)

Figure 8.

Number of cylinders sampled

Transmitted information for sampling in a
concrete mixing problem.
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0.1932 bits, we require that sampling 2, 3, 4, etc. cylinders will
result in a gain of at least 0. 0483 bits of information. Using the

results previously obtained the following values may be determined.

Table 13. Summary of concrete mixing example results.

No. of Information

Cylinders Transmitted Information
Sampled (bits) Gain

1 0.1932 -

2 0.1340 0.0592

3 0.0835 0.0505

4 0.0466 0.0369

5 0.0290 0.0170

6 0.0195 0.0095

Based on the results of Table 13, we would sample 3 cylinders,
since sampling a fourth cylinder only contributes 0.0466 bits of

information which is less than the 25% requirement.

Cost Considerations in Concrete Mixing Problem

The concrete mixing example could also be viewed as a decision
process that considers cost of additional information as a criterion.
Suppose, for example, that the costs of testing cylinders (obtaining
equipment, set up costs, direct labor, etc.) are as represented in
Table 14.

Suppose also that management personnel have decided that they

would be willing to pay for each additional test according to the



schedule depicted in Figure 15.

Table 14. Testing costs for concrete mixing

problem.
Number of Cylinders
Sampled Cost of Testing
1 $ 700
2 900
3 1320
4 1870
5 2570
6 3300
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Using Table 14 and Figure 15 along with the results obtained for
information gain, we can conclude that three cylinders should be
sampled. The information gained from the three cylinder experiment
is . 0592 bit or 30% for which we are willing to pay $420. Sampling
three cylinders results in a gain of . 1097 bit or 56. 6% for which we
are willing to pay $792. The additional cost of sampling three
cylinders is $620. Sampling four cylinders results in a gain of . 1466
bit or 75.5% at a cost of $1060, so our decision would be to sample
three cylinders if cost of information is a criterion in the decision
making analysis. The relationship between information gain and cost
is portrayed graphically in Figure 16.

Figure 16 shows that an additional sample should be tested for
those points plotted for the cost of testing that are below the curve for
management's willingness to pay. The last point which is below the
curve for management's willingness to pay is the solution to the

problem.
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III. ESTIMATION USING MULTI-FACTOR
INFORMATION THEORY MODELS

Introduction and Theoretical Development

In this chapter, information theory will be applied in an attempt
to predict values for p(zj) and p(yi) in a multi-factor conditional
information analysis. In Chapter II the conditional information

transmitted was determined from Equation (2.4) as:

n m
H(Z|Y) = —Z Zp(yizj) log p(zj|yi) (3.0)
i=1j=1

If Equation (2.5) for p(zjlyi) is substituted into the above equation

for the conditional information, the following relationship is obtained:

p(y'iz.)

n m
_ i
H(Z|Y) Zzp(yizj)log[ oly) ]

i=1j=1

which may be written:

n m
H(Z| Y) = _Z zp(yizj) log p(yizj) +z Zp(yizj)log p(yi)
j

i=1j=1 i (3.1)

but Z Z p(yizj) log p(yi) may be written:
i
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Z log p(yi)z p(yizj)

i j

and employing Equation (2.5) again:

Z p(yizj) = z p(yi)p(zj | Yi) (3.2)
j j

Since p(yi) is constant as far as the summation is concerned,

Equation (3.2) may be written as:

Zp(yizj) = ply) Zp(zjlyi)
j

]
but Zp(zjlyi) =1 for all Vs i=1,2,...,n so Equation (3.1)
j
becomes:

H(ZIY) = -Z Zp(yizj) log p(yizj) + Zp(yi) log p(yi)
i

i
and from Equation (2.0)

i

and

H(Y) =Z ply,) log ply,)

i
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Therefore

H(Z|Y) = H(Y, Z) - H(Y)

and the information transmitted by the joint experiment is:

H(Y, Z) = H(Y) + H(Z|Y) (3.3)

In words, Equation (3.3) states that the information transmitted
by the combined experiment is the information transmitted by Experi-
ment Z when the results of Y are known. This result implies
that the information transmitted by the combined experiment is

greater than either of the sub-experiments or that:
H(Z, Y) > H(Y)

since H(Z,Y), H(Y) and H(ZIY) are all non-negative values.
We could also write:
H(Z) + H(Y) >H(Z,Y)

or

H(Z) + H(Y) > H(Y) + H(Z|Y)

which gives the result that:

H(Z) >H(Z|Y)

which shows that knowing the results of Experiment Y reduces the
information transmitted by Experiment Z. Therefore, the amount
of information gained by observing the results of Experiment Y may

be defined as:
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G(Y, Z) = H(Z) - H(Z|Y) (3. 4)

Equation (3.4) will be useful in deriving the prediction equations

which follow.

Prediction Equations

Development

Given a conditional probability matrix:

¥y Y. y

i n___
zy p(z.llyl) SN p(z.llyi) Ce p(z.llyn
zj P(Z.jIYl) e P(z.jlyl) R p(z:jlyn)
z p(z;nlyl)... p(z;nlyi)... p(z;nlyn)
L 1

With no prior knowledge of p(zj) or p(yi) we would like to
develop a method to predict these values. A logical approach is one
which will determine p(zj) and p(yi) such that a maximum
information gain is achieved. Equation (3.4) could be used then, to

determine:

[max]G(Y, Z) = H(Z) - H(Z|Y)

subject to Zp(zj) =1 and p(yi) >0 i=1,2,...,n
j

Using the Lagrange Multiplier technique, the maximization
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equation becomes:

[max]G(Y,Z) = H(Z) - H(Z|Y) + p[z p(zj)—l] +E )\i(p(yi)+uiz)
J J (3.5)

The p and )\i terms are the Lagrange Multipliers and the
ui2 terms are surplus variables introduced to form the necessary
equality: p(yi) + ui2 = 0. In most actual problems p(y.l) will
naturally turn out to be greater than zero. It is easiest then, to first
ignore the terms )\i(p(yi)+uiz) and solve for p(zj) and p(yi). If
one or more of the p(yi) are negative, then we may insert the
restriction on the p(yi) and employ the Kuhn-Tucker conditions to
solve the resulting equations. The Kuhn-Tucker conditions will be:

a[F(Z’ M )\1, ll)]

1 0z, =0
J
2. Zp(zj) -1) =0
j
2 J=1,2’° y IN
. i=1,2,...,n
1
4 A.u, =0
i1
5 p(zj)>0
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An alternative method of correcting for negative probability
values is to first determine those values which are negative, set them
equal to zero, and re-solve for the maximum information gain with

these restrictions included.

An Example

Returning to the urn example of Chapter I, assume that we are
interested in sampling one ball only. What strategies should we use
in drawing from urns A or B that will result in obtaining the most
information concerning the experiment?

The available data is:

plg|A) = 1/3
p(r|A) = 2/3
plg|B) = 7/10

p(r|B) =3/10

In matrix form, p(Y|Z), where Y& Y, T z = A,

z2 = B, becomes:

g r
Al1/3 2/3

[p(Y|2)] =
B |7/10 3/10

In this problem it will be easier to solve for p(g) and p(r)
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first, then to use the relationship that:

p(A)p(g|A) + p(B)p(g| B)
and (3.6)
p(A)p(r|A) + p(B)p(r|B)

=8
o
1

1§

to obtain p(A) and p(B), (Appendix A gives a proof that the
information gain may be computed as H(Y) - H(Z|Y) or as
H(Z) - H(Y]|2)).

As suggested in the theoretical development, the restriction
that p(A) >0 and p(B) >0 will first be ignored. Then, if either
of these probabilities turn out to be negative, the restriction will be
imposed and the solution redetermined.

We wish to determine p(g) and p(r) such that:

[max]G(z, Y) = H(Y) - H(Y|Z) + plp(y)tply,)-1]  (3.7)
where
H(Y) = -p(g) log, p(g) - p(r) log, p(r) (3-8)
and
H(Y|2) = -p(a)lp(g|A) log, p(g|A) + p(r|A)log, p(r|A)]
-p(B)[p(g| B) log, plg|B) + p(r|B)log, p(r|B)]
(3.9)
Equation (3. 6) may be solved to obtain p(A) and p(B)

needed for Equation (3.9).
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p(A)(1/3) + p(B)(7/10) = p(g)

p(A)(2/3) + p(B)(3/10) = p(r)

Solving:
p(A) = -9R(g1)4;21p(r)
o(B) = 20p(g) -10p(r)

11

and Equation (3.9) becomes:

H(Y|Z) = - '9p(g1)1+21p(r) 11173 10g, 1/3 + 2/3 log, 2/3]

) [20p(g1)110p(1') I[7/10 log, 7/10 + 3/10 log, 3/10]

Therefore,
H(Y|Z) = .848 p(g) + - 950 p(r)
Equation (3.7) will now become:
[max]G(Z,Y) = -plg) logzp(g) - p(r) logzp(r) - .848p(g)

- .950p(r) + p(plg)tp(r)-1)

and
a[};(f(g) = -log,p(g) - 1 - 848 + 4 = 0 (3.10)
a[Ha(f(,rﬁ){) = -log,p(r) - 1 - .950 + =0 (3.11)
o[H(Z,Y)] _ blg) + plr) - 1=0 (3.12)

Op
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Solving Equations (3.10) and (3.11) for p gives:1

—1og2p(r) - logzp(g) =.102

or
plg), _
log, (2&)) = 102
and
plg) = p(r)210?

From Equation (3.12), p(g)=1 - p(r) so,

. 102
1 - p(r) = p(r)Z( )
and
p(r) = .482
p(g) = .518
Now the sampling strategies may be calculated as:
-9(.518)+21(.482
p(a) - ~2:318)421(. 482)
p(B) = 1 - p(A)
or,
p(A) = .532
p(B) = .468

Since p{A) >0 and p(B) >0, we are justified in neglecting

that restriction from our model. The results suggest that in order to

1
Appendix B gives a proof that derivatives of logya may be
differentiated the same as log.a to obtain 1/a.
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obtain maximum information from our model we should sample from
urns A and B with frequencies 0.532 and 0.468 respectively.
Figure 17 shows a plot of the information gain for various values of
p(A). Again, the maximum occurs for p(A) = .532 and p(B) = . 468

as seen from the graph.

.11

.10 A

.09

.07 -

"

.06

.05 1

Information gain

.03 -

.02 A

0 .10 .20 .30 .40 .50 .60 .70 .80 .90 1.0
p(A)

Figure 17. Plot of information gain for urn example.
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Using the traditional method of maximum likelihood will result
in a sampling strategy of 1.0 and 0.00 for A and B respectively.
This means that a researcher should completely ignore one set of
data. For example, in an R&D situation in which there are two pos-
gsible tests for determining operating characteristics for a piece of
equipment, the traditional method concludes that one will learn the
most about the equipment by ignoring one of the tests completely.
The information theory analysis gives a more logical and practical
solution in which the information gained by conducting each test is
determined. It could turn out, however, that one test is significantly
better than the other. In this case the strategy would be to ignore
that test. The information theory analysis, then, offers a semantic
interpretation which follows from the logical assumption that a
researcher would like to extract as much information as possible by

utilizing all available data in the most efficient manner.
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IV. MATRIX METHOD FOR SOLVING MULTI-FACTOR
INFORMATION THEORY PROBLEMS

Introduction

Muroga (1958) suggests that a matrix method may be used to
solve predictive equations in a multi-factor information channel
analysis. Two types of problems are analyzed in this chapter;

(1) problems that initially result in positive solutions and (2) prob-

lems that initially result in non-positive solutions.

Theoretical Development

Given a conditional probability matrix of determinable values:

Yl Yi Ym
(p(Y|2z)] = ., p(y1|zj) p(yi|zj) p(ym|zj)
z_ p(y1|zm)...p(yi|zm)... p(ym|zm)
where
m
PR CACRES
i=1

In this and subsequent chapters., [ ] will denote a matrix.

[ ]' will denote a matrix transpose. All vectors are row vectors
unless noted as a transpose.



The maximization equation, then, is:

[max]G(Y.2Z) = [H(V)] - [H(Z| V)]

Now, define

(1]’ = [p(Y|2)][B]!

where [H] is a vector of information equations of the form:

l__z IZ)].ng IZ)

i

j Z IZ)logp lz)

i

=2
I

=2
1

on
I

Z ply,lz_) log ply,|2z )

i

and [B] 1is a vector of constants bi; i=1,2,3,.

Solving Equation (4. 1) for [B]' gives:

[B] = [p(¥]2)] =]

Writing Equation (3.4) in matrix form gives:

[p(z)lp(Y|2Z)] = [p(Y)]

Solving for [p(Z)]:

[p(z)] = [p(¥) Ilp(¥Y|2)]7?
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(4.0)

(4.1)

(4. 2)

(4.4)
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Combining Equations (3.0) and (3. 2) into matrix form results

in the following equation for H(Y| Z).
[H(Y|2)] = [H]p(Z)] (4.5)

Substituting Equation (4. 1) and (4.4) into Equation (4.5) results

in the following equation for H(Y|Z).
(Y| 2)] = [p(¥]| 2)] [p(D)[BIp(Y] 2)]

since [p(Y}][B] is a one-by-one vector of constants [H(YIZ)]

may be written as:

1

[H(Y|2)] = [pOIBIp(Y|2)] “[p(Y|2Z)]

but

1

[p(Y|z) “[p(Y]|2)] = [1]

where [I] is an identity matrix. Therefore,

[H(Y|2)] = [p(V)IB]= Zbip(yi) = ijp(zj) (4. 6)
j

i
The above result occurs because we have assumed a square
matrix of conditional probabilities initially.
Now, since we wish to maximize the information gain equation
subject to Zp(yi) = 1, we may include this condition in the follow-

i
ing equation:
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[max]G(Y, 2) = [H(YV)] - [H(Y|Z)]+ )\(Zp(yi)—l) (4.7)
1

where

[H(Y)] = -z ply,) log,p(y,) (4.8)

i
Substituting Equations (4.6) and (4. 8) into Equation (4.7) gives

the following equation to be maximized:

[max]G(Y, 2) = max[—z p(yi) Ingp(yi) —Z b.lp(y.l)+ A (z p(yi)-l) ]

i i i

(4.9)

To maximize Equation (4.9) we take appropriate derivatives and

solve.
alGg(Y,2z2)] _ _
aYi = -logzp(yi) -1 - bi +X=0 (4.10)
d[G(Y,Z)] _ E -
Y = p(yi) -1=0 (4.11)

i
Solving Equation (4. 10) in terms of p(yi) gives:

)\—bi+l N —bi+1
p(yi) =2 =2 ZZ =1
1

and
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Substituting this value for 2)\ into Equation (4. 12) results in:

—bi+1 -b.
(v) = 2 2 2
PIVi/ = b+l o~ -b,
Z 2 ! zZ 2 !
i i
or b,
(y.) = 2 (4.13)
Py b, '
)z
i
Equation (4. 13) may be solved in conjunction with Equation (4. 2)
to determine p(yi) for i=1,2,3,...,m and p(zj) may be

determined from Equation (4.4) (see also Appendix B).

Sampling Example

Let us return to the urn example presented in Chapter II in
order to illustrate calculations using the matrix method.

The conditional probability matrix of data is:

green red
! Y2
Az, 1/3 2/3
[p(Y|2)]=
B z, 7/10 3/10

The inverse of [p(Y|Z)] is:
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] -9/11 20/11
[p(Y]2)] " =
21/11 -10/11
and
—
h1
[H] =
hZ
or
h1 = -1/31log 1/3 - 2/3 log 2/3 =0.917962
h2 = -7/10 log 7/10 - 3/10 log 3/10 = 0.881291
bl
The values for [B]= b may be calculated using Equation
2
(4.2).
b -9/11  20/11 .917962
1
[B] = b =
2 21/11  -10/11 .881291
or
b1 = .8550
b2 = .9520
Therefore,
) - 2..8550
1 2-.8550+2-.9520
and
p(yl) = p(green) = .518
p(yz) = p(red) = .482

which are the results obtained previously using the Lagrange Multiplier



67
technique.
The probabilities p(A) and p(B) may now be calculated

from Equation (4.3) as:

-9/11 20/11

[p(a) p(B)] =[.518 .482]
21/11  -10/11

and p(A) = .532; p(B) = .468 as previously calculated. The
matrix method offers a quick and easy solution to many multi-factor

information channel problems.

Example of Multi-Factor Information Theory Models
with Non-Positive Solutions ‘

As previously stated, there is no guarantee that non-positive
solutions to the multi-factor information theory model will not occur.
The following example illustrates a method for restricting the model
to provide only positive solutions.

Consider a market research situation such as the one presented
by Shirland (1971) in which questionnaires are sent to prospective
customers posing the following four questions.

1. Given brands A, B, C, and D, which one would you

purchase if price were of major importance to you?

2. Considering quality of product, which one would you purchase?

3. Considering reliability, which would you choose?
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4. Considering the warranty of the product, which would you

purchase?

For illustrative purposes, consider the following hypothetical

data.

Table 15. Multi-factor negative probability

example.

Brand A B C D
p(Y|Z) vy, Y, Y3 Y4
z) (price) 1/2 1/4 0 1/4
z, (quality) 0 1 0 0
Zy (reliability) 1/4 1/4 1/4 1/4
z4 (warranty) 0 0 1 0

The data of Table 15 imply that considering prices, 50% of
those answering the questionnaire would purchase Brand A, 25%
would purchase Brand B, none would buy Brand C and 25% would buy

Brand D; etc.

Using the matrix method, the values for [H]' are:

hl 1.500

h 0
m) =] °| -

h3 2.00

and,
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75{_ 172 1/4 o 17/a]°} Thi'
b 0 1 0 0 h
(81 = | * |- :
b 1/4 1/4 1/4 1/4 h
3 3
b, 0 0 1 0 b,
L . e
this yields,
b1 [-z.00]
1 - .
b 0
[B]' = 2 =
b, 0
b, 10.00
L e
Therefore,
_b.
(y.) = 2
ply.) =
i/~ ,+2.00,,0 .0 ,-10.0

for i=1,2,3,4.

Putting in appropriate values for bi in the equation for p(yi)

gives the following results:

p(yl) = . 6666
p(yz) = .1666
p(y3) = .1666

ply,) = - 0002

The values of p(zj) j=1,2,3,4 may now be calculated from
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the relationship that:

[.666 .167 .167 0] = [p(Zl)p(ZZ)p(Z3)p(Z4)]

Therefore,
plz,) = 2. 6656
p(z,) = 0. 1665
p(z,) = -2. 6649
p(z,) = .8329

The above probabilities for p(zj) satisfy‘the restriction that
Zp(zj) = 1 but they violate the requirements that p(zj) >0 and
j
p(zj) <1 for j=1,2,3,4 respectively. The result implies that
the maximum information gain occurs outside the range of allowable
values. Therefore, we must impose an additional restriction in
order to limit our solution to positive probabilities only. Since
p(z3) < 0, alogical restriction is p(z3) = 0. The Lagrange
Multiplier technique may be used to re-solve the information gain
equation. However, in order to maximize the information gain equa-
tion, we must first solve for the p(zj) in terms of the p(yi). In

order to simplify that notation, p(zj) and p(yi) will be denoted

by zj and V- The necessary equations are:



Z.z1 +z3 =4y1
z1+4z2+z3 :4y2

Zg + Z, = 4y3
z, +z3 —4y4

Solving:

= + -
“4 yit vz vy
The restriction that p(z3) = 0 1implies that:
—4y1 + 8y4 =0

The restriction that p(z3) = 0 could also be imposed using
matrix notation. We need only to solve for p(z3) in terms of the
p(yi) i=1,2,3,4.

We know that:

[p(z)llp(Y|2)] = [p(YV)]

Using the method of determinants to solve for the p(zi), the

following result is obtained.

71



Trow
1| ply,lz)) - plylz) - ply_|z))
j ply,) p(y.) ply )
m p(y'1 | zm) e p(YiI zm) e p(yn| zm)
p(zj) =
1 p(yllzl) p(yilzl) . p(Ynlzl)
S IR ERINES CA LIS WA LY
m p(y'1 | zm) e p(YiI zm) - p(yn| zm)

The method of determinants may now be used to solve for

p(z3) in our example.

p(z3) =

Solving:

1/2 1/4 0 1/4

1/4 1/4 1/4 1/4

p(Z3) = 8Y4 - 4Y1

72

which is the result previously obtained. By imposing the restriction
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that p(z3) = 0, the information gain equation becomes:

[max]G(Y, Z) = [H(Y)]-[H(Y|2)]

subject to

and

-4y1 + 8y4 =0

Putting in appropriate values for H(Y) and H(Y|Z) results

in the following equation.

[max]G(Y, Z) = - Z p(y‘i) logzp(yi) - Z Z p(zj)p(yi| zj) logzp(y'i| zj)

i i j

+\ (Z ply;)-1) + p(-4y,+8y,)
i
Plugging in the appropriate values of p(zj) in terms of the

p(yi)I

[max]G(Y, Z) = —zp(yi) log,ply,) - 1.5(4y -4y,) * x(Zp(yi)-l)

i i

Taking derivatives:

3[G(Y, Z)

= . -1 - + - = 4. 14
ay_l 1 0g,Y, 6+\N -4 =0 (4.14)
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=-1-logy, +\ =0 (4.15)
= _1 - 10g2y.3 + X =0 (4. 16)
3[G(Y. Z)] _ , . log,y, + 6+ \ + 84 = 0 (4.17)

ala(y, 2)] _
an 1tV ty3tygtl (4.18)

3[G(Y,Z)] _ 8y, - 4y, = 0 (4.19)

o

Solving Equations (4.14)-(4.17) for the p(yi) gives:

P(Yl) _ Z()\—4}.L-7)
ply,) = 2"
ply,) = 2
oy, - L (\+81+5)

The above values for p(yi) may now be substituted into
Equation (4.19) to obtain p = -1.057 (Appendix C gives the equations
for computing u). Now, Equation (4.18) may be solved for Z)\
which is:

A 1

2 =
2—1. 77Z+20+20+2-3. 456

Therefore:
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ply,) = - 1274
ply,) = - 4045
ply,) = 4045
ply,) = - 0637

Now, solving for p(zj) j=1,2,3,4 gives:

-1

1/2 1/4 0 1/4

o 1 0 0
[.1274 .4045 .4045 .0637] [p(zl)p(zz)p(z3)p(z4)]
1/4 1/4 1/4 1/4

0 0 1 0

———d

and
p(zl) = .2548
p(zz) = .3408
p(z3) =0
p(z4) = .4044
These values for p(z.,) satisfy all the restrictions. Each

p(yi) >0 each p(zj) >0 and Zp(yi) = Zp(z.) = 1.

i j
Based on the result obtained, we would predict that 12.74%
would choose Brand A; 40.5% Brand B; 40.5% Brand C; and 6.37%
Brand D. Also, the p(zj) j =1, 2,3,4 indicate that the factor

"Price" gives us 25.5% of the information concerning the various

brands; that the factor "Quantity" gives 34.1% of the gain in



76
information; that "Reliability" contributes zero percent and
"Warranty" 40.4%. It is interesting to note that the various condi-
tional p(yi| Zj) probabilities for Reliability are all equal to 1/4.
Previously, we showed that Information Gain was measured in terms
of a deviation from the equally likely condition. It is thus justified
to set p(z3) equal to zero. In fact, we would expect this condition
to be true indicating that the factor "Reliability" does not help us any
in predicting which brand will be chosen (Appendix D gives a computer

solution to this problem).

Capital Allocation Example

The symbiotic use of a one-factor and multi-factor information
theory analysis is illustrated in the following example. A manufac-
turer produces two grades of a particular product; Grade A and
Grade XA. Grade A controls 40% of the manufacturer's total market
share while Grade XA controls 60%. Management feels that two
factors alone determine the purchasing habits of customers, "price"
and "advertising expense." The price of Grade A is $5.00 and Grade
XA is $9.00. Currently, the company is spending $100, 000 per year
on advertising with $40, 000 being allocated to Grade A and $60, 000
to Grade XA. It is felt that, perhaps, one or more other factors can
be found which might influence purchasers to buy either Grade A or

XA. Since funds are tight, the company would like to take $20,000 of
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their annual advertising budget to search for new factors and to
reallocate the remaining $80, 000 in order to take advantage of their
old belief that purchasers use only "price" and "advertising" when
buying either Grade A or Grade XA.

If "price" alone is used as a factor to predict market share, the

one-factor information channel equation will be (Shirland, 1971):

W'5+W’9 =1

and from the 2 level /one-factor table of Appendix E, the correspond-
ing prediction of market share will to 50% for Grade A and 60% for
XA. Taken alone, price is seen to be a poor predictor of market
share since the respective shares are known to be 40% for A and 60%
for XA. A multi-factor analysis may then be conducted using as the
required conditional probabilities, p(y1 | zl) = .60 and

p(y2|z1) = . 40. z, corresponds to the factor "price" and ' and
v, correspond to the market shares of Grade A and Grade XA
respectively. Using =z to represent advertising expense, the

2

conditional probability matrix will be:

1 2
price z . 60 .40

1

advertising zZ, p(yllzz) P(YZIZZ)

with
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A multi-factor information theory analysis results in:

p(y1|z2) = .20

p(y2|z2) = .80

Letting .20 and .80 be predictions of market share when
advertising alone is used as an estimator, we wish to determine the
values of L1 and LZ such that:

-L L
w liw -1

where L1 and LZ represent the advertising expense for Grades
A and XA respectively. The tables of Appendix E may be used to
determine L1 and LZ. From the table for 2 levels /one-factor
a ratio of 1:7.23 is obtained for the advertising expenditure. The
conclusion, then, is to allocate $12, 150 as the advertising budget for
Grade A and $67,850 to Grade XA, while $20, 000 additional is being
spend in an attempt to define and utilize other factors that might
possibly be important.

This example has pedagodic value in that it illustrates the

multi-factor information theory analysis in reverse. However, in

practical situations, it could prove dangerous to shift advertising
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resources to such a great extent as is recommended in this example.
One reason is that it has been assumed that purchases rely solely on
"price' and "'advertising'' expenditure when buying the product in
question. If that were completely true, 'the analysis given here would
be valid. However, in actual situations many subtle forces such as
the media used or the method of advertising may be as dominant as
the mere dollar volume of expenditures. Also, a drop of $20, 000 in
advertising may upset the market share balance in favor of competi-
tive firms or the mere method of resource allocation by competing
firms might severely affect any shifts of resources in the example.
By the same token, it could turn out that the analysis is valid and that
the recommended shift will not affect the market share, or it could

even increase the respective shares.



80

V. A CASE ANALYSIS USING ONE-FACTOR AND MULTI-
FACTOR INFORMATION THEORY MODELS

Introduction

Buzzel (1969) presents the following historical background for
an attitude study of five companies involved in manufacturing crushing
and grinding equipment. Buzzel's data will be used in conjunction
with the information theory analysis presented in this dissertation.
The theoretical development of a one-factor information channel

analysis was discussed by Shirland (1971).

Case History

The Diamond Company

In October 1966, Mr. Mathew West, Marketing
Manager of the Diamond Company, was reviewing a series
of studies of awareness of and attitudes toward his com-
pany and competing companies. He was concerned with
assessing the validity of the measures and sampling proce-
dures for two reasons: (1) two sets of studies had yielded
apparently conflicting results; and (2) one set of studies
indicated a deterioration in attitudes toward Diamond, and
this seemed inconsistent with the fact that sales in 1966
were up substantially over previous years.

Company Background. The Diamond Company
manufactured crushing and grinding equipment for sale to
the chemical industry in the United States. Diamond's
equipment was sold by a 35-man sales force. Diamond
and four other companies competed for the bulk of the
business. Mr. West believed that their market shares
were roughly:




Collins, Inc. 15%
Diamond Company 15
Ferguson, Inc. 25
Hammond Machine Co. 20
Maxwell Manufacturing 20
All Others 5
100%

Crushing and grinding equipment was used in a
variety of applications in the chemical industry. Corporate
management, production management, process engineering,
and /or research personnel might be involved in the pur-
chase of a piece of equipment.

Although some companies have developed new types
of equipment in recent years, Diamond had not made sig-
nificant changes in its product line for several years.
Nevertheless, 1966 sales were up sharply over previous
years.

Advertising. The major purpose of the awareness
and attitude studies was to assess the effects of the com-
pany's advertising program. For several years, Diamond
had advertised relatively heavily in trade magazines. The
main objective of the campaigns had been to encourage the
feeling that Diamond stood for leadership and progressive-
ness in the industry. Diamond also maintained a group of
12 service engineers which was regarded as a part of the
sales force. Since this was considered by the company to
be a well-above-average service effort as measured by
industry standards, Diamond was also interested in
assessing its image for repair service.

Shares of total industry advertising expenditures in major

media were estimated as given in Table 16.

The Studies. Mr. West has commissioned two
research studies, one in 1964 and one in 1966. Each
study used the same questionnaire, the same cover
letter, the same universe (the 20,000 name circula-
tion list of the major trade magazine in the industry),
and the same systematic sampling procedure. The sample
size had been increased in 1966 to 1, 000 from 600 in 1964.

81
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Both studies produced about the same proportion of usable
questionnaires (149 in 1964 and 244 in 1966)--a response
rate of 25%.

Analysis revealed that in both studies, the distribu-
tion of respondents' job classifications and geographical
locations closely approximated that of the circulation list
used as the basis for selecting the sample.

Table 16. Advertising expenditures for grinding and
crushing equipment.

Company 1964-1966 1963
Collins, Inc. 14% %
Diamond Company 23 34
Ferguson, Inc. 11 24
Hammond Machine Co. 20 13
Maxwell Manufacturing 32 22
Total pages of advertising
15 100
1964 -66 (all companies) 2 %

The principal results of the 1964 and 1966 attitude and awareness

studies are contained in Tables 17-21.

Magazine Studies. In addition to the 1964 and 1966 studies

which were conducted for Diamond by an outside research agency,

Mr. West became aware of a series of trend studies which had been

conducted by a chemical industry magazine. Its circulation list had

served as the basis for the sample in the 1964 and 1966 studies.
Analysis. Buzzel was interested in noting changes in attitudes

of customers over a previous study. The information theory analysis

will be used to make inferences about customer attitudes. The follow-

ing five tables contain the relative frequencies of replies to five
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questions posed by the research questionnaire. In order to obtain
values for the five levels of the one factor ""Attitude Rating,'' the
various categories; Excellent, Good, Fair, Poor, and Don't Know are
rated as 1, 2, 3, 4, and 5 respectively. One composite rating is then
computed and used to obtain predictions of market share for each
company using each question singularly. Then a multi-factor analysis
is used to test for independence between various questions.

The questionnaire was presented as follows:

Listed below are five major factors which contribute
to the overall impression you have of various companies.
Under each of these are listed the names of five companies
which manufacture crushing and grinding equipment for the
chemical process industry. We wish to learn your opinion
of these companies, and ask that you rate them on each
characteristic by placing a check under the rating you
select. Please bear in mind your opinion is important to
us, even though it may represent an impression which is
not based on first-hand knowledge or experience (Buzzel,

1959).

Question #1. '"Please rate the companies below in regard to fairness
of price and value represented by their crushing and
grinding equipment. "

Table 17. Fairness of price--Diamond Company case study.

Companies
Rating Collins Diamond Ferguson Hammond Maxwell
Excellent .074 111 . 131 .078 . 107
Good .303 .390 .421 . 267 . 340
Fair .074 . 094 . 152 . 107 . 197
Poor .008 .026 .016 . 024 .028
Don't Know .541 .377 .279 .525 .328

Note: Number of responses in the 1966 survey consisted of 244 usable
questionnaires.
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Question #2. '"Please rate the companies below in regard to service."

Table 18. Service rating--Diamond Company case study.

Companies
Rating Collins Diamond Ferguson Hammond Maxwell
Excellent .053 . 086 . 115 .070 . 143
Good . 266 . 283 .390 . 246 .311
Fair . 086 . 160 . 152 .115 . 143
Poor .020 . 041 . 045 .030 . 030
Don't Know .573 .430 .300 .537 .369

Question #3. '"Quality - In addition to the matter of good materials and
workmanship, consider performance measuring up to
promised specifications in your ratings."

Table 19. Quality--Diamond Company case study.

Companies
Rating Collins Diamond Ferguson Hammond Maxwell
Excellent . 139 . 143 . 139 .078 . 156
Good . 254 .328 .369 .221 .324
Fair . 057 . 135 . 176 . 115 . 143
{Poor .016 .012 .020 .016 . 041
Don't Know .532 .382 . 295 .570 .336

Question #4. '"Progressiveness - consider product innovation and
up-to-dateness of products in your ratings. "

Table 20. Progressiveness--Diamond Company case study.

Companies
Rating Collins Diamond Ferguson Hammond Maxwell
Excellent . 074 .111 . 090 . 065 . 143
Good .226 .262 .356 . 258 .324
Fair . 119 . 160 . 185 . 103 .119
[Poor .033 .053 . 057 .012 .025
Don't Know .550 .414 .312 .562 .389
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Question #5. '"Please rate the companies in regard to over-all leader-
ship as a source for any type of crushing and grinding
equipment. "

Table 21. Leadership--Diamond Company case study.

Companies
Rating Collins Diamond Ferguson Hammond Maxwell
Excellent .074 . 144 . 209 . 053 . 168
Good . 217 .320 .394 . 304 . 357
Fair . 131 . 143 . 111 . 127 . 135
Poor .020 . 045 . 033 .020 . 037
Don't Know . 656 . 348 . 254 .496 .303
Analysis

Treating each question as a one-factor, five level information
channel and using the ratings as previously stated, the following
"attitude rating'' and probability predictions are presented in Table
22.

The probability predictions of Table 22 may be arranged in a
conditional probability matrix for a multi-factor information analysis.
The P(Y|Z) matrix is:

Collins Diamond Ferguson Hammond Maxwell

71 2 73 Y4 Vs
Question #1 zy . 1652 L2174 . 2396 . 1648 . 2131
Question #2 z, . 1669 .1956 . 2387 L1737 . 2251
Question #3 zg . 1734 . 2096 . 2322 . 1561 . 2288
Question #4 Zy . 1765 . 2035 .2286 L1722 . 2243
Question #5 zZ 1212 L2212 . 2585 1672 . 2320
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Table 22. Information theory analysis of Diamond
Company case study.

Attitude Probability
Company Rating Prediction
Question #1
Collins 3.639 16.52%
Diamond 3.080 21.74
Ferguson 2.888 23.96
Hammond 3.654 16.48
Maxwell 3.130 21.31
Question #2
Collins 3.788 16. 69
Diamond 3.446 19.56
Ferguson 3.031 23.87
Hammond 3.714 17.37
Maxwell 3.159 22.51
Question #3
Collins 3.542 17. 34
Diamond 3.162 20.96
Ferguson 2.960 23.22
Hammond 3.779 15.61
Maxwell 2.977 22.88
Question #4
Collins 3.765 17. 15
Diamond 3.397 20. 35
Ferguson 3. 145 22.86
Hammond 3.748 17.22
Maxwell 3.193 22.43
Question #5
Collins 4.261 12.12
Diamond 3.133 22.12
Ferguson 2.728 25.85
Hammond 3.602 16.72
Maxwell 2.950 23.20

It may be observed from the matrix (p. 85) that every row is

nearly the same as every other and therefore, the results may not be
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independent. In fact, a multi-factor analysis reveals that, indeed,
the results are not independent. This suggests that any one of the
questions may be used to predict the market shares for the various
crushing and grinding companies. Since we have five independent
predictions, an average of the values may be a better indicator of

market share. The average predicted values, then, would be:

Collins, Inc. 15.20%
Diamond Company 19.71
Ferguson, Inc. 22.80
Hammond Machine Co. 15.80
Maxwell Manufacturing 21.49
All others 5.00
100.00%

The above results agree very well with the rough estimates of
Mr. West except those for the Hammond Company and for Diamond
Company. A closer look at the original 244 usable questionnaires
suggests a possible reason for the low estimate for the market share
of the Hammond Company. Since it was estimated by Mr. West that
the Hammond Company controlled 20% of the market for crushing and
grinding equipment, one would expect that a representative sample of
the population quld have an opinion as to the various qualities of that
company. However, upon close examination of the '"Don't Know'
answers it appears that a large number of the respondants are not
aware of the Hammond Company. Table 23 presents the number

answering ""Don't Know'' for the five questions.
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Table 23. Answers of Don't Know--Diamond Company case study.

Question Collins Diamond Ferguson Hammond Maxwell
1 132 92 68 128 80
2 140 105 73 131 90
3 130 93 72 139 82
4 134 101 76 137 95
5 160 85 62 121 74

Table 23 shows that fewer persons answered ""Don't Know'' about
the Ferguson Company (25% Market Share) and for the questions, the
Collins Company (15% Market Share) had the most '"Don't Know"
answers for three of the five questions. These results were to be
expected since the Ferguson Company and Collins Company were first
and last respectively in Market shares. On the other hand, the
Hammond Company which was estimated to have the second largest
(20%) market share had the most ""Don't Know'' answers to two of the
questions and had second most of the other three.

It would appear, then, that the sample taken did not contain a
representative number of persons familiar with Hammond Company's
product. Suppose then that the Hammond Company's market share is
set at the estimated value of 20% and the market shares re-computed
using the one-factor information theory analysis. The various market

shares would then be:
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Collins, Inc. 14.90%
Diamond Company 18.80
Ferguson, Inc. 21.30
Hammond Machine Co. 20.00
Maxwell Manufacturing 20.00
All others 5.00
100.00%

The above estimates using information theory agree almost
identically with the ''rough estimates' of Mr. West. The analysis
also points out what might be a very important concept. The fact that
a multi-factor information theory analysis showed that each question
could be used independently to predict market share suggests that
persons might not be able to consider a question such as "rate the
quality'' or ''rate the progressiveness.' Instead, it may be that a
person has a preconceived opinion of a company in general which is
prevalent no matter what question he is asked. In other words, a
person may not be able to isolate his opinion of a company's ''quality"
or '""progressiveness'' as compared to its ''acceptance.'' Instead, he

rates each of these qualities in terms of a combination of all the

factors that make up his opinion of a particular company.
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VIi. INFORMATION THEORY APPLIED TO MARKOV
CHAIN ANALYSIS

Introduction

A first order Markov process is a process with the property that,
given the value of a state of the process Y;, the values Y.;j >1i, donot

J

depend on the values of Yk; k < i. In other words, the probability
of any particular future behavior of the process, when its present
state is positively known, does not depend on its past behavior. A
discrete time Markov chain is a Markov process whose state space is
a countable set (Karlan, 1969).

Some areas in which Markov chain analysis has been employed
are:

1. One-dimensional random walks (Kemeney and Snell, 1965).

2. Queueing models (Pritsker, 1969).

3. Inventory analysis (Hadley and Whitin, 1963).

4. Genetic models (Karlan, 1969).

5. Simulation models (Inoue, 1971).

6. Marketing research applications (Green, 1964).

7. Quality control acceptance programs (Koyama, etal., 1970).

Usually, it is desired to determine the steady-state probabilities

of a Markov chain after the process has reached stochastic equilib-

rium. The following four theorems are useful in determining these
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probabilities for any Markov chain.

Theorem 1. In a positive recurrent aperiodic class with states

J = 0’ 1’2’ H
(o0}
lim =T, = Zn‘

pJJ J 1p1J
i=0

(o0}

En‘, =1

i
i=0

and the w's are uniquely determined by the set of equations:

o o]
any set of (n‘i), satisfying the above equations is called a

i=0
stationary probability distribution of the Markov chain (Karlan, 1969).

Theorem 2. A state i is recurrent if and only if:

o0
DRSS
11
n=

1
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Theorem 3. If state i communicates with state j and if

i is recurrent then j is recurrent.

Theorem 4. The period of a state i is the greatest common

divisor of all integers, n >1, for which p?i >0.

Brand Switching Example

Consider three manufacturers of a product labeled Brand A,
Brand B, and Brand C respectively. It has been found through a
market research survey that there is a certain degree of brand loyalty
apparent in this market system, but also, there is some brand switch-
ing by retail customers. It has been observed that of the persons
purchasing Brand A in one period 10% will re-purchase Brand A
during the next period, 10% will purchase Brand B and 80% Brand C.
Of those purchasing Brand B in a particular period 70% will purchase
A and 30% will repeat. For Brand C, 40% of those who purchase it
in one period will switch to Brand A in the next period, 50% will
switch to Brand B and 10% will repeat.

The individual manufacturers are interested in determining the
answers to the following questions.

1. After n periods what will be the respective market shares

for the three brands?

2. At stochastic equilibrium, what is the market share for each
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manufacturer ?

3. How many periods does it take for the Markov process to

reach stochastic equilibrium?

Most Markov chain analyses involve determining answers to
questions 1 and 2. However, information theory may be extremely
useful in answering question 3. It may also be used in answering
questions 1 and 2. Generally, it is very easy to determine the steady-
state or stationary probability distribution by normal Markov chain
analysis. If the transition matrix consists of a positive recurrent
aperiodic class, the steady state probabilities are simply the left

eigenvector (w.,,mw ,..., n'n) associated with the class. The eigen-

1" 2

value associated with the class will be 1, and the right eigenvector
(cpl, cpz, ceey cpn) corresponding to the absorption probabilities will be
of the form (1,0,0,...,0). In many cases, stochastic equilibrium
will not be reached until a large number of steps (periods in our
example) have occurred. In these cases, it is not realistic to consider
the steady-state probabilities since the conditions under which the
initial transition probability matrix was obtained will likely change
with time. Question 3, then, is very important in drawing conclusions
concerning a Markov chain. At present, the easiest method of deter -
mining the answer to this question is through a trial and error

procedure. However, recently there has been increasing interest in

simulating Markov processes. Several computer programs are
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available which simulate each event with the intent of heuristically
computing the steady-state probabilities along with other pertinent
data concerning the process. For example GERT (Pritsker, 1970);
MSIP (Inoue, 1970; Inoue et al., 1971; Ghaffari, 1970) are two such
programs. Rec;ent authors who have published their research con-
cerning Markov process simulation include Hennie (1968), Howard
(1960), Kemeny and Snell (1960), and Koyama et al. (1970).

This dissertation presents an information theory analysis that
may be used to predict the number of steps to reach the stochastic
equilibrium conditions. This method should prove useful in making
inferences about a particular Markov chain and to set limits on the
number of iterations for a Markov chain simulation. Another
advantage is that the information theory analysis will permit a
researcher to begin his simulation at equilibrium, thus eliminating

costly calculations while the process is in the transient states.

n-Step Transition Probabilities

It may be of interest to predict the probability distribution or
market share for each brand after the system has been operating for
1, 2, 3, etc. upto n time periods. To calculate the market shares
it is only necessary to multiply the one-step transition probability
matrix by itself n times, where n - is the number of steps

desired, and then pre-multiply the resulting matrix by the initial
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market conditions at the start of the analysis. In our example, we
know nothing concerning the respective market shares at the beginning
of the analysis. We should choose, then, the condition of maximum
uncertainty and use the equally likely case where
P(A) = P(B) = P(C) = 1/3.

From the statement of the problem, the one-step transition
probability matrix is shown in Table 24.

Table 24. Transition probabilities for
Markov chain analysis.

(Period i) (Period i+ 1) to
From A B C
A 1 .1 .8
B 7 .3 0
C 4 .5 1
and
P(AO) =1/3
P(BO) =1/3
P(CO) =1/3
After n ‘steps our market share prediction will be:
1 .1 .8|”
[P(A,),P(B,),P(C)] |.7 .3 0 = [P(A),P(B),P(C )]
0 0 0 n n n
4 .5 1




.40 .44 .16

[P(A ),P(BZ),P(CZ)]:[1/3,1/3,1/3] .28 .16 .56

2
.43 .24 .33

or
P(A)) = .37
P(B,) = .28
P(C,) = .35

Table 25 contains predictions for the market shares of Brands

A, B, and C for the seven periods calculated.

Table 25. Markov chain prediction of market shares.

Period Brand A Brand B Brand C
1 .4000 .3000 .3000
2 .3700 . 2800 . 3500
3 .3730 . 2960 .3310
4 .3769 .2916 .3315
5 .3744 . 2909 .3347
6 .3750 .2921 .3330
7 .3750 . 2916 .3334

Stochastic Equilibrium Probabilities

Using Theorems 1 through 4 stated previously, we may calcu-

late a set of Tl’j such that

96
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The calculations for our brand share example will be:

1 .1 8
. .3 . = , s
[1TA,1TB,1TC] 7 0 [1TA 1TB wc]
4 .5 1

Solving the above system of equations results in:

1TA= .3750
= .2917
1TB 9
= ,3333
"c

Therefore, over a sufficiently long period of time the market
share of Brands A, B, and C would be 37.50%, 29.17% and 33.33%
respectively regardless of what the shares were initially. In this
example, we assumed the equally likely condition of 1/3, 1/3, 1/3.
However, the steady-state probabilities will be as calculated given

any initial conditions.

Information Theory Analysis of n-Step Transition Probabilities

In the previous chapters of this dissertation, we have been using
information theory to predict various probabilities for a conditional
probability matrix. In the information theory analysis, we have pre-
dicted the probabilities of the various outcomes of Experiments Y

and Z when we could observe the conditional probability of
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Experiment Y given the results of Experiment Z. A Markov chain
analysis may be viewed in the same manner. The states of the sys-
tem at time 1 may be viewed as an Experiment Z and the states
at time i+ 1 as another Experiment called Y. The previously
discussed multi-factor analysis may then be used to predict p(yi);
i=1,2,...,n, which corresponds to a prediction of the various
market shares in the brand switching example. However, the infor-
mation theory analysis is based on the results of conducting the
experiment once. In other words, we may calculate the probabilities
of P(Y) and P(Z) for the first step in the Markov chain analysis
by using the matrix [P(Y|Z)]. For steps 2,3,...,n respectively,
we would use the probabilities associated with the transition from
step 2to 3, 3to4, etc. upto n -1, to n. More simply, we
would use the probability matrix associated with
[P(Y] Z)]Z;[P(Y| Z)]3; [Py z) " respectively. It may be noted
that at successive steps in the Markov chain analysis, as n gets
large, the probabilities in each column approach a common value. In

other words, when stochastic equilibrium has been reached

p21=,,,:pml; plj:pzj:...=pmj; and

. = p.. = pmm- Stated simply, each row in the

plm:pZm:” im

probability matrix will be identical. Therefore, the information

gained by the matrix will be zero. Now, if we could use information

theory to calculate the number of steps to reach the condition of zero
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information gain, we could use this value as a predictor of when
stochastic equilibrium is reached.

The brand switching example will now be used to show that the
multi-factor information theory analysis can be used to:

1. Predict the probability values in the transitional stages of

a Markov process.

2. Predict the number of steps to reach stochastic equilibrium

in a Markov process.

The multi-factor analysis of Chapter III was used to develop
Table 26. This table contains the individual transition matrices that
were used in the information theory analysis along with the pertinent
results of the analysis. The following notation is used in Table 26.

Column 1. Step i: Gives the steps of the transitional probabil -
ity matrix as:

step 1 = [p(Y]2)]

step 2 = [p(Y!Z)]Z

ste.p i= [p(YIZ)]i

stepm = [p(Y| Z)]rn

Column 2. The states of the process as Brand A, Brand B and

Brand C.

Column 3. The transitional probability matrix as:
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[p(le)]step 1

[p(Y.l Z)]step i

[p(Y.| Z)]step m

Column 4. p(yi): the prediction of the market shares of Brands
A, B, and C respectively.

Column 5. p(z.): the calculation of the amount of importance
or the relative amount of information gain contributed by each row in
the transition probability matrix.

Column 6. Hi: calculated as:

. 3
ZP(YiIZJ.) log p(yilzj) for j=1,2,
i=1
Column 7. H(Y): the information transmitted by Experiment

Y alone.

3

H(Y) = Zp(yi) 1°gzP(Yi)
i=1

Column 8. H(YI Z): the conditional information transmitted by

Experiment Y when the results of Experiment Z are known.



Table 26.

Summary of information theory data for brand switching example.

Step | State | Probability Matrix p(yi) p(ji) H,1 H(Y) H(Y| Z)

1 A .1 .1 .8 4362 .4396 ..9219 1.5268 .899155
B .7 .3 .0 2121 .5604 .8813
C .4 .5 .1 3517 .0000 1.3096

2 A .400 . 440 .160 .3418 .5150 1.47294 1.44032 . 141691
B . 280 . 160 .560 3042 .4850 1.40568
C .430 . 240 .330 3540 . 0000 1.54552

3 A .412 .252 .336 3744 .3207 1.55685 1.57928 .569183
B .364 .356 . 280 3046 .4417 1.57539

C .343 .280 .377 3210 .2376 1.57429 ,

4 A .352 . 285 .363 3713 .4667 1.57698 1.57788 .575682
B .398 .283 .319 .2911 .2289 1.57038
C .381 .307 .312 3376 .3044 1.57768

5 A .380 .302 .318 3728 .5018 1.57780 1.57810 .577252
B .366 . 284 .350 . 2933 .4982 1.57670
C .378 . 286 .336 3339 . 0000 1.57581

6 A .377 . 288 .335 3762 .5004 1.57630 1.57732 .577402
B .376 . 297 .327 2922 .4997 1.57819
C .373 . 292 .335 3316 .0000 1.57782

7 A .373 .292 .335 3748 .4292 1.57774 1.57749 .577484
B .376 .290 .334 . 2918 . 1987 1.57694
C .376 .293 .331 3334 .3721 1.57748

101
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In order to prove the validity of the information theory calcula-
tions for predicting the various market shares for Brands A, B, and
C, two statistical tests (the paired t-test and Wilcoxen Signed Rank
Test) will be conducted using the results of the Markov chain analysis
and the information theory analysis. Table 27, Ta‘ple 28 and Table
29 summarize the data necessary for conducting a paired t-test for

the predictions for Brands A, B, and C respectively.

Table 27. Market share predictions for brand A.

Market Share by Market Share by
Markov Chain Information Theory
Step Analysis Analysis Difference
Number X1 X2 Xl-X2
1 . 4000 .4362 -.0362
2 .3700 .3418 .. 0282
3 .3730 .3744 -.0014
4 .3769 .3716 . 0056
5 .3744 .3728 . 0016
6 .3750 .3762 -.0012
7 .3751 .3748 . 0003

Table 28. Market share predictions for brand B.

Market Share by Market Share by
Markov Chain Information Theory
Step Analysis Analysis Difference
Number X1 X2 Xl—X2
1 .3000 L2121 . 0879
2 . 2800 .3042 -. 0242
3 . 2960 .3046 -.0086
4 . 2916 . 2911 . 0005
5 . 2909 .2933 -.0024
6 . 2921 . 2922 -. 0001
7 .2917 .2918 -. 0001
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Table 29. Market share predictions for brand C.

Market Share by Market Share by
Markov Chain Information Theory
Step Analysis Analysis Difference
Number X1 X2 XI-X2
1 .3000 .3517 -.0517
2 .3500 .3540 -. 0040
3 .3310 .3210 .0100
4 .3315 .3376 -.0061
5 .3347 .3339 . 0008
6 .3330 .3316 . 0014
7 .3333 .3334 -. 0001

Figure 18 shows a plot of the prediction of the market shares
of Brands A, B, and C using the two methods; Markov chain analysis
and information theory analysis.

Wine (1964) gives the following statistic for conducting a paired

t-test:
d-5 ,
t = S with n-1 degrees of freedom,
4
N1
where:
d = mean of the difference between pairs of observations.
5497 standard deviation of the paired differences.
n
\ L2 2
) a5 - (Zd) /n
_i=l i

d n-1
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Figure 18. Plot of market share predictions for Brands A, B, and C.



number of observations.

n}
H

(o]
]

hypothesized population mean.

Table 30 summarizes the t-test data for the three Brands A, B,

and C. In this example, we wish to test whether the two prediction

methods are identical by setting & = 0. In Table 30,

the sum of the paired differences.

g
2
i

o
1

the sum of squares of the paired differences.

crit the t value at the . 05 significance level with

6 degrees of freedom.

Table 30. Summary of t-test data.
Variabl d a’ d t t
ariable i i ' ®d crit(.05
A _.0231 | .00214309 | -.0033 |.0185601 | -0.470417 2.447
B .0530 | .00839204 .00757(.0364937 0.548816 2.447
C .0487 | .00282871 .00696|.0188600 .976375 2.447
Since each calculated value is less than tcrit at the . 05

significance level, we cannot reject the hypothesis that the two

methods of predicting market share are the same.

We may conclude

that in the absence of additional information the information theory

analysis gives predictions not significantly different from the Markov
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chain analysis.

In order to use the paired t-test we must assume that the two
populations from which data are drawn are normally distributed. As
a further test of our data a distribution free test as suggested by
Wilcoxon will be conducted. The Wilcoxon signed rank test uses
both the order and magnitude properties of the paired t-test but the
normality requirement is not necessary for the Wilcoxon test (Wine,
1964).

In order to conduct a Wilcoxon signed rank test, the paired dif-
ferences are first arranged according to increasing order of the

absolute value of the differences; that is, for Brand A:

Table 31. Wilcoxon test data for Brand A.

Order .0003 -.0012 -.0014 .0016 .0056 .0282 -.0362

Rank 1 2 3 4 5 6 7

Next, assign ranks from 1 to n for each difference as was
done above. Finally, find the sum T of the positive or negative
ranks, whichever is smaller, and compare with the appropriate
critical value from Table34. If T is smaller than the critical
value, reject the null hypothesis that the two methods are the same;

otherwise fail to reject the null hypothesis.
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For brand A: T+=1+4+5+6216
T =2+3+7 =12
Since T = 12 is smaller we use it and fail to reject the null

hypothesis since for seven pairs of values, we reject if T<2 at
the .05 significance level.

Similarly, for Brand B the ordered values and their ranks are:

Table 32. Wilcoxon test data for Brand B.

Order -.0001 -.0001 .0005 -.0024 -.0086 -.0242 .0879

Rank 1.5 1.5 3 4 5 6 7

Since there are two values of . 0001 we assign as rank the

average of their respective ranks or 1 + 2 divided by 2 =1.5.

J O =
Now, T+ 10
T = 18
Since T+ = 10 >2, we cannot reject the hypothesis that the
two methods are the same.

Table 33. Wilcoxon test data for Brand C.
Order -..0001 .0008 .0014 -.0040 -.0061 .0100 -.0517
Rank 1 2 3 4 5 6 7
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For Brand C: T+= 11
T =17
Again, since T+ =11 >2, we cannot reject the hypothesis

that the two methods are the same.

Table 34. Critical values of T for Wilcoxon's signed
rank two sided test.

Pairs Probability
n .05 .02 .01
6 0 - -
7 2 0 -
8 4 2 0
9 6 3 2

From the results of the two statistical tests conducted on the
data in the brand switching example we can conclude that the two
methods of predicting the marketing shares for the various brands are

not significantly different.

Information Theory Used to Predict the Number of Steps
to Reach Stochastic Equilibrium

It was stated previously that the gain in information G(Y, Z)
will be zero when stochastic equilibrium is reached since each row of
the probability matrix will be identical. To show that this statement
is true consider the following:

Given the stochastic equilibrium probability matrix:
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Column 1 2 j m
Row 1 P P,...P, ... P
1 2 j m
i P1 P2 Pj . Prn
m P1 P2 Pj . Prn
Where:
P, = ply,lz;) = ply,|z,) = ply,lz_)
P_=ply,lz) = plylz;) = = ply, l2,)

Since each row in the probability matrix is the same, one row
alone contributes 100% of the information concerning the matrix or

p(zl) =1 and p(zz) = ... = p(zm) = 0.

Then p(yl) =Py p(yz) =Py e p(ym) =P -

The information gain equation:

G(Y, Z) = Zp(yi) log,ply,) - Z zsz(yilzj) logzp(yilzj)

i j i

Plugging in appropriate values for the zj:

G(Y, 2Z) = Zpi log,P, - 1 ZPi log,P, = 0

i i
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Therefore, at stochastic equilibrium, the information gain will
be zero. If it were possible, then, to predict the number of itera-
tions needed to reach the point of zero information gain, we could
have a predictor of the number of iterations to reach equilibrium.
The brand switching example will be used to show that the information
gain equation follows an exponential type distribution. Linear regres-
sion will then be employed using as data the information gain values
for the first few iterations in order to obtain an estimate of the num-
ber of steps to reach a point of zero information gain.

The gain in information for the first seven iterations of the

brand switching example are presented in Table 35.

Table 35. Information gain for brand switching

example.
Information Gain
(bits) Log (Gain)
Step H(Y) - H(Y/Z) €

1 . 627673 - 0.465736
2 . 141691 - 1.954107
3 .010098 - 4.595418
4 .002200 - 6.119298
5 . 000849 - 7.071451
6 . 000084 - 9.350000
7 .000004 -10.000000

Table 35 shows that after six iterations the gain in information
is zero to four decimal places. In fact, from the Markov chain

analysis for iteration six the respective probabilities for Brands A,
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B, and C were . 375, .292, and .333 which are the same as the com-
puted stationary probability distribution using Theorems 1 through 4
listed previously. Figure 19 shows a plot of the information gain for

the seven iterations for the brand switching example.
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Figure 19. Plot of information gain for brand switching example.
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From Figure 19 it may be seen that the gain in information
follows an exponential type distribution. A non-linear regression
analysis could be used directly to determine the equation of this curve.
However, we wish to make our predictions based on as few data points
as possible so it will be expedient to make a log (base e) transforma-
tion of the data. Table 35 gives the logarithms to base e for the
seven data points. Figure 20 shows a plot of the transformed data

points.

(information gain)
[]
o

e

Log
4

Figure 20. Plot of transformed data for the information gain in a
brand switching example.
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The plot of the transformed data does not follow exactly a

straight line. However, we must decide on the number of iterations to

use for the predictive equation. If all seven data points were used, a

quadratic or cubic term as well as a linear term might be desirable.
For this particular example we will employ simple linear regression

using only the first two data points to make our prediction. Then,

successively three, four and five points will be used to note any change

in the prediction. Table 36 summarizes the linear regression data

and gives the predictions for the number of steps to reach stochastic
equilibrium. For cases II, III, and IV the regression equation is

based on values of X of -1, 0, 1, 2 etc. instead of X =1,2,3,4

to facilitate ease of computations; X being the (i-2) iteration.

Table 36. Predictions of the number of steps for a Markov chain to
reach stochastic equilibrium.
Predicted Number
Prediction Based of Trials to Reach
on Steps Prediction Equation Stochastic Equilibrium

1,2 Y = -1.48837X + 1.022635 7.4~ 8
1,2,3 Y = -2.33842X - 2.530577 5.2 26
1,2,3,4 Y = -2.21039X - 2.146494 5.6 %6
1,2,3,4,5 Y = -2.21039X - 1. 830819 5.7=6

From Table 36 it may be noted that using the first two iterations
of the Markov process, the prediction is eight steps to reach

stochastic equilibrium while using three, four, or five iterations
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results in a prediction of six. This is an important result in several
respects. For computer programs that rely on matrix multiplication
to compute steady-state probabilities, the usual method is to set an
arbitrarily large limit on the number of iterations to insure that
stochastic equilibrium has been reached. Instead, the information
theory analysis could be used to predict an acceptable limit for the
number of iterations, thus reducing unnecessary costs of intermediate
steps. In Monte Carlo simulations, only one event is sampled at a
time. Therefore, it takes an even greater number of calculations to
determine the steady-state probabilities. The information theory
approach could be even more useful in these simulations since the
simulation could be started at a point at or near stochastic equilibrium,

thereby saving the costs of many calculations.
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VII. IMPLICATIONS AND EXTENSIONS

Implications of Multi-Factor Information Theory Model

This dissertation has presented three areas in which multi-
factor information theory models may be applied; (1) Bayesian deci-
sion analysis, (2) estimation and (3) Markov chain analysis. In
Bayesian decision analysis, it was shown that information theory
could be used to obtain the same results as with traditional methods.
An advantage of the information theory approach is that it offers a
measure of sensitivity in a particular problem. For example, in thé
urn problem it was found that sampling procedures (a), (b), and (c)
resulted in values of . 685, .691, and . 697 respectively for the
probabilities of guessing correctly the urn from which one had been
sampling. The information theory approach showed that sampling
procedure (a) resulted in a 16% gain in information over complete
uncertainty; procedure (b) showed a gain of 18. 5% over complete
uncertainty and a 3.08% gain over procedure (a); procedure (c) was
concluded to be the best since it contributed a 29. 03% gain over com-
plete uncertainty and a 12. 9% gain over procedure (b). Information
theory, then, may be used as a decision tool in determining before
an experiment has been conducted whether enough will be learned to

make the experiment worthwhile. In this way the feasibility of
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collecting additional information can be examined.

Information gain may also be used to determine an optimal point
for management's willingness to pay for additional information by
equating it to the cost of collecting that information. This concept
should be especially useful in the area of Quality Control and Sampling.
The main advantage over traditional methods is that the information
theory approach answers the question: '"Exactly how much is learned
from the collection of additional information and is it worthwhile
costwise to gather additional information?' Of secondary importance
is the fact that the information theory approach bases its interpreta-
tion of the problem situation on all the outcomes of an experiment and
not on just one or two specific outcomes.

When utilizing information theory as an estimating technique,
the results obtained showed that sampling strategies that produce a
maximum information gain are identical to those obtained by tradi-
tional methods. However, the information theory analysis is easier
to apply, and offers a novel interpretation and a clearer understanding
of the information processing mechanism.

A multi-factor information channel analysis is very useful in
many areas of marketing research. For example, the results of
questionnaires may be analyzed in an attempt to determine market
share. The basic hypothesis is that consumers are influenced by a

variety of factors when they make purchases; price, advertising, color,
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location, packaging, quality of product or company image, etc. The
information theory analysis can help to identify those factors which
are being considered. Once defined, these factors can be altered in
an attempt to increase market share or to improve the overall image
of a particular company. In the case analysis presented in Chapter
V, five questions were analyzed in an attempt to determine if they
could be used to predict market share. The solution showed that any
of the five questions could be used independently as an estimator of
market share. This result was significant because it suggested that

persons were not able to separate their opinions of a particular

"1 o

company into levels of ''fairness of price,' ''service value,' ''quality,"
""'progressiveness'' and ''leadership.'" Instead, the analysis led one
to believe that, perhaps, it was a combination of these factors that
influenced a customer's opinion of a particular company but he was
simply not able to differentiate between different factors. A manu-
facturer should then be cautious in his use of information supplied by
questionnaires of this type. For example, if a manufacturer were
interested in determining customer attitude concerning the quality of
his product, he should remember that answers may well contain feel-
ings about many other aspects of his company as well and not on
quality alone.

The information theory analysis may serve to illuminate problem

areas of negative or positive feelings about a company. If upon



118
analyzing the results of questionnaires, several factors are seen to be
independent as far as estimating market share is concerned while one
is not, that factor may distinguish positive or negative reactions about
the company. For example, in the case study presented in this dis-
sertation, suppose that four of the questions could be used independ-
ently to predict market share but the question concerning quality
could not. This might indicate that customers are heavily influenced
by this factor. If the analysis showed that using quality as a factor
resulted in a low estimate of market share, pérhaps the company
could improve its position through advertising or by improving its
image as far as quality was concerned. If the factor, quality, results
in a high market share estimate, it may indicate that the company's
quality is considered exceptional. Again, a decision could be made to
further capitalize on this fact through advertising or other means.

In any practical problem concerning Markov processes there are
two phases, a transitional phase characterized by constantly fluctuat-
ing probability values and a stochastic equilibrium or steady-state
phase corresponding to long run aspects of the process. It may be of
practical interest to determine exactly how many steps it takes to
reach stochastic equilibrium. For example, in an inventory problem
one might like to develop a stocking policy for merchandise. The
usual approach is to calculate the steady-state probabilities and base

a decision on those values. However, it may take an unusually large
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number of periods for the particular process to reach the equilibrium
phase. In this case, the stochastic equilibrium condition is of no
interest since estimates generated to obtain values for the study will
vary with time and are therefore only reliable over a short planning
horizon. It would be very desirable, then, to calculate the number of
steps to reach equilibrium. This dissertation presented a procedure
using the concept of information gain which could be used to predict
the number of iterations of the process needed to reach stochastic
equilibrium.

Montgomery (1969) states that the Markov chain model of cus-
tomer behavior is subject to certain limitations, one of which is the
need for the development of statistical methods to render a model
more empirically viable. In recommendations for future research,
Montgomery states that there is a need for the development of multi-
dimensional Markov, diffusion and learning models. The information
theory model presented in this dissertation is one answer to both of

these recommendations.

Extensions for Future Research

In its present state, the Markov model of consumer behavior is
subject to limitations which identify areas for future research. First,
the model is not able to account for heterogeneity among consumers

in terms of their transition probabilities. Another generalization
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would be to allow customers to vary their opinions or reactions with
time. Second, developments in additional methods to test and validate
the assumptions are needed.

In the area of human behavior, it would be extremely desirable
to show that in any given situation, consumer behavior can be analyzed
as a communication channel. If this were the case, any situation
could be analyzed by identifying those factors upon which consumers
rely when making purchases. The challenge, then, involves first,
studying a wide variety of specific problems in an attempt to identify
the specific factors involved. Secondly and of more importance, is the
need for a method of systematically searching for the pertinent
identifiable factors that explain consumer behavior. Of course, as in
most mathematical techniques, data collection is an important prob-
lem area. If reliable data were available the criticism of most
mathematical techniques would be alleviated.

Another area of interest for future research is in the area of
learning models. Traditionally, information theory was applied to the
human operator in order to determine learning rates. Similar models
could be studied using consumer behavior as a communication mechan-
ism. A fundamental aspect of learning theory is the idea that the
occurrence of a response will increase the probability that a consumer
will repurchase the product at a later date. In fact, most available

learning models explicitly state that purchase event feedback affects
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the future response probability. Kuehn (1962) postulated a linear
learning model for consumer brand choice. Information theory sug-
gests a logarithmic function. Several specific examples exist that
suggest that information theory may be very applicable in the area of
consumer learning. Haines (1964) developed a learning model using
aggregate market measures which were found to be asymptotic. He
then used regression analysis which resulted in a modified linear
learning model. Future research could show that a model based on
information theory is more realistic in certain situations than either
Kuehn's or Haines' models.

Montgomery (1969) states that there is a need to test the
empirical viability of stochastic models for many product classes and
to compare various models. The information theory model presented
in this dissertation should be compared to other models for many sets
of data.

Additional work is needed in the area of evaluating the costs of
gathering information versus gain in information. Usually, cost con-
sideration problems are analyzed in an attempt to optimize manufac-
turing a product at the point of lowest total cost. However, in many
cases, especially in R&D situations, minimum cost might not be of
interest. For example, suppose a specified amount of capital is avail-
able for quality and reliability studies of a product. Several tests can

be conducted each costing a specified amount. The questions of
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interest are; ''Which tests should be conducted ?' and "How much
testing should be done?'" Instead of minimum total cost, the problem
might concern itself with allocating capital in a manner that will pro-
vide the most information about the product. One example of this
type of analysis was described in this dissertation. More research is
needed, however, to develop improved methods which may be tested
in actual problem situations.

More research is needed in the area of identifying random
effects or noise that severely affect an information theory model.
Also, the actions of competing alternatives should be studied in an
attempt to determine the effect a change in one will have on the
information theory model.

In models similar to the capital allocation model of page 76,
calculations become increasingly cumbersome as more factors are
introduced into the model. More research is needed to develop
methods to handle these problems.

Shannon's early research into stochastic processes prompted
Kunisawa (1958) to suggest that a department of a company might be
analyzed by studying the flow of memos and communications between
members of a work group. It may be possible to treat one person in
the group as a transmitter sending information using the paperwork
channel to a receiver represented by the person receiving the informa-

tion. A similar analysis could be made using the flow of machine
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parts in a factory. Various departments such as the assembly area,
inspection area, manufacturing area, etc. would act as transmitters
and receivers and the volume of movement of various parts as the
information channel. If information theory could be shown to be
applicable to either of these situations, a new and powerful application
will have been found which will extend the usefulness of information

theory models.
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VIII. CONCILUSIONS

This dissertation has attempted to present the extreme versa-
tility of information theory. Claude Shannon (1949) who pioneered
information theory research, avoided the criticisms of other
researchers of his time by specifying that his theory only applied to
the technical problems of communication and not to the semantic or
pragmatic problems with which social scientists were concerned.
Technical problems as investigated by Shannon involve the accuracy of
transmitting symbols of communication. Semantic problems, on the
other hand, deal with how precisely transmitted symbols convey the
desired meaning. Problems involving motivation and understanding
fall into this category. Pragmatic problems are concerned with how
successful the meaning of a message transmitted to the receiver leads
to the desired result.

A mathematical treatment of consumer motivation has been pre-
sented in this dissertation. The premise is that consumers are
deluged by positive and negative signals and messages which motivate
them to purchase or not to purchase a particular product. These
signals are transmitted to consumers by means of specific factors
such as price, advertising, packaging, function, appeal, etc. Some
factors may act as positive motivators such as a low price, snob

appeal or other desirable feature and negative motivators such as a
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high price, poor quality, etc. Acting collectively, these factors
determine consumer behavior. Stated categorically, any consumer
behavior problem could be analyzed mathematically by identifying and
measuring the specific factor or factors that influence consumers
when purchasing a particular product. Practically speaking, however,
it would be an impossible task to identify every factor involved.
Instead, it may be possible to identify a sufficient number of factors
which can be used to predict behavior. All the undefined factors
would then be considered as noise. In many cases, one factor will be
sufficient, in others two or more will be required. Each situation
would have to be individually analyzed in order to determine the
particular information theory model that applied.

Markov chains have been extensively used as consumer learning
models, game theory models, queueing models, etc. The mathemati-
cal treatment of consumer motivation presented in this dissertation
can be used to explain Markov chain learning models. The Markov
chain model is predicated on the assumption that once a person has
purchased a particular product, there is a distinct probability that he
will repurchase or switch products during the next purchase period.
Steady-state probabilities are then calculated to determine the long run
purchasing habits of consumers. Employing the multi-factor analysis
suggests that the fact that a person had or had not purchased a

particular product would act as a factor in conjunction with all others
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to either positively or negatively influence the repurchase of the pro-
duct during the next purchase period. A multi-factor information
theory model, as well as a Markov chain analysis can be used, then,
to predict purchase habits of consumers. At steady-state the Markov
chain analysis and the multi-factor information theory model result in
identical solutions. During transitional phases, simulation of the
Markov process and the information theory models are seen to be
closely correlated.

Another important application of information theory models is
in the prediction of the point at which steady-state conditions of a
Markov chain analysis will be reached. Using the results of the first
few steps in a Markov chain analysis, the information theory models
give a fairly accurate prediction of the number of steps to reach
stochastic equilibrium. An analysis of this type could prove useful in
simulation situations. For those simulations in which stochastic
equilibrium is of prime importance, the information theory model
could be used to predict the point at which equilibrium is reached.
The simulation could then be begun at this point saving many costly
calculations.

The information theory models presented in this dissertation
can also be useful in economic decision situations in which it is
desired to obtain a maximum amount of information per dollar and not

simply to operate at minimum total cost. For example, in the area
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of quality and reliability control, several tests may be available
which can be used to determine specific characteristics for a product.
The information theory model could be used to determine the number
of tests to conduct that will result in allocation of capital such that a
maximum amount of information about that product results.

Again, the power of the information theory models presented in
this dissertation appears to be in their potential for explaining how
consumers behave, how Markov chain analyses are used as learning
models, and how decisions can be made. For these reasons, infor-
mation theory should prove to be another useful addition to the fields

of Operations Research and decision analysis.
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APPENDIX A

Information Gain Equation Proof

Proof that

G(Y, Z) = H(Y) - (Y|Z) = H(Z) - H(Z|Y)

where

H(Y) = Z p(yi) log p(yi)
i

and

H(Y|2Z) = ZZ z) |z)1ogp |z)]

We know from Bayes theorem that:

ply,)p(z.|y,)
_ i 14!
Pyilz) = o

Substituting the value of p(yi|zj) as determined from Bayes theorem

into the information gain equation, the following result is obtained:

p(y.)p(z.|y,)
G(Y,Z)=-Z (y)logpy)+zz y)pzly)log—(z)']_

Expanding the terms containing logs:
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G(Y,Z) = - Zp(yi) log p(yi) + Z Zp(yi)p(zjlyi) log p(yi)

i i j

+ Z Zp(yi)p(zjlyi) log p(zjlyi)
i

- Z Zp(yi)p(zjlyi) log plz;)
ij

By definition,

H(Z|Y) =) ) Blyp)ela |y, log bl |y,
U

From above, z Zp(yi)p(zjl Yi) log p(zjly_l) may be written as:
i ]
Zp(yi) log ply,) Zp(zjlyi)
i ]
but
Zp(zjlyi) =1
]

by definition, so

z Zp(yi)p(zjl y,) log p(zjlyi) = Ep(yi) log ply,)
L)

i



which cancels with the like term in the information gain equation.

Now - Z Zp(yi)p(zjlyi) log p(zj) can be written
i)

- Zlog p(z,) Zp(yi)p(zjlyi)

j i

but

Therefore:

G(Y, Z) = -Z p(zj) log p(zj) +Z Z p(yi)p(zj I Yi) log p(zj I yi)
j i
and by definition

H(Z) = -Z p(zJ.) log p(zj)
j

S0:

G(Y, Z) = H(Z) - H(Z|Y) = H(Y) - H(Y|Z)

which completes the proof.
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APPENDIX B

Justification for Equation 3. 10

The following is a proof that derivatives of x log2 X in a

multi-channel information theory model may be differentiated as

log x
1 + log,x instead of first transforming log, x to —= — and then
2 2 loge 2
differentiating.
Consider the objective function (Equation 3. 7):
m m
max [G(Y, Z)] = max - Zp(y‘i) log2 p(Yi) - Zbip(yi)
i=1 i=1
m
+ N Zp(yi)-l )
i=1

In order to differentiate p(y'i) log2 p(yi), log2 p(y'i) should

-]

loge p(yi) logc b

be transformed to ——————— ; since log b =
loge 2 a

. For nota-
logc a

tional purposes llloge 2 will be defined to be C. The information

gain equation may now be written as:

max [G(Y, Z)] = max - CZ p(yi) loge p(y'i) - Zbip(yi)

i i

+ X(Zp(yi)-l )

i



138

Differentiating:
8[G(y, 2)]
= . - : - + N =0 .
8(Yi) c-¢C 10ge P(Yi) bi (B. 1)
alG(Y,2)] _ z _
i
Dividing Equation (B. 2) by C gives:
bi-)\
-1 -log_ply) -—c— =0
or
—bi+)\
( - 1)
ply;) = e (B. 3)
Summing over i from 1i=1,2,...,m and noting Equation
(B. 2):
-bi+)\
( -1)
1= Ze c
i
which may be written as:
-b

]
[¢]
>f
~
a
1]
m —
o

or



JMC) (}_b-i—-l) (B. 4)
2o
i
Plugging the value of e)\/c from Equation (B. 4) into Equation
(B. 3) gives:
-bi
e(—E--l)
ply;) = b

-1
Factoring out an e from both numerator and denominator

gives:

p(y.) =T (B.5)

Taking the natural logarithm of both sides:

1
- =xlog 2
C X Oge
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But
2 =
loge 1/C
so,
b,
1 _X
"Cc C
or
x = -b,
i
Therefore,
..bi
(=) -b
e C -2 i

So Equation (B. 5) may be written:

i=1

The above result, Equation (B. 6) completes the desired proof

of the validity of Equation (3. 11) of Chapter III.
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APPENDIX C

2 (-b,+a,p)

Justification for Using Zaiz Yl 46 Calculate
i=1
the Lagrange Multiplier Constant p in a Multi-Factor
Information Theory Problem with Negative Probabilities

When a multi-channel information theory problem results in
non-positive probabilities, an additional restriction must be imposed

for each negative value. The necessary restrictions are of the form:

m
i=1
where ai; i=1,2,...,m; are constants determined by the particular

problem data.
The information gain equation which must be maximized will

now become:

max [G(Y, Z)] = max -Zp(yi) log, ply,) - Zbip(yi)

i i

Zp(yi) =1

subject to:

and
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Using the Lagrange Multiplier technique with multipliers X\

and p results in the following maximization equation.

max [G(Y, Z)]= max - CZ p(yi) loge p(y‘i) -Z bip(yi)

i i
+\ (Z ply,)-1)+ H(Z a.ply;)) (C.0)
i i

In Equation (C. 0), it may be noted that the logZ p(yi) term
has been transformed to loge p(yi) by the use of the relationship
that loga b = (logC b/logC a).

Taking appropriate derivatives:

8|G(Y,Z)l _ -
a(Yi) = -C-C loge p(yi) - bi + N+ a = 0 (C. 1)

olGg(y, Z)] _ Z N
8()\) - P(Yl) -1=0 (C- 2)

i

i

8 (p) )

Solving Equation (C. 1) for p(yi) gives:

-b, A+
bi)\pai

(——=—-1)

p(yi) = e c (C.4)
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Inserting the result of Equation (C. 4) into Equation (C. 3) results

in the following equation:

(————-1)
Za.e c =0 (C.5)

Now, e may be factored out of Equation (C. 5) to get:

b+
b, tha,

(———)
Zaie c =0 (C. 6)

i

If we let (-bi+pai) = K, Equation (C. 6) becomes:

Za.eK/C =0 (C.7)

But, in Appendix B, it was shown that eK/C = ZK. Therefore,

Equation (C. 7) may be written as

or

which is the desired result. Equation (C. 8) is employed in the
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computer program of Appendix D. For purposes of hand calculations,

it is probably easier to use logarithms to base e. In that case use:

-b.+
bi ap

(——)
Za.e c =0
i

i

where C = l/loge 2.

When p has been obtained, X\, or more appropriately
\/C .
e may be computed from Equation (C. 2) as:
-b.+A+pa,
i i

(———-1)
Ze c =1

i
. N/C .
Factoring out e gives:

-b.tpa,
i i -1

RN T

or

Now p(yi) may be calculated by plugging in the appropriate



value for e>\ /C into Equation (C. 4).

-b,+pa,
(#_1)
C
(y,) = —
Py -b tpa,
v e
e
i
. -1 .
factoring out e gives:
(-bi+pai)
C
(y,) = —
Py -b.tpa.
(——)
Z C
e
i
Let (—bi+pai) = K then,
K/C
(v.) = €
pPly.
Z K/C
e
i
But as shown in Appendix B; eK/C = ZK. so
2K
ply;) =
2K
i
or,
(-bi+pai)
(y,) = ==
Ply,

145
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APPENDIX D

Computer Program for Solving Multi-Factor Information
Channel Problems

The following computer program calculates all values for one-
factor, two-factor and multi-factor information theory problems as
described in this dissertation. The user must enter a value of 1, 2
or 3 depending upon whether he wishes a one, two, or multi-factor
analysis respectively. The one-factor analysis portion of the program
calculates the respective p(i) for i=1,2,...,n for the various
levels of the factor, conducts a Chi-square test if one is desired and
determines whether to accept or reject the hypothesis that the actual
and theoretical values are identically distributed. An initial value to
start the approximation must be entered by the user along with the
values of the various levels of the factor being considered.

In the two-factor analysis, the program calculates the impor-
tance values Y(1) and Y(2) for the two factors. The probability
values for each row must be entered by the user along with the
marginal frequencies for each level.

In a multi-factor analysis, the user must enter data as follows:

1. The number of rows in the conditional probability matrix.

2. The specific values of the conditional probability matrix by

rows as; p(l,1),p(1,2),...,p(l,m); p(2,1),p(2,2),...,p(2,m);

...;plm, 1), p(m, 2),...,p(m, m).
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After the data have been entered, the computer will then calcu-

The inverse of the conditional probability matrix if one exists.

The conditional information values h(i), i=1,...,n,
The necessary constants, b(i); i=1,...,n for calculating
ply,).
. The p(yi).
The p(zj).

. A check is conducted to insure that all restrictions are

satisfied, i.e., Zp(yi) =1, Ep(zj) =1, p(Yi)'Z 0, p(zj)z 0,
. -
for each i and j. J

. If one or more of these restrictions are violated, the program

will impose additional restrictions and recalculate the values

of b(i), ply,) and p(zj).

The program is written in conversational form and is designed

to be used with the CDC-3300; OS-3 time sharing system with Fortran

IV compilor at Oregon State University. A unique feature of the sys-

tem is the availability of the statement TTYIN which allows data to be

entered directly from a remote unit without the necessity of READ

statements. For example, if a program were written in which it were

desired to enter an array of values for the variable X, the following

statements would be sufficient.
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DO 11=1,N
1 X(I)= TTYIN (4HX= )
During execution of the program, the computer will ask for data
to be entered by printing, X = . The operator will then enter his

value for X1 and the computer will again print, X = . The pro-

cess is repeated until all N values of X have been entered.



280811
28aa2:
286831
28doa:
889053
288861 37
288073
2d4e98: 508
289891
280191
20411
204122
208132
fddtas
2806153
fed16:
#8817:C
28418:C
28919:C
86620:C
fa821:C
28822:C
28823:C
88082a:C
28825: S16
28826356
2808271
208283 38
2008293
96038: 108
29831
88323
808332
28834z
90035z 140
#8036
#8937 .
28838
288391
2884ad:
f88al:39
260842:48
#a8dads -
@@daaza2
#a84a5:
2808846z 4l
88da7:43
8908482
29849
20954z:45
#8851

© 8808523 aa
29853:
adasas
#0855
88856z
@2eas57:
28858
88859146
208681
280661:C
#88662:C
#8663:C
ada6azxC
88865:C
238663
208867 104
288683
280869z
208706
20871

PROGRAM  SHI RLAND

DIMENSION P(15,15),E(15,15),H(15),DC15,15),BC15)
DIMENSION Y(15),2¢15),FC15),XC(15),AC15),P1¢15),0B5C15)
DIMENSION TOB(1S)

DIMENSION P2(2,58),X1(58)

CONTINUE

VRITE. (61,5@8)

FORMAT(® TYPE 1| IF THIS IS A ONE-FACTOR',

1* ANALYSIS',/,' TYPE 2 IF TWO-FACTOR OR',
2' 3 IF MULTI-FACTOR'//) -
NTYPE=TTYINCAH?= )~

IF(NTYPE .EQ. 1)GO TO 56

IF(NTYPE ~EQ. 2)G0 TO 36

IF(NTYPE +EQ< 3)GO TO 3a

IF(NTYPE +EQ. 8)GO TO 37

IF(NTYPE «GT. 3)GO TO 37

THIS PART OF THE PROGRAM CALCULATES THE ROOT OF AN
EQUATION OF THE FORM 1/X + 1/X#%Al + 1/Xx%A2 ETC = 1.0
FOR ANY COMBINATION OF UP TO TEN VALUES FOR X, USING THE
NEWTON RHAPSON METHOD.

FORMATC(1H »F18.5)

CONTINUE

DO 38 I=i,18

X(1)=8.8

WRITE(51,188)

. FORMAT(//,' ENTER AN INITIAL VALUE TO START THE®‘,
I' APPROXIMATION'®,/»' USUALLY A NUMBER BETWEEN', ~

2Y¥. 1 AND 2%,//)

R=TTYINCAHINIT,aH= )

WRITE(61, 180>

FORMAT(//,* ENTER THE POWERS TO WHICH THE VALUES®,
1* ARE TO BE RAISED'/' ENTER A ZERO FOR THE LAST ',
2 VALUE IN ORDER TO STOP ENTERING DATA',//) -
PO 39 I=1,108 .

ACI)=TTYIN (aH A= )

IFC(ACI) .EQ.8.8)G0 TO a8

CONTINUE )

DO al I=1,10@

IFCACI).EQ.8.8)a2,41

X(I)=B.8

G0 TO 43

XCI)=1e/RenACL)

FUNCT =X (1) +X(2) +X(3)+X () +X(5)+XC6) +X(T) +X(8)
1+XC9)I4X(18) =1.8

IF(FUNCT.GT. <@8089)44,45

CONTINUE

IF(FUNCT oLT. -.80889)44,46

DERIV==-AC1) /Rex(AC1)+1)=AC2)/RE%(A(2)+]10)

1 =AC3) /RexCAC3)+1¢)~AC4) /Re% (ACAI+14)=A(5) /REXCALSI+10)
2 =~AC6) /RE#CACE)I+15)-ACT) /Rex CACTI+14)

3 ~A(B) /R¥% (A(B)+14)=AC9) /Rek (ACI) +1¢)
a -~AC18) /Rx%C(AC1B)+1 )

RaR-FUNCT/DERIV

GO TO a@

CONTINUE

WRITE(61,518)R

THIS PART OF THE PROGRAM CALCULATES THE
PERCENTAGES OF THE DIFFERENT LEVELS IN THE ROOT
EQUATION.

WRITE(61,184)

FORMAT(//,' ENTER THE NUMBER OF VARIABLES IN THE',
1* ROOT EQUATION.'s//)

RUMW=TTYINCAHNUMS)

C=ALOG(R)

E=2,71828

288722
#8873:
28874a:
288753147
298762511
288773C
20878:C
2ea879:C
20488a:C
2080881
20882: 285
28883:
aaadsas
28885
28886348
90887 186
#8a88:
203891
208954: 185
208911
@8892s
28893
a809as
28a95z:49
#8096
28897 199
289983
28899:
8e198:
281081
60102:
20183;
eg193:
8010512
801863
e61a7:
6188
ea189;3
26118:
2B UE]
[ A0%:4]
831131187
aelias
98115
6811613
BB1171
98118153
20119:119
28520
#8izls
f81223
#8123: 57
86124154
a8125: 512
81261
88127
221282
@a129:C
#01383C
2d131:C
#8i32:C
THEORY
28133:C
#8134:C
@9135:¢C
241363 36
28137
#9138: zaéd
#8139
28140
aalals

DO 47 I=1,NUMV

XPON=C*A(T)

Pi(I)=1a8./(E**XPON)
WRITE(61,511)I,P1(1)

FORMAT(® P',12,* = ',F18.2,"' %')

THIS PART OF THE PROGRAM EXECUTES A CHI-SQUARE
GOODNESS OF FIT TEST.

WRITE(61,285)

FORMAT(//,* DO YOU WISH TO RUN A CHI-SQUARE TEST?',/,
1° ENTER 1~ FOR YES OR @ FOR NO'/) -
NCHI=TTYINCaH?= ) -

IF(NCHI +EQ. 8)G0 TO S7

WRITE(61,186)

FORMAT(/,*' ENTER THE TOTAL NUMBER OF OBSERVATIONS',/)
NOBS=TTYIN(AHNOBS,aH= ) -
WRITE (61,105)

FORMAT(/," ENTER THE OBSERVED VALUES TO BE TESTED',/)
CHISQRE=@:0 -

DO 4% I=1,NUMY

OBSCI)=TTYINCAHOBS=)

TOB(I)®NOBS*P1(1)/108d.
CHISQRE#(0BS(1)-TOBCI))**2/TOB(I) + CHISQRE
WRITE(61,189)

FORMAT(/,*' ARE THE DATA JUST ENTERED CORRECT7',

1* ENTER I FOR YES OR @ FOR NO.',/) -
fCHEK*TTYIN(AHCHEC, 4HK= ) T

tF(ICHEK +EQ. #)G0 TO a8

NDFsNUMW-1

IF(NDF +EQ. 1)CRIT=3.84146

1F(NDF <EQ. 2)CRIT=5.991a7

IFC(NDF <EQ7 3)CRIT=7.81473

IF(NDF “EQ7 4)CRIT=9.48773

1F(NDF Y S)CRIT=11.4785

1F(NDF 6)CRIT=12.5916
IF(NDF JEQs T)CRIT=14.8671
1F(NDF 8)CRIT=15.5873
1F¢(NDF 93CRIT=16.9198

IF(CRIT +G¥. CHISGRE>€0 TO 53

VRITEC6151@7)CHI SGRE, NDF

FORMATC 1H1," SINCE',F18.4,°' 15 GREATER THAN THE',

I' CRITIGAL VALUE OF',F1d.4;/* WITH',13,' DEGREES OF°,
2°¢ FREEDOM, KEJECT TRE MYPOTHESIS OF INDEPENDENCE',/~
3' AT THE .85 SIGNIFICANCE LEVEL.'//) -

60 TO 54 -
WRITE(61,118) CHISQRE, CRIT,NDF

FORMATC 1H1,° SINCE',F18.4,' IS LESS THAN THE CRITICAL',
1' VALUE OF';F1#.4,7' VITH';13," DEGREES OF FREEDOM,',~
2' AGCEPT THE HYPOTHESIS', 7' OF INDEPENDENCE', -
3' AT THE .85 SIGNIFICANCE LEVEL.'//) -

CONTINUE -~ e

WRITE(61,512)

FORMAT(® ENTER A 1 IF MORE RUNS ARE DESIRED',

1/ ENTER A @ IF NO EXTRA RUNS ARE DESIRED'/7)
NRUNS=TTYINCAHRUNS» aH= ) -

IF(NRUNS +EQ. 1)37,58

THIS PART JF THE PROGRAM EXECUTES A TWO0 FACTOR INFCRMATION

ANALYSIS.

CONTINUE
WRITE(61,288)

FORMAT(' TH1S PROGRAM CALCULATES THE VALUES OF'
1° THE VARIABLES®»/,° Y1 AND Y2 IN A TWO0 FACTOR",
2" INFORMATION CRANNEL PROBLEM.'///) h

WRITE(61,281)

6% 1



#8142
#9143:
21441
281451
20146
281471
@a148:
201493
01581
2a151:
aB152:
281531
22154
281551
201561
e3157:
2281581
98159
881682
2d1611s
ad162:
28163t
#0164
@a1651
241661
60167
89168
2169
20178:
#3171
81721
24173z
2a174:
#8175z
2d176:
281771
28178
281791
@a180:
2a181:
ad182;
#a183:
aa184:
261851
P21861
#0187:
221882
2818912
28198:
83191
281922
268193:
281941

2a1

62

61

202

62

63

64

a0

65

66

67

68

69

59

204

400

88195:C
#8196:C
8@8197:C
@8198:C
88199:C
2828a:C

f@2a1:

34

882@82:C
28203:C
28204:C
20285:C

#0286
20287:
80208:
202891
28218,
28211:

687

688

FORMAT(® ENTER THE NUMBER OF TERMS IN EACH ',

1' ROW OF THE CHANNEL MATRIX.'///) -
A=TTYIN (4HNOEQ,4HS= ) .

DO 68 K=1,2

DO 68 L=1,25
P2(K.L)=0.0
DO 61 K=1,25
X1(K)=@.8
WRITE(61,282)

FORMAT(® ENTER THE VALUES FOR THE P(I1.,J) "',
1° IN THE ORDER',/" PC11D,PC12) + « o« PCIR) ',
2% PC21),PC22)s e o o5 PC2MYS'//ID) N

D0 63 I=1,2 -

DO 63 J=1,M

P2¢I1,J)=TTYIN (4HP= )

VRITE(61,283)

FORMAT(® ENTER THE OBSERVED MARGINAL PROBABILITIES®,
1° AS'L/5° XC1)aX(2) o o o XCMYo'///)

00 64 J=I.M o o

X1¢JI=TTYIN (4HX= )

WRITE(61,380)

FORMAT (' ARE THE DATA ENTERED CORRECT?',
1* ENTER'A 1| FOR YES OR 8 FOR NO.")

RDATA =*TTYIN(4H? = ) )

IF (NDATA .EQ. @)G0 TO 62

Yi=8.9 T

Y2=1.8-Y1

CALL '6UESS (M,P2,Y1,Y2,X1,DIFF1)

CALL PROB (8.1,Y1,Y2)

CALL GUESS(M,P2,Y1,Y2,X1,DIFF2)

IF(DIFF2 «LT+ DIFF1)65.,66

Yi=Y1-@8.1

Ye=1. - Y1

CALL GUESS(M,P2,Y1,Y2,X1,D1FF1)

CALL PROB(8.81,Y1,Y2)

CALL GUESS(M,P2,Y1,Y2,X1,DIFF2)

IF(DIFF2 +LT. DIFF1)67.,68

Yi=Y] - @.01"°

Y2=1.8-Y1

CALL GUESS(M,P2,Y1,Y2,X1,DIFF!)

CALL PROB(8.881,Y1,Y2)

CALL GUESS(M,P2,Y1,Y2,%X1,DIFF2)

IF(DIFF2 «LT« DIFF1)69,59

Y1=Y1-3.001

Ya=1-Y1

WRITE(61,284)Y1,Y2

FORMAT(' Y1 = ',F6.4," Y2 = ',F6.4)

WRITE(61.,48@) : -

FORMAT(' IF MORE RUNS ARE DESIRED TYPE’,

''A 1 "IF NOT TYPE A @") -

NRUNS=TTYIN(4HNRUK,4HS= ")

IF(NRUNS +E@. 1)GO TO 37

GO TO SB

THIS PROGRAM CALCULATES ALL THE NECESSARY VALUES FOR
A MULTI-FACTOR INFORMATION CHANNEL PROBLEM.

ARRANGE YOUR DATA SO THAT THE CONDITIONAL P(Y/Z)

ROW PROBABILITIES SUM TO ONE.

CONTINUE

THE INVERSE OF A MATRIX

WRITE(61,687)
FORMAT(' THE NUMBER OF EQUATIONS ARE',/)
NOEQS=TTYIN(4HNOEQ,4HS= ) :
WRITE(61,688)

FORMAT(//,' THE PROBABILITIES P(Y/Z) ARE',/)
DO 1 1=1,NOEQS :

8082121
#9213
@8214;
2@215;
982161
@0217:
ee218:
282191
99224
ae221:
[-LEF2-N
#8223:
8d224:
88225:
262261
88227
8p228:
8a4229:
9822301
88231
08232
882331
882342
2822351
#4236
88237
#6238
892391
80248t
82241t
90242
882431
86244
/09245
92461
8247
882481:
882491t
882541
28251
802522
2082531
29254
892552
802561
28257
#6258:
98259:
da26#s
826l
382621
28263t
882641C
882651C
28266:C
282671C
28268:
8826913
28270
as271:
2272
#8273
88274
332751
2027612
282771
2a278s
28279
29288
208281:
88282

689

15

71

72

74
285

75
181

102

3

589

20

21
4

DO 1 J=1,NOEQ@S
PC(1,J)=TTYINCAHP= )

DCI,J)=PCILd)

WRITE(61,689)

FORMAT(//,"' ARE THE DATA CORRECT'/,
1" ENTER A "1 FOR YES OR @ FOR NO'.,//)
NCHECK=TTYINC4H?= ) -
IF(NCHECK .EQ. #)GO TO 34

DO 2 I=1,NUEQS

DO 2 J=1,NOEQS

ECI,J)=8.8

DO 6 M=1,NOEQS

E(M,M)=1.8

DO 13 MPYVRO=1,NOEQS

NPIVCO=MPIVRO

T=P(MPIVRO,NPIVCO)

DO 15 N=1,NOEQS
E(MPIVRO,N)=E(MPIVRO,N) /T
P(MPIVRO,N)=P(MPIVRO,N) /T

M=

CONTINUE

IF(MPIVRO .EQ. M) GO TO 8
CM=-P(M,NPYIVCO)

DO 11 N=1,NOEQS

TM=P (MPI VRO, N)%CM
TA=E(MPIVRO,N)&CM

E(M,N)=E(M, N)+TA

P(M,N)=P(M,N)+TM

M=M+1

IF(M .LE. NOEQS) GO TO 18

CONTINUE -

I=1

K=1

CONTINUE

CIDN=@.8.

D0 72 J=1,NOEQS
CIDN=E(J,K)®D(1,J)+CIDN

IF(CIDN .EQ. #)>G0 TO 73

IFCCIDN JEQ. 1.)73,74

K=K+ 1 .

1IF(K +EQ. NOE@S#1)I=[+]

IF(K <EQJ NOEQS+1)K=]

IF(I +EQ. NOEQS+1)60 TO 7S

GO TO 71

WRITE(61,285)

FORMAT(' INVERSE OF THE PRGBABILITY MATRIX',
1' DOES NOT EXIST'.,/} -
60 TO SB N

WRITE(61,181)

FORMAT(/,' THE INVERSE OF THE P(Y/Z) MATRIX I1S}°)
WRITE(61,182) ¢ (M,N,E(M,N),N=1,NGEQS) , M=1,NOEQS) ~
FORMATCIH ,12,12,2X,F18.4)

CALCULATIONS FOR H= SUM P(Y/Z) LOG P<Y/Z)
DO 3 K=1,NOEAQS

H(K)=8.0

WRITE(61.589)

FORMAT(/,°® THE CONDITIONAL INFORMATION °
1°SUM P(Y/Z) LOG P(Y/Z) VALUES ARE}'/)
DO 4 I=1,NOERS )

DG a J=1,NOEQS

6=D(1,J)

IF(G +EQ. 8.0)28,21

TLOG=B.@" .

G0 TO 4

TLOG=-].4426950489%AL0G(E)
HC(I)=H(Y)+D(I,J)«TLOG

DO 58 L=1,NOEQS

WRITE(61.,58@)L,H(L)

0s1



@9283: 58  CONTINUE
88284:C

#82851C

082861C

68287:C THE NECESSARY B CONSTANTS FOR DETERMINING PROB (Y)
082881C

882891 VRITE(61,502)

802981 582 FORMAT(///»' THE NECESSARY CONSTANTS®
882911 1' FOR CALCULATING PROB(Y) ARES®/)

282921 588 FORMAT(' H',12,°* = ',Fi2.5) ~

82931 DO 7 K=1,NOEQ@S

882941 7 B(K)=8.8

802951 DO 9 I%1,NOEQS

982961 DO 9 J=1,NOEQS

062971 9 BCI)=BCI)+ECI,J)#H(J)

862981 DO S1 N=1,NOEQS

892991 WRITEC61,581)N,B(N)

89388: 51  CONTINUE

8083811 C

80382:C

8836831C

88368a1C CALCULATIONS FOR PROB (Y)

06385:C

603661 VRITE(61,5084)

€83871 S84 FORMAT(///,' THE PROBABILITIES P(Y) ARE}‘/)
883081 SB1 FORMAT(' B'.I2,' = ',F12.5)

#0369 YDEN=0.8

883161 DO 12 K=1,NOEQS

883111 12  YDEN=2.@@%%(-B(K))+YDEN

e@3121 DO 14 L=1,NOEQS

803131 Y(L)=2.8@%%(~BCL)) /YDEN

883141 WRITE(61,583)L,Y(L)

88315 14  CONTINUE

@883161C

883171C

88318:C

#6319:C CALCULATIONS FOR PROB (Z) AND CHECK FOR NEGATIVE Z'S
e#328:C CALCULATION OF LAGRANGE MULTIPLIER U AND
ea321ic RECALCULATION OF P(Y) AND P(Z) PLUS THE CORRECTED
p8322:C B CONSTANTS

88323:1C

ea3ga: VRITE(61,585)

983281 505 FORMAT(///,' THE PROBABILITIES P(Z) ARE}‘/)
883261 583 FORMAT(® Y';12,' = *,F6.4)

883271 DO 16 K#1, NOEQS -

883281 16  2(K)=0.8

83291 DO 17 I=1,NOEQS

663301 DO 17 J=1,NOEQS

863311 17 Z(D®Z(I)+YC(JI*E 1)

883321 DO 52 L=i,NOEQS

883331 WRITE(61,586)L,Z(L)

8833a: 52  CONTINUE

88335: 586 FORMAT(® Z°,12,' = ',F8.4)

983361 DO 35 Kidl1,ROE@S™ -~

093371 IFCZ(K) .LT. 8.8)G0 TO §

@8338: 35  CONTINUE® :

983391 GO TO 32

883381 S H(K)=0.0

883411 NZERO=K

883421 DO 19 L=1,NOEQS

88343 B(L)=@.9@

8@3aa: 19  F(L)=E(L,NZERO)

903451 DO 26 M=1,NOEQS

003461 DO 26 N=1,NOEQS

0a3a7: BCM) =B( M)+ ECM, N) #H(N)

603aB: 26  CONTINUE

083491 U=0.8

083581 CHECK 1 =U

883511 CALL TRIAL(F,B,NOERS,U,EQN1)

883521 IFCEQN] .LT. 8.8)G0 TO 22

88353123

#8354
803551
883561
88357t
8835812
883591
883681
#8361z
#9362
93631
883641
883651
#88366%
#8367
283682
893691
80374:
8371
283722
88373
883741
883752
883761
883772
893781
89379:
883881
883811
9838212
883832
38384z
883851
@93861:
268387
#0388;:
883891
#6394
883951
8839212
83931
8#394az
2839512
8839612
803971
8839812
883991
2848da:
oeanl:
804821
98483:
28adaz
884851
884861
28487
PB4a8:
284891
804101
88411
28412
284132
odala:
#0415
904161
#d417:C
#84a18:C
@8419:C

24

25

33

6081

688
27

587
683

28

29
682

685

3
31
32

634

686

Usy-1.0

CHECKZ=U

CALL TRIAL(CF,B,NOEQS,U,EQN2)

IF(EQN2 .6T. 9.8)G0 TO 23

U=(CHECKT+CHECK2) /2.8

CHECK 3=y

CALL TRIAL(F,B,NOEQS,U,EQN3)

IF(EQN3 «GT. +88889)CHECK]1=CHECK3

IF(EQN3 ¢ LTV -.9@889)CHECK2=CHECK3

IF(EQN3 VGT+ .3@8d@9)G0 TO 24

IFCEQN3 <LT. -.0@889)G0 TO 24

GO TO 33° :

UsU+1.08

CHECKZ2 =y

CALL TRIAL(F,B,NOEQS,U,EQN2)

IFCEQN2 .LT. 8.8)G0 TO 22

U=(CHECKT+CHECK2) /2.8

CHECKX3=U

CALL TRIALCF,B,NOEQS,U,EQN3)

IFCEQN3 .GT. .898989)CHECK2=CHECK3

IFCEQN3 JLT. -.#88@89)CHECK]1=CHECK3

IF(EQN3 “GT+ <@@8#9)60 TO 25

IF(EQN3 7LT. ~./06869)60 TO 25

CONTINUE™

WRITE(61,681)

FORMAT(///»* SINCE SOME P(Z) ARE NEGATIVE',
1' NEV VALUES MUST BE CALCULATED',/,' WITH THE '.
2" RESTRICTION THAT P(Z) EQUAL ZERO FOR SOME Z.*
37/¢,° THE CORRECTED CONSTANTS ARE}‘/) -

DO 27 M=1,NOEQS

WRITE(61,680)M, B(M)

FORMAT(® B*,12,* = *,F1d3.4)

CONTINUE ~ - -

WRITE(61,587)U

FORMAT(///»* THE LAGRANGE MULTIPLIER CONSTANT',
1° 1S*',F18.85//7)

WRITE(61,603)

FORMAT(' THE CORRECTED P(Y) VALUES ARE}'/)
YDEN2=8:g

DO 28 L#1,NOEQS
YDEN2=YDEN2+2.3@%% (F(L)#U~BCL))

DO 29 K=1,NOEWS
Y(K)®2e@@%% (F(K)*U-B(K)) /YDEN2

WRITE(61.,602)K,Y(K)
CONTINUE

FORMAT(" Y':IE: =',Fl18.4)
WRITEC(61,6085) - "

FORMAT(///»* THE CORRECTED P(Z) VALUES ARE}'/)
DO 38 M=1,NOEQS

Z(M)=R.0

DO 31 J=1,NOEQS

DO 31 K=),NOEQS

Z(J)=ZCI)+Y(K)®E(K.J)

DO 32 J=1,NOEQs

WRITE(61,684)J,Z(J)

CONTINUE

FORMAT(' z°* 112: = ',F18.4)

WRITE(61,606) ) .

FORMAT(//,' IF MORE RUNS ARE DESIRED, TYPE'
1' A 13 IF NOT TYPE A @ '/)
RRUN=TTYIN(C4HNRUN, aH= b

IF(NRUN .EQ- 160 TO 37

CONTINUE ~

END
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884203
L2 V-3 ¥}
ap4ae2s
0084233
ava2as
884251
984263
84271
@Ba28:C
864291C
994303
284313
2884323
884333
20843413
80643s3
984363
804373
2842381
8043931C
004483 C
B84a413C
884423
0944313
@84a44:
BOAAS:
984463

b]

SUBROUTINE TRIAL(F,B,NOEQS.,U,EQN)
DIMENSION F(15),B(15)

EQN=@.9

DO 1 YI=1,NOEGS
EQN=F(1)#2. 332 (F(I)alU) %2, 00%%
1¢(-B(I1))+EQN o
RETURN

END

SUBROUTINE BUESS(M,P2,Y1,Y2,X1,DIFF)
DIMENSION P2(2,58),X1(58

DIFF=8.8

DO 1 Ksl,M

DIF=P2C1,K)2Y 1+P2(2,:K)»Y2-X1(K)
D=ABS(DIF)

DIFF= D + DIFF

RETURN

END

SUBROUTINE PROB(Z,A,B)
A=AYZ

B=1.9-A

RETURN

END

¢Sl
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Solved Examples

Following are the computer printouts for six examples illus-
trating methods discussed in this dissertation. These six examples
are briefly discussed below.

Example #1. A multi-factor analysis illustrating a non-positive

initial solution for p(zj), (j=1,2,3,...,). This example was given
in the text on page 68.

Example #2. A multi-factor analysis illustrating an example

with a positive initial solution for p(zj).

Example #3. A multi-factor analysis with non-positive initial

solution. This example was given by Kunisawa (1958).

Example #4. A multi-factor analysis. An example given incor -

rectly by Kunisawa (1958) on page 107. Kunisawa presents a two-
factor two-level example based on the results of a survey question-

naire. The following conditional probability matrix is given.

Y1 ¥s

Brands A B

z, Practicality | .60 .40
z, Quality .55 .45

Kunnisawa gives for results:



p(Brand A)

= p(Brand B)

H

p(practicality)

p(quality)

57%
43%
60%

40%
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The error in Kunisawa's calculations occurs in his inversion

of the p(Y|Z) matrix.

The above relationship,

proper inverse to exist.

which gives the following results for the probability predictions.

ply,)

ply,) =

He gives:
9 -11
-8 12

-11 12

p(Brand A)

p(Brand B)

.6 .4 1
4

55 .45 0

p(vl2) (v z) = 1

is a requirement for a

The correct inverse is:

.5713

. 4249
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.5013

p(practicality)

T
N

—
It

. 4987

plquality)

T
N

o8]
]

Example #5. 2 multi-factor analysis. An example given incor-

rectly by Kunisawa (1958) on page 90. Kunisawa presents a two-
factor two-level example based on a race prediction problem. A
cyclist's performance is predicted using a racing form and it is
desired to determine if the racing form is actually helpful. The fol-

lowing conditional probability matrix is given.

Actual Results
71 Y2
Racing Form Prediction win lose
Predicts Winner z, .6 .4
Predicts Loser z, .2 . 8

Kunisawa gives the following results:

p(win) = p(yl) =.3

p(lose) = p(yz) =.7

Kunisawa gives the following for the matrix inverse.

but )
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o
—

E j ,:6 4 10
7
1 1.5 2 .8

The correct inverse is:

B

.3938

which gives results of:

p(win) p(yl)

p(lose) = p(yz) . 6062

Example #6. A multi-factor analysis. An example incorrectly

given by Kunisawa (1958) on page 87. Kunisawa presents an exam-
ple based on weather forcasting using a barometer. The following

conditional probability matrix is given:

Fair weather Rainy weather
"1 Y2
Low Barometer reading z .25 .75
High Barometer reading z, . 667 .333
Kunisawa predicts:
p(fair weather) = p(y'l) = .,34315

. 65685

p(rainy weather) =

i
as)
<

(4%
1]



p(low reading)

p(high reading) =

The correct results are:

p(fair weather)

p(zl) = . 7764

p(zz) = .,2236

= p(y]_) =,

p(rainy weather) =

p(low reading)

p(high reading)

p(yz) =

p(zl)

p(zz) =

4558

. 5442

. 5065

. 4935
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EXAMPLE 1

RUN
TYPE 1 IF THIS IS A ONE-FACTOR ANALYSIS
TYPE 2 IF TWO-FACTOR OR 3 IF MULTI-FACTOR

7=
THE NUMBER OF EQUATIONS ARE

NOEQS= 4

THE PROBABILITIES P(Y/Z) ARE

P= .5 P= .25 P= .88 P= .25
P= .8 P= 1.8 Pe .08 P= .00
P= .25 P= .25 P= .25 P= ,25
P= .8 P= .88 P= 2.\\l. P= .48

ARE THE DATA CORRECT
ENTER A | FOR YES OR @ FOR NO

= 3

THE INVERSE OF THE P(Y/Z) MATRIX IS3
1 4.0004
e
~4.8088
1.08000

[}
1.2a008
2
a
2
@

2
1.2000
~-4.08000
-1.6000
8.0800
-2.8000

BEEDLWWWIO MDD~ -
BPUN =P W=D WD~ WO~

CONDITIONAL INFORMATION SUM P(Y/Z)> LOG P(Y/Z) VALUES ARE;

-
x
m

1.50008

2
2.00000
a

IITxIx
B WwD -

[ ]

THE NECESSARY CONSTANTS FOR CALCULATING PROB(Y) ARE;

-2.00000
]

Do ®
LN

a
10.04008

THE PROBABILITIES P(Y) ARE;

Y1 = .6666
Y 2 =2 1666
Y 3= .1666
Y 4 = .p002

THE PROBABILITIES P(Z) ARE;

= 2.6656
= - 1665
= -2.6649
= +832%

NN NN
L XN

SINCE SOME P(Z) ARE NEGATIVE N
EW VALUES MUST i
WITH THE RESTRICTION THAT P(Z) EQUAL zERO FO:ESSSECgTATED

THE CCRRECTED CONSTANTS ARE}

6.8000
a

a
-6.00090

1
2
3
4

YW wo

THE CORRECTED P(Y) VALUES aARE;

Y1 = «1274
Y2 = +40845
Y 3 = «4845
Y4q = + 8637
THE CORRECTED P(Z) VALUES ARE3
Z1t1 = - 2548
Z2 = » 3408
Z3= ~8880
Z4a= 4844

8G1



RN
TYPE 1 IF THIS IS 4 ONE-FACT)R ANALYSIS
TYPE 2 IF TWI-FACTIR 9% 3 IF MULTI-FACT)IR

= 3
THE NUM3ER JF EAQUATIINS ARE

NIEQS= 4

THE PRIBASJILITIES P(Y/Z) ARE

P «50 P= .25 P= .25
P «NN P= 1.0 P= 00
P 32

P 44 P= A4

P 44 P= a4 P= 44

P 44

P= a4

P= 44

P= 14

ARE THFE NATA CNRRECT
ENTER 4 | FOR YES 7R 0 FIR V9

= 0
THE NUMSER 9F EQUATINNS ARE

NNEAS= 4

THE PRIBABILITIES P(Y/7) ARE

P= .80 P= .25 P= .NN pP= .25

P= .01 Px 1. P= .00 P= .00
P= .95 P= W00 Pa .25 «50
P= .00 P= .00 P= 1.0 P= .00

ARE THE 0ATA CO3RECT
ENTER A 1 FOR YES IR N FIR V1

oy
"

INVERSE DF THE P(Y/7) MATRIX IS:
2.6K67T
=N.6KRE7T
=1+3333
«33313

n
1.000n
[4]
[4]
[4]
[4]

0
1.0000
-1.3333
+3333
2e6667
=NeKKRT

-
b.}buaud.\;.a.\}.\:————ﬁ
B I Rl I - A BRI

5 5
IS

&I

150000
n
1.5000n
[4]

LI
B W0 -

COINDITIIVAL INFIRMATION SUM PCY/7Z) LIG P(Y/7Z) VALUES ARE}

THE NECESSARY CONSTANTS FOR CALcULATING PRIBCY) ARE:

B o= 2.00000

9 2= n

B3 = 0

34 = 200000

THE PROBABILITIES P(Y) ARE;
Y1 = .100n

Y 2 = .anng

Y 3 = .a4annn

Ya= .1n0n

THE PRIBABILITIES P(Z%) ARE:
Z1 = <1333

z2 = «3667

73 = +1333

z 4 = <3667

IF MORE RUNS ARE DESIRED, TYPE 4 1: IF NOT TYPE A 0

NRUN= 1
TYPE 1 IF THIS IS A NNE-FACTOR ANALYSIS
TYPE 2 IF TW¥)~-FACTAR OR 3 IF MULT I~-FACTOR

= 3
THE NUMBER OF EQUATIINS ARE

NNEQS= 4

THE PRIBASILITIES P(Y/Z) QRE

<50 P= .00 P=  .NN p= .50
»50 P= .50 <00 P= .00
A0 P= .00 P= 1.0 P=  .nn
225 P= .25 P2 .25 p= .25

ARE THE DATA CORRECT
ENTER A4 1 FIR YES 9R 0 FIR N9

= 1

THE INVERSE JF THE P(Y/Z) MATRIX 1S:
2.0000
2.0000
1 .nnnn

=4.0000

=2.0000
n
=1.0000
4«0N00
[4]

n
10000
[4]

o]
=2.0909
=1.n000
4.1909

BLODOLWWONND N — - ——
POV D000 D W —

EXAMPLE 3

6G1



THE COINOITIINAL INFIRMATION SUM P(Y/Z) L0G P{Y/Z) VALUES ARE;

100000
1.00000

n
2.00000

& WD .
[ ]

THE NECESSARY CINSTANTS FOR CALCULATING PRIAB(Y) ARE;

B 1 = =4.900n0

B2 = 690000

83 3 = n

B4 = A NNDNNG

THE PRIBASILITIES P(Y) ARE;
Yit = «9394

Y 2 = «NNNY

Y 3 =  «NSR7

Y 4 = .oono

THE PRDIHABILITIES P(Z) ARE;
%1 = 1.8771

72 = 1.8771

73 = «3943

7 4 = =3.7505

SINCE SIME P(Z) ARE NEGATIVE NEW VALUES MUST BE CALCULATED
WIFH THT RESTRICTINN THAT p(7%) EQUAL ZER) FOR SIME Z.

THE CORIECTED GAONSTANTS ARE;

31 = 4.0n00
R 2 -2.0070
813 = n
3 4 = -2.0000
THE LAGRANGE MULTIPLIER CAINSTANT 1S  -0.8750

THE CO3IRECTED P(Y) VALUES ARE;

Y1 = 2929
Y 2 .146a
Y 3 ca142
Y 4= .1464

THE CORRECTED P(7) VALUES ARE;

«2929
+2929
4142
=N«0900n

NSNS
Bw -
wonowo

1F MIRE RUNS ARE DESIREDs TYPE A 15 IF NIT TYPE A n
NIUN= 1

TYPE 1 IF THIS IS A INE-FACTIR ANALYSIS
TYPE 2 IF TWI-FACTIR 9R 3 IF MULTI-FACTIR

7= 3 EXAMPLE 4
THE NUMBER OF EQUATIONS ARE

NIJEQS= 2

THE PRIBABILITIES P(Y/Z%Z) ARE
P=  «6n P= .an
P=  +55 P= .45

ARE THE DATA CORRECT
ENTER A 1 FOR YES OR 0 FIR NO

7= 1
THE INVERSE OF THE P(Y/%Z) MATRIX 1S:

1 9.0000

12 -8.00n0

21 ~11.0000

2 2 12.0000
THE COVDITIONAL INFORMATION SUM P(Y/Z) 1AG P(Y/Z) VALUES ARE3
H1 = +97095
H2 = .99277
THE NECESSARY CONSTANTS FOR CALCULATING PROB(Y) AREj
81 = +79636
B2 = 1.23284
THE  PROBABILITIES P(Y) ARE;
Y I = .5751
Y 2 = .a2a9

P

THE PROBARILITIES P(Z) ARE;
71 = .5013
z 2= .2987

1IF WIRE RUNS ARE DESIRED» TYPE A& 13 IF NOT TYPE A 0
NRUN= 1

TYPE 1 IF THIS 1S a ONE-FACTOR ANALYSIS ST
TYPE 2 IF TW)-FACTOR OR 3. IF MULTI-FACTOR

7= 3
THE NUMBER 9F EQUAT IONS ARE

NOEQS= 2

091



THE INVERSE OF THME P(Y/7) MATRIX 1S;
THE PROBABILITIES P(Y/7) ARE 11 -0.7986
12 1.7986
P= .40 P= .40 21 1.5995
P= .20 P=  .an 22 -0.5995
THE CONDITIONAL INFORMATION SUM P(Y/Z) LOG PC(Y/Z) VALUES ARE;
ARE THE DATA CORRECT
H1 = .81128
ER 4 : 0
ENT ! FIR YES OR 0 FOR W) Hoaa Tot7ae
1
THE INVERSE OF THE P(Y/Z) MATRIX 1S; THE NECESSARY CONSTANTS FOR CALCULATING PROBCY) ARE;
11 2.0000
1 s 1n00n 81 = 1.00316
21 -0.5000 B2= +74732
22 1.5000

DITIDNAL 3 N A (Ys7) ’7 £ H
THE CON INFORMATION SUM P LDOG P(Y/Z) VALUES ARE; THE PROBABILITIES P(Y) ARE;

= «97095

H 1
Y 1 = .4558%
2 .
H2= 72193 Y 2 = .5442
4 ESSA H
THE NEC RY CONSTANTS FOR CALCULATING PRIS(Y) ARE THE PROSABILITIES P(Z) ARE:
31 = 1.21997
z 1 = «506S
= . 2
| 2 5974 79 = 4935

THE PROBABILITIES P(Y) ARE;

<~
N -
#n
.
N
=
o
AV )

THE PROBASBILITIES P(7) ARE:
Z 1= «4nr44
7 2 = «5156

TF MIRE RUNS ARE DESIRED, TYPE A 1: IF NOT TYPE A 0

NRUN=

TYPE t IF THIS IS A ONE-FACTOR ANALYSIS

TYPE 2 IF TWO-FAGTIR OR 3 [F MULTI-FACTOR EXAMPLE 6
= 3

THE NUM3ER YF EQUATIONS ARE

NOEQS= 2

THE PROBARBILITIES P(Y/7) ARE
P=  .250 P= .750
P=  +667 P= .333

ARE THE DATA CORRECT
ENTER A 1 FOR YES 7R N FOR ND

191
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APPENDIX E

Table of Values for a One-Factor Information Theory Model

For a theoretical development of a one-factor information chan-
nel analysis see Shirland (1971). Following is a table for two, three
and four values in a one-factor model. The table gives the root of the
channel equation along with the probability predictions for the various

levels. The information channel equation is:

-L1 -L2 -L
W +W +...+w U=
where,
n=2,3,4
and, Ll, LZ’ . ,Ln are the values of the various levels of the

particular factor in question.

In explanation of the use of the tables, consider the following
example. Suppose that you have a four level one-factor information
channel problem. For example, given four brands of a product with
prices of $2, $3, $6, and $8 respectively, it is desired to predict the
demands for the various products using only '"Price' as a factor. The

information channel equation, then, is:

W'2 + W'3 + W"6 + W'8 =1
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Turn to the portion of the table with the heading ""Four Levels/One
Factor'' and search for the 2,3, 6 heading in the extreme left column.

Then read across to the column heading 8 and read:

p, = . 4874
p, = -3403
py = - 1158
Py = . 0565
W = 1.4323

The pi (i=1,2,3,4) are the predictions for the various
demands and W 1is the root of the information channel equation
given the particular levels specified.

For a three level problem look under the heading '"Three
Level/One-Factor' and read the first two levels from the left hand
column and the third level from its appropriate column. A two level
problem is done similarly.

This table does not contain all the combinations of possible
values for a 2, 3, or 4 level one-factor information channel problem.
The table gives only whole number combinations. For combinations
containing fractions of whole numbers use the computer program of
Appendix D which is capable of performing one-factor information
channel calculations for any combination of values for as many as ten

levels for a factor.



2

3

4

S

6

7

9

4

« 7245
. 2755

«6188
“3820
1.2729

«54%7
«4583
1.22087

2 3
P1 .6188 .6823
P2 <3824 3177
W 1.6188 1.4656 1.3803
Pl 8 .5699
P2 # .a3g2
W a 1.3247
P1 a a
P2 a a
w a a
P1 a [
P2 a a
w a a
P1 a a
P2 a ]
v 2 a
P1 a a
P2 a a
w a a
P1 a a
P2 a 2
w 2 @
P1 a a
P2 a a
1 2 a
P1 2 a
P2 ] a
v a a

TWO LEVEL
S 6 7
« 7549 7781 .7965
<2451 2219 .2035
1.3247 1.2852 1.2554
-6541 .6823 .7@853
“3468 L3177 2947
1.2365 1.2106 11907
«5877 .6188 .6431
“4123 <3829 <3569
151939 |F|740 151586
«5386 .5698 .5959
<4614 4392 4941
1.1673 IEISIG 1.1382
@ .5316 .5581
@ <4684 4429
@ 1.1347 1.1237
L] 8 .5267
a 8 .+a4733
a 2 1.1128
a
a a a
a ] ]
a a a
a a ]
a a a
a a a
a a a
a a a

8117
.1883
152321

« 7245
2755
1.1749

. 6642
'+ 3358
1.1461

«6181
<3820
11278

« 5808
w4192
11148

5497
w4583
171049
«5231

~4769
1.0979

9

8243
-1758
12131

« 7408
w2592
1.1619

«6823
“3177
151359

«6372
~3628
11192

<6886
<3994
11874

«5699
w4392
1.9983

«5435
+4566
1.8910
<5204
-4796
1.08851

8351
v 16540
151975

« 7549
.2451
171519

« 6981
<3819
1.1272

.65448
“3460
11120

«6180
<3820
IIIBIG

.5877
-4123
170926

«5615
<4385
1.8859

«5386
“4614
1.0804

«5183
“4818
1.8758

12
P1
P2
P3
W
13
P1
p2
P3
W
1 4
P1
p2
P3
v
15
P1
p2
P3
v
16
P1
p2
P3
v
17
P1
p2
P3
W
18
P1
p2
P3
W
19
P1
p2
P3
W
23
P1
p2
P3
W
24
P1

3

5437
2956
«1687
1.8393

S aeS e a8 RS asas KRR aa8as8 a8 LK

SR S8

4

«5698
. 3247
« 1954
1.7549

«6180
.2361
. 1459
1.61848

N anaas neas LKl R-) aaen

QU a

4656
«3177
«2168
1.4656

S

« 5865
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RANKING MINIMUM COST ANALYSIS ONE-FACTOR ILLUSTRATES LEARNING LEARNING MODELS
(CHURCHMAN, 1954) ~tX | X ] X ] INFOR. GAIN ALLOWS COST/INFORMATION |PRACTICAL APPLIC.
E ™
DECISTONS AMONG COMPET.| & ¢ INFOR. GAIN TRADEOFF (QUALITY CONTROL,
ALTERNATIVES 22 ETC. )
(BARISH, 1962) x X
HUMAN COMMUNICATIONS - INFORMATION ESTABLISHES MEANS TO LARGE SCALE
HYPOTHESIS (CHERRY, 1952) “ TRANSMITTED IDENTIFY "FACTORS" PRACTICAL APPLIC.
TESTING EDVERTISING & MARKETING | © WHICH INFLUENCE DECISION
(MACHOL, 1960) n ONE~FACTOR MAKER'S ACTIONS
(BUZ2EL, 1969) Bolx [x X |MULTI-FACTOR
L3
: 967 ILLUSTRATES LEARNING LEARNING MODELS
ESTIMATION ECONOMETRICS (THIEL,1 ~
E : 2 X 41X X AIDS IN EXPLAINING EXPECTED VALUE
STHETIC PERCEPTION < HUMAN BEHAVIOR
(MOLES, 1968) ) X HUMAN FACTORS
OPERATIONS RESEARCH Z
(MURQGA, 1953) § MULTI-FACTOR
(KUNISAWA, 1958) R
INFORMATION THEORY — o~ ONE-FACTOR
(SHIRLAND, 1971) na .
S
SIMULATION CODING (SHANNON, 1949) ¥ OFFERS EXPLANATION OF GAME THEORY
BEHAVIOR IN MARKOV
(MARKOV CHAINSY v\ \AGEMENT INFORMATION MULTI—-FACTOR CHATNS AND QUEUEING LARGE SCALE
SYSTEMS (KUNISAWA, 1959 ., [X STOCHASTIC
TTCHING & IDENTIFIES NUMBER OF MODELS
BRANDGIE‘E’ENC 1967 S i UL TI-FACTOR STEPS TO REACH STEADY-
( : ~ STATE IN MARKOV CHAINS
STOCHQ:TEENEQU;E;I;RIUM § X ONE-FACTOR ALLOWS SIMULATIONS TO
(KARLAN, 1 < IMULTI-FACTOR BEGIN AT STEADY-STATE
p_‘ .
GENERAL INFORMATION § ONE-FACTOR ALLOWS FOR LARGE SCALE GENERALTZED
MODELLING IMULTI-FACTOR MODELLING MODELLING LANG.
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