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AN APPLICATION AND GENERATING METHODS FOR
MELLIN TRANSFORMS

1. INTRODUCTION

The pair of inversion formulae

o0
(1) gls) = g fix) x° ladx - M{f(x), s}

(o)

1 c +1io00
(2) f(x) = g g(s) x~° ds

2mi
C -1

(c real) was first established by Mellin [17]. The function g(s) is
called the Mellin transform of f(x) with respect to the parameter s.
The theory of this transform is well established (see [5, vol. 1, ch. 2],
[20, p. 46]). A sufficient condition for the existence of (1) and (2) is
the absolute convergence of the integral (1). The main feature of g(s)
as given by (1) is that it represents an analytic function in an infinite
strip, o) < Re s < Py of the complex s-plane. o) and ¢, are the™
limits of ordinary convergence of the integral in (1) and depend, of
course, on the function f(x). The strip of analyticity may extend into

a left half-plane -0 < Re s < 0, 2 right half-plane o, <« Re s € o0, Or

1

the whole s-plane -0 < Re s <o. In the latter case g(s) represents

an entire function. If o, = ¢

1 27 then g(s) is defined only on the line

Re s:(rl.

A sufficient (but not necessary) condition for the existence of

the inversion integral (2) is that the complex integration along the line



parallel to the imaginary s-axis in the distance c from the origin is
such that E’l <cCc < FZ, where Fl and FZ are the limits of absolute
convergence of (1).

The formula pair has proved to be of great use in the solution
of numerous problems in analysis. We are concerned here with ex-

tensions of results given by MacFarlane [14] , who used (1) and (2) to

express infinite series of the form

0

2 f(n)

n=o

in the form of a Mellin inversion integral, and by the use of the resi-
due theorem transformed this integral back into another series which
often converged faster or even terminated. This is, in a way, similar
to the application of Poisson's summation formula [20, p. 60] . This
application of (1) and (2) is by no means new, but was developed by
Mellin himself [16]. Nevertheless, some interesting results have
been given by MacFarlane. Also, he gave a short table of examples
of pairs of the form (1) and (2). More extensive tables were published
later [ 7, vol. 1].

In this thesis, two objectives are pursued: generalization of
the results by MacFarlane; development of new tables of pairs of the
form (1) and (2). In the first, a specific example of the general for-

mula given by MacFarlane leads to the establishment of certain



properties of a generalization of the Lerch zeta function. For theory
on the Lerch zeta function see [2], [3], [4], [6, vol. 1, p. 27], [8],
[12], and [18] . Although one particular result (transformation of
Lerch's series into another series) is known [6, vol. 1, p. 29], itis
produced here directly and without the use of Lerch's transformation
formula and Hurwitz's series for the Hurwitz zeta function.

In pursuit of the second objective, nine methods of generating
new tables of Mellin transforms are described and illustrated. The
application of these methods proved to be extremely successful. Using
only one of the nine methods, more than 200 new examples were ob-
tained. At present the largest published table of Mellin transforms

[7, vol. 1] contains only 245 examples.




2. MELLIN TRANSFORMS APPLIED TO INFINITE SERIES

Consider an infinite series of the form

o0

(3) S =Z f(n+a)

n=o

where f(x) is given. We use the pair (1) and (2). We have by (2)

c+ioo
1 3
fin+a) = "?}Tg g(s) (n+a)” " ds.
c-io0

Now we sum on n, and provided it is permissible to interchange the

order of summation and integration,we get

0 c+ioo 00
1 -s
n=o0 c- 100 n=o0

But

(4) i(n+a)-s = t(s,a), Re s > 1
n=o

is Hurwitz's zeta function [6, vol. 1, p. 24]. The series (4) is ordi-

narily and absolutely convergent provided Re s > 1. Therefore,

0g +1ic0
1
(5) if(n+a) = 53 g 'g(s,a) g(s) ds
o o -1l
where max [1,'0"1]< o <7, This formula represents the transfor-

mation of the l.h. s. infinite series into the r.h.s. Mellin inver sion
integral. The evaluation of this integral is usually performed by the
aid of the residue theorem. This means that the integral in (5) is at

first taken along a simple closed contour C which starts at



wn
1l

o + id, progresses in some manner other than straight down to
s =0 - id (call this part of the contour C'), and then goes in a straight
line parallel to the imaginary. s-axis back to s = s +1id, (d > 0). The
contour is chosen such that the function

h(s) = t(s,a) g(s)
has only singular points of one-valued character inside C Then the

residue theorem gives

1
2mi

S‘ t(s,a) g(s) ds = ZRes [g(s)¢(s,a)]
C

where the summation is taken over all the singularities inside C. Now
we let d and the minimum distance from the point s = o to C' tend

simultaneously to infinity. When in this limiting case

S‘ h(s) ds — O
oL
we get
oy +1i00
Zrlri S‘ Q('S,a) g(s) ds = Z Res [ (s,a) g(s)] -
o -1loo
o

Hence, in this case

(6) i f(n+a) = ZRes [t(s,a) gls)].

n=o
Two cases are now possible.
(i) h(s) = ¢(s,a) g(s) has an infinite number of singularities

inside C. In this case, using equation (6),the original series is



transformed into another infinite series. But the two series are usu-
ally of entirely different character. It might happen that the new
series can be summed or that its convergence is faster than the ori-
ginal series.

(ii) h(s) = ¢{(s,a) g(s) has a finite number of singularities

inside C. In this case equation (6) gives the sum of the series

00

Z f(n+a).

n=o

It is now necessary to have some information about the analytic
character of h(s) = {(s,a) g(s). The Mellin transform of the summa-

tion function f(x)

% 1
g(s) = S. f(x) %77 dx

o

involves the function I'(s) in most cases. Itis known that I'(s) has

poles of the first order at s = -{, (£=0,1,2, ...) with residues

The behavior of I'(s) at s = « is given by Stirling's formula [ 6,

vol. 1, p. 47].

1
2
(7) r(s) :(%r) 0S5 oS log S[1+0(%)] as |s|—>oo in -m<arg s< 7.
L T
(8) !I‘((r+it)l =0 (Itlo-_‘2 e 2 Itl) as [tl—mowith fixed o, (o, t Teal).
I e e S R L | e P )

TP+ z) -



The Hurwitz zeta function { (s,a) which occurs in h(s) is a
one-valued function analytic in every finite part of the s-plane except
at s =1, where U(s,a) has a first order pole with residue 1. The
following properties of {(s,a) are given in [6, vol. 1, p. 26]:

1
(10)  g(0,a) = 5-a

(11) t(s,a) - ! :-¢(a)+2bl (s—l)l

s-1
=1

(Laurent expansion of {(s,a) about s = 1)

(12) %[g(s,a)] ce0 " log T'(a) - %log (2m)
_Bm+l(a)

(13)  gl-m,a) = —2

(The Bm(x) are Bernoulli polynomials, [6, vol. 1, p. 35])
™
L, <

1 5 |s|]sin o]
(14)  t(s,a) = o{|s|'3e2

e—ls[cos¢[log Isl - ].Og(ZTT)]}

. v v
as |s| =win -1 <arg s =¢<-3, <args=¢ <,



3. GENERALIZATION OF LERCH'S ZETA FUNCTION

By applying (6) to a specific function f(x), we will establish

properties of a generalization of Lerch's zeta function.

Choose
o
fx) = x "eP*, 650, Rep > 0.
Then
0 o0 6
g(s) = g f(x) xs_1 dx = g Xs--v-l e-BX dx.
e} e}

Let x‘5 = t. Then
| w [8-V
_ 2 (6
gls) = ¢ g t
[e]

From [6, vol. 1, p. 1]

-1
-Bt
e B dt.

0
- - -1
r‘(z)uZ:S‘ e """ 4, Re z>0, Reu> 0.
(o]

Therefore
S-v

s
gls) =g ' ° T3

: o, Re s>Revy, Rep >0, 6§ >0.

Hence a’l = Re vy, FZ =+ oo

From (5) we obtain

1% .
re .+ 100
Q0 6 5 o
-v -Bin+a) _ B S -3 s-v
(15) Z(n*'a) e = 5% B L(s,a)r‘ 5 )ds,(ro>max[1,Rev].
no g -lco
o
If we denote
"5 S-v

h(s) =B ° L(s,a)T

&

then hl(s) has a first order pole at s = 1 [due to {(s,a)], and an

infinite set of poles of first order at s = v-6£, (£ =0,1,2,...)



[due to r(iél’) ] . The respective residtlles are:
() Res(hj(s)] at s =1 is B gr(l—é—").
nt 0%
(ii) Res[hl(s)] at s = v-61 is (2') 5 0 t(v-5¢,a).

We choose the path of integration C as indicated in Figure 1 below,

such that half-circle C” of radius d separates the poles s=v-Nb

and s=v-(N+1)6. )t
C
s-plane
v-(N+1) 6 v-Nb v-9 v
t g
( 1 T
o
CI
44
\ »
Figure 1.

Then hl (s) is one-valued and analytic inside and on C except at the

points s=1, s=v-£8, (£=0,1,...,N). We now let N tend to infinity

through positive integers.

Consider the contour integral

g h1 (s) ds.
C
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It is clear that the contributions along the horizontal lines of
length o vanish as d —w because of (8).and the fact that {(s,a) is
bounded for Re s > 1.

In order to investigate the contribution along the half-circle C”,
it is sufficient to investigate the behavior of hl (s) on the quarter-
circle of radius d for -215 < ¢ < w, since the modulus of h1 (s) on the
quarter-circle for -m < ¢ < _% is the same by Schwartz's reflection
principle. From (7) and (14) we get

s

: 1
(16) by (s)=B (s, )T (3] =0{|s| % || cos dflog (27)-Flog B]

1
y e|s|sin¢(%-%] els[coscb[-s- log |%|-log |s|]} ;

as |s|—~w in % <p<m, 5= |s[ei¢.
In formula (16) we have assumed p to be real and positive. The
analytic continuation to complex B will be obtained later.

The following three cases are possible:

(i) & > 1: Then (16) is dominated by the last exponential func-
tion and hl(s) tends to infinity when d —w. Thus,
the contribution over the semi-circle tends to infin-
ity as d =« and the formula (15) is not applicable,
although the series in (15) converges for Re 5 > 0.

(ii) & =1:It1is clear from (16) that the integral over the semi-

circle C” vanishes as d —~w, provided § < 2m.



11
(iii) 0 « 6 « 1: The integral over the semi-circle C” vanishes
as d—~o, regardless of .

Hence, in the cases (ii) and (iii) we obtain by the residue theorem and

(15)
. ; (U

(17) Z(n+a)'ve'p(n+a) :—:;I‘(%’) B ° 4 ('Tll)-p'z L(v-61, )
n=0 £-0

or

(18) i(ma)"’e'p(ma)é--61.)-(3(‘"”/61*(—15—" =oo L'l-l!—)lsl t(v-564,a).
=o 20

The r.h.s. series in (18) is a Taylor series around the origin
and is therefore an analytic function of B in its circle of convergence,
while the 1.h.s. expression is valid only when Re § >0 and v
arbitrary; or Repf =0, ImpB # 0 and Rev>0; or =0 and
Re v> 1. Therefore, (18) represents the analytic continuation with
respect to P of the l.h.s. of (18) valid for Re p > 0 into the r.h.s.
which is valid for unrestricted f§ when 0<b6«l, or for |B|< 2w  when
5=1. If 6§>1, (18) is not valid.

In (18) put

e-[5 =z, B = log(%) .

Let o 5
(19) Y(z, v, a, 6) :Z (n+a)-vz(n+a) .

n=o
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Then, from (18) we get

-1 & ¢
l-v 1y & (log z)
T (103 E) Sl

5 L(v-614,a).

1
(20) Y(z! Vs a, 6)—'8’1.‘
=0
Equation (20) is valid for unrestricted z if 0 <d <1l. For &=1, it

follows from (20) that

1 v-1 a Z)E
(21) Y(Z,v,a,l)zzafb(z,v,a)zl"(l—v)(log;] +i-—oig!—- t(v-2,2),

f-o

v;/ 1,2,...,|log z[ < 2m.

The function ®&(z,v,a) in (21) is defined by

cOo
(22) @&(z,v,a) =§;zrl (n+a)‘v, 'z|<l.
n-o

®(z,v,a) is called Lerch's zeta function and is defined by the above
power series for |z| <1 and arbitrary v. For z=1, (22)is Hur-
witz 's zeta function.

o0
(23) @(1l,v,a) = t(wa) = Z(n+a)_v, Rev > 1.

n=o
Lerch's function has been extensively investigated in [2], [3], [4].,
[6, vol. 1, p. 27],[8], [12], and[18].

Formula (21) was known previously [6, vol. 1, p. 29] . How-
ever, its derivation depended on the knowledge of Lerch's functional
equation and Hurwitz's series for the Hurwitz zeta function. In this
paper a generalization of formula (21), formula (20), was derived

directly, without the use of either Lerch's functional equation or



13
Hurwitz's series.
Furthermore, Hardy's relation, see [8] and[16], also follows

from (21).
1 v-1
(24) lim [@(Z,v,a) -T(l-v) (log —) ] =t(v, a).
z—1 z

Therefore, (24) can be generalized by (20), and we get

v-1
) 1 l1-v 16_]
(25) zh_r.nl [Y(z, v, a, 6).g r —6-—) (log ;) = t{wa), 0<6<l.

We might point out here that special cases of (19) have become
increasingly important in Quantum Physics, cavity resonator theory
and wave guide theory. For example, the Fermi-Dirac function,
see [15] and [19], defined by

00
k x-n -1
Fk(q):s1 x (e +1)  dx
o
is nothing but

Fk(‘q) = T'(k+1) ené(-eﬁ;k{_l’ 1)

where & is given by (22).

A vast number of special cases of

o n
(26) ®(z,v 1) = Z z
nV
n=1
are discussed in reference [13]. The function (25), called

Jonqui?re's function, has been discussed and to some extent tabulated

by Truesdell [21].



14

4., SOME METHODS FOR THE GENERATION OF
MELLIN TRANSFORMS

It is obvious from the previous example that in order to treat
other cases it is desirable to have extensive integral tables of the
Mellin transform type. A short list of such integrals was given in
MacFarlane 's paper [14]. Later a much larger list of such integrals
was given [7, vol. 1, p. 307-339] . In this chapter we shall present
nine methods by which this last list can be substantially increased.

Consider

(27) g(s) :'m{f(x);s} = Smf(x) xs-'1 dx, T, < Re s « 0

(o)

Now express the kernel of this transform by another integral.

s-1 B 1

(28) x N1-s)

o
g e_Xt t_s dt, Re x >0, Re s < 1.
(e}

This is the well known definition of the Gamma function by Euler's

integral. Substituting (28) into (27) we have
1 * © _xt -s
MmiE(x); s} :m)g;f(x)(g e t dt)dx, 0,< Re s < min [1, 0'2] .

If f(x) is such that inversion of the order of integration is permis-

sible, then

dt,0'1<Res<rnin[1, 0'2].

1 % s o0 xt
(29) mif(x)s S}:?(Ts)gt_ (gf(x) e dx
[e] (o]

But the inner integral is now the Laplace transform of f(x) with
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respect to the parameter t. (For tables of this kind see [7, vol. 1,

p. 127-226]) If we denote

00

(30) R{f(x);t} = S‘ f(x) e X! ax,
o
then from (29) and (30) we get

(31)  Mm{L{f(x);t};1-s} = T(1-s) M{f(x)ss}, o, < Re s < min [1, (rz] .

Thus, if we have a function f(x) such that we know both its
Mellin and its Laplace transform, then by (31) we have the Mellin
transform of the Laplace transform of f(x).

A specific example will illustrate the method. Consider

f(x):i‘-—x——, Re a >0, Re v> 1.
l-e

From [7, vol. 1, p. 313]

’”I{f(x); s} = T'(s+v -1) { (s+v-1,a), Rea > 0, Re (s+)) > 2.
From [7, vol. 1, p. 144]
Llfx); t} =T () ¢t(wt+a), Rev >1, Re (t +a)> 0.

Therefore, by (31)
GA ML (v.t+a); s} = S‘OZ(V,Ha)ts-ldt = E(—SI)_\(—S;ES—) {v-s,a),Rea >0, Re v>1,
o

O<Res<Rev-1.

Formula (32) is not listed in any of the published tables of Mellin

transforms.
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It can easily be shown that for this particular example inversion
of the order of integration, which led to (29) and (31), is permissible.
In most cases a well known theorem about the sufficiency (not neces-
sity) of interchanging the order of integration of repeated infinite
integrals can be applied [1, p. 445, 449-50], {11, p. 536].
Theorem: If f(x,y) is a non-negative continuous function in
x>a, y>b, and
) )
¢(Y) :‘SA\ f(x, Y)dX, LlJ(X) = g‘f(x’ Y) dy
a “b
are continuous for y > b and x > a, and at least

one of
00 0
§¢(Y)dy and § P(x)dx
b a

is convergent, then the other is also convergent

and the two are equal; i.e.

0 o0 0 oo
§ S‘f(x,y) dy dx = S‘ gf(x, y) dx dy.
a

a b b
For cases where this theorem does not apply, individual investigations
will have to be made. (See also [9], [10])

Other useful formulas similar to (31} can be obtained if certain
different integral representations for the kernel xs-1 are substituted
into (27) and the order of integration is interchanged. Below is given
a list of eight different integral representations for xs_l, and the

resulting formulas obtained when they are substituted for x in

(27) and the order of integration is interchanged.
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From [7, vol. 1, p. 317]

ms '
@5 = = -S.l_‘?_(‘il_—:) S}in (xt) £ > dt, x>0, 0 <Re s < 2.
(34) mi {f(X)s t} ;1-s }_I"(l S) i’ﬂ{f(x), s}, max|[0, U](Re S<m1n[2,o‘ j I
secC

where ?S{f(x);t} = gf(x) sin (xt) dx is the Fourier sine transform

b :
of f(x) with respect to the parameter t. When the Mellin and Fourier
sine transforms of f(x) are known, we have from (34) the Mellin

transform of the Fourier sine transform of f(x).

From [7, vol. 1, p. 319]

TR %)S‘cos (xt) t° dt, x>0, O<Re s< .
(36) m{?{f(x),t} l-s }_1"(1-5) Mf(x); sh max[0,0"1]<Re s<min[l,u'zl,
csc|Z2
2
co
where }c{f(x);t} :S‘f(x)cos (xt) dx is the Fourier cosine transform
o

of f(x). When both the Mellin and Fourier cosine transforms of f(x)
are known, we have from (36) the Mellin transform of the Fourier
cosine transform of f(x).

From [7, vol. 1, p. 308]

s-1 1 & 1s-1
(37) x “=w  sin (m S)S‘(x+t)- to  dt, |arg x|<m,0<Res<].
0

(38) M {f(x);t};s}=mcsc(ms) ME(x); s} max[O,r.rl]<Re s<min[1,orz],
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“ 1
where M {f(x);t} :g f(x)(x+t)” "dx is the Stieltjes transform of f(x).
o
When both the Mellin and Stieltjes transforms of f(x) are known, we
have from (38) the Mellin transform of the Stieltjes transform of f(x).

From [7, vol. 1, p. 310]

s-1

-1 oo p.s+p-2
(39) x =}m‘,1_—s)£(x+t) t

1
dt, [arg ;l(ﬂ', 1-Re p<Resc«<l.

(40) MU&{eed; 5401} =Bis+o-L, 1-9) M{£(x); s}, max[L-Re pojk Re s <minfl, o),

where ,a!/p{f(x); t}:S‘?(x)(xH)-pdx is the generalized Stieltjes trans-
form of f(x). Whenoboth the Mellin and generalized Stieltjes trans-
forms of f(x) are known, we have from (40) the Mellin transform of
the generalized Stieltjes transform of f(x).

From [7, vol. 1, p. 326]

1 s+v
-1 rlZJ“T ® Lo 3
(41) x5 2 T .3 s gJV(xt)(xt)Zt dt,x>O,O<Res<—2—+Rev.
z-S (3, vS
2 r(4+2) °
2%'SI‘(E+ V_s)
4 2
(42) m{ﬁf}{f(X);t};l-s}: =t 2 Af(x); s},
F(Z+T)

2+Re v],

max| 0, (rl] <Re s <min| 0y 3

00 1
where #{f(x);t}= gf(x) J (xt)(xt)’dx is the Hankel transform of
1% 1%
o

order v of f(x). When both the Mellin and Hankel transforms of
f(x) are known, we have from (42) the Mellin transform of the Hankel

transform of f(x).
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From [7, vol. 1, p. 329]

1
_2°7 2 1 sec [Tr— 2 -s~v)] o0 1
s=1 212 z, -5
(43) x = g (xt)(xt) dt,
1‘(2 V-8 I‘(—B- V¢ S
4 2 4 2
3
x>0, 0 <Re s<3- |Re v].
—I“(% _V_"_ r(__ vis
(44) m{ YLE) 5 1-8) = —1— m{£(x); s},
2 %nm SeC[E(E-S_V)]
. 3
max [0, 0'1]<Re s<m1n[0'2, 5 - |Re v|],
00 1
where y{f(x); t} = ‘S Y (xt)(xt)® f(x) dx is the Y-transform of order
1% 1%
o

v of f(x). When both the Mellin and Y-transforms of f(x) are known,
we have from (44) the Mellin transform of the Y-transform of f(x).

From |7, vol. 1, p. 331]

s-1 ZS+2 * 1 s
(45) x = SK (xt){xt)? t~ ~ dt, Re x > 0,
r(i - S+V)F(E+V;S v
4 2 4" 2

Re s<%-|Re v].

3 sty
(46) m{ H{f(x);st};1- F(Z )F{AL 2 mif(x); s},
1% S+2
2
c,<Re s <min|¢ -3—-|Rev|]
1 2’ 2 ’
00 1
where ﬂv{f(x); t} :g K (xt)(xtffddx is the K-transform of order v
1%
o

of f(x). When both the Mellin and K-transforms of f{(x) are known,
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we have from (46) the Mellin transform of the K-transform of f(x).
From [7, vol. 1, p. 335]

1 s+v

47 s-1 _ F(Z+ 2 zs-% t [E‘E +)]S‘Oot's H (xt)( t)% dt
(47) x __——r(i+v;s cnzz-sv A v X s
4 2

1
x>0, max]|0, §+Re v] <Re s<Re v+ %

1"(% + K-z—s) tan [% (% -s+v)]

(48) M{Hv{f(x); t}; 1-s} = m{f(x); s},

s+v

S-> 1
-ZF(— S +1
2 it 2

1
max[ol, 0,-2 + Re y<Re s<min[0'2, %+Re v],

where Hv{f(x); t} :S‘Ofo(x) Hv(xt)(xt)% dx is the H-transform of order
v of f(x). When bot}c:. the Mellin and H-transforms of f(x) are
known, we have from (48) the Mellin transform of the H-transform of
f(x).

For tables of integral transforms of the types mentioned in this

chapter, see [7].
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In conclusion we give a table of Mellin transforms. We do not
attempt to be exhaustive, but include only those examples which were
derived using the first of the methods described in the last chapter
and which are not included in [7, vol. 1, p. 307-339].

In this table notations for many special functions are used. For

the definitions of these notations see [7, vol. 1, p. 367-388].

Algebraic functions

-1
£(t) g(s) :gwf(t) 570 at
-2 s-2
1.1 (t+a) , Rea>0 T'(s) T(2-s)a , 0<Res<?
3 2.-1 1 1 s-3 1
2.] (t°+a°) s 'arga{<n' HE+S)HE-S)G csc(mr s), 0 <Re s<—2~
3.0 (t+a)” , Rea>0,Rev>0 gs))as-vﬂv-s), 0O<Res<Rev
Vv,
- -s+1) <+
£ . |re e Sr(——z" ZS+ )r’-
(t7™+a ) vz, 0.>O,Rev-—2-

a 2v+1-sr(

bl

1
(max[0, Rev- E]<Re s<1+Re 2v)

- -1 1
5. [(t+o.)2- 0.2] "2 Rea>0Re v=> I"(S-v—z)l"(l + 2v-s)

2vtl-s 1

(2a) 1"(V+E)

1
E+Re v<«Res<l +Re 2v

1
_—y=3 1-
6. [(t+a)2-[32] "2 Rea> |Re B| I(s) v+ Zs)r(1+v- -;-)
1 1 1-
Rev>-= .251*(\»7)1“(\,+1)0L2"Jr S
2
s l-s B
F lom v ——5 v+l 3 —
xz 1(v«l— 2v+2 v+ az_)

O0<Res<Re 2v+l




22

f(t)

* 1
g(s) = S‘f(t) 77 at

[¢)

-1 -1
7. ([t+a]2+[32) ,Rea> |Imp | T'(s)T(l-s)B (a Z(S‘D/n[as)tan (?.)]
O<Res«?2
1
. 5 .- ~s-1 -
8 [t+(t%4aD)?] "V a>0,Rev> 0 |uI(s) 2 57 T(E5)
2
, 0¢<Res<Rev
v-s vis+2
a T (——)
2
2 2,21V 1
9. | [t+a +{(t+a)"-a"}°] I‘(S)I‘(s+—Z—)I‘(v—s)
T , 0<Re s<Rey
Rea>0,Rev>0 (Zafs v av_Hﬂlh&ﬂ
- 1-
10 (t+at+[(t+a)®-%] )Y vI(s) TS T2
X
Rev>0,Rea>[Rep| |w%2° 0" riw)
2
1+4v- v-s B
X F ’ svils— 1,
21 2 2 v 2
a
O<Res<Rev
1
- -2- = 1-
11. (3t2+a2)ﬁ2+a2) $c1>0 2 2 Sﬁ?IWs+3)F(—E§) s
ctn (—)
2-s s 2
a r'(2+=)
2
O<Res<c?2
-1 -a
12 (t+8)7 (t+8+1) (s) a-1
a 1+ T'(l+a-s) x
Ha) ( ﬁ) ( )
ReB3>0, Rea>-1
1
5 1
LI 1(1 l+a-s; a+ +B)
O<Res<l+Rea
11 -a
13, -(1 -a -1 :
34 (t4B) 7 [L-(1+t4B) 7] L(s) L) THl4a-s) x
T(a)
Rea,B8>-1
g P
%3 ZFE(L L&a-s,2-5,1+p)

O<Res<l




£(t)

g(s) = Smf(t) 1 4

o

14.

-n-1
(t+a_l)n (t+a) " y Rea>0

II;(TS) N(1-s+n)(a-1)" o> R

a
x ZFI(-n, 8; §-n; m),OCRe s§<1

15.

1n 1 —n-%
(t+a-E) (t+o.+§)

(-

28 1:(1-25)

1.1-s

(-1)"r(s)w? 2

1
Re a >..l F(D+E)I'(1-s-n)(u +E)
2 ) 1
1 . . _2
X 2Fl(l—s,—z-—n, l-s-n; l)
a+ >
0 <Re s <l
2
1 -n- T 251
16| (tra-5)"(trasy) ™ 2 (-1)"r(s) 77 2°°7% r(2-2s)
3
3 1.2 _g
B A T(n+3) T(1-s-n)fa+)2
: 1
==
% F(':'S' 8, -n3 l-8-n; )
. T e
Cl.'f*-z'

0 <Res<l

37

(t+a )[(fc+u.)2 +§32]-1

Re a> |[ImB|

I'(s)(a 2+ B 2)(3- ]]."lg'(l-s)co s[(l-s)tan-l(%)]

0<Res<xl

18’

(t+ a)[(t+a)2_a2] *”‘%

Rea>0,Rev>-1

I"(s) I‘(s—v—%} T (2+2v-s)

2v+3-s 2vi2- 3%
v ®a SI‘(v+—)

I(s-1)2 5

—;—+Re v<Re s< 2+ Re 2v
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s 1
g(s) = S‘ f£(t) t° dt

f(t)
o
2 2-v-—2 8. ,3 s
19.] (t+a)[(t+a) -B87] 2 r‘(s)r(1+v-——)I‘(E +v-§)
Rea.>|Reﬁ|,Rev>-l —)2s KERS (v+l)
[32
x F( +v21+v-§1v+l 2}
a
0<Res<2+ Re 2v
N < - A
20 (t+a)’ Y(era ) Prp) r(s) 2 YT (v-5) F, (B, Y-85 ps =)
Rea, A\, p>0 0<Res<ReY
2 2.-1. .2 2,-1
1. = . =} J
21 [t“+(@a+b)"] [tT+(a-b)7] I'(s) I"(l-s)sm(w—s)[lb-a|s _(b+a)s l]
4 ab 2
a,b>0, a #b 1 <Res<4
1 1 1
: 1)¢ e 3
22 [(t +1) ] (2'3 I‘(s)sm(w ] I"[—-s)
2 T
t +1
0 <Re s< 2
2
o | s-n
23. [t+(t2+0,2) ] %,a>0 (-1)"r(s)2""° % . 1
. tan [ (5-s)]
12+ %2 Ten-s (LH_ 2'Z
a ; Ry /e
&
1 3
max (0, -n-E)<Re s <  fa n
n
24. (t—B+;)n+1 . Ren>0 I'(s) 1"(1+vl+)n-s)( __mn §-v-n-1
(t+a) Dvint
Rev>-1 x ,F (-n, 85 s-v-n3 _-[3)

0<Res<l+Rev




£(t) g(s) = S@f(t) & Lge
(o]
1 ] -
25. (t+c|.-%)k'_l"”_E I‘R | I"(S)I‘(2+1+1—s)(a+%)s Bt
, Rea>=|Refp X
(t+a+%)K‘+”+% . T (2u+l)
F (142u-s K+-1-"2u+1' —P—)
X 21 2}-’-" sP=R. 2: H [—J’
at—
2
0<Res<l +Re2n
1 1 1
26.| (t+2a)2 -t2 Re o> 0 I'(s) (1 -s) F(S-TZ_)
1 1 s 0< R <1
(t+2a)2 +t2 27%a"%r % (24s) oF
27 (t2+ 2+;52) 1 ms
i . 20. : 3 4a,p>0 _-é-l"(s-l)I‘(Z—s) cos (-?) ®
[t%+(a+B) ] [t"+(a-B) "] '
x[|p-a|s'2+(ﬁ+a)s"2L1_<Re s<2
2 2 2
28. ; (tz-f5 2+0- ) 50, >0 E!-&l"(s)l"(l -s) cos (32‘8) P4
[t +a+B) ][t +(B -a)"]
- %
x[(@+8)° " +sgn(a-p)[a-p|° "]
0<Res<?2
L 1 -s5=1 l1-s8 3-8
29.| (t+a +B)2 - (t+a -P)2 I'(s) 2 B r(—z-) F(T)
(t+(1+|'3)i_ + (t+u.-{3)% “% u1-s »
Re a > |Re B| e 2
x5 (E?S’ 173;2;13_2)
a

O0<Re s < Rev
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e 1
g(s) = f £(t) t°

£(t) dt
o]
-1 2 2313
30. [i} Lt +a V) S0 |2 rsrd -
2 2 2.3 4”2 T, 1
[t™+a™] % T 3 ctn[—(s-=)]
ad-sl"(— + —S-) o
4 72
IE< Re s < %
31 [t+a+([t+a]2-a2)z]"" I'(s) as"v'lr(s_li)r(l +v-8)
2 2.1 .
(tra]” -7 2' " T(st)
Re a>0, Re v>-1 15<Res<1+Rev
- 1 =2v 1 342 2
32 (t+a+B)7 {[(2B)° +(B-a-t)?] +| I'(s) m* 22 ~ B* I'(-2s-2v)
L L c2v | TeImES @R T
+[(28)2-(B-a-t)?] }
Re(a+p)>0,Re v< 0 x ZFI (%-s-u,w%, lE-s; Z—;-g-—

0 < Re s < - Rev

(t+v[(t+a) *-a”13
3
[(t+o.)2— az] 2

33.

X

x {(t+a) H(t+ a)z-uz]é}-v

Re a>0, Rey>-2

r'(s) r(s-%) I (24v-5)

= -s L

22 sa2+v s 3 Nv+s-1)
3
E<Res<2+Rev

-V

4.
? 2

-3
(t+a +vu2) u, U

Re a >|RgB|,Rev>-2

3-8ty
2

r'(s) zl'sr(1+-"—;3) T( )

L i
11'"‘0.2+v s C(v+1)

2

3-8+v 2~S+v; il E‘é)
a

2 2

x o H

0<Res<2+Rev

u2=[(t+a)2-i32]%,
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0 -1
£(t) g(s) :5 f(t) t°7 dt
(0]
35, r_3(t+ vr)(%)v,o. >0, Rev>-2 T'(s) Zl-s I‘(2+;_S)
2-5 v+s
L

1§<Res<2+Rev

2

v =1 t+vr,,a, v
36. ( 3 + 3t Z )(E)
Ir r

a>0, Rev>-3

-s 3-8+
T(s) 2 TI( 5 )3

3-8 v+s-1

,E<Res<3+Rev
a” Tl

a )v+l
R

a,v-1

1
34 57 |)

+.L(
v+l

s

27571 rs) r("'s'l)

2

<Re s<Rev-1
-1 -srv+s+3 0 v

a>0, Re v>1 vV a ( > )
38. u;[ﬁ"’U; + [SVUEV] (s)sin(rv) 2°B'T(1 -s+v) T(1 -s-v) 3
l-s+v 3
a F(E -8)

Re(a+p) >0, |Re v| <1 5

v-s l-s+v 3 B
x2F1(1+ 2 ) 2 ,2-531-—2

a

0<Res<l-|Rev|
A e o @ -
g9 o) e T LYY . PN Bt ) 2 p 2Rty

2

-a"VR"a>0, |Rev| <1 g r("+23+1),0<Re s<1-[Rev|

o] (.35 (2017~ | @) 220 P(2n_+21-_§_)
1-s+n 1+s
a>0, n>1 2 a 2 )
1
n-E<Res<2n +1
; T

u,= [(t-f-ﬂ.)z-ﬁzla s U, =tdat+u,, 1 = (tz-!-u.z)z, R =t+r

2 2
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g(s) = Smf(t) 1:5'1 dt

f(t)
o
vim-1| (t+a l)n~
— m n-m+l r(')z '(l +n-s)(a- 1)n ael =
m=0 (t+0‘) )
x _F (-n, s+v; s-n; i)
Rea >0 21 ’ " a-1
0 <Re s <l
420 (t +a) -1 X T'(n-s-1) as-Zn—Z I'(2n+2-s)
v n+l s
mn+l ,a, 2m al (1) sl
(-1) " (2m) b=
0<2m<n+l n+l < Re s < n+2
b3 (t% +a?) P Plasnsl) a * % 1(2430-8)
n ms
241 nt (-1)" csc ()
m [+ HE)
O 0™ [l [ .
< %
0<2m<n 1+2n<Res<3+2n
a>0
Exponential functions
_Aj’- -
1. [ [1 + Alt] e“"m, Rea>0 21"(%+s) '(s) 3(%) ,SRe s >0
3. Bk i i) s el _ lesty
2. | (t“+a%) 2™ a Ple) 2 e D)
l1+v+s
a>0, Rev>-1 Tt 2 )
0<Res<l +Rev
mt
_ L.
il [ 5 2[ > (l+t )+t -1] —--——1_‘2(15)[&1“(1 E")1"(?_-53, —11} +
(1+t7)
Imi(sl) ™
+e? I“(Z-s,iz)],Res>—1
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e 1
g(s) = S‘ f(t) t°7" at

£(t)
o

tm im

-— —(2-8)
g B [%(1 1242t -r‘z(s)[ 4 r'(2-s, '2—1") +
(1 +t%)° -

1 "2 (2-5) T
t=e r'(2-s, iz)],Res>0
I'(s)

(1 +t2)"2 {2t -

mt

-e 2[%r(l #d) o1 1}

[0 v (2-8,20) +

2

+(-0)° "' ¥(2-s, -0)],0<Re s <3

(1+t2)"2[t2-1 +

t_'lT
be © {% +t%)+2¢ )

I'(s)
2

[(1)52 Y(Z-s,%") §

¥ 052 z-., “1—;’-)],0 <Res<]

Logarithmic functions

(t+1)"} log (t)

I'(s) T'(l-s) m ctn(ws),0<Re s<1

log (t2+1) 2I(s) I'(-s) cos (-T-r-;),-l < Res<0
log (1 +4 (;1)2), a>0 wa" o 2 soa ("—23)

: W0<Res<2

sin (mw s)
1 1
log [t2 + (t+1)2] -1“{15 + s) i
T'(-s), = <Re s<0
2 AT s

2 Z
o t2+(u+[3) .
t™+ (e -p) ]

2I'(s) I'(-s) cos (-112—?) X

x[|8-a|® - (B+a)®], 0<Res<2




30

- 1
g(s) :S‘ £(t) 77 dt

£(t)
o
-v-1
6. | (t+a)” " [Y(v+)-log(t+a)] | I'(s) P(V;II_SS)[¢(l-s+v)—Iog a]
Re v>-1, Rea>0 r(v+1 )a
0<Res<l +Rev
2 wBel_la
7. 2, 2% r(s)n¢ 2 " r(=)
(t%+a?) s
log £X2 ), o >0 — z ctn i)
a Tl +=)
2
0<Res<?2
2. 23 1
8. LN B, t log ((t ta ) ) -I'(s) w’ {1 "i)
2 t s
tan (—).1l <Res<3
s+l -8 _ 3+s 2
2 r'(—)
2
=2 %‘ 3-8
9. | t " -2 r (s) 7% =)
S N r +a log (t—) - ZS ctn (EZE) 2<Res<4
ZS a”” P(H-E)
a >0
10 r+a r(s) 2°° L s I‘(—I's)
r log (), a >0 2 ctnlsd),0<Re s<2
l-s _ l1+s 2
a T'(—)
2
. i rT(s) TE=S)
g £ S >
ILf -1+~ lng(t ) ga >0 s 23 . ctn(L:}90<Res<2
2 a I‘(?f-i)
2 2t r+a -8 8
12. .;.T - gy ]_Og ( : )5(],>0 F(S) 2 1"(1 'E’) T
ctn [= (s-v)]
lasg s+v+l 2
a ( )
2
1 <Res<3
13, _t_,l__,c,!',__ilog (ﬂ)a)ﬂ —F(S)Tl' F(I-E')
a 3t a t 9 2 tan(Ls)1<Res<3
s+2 2"

2 a.‘SI“(Z-I%)

1
r = [1:2'~¢~m2]a
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* s-1
£(t) g(s) = S‘f(t) to 7 dt
o
1a) 2p 2 e ¥ &8 | reTE -8
a 2 2 t 2 TS
3t a r = i T ctn (-—z),2<Re3<4
2 a r(?-s)
a >0
2 s
151 4t 2 -w I'(s) T'(2-3) .
% u.z 15t3 s+l 1-s s tan (%)’3 sBie 3
2 a F(Z-F-Z-)
ba t+8t Tta
B 3 log 57)
Ta r
a>0
2 2 I'(s) nT(2-3)
16.] a 4t 7 4t r+ar BERSS g TS
e ey = T T ctn (—2),2<Re8<4
15t 3a 3a 27 % T r(=+=)
2 2
x log (%ﬂ), a >0
i t i 1= .-
2] Bt - B o 2]) r(s) (1-i) 2' 7% r&=2)
2 3 i a 2
Tr i s—<Res<2
|_‘12-5 1“(3)
a >0 2
i R ' 1- -
18] 20 Ll B )~ r(s)(1-i) 2" "% rE=S)
3 T a 2 1
T TA T s —<Re s<l
2-s _,1+s 2
o T
a >0
= - p R i F e
19| #° %! o™ 1og ©)] ris) o 227° 1 «+2) x
a 2 2
a >0 l-s ws, 1
% I‘(—Z—)cos (—2-),E<Res<1
- - R = =
20 221 -tr~! 10g (5)]g>0 -T(s)2" % ® Z[F(l--‘;l)]zcos (“—25‘)

1E<Res<2

2 1
¥ =t +c|L2]a , R=t+r
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£(t) g(s) = Smf(t} 3 &
o
1 2 3 UZ L
21.| B~ (t+a.)u; -B u; log (—) I'(s) m p I'(3-s) I'(1 -s)
B 2-s8 3-s_ b
2 a F(E - S)
Re (a +f8) >0
2
s 3-85 . P
x ZFI(Z-E, 3378 1- 2)
a
0<Res<l
22. (t+a)-l log (Y[tﬂD’Rea >0 -Ta s'lcsc (ms)[Y(l-s)-log a]
0 <Re s <l
-1 ‘rr2 2 dz
23.] (t+1) {—6— + log “(Y[t+1 ])} I'(s) == I'(l1-s), 0<Res<l1
ds
24.

log (Y[r]) tan 4 (%),a >0

I'(s) T'(-s) sin ("—23) a®x

x [y (-s)-loga - ctn (17_28)]

0<Res8<l1
1
25.| log [Y ([(t+a)?+82]%)] x r(s)T(-5)(a’+p%) ¥Ein[s tan™* (%)] x
X tan (%), Rea>|1m[3| x{LIJ (—s)-—1-2-1og(u2+[32)-tan-l(£-)ctn[s tannl(%]
0 <Re s <1
an= 7 1 1 Sanes n_1
26.| (t+a) 2[2(1+§+" . +2n—+l) s r(s)2 L'(5 tn-s)

- log (4 Y (t+a))]

: K
Mz "1

3" 5*++(2n-1)

Rea >0, n2>1

x [4J(1§+n~8)—10g a],O <Res<n +%

2

u_ = [lbia)"p"]

o=

1
, Uzzt+o.+u2, r+(t2+a.2)3




f(t)

27.

1

=T1w]l 1
(t+a) []. +'Z+ + T

- log (Y [t+a]);n 21, Rea>0

- s-1
g(s) = S‘ f(t) t  dt
o
i(!s)(;s—n—l T'(n+l =s)[\(n+l -s) -

-loga] , 0>Res<n+1

Trigonometric functions

| <

(tz-iaz) sin [vtan-'l ((:—)]

a >0, Rev>-1

T'(s) I"'(v -s) s=v
T @

m_(v-8)

5—)

sin (

max[0, Rev-1]< Re s <1 + Re v

2, 2k . 1 B
2. |([t+a]"+B") 2 sin[vtan (a_-l-t)] %f‘:)) (u2+p2)(s-‘v)/%‘(v-s) ”
Re v>-1, Re a> [Imp| 1
x sin [(v-s)tan " (g)]‘0<Re s <Rev#l
2 2.-%v . -1 a
3. | (f+“)” 2 sin[v tan (T)] b %‘3 B0 (i8] sin [—g—(s-v)] %
x{Yv)-1lo (t2+0.2)% + T T
g x{log a -¢(v-s)+5ctn[5(5-v)]}
-i-ta.xff'l(tﬂ')ctn['.zta.n-1 (tg)]} :’;?1 max [0, Re v-1]<Re s <1 +Rev
2 2 '% 1 P -
4. | [(t+a)"+p%] “sinfvtan (7—)] x = E:;I‘(v-s)(azi-ﬂz} ? sin[(v-sjtan” C)p
2 2.3
x{Yv)-log[ (t+a)"+p"]* + x{LL(v—S)-'lé‘log (u2+p2)+tan'1 (E—) X

+ tannl (a._i?)(:tn [v tan—l (ch-}-t)] }

Rea > |ImB|, Re v>-1

-1 8 |
x ctn [(v-s) tan (;)]}

0<Re s<Rev+l
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© 1
f(t) g(s) :§ £(t) t°7 dt
o)
. [t2+o.2] -2_cos[vtan_1 (%)] ?E:; I‘(v-s)as_v cos (-T—;—[s—v])
a>0, Rev>0 max [0, Re v-1] < Re s <Re v
J ([t+a ]2+B2)--‘2Lcos[vtan_l(—‘-3—')] | 5oy
tta” | I(s) (a2+52) 2 I‘(v-s)cos[(v—s)tan_l(p—)]
T(v) a
Rea > [ImB[, Re v>0 0 <Re s <Rev
7. _Z
(t2+a2) 2cos [vtan-l(%)]{up(v) - ?—2:; a®v T(v-s) cos (%[s-v]) x
2 2 % -la T o
- log (t"+a”)*-tan (?) x |x[W(v-s) - log (a) + -Z—tan[z—(s-v)]]
x tan[vtan-l(%) I} max [0,Re v-]]<Res<Rev
a>0, Rev>0
2 277 1B 2
8. | [{t+a)” +B"] “cos[vtan (t+o.)] x ?2:;(02*'52) 2 (- sH[B(v-5) -
1 1 -
x{Y (v) - log ([t+a] 2+BZ)‘2 - |- log (a2+52)2]cos[(v—s) tan ! (g)] -
1,6 1B
- tan (m)tan [vtan (H-E)] - tan-1 ('ST) sin[(v-s) tan_1 (g)]
Rea>|ImBL, Re v>0 0 <Re s <Rev
9 S‘% (c0s0)  2cos[(v-3) 0] a6 22 r(s-lz-v)r(uv- %)
. (—1't2+0.2 cosze)V-l-1 2v-8+2 1 s
4 a F(V+I)F(E+E_V)
a>0, Rev>-1 )
max[O,E+Re v]<Re s <1
1 _1
191 cos0) 2cos (v 510 ] n 273 D) Tz +5-9) Tlv-3)
de
57 2 2v-8 1t s 1 s
o (Z‘"' 02 cos G)V a T"(v) T{(1+5¢) I‘(E—v+-2—)
1
0>0, Re v>0 max [0, Rev-z] <Re s<Re (2v)
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0
-1
f(t) ! g(s) :S‘ f(t) 57" dt
o
™ 1
2 z -l-s
11. S‘[(t +2-2 cos ¢)°-t] x I"(s) 2 B(s+2, l-s) «w
o] , 3+s, 4, 2
[r]
x (1+ cos ¢) do 0 <Res<l
-1
12.] tan (%) , a>0 «®s” 7w sin (TT—ZS) csc (mws)
0 <Res<l
-1 . TS
13.] tan  (t) T'(s) T'(-s) 4 sin (T),0<Re s<1
- -s-1 % -
14 tan" ' (&), a>o0 -T(s) 277w (D)
t 2 TS
tan (—)
QS I‘(1+S) 2
2
0 <Res<l
- -1 -1 B /
150 tr 2-0. tan (%), a >0 -I"(s) TraI‘(—ZS) S
tan (Tr—)0<Re s <]
s l-s_  s-1 2"
2 a T'(—)
2
-1 . 1+
16.| a tan (E{q-)-;—log(l+4(%)2) I'(s) I s-1) sin (12-5-) 2%q T8
a>0 0 <Res <l
-1 -1 .
17.] a tan (%)+tlog (Y (r)) -I‘(s)o.S I‘(l-s)51n(12:3~)[¢(1-s) -
> ,a >0
i s
- loga-lctn(L)],0<Res<l
2 2
-1 a T -1 TS
. —-) - — — 1- -
18.] t tan (t) a log [Y(r)] o Ty a cos(z)[\ll( s)
’
r2
- log a+% tan (TT—ZS—)] » 0<Res<2
T
r = (t2 +c12)2
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00

5-1
£(t) g(s) = \ £(t) t°7" at
!
5
19. ta,n-1 (-t-%), Re a> |Im[3| 113-1 csc (ws)(a2+ﬁz)7sin[s tan—l (%)]
0<Res<l
20.[tan™ (522 —), 0,850 | -D(s) T(-3) sin GO (@ +B)° +
t -a +P
+ sgn (a-ﬂ)J&-E[B] ,0<Res<l
s-1
21| ptan™ (Eoyt(tra) log [Y(@)] | -T(s) D(1-8)(@®48%) Z {[Y(1-5) -
i %
o= - log (u2+[52)3] cos[(l-s)tan l(%)]}---
L=l > |
Re a > [Img| -tan-(%}sm[(l-s)ta.n (-E—}]}, O0<Res<l1
1 g sl 18
22.| (t+a)tan (-{%;)—[3 log[Wu)] (s)r(l-s)a“+8") 2 sin[(l-g)tan (;)] X
2
. x (1-8)-3log (o +§) +tam (C)ctnfl-skan ()]
Re a> |Img | 5 ity g & B
23. atan-l(%ﬂhan-l(z—z%t—z) + -I"(s)r'(-s-1) sin (172_9)[ [ﬁ-a | ok S
t+a-B t 4f -a
2 2
+310g[SHEP) - p+a)®*'], 0 <Re s <1
t +(a+B)
a, B>0, a #B -
v -1_-v -y -s s-1 -1 l-s+v
24.| a ctn(my)r R -a csc(rv)X| -I'(s) 2 a ™ 1"(—-2~——-) x

-1 _ v

Xr R,a>0,[Rev|<1

X 1“(1 -Zs-v) cos (%[s+v])

0 < Re sKi-IRevl

u = [(t+a)? + 827,

1 1
® r:(tz

+o.2)"3' i R

=t+r



37

Hyperbolic functions

* s-1
£(t) g(s) = S‘ f(t) t  dt
o
1 -s-1 s-1 1-
(t“+a”) 2 sinh (—),a>0 r'(s) 2 S as [r(_zs)]z sin (Héi)
0 <Res<l
-1 . o o.-8 -8
-== sinh™ " (=),a>0 I(s)(1-i) 2~ T{—-)
, 0<Re s<l
0'l-sr(1+s)
2
u 1
u sinh (FZ) I'(s) m* [F(l—s)] :
1-
(2a) sl“(% -s)
> >
Rea >0, Re (a+f) >0 F (1 s l-s 3 s: 1 E_E
XZ 1 '2: 2 ’2- s 1= 2
a
0 <Res<l

Orthogonal polynomials; Gamma, Legendre and related functions

t+a) ™ P (12 L) 1 gi2n)a-1)" o571 20
n t+a
(n?)
Re a>0 X 2Fl(-n, s-n; s-2n;i ?0;_—1)
0O0<Res<l1+n
-p.a X\ I(s){a+1) T(B-s) . .
(t+1) Ln (m), Re B >0 aT T (8) 2]5‘2((3—5, -n;a+l,p; )
0 <Res<Rep
= [t2+0.2]E , u_ = ([t+a]2 - Bz)E
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© 1
g(s) = S‘ £(t) 570 dt

larga | <w

£(t)
(o]
1 1
3. ¢(3i’—3‘) ] ¢(3;:—) 25" MNe) Ml-s) ®(-1, 1-s, %)
0 <Res<l
1 1
4. ¢(fz+1) - “"‘%*E) 2°" I(s) D(L-s)(1-2%)C (1-5)
0 <Re s«
5. ¢(t+;+1)—¢(t;3),Re a >0 2w csc (ws) &(-1, 1-s, a), 0<Res<]
6. | ¥ (t-ia +1)-¢ (t+ia+l) I(s) I(1-s) [¢L (1-5s, l+ia) -
[Ima| <1 -¢(l-s, 1-ia)], 0 <Re s <1
1.1 1 1
7. | Lozt +3)- v (ol r(s) 2°" mi-s)1-2° g ()
0 <Res<l
1 -
8. “"'(E'é) , Rea >0 2 4 T(s)T(2-8)t (2-8)(1- 257 %)
0<Res<«<l
9. kb(n) (t+ a), Rea >0 (s) I'(1-s+n) ¢ (1—s+n,0.)(-1)n+1
0<Res<n
t5 t 1 1 1
10.| 1 - e A Eric ) D(s+D)N52)(s ™) F-1<Re s<0
11. at -s 1
e Erfc (r\/(_l_t),larga|<1r I'(s) a sec (rs), 0 < Re S<E
-1 Lat L1 1 3
120 t ?- (ma)® e Erfc(\at) -T(s) w2 a® csc (w s),E<Res<E




» s-1
f(t) g(s) = g f(t) t At
o
= 1 ss 1
13.| et Erfc (,J;E), Re a>0 ZI‘(E+ s) I'(-28) m 40.,—-E<Res<0
S T oy 1
il 1am% 7% oF Bide (1/%) Il 4s) D= 28) 22°* %, .1<Res<0d
Re a >0
L 1 L 1
15.] <a® +w°t (a+—) e( ) x (2+s) I(-1-2s) geetE Eta
a 1
X Erfc (-J-t—), Rea>0 -2<Res<-§
2 s L 2
(B+t) B+t T B B
16.| exp[—— ] Erfc | ] 22 (20)2 ———exp(+—)D [—]
4aq Nad sin(m s) 8a s N3
Re a>0, Re p§ >0 Re s >0
1 3 2 1_.5_' Z
A 3 1
17.] a'- % a2 (t+B) e® (t49) x El‘(s)(Za) 2 1(2-s) e ad 72
L
x Erfc(a®[t+8]), Rea >0 D 2[[3 NZa], 0<Res< 2
wl . 1
18. e{E5t Erfc (NB(t+a) ) (s)mw™ B g euﬁ I (E + s, aP)
1
Reo,>0,la.rg[3|<‘rr 0<Res<§
T3 Z Bt z-s af
19. (m-) -m B¢ e Erfc[\B(t+a] [ I(s) N= —s)ﬁ e F(S- , ap)

Rea >0, 'a.rg ﬁ|<1'r

3

0 <R < =
e s >
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0
-1
£(t) g(s) = g £(t) t°7 at
o
2 . 1% v
a i E's s-z v s
i 1 y.z
50 e 4t Erf[ e 2]a>0 i2 a “TI(l+st) Ilg - 5)
2Nt 3y S *
EAGL |
1“(4 + 5 +1)
™ 1%
t — (L.
x tan [5 (5-s)]
max [0,-> -Re¥, ReX -1]kRe s <1 +Re
2 2 2 2
! s
21. 2 . -t -I(l+s)m s -1 -T(s)mTa
—_— < R . S— - —
e Ei (o. ) |argal < sin (7 s) sin (m s)
0 <Res<l
i
22 e Ei (-—tq'), Re a >0 —1“(1+s)[1"(s)]2 a®, -1<Res<0
-1 t -
23 (-1 & e Ei(cat) + r(s) m o~ ° csc [ (s-n)]
n
+ Z {m-1)! (-o.)n-mt-m n<Res<n+1
m=1
n>1, |arga|<‘rr
I ey 1 (9™
m- . n-m- -
\ T - - 1- -1 < <1
z 1) (~1t) (n-l)!x I'(s) B(l-s, nts-1), 0<Res
m=1
t ..
x e Ei(-t), n>2
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0 1
g(s) = gf(t) 27 at

£(t)
o
25.| ' [Ei (-2t) -Ei (-1)] rgs)[\p(l-%)-\p(l—'zf)],o <Re s <1
26. e_t E(t) -T(s) w ctn (ws), 0 <Re s <1
21 Lei]? + [si(0]2 2(r(e)? rii-s)s™! cos ()
0 <Re s<l1

28.| ci(t) sin (t) + si (t) cos (t) % I'(s) sec (“—ZS), 0<Resc<l
29.] ci (t) cos (t) + si (t) sin () | T(1-s) [I{s)]° cos (E%), 0<Res <1
30. %Jr ci(t) sin(t) + si(t) cos(t) “? I(s) sec ("—ZS), -1 <Res<0
31, t-l[-ci(t) sin(t) -si(t) cos(t)] H -%I‘(1+5) (l_s)-1 csc (TT—ZS—)

+ [ci(t) cos(t) -si(t) cos(t)] l1 <Re s< 2

T -1 L . . 1 -1 TS
32. Et +tl{c1(t)51n(t)+51(t)cos )]+ EF(S+1) w(l-s) csc (—2)

+ si(t)sin(t)-ci(t)cos(t) 0 <Res<«<l
33.| sin (2+/at) Ci (2+at) - I‘(s-{--}Z—) I‘(lz—-s)I‘(Zs)él_s o™ ®

-cos (2A/at) Si(2~at) O<Res<-}2-

Rea >0

at -S

34./ e I(-wat), larg af <m ToAS2 I;_E(ilal) csc [m (s-v)]

Re v>-1

max[0, Rev]<Re s <Re v+l
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g(s) :S‘ f(t) ts'1 dt

v

Re (p+v) >-1

£(t)
0O
& S
35.l et I'(-v, =), Re a>0 a T(s+vtl) I'(-s) T'(-s-v)
T'{v+1)
Re v> -1
max[-1-Re v, -Re -‘é—]< Re s<-Re -%- [Re %l
B(t+a) -
36.] e T (-v,B(t+a) ) _{:‘%;)_1) F(l-stv) B s eaBF(s—v, o B)
[argp|<m,Rea>0,Rev>1 0<Res<l +Rev
-1
37.] Y(v+1, t), Rev>-1 -s I(l+s+v), -1-Re v< Re s <0
-V 2 2% v-Zs—% s 1
38.| P (t +a ) 2 2 a I (= + s)
{ [———1]}", a>0 2 s
1 t T — B (1+s, v—-z)
* F(ZV+E)[F(1+E)]
Re v> -%
1
—-E<Re s<Re 2v
2 25 _uott vt
39.| [(t+a) -p°] 2 P (-—B—G) r(s)B” T(l-stp+v) Tlu-s-v)
P8 S IVL ) e ) Plu) Tl tvt )
> >. 2
Re (040)>0, Re o) -1 x F(HH*V'S 1'5*}“"’.1 s+ -1_5__._)
271 z ' 2 T TTH 2
Re (p-v) >0
0 <Re s <Rep-|Re v|
“p-l - - +vtl-s
0. r P! P (), a>0 r(s) 2~ SpEEios)

2

- -+l
0'l-l-p SI"(V+S Lt )

> T(ut+v+l)

max[O,ReH-IE]<Re s<1+Re (u tv)

[

r :[tz»i-az]
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* s-1
f(t) g(s) = g f(t) t dt
(o]
- t 1
41. v -l PH (—E— (s) F(s—-——p) (1l -s+p +v)
1 l1-s+p 2
(2a) T2 T(s+v-p )T +v+1)
Rea>0, Re (u+v) > -1
- Re (v+p)<Re(1-s)<min[1,1E-ReH]
-M- - - 1-s+u+ 2-s+p+
4o uzp’l p V(Eﬂ) r'(s) ZH SBVF( s-lz-p V)F( SZH v)
j T+ vil) n%al'er“wr( +1) ’
1%
Rea> [ReB|, Refu+v)>-1 | V17
2
2-s+pt+v 1- s+p+v §)
F , P_
* 7 Vi)
0.
0<Re s<1+Re(u+v)
43. [ 0! V(ﬁﬂ) (s) 8" (1 -s+p +V) 5
ZVaWH+1_sF(v+1)1“(l+,v+p)
Rea > |ImB |, Re{u+v)>1
l-s+vhu p+v-s 82
-stv WFv- -
F ) s I
5 3 2 v =)
a
0 <Re s <1+Re (u+v)
v T -v,r -s-% ] —% 1+s
44. | P (D) P (), a >0 2 (— )B(1+s,——)
-2 -2
S
I‘(v+-2—+1)I‘(-2—+l-v)
l—<Re s<0
2
2 z 2 2,1 2 .2l 3
= (t +oL‘2)‘2 ) = ([t+a] —0.2)3 , u_ = (t+ta]”-B7)3, u= ([t+a]2+{32)
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£(t)

® ]
gls) = g f£(¢) t°7 at

O
i— - - - -~
PEN IR R B 22727572 4s) B(s, w29
I t’ 7t 2 2
3 l+s 2
3 H2v+3)r—=-)]
Rev>.=, a>0
4
0 <Re s<142Re v
L.2
-1 _~v,r, _-v-1,1r 2-¢eStv s 1 1 3 s
46. P P, L .|
r % (t) _L (t) 2 7 QI‘(2+S)B(S v+4 2)
5 s-1 s+3
5 Flavig) T )
a>0, Rev>-—
4
0<Re s<2+Re 2v
- vt - -1 - _
a7.] =™ r svt)ctn(my) PV(;) _r(s) 2SS lr(l_stTHLV) .
0
v, t l-s+p-v, . ™
-T(u -v+l )csc(mv) Pp (;)] xI“(———Z——) sin (2[s+v—|¢ )]
a>0, Re (u +v) >-1 |IRe - Ren <Re (1-s)< min[l%—Re ]
_ _ - -5 -1 -
48.| r P EEVE) - rE+s)a® 24l %072 (s, 128
-zt 7t 2 2
1
I‘(—+v+;—)I‘(% -w% )
-2 P EF Y &) >0 * lcRes<s
VAR AR BNt 2 2
1 2 1
49.1 Q 1 (t+1), Re v>_E [1(s)] F(E_ s +v) 1
Vo2 T-s 1 s 0<Res<E+Re1
2 F(E +s +v)
50. @ (t+a) ,Rea>LRev>—+ | (s) TS+ 1) rss 4 3y
Vet ’ > 2 2 "% 2 "%
T
25"‘1 aV—s+2r(v+1)
v-8 3 v-s 1 -2
AT Tt vt e )

0<Res<1E+Rev

r = (t2+ 0.2)

(M1
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® 1
£(t) g(s) = g £(¢) t°7 dt
o
t2 1 -8 8 l-8
51/ Q 1 (—=+#l)a >0,Rev>-= r(s) 2° a m B(s, vi——)
V-3 20.2 ’ 2
l+s,, 2
[ri=l
0<Re s<]+Re(2v)
52. u;P' Q}'L 1(HTG'), Rea >0 I'(s) sin[mr (u+v)] I‘(s—p.)I”(IE—smd-v)
-2
i sin (mv) 1"(-127+ S = V=) 21 Fe=d, Jo=8
Re (p+v)>—--z
max[0, Reu] <Re s<%+Re(v+p,]
- v & -
53. | w3 @ (5%). Re a> [Rep| 28" (s sinfr(vn] TS
X
sin (mv)a" +v+1_sr(v+%)[f}:-ﬁél—+i]-l
Re (u+ v)>-1
ptv-8 1l-s+p+v 3 {32
2510 R I
a
0<Res<1l+Re(vh)
-l - t+ L
54. 1.12|”L 1 Q: (—ug). Rea>0 I(s) sin [ (v+p)] e |3vl"(l—s+p,+u) "
2 sin (mp) T (u-v+l) 21-S+|.J.al-s+p.+v
Re (a +B) >0, Re(u + v) >-1 o B4 =B F(&H‘s, 1'S}*T‘LJ”};E-sm;
3 21 2 2 2
HE-—S +}J.)
2
8
; 1—'—2-)
a
0 <Re s <1+Rep-|Re

(Sl

2 2 ~ 2
u = [t+0) =017, u, =[(tra) 2%
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® 1
£(t) g(s) :S‘ f(t) 077 dt

o

Bessel and related functions

¥ @) -7 (t) Lllsintmy) g g SZ'V)

-y -v w2

max [ 0,Re v] < Re s<l

HZ(‘I}) (Nat) Hz(i)(\/a—t),Re a>0 za'sr(;+2v)1‘(%-s)1‘ ()" (s-2v)

I I
'Revl(% T PEvig) T (5 -2v)
max[ -Re 2v,Re v+ |Re vl]<Re s<%
1), 44 (2), i1 1, -3 -s
H ‘1" (a®®)H 1 (a®? + 4T (s-=)vm“a I (l-s) x
vs v-3 2
11 11 23
+H§1)l(a2t2)H (21) (0% 2) x ' (s+v)T (s-v),max[Z,IRevl]<Re se|
V"z V+2
Re a»0, [Rev|<1
1
Iv(t) - I"v(t)’ Rev> 2 T (s+v) B(v+%, 1-;-‘})
> 1 v
e F(V+E) 2

-Rev<Re s «l1 -Rev

a

KV(N/E), Rea >0 _]._ I,(s.*’_v) 2 -SF(S-—V)

2 2" 4 2
1%
Res > IReE]
3 t 2 -1 1
a—— T2 —_ .- —
e KO(Z) [T (s)] = I‘(2 s),0<Res<‘2
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£(t)
(0]
-
3 1
7 le' (<), Rea >0, |Revl<l T(s+2)n 2cos (-2¥) (2a)° x
v t 2 2
v
xI‘(-g-s)I‘(ns-—g)
1 v
nE<Res<=|ReE|
=V -V V-8
8| t+a) ZK eNEa+D)) ris)p 2(2) 77 K (2NGp)
Re a>0, Re >0 Re s=>0
- Y
9,| (t+p)%e OL‘“’5)/31@(“—(3;“ﬁ) T (s)(2a) a I‘(%-s)x
4
2
Rea>0 X exp (E%-)Ds 1 PVZa]
-2
O<Re s <—
a
T 1
10.| e [Kl(%) ~Ko(%)] I‘(—g—+s)F(-s—l)F(-s)asﬁ-ZZS+l
Re a>0 -%<Re s<-1
2 s-1 s-1
11.| . (at) ~Y, (at) =% , a>0 T (s)2° 'T(2-s)T (=)
1 1 ™ 2

1<Res<?2




£(t) g(s) :S £(t) °7 1 at

12, HH (t) - Y (t)

13,| B_(Bat) - ¥_(Bai) M d4s)T (2 -6)[T(s)]%2a)"°
Rea>0 0<Res<%
1 1
L4 (B (1) - Y () C(s)T(l-s)2° §(-1,2-5,5)
2t
LT )Y () -1<Res<l
-1
2

Generalized hypergeometric series

2
1. ZFI(V% , zw%guﬂ:"‘g‘ ) 2SOVl S R LT (L 45 + 4y)
x
‘ T (v+5) T 2v=) [T (L +v42)]°
1 2 2 2
a> 0, Rev>-Z
xB(1+s+2v,:—2§ },
max[~1-Re 4y, ~1-Re 2v]<Re s<0
1 3 4(12 4v-5-1 s S
. F —_ _: ;— - =T ! ’:.._
2 > 1(v+2,v+2 2v+1 tZ ) 2 Ta B(s+2y+l > )
1 s 2 1 1
;R - = =5 [} 5
a>0,Re v> -1 (v+2)[r(2+v+l)] B(VLZ‘ v+2)
-1-Re(2v)<«Re s <0
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“ 1
g(s) :g f(t) t°7 dt

f(t)
o
2 1
11 — 2v-s-1 s 3
3, ZFI(Z,Z—J_? H-u,--wt-zn-—) 2 1 a w“T (:-l-s-Zv}I“S(l+v)Jf
I = Nai P oy
{2 v}r(v+1+2)r(1 v+2)
a>0,Reve % % B{I+S,:Z-E)’max[Re(Zu-l)pl]s:Re =<0
:' 1 lo A 3..- 1
4, ZFl(p+v+-2,p-&+2,v-k+2, I‘(s)l"(vl-kﬂ)r(-ls-l) —x
gl TQ.L+V+E)1- (v—p-l--z)r (|J.-k+"i)
)
x - - —
Re (v'—"-p,)‘)-iz Bi{=mety, sig=k) 1
-Repu-|Rep|>Re spmax| - -2-+Re (kp ),
1
,-= =-Re (u+v)]
2
i 1
5. (t+1) X I' (s)T (2 +1 )B(p+v+z-s,k+s-v)
1 1 1 3 1 1
F £ i S T . - o
xz 1{p.+v+2 RN k+2:2p+1,t+1) a r(}L+v+2)F(}¢+S+2 V)
Re [u+v)> --!2- max|[ 0, Re (v=k)]<Re s<}2- +Re [u+v)
1 I
6. (tratt) HVTZT T (s) (5 +ptv-s)(at D) SH2
a X
szl (};+v+;:f,ri-k+%: 2+l B ﬁ) T +v+'lz)
t+at=
¢ 1 1 B
X F (SHtv-s, pk+3) 2p+ls— )
1 1 2 1% 2 B
Re a>= |Re B|,Re (utv)>-= a4
2 2 2
0<Res<-12+ Re (u +v)
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£(t)

“ s-1
g(s) = S' £(t) t dt

(o]

t{-a

I (1 +s4B4n)T (-8) (a-1)"a"

7 (t-!-a-—l)F(nvﬁ “Beny—
x
oy T (B+ntl)
Re a>0, Re B> -1 .
'ZFl («n, vts+n+l s+l b )
-n-1~-Re B<Res «-n
E -|.L-V—E'
& (t+a+3) > x F(S)F(y-k-i-l)l"('§"+p.+v-s)1"(l+v-s-p)
. . ot
| " 8 L (vt p+3)0 (vept3) T -schv) {a+[3)’JL v-2
v ,u-k+ vktls oo 2 )
t+a+4= F (= - =l ] _.E
> ”2,(i—|.1+v5p.k+zlsk+v-2+ﬁ)
1
Re(a+-§)>0,Re(viy)>-“l'2' O<Re s <E +Rev-|Rep.|
9, Et+1}—€F {a.,oesa ,0.,b ,eee.b —C—L) I'(s)I'(c=8)
ptl 1 P 1 gt ——F-(‘J-—)——--' X
F bl (X T] (1Y)
Re ¢>0, p<q *p+1 q(Cr o ‘ap’bl' ’bq’a)
O<Res<Reo
Other higher transcendental functions
1. V (2t, , Re =T :
v( g} ig (s) sin (wV) csc (= [s=v])
2 2
max [ 0,Re v-2]<Re s <Re
-s s=1 l-s
2, r-lK (%) s b T'(s)r4 a B(S,—-—z—-)
[r(-l-—*—sy 1%, 0<Res<l

or

r= [t2+az]
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g(s) = § f(t) ts-l

f(t) dt
O
- -s s-1 3
3. r I[K (E)-E(E)],a>0 TrI‘(s)41 5a® B(s-l,-z--;—)
: : 1 +s ool ;I<Re s« 3
reE e
- ' -s s+l 3 s
4| r Z[(2t‘2+aZ)K (<) - C(s)md "o B(S,E--E)
r
T+s . .2 »0<Re s<3
r
_2(t2+a2)E(-§)],a>O [T
H| flutre), Reax 0, Re vt F(SI)F;(;}-S'_) ¢ (s, a),0cRe s<Rev-1
1%

6. Q(V,le-t+l), Re v>1

T (s)
T (v

2°T (v-8)¢, b~ 5)P<Re s <Re w1

AN (v,%) . Revsl

2 T(s) 1 55" e
T 0-27 I skt

f-s)

0 <Re s <Re v-1

8 So’ (t) F(S)n-lzs-lsin(Tr—Zs-)cos (TT—ZV) x
S-v s+v

X I‘(—Z— T (——2—-), |Rev|<Re s<1

9. S_,s o ® I‘(s)l"(l-s)ZS[I‘(sE)]Zcos(%s-)

0<Re s «l
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% 1
g(s) = S‘ f(t) t° at

£(t)
o
10.| S 1’ (t), v#0 I‘(s)'rr-1 V-IZS-IF(I-s)cos(-TTZ—S) x
x sin (20T G ) |Re v|<Re s<2
2 2 2"
11.| S_. ,. (2Nat),Re a>0 ZZk-la-sI‘(—l—+s+k)I‘(~1—-s-k)
2k’ 2 T 2 §
1
_ . F(}L-k+z)r(-k-p+°1£)
Re(ikip)>-~2-
X T'+s)C (s-p)
1 1
max[|Rey, -3 Rek]<Re s<Rep+-§-
1 2.2 -1 TS W
12.] S, -=S _, r =132( - in(— - —
0%(t) 55, %(t) (s)('rr) (1-s) sm(Z 4) x
XI‘(s-%)I‘(Z-s),O<Res<1
o S,, t)+vS_, (t),R 0 - -
3. 55 [04v5, ft), Re v< -F(1+S)F(-S)F(SZV)VZS !
2-v-58
r(&- Y-S
( > )
max[ -1,Rev] <Re s<0
a
2t 2a
14, —), r
e D—Zv“/ " },Re a>OsRev>0 (s+v) 2v+Zsasr(_Zs) Rew<Re s<0
T @2v) L
(t+ﬁ)Z _sZ 5
8a t+p “T (s) B
il - Py x
151 e D_v( Za lRe a>0,Rev>0 (2a) ™) T (s+v-1)exp( 5a )

xD O<Re s<Rev

(L)
s-v 42a
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“ s-1
£(t) g(s) :gf(t)t dt
o
e --flt t-ip L (s) _::% v-5 g’
—) x
16.| exp( T )le D—v‘ﬁ)-l- D) 2 . L > Jexp ( 4(1}
iBt 2
L . l+s-v 1 B
x F
o g SHE )],Rea>o,Reu>o VEy B3 5 1 ghicRe acBey
=V NZ2a
L L ]
LB R ; T(s)_. l-s+v 2 2
t - t r )2 ¥
B 1B | Prm
rrle ®® |le fop greiB 3
‘ =V N2a __[_3_
-itp e =R (——,-i E—-)O(Re s<Rev+l
F t-ip I'L* 2 2’ 4a
-e D (—=)sRe a>0,Rev>l
=V N2a J’
—%‘; a°T (s4 )T (tv-8)T (& v-s)
8. —
S CRR P v(t) r@tw%)rm-w-lz-)
Re c1>0,]?{e(|.x...1,=)>-i2 " 1
-Rep(Res<E-— [Rev}
19, E(a,, vit:t)Rev>0 T'(a)T (B)T (s+v) B(-s, a+s)B(-s, B+s
I"'(¢) B(-s, t+s)
max[-Rev, -Re a, -Re B]<Re s<0
- S+0‘!a EA R !a“
20.] ¢t +1)%7} I‘(s)Gm’nH(l 170 p)
ptl,q
b ,ees,b
1 q
m,n+1 naasa
p+l,q \tt 11 ""’bq p) O<Res<l-Rea+minReb

ptq<2(m+n)Re a>bj+1,j =l,ees, M

£k <m




10.

L.,

12.

BIBLIOGRAPHY

. Apostol, Tom M. Mathematical analysis;a modern approach

to advanced calculus. Reading, Mass., Addison-Wesley,
1957. 553p.

. Apostol, Tom M. On the Lerch zeta function. Pacific

Journal of Mathematics 1:161-167. 1951.

Apostol, Tom M. Remark on the Hurwitz zeta function. Pro-
ceedings of the American Mathematical Society 2:690-693.
1951 ;

Barnes, E.W. On certain functions defined by Taylor series
of finite radius of convergence. Proceedings of the London
Mathematical Society 4:284-316. 1906.

Doetsch, G. Handbuch der Laplace transformation. Basel,
Birkhauser, 1950-1956. 3 vols.

Erdelyi, Arthur et al. Higher transcendental functions. New
York, McGraw Hill, 1953-1954. 3 vols.

Erdelyi, Arthur et al. Tables of integral transforms. New
York, McGraw Hill, 1953. 2 vols.

Hardy, G.H., Method for determining the behavior of certain
classes of power series near a singular point on the circle
of convergence. Proceedings of the London Mathematical
Society 3:381-389. 1905.

Hardy, G.H. Note on the inversion of a repeated integral.
Proceedings of the London Mathematical Society 24:50-51.
1927.

Hardy, G.H. Some cases of the inversion of the order of
integration. Messenger of Mathematics 41:102-109. 1911.

Khinchin, Aleksandr. A course of mathematical analysis.
Delhi, Hindustan, 1960. 668p.
0

Lerch, M. Note sur la fonction K (w, x,s) = ekax(w_l_k)-s.

Acta Mathematica 11:19-24. 1887. k=0




13.

14.

15.

16.

17.

18.

19.

20.

21.

55

Lewin, Leonard. Dilogarithms and associated functions.
London, MacDonald, 1958. 353p.

MacFarlane, G.G. The application of Mellin Transforms

to the summation of slowly convergent series. Philosophi-

cal Magazine ser. 7, 40:188-197. 1949.

McDougall, J. and Edmund C. Stoner. The Computation of
Fermi-Dirac functions. Philosophical Transactions of
the Royal Society of London ser.A,237:67-104. 1939.

Mellin, H. Abriss einer einheitlichen theorie der gamma
und der hypergeometrischen funktionen. Mathematica
Annalen 68:305-337. 1910.

Mellin, H. Uber den zusammenhang zwischen den linearen
differential - und differenzen - gleichungen. Acta
Mathematica 25:139-164. 1902.

Oberhettinger, Fritz. Note on the Lerch zeta function.
Pacific Journal of Mathematics 6:117-120. 1956.

Rhodes, P. Fermi-Dirac functions of integral order.
Proceedings of the Royal Society of London ser. A,
204:396-405. 1950.

Titchmarsh, E.C. Introduction to the theory of Fourier
integrals. Oxford, Clarendon, 1937. 390p,

Truesdell, C.A. On a function which occurs in the theory
of the structure of polymers. Annals of Mathematics
46:144-157. 1945,



