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On Invariant Galton-Watson Trees with Exponential Edge Lengths



1 Introduction

This thesis is based on the paper Invariant Galton-Watson trees: metric properties
and attraction with respect to generalized dynamical pruning [22] by Yevgeniy Kovchegov,
Guochen Xu, and Ilya Zaliapin that was recently published in the Advances in Applied
Probability.

Galton-Watson (GW) processes are an important part of the theory of stochastic pro-
cess. Introduced more than a century ago, the GW processes developed into a research field
that has applications in multiple other disciplines, including population biology, hydrology,
statistical physics, and computer science.

Galton-Watson processes were initially used to study population evolution. In 1873,
F. Galton published a question concerning the probability of extinction of the noble sur-
names in the United Kingdom. Here is how the initial question can be phrased: A large
nation, of whom we will only concern ourselves with adult males, N in number, and who
each bear separate surnames colonize a district. Their law of population is such that, in
each generation, ¢, fraction of the adult males have k male children who reach adult life
for k € N*. Galton was interested in the following two questions: (1) what proportion of
their surnames will become extinct after r generations; and (2) more generally, what is the
probability for any given number of descendants in the male line in any given generation.

Using the probabilistic terminology, we can say that Galton assumed that the off-
spring numbers are independent identically distributed (i.i.d.) random variables. One year
later, F. Galton and H. W. Watson coauthored an article [12], in which they proved that the
probability of extinction is a fixed point of the generating function of the offspring distribu-
tion. However, they arrived with an incorrect conclusion. Earlier, in 1845, I. J. Bienaymé
[17] worked of the same question and obtained the correct answer. The genealogy of the
population generated by a Galton-Watson process is naturally organized in a genealogical
tree, also called Galton-Watson tree. The study of Galton-Watson trees is an active domain
of research. This current thesis will also contribute to the study of Galton-Watson trees.

For a period of time, Galton-Watson processes stayed generally unnoticed by the

academic community until R. A. Fisher used an identical model to study the survival of
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the progeny of a mutant gene and random variations in the frequencies of genes. Then
in 1927, J.B.S. Haldane [14] found an another application of GW processes in genetics.
Then, in 1930, J. F. Steffensen [35, 34] completed the derivation of extinction probabilities
of Galton-Watson processes, correcting the work of F. Galton and H. W. Watson. Later,
A.N. Kolmogorov [21] found the asymptotic probability of extinction. Since 1940’s, the
interest to this class of models was only increasing as more relations were found between
various fields of science and Galton-Watson processes. For example, Galton-Watson pro-
cesses can be used to model nuclear chain reaction. Also, the general interest of applying
the probability theory is on the rise.

Recall that a Galton-Watson tree embodies the time-space evolution of the corre-
sponding Galton-Watson process by tracking the trajectory of the process with the pro-
genitor at time zero corresponding to the root vertex in the tree. In the recent decades, a
lot of research work focused on various tree reduction operations. Neveu [29] was the first
to consider the invariance of Galton-Watson trees under leaf-length erasure. Duquesne and
Winkel [8, 9] analyzed the evolution of Galton-Watson trees under Bernoulli leaf coloring
and hereditary reduction. In 2000, Burd, Waymire, and Wynn [5] proved that assuming fi-
nite second moment, the critical binary Galton-Watson measure is the only Galton-Watson
measure that is invariant under Horton pruning. Moreover, under iterative Horton prun-
ing, [5] asserts that that the critical binary Galton-Watson measure is the only attractor
measure with bounded probability mass function. The work started in [5] was completed
by Kovchegov and Zaliapin in [27], while this current thesis generalizes the results [27] for
the general operation of tree pruning called generalized dynamical pruning [25, 26|, similar
to hereditary reduction.

This thesis is based on a recent paper [22] produced in coauthorship with Yevgeniy
Kovchegov and Ilya Zaliapin, where we continue the study of the critical branching processes
with the progeny generating function Q(z) = z+q(1—z)1/q for a given parameter g € [1/2,1).
The importance of these processes was previously noticed in [1, 7, 9, 26, 27, 19, 29, 39]. The
random tree measures induced by these branching processes are called here the Invariant
Galton-Watson (IGW) measures. The trees generated by the IGW measures are called the

IGW trees. In [22] and in this thesis, we accomplish the following two objectives. First,
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we establish the main metric properties of the IGW trees: the distributions of its height,
lengths, and size (the number of edges). These distributions are well-studied for a special
case of the IGW process with ¢ = 1/2 that coincides with the critical binary Galton-Watson
process [26]. Here we establish the results for the general case of ¢ € [1/2,1). Second, we
extend the results of [27], where the IGW trees were shown to be the attractors of the
pushforward measures under the iterative application of Horton pruning (eliminating tree
leaves followed by a series reduction). Here, we obtain analogous results under a much
broader generalized dynamical pruning introduced in [25]. Since the generalized dynamical
pruning can be expressed via the hereditary reduction of [9], the attractor property of IGW
tree measures holds for the hereditary reduction as well. Also, the IGW trees turn out to

be the attractors under the Bernoulli leaf coloring, a tree reduction studied in [8].



2 Background

In this section we will review the Galton-Watson branching processes and the opera-
tion of tree pruning. This background material provides the context for the results in this

thesis.

2.1 Galton-Watson processes

First, we define the Galton-Watson processes, Next, we go over basic theory and
applications of Galton-Watson processes.

A Galton-Watson process is a Markov chain {Z,}:°, on the space of nonnegative
integers Z, = {0,1,2,---}. The process starts with Zy = 1, and evolves according to the given
progeny distribution (probability mass function) {g;};2,. In the first time step, random
variable Z; is sampled from the {g;}3>, distribution, i.e., P(Z; = k) = g;. Then, recursively
in n, conditioning on the value of Z,, = K, we let Z,,;1 = ngl &n,is Where &, ; are independent
random variables, each sampled from distribution {qx}72, i-e., &n i i {qr}.

Here, each random variable Z,, (n € Z,) represents the size of the n-th generation,
and &, ; is the number of offsprings of the i-th individual in the n-th generation. The
corresponding genealogical tree that tracks down the evolution of the family is called the
Galton-Watson tree. A Galton-Watson tree is distributed according to the tree measure,
called Galton- Watson measure, induced by the Galton-Watson process. For a given progeny

distribution {g}72,, the Galton-Watson measure will be denoted by GW({qx})-

2.2 Generating function

Generating functions are used for the study of Galton-Watson processes. The gener-

ating function Q,(z) of Z,, is defined as

Qn(z) = i P(Z, = k) 2"
k=0



Observe that, for a given progeny distribution {gj}32,, the function

Q)= g
k=0

is the generating function of 71, i.e., Q1(z) = Q(z).
Next, since for the individuals in the n-th generation, the descendent trees are inde-
pendent Galton-Watson trees, the generating functions @, (z) satisfy the following recurrent

relation:
Qm(Qn(z)) =Qmin(2), myneN, (2.1)

and specifically, Q,+1(2) = Qm(Q(z)). See [15]. Since {qx} is a probability mass func-
_1

tion, its radius of convergence R = liminf, .. ¢,™ > 1. The Galton-Watson process and

the corresponding Galton-Watson measure is said to be critical if the expected progeny

E[Z1]=Q'(1) =1, subcritical if E[Z1] = Q'(1) < 1, and supercritical if E[Z1]=Q'(1) > 1.
]. T T T T
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An example of a generating function Q(z) = z + %(1 —2)? when qg = q2 = %, i.e., the critical

binary Galton-Watson tree.

The generating function helps in the asymptotic analysis of Galton-Watson processes. Im-

portantly, we can explore the probability of extinction.

Definition (Extinction). For a Galton-Watson process Z,,, the event
{Z, -0} ={3n:Z, =0}

is called the extinction.
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Let n = P(Z, - 0) = lim @Q,(0) denote the extinction probability. The following
n—oo

classic result characterizes the extinction probability 7.

Theorem 2.2.1. Suppose q1 # 1. Then, n =1 in all critical and subcritical cases, and n <1

if the Galton-Watson process is supercritical.

The above theorem yields that the Galton-Watson measure almost surely generates a
finite tree if and only if the process is critical or subcritical. Finally, a Galton-Watson tree
equipped with i.i.d. exponential edge lengths corresponds to the branching processes with

continuous time t.

2.3 Spaces of trees

A tree is called rooted if one of its vertices, denoted by p, is designated as the tree
root. The existence of root imposes a parent-offspring relation between each pair of adjacent
vertices: the one closest to the root is called the parent, and the other the offspring. A tree
is called reduced if it has no vertices of degree 2, with the root as the only possible exception.
Let T denote the space of finite unlabeled rooted reduced trees with no planar embedding.
The absence of planar embedding is the absence of order among the offspring of the same
parent. The space T includes the empty tree ¢ comprised of a root vertex p and no edges.

Let £ denote the space of trees from T equipped with edge lengths. Thus, a tree in
L is itself a metric space. A metric tree T' € £ can be considered as a metric space with
distance d(-,-) induced by the Lebesgue measure along the tree edges [26]. Hence, a metric
tree T € L can be represented as a pair T' = (S,d), where S represents the space and d is
the metric defined on space S. Operator SHAPE(T) : L — T projects a tree T' € L with edge
lengths on a tree in 7 that retains the combinatorial structure of T (and drops the edge
length assignment).

A non-empty rooted tree is called planted if its root p has degree one. In this case the
only edge connected to the root is called the stem. If the root p is of degree > 2 then the
tree is called stemless. We denote by 7! and TV the subspaces of T consisting of planted
and stemless trees, respectively. Similarly, £ and £ are the subspaces of £ consisting of

planted and stemless trees. Additionally, we include the empty tree ¢ = {p} as an element



in each of these subspaces, T1, TV, £!, and £V, defined above.

2.4 Galton-Watson tree measures

Consider a Galton-Watson branching process with a given progeny distribution (p.m.f.)
{qr}, k=0,1,2,---. More specifically, we consider a discrete time Markov process that begins
with a single progenitor, which produces a single offspring (hence the examined trees are
planted). At each later step, each existing population member produces k > 0 offsprings
with probability g, independently from a prior history of the process; see [4, 15].

A Galton-Watson tree is formed by the trajectory of the Galton-Watson branching
process, with the progenitor corresponding to the tree root p. The single offspring of
the progenitor is represented in the tree by the vertex connected to the tree root by the
stem [26]. We denote by GW({gx}) the probability measure on 71 induced by the Galton-
Watson process with progeny distribution {qx}. Assuming ¢; < 1, the resulting tree is
finite with probability one if and only if Y2 kqr < 1, i.e., the Galton-Watson process is
either subcritical or critical. In this thesis we let ¢; = 0 so that the Galton-Watson process
generates a reduced tree.

For a given probability mass function {q;} with ¢; = 0 and a positive real A, consider
a random tree T in £ satisfying sHAPE(T) g GW({qx}), and such that, conditioned on
SHAPE(T'), the edge lengths are distributed as i.i.d. exponential random variables with pa-
rameter X\. Let GW({qx}, \) denote the distribution of so defined random tree 7. Measures
GW({qr}) and GW({qr}, \) induced by critical (or subcritical) branching processes will be

called critical (or subcritical) Galton-Watson measures.

2.5 Invariant Galton-Watson measures

Invariant Galton-Watson measures is a single parameter family of critical Galton-

Watson measures GW({gx}) with g1 =0 on T that we define as follows.

Definition (Invariant Galton-Watson measures in 7). For a given ¢ € [1/2,1), a

critical Galton-Watson measure GW({qx}) on T is said to be the invariant Galton- Watson
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(IGW) measure with parameter ¢ and denoted by ZGW(q) if its generating function is given
by

Q(2) =z +q(1-2)'a. (2.2)

The respective branching probabilities are qp = ¢, ¢1 = 0, g2 = (1 — ¢)/2q, and

1—q ko
qp = —— H(z -1/q) for k> 3. (2.3)
Klq i

Here, if ¢ = 1/2, then the distribution is critical binary, i.e., GW(qo=q2=1/2). If g€ (1/2,1),

the distribution is of Zipf type with

_A-T(k-1/a) | -ra)a __l-a
ORI Ck , where C = TC-1/g) (2.4)

We notice that
Ql(z)zl_(l_z)l/q_lv Q”(Z) :(1_’2)1/(1_2)
which implies that Q'(1) = 1, that is the IGW processes are critical, and Q" (1) < oo, that

is the offspring distribution’s second moment is finite, iff ¢ = 1/2.

This family of tree measures (Def. 2.5) is also known as stable Galton-Watson trees or
Galton-Watson trees with stable offspring distribution [9]. They were previously considered
in the work of V. M. Zolotarev [39], J. Neveu [29], Y. Le Jan [19], T. Duquesne and J.-F. Le
Gall [7], R. Abraham and J.-F. Delmas [1], T. Duquesne and M. Winkel [9]. Moreover, in
[29], J. Neveu regards the generating functions (2.2) to be the most important in the critical

case.

The definition of the invariant Galton-Watson (IGW) measure can be extended to £! by

assigning i.i.d. exponentially distributed edge lengths.

Definition (Invariant Galton-Watson measures in £l). For a given ¢ € [1/2,1) and
A >0, a random tree T in £l is said to be the exponential invariant Galton-Watson tree if

it satisfies the following properties:
(i) suaPE(T) £ ZGW(q);

(ii) conditioned on SHAPE(T'), the edge lengths are distributed as i.i.d. exponential ran-

dom variables with parameter \ > 0.

Such a tree is denoted by ZGW(q, A). In other words, T’ 4 GW({qr}, \) with g as in (2.3).
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2.6 Invariance and attractor properties of IGW family under Horton
pruning

Horton pruning of a tree T (in 7 or L) is done by removing all the leaves of T
(leaf vertices together with the corresponding adjacent edges) followed by consecutive series
reduction (removing degree-two vertices by merging adjacent edges into one and adding up
their lengths for a tree in £). The resulting reduced tree is denoted by R(T"). We refer to
[26] for a detailed treatment of Horton pruning. The Horton pruning operator R induces a

map on 7 (or £). The trajectory of each tree T' under iterative application of R, i.e.,
T=RYT) > RYT) - --- > R¥(T) = ¢, (2.5)

is uniquely defined and finite with the empty tree ¢ as the (only) fixed point. In [25], it was
established that, under iterative Horton pruning, the ZGW(q) measures are the attractors

of all critical Galton-Watson trees that satisfy the following regularity assumption.

Assumption 2.6.1. Consider a critical Galton- Watson measure GW({qr}) with ¢1 =0 and

the respective progeny generating function Q(z). We assume that the following limit exists:

 Qu)-s
M (-Q@) 20

We will use function g(x) defined in the following proposition from [25].

Proposition 2.6.1 ([27]). Consider a critical Galton-Watson measure GW ({qr}) with

q1 =0 and the respective progeny generating function Q(z). Then,

Qz) — = (1-x)*g(x)

where g(x) is defined as follows. Let X g {qr} be a progeny random variable, then

g(x) = iOE[(X—m—l)Jr]xm = i i (k-=m-1)qz™, (2.7)

m=0 k=m+1

where , =max{z,0}.

An important limit is defined in the following lemma.
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Lemma 2.1 ([27]). Consider a critical Galton-Watson measure GW({q,}) with ¢; = 0. If

Assumption 2.6.1 is satisfied, then for g(z) defined in (2.7) the following limit exists

: Ing(z) 1\ _
whj{lﬁ (m) =L, (2.8)

Q(z)-= 1
and lim 50 ary =

The following three results (Lem. 2.2, 2.3, and 2.4) concerning the applicability of Assump-
tion 2.6.1 and the limit L in (2.8) were established in [27].

Lemma 2.2 ([27]). Consider a critical Galton-Watson measure GW({qx}) with ¢; = 0. For

a progeny variable X 4 {qx} and g(z) in (2.7), if

(o]

E[X*)=Y kg <o0o  Ve>0, (2.9)
k=0

then L= lim (7llng (f) ) = 0. If moreover the second moment is finite, i.e.,
rz—1-— n(l ‘T)
X2 = E 26 < o0,

Q(z)-x _1
then Assumption 2.6.1 is satisfied with h in Gy o@) < 2

Next lemma provides a basic regularity condition for Assumption 2.6.1 to hold.

Lemma 2.3 (Regularity condition, [27]). Consider a critical Galton-Watson measure

GW({qr}) with g1 = 0 and infinite second moment, i.e., ¥ k2qy = co. Suppose that for the
k=0

progeny variable X g {qx} the following limit exists:

k kY qm
A=lim ——— = lim —"F (2.10)
m=k "
Q@)-z  _q _ —94 1
Then, Assumption 2.6.1 is satisfied with xll)r{l_ (-0 @) = 1-A and L=2+%

Next lemma follows immediately from Lemma 2.3.

Lemma 2.4 (Zipf distribution, [27]). Consider a critical Galton-Watson process GW ({qx })

with g1 = 0 and offspring distribution {gx} of Zipf type:

@k~ CE "D with ae(1,2] and C>0. (2.11)



12

Then, Assumption 2.6.1 is satisfied, and

L= lim (_lnﬂ) -2-a. (2.12)

In Sections 3.1.2 and 3.1.3 of this thesis we consider generalizations of the following two

theorems that were proved in [27].

Theorem 2.5 (Self-similarity under Horton pruning, [27]). Consider a critical or
subcritical Galton-Watson measure p = GW({qxr}) with ¢; = 0 that satisfies Assumption
2.6.1. Then, a Galton-Watson measure p is Horton prune-invariant (self-similar), i.e., the
pushforward measure v(T) = o R (T) = p(R™(T)) satisfies v (T|T # ¢) = u(T), if and
only if p is the invariant Galton-Watson (IGW) measure ZGW(q) with ¢ € [1/2,1).

Theorem 2.6 (IGW attractors under iterative Horton pruning, [27]). Consider a
critical Galton-Watson measure pg = GW({qx}) with ¢; = 0 on 71. Starting with & = 0, and
for each consecutive integer, let v = R.(px) denote the pushforward probability measure
induced by the pruning operator, i.e., vx(T) = proR(T) = pk(R_l(T)), and set pg.1(T) =
ve (T |T # ¢). Suppose Assumption 2.6.1 is satisfied. Then, for any T € T,

Jlim pi,(T7) = p*(T),

where p* denotes the invariant Galton-Watson measure ZGW(q) with ¢ = 51~ and L as

2-L
defined in (2.8).
Finally, if the Galton-Watson measure pg = GW({qx}) is subcritical, then pg(T)

converges to a point mass measure, GW(qp=1).

2.7 Generalized dynamical pruning

Given a metric tree T = (5,d) € £ and a point x € S, let A, 1 be the descendant tree
of z: the tree comprised of all points of 7" descendant to z, including x. Then A, 7 is itself

a tree in £ with the root at x.

Let Th = (S1,d1) and Ty = (S2,d2) be two metric rooted trees, and let p; denote the root of

Ty. A function f: Ty — Ty is said to be an isometry if Image[f] € Af(,, )1, and for all pairs
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T,y € Tl,

da(f(2), f()) = di(,y).

We use the above defined isometry to define a partial order in the space L as follows. We
say that T} is less than or equal to To and write 11 < T if there is an isometry f: 717 — T5.
The relation < is a partial order as it satisfies the reflexivity, antisymmetry, and transitivity
conditions. We say that a function ¢ : £ - R is monotone nondecreasing with respect to

the partial order < if ¢(771) < ¢(T2) whenever T} < 7.

Next, we recall the definition of the generalized dynamical pruning as stated in [25, 26].
Consider a monotone nondecreasing function ¢ : £ - R, with respect to the above defined
partial order <. We define the generalized dynamical pruning operator S;(¢,T) : L — L

induced by ¢ for any given time parameter ¢ > 0 as

Si(e.T) = {pyufaeTnp : o(Asr) 21, (2.13)

where p denotes the root of tree T'. Informally, the operator S; cuts all subtrees A, 7 for

which the value of ¢ is below threshold ¢, and always keeps the tree root.

Below we discuss some well-studied examples of generalized dynamical pruning.

Example 2.7.1 (Pruning via the Horton-Strahler order). The Horton-Strahler order
[26, 32, 5, 23] was initially introduced in the context of geomorphology. It can be defined
via the operation of Horton pruning R. The Horton-Strahler order ord(T) of a planted
tree from L (or T‘) is the minimal number of prunings necessary to eliminate a tree T.
The Horton-Strahler order ord(T) of a stemless tree from LY (or TV ) equals one plus the
minimal number of prunings necessary to eliminate a tree T'. For a tree T in either T or
L, consider

o(T) = ord(T) - 1. (2.14)

For k € N, let R* denote the k-th iteration of Horton pruning R, i.e., RUT) =T and

RF = Ro--oR. With the function ¢ as in (2.14), the generalized dynamical pruning
| S —
k times

operator S = Rl satisfies discrete semigroup property [26, 25]:

S; 085 =85 forany t,seNy
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as RYoR® = RM™S. A recent survey of results related to invariance of a tree distribution with

respect to Horton pruning is given in [26].

Example 2.7.2 (Pruning via the tree height). If we let the p(T') be the height function,
i.e., for a tree T € L, let
©(T") = HEIGHT(T), (2.15)

then the generalized dynamical pruning Si(-) = Si(p,-) will coincide with the continuous
pruning (leaf-length erasure) studied in Neveu [29], where the invariance of critical binary
Galton-Watson measures with i.i.d. exponential edge lengths with respect to this operation
was established. In this case the operator S; is known to satisfy continuous semigroup
property [29, 9, 25]:

St 085 =S85 for any t,s>0.

Example 2.7.3 (Pruning via the tree length). Let the function o(T') equal the total
lengths of T € L:
©(T) = LENGTH(T). (2.16)

The pruning operator Si(-) = S¢(p, ) with the pruning function ¢ as in (2.16) coincides with
the potential dynamics of continuum mechanics formulation of the 1-D ballistic annihilation
model A+ A — @& [25]. Importantly, the operator Sy induced by the length function ¢ as in
(2.16) does not satisfy the semigroup property (discrete or continuous), i.e., St o Ss # Stis

[25].

Example 2.7.4 (Pruning via the number of leaves). Let LEAVES(T') denote the number
of leaves in a tree T'. Then

©(T) = LEAVES(T), (2.17)

1s another monotone nondecreasing function. The generalized dynamical pruning operator
Si(+) = Si(p,-) induced by ¢ as in (2.17) does not satisfy the semigroup property, whether
discrete or continuous. This type of pruning naturally arises in the context of Shreve stream

ordering in hydrodynamics.
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2.8 Generalized dynamical pruning as a hereditary reduction

Duquesne and Winkel [9] introduced a very general kind of tree reduction in the
context of complete locally compact rooted (CLCR) real trees, which include all the trees in
L. In [9], a hereditary property A is defined as a Borel subset in the space T of CLCR real
trees (more precisely, their equivalence classes under isometry) equipped with the pointed

Gromov—Hausdorff metric such that for a CLCR real tree T € T and any z €T,
AyreAd = T=A,reA

As an example of a hereditary property, one may consider A = {T € T : HEIGHT(T') > t}.

A hereditary property A c T induces a hereditary reduction operator R4 : T — T defined as

Ru(T) = {p}u{xeT\p : A%TEA}. (2.18)

The following result was proved in [9, Theorem 2.18].

Theorem 2.8.1 (Evolution of Galton-Watson trees under hereditary reduction,
[9]). Consider a critical or subcritical Galton-Watson measure p = GW({qx},\) (q1 =0)
on L with generating function Q(z). For a hereditary property A c T, let v denote the

corresponding pushforward probability measure induced by the hereditary reduction Ry,

v(T) = po Ry (T) = p(RZ(T)).

Then, v(T € -|Ra(T) # ¢) gw ({gx}, AM(1-Q'(1-p))) is a Galton-Watson tree measure
over L with independent exponential edge lengths with parameter )\(1 -Q'(1 —p)), and

generating function
Q((1-p)+pz) - (1-p)-pz

Gle) =2+ p(1-Q'(1-p))

, (2.19)

where p = P(RA(T) # qb)

Observe the following direct link between the operations of generalized dynamical pruning
and hereditary reduction. Consider a Borel measurable monotone nondecreasing function

@: L —R,;. Then, for a fixed ¢ > 0, the Borel set

A={TeT: o(T) >t} (2.20)
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is a hereditary property, and therefore S;(¢,T) = Ra(T) is a hereditary reduction.

The composition of two hereditary properties A and A’ was defined in [9, Def. 2.12] as the
set

Ao A={TeT: Ry(T)ecA'}.

Consequently, in Lemma 2.13 of [9], the hereditary reductions were shown to satisfy the
composition property, Raoa = Rar o Ra. Importantly, if we let A; denote the hereditary
property in (2.20), then

Ago A # Agit

for many (or rather, all but a few) functions ¢, e.g. ¢(7") = LENGTH(T'). Speaking of
the exceptions, equation A; o Ay = Agyy is known to hold for ¢(7") = HEIGHT(T) with
real s,t € [0,00) corresponding to Neveu (leaf-length) erasure as in Example 2.7.2, and for

©(T') = ord(T")-1 with integer s, t € Z, corresponding to Horton pruning as is Example 2.7.1.

We will need the following adaptation of Theorem 2.8.1 for generalized dynamical pruning.

Lemma 2.7 (Pruning Galton-Watson trees). Consider a critical or subcritical Galton-
Watson measure 1 = GW({qx},\) (¢1 = 0) on £ with generating function Q(z). For a
monotone nondecreasing function ¢ : £L - R, let v denote the corresponding pushforward

probability measure induced by the pruning operator S;(7") = Si(¢,T),
W(T) = oS H(T) = u(S;H(T)).

Then, V(T €-|T+# (;5) d agw ({gk}, )\(1 -Q'(1 —pt))) is a Galton-Watson tree measure over
£! with independent exponential edge lengths with parameter )\(1 -Q'(1- pt)), offspring
probabilities

_QU-p)-(1-py)
p(1-Q'(1-p))

m—1
=0, and go =P QU(1p) (1-Q'(L-p) T (m22),
(2.21)

where p; =pi(N, ) = P(St(gp,T) # qb), and generating function

Q((1-pe) +pez) = (L =pr) - prz
pe(1-Q'(1-pp)) '

Moreover, if u(7T € -) is critical, then so is I/(T € -|T # ng).

G(z)=z+ (2.22)
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An alternative proof of Lemma 2.7 can be found in Appendix C. Since Lemma 2.7 deals with
the finite-leaf trees (LEAVES(T') < o0), this lemma and its proof, as well as the whole set-up
of generalized dynamical pruning, do not require introducing Gromov—Hausdorff metric and

requiring the function ¢ : £L - R, to be Borel measurable.

2.9 Bernoulli leaf coloring

Duquesne and Winkel considered the following type of tree reduction in [8]. Fix prob-
ability p € [0,1). For a finite tree T € T (or E'), select a subset of its leaves via performing
LEAVES(T') independent Bernoulli trials, where each leaf is independently selected in with
probability 1 —p. Let C,(T") be the minimal subtree of T' that contains all selected leaves
and the root p. If T' is a random tree, then so is C,(T"). Notice that C, is a random operator

induced by a countable sequence of independent Bernoulli random variables.

Theorem 2.9.1 (Evolution of Galton-Watson trees under Bernoulli leaf coloring,
[8]). Consider a critical or subcritical Galton-Watson measure = GW({qr}) (@1 =0) on
T1 with generating function Q(z). Then, for a given p € [0,1), ,u(Cp(T) €-|Cp(T) # czS) s a
Galton- Watson tree measure over T! with the generating function

Q((l -p) +gpz) - (1-gp) —gp»

G,o(z)=2z+
() w(1-Q(1-3))

: (2.23)

where gp = P(Cp(T) # gb).

Theorem 2.9.1 readily implies that the IGW trees are invariant with respect to

Bernoulli leaf coloring.
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3 Results

In this section we present our main results that were obtained in [22] in coauthorship
with Yevgeniy Kovchegov and Ilya Zaliapin as a natural extension of their previous work
[23, 24, 25, 26, 27|

Invariant Galton-Watson (IGW) tree measures is a one-parameter family of critical
Galton-Watson measures invariant with respect to a large class of tree reduction operations.
Such operations include the generalized dynamical pruning (also known as hereditary re-
duction in a real tree setting) that eliminates descendant subtrees according to the value of
an arbitrary subtree function that is monotone nondecreasing with respect to an isometry-
induced partial tree order. We show that, under a mild regularity condition, the IGW
measures are attractors of arbitrary critical Galton-Watson measures with respect to the
generalized dynamical pruning. We also derive the distributions of height, length, and size
of the IGW trees.

The section is organized as follows. The results are stated in Subsection 3.1 and
proved in Subsection 3.2. The thesis concludes with a discussion in Subsection 3.3. Also,
Appendix A contains the statement of the Lagrange Inversion Theorem used in this thesis,
in Appendix B we state the Karamata’s theorem and its converse , and Appendix C contains

a proof of Lemma 2.7.

3.1 Results

3.1.1 Metric properties of invariant Galton-Watson trees

Here we derive explicit formulas for selected metric properties of ZGW(q) and ZGW(q, \)
trees in respective spaces, 71and £!. This includes the tree height distribution (Thm. 3.1.1),
the tree length distribution (Thm. 3.1.2), the tree size (number of edges) distribution
(Thm. 3.1.3) as well as the tail asymptotics for the distributions of the tree length (Prop. 3.1.1)

and tree size (Prop. 3.1.2). The proofs are collected in Sect. 3.2.1.

Theorem 3.1.1 (Tree height distribution). Let T € £! be an invariant Galton- Watson
tree with parameters q € [1/2,1) and A >0, i.e., T 4 ZGW(q,\). Then the height of the tree
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T has the cumulative distribution function

-q/(1-q)

H(z)=P(uEIGHT(T) <2)=1-(A(1-¢q)z+1) x> 0.

Notice that for the case g = 1/2, we have H(z) = /\ﬁ2 which matches the result in [26].

Theorem 3.1.2 (Tree length distribution). Let T ¢ £! be an invariant Galton- Watson
tree with parameters q € [1/2,1) and A >0, i.e., T 4 ZGW(q,\). Then the length of the tree

T has the probability density function

6(:6)—7;(—1) 1n! (n—l)!F(n/Q—nJrZ)()\Q) = %29, (8-1)

and the cumulative distribution function

L(n/q+1)
n!n!T(n/qg—-n+2)

L(z) =P(LENGTH(T) < 7) = i(—l)"’1 A"z,  x>0. (3.2)
n=1

Example 3.1.1. Let g = % Then, ((x) is already known (see [25, 26]):
o0 )\2n+11:2n6—)\a:
,;) 220+l (p+1)In!

() = ie_)‘mll()\x) _ (3.3)

Next, we use the multinomial approach to show that (3.3) matches the Equation (3.1) for

q= % First, we rewrite (3.3):

, e ) )\2n+1 on 00 (_)\)k: k ) )\2n+1 on
(@) =¢ ,;)22”” (n+)n!” ',; K ,;)227”1 (n+D)inl”
_ i Z (—1)k2—2n—1 L i Z (—2)k \mHLm 5.0
m=0 \k+2n=m k! (n + 1)' n! m=0 \k+2n=m k! (TL + 1)' n! gm+l - '
Recall that
m 1! -
(z +271 4 a) o —(m +1) 2"k,

n+k+j=m+1 nlklj!

and
1

n-j g, _
— 2" 7dz =0 n1
2mi 9|§z|=1 el

and therefore

1 -1 m _ (m+1)' k 1 n—j _ (m-i—l)' k
_'35(’”2 va)idz= Y ln!k!j!a%%z 2= 2

|2]=1 k+2n=m

n+k+j=m+
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implying
1 k 1 ‘95‘ -1 m+1
a” = - z+z2 " +a dz.
k+2;:m n!(n+1)E! 2mi(m + 1)!‘Z|:1 ( )
Now,

1 2m+2 1 2m+ 9 )
fyg(z+z_1—2m+l §1§(Z ) 2= — Z (m+ )( 1)/ 277t 4y
27 T omi zm+l 27 oy J

|2|=1 |z]=1 |z|=1
(- 1)m(2m+2)
Hence
(-2)F 1 1

_ m+1 m 1 2m + 2
2. k!(n+1)!n!:(m+1)!%§’§(z”1_2) dz=(-1) (m+1)!( m )(3'5)

k+2n=m |2=1
Thus, substituting (3.5) into (3.4), we obtain

) m m+1wm 00 m |
f(l’) _ Z (_1)m;(2 + 2))\— _ ZO(_l)m (2 + 2)| ()\q)m+1$m

o (m+ DI\ m 2m+1 (m+ D)!Im!(m+2)!

— i(_l)m F((m+1)/q+1) ()\ )m+1 m

x
m=0 (m+)!m!T((m+1)/g-m+1)
for q= %, as in the Equation (3.1) of Theorem 3.1.2.

The following proposition is needed since computing the cumulative distribution function

L(z) in (3.2) becomes difficult (even numerically) for all values of ¢ # 3, i.e., g € (1/2,1).

Proposition 3.1.1 (Tail of the tree length distribution). Let T g ZGW(q,\) be an
inwariant Galton-Watson tree in L with parameters q € [1/2,1) and X > 0. Then the
cumulative distribution function L(x) in (3.2) satisfies
1
1-L(z) » ————— a7, (3.6)
(A)1T(1-q)
Example 3.1.2. For q = %, L(x) is expressed as follows [25, 26]:

L(z) = 1-eM(Io(\z) + I1(A\z)).

Thus, since I,(z) ~ \/—6 for all a >0, we have

1-L(x) = ef)‘x(fo()\x) +11(Az)) ~ 1/ %551& m z™?  for q= %

as T'(1/2) = \/m. This matches the general case in Prop. 3.1.1.
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The following is a discrete analog of Theorem 3.1.2.

Theorem 3.1.3 (Tree size distribution). Let T € T! be an invariant Galton-Watson
tree with parameters q € [1/2,1), i.e., T 4 ZGW(q). Then, the number of edges in T is

distributed with the probability mass function

~ n _ n—l F(k/q+1) B
a(")—;(—l)k 1(k:—1)k:!f‘(k:/q—k:+2) " for n=1,2,-, (3.7)

with the cumulative distribution function

(el D(kfg+1)
Al) = ,é(‘”k 1( k )k!F(k/q—k+2) . wzl (3:8)

Next proposition is analogous to Prop. 3.1.1 and has a similar proof. It gives an estimate

on the tail distribution 1 - .A(z).

Proposition 3.1.2 (Tail of the tree size distribution). Let T g ZGW(q) be an invariant
Galton-Watson tree in T! with parameters q € [1/2,1). Then the cumulative distribution
function A(zx) in (3.8) satisfies

1

l—A(w)N—qu(l_q)x

-4, (3.9)

3.1.2 Invariance under generalized dynamical pruning

Here we consider invariance (Prop. 3.1.3) and uniqueness (Lem. 3.1) properties of
ZGW(q,\) measures under generalized dynamical prunings. Although both Prop. 3.1.3
and Lem. 3.1 follow immediately from the results of Duquesne and Winkel [9, Sect. 3.2.1],
alternative proofs of these statements that do not rely on a real tree setting are presented

in Sect. 3.2.2.

We say that a Galton-Watson tree measure g is invariant under the operation of pruning

Si() = Sul,-) if for T %,
P(SHAPE(S/(T)) = 7|S:(T) # ¢) = u(sHAPE(T) = 7), for all ¢ 7.

Proposition 3.1.3 (Invariance with respect to generalized dynamical pruning).

Let T ¢ ZGW(q,A) be an invariant Galton-Watson tree with parameters q € [1/2,1) and
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A>0. Then, for any monotone nondecreasing function o : £ >R, and any t >0 we have

T' = {Si(, T)ISulp, T) # 8} © TGW (g, E(N))
where () = )\pgl_q)/q and py = pr(A, ) = P(Si(@, T) # ¢).

In other words, Prop. 3.1.3 yields the invariance of ZGW(q, ) measure under generalized
dynamical prunings S;. For ¢(T") = ord(T") — 1, Prop. 3.1.3 yields the ‘if” part of Thm. 2.5.

Next, we formulate the following uniqueness result.

Lemma 3.1 (Uniqueness of IGW measures). Consider a critical Galton-Watson tree
measure 1= GW({q},\) (¢1 =0) on LI, and let T g u. Let ¢ : L - R, be a monotone non-
decreasing function such that p; = P(Si(p,T) # ¢) is a decreasing function of ¢, mapping
[0,00) onto (0,1]. Then, p is invariant under the operation of pruning S;(7T") = Si(p,T) if
and only if u=ZGW(qo, ).

Notice that Lem. 3.1 does not imply the uniqueness result in Thm. 2.5, which is valid under
the regularity Asm. 2.6.1. Next, we list some examples where the assumptions of Lem. 3.1

are satisfied.

Example 3.1.3. Let o(T') = HEIGHT(T"). Consider a critical Galton-Watson tree measure
1= GW(Hay,A) (@1 =0) on L, and let T g p. Then, 1 —py = Pro(t) is the probability of
extinction by time t of the critical continuous time branching process. Since Py o(t) is a
continuous function of t, mapping [0,00) onto [0,1), Lemma 3.1 implies IGW (q,\) is the
only class of Galton-Watson measures that are invariant under the generalized dynamical

pruning with ¢(T) = HEIGHT(T').

Example 3.1.4. Let o(T) = LENGTH(T'). Consider a critical Galton-Watson tree measure

= GWHagN) (g1 =0) on L, and let T 4 w. Denote by N the number of edges in T.

Then, the density function of LENGTH(T') can be expressed as Y, P(N = k) fy x(z), where
k=1

k
fea(z) is a Gamma function fi \(x) = F)(‘k)xk_le_m

. Hence, the cumulative distribution
function of LENGTH(T),

P(LENGTH(T) <t) =1-py,
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is a continuous function of t, mapping [0,00) onto [0,1). Thus, by Lemma 3.1, IGW (q, \)
1s the only class of Galton-Watson measures invariant under the generalized dynamical

pruning with (1) = LENGTH(T).

Next, we check that Proposition 3.1.3 and Theorem 3.1.1 are consistent with this semi-
group property of the generalized dynamical pruning induced by ¢(7") = HEIGHT(T') as in
Example 2.7.2. Indeed, for T' g ZGW(q, \), Prop. 3.1.3 yields

T' = {Si(0. TS (. T) # 6} S TGW (g, E(N)).

where by Thm. 3.1.1, &(X) = Ap{ ™ 9/7 = Sy Hence,

&so Et()‘) = 55(515()‘)) = 5t+s()‘)7
thus reaffirming the semigroup property of S; for ¢(7") = HEIGHT(T').

3.1.3 Invariant Galton-Watson trees ZGW(q) as attractors

The following result extends Theorem 2.6 to all generalized dynamical pruning oper-

ators S¢(T") = Se(p, T).

Theorem 3.1.4 (IGW attractors under generalized dynamical pruning). Consider
a Galton-Watson measure = GW({qu}, \) with ¢ = 0 on L. Suppose the measure is
critical and Assumption 2.6.1 is satisfied. Then, for any random tree T € Ll distributed

according to u, i.e., T g s

lim P(sHAPE(SH(T)) = 7| S«(T) # ¢) = " (1), for all 7€ T,

where p* denotes the invariant Galton- Watson measure ZGW(q) with q = _LL and L defined

2
in (2.8).
Finally, suppose the Galton-Watson measure p = GW({qr},A) (with g1 = 0) is sub-
critical, then for T g 1, the distribution P(SHAPE(Sy(T)) = -‘St(T) # ¢) converges to a

point mass measure on the tree reduced to a stem, GW(qo=1).

Theorem 3.1.4 is proved in Section 3.2.3.

Next two corollaries of Theorem 3.1.4 follow immediately from Lemmas 2.2 and 2.4.
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Corollary 3.1.1 (Attraction property of critical Galton-Watson trees of Zipf
type). Consider a critical Galton-Watson process 1= GW({qx}) with g1 =0, with offspring
distribution g, of Zipf type, i.e., g ~ Ck™(“*D  with a € (1,2] and C > 0. Then, for a

random tree T € L distributed according to u, i.e., T g W,
tlim P(SHAPE(S(T)) = T‘St(T) #¢) = (1), for all 7¢T,
where p* is the invariant Galton-Watson measure ZGW (é)

Corollary 3.1.2 (Attraction property of critical binary Galton-Watson tree, [5]).
Consider a critical Galton-Watson process u = GW({qx}) with g1 = 0. Assume one of the

following two conditions holds.

(a) The second moment assumption is satisfied:
Z quk < 0.
k=2
(b) Assumption 2.6.1 is satisfied, and the “2—” moment assumption is satisfied, i.e.,

Sk qp < oo Ve > 0.
k=2

Then, for a random tree T € Ll distributed according to u, i.e., T g 1,
lim P(sHAPE(SH(T)) = 7| S{(T) # ¢) = " (7), for all 7¢T],

where p* is the critical binary Galton-Watson measure ZGW(1/2).

Next, we state a result for Bernoulli leaf coloring operator C, (see Sect. 2.9), analogous to

the one in Theorem 3.1.4.

Theorem 3.1.5 (IGW attractors under Bernoulli leaf coloring). Consider a Galton-
Watson measure pn = GW({qr}) with ¢ = 0 on T1. Suppose the measure is critical and
Assumption 2.6.1 is satisfied. Then, for a random tree T € Tl distributed according to |,
r.e., T 4 W,

pligl_ P(Cy(T) =7|Cp(T) # ¢) = p* (1), for all 7T,
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where p* denotes the invariant Galton-Watson measure ZGW(q) with q = ﬁ and L as
defined in (2.8).

Suppose p = GW({qr}) (with g1 = 0) is subcritical, then for T g i, the conditional
distribution P(Cp(T) = -|Cp(T) # ¢) converges to a point mass measure on the tree reduced

to the stem, GW(qo=1).

Theorem 3.1.5 is proved in Section 3.2.3.

Finally, another result analogous to Theorem 3.1.4 can be obtained for iterative hereditary

reductions (see Sect. 2.8).

Theorem 3.1.6 (IGW attractors under generalized hereditary reductions). Con-
sider a Galton-Watson measure ;1= GW({qs},\) with q1 =0 on L. Suppose the measure is
critical and Assumption 2.6.1 is satisfied. Let T € L be a random tree distributed according

to p, and let Hy, Hy,--- be a sequence of hereditary properties satisfying

lim P(Rp, oo Ry, (T) # ¢) =0,

n—-oo

where Ry, Ry,, - are the corresponding hereditary reductions. Then, for T g L,

tliri1° P(SHAPE(S,(T)) = T‘St(T) #¢)=p" (1), for all €T,

where p* denotes the invariant Galton-Watson measure TGW(q) with ¢ = 5+ and L as

2-L
defined in (2.8).
If u is a subcritical Galton-Watson measure, then for T g 1, the conditional distribu-
tion P(SHAPE(St(T)) = ‘ Si(T) # qb) converges to a point mass measure on the tree reduced

to the stem, GW(qo=1).

Theorem 3.1.6 is proved in Section 3.2.3

3.2 Proofs

3.2.1 Metric properties of invariant Galton-Watson trees

Proof of Theorem 3.1.1. Consider a tree T g ZGW(q, ). Let X denote the length of the

stem connecting the random tree’s root p to the root’s only child vertex vg. Let K = br(vg)
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be the branching number of vy, and let the K subtrees branching out of vy be denoted by
T;, 1<i< K. Let H(z) be the cumulative distribution function for the height of 7. Then,
for each subtree T; 4 ZGW(q, A), its height HEIGHT(T;) has the same cumulative distribution
function H(z). The number of subtrees K g qi has generating function Q(z) = z+q(1-2)'/4.

Let M (z) denote the cumulative distribution function of max {HEIGHT(T})}, then
<i<

M(z) = P( 1Srnizg:({HEIGHT(TZ-)} <z)= kzzquP( 15rr;z?[«:({HEIGHT(TZ-)} <z|K=k)

M8

gr P(HEIGHT(T) < x)k = i Qk(H(CU))k
0 k=0

Qo H)(x) = H(z) +q(1 - H(z))"". (3.10)

—~

The stem length X is an exponentially distributed random variable with parameter A, and

density function ¢y (z) = Aexp{-Ax}1;50. Since, HEIGHT(T) = X + 1m;;u}c({HEIGHT(TZ-)}, we
<1<

have

H(z) = oy + M(x). (3.11)

We will use the following notations: let §(t) = [ e"*g(z)dx denote the Fourier transform

of g(z). Equations (3.10) and (3.11) yield i

H(z) = ox* (Qo H)(z).

Taking Fourier transform, we obtain

A0 =52 (A0 +a(1- 1)),

which simplifies in

—_—

tH(t) + Ag(1 - H)l/q(t) =0,

where

(1- 1)) - [ (- H (@) da.

Therefore,

ooem itH(x) + Aq(1- H(x) Y9) g =0 Vt e R, (3.12)
S (1- ()
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where integration by parts yields

feitxitH(a:)d:c:—femH'(x)dx. (3.13)

Substituting (3.13) back into (3.12) yields
[e"t"” (H'(w)—)\q(l—H(:r))l/q) dx =0 Vt e R,

—00

which, by Parseval’s Equation implies the following ODE

H'(z) = Aq(1- H(z))"". (3.14)

Next, we solve differential equation (3.14) above via integration, obtaining
R
H(z)=1-((Az+C)(1-q)) ", (3.15)

where C'is a scalar. Since H(x) is a cumulative distribution function of a positive random

variable HEIGHT(T"), we have H(0) =0, implying C = %_q. Thus, for g € [%, 1),

__9
1—

H(z)=1- (()\x ; ﬁ) (1- q)) "1 (A1 - g)z+ 1) VD),

Next, we use the following application of the Lagrange Inversion Theorem (Thm. A.1).

Lemma 3.2. Let g € [1/2,1) be given. Suppose W = W (z) is an analytic function satisfying

equation
w
2= ———
(1-W)la

in a neighborhood of the origin, where we take —7 < arg(z) < 7 branch of the function 2.

Then, for z near the origin, we have

I'(n/q+1) n

nT(njg-n+2)" (3:.16)

W = i(_l)n—l

Observe that the conclusion of Lemma 3.2 also applies in a real-valued setting, under the

assumption of infinite differentiability of W : R - R. Here, if 2z = for z€e R in a

_w
(1-w)t/a
neighborhood of the origin on the real line, then the power series expansion (3.16) holds in

proximity to 0.
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Proof of Lemma 3.2. We notice that function f(w) = (

#)w is analytic at w = 0, and

f'(0) =1 #0. Thus, we can apply the Lagrange Inversion Theorem (Thm. A.1) to express

W in terms of z power series. Now, since

n
w
— | =(1-w)",
(7t:)

we have
dn! w Y
i (7)
Therefore, by the Lagrange Inversion Theorem (Thm. A.1), we obtain

e[ dt (w Y & e Tfg+l)
V=2 H[dw”l (W) L_o‘ R C7ErT

n=1 n=1

L'(n/q+1)

= () 0fa)(nfa = 1)nfg=m+2) = () S

W=0

Proof of Theorem 3.1.2. Consider a tree T g ZGW(q, ) consisting of a stem of length X
that connects the root p to its child vertex vg, and K = br(vg) subtrees T;, 1 < i < K
branching out from vg. Let £(x) be the density function of length of T. Notice that the
length of each subtree T; is also ¢(z) distributed. Random variable K g qr has generating
function Q(z) = z + q(1 - 2)/%. Letting N(z) denote the probability density function of

> {LENGTH(T;)}, we have

1<i<K
N(z) =) quli(z), where lp(x)=10x-xLl(x). (3.17)
k=0 k times

Observe that LENGTH(T') = X+ Y {LENGTH(T;)}, where X has exponential p.d.f. p)(x) =
1<i<K

Aexp{-Az}1,59. Thus, ¢(x) can be represent as the following convolution
() = oy * N(z). (3.18)

Let for ¢ > 0, function L[g](t) = [ e g(z) dx denote the Laplace transform g. Then, (3.17)
0
and (3.18) imply

£I() = £Lea]() LINY(E) = LLea](0) Q(LIAWM) = 1 (L1 + a1 - £1) ™).
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which simplifies as

LLIO)(E) = Aq(1 - £[0)(1)) " (3.19)

Letting z = =% and A = L[/] (f) = L[/](t), we have

A
CEN

Then, Lemma 3.2 yields

L(n/g+1) (A"
n!T'(njg-n+2) "

LI = A= ()""
n=1
Finally, we invert the Laplace transform L[¢](t), obtaining

I'(n/qg+1)
nl(n-)!T(n/qg—n+2)

o) = i (-1t (Mg L.

Proof of Proposition 3.1.1. Observe that

oo T

E](t)z/oo(l—e_m)é(x)dx =tf[e_ty€(:n)dydx
0

0 O

=t/e_ty fﬁ(a:)d:vdy —t/e (1-L(y))dy =tL[1-L](t).
0 Y 0
Thus, by (3.19), we have

LLLA(8) = Ag(1 - £[A)(0)) = Agta (£[1-L](1)) ",
and therefore,

L[1-L](t) = LM, where  lim (E[g](t))q _ 1

tl=a (Ag)e =0+ (AQ)?  (Ag)9

Hence, by the Hardy-Littlewood-Karamata Tauberian Theorem for Laplace transforms [11],

1 -q
1-L(x)~ mx .
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Proof of Theorem 3.1.3. Observe that in a reduced tree T € T1\ {¢}, the number of edges
equals one plus the number of edges in all subtrees splitting from the stem. Therefore,

a(0) = 0, a(1) = go, and

n
a(n+1)=> g ax-—*a(n), n=12--
k=1 PR
k times

Therefore, the generating function a(z) = Y 2" a(n) satisfies a(z) = zQ(a(z)). Hence,

n=1
1
a(z) =z (a(z) +q(1-a(z)) /q) (3.20)
and therefore,
w = (1—;“@)1@’ where a=a(z) and w-= 1(]_22‘

Lemma 3.2 yields

~ o o0 (n-1 F(k/q+1) n
()= kgn;g(_l)k l(k— 1)k!r(k/q— k+2) &

Qxa (n-1 L(k/q+1)
‘HZZIZ ,;1(‘”‘“ 1<k—1)k!F(k/q—k+2) ¢"

Thus, since a(z) = ¥ 2" a(n), Equation (3.7) follows. Finally, the cumulative distribution
n=1

function equals

Alx) = 2, a(n) = 2, i<—1>k‘1(2: 1)1@!1“F((k;k//qq—+k11 2) ¢

e el -1 I'(k/q+1)
) ,;1(_1)k 1 (n_k(k— 1)) KIT(k/qg—k+2) ¢
]

A e(lely kg +1)
=21 1( )k!F(k/q—k+2)qk

k
for all real z > 1, and (3.8) holds. O

3.2.2 Invariance under generalized dynamical pruning
Proof of Proposition 3.1.3. For ¢ € [1/2,1) and Q(z) = z + ¢(1 - 2)"/9, Equation (2.22) in
Lemma 2.7 implies

Q(l-py+piz) - (1-pt) - zpy
p(1-Q'(1-pp))

G(z)=z+
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=2z +pt_1/q (Q(z+(1-2)(1-p)) - (L-pt) - 2pr)
= z4p, Mgp (1= )1 = Q(2).
The rest of the proof follows from Lemma 2.7 as
A1-Q'(1-pp)) = 0N, (3.21)
yielding S;(T) £ ZGW (g, Ap{"~17). 0

Proof of Lemma 3.1. From Lemma 2.7, we have

Q(1-p) - (1-pp)
p(1-Q'(1-p))
Combining the above together yields

Q(l-p+pez) - (1-p) —prz
pe(1-Q'(1-pp))

9o = and G(z)=z+

Q(l-p +piz) - (1-p) —prz
Q(1-p) - (1-py)

Suppose p is invariant under the operation of pruning S;(7T') = St(¢,T), then G(z) = Q(z)

G(2)=z+go

and go = qo, implying

Q(1-pi+pz) — (1 —pt) - pr2
Q(1-p) - (1-py)

Let R(z) = %, then Equation (3.22) rewrites as R(z) = %. Thus, for 4(z) =

In(R(1-2)), we have £(1—2) +£(p;) = (pe(1—2)) as 1 —p + prz = 1 - py(1 - 2).

Q(z)=z+qo (3.22)

Therefore, £(px) = €(x) +£(p;). Let r(y) = £(e¥), then
r(y+et)=r(y) +r(e) vVt >0, (3.23)
where ¢; = Inp;. Here r(0) =In R(0) = 0.
We notice that the domain of r(y) is y € (—o0, 0], and
{er s t€[0,00)} = (=00,0]

as 1 —p; is an increasing function of ¢, mapping [0, o) onto [0,1). Hence, Equation (3.23)

implies the following Cauchy’s Functional Equation
r(y+e)=r(y)+r(e) Vy,e € (—00,0]. (3.24)

The general Cauchy’s Functional Equation states that assuming
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e continuity: f(z) e C(R),
e additivity: f(x+y)=f(z)+ f(y) for all z,y e R,

the function f(x) = cx for some ¢ € R. Notice that (3.24) is a sub-case of the general
Cauchy’s Functional Equation restricted to a half-line, and therefore has the same linear

solution and the same proof. Thus, (3.24) yields that r(y) = ky for some constant x.
Thus, we have () = kIn(z),

kIn(1-2)=4(1-2)=InR(2) :ln(Q(Z)_Z)
40

and

Q(z)=z+qo(1-2)"
Finally, ¢, = 0 yields Q'(0) = 0. Therefore, Q'(2) =1 - qor(1 - 2)*! implies & = qio. O
3.2.3 Invariant Galton-Watson trees ZGW(q) as attractors

First we prove the following result, related to Lemma 2.1.

Lemma 3.3. Consider a critical Galton-Watson measure GW({qx}) with ¢ = 0. If As-

sumption 2.6.1 is satisfied, then for g(z) defined in (2.7) the following limit

- (1-2)g'(x)
mll)l{l_ o(2) (3.25)

exists and and is equal to the limit L, defined in (2.8).

Proof. Note that for z € (-1,1),

Qz) -z _ 1
(1-2)(1-Q'(z)) 2- (h;c()g)(w)

Thus, by Assumption 2.6.1, either the limit lim % exists or is equal to +oco. Hence,

r—>1-

by the L’Hopital’s rule,
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Before proving Theorem 3.1.4, we will need the following result.

Lemma 3.4. Consider a critical Galton-Watson measure GW({qr}) with ¢; = 0, and let
g(z) be as defined in (2.7) and L be as defined in (2.8). If Assumption 2.6.1 is satisfied,

then g(1-1/y) is a regularly varying function (Def. B) with index L, i.e.,

_1y,1 1-L
lim 9((1=5) +32) = lim u =l for all > 0. (3.26)
)

Proof. For a>—-L -1, the L’Hopital’s rule and Lemma 3.3 yield

fm YAy (e Dytg(L-1/y) +y*g'(1-1/y)
Soo Y P o _
T [ sog(1-1)s)ds yeg(1-1/y)

a-1 1/
1-1
y=oo yog(l-1/y)

1_ A
=a+1+ lim M =a+1+0L.

z>1- g(x)
Hence, by the Converse Karamata’s theorem (Thm. B.2), g(1 - 1/y) is a regularly varying
function with index L, and (3.26) holds. O

The following lemma will be the instrument for establishing ZGW(q) trees are attractors.

Lemma 3.5. Consider a Galton-Watson measure GW({qx}) with ¢; =0 on T1. Suppose the

measure is critical and Assumption 2.6.1 is satisfied. Then, its progeny generating function

Q(z) satisfies

- Q(z+(1—z)a;)—(z+(1—z)x): 1 (1_2)2%
z—1- (1-2)(1-Q'(z)) 2-L ’

where L is as defined in (2.8).

If the Galton-Watson measure GW({qx}) (with ¢; = 0) is subcritical, then

i Q(z+(1—z)x)—(z+(1—z)ac) 1.

1= (1-2)(1-Q'(x))
Proof. Consider a critical Galton-Watson measure GW({qx}) with ¢; = 0 and progeny

generating function Q(z). For x,z € (-1,1), we have

Q(z +(1- z)x) - (z +(1- z)x) =(1- z)2(1 - a:)2g(z +(1- z)a;)
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Thus, as
1-Q'(2) =2(1 - 2)g(z) - (1 -2)°¢'(2),
Lemma 3.3 yields

Q(z+(1-2)z) - (z+(1-2)z) g(z+(1-2)z)

im = (1-2)% lim
z-1- (1-z2)(1-Q'(x)) e~1-2g(z) - (1 -2)g'(v)
(12 L g(z+(1—z):£) 1 2 g(z+(1—z):c)
=(1-2) zlal— (2 _ (1—;0();:})’(95))9@) 92— L(1 ) 21»17 g(x)

1 _ 1 _
= ﬁ(l—z)Q(l—Z) b= ﬁ(l—z)2 L

by (3.26) with r = ﬁ The main statement in Lemma 3.5 follows.

Now, if we consider a subcritical Galton-Watson measure GW({qx}) with ¢; = 0 and progeny

generating function Q(z). Then, Q'(1) < 1, and

Q(z+(1—z)x)—(z+(1—z)x) ~ 1 i Q(z+(1—z)x)—(z+(1—z)x)

S (o) (1- Q') T1-QI(1) el -z
e QU-(-a(-m) - (1-n(1-a)
1-Q(1) oo (1-2)(1-2) '

Now, we are ready to prove Theorem 3.1.4.

Proof of Theorem 3.1.4. Suppose pu = GW({qx},\) with ¢; = 0 is critical and Assumption
2.6.1 holds. Then, by Equation (2.22) in Lemma 2.7 and Lemma 3.5, the generating function
of SHAPE(S:(T")) converges to
_ Qz+(1-2)(1 —pt)) - (1=p¢) - zpy C Qz+(1-2)z)-(2+(1- z)x)

z+ lim =z+ lim -
t=oo pe(1-Q'(1-pr)) z—1- (1-2)(1-Q'(x))
1

L(l - z)2_L’

=z+
2

the generating function of ZGW(q) with ¢ = ﬁ and L as defined in (2.8).

If the Galton-Watson measure p = GW({qr},\) (with ¢; = 0) is subcritical, then Lemma 2.7
and Lemma 3.5 yield convergence of the generating function of SHAPE(S;(T'))

2+ lim Q(Z + (1 - Z)(l —pt)) - (1 —pt) — 2Pt ot lim Q(Z+ (1 - z)x) - (z + (1 —z)m)
fmee pe(1-Q'(1-py)) 1= (1-2)(1-Q'(z))
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=z+(1-2) =1

the generating function of GW(qo = 1). Hence, for T g 1, the conditional distribution
P(sHAPE(S,(T)) = ’ Si(T) # ¢) converges to a point mass measure, GW(qgo=1). O

Proof of Theorem 3.1.5. Analogously to the proof of Theorem 3.1.4 above, Theorem 3.1.5
follows from formula (2.23) in Theorem 2.9.1 and Lemma 3.5. O

Proof of Theorem 3.1.6. Following the steps in the proof of Theorem 3.1.4 above, Theorem
3.1.6 follows from formula (2.19) in Theorem 2.8.1 with p = P(Rp, oo Ry, (T) # ¢) and
Lemma 3.5. O

3.3 Discussion

In this work, we established the metric and attractor properties of the IGW branching
processes with respect to a family of the generalized dynamical pruning operators. Infor-
mally, these operators eliminate a tree from leaves toward the root and are flexible enough
to accommodate for a number of classic (e.g. continuous erasure) and custom (e.g., erasure
by the number of leaves) tree elimination rules. Together with the richness of the IGW
family, which includes power-law offspring distributions with tail indices in the range be-
tween 1 and 2, this makes the presented results a useful tool for a variety of physical and
mathematical problems.

Observe that erasing a random tree in accordance with the generalized dynamical
pruning describes a coalescence dynamics — merging of particles represented by the tree
leaves into consecutively larger clusters represented by the internal vertices. The invariance
and attractor properties of the IGW branching processes can be used to study a number
of merger dynamics. For example, the continuum ballistic annihilation process (a ballistic
motion of random-velocity particles that annihilate at contact) has been shown in [25] to cor-
respond to a generalized dynamical pruning with ¢(7") = LENGTH(T'), as in Example 2.7.3.
The invariance of the critical binary Galton-Watson measure ZGW(1/2, A) under the gen-

eralized dynamical pruning was used in [25] to obtain an explicit analytical description of
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the annihilation dynamics for a special case of the initial two-valued velocity alternating
at the instances of a Poisson process. Similarly, the generalized dynamical pruning with
©(T") = HEIGHT(T) as in Example 2.7.2 corresponds to one dimensional Zeldovich model in
cosmology. The invariance results of this work may provide an interesting analytical insight
into the dynamics of these and other models of coalescence.

The IGW branching processes naturally arise in seismological data that are tradition-
ally modeled by branching processes with immigration; see [28] for a review and discussion.
In essence, a sequence of earthquakes in a region is represented as a collection of clusters,
each of which is initiated by an immigrant (the first cluster event). It has been shown in
[28] that the IGW process provides a close approximation to the existing earthquake occur-
rence models and to the observed earthquake cluster statistics in southern California. The
metric properties of the IGW trees have a meaningful interpretation in the seismological
setting, where the edge length represent interevent times. The attraction property of the
IGW processes allows one to construct a robust earthquake modeling framework, which is
stable with respect to various catalog uncertainties. The IGW processes may provide a

useful model in other areas that deal with imprecisely observed data represented by trees.
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A Lagrange Inversion Theorem

Lagrange Inversion Theorem (aka Lagrange Inversion Formula) can be found in E. T.

Whittaker and G.N. Watson [38] and in M. Abramowitz and I. A. Stegun [2].

Theorem A.1 (Lagrange Inversion Theorem). Consider a function g : C - C such
that g(w) is analytic in a neighborhood of the origin, ¢(0) = 0, and ¢’(0) # 0. Then, g
can be expressed as the following power series near the origin
» B o N dn—l w n
9 ()= 712::1 n! [alw"1 g(w) ) luco
Moreover, for any ¢ : C - C analytic in a neighborhood around the origin,
» oo M dn—l , w n
Ao @) =0+ 3 5 s (Vo) |
( ) n; n! | dwn ! g(w)) 1.0

B Regularly varying functions

We define regularly varying functions and state Karamata’s theorems. See [13] for a

rigorous treatment of the theory of regularly varying functions.

Definition. A positive measurable function f(x) is said to be regularly varying with

index € R if

f(rz) B

im = for all r > 0.
I— 00 f(x)

Theorem B.1 (Karamata’s theorem, direct part [13]). Let f(x):[a,c0) - [a,0) be

a regularly varying function with index 8 € R. Then,

lim —xaﬂf(m)

~ =a+p+1 forall a>-pg-1
Jyef(y)dy

and

ilj‘a+1f(.13)

lim —
[y f(y)dy

Tr—>00

=—(a+p+1) for all o <-5-1.

We will use the following converse to the above Karamata’s theorem.
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Theorem B.2 (Karamata’s theorem, converse part [13]). Let f(z) be a positive,

measurable, and locally integrable function on [a, o) and € R, then

(a). If there exist a > —3 — 1 such that
$a+1f(.%')
Sy f(y)dy

lim

Tr—>00

=a+p+1,

then f(z) is a regularly varying function with index /3.
(b). If for some v < - -1,
a+1
lim —oox /(@)
Tr—>00
Sy f(y) dy
x

then f(z) is a regularly varying function with index .

C Proof of Lemma 2.7

=—(a+p+1),

Proof of Lemma 2.7. First, we show that the tree S;(y,T) obtained by pruning a Galton-
Watson tree T % w=GW(«{qr},N), is also distributed as a Galton-Watson tree.

For T & wand s >0, let T|<s denote a subtree of T' consisting of all points x in the metric

space T' of distance no more than s from the root p, i.e.,
Tl<s={xeT : d(x,p) < s}.

Let T|-s denote the points in T of distance s from the root p, i.e.,
Tles={zeT : d(z,p)=s}.

Let F0 = O'(T |$s) be a sigma algebra generated by the history up to time s (including
branching history) of the Galton-Watson process that induces T'. The future of the Galton-

Watson process after time s consists of the descendant subtrees
{ACIE,T X € T|:5}-

Let F! = O'(A%T : z € T|_s) be a sigma algebra generated by the future events, after time
s. Measure p being a Galton-Watson measure ( i.e., u = GW({qx},\)) is equivalent to T
being a continuous time Markov branching process (see [4, 15]). That is, there exists a

filtration F, > F such that
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1. Markov property is satisfied:
P(A|F) = P(A|TL)  vA<F,
2. Conditioned on T'|-,, the subtrees {A, 7 : 2 € T|-;} of T, denoted here by
({Aer sweT} | L),
are independent.

Next, let

T = U(A%St(%T) tx € St(907T)|=8)

be a sigma algebra generated by the future events of Sy(p,T)|=s, after time s. Then, since

{Assior) 17 €Si(0,T)|=s} = {Se(0, Axr) s € Se(p,T)]=s}
= {St(907 AI,T) ‘X e T|=s such that Si(e, A:r:,T) 7'4 ¢}7

we have

s

I, = O'(S((p, Ayr) ix€ T|:5) c Fl.

We claim that conditioned on the event {S;(¢,T) # ¢}, the partition/anihilation evolution
Si(p,T)|=s is a continuous time Markov branching process with respect to the filtration Fs.

Indeed,

1. Markov property is satisfied:
P(A|F,) = P(A| T|=s) = P(A| Si(p,T)|-s)  VAeI, cFl.
Let Pyy(A) = P(A|Si(¢,T) # ¢). Then,

Puy(A|Fs) = Pry(A| S0, T)|-s) VA€,

2. Conditioned on S;(p,T)|=s, the subtrees

{Az,St(ap,T) ‘T E St(‘va)|:S} = {St(gp, Aa:,T) ‘TE T|237 St(ﬁp, Acc,T) # ¢}

of S¢(p,T) are independent.
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In order to characterize the dendritic structure of S;(p,T') we start an upward exploration
from the root p € T and proceed to the nearest internal vertex v of T' (i.e., par(v) = p). For

a pair of integers k£ > 2 and m > 0, we have

P(brr () = . brs oy () = m| S T) #.0) = (7)1 -p) "oy 2. ()

where bry(v) and brg,, 7y (v) denote the branching numbers of vertex v in 7" and S;(¢, T)
respectively. Here, the event brst(%T)(v) = 1 corresponds to the case when vertex v is

removed due to series reduction. Thus, the case m =1 will be treated separately.

Next, we would like to find an expression for the branching probability g, of a pruned tree

Si(p,T). For a given integer m > 2,

P(brs,(or)(v) =m|Si(0.T) # ¢) = (1-pe) "p}" 12( )(1 )" .

Therefore, for m > 2,

m = P(brst(w,T) (U) = m‘St“O?T) % b, brSt(cp,T) (U) # 1)

kif: (i)kak pm—l
= (1-py)"p - = - ;n, QU (1-p) (1-Q(1-pp)) ™.
1—(1—Pt)‘1k§2kp’“q;€ ‘

The corresponding generating function of {gx} is equal to

00 " —1 [ ) k
G(z)=), 2Mgm =90+ P S (21 =p) )" ( )pqu
m=0 1= (1=p)t X kpkgy m=2k=m
k=2
p;l oo k k _1 m ok
= go + > Z( )(Z(l_pt) p) Prak
1-(1- pt)lequ“m2m

-1

Dy /
o QG+ (1-2)01-p0) - QU-p) - 2p Q' (1 =)

Qlz+(1-2)(1-p)) - Q(L-pp) - 2y
pe(1-Q'(1-p)) .

by the binomial theorem. Next, we plug in z = 1 into (C.2), obtaining

_QU-p)-(-pi)
p(1-Q'(1-p))

=go+

=zZ+go+
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as G(1) = 1. Hence, (C.2) rewrites as (2.22). We proceed by differentiating dilz in (2.22),

obtaining

_ QA -pe+2p) —Q'(1-py)
1-Q'(1-pt)

G (2) (C.3)

An edge in S;(p,T) is a union of edges in the tree obtained after pruning 7', but before
the series reduction, separated by the degree two vertices. The probability of a degree two
vertex after pruning (but before the series reduction) is

- k-1 _ /

> arkpe(1=p)" " = pQ'(1-pr).

k=2
Hence, by Wald’s equation, the edge lengths in S;(p,T') are independent exponential ran-

dom variables, each with rate

A1-Q'(1-py)).

Finally, we observe that if u(T") is critical, then Q'(1) =1 and (C.3) imply G’(1) = 1. That
is, v(T'|T # ¢) is a critical Galton-Watson measure. O]



