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Numerical Analysis of a System of Parabolic Variational Inequalities

with Application to Biofilm Growth

1 Introduction

In this dissertation we consider a mathematical and computational model for
biofilm growth and nutrient utilization. In particular, we are interested in a model
appropriate at a scale of interface. This model represents bio-geo-chemical interac-
tions that involve microbial cells in some fluid in a porous medium. We analyze the
numerical approximations of this model by implementing two numerical methods: (i)
Galerkin finite element method, and (ii) mixed finite element method. We derive
rigorous error estimates, present numerical experiments that confirm the predicted

estimates, and illustrate the behaviour of boifilm and nutrient.

Motivation. Biofilms are complex three-dimensional communities of microor-
ganisms, typically bacteria, attached to a solid surface and embedded in a matrix
consisting of polysaccharides called extra cellular polymeric substance (EPS). The
function of this EPS is to protect the bacteria from the surrounding harsh environ-
mental conditions. Biofilm propagates through detachment to form other communities
of biofilm [17, 25, 13]. When biofilm grows in a porous medium, it affects many hy-
draulic properties of that medium, such as its porosity, and permeability [29, 34, 27].

Biofilm are important in a variety of applications. In agricultural industry, for
instance, biofilm is used to enhance plant health and soil fertility [1, 26]. In environ-
mental industry, biofilm is used in bio-remediation techniques to seal the pathways of
contaminants spilled in rivers or lakes [26, 34]. Moreover, biofilm is used to enhance
geologic sequestration of C'Oy by plugging the leakage in the subsurface C Oy stor-

age reservoirs [28, 13]. In petroleum industry, biofilm is used in microbial enhanced
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oil recovery (MEOR), in particular, as a “selective plugging” technique. MEOR is a
method used to improve oil extraction. Usually, water is flooded in petroleum reser-
voirs to recover the residual oil. However, due to the variation of permeability zones
in the reservoirs, water fingers develop in high-permeability regions, which prevent
water from going to the right path. In selective plugging, bacteria is injected in the
reservoir to plug those high-permeability zones [27].

Now we motivate why it is important to work at microscale. In a porous medium
filled with some fluid at rest and containing some microorganisms and nutrient, mi-
crobes consume the nutrient over time, and the total biomass increases. When the
density of biomass is large, the microbes produce EPS and the biofilm phase forms.
The amount of biomass in biofilm keeps growing until it reaches a certain maximum
density which cannot be exceeded because the microbial cells have finite size. This
maximum density is represented as a constraint in the biofilm model. Once maximum
density is reached, biofilm starts to expand its domain by penetrating the surrounding

fluid through the interface. Therefore, this model is a free-boundary problem.

Mathematical and computational challenges addressed and results.
The biofilm—nutrient model considered in this work is a system of two coupled non-
linear diffusion—reaction partial differential equations (PDEs). One of these PDEs
is subject to a constraint, and this can be characterized as a parabolic variational
inequality (PVI). The model we work with was first proposed in [29], and it included
advection coupled to the velocity of flow of fluid enclosing the biofilm in the porous
medium. The flow velocity can be obtained by a coupled viscous flow model defined
in [29]. In this work, we ignore the advection and the flow. Other models for biofilm
including cellular automata, degenerate singular parabolic systems, and phase field
models were considered in the literature; we refer to [29] for review.

The model we consider is challenging. The first challenge is (i) understanding
the constraint, and how it can be imposed on the solutions of the model. In this work

we use a construction called Parabolic Variational Inequality (PVI). In a computa-
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tional model the PVI can be written as a system involving a Lagrange multiplier and
semi-smooth function (e.g. min-function). Furthermore, (ii) the semi-smoothness and
the coupled nature involved in the system require a robust solver.

The main challenge in analysis is (iii) dealing with the fact that solutions to
PVIs and free-boundary problems have low regularity [22, 4]. This makes the analysis
of the approximation difficult and limits the numerical scheme to low order. In this
work we consider two approximation schemes to analyze the biofilm growth model:
the low order Galerkin finite element method, and the mixed finite method with
the lowest order Raviart-Thomas elements. The latter is implemented only for the
scalar diffusion—reaction PVI; the coupled system will be considered in the future. To
the best of our knowledge, approximating PVI with mixed finite elements is a new
approach. In our analysis, we derive optimal error estimates with both methods.

We confirm the theoretical results experimentally in 1D, 2D, and 3D, where
the data used in some experiments is motivated by realistic simulations in [29]. An
associated difficulty is that (iv) the analytical solution to the PVI is not known except
for simple artificially created test cases. Furthermore, it is also virtually impossible
to obtain analytical solutions for a coupled nonlinear system of PDEs with realistic
data. Therefore to test the errors numerically, we need numerical solutions computed
on a fine grid. These require high performance computers to solve, especially with
2D and 3D cases. Finally, (v) simulations in domains mimicking the complex pore
scale geometry obtained from imaging require careful grid generation and pre- and

post-processing.

The outline of this dissertation is as follows. In Chapter 2 we review some
background needed for the rest of this dissertation. We begin with preliminaries on
functional analysis. We then briefly discuss weak formulations of problems of PDEs.
Next we give a brief introduction to finite element approximation for solutions of
problems of PDEs. We conclude the chapter by presenting the solver we use in this

work which is semismooth Newton Method.
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In Chapter 3 we discuss finite element approximations for solutions to scalar
variational inequalities. Section 3.1 is devoted to elliptic variational inequalities
(EVIs). We begin with background on monotone operators and convex functions.
Next we present basic results in literature on EVIs in Banach spaces first and then in
Hilbert spaces. At the end of this section, we discuss finite element approximation for
EVIs. We first state some error estimates in literature. Then we present numerical
experiments validating the theoretical results and testing the efficiency of semismooth
Newton solver. In Section 3.2 we turn our discussion to a PVI with a reaction term.
We start by reviewing results on abstract form of PVIs. We then introduce a type of
PVIs similar to the one involved in the biofilm /nutrient model considered. After that,
we discuss fully discrete finite element approximation of the PVI. For the convergence
of this approximation, we first give a literature review on similar work. We then state
and prove our error estimate validated by some numerical experiments.

In Chapter 4 we discuss the biofilm/ nutrient model considered in this work.
We start in Section 4.1 by describing the model which is a coupled system of PDEs,
without constraints, and we analyze the fully discrete finite element approximation
to an unconstrained coupled system. We show the convergence of the approximation
theoretically and experimentally. In Section 4.2 we turn to the constrained case. We
analyze fully discrete finite element approximation to the constrained coupled system.
We derived an error estimate which we validate experimentally in 1D, 2D. Moreover,
we present a numerical experiment in 3D illustrating the behavior of the growth of
biofilm in pours media.

In Chapter 5 we consider mixed finite element method for a PVI. We start in
Section 5.1 by presenting the mixed formulation of the PVI. Then, in Section 5.2, we
discuss the well-posedness of the mixed problem. In Section 5.3 we define the mixed
finite element approximation of the PVI. We give literature review. We then derive an
error estimate of semi-discrete mixed finite element approximation. Next, we discuss

the fully discrete approximation. Finally, in Section 5.4 we present some numerical



experiments which confirm the theoretical findings.
In Chapter 6 we summarize the main results in this work. We also discuss

current and future work.



2 Background

In this Chapter we present background needed for the rest of this dissertation.
We start by reviewing preliminaries on functional analysis. We then briefly discuss
weak formulations of problems of PDEs. Next we give a brief introduction to finite
element approximation for solutions of problems of PDEs. We conclude this chapter

by presenting the solver we use in this work which is semismooth Newton Method.

2.1 Preliminaries on Functional Analysis

In this section we present some notation, preliminary definitions and results from
functional analysis. We begin by defining function spaces and describing properties
of operators defined on some types of those spaces. Then we introduce Sobolev spaces
that play a crucial role in our study. At the end, we state some known inequalities and
results needed in our analysis. The results in this section, unless otherwise marked,

follow the materials in [6, 3, 31, 9].

2.1.1 Function spaces
2.1.1.1 Normed spaces

Definition 2.1.1. A seminorm on the linear space V over R is a function |-|y : V — R

with the following properties.
1. |av|y = |af|lv|y for anyv € V and a € R;
2. lu+vly <luly + |v|v for any u,v € V.
The pair (V|- |v), is called a seminormed space.

Definition 2.1.2. A norm on the linear space V over R is a function ||- |y : V =R

with the following properties.

1. ||v|ly >0 for any v € V, and ||v|[y = 0 if and only if v = 0;



2. |lev||v = |al||v]|lv for any v € V and a € R;
3. Nu+o|lv < |ullv + ||v]|lv for any u,v € V.
The pair (V, || - ||v), is called a normed linear space or a normed space.
Note that a normed space is a seminormed space.

Definition 2.1.3. Let V' be a normed space, and (vy,) be a sequence in V. We say

that (v,) converges to v € V if limy o0 ||vn, — v||y = 0, and we write v, — v in V.

A sequence (vy,) in a normed space V' is said to be Cauchy if limy, p—soo||Vm —
vnplly = 0. If every Cauchy sequence in V' converges, then V is called complete. A

complete normed space is called a Banach space.
2.1.1.2 Inner product spaces

Definition 2.1.4. An inner product on the linear space V' over R is a function (-,-) :

V x V — R which satisfies

1. (v,v) >0 for any v € V, and (v,v) =0 if and only if v =10,

2. (v,u) = (u,v) for any u,v €'V,

3. (au+ Bv,w) = a(u,w) + B(v,w) for any u,v,w €V, any a, B € R.
The pair (V,(+,-)), is called an inner product space.

llz|| = v/(x,z) defines a norm on V.

The following theorem is essential in our estimates.
Theorem 2.1.1 (Cauchy-Schwarz inequality). For all u,v € V, we have
|(u, 0)] < Jull]Jv].
A complete inner product space is called a Hilbert space.

Definition 2.1.5. Two vectors u,v in an inner product space V are said to be or-

thogonal if (u,v) = 0.



2.1.1.3 Spaces of continuously differentiable functions

Let d be an integer number, and © C R? be an open, bounded, connected

set. A generic point in R? is denoted by z = (z1,x,...,24)T. For each d-tuple
a = (aq,q,...,aq) of non-negative integers, the at? order partial derivative is
D= olal

al g-.as Qg
0x{"0zy? ... 0xy
where o] = a1 + a2 + ... + ag.

We denote C(€2) to be the space of all continuous functions f : @ — R. Let C(2)

be space of all functions that are uniformly continuous on 2. Note that C(Q2) is a

Banach space with the norm

£l = sup{|f (@)= € Q} = max{|f(x); 2 € Q}.

For m € N, the space C"™ () is the space of all continuous functions on 2 for which

all their derivatives up to order m are continuous on {2, that is,

C"(QY)={feC(Q);D*f € C(Q) for all c, || < m}.

C™(Q) is the space of all functions that are continuous and all their derivatives up to

order m are continuous up to the boundary:
C"™(Q)={f€C(Q);D*f € C(Q) for all o, |a| < m}.
C™(1) is a Banach space with the norm

[fllem @y = max IDfllo@), m € N.

C®(Q) = Nim>0C™(Q), C®(Q) = Npm>oC™ ().

C>(Q) and C°(Q2) are spaces of infinitely differentiable functions. The support of a
function f defined on 2 is defined to be

supp(f) = {z € ; f(x) # 0}.

Co(12) is the space of all continuous functions on Q with compact support. Cg*(2) =

C™(Q) N Ch(R2), m>1 and CF°(Q2) = C>(Q2) N Cp().
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Definition 2.1.6. A function f defined on Q is called Lipschitz continuous if there

exists a constant ¢ > 0 such that
[f(@) = f)l < cllz =yl for all z,y € Q.
2.1.1.4 LP Spaces
Definition 2.1.7. Let p € R with 1 < p < 0o, the normed space LP(S2) is defined
LP(Q) = {[f]|f measurable on Q and || f||r) < 00} ;

where [f] is an equivalence class of all functions that are equal almost everywhere, and

the norm || f||1r(q) is defined as

Jolf@)IF dz, 1<p<oo,

esssupgeq | f(7)] = infy,(q)—0 SuPze\o | f(2)], p = o0

| fllzr (o) =

For 1 < p < oo, the spaces LP(f2) are Banach spaces. Moreover, L?(Q) is a

Hilbert space with an inner product

(f.9) = /Qf(l‘)g(x) dx.

Theorem 2.1.2. C§°(Q) is dense in LP(2); that is, C§°(2) = LP(Q), 1 < p < o0.

Now we state some inequalities used often in our analysis. Let p € [1, 0], its
conjugate exponent is ¢ € [1, co] which satisfies
-+ -=1
P q
Lemma 2.1.1 (Young’s Inequality). Let a,b >0, 1 < p < oo, and q be the conjugate
exponent of p. Then
a? vl
ab < — + —.
p q
Lemma 2.1.2 (Modified Young’s Inequality). Let a,b >0, € >0, 1 < p < oo, and q

be the conjugate exponent of p. Then

eaP e
ab < — +
p q
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Corollary 2.1.1. Let a,b>0, ¢ >0

1
ab< $a? 4+ 0 abeR €>0, (2.1)
2 2¢

Lemma 2.1.3 (Hélder’s inequality). Let p € [1,00] and q be its conjugate exponent.
Then for any f € LP(Q) and any g € L1(Q),

/Q F@)g(@)] dz < |l ooy 9l o

2.1.2 Operators on Normed Spaces

The problems considered in this dissertation can be expressed with linear or
nonlinear operators on some normed spaces. Here we give background results on
linear operators and bilinear forms. The general type of operators will be discussed
in Chapter 3. Throughout this subsection, V and W are two normed spaces.

We start by giving a definition of continuous operators and bounded operators.

Definition 2.1.8 (Continuous Operators and Bounded Operators). Let T : V — W

be an operator with domain D(T) C V. T is said to be continuous at v € D(T) if
(vp) CD(T) and vy, — v inV =T (v,) = T(v) in W.

T is said to be continuous if it is continuous at every v € D(T).

T is said to be bounded if for any set B C D(T),
sup |||y < oo = sup | T'(v)[|lw < oo.
vEB vEB
Definition 2.1.9. An operator L : V — W s said to be linear if
L(aqv; + agug) = a1 L(vy) + e L(vg) Yo, a0 € R, Yo, v € V.

Proposition 2.1.1. A linear operator L : V. — W is bounded if and only if there

exists a constant o > 0 such that

| L(v)|lw < allv]ly Vv e V.
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Proposition 2.1.2. A linear operator L : V. — W is bounded if and only if it is

continuous.

Definition 2.1.10. The set of all continuous linear operators from a normed space V

to a normed space W denoted by L(V, W) is a normed space equipped with the norm

[ Lollw

ILllvw = sup , VL € L(V, V).

0£veV lvllv

Proposition 2.1.3. If W is a Banach space, so is L(V,W).

Definition 2.1.11. Let V be a normed space and W = R. The elements in L(V,R)
are called bounded linear functionals or linear functionals. L(V,R) is denoted by V'

and is called the dual space of V. Note that V' is a Banach space.

Remark 2.1.1. Forv €V and f € V', we sometimes write f(v) = (f,v), where (-,-)

denotes the duality pairing. It also denotes the inner product on L?(2).
The double dual of V' denoted by V" is the dual space of V".

Definition 2.1.12. A function F : V. — W s called isometry if F' preserves dis-

tances, i.e.

I1F@)lw = |lvlly YveV.

Moreover, V and W are called isometric if there exists a surjective isometry F : V —

w.

There is a canonical injection J : V — V" defined as follows: for any v € V,

there exists E, € V" such that
Ey(f) = f(v) Vfe V'

Note that ||E, ||y = ||v||yv for all v € V, hence, J is isometry.

If J is surjective, then V is called reflexive.

Example 2.1.1. Here are some examples of reflexive spaces.
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o All finite-dimensional spaces.
e [P forl < p< oo.
e Hilbert spaces.
Here are some examples of non-reflexive spaces.
o L' and L.
e C(K), the space of continuous functions on an infinite compact metric space K.

Definition 2.1.13. A metric space X is separable if there exists a subset D C X that

is countable and dense.

Theorem 2.1.3. Let V be a Banach space such that V' is separable. Then V is

separable.

Corollary 2.1.2. Let V' be a Banach space. Then V is reflexive and separable if and

only if V' is reflexive and separable.

Theorem 2.1.4 (Riesz-Fréchet representation theorem ). Let V' be a Hilbert space,

and V' be its dual. For any f € V', there exists a unique uy € V such that
f) = (ug,v)v, Yo e V.

Moreover,

[uglly = £ ]v-

Definition 2.1.14 (The Riesz map). Let V be a Hilbert space, and V' be its dual.
The Riesz map R : V. — V' is defined by Rv(u) = (v,u)y for v,u € V.

By Theorem 2.1.4, R is an isometric isomorphism of V' onto V.

Definition 2.1.15 (Weak convergence). Let V' be a normed space, V' its dual space.

A sequence (u,) CV is said to be weakly convergent to u € V, we write u, — u, if

flun) — f(u) asn — oo, Vf € V'.



13
Definition 2.1.16 (Bilinear forms). A bilinear form on a normed space V is a func-
tion a : V. xV — R such that the mappings u — a(u,v) for every v € V and

v = a(u,v) for every u € V are linear. The form a(-,-) is said to be

1. continuous (bounded) if there exists a constant o > 0 such that

|a(u, v)| < aflulll|lv]] Vu,ve V.

2. positive if a(v,v) >0 Yv € V.
3. strictly positive if a(v,v) > 0.

4. strongly positive or V -elliptic (V -coercive) if a(v,v) > 7|[v||> Yv € V for some

constant v > 0.
5. symmetric if a(u,v) = a(v,u) Yu,v € V.

Proposition 2.1.4. Let V be a normed space, and a : V x V. — R be a bilinear

form. Then there exists a unique linear operator A :V — V' defined as
a(u,v) = Au(v), Yu,v € V.
Moreover, a(-,-) is continuous if and only if A € L(V,V').
2.1.3 Sobolev Spaces and Imbedding Theorem
We start by reviewing the definition of distributions and weak derivatives.

Definition 2.1.17 (Distributions). C§°(Q2) is called the space of test functions. The
dual of C§°(R2), denoted by D' (), is a linear space that consists of all linear functionals

on C§°(2). D'(Q) is called the space of distributions on ).

Definition 2.1.18. Let p € [1,00]. The function space Lj, .(Q) of all locally p-integrable

functions on Q is defined as

Lp

loc

(Q) = NgcalP(K), over every compact set K C Q.
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Proposition 2.1.5. The mapping L} (Q) — D'(Q) defined as

loc
() = /Q u(z)d(z)dz, ¢ € CF(R)

1s linear and injective.

That is, any locally integrable function can be considered as a distribution.

Definition 2.1.19. The o'* partial derivative of a distribution T € D'(Q) is the
distribution 0T defined by

0°T(9) = (~1)*IT(D%¢), ¢ € C5°(Q).

When T = @ for some u € L} (), then 9% (or 9%u) is called the weak a'?
derivative of .
Now we state the definition of Sobolev spaces and some results associated with.

Sobolev spaces are important in the study of partial differential equations which do

not have solutions in C"™ ().

Definition 2.1.20. Let m be a non-negative integer, p € [1,00]. The Sobolev space
W™P js the set of all functions v € LP(Q) such that the o' weak derivative 0%v €
LP(Q) for all multi-index o with || < m. W™P is a normed space equipped with the

norm 1/
p
S jafem 1070120 | 1< p <00

maX|q|<m ||aa’UHL"°(Q)7 p = 0o0.

[vllwmr) =

Theorem 2.1.5. The Sobolev space W™P(Q) is a Banach space.

Remark 2.1.2. In Definition 2.1.20 above, m > 0 could be non-integer. We refer to
([3], Chapter 7), for more details.

When p = 2, we write H™(Q) = W™2(Q).

Remark 2.1.3. Throughout, we denote || - ||o the norm on L*(Q) and || - ||m the norm
on H™(Q).
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For all integers m, k with m >k > 0, H™(Q2) C H*(Q) C L*(Q).

Corollary 2.1.3. The Sobolev space H™(Y) is a Hilbert space with the inner product

(u,v)m—/Q Z 0%u(z)0%(x)dx, u,v e H™(Q).

la<m

Definition 2.1.21. The closure of C5°(2) in W™P(Q) is denoted by WP (), which
is the space of all functions in W*P(Q) such that

0%(x) = 0 on I, Yo with |a] < m — 1.
When p = 2, we denote Hy"(2) = WJ"2(Q).

The following inequality plays an important role in problems with homogeneous

Dirichlet boundary conditions.

Proposition 2.1.6 (Poincaré-Friedrichs inequality, [8]).
HUHO < CPFHV?}H(), Ve H&(Q), Cpr > 0. (2.2)

Definition 2.1.22. Let s > 0, either an integer or non-integer. Let p € [1,00), q
be its conjugate exponent. The dual space of WiP(Q) is denoted by W—>9(Q). In
particular, the dual of Hj is denoted by H™°.

In analysis of boundary value problems, it is essential to know the regularity of

the boundary of the domain.

Definition 2.1.23. Let Q be an open and bounded set in R?, and let V denote a
function space on RY™1. 9Q is said to be of class V if for each xq € 09, there exist
0 > 0 and a function f € V such that

QN B(xo,0) ={zx € B(zo,0);2q4 > f(x1,...,24-1)},

where B(zg,8) C R? is a ball centered at x¢ with radius 6.
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Theorem 2.1.6 (Trace). Let  be a bounded open set in RY with a C*-manifold
boundary 0S). Assume that Q lies on one side of its boundary 02. Then there exists a

unique continuous linear function o : H(Q) — L2(09Q) with the following properties:
1. yov = v|gq for each v € HY(Q) N CL(Q).
2. For some constant ¢ > 0, [|70v||z2(90) < cllvllg1)-
3. If vy, — v in HY(Q), then v, — v in L?(09).
4. The kernel of vy is HE(Q), and its range is dense in L*(99).
The range of vo in H(Q) is HY/?(99Q), i.e. HY/?(0Q) = vo(H'(Q)).

Let n = (nq,...,nq)7 denotes the outward unit normal to the boundary 9 of
Q. If v € C1(Q), then its classical normal derivative on the boundary is
d
v Ov

The trace on normal derivative is v (v) = %}1\89 if ve HY(Q) N CY(Q).

Next we present an important theorem associated with some Sobolev spaces,
which is the imbedding theorem. This theorem shows that the functions in the Sobolev
space H™(2) are continuous and their derivatives, up to a specific order, are continu-
ous depending on m and the dimension of space the domain €2 belongs to. But before

that, we need the following definition.

Definition 2.1.24. An open bounded set Q C R? is said to satisfy a cone condition
if there exist constants p > 0, w > 0 such that each point x € Q is the vertex of a cone

K () of radius p and volume wp™ with K(z) C Q.

Theorem 2.1.7 (Imbedding Theorem). Let Q be an open bounded set in R? satisfying
the cone condition. Then

H™(Q) ¢ C*(9),
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where m and k are integers with m > k + d/2. That is each u € H™(Q) is equal a.e.

to a unique function in C*(QY) and this identification is continuous.

In particular,
HY{(Q) cO(©Q) whend=1,
H2(Q) c C(Q) whend =2,3.

We end this subsection by giving definition of some spaces whose elements are
functions of both spacial variable z and temporal variable ¢t. These spaces are required

for the study of time-dependent PDEs.

Definition 2.1.25. (/22], page 599) Let Q C R® be the domain of spatial variable,
and J = [0,T] be the time interval where T > 0 is the final time. If V is a normed
space with norm || - ||y and v : J — V, then

olloy = (Ko@) ™ 1<p < oo,

||| oo (7:v) = supies [[0(E)[lv-
The space LP(J;V) is the set of v such that the above norm is finite. The space
C(J;V) denotes the set of continuous functions from J to V.

We shall write, unless otherwise specified, LP(V') to mean LP(J; V), and C(V')

to mean C(J; V), and so on. The notation L*(Q) means L*(J; L3(Q)); Q = J x .

2.1.4 Known Inequalities and Theorems

In this subsection we state some known inequalities and results needed in our

analysis and estimations.

1. Green’s formula. [3] Let u € C1(Q) and w € C?(Q2). Then
/quda?—i—/Vu‘de:c:—/ ua—wds; x e, se ol (2.3)
Q Q oo On

2. Continuous Gronwall’s Lemma. [15]. Let a € R, ¢ € C'([0,T];R), and
f € C°([0,T]; R) such that % < a¢+ f. Then,

vt e 0,T], 6(t) < e (0) + /0 219 £(s) ds. (2.4)
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3. Discrete Gronwall’s Lemma. [20, 16] Let (y,,) and (gm,) be nonegative

sequences and ¢ be a nonnegative constant. If

m—1

ym <+ > gjy; for m >0,
§=0
then
m—1
Um < cexp g; | for m >0. (2.5)
=0

4. Bernoulli inequality. For oo > 0, § > 0, we have
(1+8)* < e, (2.6)

The following theorem and its corollary are useful in showing the existence of

solutions of PDEs.

Theorem 2.1.8 (Brouwer’s Fixed-Point Theorem). (/3/, page 241), ([32], page 37)
Given a non-empty bounded closed convex set K C R®. Let T : K — K be continu-

ous. Then the equation T'(x) = x has at least one solution in K.

Corollary 2.1.4. ([32], page 37), (/33], page 237) Let V be a normed space, G :

B, — V be a continuous map. For a constant q, define By = ||[v € V;|jv|v < q}.

Then if G(v,v) > 0 for ||v|| = q, then the equation G(v) =0 has a solution.

2.2 Weak Formulations

In this section we briefly discuss weak formulations of problems of PDEs, where
we seek weak solutions to the problems rather than strong solutions since the latter
require high regularities, which are not guaranteed in most the cases. Moreover, some
approximation methods, like what we apply in our study, which is finite element
method, require the problem to be written in a variational formulation.

We start this section by giving a classical example of Dirichlet boundary value

problem, presented in e.g. [3] and [31], showing how variational formulation of a
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problem is derived. Then we state an important theorem in variational formulation
literature, which shows the well-posedness of a variational formulation. In the sec-
ond part of this section we present another type of weak formulation called mized

formulation, which is needed in applying mized finite element method.

2.2.1 Classical example of Dirichlet boundary value problem

Let © C R? be open and bounded with smooth boundary 9. Consider the
following boundary value problem

—Au=f in Q, (2.7a)

u=0 on 09, (2.7b)

where A = 25:1 88722 is the Laplacian. As it is known, the classical solution to (2.7)

requires that v € C?(2) N C(Q), and the data f € C(Q). We multiply (2.7a) by a

test function v € C§°(Q2), and use Green’s formula (2.3), and the Dirichlet boundary

/Vu-Vvdx—/fvdx,
Q Q

which only requires that f € L?(Q) and u € HZ(Q). By Riesz map, and by the

conditions (2.7b), we obtain

inclusions

H} — L*(Q) — H(Q),

where f € L?(Q) can be identified with a linear functional f € H~1() such that
flv) = / fv dx.
Q

If we let V = HZ(Q), and define a bilinear form a: V x V — R as

a(u,v) = / Vu - Vv dzx,

Q

then the weak formulation of problem (2.7) is to find u € V' such that

a(u,v) = f(v) Yo e V. (2.8)
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In general, let V' be any Hilbert space, and V' be its dual, a : V x V — R
be a bilinear form, f € V'. The weak formulation of many elliptic boundary value

problems in divergence form can be written as
uweV: a(u,v) = f(v), vew (2.9)

The following theorem guarantees the well-posedness of (2.9) under some as-

sumptions on af(-,-).

Theorem 2.2.1 (Lax-Milgram Lemma). (/31], page 62) Let a(-,-) be a V-coercive
continuous bilinear form. Then for every f € V', there is a unique solution u € V to

(2.9). Moreover, there exists a constant ¢ > 0 such that

Jullv < e[l fllv
2.2.2 Mixed Variational Formulations

In some real life problem, the gradient of the unknown or its “flux” is more
important than the primary unknown itself. For example, in the the heat conduction
problem mentioned in ([3], page 354), the heat flux is more important than the tem-
perature. That is why solving a problem for the two variables, the primary variable
and its gradient, has advantages in some cases. Such problems can be formulated in
the mized formulation.

In this subsection we present an example showing how the mixed formulation is
derived. Then we state the well-posedness theorem of a mixed problem. The material
in this subsection follow [8].

If we go back to problem (2.7), and let 0 = —Vu, then (2.7) can be written as

c+Vu=0in Q, (2.10a)
V.o=fin Q, (2.10b)

u=0 on 09, (2.10c¢)
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As we have done in Section 2.2.1, we multiply (2.10a) by a test function 7 € (C§°(Q2))4,
and multiply (2.10b) by a test function v € C5°(€2), then we use Green’s formula (2.3),

and use (2.10c), we obtain
/J-de—/V-Tudm:O, (2.11a)
Q Q
/ V-ovdx = / fvdx. (2.11b)
Q Q

As we can see, this requires o € (L*(Q))¢, and V -0 € L?(Q). For u, we also need
u € L?(2). For that, we define V = H(div,Q) := {7 € (L*(Q))%, V-1 € L?(Q)} with

the associated scalar product and norm:

[07 7-] = (Ua T) + (v 0, V- T)a HTHH(diU,Q) = [7-7 T]I/Qa

and W = L?(Q). We define the bilinear forms a : V x V =+ R, and b: V x W — R
such that
a(o, ) = / o-1dx, Yo,T€V,
Q

and

b(T,U)Z/QV'TU, VreV, Yvoe W.
Now problem (2.11) can be written as
a(o,7) —b(r,u) =0, Vr eV, (2.12a)
b(o,v) = (f,v), Yve W, (2.12b)

which is the mixed formulation of problem (2.8).

In general, let V and W be two Hilbert spaces, and V', W’ be their dual spaces,
respectively. Let a : V XV — R,y and b: V x W — R be bilinear forms. Define
Vo={o € V;blo,u) =0 Yue W}.

Theorem 2.2.2. Assume that a(-,-) and b(-,-) are continuous, and a(-,-) is Vp-

coercive; i.e. there exists a constant o > 0 such that

a(t,7) > oz||7‘||%/ V1 eV,
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and b(-,-) satisfies the inf-sup condition, i.e. there exists a constant > 0 such that

p 2

> Bllvllw, YveW.
rev I7llv

Then for every g € V', and f € W', the mized formulation

a(o,7) —b(t,u) = (g,7) VT €V, (2.13a)

b(o,v) = (f,v) Yve W, (2.13b)
has a unique solution (o,u) € V.x W, and satisfies

lollv + llullw < C(lgllv: + [ fllw); for some constant C > 0.

2.3 Finite Element Method

One of the major classes of numerical approximation methods appropriate for
PDEs with non-smooth solutions is the finite element method. We use finite element
method in this work. In particular, we use piecewise linear finite element method.
One reason we use this method is that finite element method approximate the weak
formulations of problems, which, as we mentioned before, do not require high regu-
larities on the solutions. Another reason is that finite element method is applicable
in even complex domains in 2D or 3D, unlike finite difference method that does not
work well in domains like circles or ellipses that have curved edges.

In this section we present two examples illustrating the basic procedure of finite
element methods, one on elliptic problems and the other on parabolic problems. The

material in this section follows [33, 15, 23, §].

2.3.1 Finite element method for elliptic problems

Consider Problem (2.8) in Section 2.2. We want to approximate the solution u
by a continuous piecewise linear function that vanishes at the boundary; we denote

the approximate solution by wu,. To do that, we first need to partition the domain
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Q into finite elements. Here we assume that () is a convex domain with smooth
boundary 0. Let 7, = {T;} be the partion (triangulation) of € into finite elements
T;’s (subintervals if d=1, triangles if d=2, tetrahedrons if d=3, etc). Let h denote
the maximal length of the sides of Ts. We assume that no vertex of any element
lies on the interior of a side of another element. The union of the elements denotes
Qn C Q. We also assume that the angles of the triangulation 7; are bounded below
by a positive constant, independently of h. In some instances, we may assume that 7Tj
is quasiuniform; i.e. the area of each element in 7, is bounded by ch?, where ¢ > 0 is
a constant independent of h.
Let {p; }gh be the interior vertexes of 7, and {¢; }?h be the set of shape functions,
such that ¢;(p;) = 0i5, for i, =1,...,q4. Let

Vi = {¢p € C(Q) : ¢ is linear on each T}, 1 = 0 on Q\,}

A function in Vj, is uniquely determined by its values at the points p;’s. Hence,
¢} is the basis of V},; i.e. any function 1) € V}, can be uniquely written as a linear
713 Yy Yy
combination of {¢; }?h.

If T is quasiuniform, then we have the inverse inequality

(Vipllo < Ch™Y|]lo, Vib € Vi, for some constant C' > 0. (2.14)

The approximate problem of (2.8) is to find uj € V}, such that

a(un, ¥) = (f,1), Vb € V. (2.15)

Since uy, € Vj, then it can be uniquely written as up,(z) = Y " a;¢i(z); & = (o), €

R9 needed to be determined. Thus, problem (2.15) can be written as

qh
Zal(v¢27v¢]) = (fa ¢])a ] = 17' -+ qh,

i=1
or

Aa = F, (2.16)
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which is a linear system with A € R%*% called the stiffness matriz, defined as
Aij = (V¢i,V¢;), and F € R, called the load vector, defined as Fj = (f,¢;). A is
positive definite, i.e. Az(z) >0 Vo € R%", 2z # 0. So A is invertible and hence the
system (2.16) has a unique solution.

The regularity of the solution v depends on the domain 2 and the data f, as it

is stated in the following theorem.

Theorem 2.3.1 (Regularity Theorem ([8], page 91), and ([23], page 93)). Assume
that u is a solution to problem (2.7). Then

1. If Q is convex, then
[ull2 < C fllo-

2. If Q has a C? boundary, and f € H*(Q); s > 2, then

[ullst2 < ClIF]ls-

One of the main goals of this dissertation is to estimate the error of the approx-
imate solutions of the addressed problems. It would be helpful if we relate the exact
solution to another function in V}, that we have a prior knowledge of its properties
with the exact solution. The best choice would be the interpolant function in Vj.

The interpolation operator I, : H"(Q) N H}(Q) — V}, is defined such that for

1 € V, its interpolant Iy € Vj, agrees with it in the interior vertices of 7y, i.e.
an
Inp(z) =D v(ps)é;(x).
j=1

Now we state the properties of the interpolant functions. For proof, we refer to

e.g. ([15], page 58-61).

Theorem 2.3.2. For ) € H"(Q) N HL(Q),

[ = llo + RV (I — )]0 < Ch7[|¢ls, for 1<s <. (2.17)
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Lemma 2.3.1 (Galerkin orthogonality, ([15], page 90)). Let u be a solution to (2.8),
and uyp, be a solution to (2.15). Then

a(u - uhﬂb) =0, V¢ € V. (218)
Proof. Since Vj, C V, we subtract (2.15) from (2.9) to obtain (2.18). O

The following theorem, Theorems 3.16 and 3.18 in ([15], pages 120-121), gives
L?-, and H'-estimates of the error of the solution uy of (2.15). We state it without

proof.

Theorem 2.3.3 (L% and H'-estimates). Let u and uy, be the solutions of (2.8) and
(2.15), respectively. If u € H*(Q) N H} (), then

lu —upllo + hllu — upl1 < Ch2|]uH2, Yh > 0.

2.3.2 Finite element method for parabolic problems

Now we move to a time-dependent problem, in particular, parabolic problem.

Consider the following initial boundary value problem of parabolic type.

@—Au:f in Q,t>0 (2.19a)
ot

u=0 on 0N, t>0 (2.19b)

u(-,0) =up in Q, (2.19¢)

Let V = H}(Q). The variational formulation of (2.19) is

(ue(+),v) + (Vu(-,t), Vo) = (f(-,t),v), Yo eV, t>0. (2.20a)

u(-,0) = up. (2.20b)

There are two types of approximating time-dependent problems. One type is to
discretize the problem in space only, which is called semi-discrete approximation. The
second type is to discretize the problem in space and time, which called fully discrete

approximation.
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2.3.2.1 Semi-discrete finite element approximation

Let T, be a triangulation of 2 as in Section 2.3.1, and let V}, be the finite
dimensional space that consists of all continuous piecewise linear functions that vanish
on 012, and {¢; g”z'l be the basis of V},, as in Section 2.3.1. The semi-discrete problem
of (2.20) is to find up(z,t) which, for each fixed time ¢ > 0, up(z,t) € Vj, and satisfies

(uen(-51),v) + (Vup(-, 1), Vo) = (f(-,1),v), Yo € V, (2.21a)

(uh('50)7v) = (u070)7 Vo € Vp. (221b)
up(x, t) can be uniquely written as up, (z,t) = Y7, a;(t)¢i(x), where a(t) = (a;(t))™, €
R4 for each t > 0. Problem (2.21) can be written as

Zam (6i,65) +Z% (Voi, Vo) = (F(,1),85), G=1,-.,qn, >0, (2.22a)

=1
Zaz ¢Z7¢] (UQ,qu), ] =1,.. -5 dh, (222b)

or

Méy(t) + Aa(t) = F(t), t >0, (2.23a)

Ma(0) = U°, (2.23b)

where M € R%*% and A € R%*% are the mass and stiffness matrices respec-
tively defined by M;; = (¢4, ¢;), Aij = (V¢s, V@), respectively. Also, we set
Fi(t) = (f(:,1),95), U? = (uo,¢;). Note that (2.23) is a system of ordinary dif-
ferential equations, and both M and A are positive definite, therefore, (2.23) has a
unique solution. Taking f = 0, and v = up(-,t) in (2.21) for ¢t > 0, we get the stability
nequality

llun (- )llo < lJun(0)[lo < |luollo, > 0. (2.24)

Theorem 2.3.4 (Error estimate, ([23], page 151)). Let Q be a convex polygonal do-
main, u be the solution of (2.20), and uy, be the solution of (2.21), and T > 0 be the
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final time, and set J = [0,T]. Then

T
log 1 ) a2 (-, 1)

L) — . <
o fuC0) — a0 < € 1+

2.3.2.2 Fully discrete finite element approximation

The system (2.21) is stiff, so we need to approximate it in time using a stable
method that does not require excessively small time steps, (see ([23], page 153) for
more clarification). This method is called implicit. So we can either use backward
Euler method (which is first order accurate) or Crank-Nicolson method (which is
second order accurate). Our choice of the implicit method depends on the regularity
of the exact solution.

In this dissertation we are interested in analysing a parabolic variational in-
equality. Its solution lacks of high order regularity, as we shall see later in Section 3.2.
Therefore, the optimal implicit method in our work would be backward method.

We consider backward Fuler method to approximate the semi-discrete problem

(2.21). Let Np be a positive integer, At = NLT be the time step size, t, = nAt,
ou™ = “"J’Alt_“n, " = v(t,). For n=0,..., Ny, we seek an approximation u}' € V}, of
u(+,t,) such that, for each n =0,..., Np — 1,
(Ouf,v) + (Vul ™ Vo) = (£ v), Yo €V, (2.25a)
(ul,v) = (ug,v), Yo € Vj,. (2.25b)
or
(M + AtA)a" T = Ma™ + AtF™L, (2.26)

where M and A are the mass and stiffness matrices defined as before, ' = (f(tn), ¢;)
for j =1...,q5. (M + AtA) is positive definite and hence it is invertible, so (2.26)

has a unique solution.

Theorem 2.3.5 (Error Estimate ([33], page 15)). Let u,up, be the solutions of (2.20)
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and (2.25), respectively. If |[uf) — ugllo < Ch?||lugll2, with ug =0 on 0N, then

tn tn
lu™ — u(tn)|o < Ch? (Hung +/ |t ||2 ds) + At/ |lutello ds, for n > 0.
0 0

2.4 Semismooth Newton Method

The problem considered in this work involves variational inequalites which can
be expressed with semismooth functions, as we shall see in the following sections.
Therefore, to find the numerical solution for variational inequalities, we need a robust
solver that can handle the lack of smoothness of that kind of functions. In this section
we give a brief introduction on semismooth functions. After that, we present the
solver we implement in our work, which is Semismooth Newton Method. The results

here follow the material in ([35], Chapter 2).

2.4.1 Semismooth functions

Definition 2.4.1. Let F' : U — R™ be a Lipschitz continuous function near x € U,
where U is an open subset in R™. Let Dp C U be the set of x € U that F' admits a
Fréchet-derivative F'(x) € R™*™. The set

8BF($) = {M S Rmxn; 3(1%) C Dp; xp — x,F'(xk) — M}

is called B-subdifferential (Bouligand-subdifferential) of F' at x. Moreover, Clarke’s
generalized Jacobian of F at x is the convex hull OF (z) = co(OpF(x)), and

OcF(x) = 0F1(x) x ... X 0F,(x)
denotes Qi’s C-subdifferential.

Recall: F' is said to be a Fréchet-differentiable at © € Dp, if there exists A €
R™*™ such that the limit
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or equivalently,

F(x+r)=F(x)+ Ar+o(||r]]), asr — 0.

A is denoted by F'(z).

Proposition 2.4.1. Let U C R™ be an open set, and F' : U — R™ be continuously
differentiable in a neighborhood of x € U. Then

dcF(z) = OF (x) = 0pF(z) = {F'(x)}.

Definition 2.4.2. Let U C R™ be a nonempty and open. The function F : U — R™
is semismooth at x € U if it is Lipschitz continuous near x and if the following limit
exists for all r € R™ :

lim Md.
MedF (z+td),d—r,t—0t

If F is semismooth at all x € U, then F is said to be semismooth on U.
Definition 2.4.3. Let F' : U — R™ be defined on an open set U C R". F is
directionally differentiable at x € U if the directional derivative

F(z.r) = lim F(x+tr)— F(x)
T S0t t

exists for all r € R™.

Proposition 2.4.2. Let F': U — R™ be defined on an open set U C R™. Then F' is
semismooth at x € U if and only if F is Lipschitz continuous near x, F'(x,-) exists,
and

sup |F(x+71)— F(x) — Mr| =o(|r]]) as r— 0. (2.27)
MEdF (z+r)

Definition 2.4.4. A function F : U — R™ defined on the open set U C R™ is called
PC*-function (piecewise differentiable of degree k;1 < k < o00) if F is continuous,
and if at every point xg € U, there exists a neighborhood W C U of ¢ and a finite
collection of C*-functions F* : W — R™, i=1,..., N, such that

F(z) € {F'(z),...,FN(z)} Vo € W.
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Example 2.4.1. The following functions are PC°-functions:

¢ : R? = R; (1, 12) = max(z1,29). (2.28)
¢ :R? = R; (1, x2) = min(zy, z2). (2.29)
PoyR — R; P, j(t) = max{a, min{t,b}},a,b € R. (2.30)
Oy RE = Ry ol (w1, w2) = 21 — Prgyy(w1 — 22), (MCP-function). (2.31)

Proposition 2.4.3. Let U C R™ be an open set. If F : U — R™ is a PC"'-function,

then F' is semismooth.

2.4.2 Semismooth Newton Method

Let F': U — R" be a semismooth function on an open set U C R". We seek a

solution z € U to the equation

F(z) =0. (2.32)

Algorithm 2.4.1 (Semismooth Newton Method). To solve (2.32), we follow these

steps.
Step 0 Choose an initial point o and set k = 0.
Step 1 If F(zy) =0, then STOP.
Step 2 Choose My, € OF (zy) and solve Mysy = —F(xy) for sg.
Step 3 Set xp41 = T + Sk, increment k by one, and go to Step 1.

The following proposition gives the order of convergence of semismooth Newton

method.

Proposition 2.4.4. Let F : U — R™ be defined on an open set U C R™, and & € R?

be an isolated solution of (2.32). Assume the following:

1. Estimate (2.27) holds at T, i.e. F is semismooth at T.
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2. There exist constants n > 0 such that, for all k, My are nonsingular with

1M <.

Then there exists s > 0 such that, for all zo = T + sB"™, Algorithm 2.4.1 terminates

with x, = T or generates a sequence (xy) that converges g-superlinearly to .
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3 Finite Element Approximation for Scalar Variational Inequalities
with Reaction Terms

In this Chapter we begin as a presentation of our own results on numerical
approximation of parabolic variational inequalities. We blend here the background
and review of literature with our first analyses and our own numerical experiments.
We start with elliptic variational inequalities in Section 3.1 and then move to parabolic
variational inequalities in Section 3.2. We prove well-posedness of the fully discrete
system, and extend the error estimates known from the literature to the case with a
reaction term. We also demonstrate convergence experimentally and show that the

semismooth solver we use is robust.

3.1 Elliptic Variational Inequality

We devote this section to elliptic variational inequalities (EVI). We will see
that EVI’s, as in the case of variational formulations, can be expressed in terms of
operators (linear or nonlinear, singular-valued or multi-valued). We begin this section
by reviewing some definitions and properties associated with operators; in particular,
monotone operators. We then turn to convex functions and their subdifferentials
since many operators involved in EVI’s can be considered as subdifferentials of convex
functions. After that, we will be ready to discuss EVI’s in abstract framework. We
shall start by EVI’s in Banach spaces in general, then we shall narrow our discussion
in Hilbert space. We end this section by discussing finite element approximation of

EVI’s and discussing some numerical experiments.

3.1.1 Monotone Operators

Monotonicity of operators plays an important role in well-posedness of the cor-
responding problems. In this subsection we review some result form [32, 31, 30, 5]

regarding to monotone operators.
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Let V and W be two linear spaces. An element in their Cartesian product V x W
is written as [v,w], where v € V and w € W. Let A : V. — W be a multivalued

operator; we define its graph in V' x W by
G(A) ={[v,w] e V. x W : w e Av}.

A can be identified with its graph, so we write A C V' x W. Moreover, [v,w] € A if
and only if w € Av. The domain of A is D(A) = {v € V : Av # 0}, and its range is
the set Rg(A) = {w € W;[v,w] € A for some v € D(A)}.

Definition 3.1.1. The operator A is said to be closed if its graph G(A) is a closed
subspace of V. x W.

Definition 3.1.2. Let V' be a Banach space with dual V'. The operator A:V — V'

s said to be monotone if
(v —vg, w1 —wsz) >0, Vv, w;] €A, i=1,2.

A monotone A : V — V' is said to be mazimal monotone if it is not properly contained

in any other monotone operator from V to V'.

Definition 3.1.3. Let V' be a Hilbert space associated with an inner product (-,-)y .
Let D a subspace of V and A: D — V be linear (not necessary bounded). A is said
to be accretive if

(AZ,Z)V > Oa TE D7
and m-accretive if, in addition, A+ I maps D onto V.
Proposition 3.1.1. (/30/, page 2118) Let V' be a Hilbert space, and A : V — V' be
a monotone multivalued operator. Then A is mazimal if and only if R+ A is onto V',

where R is the Riesz map of the Hilbert space V onto its dual V'. If V is identified

with V' by the Riesz map, then m-accretive operators on V are mazimal monotone.

Remark 3.1.1. Let V be a Hilbert space, and A : V. — V' be bounded linear operator.

If A is accretive, then it is monotone.
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Definition 3.1.4. Let V be a Banach space with dual V', and A be a single-valued
from V' to V'. Then A is monotone if

(A(vy) — A(ve),v1 — v2) > 0, VYoui,ve € D(A),
and strictly monotone if
(A(vy) — A(v2),v1 —v2) >0, Yuy,vy € D(A), vy # ve.
A is strongly monotone if there is a constant ¢ > 0 such that
(A(vy) — A(v2),v1 —v2) > ||vg — ’UQH%/, Yoy, vp € V.

A is said to be coercive if

T <A(\vgl(lv)> -

Definition 3.1.5. Let V be a reflexive Banach space. A function A :V — V' is said
to be hemicontinuous if for each u,v € V, the real-valued function t — A(u + tv)(v)

1S continuous.

Proposition 3.1.2. (/32], page 39) If A : V. — V' is monotone and hemicontinuous,

then A is mazximal monotone.

Some Existence Theorems require the associated operator to satisfy some kind of
continuity other than what we have presented in Section 2.1. Below we give definitions

of these types of continuity.

Definition 3.1.6. Let V and W be Banach spaces, andT : V — W be a function, then
T is weakly continuous if for every (v,) € V' converges weakly to v € V', then T(vy,)
converges weakly to T(v) € W. T is called demicontinuous if for every v, — v € V,
T(vy) — T(v) € W. T is called completely continuous if for every v, — v € V,
T(vy) = T(v) e W.
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3.1.2 Convex functions and subdifferentials
The results follow ([32], page 78), and ([5], page 5).

Definition 3.1.7. Let V be a Banach space with dual V'. A function ¢ : V —

(—00, +00] is convez if
o(tu+ (1 —t)v) < tp(u) + (1 —t)p(v), Yu,v eV, te0,1].
In addition, ¢ is proper if ¢p(u) < oo for some u € V.

Definition 3.1.8. The function ¢ : V — (—o0,+0o0] is said to be lower semi-

continuous (l.s.c.) on V if

lim inf ¢(v) > ¢(u), YVu € V.

VU

The function ¢ : V — (—o0,+00] is said to be weakly lower semi-continuous (I.s.c.)
atu eV if

li_>m inf ¢(vy,) > ¢(v), whenever v, — v.

Note: For convex functions, these are the same.

Given a lower semi-continuous convex function ¢ : V' — (—o0, +0o0]. We recall
1. The effective domain of ¢ is dom(¢) = {v € V; ¢(v) < 00}.
2. The epigraph of ¢ is epi(¢) = {(v,a) € V X R; ¢(v) < a}.

Proposition 3.1.3. A proper convex l.s.c. ¢ on a Banach space V is continuous on

int(dom()) (the interior of dom(p)).

Definition 3.1.9. Given a Banach space V. A function F': V — R is said to be G-
differentiable (Gateauz differentiable) at u € V' if there exists a F'(u) € V' such that

F(u)(v) = 13%11 [Flu+ tv) — F(w)], Yo € V.

Proposition 3.1.4. Let K be convexinV and ¢ : V. — (—o00, +00] be G-differentiable

at each v € K, dom(¢) = K. The following are equivalent:
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1. ¢ is convez,
2. ¢'(u)(v—u) < p(v) — ¢(u) for all u,v € K, and
3. (¢ (u) — ¢'(v))(u—v) >0 for all u,v € K.

Definition 3.1.10. Let ¢ : V — (—o00,400] be an l.s.c., convex, proper function.

The subdifferential of ¢ is the mapping ¢ : V. — V' defined by

0p(u) = {u* € V5 (u*,v —u) < ¢(v) — ¢(u), Yo € V}.
In general, d¢ is a multivalued operator from V to V' not everywhere defined. An
element u* € d¢(u) (if any) is called a subgradient of ¢ in w.

Proposition 3.1.5 (Proposition 1.5 in ([32], page 157)). Let V' be a Hilbert space,
and V' be its dual. Let Ry be the Riesz map. If ¢ : V — (—o0, 00| is conver, proper,
and l.s.c., then the range of I + Oy ¢ is all of V', where Oy ¢ is defined as

RV o 8v¢ = 8¢
The following function plays a substantial role in our study of variational in-
equalities.
Definition 3.1.11. Let K be a closed convex mon-empty subset of V.. The function
I : V — (=00, +00] defined by
0, ifqe K,

+o0, ifq# K,

is called the indicator function of K, and its dual function H,

Ix(q) =

Hg (p) = sup{(p,u);u e K}, Vpe V',

is called the support function of K. Note that dom(0Ix) = K, 0Ix(p) = 0 for
p € int(K), and that

Olg(p) ={p* e V(p",p—u) >0, Yue K}, Vpe K.

Proposition 3.1.6. ([30], page 2119) Let V' be a Hilbert space, and ¢ : V. — [0, +00]

be proper, conver , and l.s.c.. The subgradient d¢ C V x V' is mazximal monotone.
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3.1.3 Elliptic variational inequalities in Banach space

Here we follow ([5], pages 72-73).

Let V be a reflexive Banach space with dual V', and let A : V — V' be a
monotone operator (linear or nonlinear), and f € V. Consider the abstract elliptic
variational inequality (in short, EVI) associated with the operator A: find u € K
such that

(Au,v —u) > (f,v—u), Yve K. (3.1)

This can be written equivalently as
Au+ 0Ig(u) > f. (3.2)

If A = 90U, for a continuous convex function ¥ : V — R, then the variational

inequality (3.1) is equivalent to the minimization problem (the Dirichlet principle)
min{¥(v) — (f,v);v € K}. (3.3)

Theorem 3.1.1. Let A : V. — V' be a monotone demicontinuous operator (see
Definition 3.1.6), and let K be a closed convex subset of V. Assume either that there

is ug € K such that
. (Au,u — up)
lim —MW———~

JJul|—o00 [l

= 400, (3.4)

or that K is bounded. Then problem (3.1) has at least one solution. The set of all
solutions is bounded, convex, and closed. If A is strictly monotone, then the solution

to (3.1) is unique.
3.1.4 Elliptic variational inequalities in Hilbert space

Throughout this subsection, V is a separable Hilbert space. The results in this
subsection follow the material in ([31], Chapter VII).

Theorem 3.1.2 (Minimization of convex functions). Let K be a non-empty closed,

convex subset of V', and let the function ¢ : K — R be G-differentiable on K. Assume
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¢’ is monotone and either (i) K is bounded or (ii) ¢ is coercive. Then the set M =
{u € K;¢(u) < ¢(v) forall ve K} is non-empty, closed and convez, and u € M if

and only if
weK: ¢(u)(v—u)>0, veK.

Theorem 3.1.3. Let a(-,-) : V x V. — R be continuous, bilinear, symmetric and
non-negative, and let f € V' and K be a closed convex subset of V. Assume either (i)

K is bounded or (ii) a(-,-) is V—coercive. Then there exists a solution of
ve K: alu,v—u)> flv—u), veK. (3.5)

If (i) holds, then there is exactly one such w. If (i) holds, and a(-,-) is positive, then
there is exactly one solution u to (3.5).

If K =V, then (3.5) is equivalent to
ueV: a(u,v) = f(v), veV.

Remark 3.1.2. Let a(-,-), K, and f be as in Theorem 3.1.3, then the solution u to

EVI (3.5) is the solution of the minimization problem

ue K: E(u)= Uléllf(E(U), (3.6)

where E : K — R is defined as

E(w) = %a(v,v) — f(v), ve K.

An application of Theorem 3.1.2 is the projection onto a closed convex subset

K of a Hilbert space V.

Corollary 3.1.1 (Projection ([32], page 9)). Let K be a closed convex non-empty
subset of a Hilbert space V', then there exists a projection operator Py 1V — K such

that for any ug € V', the point Px(ug) € K is the closest to ug, and
Pr(uwy) € K@ (Pr(ug) — ug,v — Pg(up)) >0, veK.

The geometric meaning of this inequality is that the angle between P (ug) — ug and

v — Pg(ug) is between —m/2 and w/2 for each v € K, see Figure 3.1.
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Uy &

FIGURE 3.1: Projection onto a closed convex set

Proof. Let ¢ : K — R defined as ¢(v) = % (|luo — v[|} — [|uol|}) Vv € V. Then ¢ is
G-differentiable with ¢'(u)(v) = (u — ug,v) Vu,v € K.
For all u,v € K, we have (¢/(u) — ¢'(v))(u — v) = ||u — v||?, > 0. That is, ¢’ is

strictly monotone. Moreover, using Cauchy-Schwarz inequality, we have

' (u)(u ug, U
P _ gy — 800 > iy uglly — +oo as fJully - s
[[ullv [[ullv
That is, ¢’ is coercive. Therefore, by Theorem 3.1.2, the proof is complete. 0

3.1.5 Finite element approximation for EVI

Let Q C R? be a bounded domain. Suppose that V and K are as in Theorem
3.1.3. Also, let h > 0, and T be a triangulation of {2 as in Section 2.3.1, V}, C V be a
finite dimensional subspace of V that consists of all continuous functions on  which
are piecewise linear functions on each elements in 7. Let Kj; = Vj N K. The finite

element approximation of EVI (3.5) is
up € Vi s alup,v —up) > (fyv —up), Yo € Ky, (3.7)
3.1.5.1 Error estimate

Brezzi, Hager, and Raviart [10] considered piecewise finite element approxima-
tion to EVI (3.5) when Q C R, and V = H', K = {u € V;u > ¥,u|pq = g}. They

derived the following theorem.
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Theorem 3.1.4. [10] If f € L?(2), and (1, g) € H*(Q), then the continuous piecewise

linear approximation up of (3.5) satisfies
[u = unlr = O(h).

Moreover, Elliott [14] showed first order of convergence in both L?-, and H'-
norms when Q C R? is convex and polygon. Numerical results were not provided in
these two papers. In the next section we show some experiments in 1D that demon-
strate a second order of convergence in L?-norm. This suggests either superconver-
gence for the cases considered, or that sharper error bounds might be possible for
EVI. We provide these examples to set the stage for our later work on PVI and on

coupled system.

3.1.6 Numerical Experiments (solver and convergence)

We develop a simple example to illustrate the notion of EVI.

Example 3.1.1. Find u such that

—Uzz + Opgcyu D f on Q= (0,1), (3.8a)

u(0) =0 = u(1). (3.8)

With V.= H}(0,1), K = {v € V;v >0 a.e on Q}, a closed convex subset of V,

and a(u,v) = fol UgVy dx, the problem (3.8) can be written as (3.5). Since a(-,-) is
continuous symmetric, positive and V -coercive, by Theorem 3.1.3, (3.8) has a unique
solution in K.
Let f(x) = H(0.5 —2) — H(x — 0.5), where H(y) is the Heaviside function
1, y >0

H(y) =
0 otherwise.
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0.05

=l Constrained sol.
0.04 g | niconstrained sol
3 = Truncated sol
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FIGURE 3.2: The difference between the constrained solution and unconstrained
solution of Example 3.1.1

We first calculate the exact solution to (3.8)

=2 4L (1-1/v2)z, 0<z<05
u@) =3 2 _1/\2+1/4, 05<z<1/V2
0, 1/V2<z<l.

Remark 3.1.3. If the term 0l|g o) (u) is omitted from (3.8), the unconstrained solu-
tion
773“"2 + ix, x < 0.5,
u(z) = : )
5 —43r+3, x>05.
That is, the constrained solution cannot be obtained by “truncating” the unconstrained

solution so it would satisfy the constraint. We illustrate the difference between the two

solutions in Figure 3.2.

In the next step we find the numerical solution. To find the approximate solution
up, to (3.8) we write the problem (3.7) as the following system solved for Uy, the vector
of degrees of freedom of up. Now Up € R where g is the number of the interior

nodes of the mesh covering 2. We solve the nonlinear system

AhUh — )\h —F= 0, (3.9&)
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FIGURE 3.3: Numerical solution to EVI 3.8

min(Up, Ap) = 0; componentwise; (3.9b)

where A € R»*% F € R, defined as follows

o 1 ... ... o ] [ (f.60) |
-1 2 -1 - - 0 (f, ¢2)
A:% SRR D |, and F=|: :
0 v oov -1 2 -1 (f, bgr—1)
0 e e 0 -1 2| L (/> Pan)

We also have A, € R%, in particular, A, € =019 00)Up-

To find the solution to system (3.9), we implement semismooth Newton Al-
gorithm 2.4.1. The numerical solution is shown in Figure 3.3. We also compare the
performance of semismooth Newton method (SSNM) with the relaxation method [19];
see Table 3.1. The algorithm of relaxation method is provided in Appendix 6.

Table 3.1 shows that SSNM converges much more rapidly than relaxation method
does. Moreover, relaxation method does not work well for fine grids. That is, SSNM
outperforms relaxation method. See the convergence rate for EVI on Example 3.1.1
in Table 3.2 and Figure 3.4.

Table 3.2 shows that FE approximation on EVE converges of the second order
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TABLE 3.1: Number of iterations semismooth Newton method and relaxation method
require to solve Example 3.1.1 with tol = 10710,

# intervals h Relaxation iter. SSNM iter.

5 0.2 18 3
15 0.067 270 6
135 0.007 20661 30
1215 0.0008 never ends 254

TABLE 3.2: Rate of convergence on EVI of Example 3.1.1 with tol = 10~*

Max. mesh param. h L?-Err H&—Err L?-Order H&—Order
0.02 3.0639e-05  0.0048391
0.01 7.2982¢-06  0.0024284 2.0698 0.99474
0.005 2.0585e-06  0.0012131 1.8259 1.0014

0.0025 4.3966e-07  0.00060703  2.2272 0.9988
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0.004 0.006 0.008 0.01 0.0120.018.016.018.02

FIGURE 3.4: Rate of convergence on EVI of Example 3.1.1 with tol = 10~*

in L?- norm, and of the first order in H'-norm, we can see that in Figure 3.4 as well.

3.2 Parabolic Variational Inequality

This section is devoted to parabolic variational inequality (PVI). We start by
reviewing the abstract framework of a PVI. We then consider a problem of PVI with
a reaction term, and show the well-posedness of the problem. After that, we shall
discuss the fully discrete finite element approximation of the PVI. Then we present a
literature review followed by an error estimate of the PVI. We conclude this section

by presenting some experiments verifying the predicted convergence rate.

3.2.1 Abstract parabolic variational inequality

In this section we state some results from ([5], Section 5.2).
Let V and H be Hilbert spaces such that V is dense in H and V. € H C V'
algebraically and topologically. Let A : V — V’ be a linear continuous and symmetric

operator satisfies the coercivity condition
(Av,0) +llvllf = allvl}, Yo eV, (3.10)

for some o > 0 and v € R.
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Let K be a closed convex subset of V. For ug € V and f € L?(V’), consider

following problem.
u(t) € K, vtel0,T],
(ug(t) + Au(t),v —u(t)) > (f(t),v — u(t)), ae. te (0,T), Vv e K,
u(0) = up. (3.11)
Problem (3.11) can be written as the abstract parabolic variational inequality

u(t) + Au(t) + 0Igu(t) > f(t), ae. te€(0,7T),
u(0) = uo. (3.12)

Theorem 3.2.1 (Theorem 5.2 in ([5], page 214)). Let up € K and f € HY (V') be
given such that

(f(0) = Aug — &o,up —v) 20, Vv € K,
for some &y € H.

Then (3.11) has a unique solution u € Wh°(H) N WhH2(V).

If up € K and f € WY2(V'), then system (3.11) has a unique solution u €
WL2(H)N Cy(V). If f € L*(H) and ug € K, then (3.11) has a unique solution
u € WH2(H) N Cyw(V), where Cy(V) be the set of all weakly continuous functions
v:[0,T] - V.

3.2.2 Formulation of a parabolic obstacle problem with a reaction
term

Now we consider the first problem of interest in this work, a reaction-diffusion
problem with a constraint. We frame it as the PVI with a right-hand side dependent on
the solution. This problem will be later extended to be a coupled system of nonlinear
PVIs.

Let Q be an open bounded subset in R?, with smooth boundary 0. Consider

the following evolution obstacle problem.

%1: — V- (D(z) VB) + 0l(_o,p-|(B) 2f(z,B), ¥V ae z€Q,t>0, (3.13a)
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B(z,0) =Bijnit(z), re Q, (3.13b)

B(s,t) =0, s€d, t>0, (3.13c)
Assumption 3.2.1. We make the following assumptions on data.

(a) D is a Lipschitz continuous function with a Lipschitz continuous constant R,

and 0 < py < D(z) < g on Q for some constants pg > p1 > 0.

(b) f is a smooth function and Lipschitz continuous with respect to B and x with

Lipschitz constant M, and
|f(z,B)| < L; ¥(z,B) € QxR"; R* =0,00),
and f(-,0) € L*(1Q).
(¢c) B* >0 given.
(d) Binit € W2*°(2), Binit < B*.

(e) LetT >0, J=[0,T], and Q = J x ), and assume that B € L>(Q)NL>®(W?P);
1 <p< oo and By € L®(Q) N L*(HY).

Let us define Q7 (t) = {z € Q; B(z,t) < B*}, Q*(t) = {z € Q; B(z,t) = B*}.
For all t > 0, we have by e.g.([5], page 218) and ([22], page 600),
0B

5~ V- (D(@) VB) = f(z,B) ac.on (1) (3.14)
%—f = min(f(z, B),0) a.e. on Q*(t). (3.15)

Define the convex set K := {B € V; B < B* ae. on }. With this, the

obstacle problem (3.13) is characterized by the following parabolic inequality

(88]?,1# — B)+ (D(z)VB,V¢ —VB) >(f(x,B),v — B) Yy € K, (3.16a)

B(0) =Bini. (3.16b)

Theorem 3.2.2. The PVI (3.16) has a unique solution in Wh2(H}) n W1 (L?).
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Proof. We shall consider the case when f(z,B) = g(x)B + k(z,t); g € L*(Q), k €
C(L>), % e L2(L*).
Let V = H}(Q), and define a: V x V — R by

a(B,vy) = / D(z) VB -V dx — / g(x) B9 dx.
Q Q
Let A:V — V' be an operator defined by
AB(t) = a(B, ) VB, v € V.
Then A is linear continuous symmetric continuous and satisfying the coercivity con-
dition
(AB, B) +1|B[l§ > m|BI} VB €V,
where v > ||g||ze<. By Assumption 3.2.1, and Theorem 3.2.1, we see that if
(D(x)V Binit, Vb — V Binit) > (9(x) Binit + k(0) — &0, — Binit) V¢ € K,
for some & € L?(€2), then the problem (3.16) has a unique solution B € W1Y2(HE) N
Whee(L?).
3.2.3 Fully discrete finite element approximation of PVI

Now we approximate the PVI (3.16) by backward Euler scheme in time and
piecewise linear finite elements in space. First we state the scheme, prove its well-
posedness, provide literature review on the techniques available to prove convergence,
and next we derive our result.

Let h > 0, and T, = {T;} be a conformal triangulation of {2 as in Section 2.3.1,
Qp, = U;T; such that p, C Q. Define

Vi, = {¢€C(Q):1 is linear on each Tj, ¢ = 0 on Q\Qy,}.
K, = Vy,NK.

Since ), C Q, we have V;, C H}(Q). Let Nr be a positive integer, and At = NflT,
,¢n+1_

tn, = nAt. Denote J,, = (tn,tnt1], ¥™ = ¥(t,), and Y™ = Tw. Let T =
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{to,...,tn,} be the set of time steps. Define

Dy = Use s, Q™ (1) UQ™ (tas )\ () N Q= (tpar); 7 =0,..., Ny — 1.

We assume the following condition ([22], condition 2.3, page 601):

Np—1
Z m(D,) <§; § is a constant, (3.17)

n=0
where for D C R2, D measurable, m(D) is the Lebgesgue measure of D. Condition
(3.17) means that the solution does not change too frequently in time from reaching
the constraint B* to lying strictly below the constraint or vice versa.

We approximate (3.16) as follows. Fine B : T — K} such that for n =
0,....,Np—1,

(0Bp, ¢ — By + (D(2) VBT, Vp — VB > (f(a, BRh), ¢ — Byt W € Ky,
(3.18a)

BY : | BY — Binitllo < Ch. (3.18b)
Lemma 3.2.1. For sufficiently small At, (3.18) has a unique solution.

Proof. Again, we shall consider the case when f(z, B) = g(z)B + k(x,t).
Problem (3.18) can be written as EVI:

ane(BYT w — Bt > (At K"+ B — BRTY) W € Ky

ant(B,¢) = (1 — At g(2))B,¢) + (At D(z) VB, Vi)).

It is clear that aa(+,-) is bilinear and symmetric.
We will show that aa¢(-, -) is continuous and V-coercive, then we apply Theorem
3.1.3 to prove the existence and uniqueness of the solution.

By Assumption 3.2.1, and (2.2), we have

ant(B,¢) < (Cpp + At|lgll1=Chp + Atps) | Bl [¢]l1, VB, ¢ € V.
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Thus, aa¢(-,-) is continuous.

For V-coercivity, we have,
aa(B, B) = (1 - Atllglloo)||BIIg + Atpr | B|T, VB € V.
If At < m, then V-coercivity holds, otherwise, we apply (2.2), we obtain
ant(B, B) > o||BJI1,

where a = C3 . + At(u1 — ||gl|L=C%5). So a(-,-) is V-coercive as long as a > 0. This
ey e s C? . .

holds if (i) either 1 > ||g||=C% - or if (i) At < m. In fact (i) requires that

the diffusivity is large enough. If this is not the case, (ii) holds with a small enough

At, and the proof is complete. O
3.2.3.1 Literature review

Problem (3.16) is a semilinear parabolic problem subject to a constraint. Fully
discrete linear finite element approximations of nonlinear parabolic problems were
studied by Wheeler [38] who proved second order error estimate in [°°(L?)- norm.
Wheeler used the elliptic projection technique, and assumed high regularity on the
solutions, in particular, the second derivative with respect to time is in L?(Q). This
assumption is not valid for the solutions to parabolic variational inequalities and free
boundary problems, and therefore we cannot use elliptic projections to prove our
results. Wheeler’s analysis is restated in ([33], Chapter 13).

For constrained parabolic equations, Baiocchi [4] approximated the solution in
time only by piecewise linear functions. Using backward Fuler method, first order of
convergence was proved in L2(H}) N L% (L?).

The analyses of Johnson [22] for a linear FE approximation in space and back-
ward Euler in time for a scalar PVI (3.16) are the closest to what we consider here,
but require f = f(z,t) and Dp =const. Johnson assumed B € L®(W?2P); 1 < p < oo,
and %—? € L*(H}) N L*°(Q). Furthermore, assuming some reasonable restrictions on

the dynamics of the free boundary, Johnson showed the error estimate in [°°(L?) and
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I2(H}) of order (h + (logAt~1)/2At3/*), which is roughly first order, see Figure 3.5.
Later, Vuik [36] considered exactly the same problem, but with more general finite
difference method in time. Assuming stronger regularity than Johnson on the solution

and in particular By € L?(Q), Vuik derived first order of convergence in [°°(L?).
3.2.3.2 Error Estimate

Now we follow Johnson’s strategy [22] in deriving our estimate for the error
B — Bj,. Throughout, C denotes a generic constant, not necessarily the same at each

occurrence, which does not depend on h and At.

Theorem 3.2.3. If the condition (3.17) holds, then there exists a constant C in-
dependent of At and h such that for the solution B to (3.16) and By to (3.18) it
holds

max [ B" — B}y < Cl(log(At) ™) /1 AR/ 1 ).

In proving this theorem, we split the error in two terms using a function in K}
for which we have a prior knowledge about the properties of the difference between

that function and the exact solution. The ideal choice is the interpolant of the solution
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in Kj. However, since some of its derivatives e.g. %—Eg, is not guaranteed to be defined
at each vertex in Ty, thus we first smooth the function then we interpolate it. In

general, there exists the following operator.

Definition 3.2.1. (/22/, Lemmas 1 and 2, page 602) For each h > 0, let I, : H}(Q) —

Vi, denote a linear operator with the following properties:
(@) [ = Inpll; < CRMI[llg, j = 0,1, k=1,2,
(b) Iy € Ky if v € K.
Definition 3.2.2. n(t) = B(t) — IB(t) fort € J, and e = B" — B}

Lemma 3.2.2. ([22], page 603) Assume 1 is as in Definition 3.2.2. Then we have

the following properties.
(a) maxy [[n"[lo < Ch| B pee(m).-

® |5

L2(Jn;L2()) ChH HLZ(Jn S HY(Q))

Proof. By the definition of 7(t) and the properties of Ij,, we have for alln =0,..., Np

7" llo = 1B" = InB"[lo < Chl[B"[|x < Ch||B| oo (m),

which gives (a).
Since time differentiation commutes with Ip, we have

on _ |98 _, (9B
ot o ot "ot )|,

which proves (b). O

_||2B _onB
o | ot ot

H (B - I,B)

0B
< =
< Ch H ot

Lemma 3.2.3. (/22], page 603)

0B

o (3.19)

1o < C(AL)" WhH

LQ(J'rﬁHl(Q)) ‘
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Proof. By Cauchy-Schwarz inequality, and properties in Definition 3.2.1, we have

1on™llo = (A~ |n™ T =07,
_ n+1 an
= (At 1/ d
@t | [ Ghe as

= (At)” \// o 677 (s) ds>2 dzx
< (At)—l/Z\// ”“/Q ?Z(@)Q dz ds

0
_ 1/2||9N
(At)” Er

L2 (Jn; L2 (92))
0B
ot

IN

C(At)~12p H

L2(sH ()

Now we are ready to proof Theorem 3.2.3.

Proof. By Definition 3.2.2, and Assumption 3.2.1 part (a), we have forn =0,..., Np—
1,

(0e”, ") + pp (Ve T We ) < (9e”, ") 4 (D(x) Ve Vet
= (9e", B"™ — [ B"™) + (D(2) Ve, V(B! — I, B"T))
+ (9", I B" — B 4+ (D(2) Ve, V(I, B — BI).

That is,

(@™, e™ )+ pa[le™ [T < (9™, ) + pa (Ve Vit + (0B”, I,B™ — Bt
(th, Bn+1 BIZH_l) + (D($)VBn+17v(Ith+l _B}le-i-l))

— (D(z)VB v (I,B" — Bit).  (3.20)

Taking ¢ = B}t = t,,.1 in (3.16a) gives

B
(2 (1), By = B 4 (D) VB VB~ VB
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> (f(z, B"MY), B — Bt (3.21)
Taking ¢ = I, B"*! in (3.18a) gives

0By, I, B"! — By*Y) + (D(2) VB, v (1, B — Bt)

> (f(x, BytY), ,B™ — BT (3.22)

Adding (3.21) and (3.22) to (3.20), we obtain

(06", V)t [ 2 < (@m0 (Ve V) (G, B, BB

- (f<I7B2+1)7Ith+1 - BZ+1) - (D(x)an+17 VU”“)

0B
— (0B™,n"™) + (0B™ — -7 (tnt); enth.
That is,
5
(9™, ") + mlle" T < D P, (3.23)
j=1
where
P = (9", n"th), 3.24

PZn = MQ(venJrl’vnnJrl)’

P = —(D@)VB", V") — (9B "),
0B

Pl = (0B" = " (tarr) ™).

(3.24)

(3.25)

Py = (f(z,B"),B"" — Bty — (f(x, BP™), I,B™T — BT, (3.26)
(3.27)

5 (3.28)

Multiplying (3.23) by At and summing over n = 0,...,m —1; m = 1,..., Np, we
obtain

m—1 m—1 5
S (et —em e ) 1 3 et 2ar< s, (3.29)
n=0

n=0 j=1
where S; = S ' [PP|At for j=1,...,5.

Adding and subtracting Z?:_OI(e”H — e em) give
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m—1 m—1 m—1 m—1
23 (@ e ety = 3 et — 24 3 et 2 = 3 et
n=0 n=0 n=0 n=0

m—1
= > lle™ ™ =€+ lle™(l5 — l1€°]5-  (3:30)
n=0

Multiplying (3.29) by 2 and using (3.30) give

m—1 m—1 5
Dol =3+ le™ g+ 2m Y lle" T FAL < [|€°)F +2 ) S;. (3.31)
n=0 n=0 7j=1

Now we estimate each of S;’s; 7 = 0,...,5. Many of these estimates are direct

analogues of estimates in [22] except for those handle with f(z, B).
Estimation of S1 analogously as in [22].

m—1 m—1
€n+1 —en

Z(aenannH)At = Z(T)le)&f

n=0 n=0

3
L

m—

Z (enJrl7 77nJrl) _ Z (en7 nnJrl)

n=0

m—1 n+1 n

== (" A+ (™) = ()

m—1
== (" m")At+ (" ™) — (")
n=0

Using Lemmas 3.2.2, and 3.2.3 and the inequalities (2.2), (2.1), we obtain

m—1
Si =@, n"th)|At
n=0
m—1
<Y llellollon™ lloAt + lle™[lolln™llo + llelolIn°llo

n=0
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m—1 m—
€ 1 € 1 € 1
< = n2At7 8”2At7m2 |2 11,0012 1,002
< 5 2 IR+ 5 3 10 IRA + Sem + o1 + SN + 51
6’rn—l 1 m—1
<3 [ ”+1||0At+ > Z |on™ 5At + *”emHo + *||77m\|0 + el e®l15 + *HU [t
n=0
2, Tl 0B €
<SP D N+ n 2| S + el + OB
n=0

By an appropriate choice of €, we have
Si< Z e+ RAL + 3 + )3 + 02 (3.32)

Estimation of Sa analogously as in [22].

m—1
So = 3 (Ve v+ At
=0

m—1
< 2 ) IVe o Vi oAt
n=0
¢ NT 1
/"2 Z H n+1‘ At—i— Z H n+1| At

n=0

Using Lemma 3.2.2, and the fact that ZNT At = NpAt =T, we have

Np—1
S I BAL < OB -
n=0

Thus,

m—1
H2€
Sp <5 D e RAL + CR?| B[ oo g2y
n=0

In particular,
m—1

Sy < “1 Z [e™FL|2At + Ch2. (3.33)
Estimation of S3. We write P3' as
Py = (f(x, Byt ") + (f(2, B") = f(a, By, ")

Using Cauchy-Schwarz inequality and Assumption 3.2.1 part (b) on f, we obtain
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m—1
Sy = Z |P} AL < Z Lm(Q)' 2|l oAt + > Mlle™|FAt
n=>0
m—1
< CW?||Bllpec(rrzy + Y Ml e™ AL
n=0
That is,
m—1
S3< > M|e"FAt + Ch2, (3.34)
n=0

Estimation of S4. This estimation is analog to [22] but with a slight difference since
the diffusivity in [22] is constant. Using Green’s formula 2.3, the first term of Pj* can
be written as (VD(x) - VB ) + (D(x) AB™ L, nn*t1). Using Assumption 3.2.1

part (a) on D, we have

m—1

Sy = Z |PP|At < Z (VD(x) - VB™ " ™At + > |(D(z)AB™ )| At
n=0
m—1
+ > [(0B" ") At
n=0
m—1 m—1 m—1
<2R Y Bl M oAt + p2 > IB 2l oAt + > 0B olln™ T [loAt
n=0 n=0 n=0

m—1
= > (RIB™1p2l| B" |2+ |0B™|o) In" T oAt
n=0

m—1
<CR Y (IB™ i + 1B 2 + 0B [lo) 1B+ 2At

n=0

< CR?|| B[00 (112
Thus,
Sy < Ch2. (3.35)
Estimation of Ss.

0B

(tn—i-l), enJrl)

1
- / (B"™' — B" — AtBy(tny1))e" da
Q



1 tn+1
= / (/ (Bt(s) — B(tn+1) d8> "t dx
At Q tn

_ é /t " < / (V- (DVB(s)) = V - (DVB(tps1)))e" daz) ds
rx ) ) - T B ds = ap i
where
P BCR) ite e (1),
’ min(f(B,z),0) ifz € Q* (),

with obvious notations.

1 tnt1
@ = / < V- (DV (B(s) — B(tn41)) ™t dx) ds
At tn 97

_ _Alt/:“ (/v.<Dv</:nH %f()dt)) ”+1d:n> ds
_ 1/t"+1 </ DV(/t"+1 %f()dt)-ve”“dx) ds

tnt1  flnt1 OB
— D . n+1
AL /tn / < o V— 5 (t)- Ve dw) dt ds

Since V- (DVB) =0 a.e on Q*, we have

n+1 n+1
g7 < / / "y dt ds
11 tn+1 tn+1
< ZEle™ —t dt d
< Sl [ / t<>1 ;
11 OB
H2 n+1
< le"™ Iy - ds
(At)L/2 t Ot 27,11 ()
OB
= pa(A)Y2|e |y
Ot 2,0 ()
B 2
< Seri+ a2 .
2 Ot |l L2111 ()
Thus,
m—1
OB
At < — ntH2AL + (AL )
>l Zue R
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In particular,

m—1
3 lalae < 22 “2 Z ™ 2AL + C(At)2. (3.36)
=0

We shell now estimate ¢5. Notice that if x ¢ D, then there exists ¢ € .J,, such that

either x € Q7 () N Q™ (tp41) or x € Q* () N Q*(tp41), so we have
|[f (2, B(t) = [z, B")| = | (2, B) = f(2, B*)] on Q" (£) N Q" (tns1),
[f (2, B(t)) = f(a, B")] <0 on Q(t) N Q (tn41),

That is,

[f (@, B(t)) = f(a, B"™)| < | f(w, B) = f(w, B")| forz € Q\Dy, t € Jy.

Thus,
n 1 tnt ry ry n+1 n+1
< % Fla B) ~ Fla. Bl do ds
tn Q
< L/ B(s)) — f(z, B"Y)||e™| da d
< = £ B(s)) — fl, B[4 dads
tn O\Dy,

! o n+1
+Kt /tn /Dn 1| zoo (7:L00 (D xr4)) €77 | o ds

= k' +kj.
By Assumption 3.2.1 part (b) on f, we have

n+1
k?zl/ / 1, B(s)) — fla, B )| da ds

tn+1 11
B(s n "
vy [ A%| B(tar)l|e"™| dz ds
tn41 tn41 8B
dt
At /tn /Q\Dn / ()
tn+1 tn+1
v o e
n+1 n+1
=g [ /
At Jy, Q\Dn
tn+1 tn+1
v

IN

IN

IN

’\ " dt dx ds

— t) le" Y| d dt ds

IN

"o dt ds
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I T L /tnﬂ 0B
_ MAtne Ho/tn i 5 (t)|| dtds
tn+l
< Mgl [ 5 ds
(At) tn L2(Jn;L2(2))
= (a2, | 28
Ot | 2, L)
M2 ||OB
< *CPFH ”+1”1+—At
Ot || 207,220
Thus,
Z kr|At < BL ‘“ Z e 2AL + C(AL)2 (3.37)
n=0
Now
Ky = HfHLOO(Jn;Loo(anRﬂ)/ ’en+1|dx:||f”L00(Jn;L°0(Dn))T'n.

Estimation of r, follows Johnson’s technique [22]. We have by Cauchy-Schwarz in-
equality,
n ;:/ le" | da < m(Dp) Y2 ||le™ o (3.38)
Dy,

We also have (see ([22], page 605)) for p > 1 and (1/p) + (1/q) =1,

supp 29| oy < Cllll, ¥ € HY(Q),
p>

Thus, by Holder’s inequality

ra < (m(Dp) Ve o) < C(m(Dn))/9p! 2" 1. (3.39)

Let {Ni, N2} be a partion of {0,...,m — 1} into two disjoint subsets. We have by
(3.38) and (3.39)

m—
ZrnAt < Z T)’L( )1/2H6n+1”0At+C Z )1/11 1/2H€n+1”1At
= neNy neNy
¢ ¢ m—1
smax G+ 5 > e AL+ B,

n=0

IN
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where
E =CAt? Z m(Dn)1/2 + At 1p Z BEL
neNy n€Ns
Let ||/ o = max,, [[e"*!||o for some n,l € {0,...,m — 1}. Then
G =1 =T < le™ —em TG+ lle™ ™ = e F A [l — e HE A+ [le™ 5.
m—1 ' '
= DT =R+ llem 13
j=l+1
m—1 ‘ ‘
N A el A
=0

m—1
= > e —emF + lle™ 13-
n=0
We also have, by Lemma 3.2.4 below, that

E < C(log At™H)Y2AL3/2,

Thus,
m—1 m—1 m—1
€ €
St < (Z et — &2 + Hemn%) 5 ST e AL+ Cllog A AAE,
n=0 n=0 n=0

In particular,

m—1 ml

Z%%At <7 Z;) le*!~ ”||o+*|| mHo+ Z le [ At+C(log At~ 2 A2,

(3.40)

Now we collect all the above estimates from (3.31)—(3.37), and (3.40) and we get

1m m—1

5 Z et —e§ + HemHoer > llem At < 2|13
n=0

m—1
rC (hQ + (log At‘1)1/2At3/2> + 37 20t 3At.
n=0

Thus,
m—1
lem™|2 < C© (h2 + (log At—1)1/2m3/2) + 3 aMjent|3A.
n=0
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Which yields

m—1
(1 — 4MA)|e™|2 < C (h2 + (log Afl)l/?mi”/?) + 3" 4M e |RAt.

n=0
Assume that At is sufficiently small; in particular, At < 8LM so we have m < 2.

Hence,

m—1
e 13 < C (12 + (log At~ V2AR) + 3 80" |3, (3.41)

n=0

Now using Gronwall’s Lemma (2.5), we obtain

m—1

le™5 < C (h2 + (log At‘l)l/QAt3/2> exp( Y 8MA?)
n=0
< C (h2 + (log At’1)1/2At3/2) exp(8MT).
Therefore,
max ™3 < C (h2 + (log Afl)l/?m?*/?) , (3.42)
and the proof is complete. O

Lemma 3.2.4. ([22/, Lemma 3, page 605) Suppose Y " an = 1, an > 0, (1/p) +
(1/q) =1, 1 < p < oo. Then there is a constant C' independent of m and p such that

2

inf Z a2 +mp Z a?/1| < C(mlogm)'/?, (3.43)
neNy neNs

where the infimum is taken over p > 1 and all disjoint partitions { N1, No} of {1,...,m}.
3.2.4 Numerical experiments

In order to solve an approximate PVI numerically, we need to rewrite it in an
equivalent algebraic form. The approximate problem can be written as a system in-
volving nonlinear complementarity constraints (NCC), or as a mixed complementarity
problem (MCP), depending on the type of the constraints involved, as suggested in
[18]. Here we discuss the case when f(z, B) = g(z)B + k(x,t).
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Let V}, be, as before, the finite element space, and dim V}, = ¢,. Let {¢j}?i1 be
the set of shape functions (recall {¢; 3’; 1 is the basis of V},.) Define the vector load

F € R%  and the matrices M, R, A € R%*% ag follows.
M;; = / ¢igj dx,
Q
Rij = / 9(x)pip; dx,
Q
Q
o= /Qk(:v,tm_l)@ de.

Thus, for n =0,..., Np — 1, the approximate PVI (3.18) can be written equivalently

as
(M + At A— At R) Byt — At M AP — AtF™ — M By =0, (3.44a)
(B = P, gy (B = (A1) =0, ¥ =1, qus
(3.44b)

where (by an abuse of notation) Bz’“ is the vector of degrees of freedom of the solution
of (3.18). Moreover, Af*" € =015, p(BtY), Pp. p+(¢) = max{B., min(y, B*)},
and B, < BZ'H < B* componentwise.

System (3.44) can be written as
F(B AP =0, (3.45)

where the function F : R?% — R2% is semismooth because of the mixed complemen-
tarity conditions defined in (3.44b) (see (2.31) and Proposition 2.4.3). To find the
solution (BZ'H,AZ'H) to (3.45), we implement semismooth Newton method at each

time step. See Algorithm 2.4.1 in Section 2.4.

Remark 3.2.1. The initial guess in semismooth Newton algorithm to find the solution
(B;LLH,AZH) at time step n+ 1 is the solution of the previous step (B}, A}), i.e. the

solution at time step n.
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Example 3.2.1. Let Q = (0,1). Solve

B; — 0.5Bqq + 0I1_0.040.06/(B) 37 sin(2)B + 3H(0.5 — 2) — 3H(z — 0.5) on {2, t > 0,

(3.46a)
B(0,t) =0=DB(1,t), t >0, (3.46b)
B(z,0) =0.04sin(7x), (3.46¢)

See the evolution of the numerical solution of (3.46) in Figure 3.6. Since the
source term H (0.5 — x) — 3H (x — 0.5) is positive in the subdomain 7 = (0,0.5) and
negative in Qo = (0.5,1), the solution evolves such that it goes up in €y while it
goes down in €o. It keeps evolving in this way until it reaches one of the constraints,
B, = —0.04, B* = 0.06, as it can be seen in Figure 3.6. Lagrange multiplier A
remains zero as long as the solution is strictly in between the bounds. When the
solution reaches the upper bound B*, A changes to be negative to push the solution
down so it cannot go beyond the upper bound. When the solution reaches the lower
bound, A enforces the constraint B, < B by pushing the solution up.

The performance of semismooth Newton solver of Example 3.2.1 can be shown
in Table 3.3 column 3. It shows that at different meshes and time step sizes, semis-
mooth Newton solver requires roughly similar average of iterations to converge, which
indicates that this solver is mesh-independent with parabolic variational inequality.
Once can also from the table that semismooth Newton method requires few number
of iterations to converge.

In this example, we also test two errors; ERR1 = max, |B" — B}!||o, which is
the one we prove in Theorem 3.2.3, and FRR2 = \/Zg:Tl |B™ — BJY||3At, which is
proved by Johnson [22] to be of order O (h + (log At_1)1/4At3/4). Since the analytical

solution of the PVI is not known, we compare the numerical solution with a fine grid
solution B, for some hyi,e = 0.001, and At i, = 0.0001. Furthermore, our ability
to actually check the convergence over all time steps n = 1,2, ... as indicated in FRR1

and ERR2 is limited, especially, when At is very small, which results in large number
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h At avr.iter. FERR1 EFRR2 FERRI1 order FERR2 order

0.01 0.01 2.3 0.00084 0.0011
0.005  0.005 2.5 0.00043  0.0004 0.9414 1.4499
0.0025 0.0025 2.15 0.00022 0.00014 0.9826 1.4804

TABLE 3.3: Column 3: average of iterations semismooth Newton solver required to
converge at each time step. Columns 4-7: Errors and rate of convergence of PVI of
Example 3.2.1.

of time steps. Instead, we limit ourselves to the sampling of the spatial errors in
time only over a selected limited set of a few k time steps ¥ = {7}, Ty, ... Ty} which
correspond to some selected indices {Ny, Na,... Ny}, different for each At, then we
report

ERR1T = max ||B™ — B}|o,
TLE{NLNQ,...Nk}

ERR2Y = > | B — BY|3At.
n€{N1,Nz,...Ny}
In this example we store the solution and present the errors with T = {0.05,0.1}.
Table 3.3 shows ERR1Y and ERR2Y. We obtain ERR1Y = O(h + At), which is a
bit higher than that predicted in Theorem 3.2.3, and ERR2T = O(h®? + At3/?)
which is also higher than what Johnson [22] suggested. Note that in the experiments
we choose At = O(h) since it is difficult to set up At to make the logarithmic term
[(log At=1)Y/4At3/4] as suggested in Theorem 3.2.3. This rate of convergence can be

seen also in Figure 3.7.
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FIGURE 3.7: Rate of convergence of solution of PVI of Example 3.2.1

4 Numerical Analysis for a Coupled System Modeling Biofilm
Growth

In this chapter, we consider a model of biofilm growth and nutrient utilization.
The model is a system of two coupled diffusion-reaction semilinear PDEs. One of
the PDEs is subject to a constraint. The model is an extension of the scalar PVI
considered in Chapter 3 of this work to the case when the growth of biomass is
dependent upon the availability of nutrient.

There are several scales at which one can consider microbial growth and the
overall biomass dynamics. At the large scale of e.g. laboratory containers or reservoirs,
(cm or m or km length scale), the biomass keeps growing in an unlimited way as long
as the supply of nutrient is unlimited. That is, the model of biomass-nutrient at a
large scale is unconstrained. We describe this briefly in Section 4.1.

In this work our focus is on the dynamics of biofilm growth at the microscopic
scale of um. At this scale one can recognize the interface between biofilm and the
surrounding fluid; this is the scale at which imaging of biofilm at the porescale is done.
At this microscopic scale, there is a constraint on the growth of biofilm because the

microbial cells have finite size. That is, the biofilm keeps growing over time consuming
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the existing nutrient until it reaches a certain maximum density, denoted by B*, that
cannot be exceeded.

The model we consider here was proposed in [29] and included advection coupled
to the flow of fluid flowing outside the biofilm. In this work, we consider that the fluid
is at rest, so we ignore the advection and the flow.

The biofilm—nutrient model in porous media involves nonlinearities, and the
domain involves complicated geometries. Moreover, the classical solutions might not
exist. Therefore we consider the low order Galerkin finite element method (FEM) to
analyze the model. We shall start by analyzing the unconstrained coupled system,
then we shall turn to the coupled system. In both cases, we derive error estimates

and present numerical experiments validating the theoretical analysis.

4.1 Biomass growth and nutrient utilization model, without con-
straints

The simplest model for biomass—nutrient growth embedded in some ambient
fluid domain €2, an open bounded subset in R?, with sufficiently smooth boundary 92
is developed below. The biomass and nutrient are transported due to diffusion. We

have the initial boundary value problem

B,—V-(Dp(B)VB) = F(B,N), z€Q, t>0, (4.1a)

N, — V- (Dy(N)VN) =G(B,N), z€Q, t >0, (4.1Db)

Here B(z,t), N(x,t) are biomass and nutrient concentrations, and F,G are growth
and utilization functions, and Dpg, Dy are diffusivities. These can be constants, space
dependent, or nonlinear functions, depending on the model variant.

The model is complemented by some boundary and initial conditions.

B(x,0) = Bjnit(z), = €Q, (4.1c)

N(z,0) = Nipit(z), x € Q, (4.1d)
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B(s,t) =0, s€0Q, t>0, (4.1e)

N(s,t)=0, s€dQ, t>0, (4.1f)

The growth and utilization functions F, G are given, e.g., by the Monod expres-

sions

N
N-f—No’

F(B,N) = kgP(N)B, G(B,N) = —kyP(N)B, P(N)= (4.2)

where kg > kx > 0, Ny > 0 are known constants, but we will later allow some other

expressions with similar qualitative properties.

Assumption 4.1.1. We make the following assumptions on data for (4.1).

1. Dp, Dy are Lipschitz continuous functions defined on R with Lipschitz constant

R, and there are constants pa > 1 > 0, vo > v > 0 such that

0< SDB(B) <pe, 0<1ny SDN(N) <y fOT' B, N e R,

2. F and G are smooth functions and Lipschitz continuous with respect to B and N
with a Lipschitz constant M. Furthermore, F(B,0) =0 = F(0,N), G(B,0) =
0=G(0,N)VB,N €R.

8. Binit, Ninit € HP(Q) N HE(Q); for some positive integer p > 1.

4. We assume that problem (4.1) admits a unique solution (B, N), and it is suffi-

ciently smooth.

The problem (4.1) can be written in the following variational formulation

(Bi,¥) + (Dp(B)VB, V) = (F(B,N),y), Vi € Hy(9), (4.3a)
(Nt €) + (DN(N)VN, VE) = (G(B, N),€), V€€ Hy(9), (4.3b)
B(-,0) = Binit; (4.3¢c)
N(-,0) = Nipit.- (4.3d)
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4.1.1 Fully discrete finite element approximation for coupled system
without constraints
We implement backward Euler scheme and piecewise linear finite element method
to approximate Problem (4.3) in time and space respectively.
Let T, = {T;}; be a triangulation to Q as in Section 3.2. Set Q;, = U;T;, and
assume that €, = Q. Define

Vi, = {1 € C(Q) : 9 is linear on each T}, 1 = 0 on 9N}.

Since Q, = Q, Vi, C HL(Q). Let At = NLT’ where T' > 0 is the finial time, and N
is a positive integer. For each n = 0,..., Ny, let t,, = nAt. Define J,, = (tn, tnt1],
Y" = (ty), and OY" = LU Set T = {tg,...,tny}. Let H = Vi, x Vi, be the
product space associated with the norm [|(B, N)||g = /|| B||? + | N||?. Fully discrete

finite element approximation of Problem (4.3) is as follows. Find (Bp, Np): T — H

such that

0By, x) + (Dp(By"HYVBt, Vyx) = (B NP, x), Vx € Vi, (4.4a)
(ONE, &) + (DN(NJTOY VN VE) = (GBI, NPT, 6), VEEV,,  (4.4b)

Bj = (Binit)n, N = (Ninit)n (4.4c)

Theorem 4.1.1. Assume that Assumption 4.1.1 holds. Then there exist a solution

to problem (4.4).
Proof. For n=0,...,Np — 1, (4.4) can be written as

ant(N;TH Bt x) + bad( BT NI €) = (Bl x) + (N3 €) Y(x.€) € H,
where ap; : Vi, X Vi — R, bay : Vi, X Vi, — R are defined as

CLAt(N;B,X) = (B7X) +At(DB(B)VB7VX) - At(F(B’N)>X)7 V(B7X) € Vh X Vh7

bar(B; N, &) = (N,§) + At(Dn(N)VN, VE) — At(G(B, N),£), V(N,§) € Vi X V.
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Define L : H — H' as

(L(B>N)a (Xaé)) = QGAt(N§ B,X)—l—QbAt(B;N,f)—Q(BZ’,X)—Q(N;;,f), V(BaN)’ (X?g) €H

To show that (L(B,N),(x,§)) = 0 has a solution, we implement Corollary 2.1.4, i.e.
we need to show that L is continuous, and (L(B,N), (B,N)) > 0 for ||(B,N)|ua = ¢,

for some constant q.

To show the continuity, let ((B(™, N(™)) be a sequence in H such that (B, N(")) —
(B,N) in H. By Assumption 4.1.1, (2.2), Cauchy-Schwarz inequality, we have V(y, &)
in H,
|(LB®,N®) — L(B,N)) (x,€)| < 2/(B™ — B,x)| + 2/(N") — N,¢)
+ 2At|(Dp(B™)V(B™ — B), V)| + 2At](DB(B(”)) — Dg(B))VB, V)|
+ 208|(F(B™, N™) — F(B,N™),x) + 2At|(F(B,N™) — F(B,N),x)

N),¢)
< | B™ =B x|h+C N =N |1 [€]1+C3| B™ =Bl €1 +C5 | N =N x 1,

)

+ 2At(Dy(N™)V(N™ — N), VE)| + 2At|(Dy(N™) — Dy (N))VN, V)|
(B,
G(B,

+ 2At|(G(B™, N™) — G(B, N™), ¢) + 2At|(G(B, N™) —

where C = 20123F+2AtM2AtRCpFHVBHLoo —|—2AtM0123F, Cy = QC%F—FQAtI/QAtRCPFHVNHLoo—|—
2AtMC]2_—,F, C3 = 2AtM. Thus, L is continuous.

Now we have by Assumption 4.1.1

(L(B,N),(B,N))

2(B, B) + 2At(D(B)VB, VB) — 2AH(F (B, N), B) — 2(B}', B)

+ (N,N)+ A{Dy(N)VN,VN) — AH(G(B,N), N) — (NI, N)
Aty
> 2Bl +2 45— 2 IBII5 — 2a¢M | B — B 11§ — 11 BI
PF
Atyl
+ 2N +2 o2 NI = 2A¢M||INIG = N7 = IIN13
PF

A n n
> (1+270 = 28¢M)(IB§ + IN1IE) = (BRI + INE15);
PF

v = min(p1, v1). If At is sufficiently small and || B||2 + || V|3 is large enough, we have
(L(B,N),(B,N)) > 0. O
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Throughout, C' denotes a constant, not necessarily the same at each occurrence,

which does not depend on h and At.

Theorem 4.1.2. Let (B, N) and (B}, N"*1) be the solutions of problems (4.3) and

(4.4) respectively. Then we have

max \/HB” — By [2aiq) + IN™ = Nj[221q) < C(h? + At).

To prove this theorem, we use Wheeler’s technique [38], which is restated in
([33], Chapter 13) as well.

We shall write the errors as
B" - By, = (B" —w}) + (w}, — BY) = o}y + 0, (4.6)
N™ = Np = (N" =) + (v, — N) = px + 0 (4.7)

with obvious notations of p%, 0%, plx, 0%. The functions wj and ~; are the elliptic

projections of B™ and N™ on V}, respectively defined as
(Dp(B(t)V(wn(t) = B(t),Vx) =0, Vx € Vp, t >0. (4.8)
(Dn(N(8))V(n(t) = N(t)), VE) =0, V€ Vy, £ 20, (4.9)
Lemma 4.1.1. ([33], Lemma 13.2, page 233) With wy, and ~, defined by (4.8) and

(4.9) respectively and pp = B — wy, and py = N — 7, we have under appropriate
reqularity assumptions on B, and N, with C independent of t € J,

lp®| +hlIVps®)] < C(B)R?, ¢ (4.10)
o)+ RIVpps(B)l < C(B)A® te (4.11)
lon @l +2IVon (D)l < C(N)R? te J, (4.12)
lpna @) + R Vone )] < C(N)R? t e J. (4.13)
Lemma 4.1.2. ([33], Lemma 13.5, page 234)
|Vwn(t)|[ = < C(B), te . (4.14)

V()| < C(N), teJ. (4.15)
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Now we prove Theorem 4.1.2

Proof. By (4.6), (4.7), and in view of Lemma 4.1.1, we just need to bound ||0% ||+ |67 |-
By (4.4), we have for x, & € Vp,

(003, x) + (Dp(ByVOE™, VX) + (06}, €) + (Dn (N VR, VE)

oy, x) + (Dp(B ) V™, Vx) = (0B, x) — (Dp(By VB, Vy)

(
( )
+ (09" €) + (Dn(N;THVA", VE) = (AN}, &) — (DN (Np ) VN, V)
(8wpy, x) + (Dp(By )V ™, V) — (F(BRH, Ny, x)

( )V

iy, &) + (DN (N VA, VE) — (G(BRH, Nt €).

By adding and subtracting (B!, x) + (N7, €), and using (4.8) and (4.9), we

have

(905, x) + (Dp(By VIR, V) + &) + (Dn (N VO, ve)

dwy, — B x) + (B x)

+ (O = NITLE + (NP6
(Dp(B") = Dp(By ) Vwy ™, Vx)
— (DN(N™1) = Dy(NpH1) V)
+ (Dp(B"THVB" Vx) + (Dn(N"TH VN VE)

F(Bn+1 N?’L+1) ) (C;{(B;;L‘i’l7 ]\[}TLL+1)7 é—)
By (4.3), we get

(005, x) + (Dp(BR VIR, Vx) +  (90%,€) + (Dy(Ny T VORT, VE)
(Owfy = BITx) + (99 = N6

— ((D(B"™) = Dp(B; ™) Vupt!, Vy)
(DN (N™1) = DN (N ) V!, ve)
(

F(B™LN™),x) = (F(BH, N1, x)
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(G(BRHL Nt ).

Adding and subtracting (F(B"+!, N"™), \)+(G (B!, Nt €)+(9B™, x)+(ON™, €),

we get

(00, x) + (Dp(BYTHVOET VX)) +

+ o+ 4+ 4+ o+ o+ o+

Taking x = 05", and ¢ = 0™, we get

(867, 051) +

Now note that for any ¢ € L?(£2), we have

1

9™l -

1
SOl 7 o]

(Dp(BPtHVeET VoLt +

+ o+ o+ o+ + o+

aan , ) (DN(Nn+1)v9n+1 Vf)
dwf — OB, x) + (OB — B{*,X)
oy, —ON™, §)+(8N”—Nt”“,§)

Dp(By*!) = Dp(B")) V™, Vy)

(0%, O%) + (DN (N FHY Vet vort)

(0P, 05™) + (9B" — B, o5+

Ry O%F) + (ON™ — NP o5t
(Dp(By™) = Dp(B™)) V', Vot
(D (N;L“Hrl) DN(Nn+1))V’7n+1 venJrl)
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= L [((¢n+1’¢n+l) _ (¢n7wn+1)) + ((wn’¢n+1) _ (wn7wn))]

At
[(Oy™, ") + (09", y™)]
[((0y™, ") + (9", ™)) + (99", ") — (9", ™ 1))]
n n 1 n n
(09, g ) = S Il =g
(09", ™). (4.16)

N =N =N

IN

By (4.16), Assumption 4.1.1, and Cauchy-Schwarz inequality give

1 1
SONOBIZ -+ 1 [VO5IE + 01613 + 1905 3

IN

C[(I190ll0 + 10B™ = B Hlo + 1By = B" o + [N = N" o) |55 lo
+ ([19p%llo + 1ON™ = Ny Hlo + | Byt = B o + [N = N™ o) 1035 o

+ [V ool B = B ol VOE ™ o + V5 oo [NE T = N4 Jo [ VO o] -
Multiplying by 2At and using the inequality (2.1) and Lemma 4.1.2, we have

107715 + [ VOETHIBAL + |03 5 + 1 VO[5 AL

< 10513 + 103115 + CALOE 5 + CAtl|o I3

+CAL (/10513 + 10pR 15 + 110B™ — B H[§ + 1ON™ — NFFHIE + (o3 IE + ok I1E) -
That is,

(1= CAO|OFTHE+ (1= CAOTHE + | VORTBAL + 01 || VOET3AL

< 103115 + 197115 + CALR™
where

R = |10pB1[5 + 100K 115 + 10B™ — By H[§ + |ON™ — NEFHIS + 1o 15 + % 115
(4.17)
Thus,

(1= CAYOE G + (1 = CADIOFIE < 105117 + 10315 + CALR™ .
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For sufficiently small At, we have

1 CAt
192 12 2 2 1
165115 + 105115 < T CAL (16%115 + 6% 115) + T CAL S (4.18)
By repeated application, we obtain
1 n+1 1
n+12 n+1)12 02 0 12 j
(4.19)
By (2.6), we have for n =0,..., Np — 1,
1 <@+ QN)W < (OAHn+1) £ OT
(1—-CAt)n+1 — 2 - - ’
Similarly, for j =1,...,n+1,and n=0,..., Np — 1,
1 < (1 + gAt)nfjJrQ < 6CAt(nfj+2) < (ZCT
(1 - CAt)n—+2 — 2 - - '
Thus,
n+1 '
107715 + 10X 15 < T (10%15 + 16X [13) + Ce“T ALY " R (4.20)
j=1

Now, we shall bound R7’s. By Cauchy-Schwarz inequality and Lemma 4.1.1, we have

forj=1,...,n+1,

loghli = [ 1o do
= Alﬂ/ﬂlpgl—péﬁ dx
1 ti+1 2
- /Q /tj ppa(s) ds| du
1 ti+1 2
< 23/, [/ \pB,t<s>rds] da
<

! o >dsd
aifo ) eneto)r dsda

1 [ti+

2
- d
aif Iesetslli
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1 [+
< At/t lpB.tll7 e (5120 ds
J
= Bl T2 48

Ch*. (4.21)

IN

Similarly,
100N N5 < Nl T (g.22()) < O (4.22)

Again by Cauchy-Schwarz inequality, we have for j =1,...,n+ 1,
lops B/ = [ 0BT - B da
Q
1 . .
_ AtZ/Q BT B~ AtBy(ty4)]? da
_ 1 /
AR g
1 tj+1 9
At/g/t (Bi(s) — Be(tj41))” ds dx
i
1 tit1 [ [t 2
Q t; s
ti+1 i+l 9
/ / / (Bu(t))” dt ds dx
Q Jt; s
tiv1 ftitr
= / / / (By(t))? dx dt ds
tj S Q

tir1 2
/ Bt(s) — Bt(tj+1) ds dx

tj

IN

IN

Similarly,

JONT — Nj+Y2 < ANl (112200 (4.24)

Thus, by Lemma 4.1.1, and (4.21)—(4.24), we have for all j =1,...,n+ 1,

n+1 n+1 n+1
AtY RI< Y CRUAt+) AP (HBttH%Q(Jj;LQ(Q)) + ”NttH%‘”(Jj;LQ(Q)))
j=1 j=1 j=1
< C(h* + At)2 (4.25)

Hence,

10515 + 10313 < e (10515 + 10X 115) + C(h* + Ab)2. (4.26)
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Therefore,

A

1B" = Byli§ + IN? = Nplls - < 2 (o515 + %3 + 105116 + 103 113)

< C(h? + At)2

4.1.2 Numerical experiments

Example 4.1.1 (1D Simulation). Let Q = (0,1), and let the diffusion coefficients
be constant Dp=0.5, Dny=0.1. We set the initial biofilm Bipi(x) = 0.01|sin(mwz)],

the initial nutrient Nini(x) = 0.02x(0.250.75)- F(B,N) = 12\?2%].\;3, and G(B,N) =

—]\1]%%\'77B. Figure 4.1 shows the growth of biofilm and the decay of nutrient over time

with h = 0.02. As one can see, biofilm keeps growing in time as long as nutrient
available without any restriction.
We test the convergence in two norms ERR1 = max, ey, vy ([[€B]o+ [leR o),

which is the one predicted by Theorem 4.1.2, and ERR2 = \/22[21(“6%”% + [le% ||3) At,

which is not covered by the theory. In the absence of the analytical solution, we use
a fine grid solution with h = 0.001 and At = 0.0001. We set up a sequence of ex-
periments varying h and At with At = O(h?). Since it is difficult to compute the
errors at each time step, especially when At is very small, we report the errors with
T = {0.05,0.1}. Table 4.1 shows ERR1T = MaX,ec( Ny 05,No1 } ([[€B]l0 + lleX]lo) and
ERR2Y =\ /57, cny p0.0y (l13 + e [ AL,

Our results show second order of convergence in ERR1, which validates the

theoretical analysis. We also obtained the same order of convergence in ERR2. See

the rate of convergence in Figure 4.2 as well.

4.2 Constrained Coupled System for Biofilm Growth

This section is devoted to the analysis and approximation of the biofilm/nu-

trined model in porous media [29].
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h At ERR1 ERR2 ERR1 order

ERR2 order

1/30= 0.033333 0.015 0.12876 0.086178
1/60= 0.016667 0.00375 0.018741  0.0057574 2.7804
1/120= 0.0083333 0.0009375 0.0053214 0.0012441 1.8164

3.9038
2.2103

TABLE 4.1: Rate or convergence of Example 4.1.1

-1 [ T T T T T F
10 —-—ERFﬂ
| =l ERR 2
hZ
102t
g
102
104
0.01 0.015 0.02 0025 003

FIGURE 4.2: Rate or convergence of Example 4.1.1
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Recall the model (4.1). In an isolated system, for example, under Neumann
boundary conditions instead of Dirichlet conditions, if the supply of N is unlimited,
and the region is large enough, then the growth of biomass density B is, in principle,
unlimited, and the biomass grows at approximately exponential rate. Such a model
works well at large spatial scales, e.g., in laboratory containers and in subsurface
reservoirs (cm or m or km scale).

However, the model (4.1) is not adequate to describe the biofilm growth consid-
ered at the microscopic scale of pm, where the cell have finite size. At that scale there
is a constraint on the density of biofilm; biofilm keeps growing in its domain with the
availability of nutrient until it reaches that maximum density, which is denoted by
B*.

Thus, the first PDE (4.1a) is rewritten as

B
8(% — V- (Dp VB) 4 0l(_s 5+|(B) 3 F(B,N), z€Q,t>0,

where the term 0I_o p+)(B) enforces the constraint B(z,t) < B*. We recall that
I(_oo,p+)(B) is the indicator function on (—o0, B*], (see Definition 3.1.11.) This means
that at every (z,t) the value of B(z,t) must be in the domain of 9I(_, g+)(B), in
other words, it must satisfy the constraint B(z,t) < B*.

We analyzed approximation of such a system in Section 3.2.2. Now we couple

this model with the nutrient equation.

Remark 4.2.1. As before, let Q be an open bounded subset in R?, with sufficiently
smooth boundary 0S). In theoretical analysis we consider the case when d = 2 only
since we apply a result from [22] where d = 2, see Definition 3.2.1 below. Numerically,
however, we consider the cases where d =1,2,3. We show convergence when d = 1, 2.
Furthermore, we have a simulation when d = 3, that shows the qualitative behavior of

our model.

Consider the constrained parabolic coupled system

%ff — V- (Dp VB) + I oo 5| (B) 3 F(B,N) + f(2,1), ace.inQ, >0, (4.27a)



%JZ —V-(Dy VN)=G(B,N) +g(z,t),ae. in Q, t >0, (4.27b)
B(z,0) = Binit(z) = €, (4.27¢)
N(z,0) = Ninit(z) x € €, (4.27d)
B(s,t) =0, s€0Q, t>0, (4.27e)
N(s,t) =0, s€0Q, t>0. (4.27f)

We allow additionally some ad-hoc source and sink terms f and g.
Assumption 4.2.1. We assume the following conditions:

(a) Dp and Dy are Lipschitz continuous with a Lipschitz constant R, and 0 <
w < Dp(x) < p2, 0< vy < Dy(x) <wvy forxzeQ and for some constants

po > p1 >0 and ve > v1 > 0.

(b) F(B,N) and G(B, N) are smooth functions, Lipschitz with respect to B and to
N with a Lipschitz constant M. Further assume F' and G are uniformly bounded

on Rt x R,
F(B,0)=0=F(0,N), G(B,0)=0=G(0,N) VB, N € R. (4.28)

In particular, we note that Monod growth functions defined by (4.2) satisfy these

conditions.
(¢) f.g€ C(L®), %} € L*(L>).
(d) B* >0 is given.
(e) Binit, Ninit € W2, and Bin;t < B*.

(f) (B,N) € L>((W?P)?); 1 < p < oo, and (37, Gf) € L*((Hg)?) N L™(Q)*.

Moreover, we assume that %tév € L%(Q).

Remark 4.2.2. Note that assumption 2 8t2 € L%(Q) can be dropped in particular if
the second PDE of System (4.27) is constrained too. Assumptions (f) on the exact
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solution B are realistic since in general, second derivative in time of the exact solution

of a PVI is not in L>*(H™'). However, Vuik [36] has assumed that %27123 € L%(Q) for

the solution of a Stefan problem.
Let define Q~ (t) = {z € Q; B(x,t) < B*}, Q*(t) = {x € Q; B(xz,t) = B*}. For

all t > 0, we have by (e.g. ([5], page 218) and ([22], page 600))
95 _ v . (Dp(zx) VB) = F(B,N) + f(z,t) ae. on Q7 (t),

r (4.29)
S¢ = min(F + f,0) a.e. on Q*(t).

Define the convex set K := {B € H}(2); B < B* on Q}. With this, the
model (4.27) is characterized by by

(80?”” — B)+ (Dp(x)VB, V(¢ — B)) >(F(B,N) + f(x,1),¢ — B) V¢ € K,

(4.30a)
(030 + (D (@) VN, V) =(G(B. N) + gl 1), x) ¥x € HY(©),
(4.30b)
B(0) =Bini, (4.30¢)
N(0) =Niniz. (4.30d)

4.2.1 Fully discrete finite element approximation

We approximate (4.30) by backward Euler scheme in time and piecewise linear
finite element method in space.

Let 7n, = {T;}; be a triangulation to Q as in Section 3.2. Set Q; = U;T}, and
assume that Q; = Q. Define

Vi = {¢ € C(Q) : v is linear on each T}, ¢p = 0 on 9N}, Kj, = K NV},

Since Q, = Q, V}, C H&(Q) Let At = Nl where T > 0 is the finial time, and N7 is a

T,

positive integer. For each n = 0,..., Np, let t,, = nAt. Define J,, = (t,, tni1], Y™ =
P(ty), and OYP™ = wni;wn. Set T = {to,...,tn,}. Let H =1V}, x V}, be the product




83

space associated with the norm ||(B, N)|la = +/||Bl|7 + || N||7. We approximate (4.30)
as follows. We seek By, : T — Kp and Ny, : T — Vj, which satisfy, forn =0,..., Np—1

(0B}, ¢ — BY) 4+ (DpV B Vi — VB

> (F(BP, N + 7 — B W € Ky, (4.31a)

(ON, x) + (DNVN L V) = (GBI N + g™ x) Yy eV (4.31b)
By — Binitllo < Ch, (4.31c)

By = InBinit (4.31d)

N = Ninit. (4.31e)

We now prove that the fully discrete problem (4.31) has a unique solution under mild

assumptions on the size of At.
Lemma 4.2.1. For sufficiently small At the problem (4.31) has a unique solution.
Proof. For n=0,...,Npr —1, (4.31) can be written as

aAt(Ng+1;BZ+1,¢ . BZ—H) > (B}TZ, +Atfn+1,1/1 . B;Lz-i—l) V¢ e Kh

bac(Bi s NPT X) = (V] + Atg™ ! x) Vx € Vi,
where an; : Vi, X Vi, — R, bay : Vp, X Vi, — R are defined as

aAt(N;va) = (B,¢) - At(F(BaN)7¢) +At(DBVBva)7 V(B7¢) € Vh X Vha

bAt(B;Na X) = (N7X) - At(G<B7N)7X) +At<DNvN7 VX) V(Nv X) € Vh X Vh'
Define L : H — H' as
(L(BvN)7(¢aX)) = aAt(N;B)¢) +bAt(B;N)w) V(BaN)v (¢7X> € H.

We will show that L is monotone, continuous, and coercive. From this it follows

that L is demicontinuous, and we can apply Theorem 3.1.1 to prove existence of the
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solution in Kj x Vj,. If L is also strictly monotone, then the solution is unique. To
show continuity, we apply Assumption 4.2.1 parts (a) and (b), and Cauchy-Schwarz

inequaliy and get
[(L(B,N), (¥, x)| < C|(B, N)|lull(%, x)|la, for some constant C' > 0.
Recall L is strictly monotone if

(L(B1, N1) — L(Ba, N2), (B, N1) — (Ba, N3)) > 0 V(By, Ny) # (By, Np) in H.
(4.34)

Also, L is coercive if for some (g, x0) € Kp x Vj,

(L(BvN)a (BvN) - (¢0>X0))
(B, N)||r

— 400 as ||(B,N)|g — . (4.35)

To show (4.34), we rewrite

(L(B1, N1) — L(Ba, Na), (B1, N1) — (B2, Na)) = || B1 — Ballg
+ At (DpV(B1 — Bs), V(B1 — Ba)) + || N1 — Na |3
+ At (DyV(Ny — Na), V(Ny — No))
— At (F(B1,N1) — F(B2, Na), B — Bo)

— At(G(B1, Ny) — G(Ba, Na), Ny — Na).  (4.36)

Using Assumption 4.2.1 part (b), Cauchy-Schwarz inequality and the inequality (2.1),

the fifth term can be bounded as

— At(F(By1,N1) — F(Bs2, N3), B — By) > —At(|F(By, N1) — F(Ba, N1)|, |B1 — Bal)

- At(’F(327N1) - F(B27N2)‘7 |Bl - B2‘)

3AtL At
> _TMHBI — Bo|l3 - 7M||N1 — Mol (4.37)

Similarly, the last term is estimated by

— AH(G(B1, Ni) — G(Ba, Na), N1 — No) > —At(|G(B1, Ni) — G(Ba, Ni)|,| N1 — No|)
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— At(|G(B2, N1) — G(B2, Na)|,|N1 — Na|)

3At At
> —TMHNl — No||§ - TMHBl — Ballg- (4.38)

Combining (4.36)—(4.38), and using Assumption 4.2.1 part (a) and (2.2), we finally

obtain

(L(B1, N1) = L(Ba, Na), (B1 — Ba, N1 — Na)) > A (|| B1 — Ba|§ + [[N1 — Nalf5) ,
(4.39)
with A = (C% — 2AtMC%, + Aty) and v = min{uy,v1}. This estimate implies
(4.34) as long as A > 0. In turn, this is guaranteed if (i) either v > 2MC%, or if (ii)
ng%. In fact (i) requires that the diffusivities are large enough. If this is
not the case, (ii) holds with a small enough At. To show (4.35), set (¢o, xo0) = (0,0),

At <

and apply Assumption 4.2.1 parts (a)—(b), and use inequality (2.2). Then, for all
(B,N) € H, we have

(L(B,N),(B,N) — (40, x0)) = || Bl[§ — At(F(B,N), B) + A(DpV B, VB)
+ ||N||2 = At(G(B,N),N) 4+ At(DyVN,VN)
> ||BII§ + INII§ — AtM (|| Bllg + IN1[5) + Aty (Bl + INI?)

= (1= AtM)(| B[ + IN[13) + Atx(||BIF + [ N]3)-
If At < ﬁ, then we are done. Otherwise, apply (2.2), we have
(L(B,N), (B, N) = (40, x0)) > (Cpp+At(y=MChp)|[(B, N)|f > All(B, N) |,

where A as above. Thus, (4.35) is satisfied if v > 2MC%., i.e. condition (i) holds or

2
if At < #, which is condition (ii), and the proof is complete. O
pr—

4.2.1.1 Error Estimate for linear Galerkin FE for the coupled constrained
system

In this section we prove an error estimate for the approximation of solutions to

(4.30). Our proof follows the strategy of Johnson [22] which we adapt for the product
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space Vp, X V3. Our main contribution is that we handle the consistency error arising
due to the nonlinearity of F, N and to the coupled nature of the system.

We first state the main result. Next we state some auxiliary technical results,
and proceed to the proof of the main result.

Throughout this section, C' denotes a generic constant not depending on At and

h. Define

D = Upey, @ (O UQ (tar)\ () N2 (bns1), n=0,...,Np—1.  (4.40)

We assume the following condition ([22], condition 2.3, page 601):

Nr—1
Z m(Dy,) < d; § is a constant, (4.41)

n=0
Theorem 4.2.1. If the condition (4.41) holds, then there exists a constant C' inde-
pendent of At and h such that

max (|| B" = Bjllo + |[N" — Njtllo) < Cl(log(At)~H)V*At* + ], (4.42)

In the proof we will use auxiliary technical results following ([22], page 602). In
particular, we use the approximation operator I; constructed therein which applies
to functions not necessarily defined pointwise. One smooths them out first, then
interpolates. We only need formal properties of the operator I, ([22], page 602)

which we restate here.

Definition 4.2.1. (/22], Lemmas 1 and 2, page 602) For each h > 0, let I, : H}(2) —

Vi, denote a linear operator with the following properties:
1. Hw - Ih¢”j < ChkijuwHkﬂ J=0,1, k=12
2. Ipy € Ky, Zf’(bEK

Definition 4.2.2. Define ey = B" — B}, ey, = N" — NJ! forn = 0,..., Nt and
n(t) = B(t) — LB(), €(t) = N(t) — LN(®) fort € J.
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By the properties in Definition 4.2.1, and since I;, commutes with the time

differentiation, we have the following lemma.
Lemma 4.2.2. ([22], page 603)
(i) maxy [n"([o < Ch||B| poo(1;m1 () and maxy [|§" (o < ChIIN| poo (1.1 (02))-

(i) H ChH

C’hH (de

HLQ(JH JHL(Q)) HL2 (Jn;HL(Q)) *

L2(Jn;L2() — L2(Jn;L2(Q)) —

(iii) [|On"|lo < C(A) —1/2p, H .and ||0€™ |0 < C(At) -1/2p, H

HLQ I Hl( HL2 In; Hl(Q)) :

Now we prove Theorem 4.2.1

Proof. Using Definition 4.2.2 and Assumption 4.2.1, we have for n =0,..., Np — 1,

(Oe'g, 73“) + (0ely, nH) + 1 (VenJrl Ve"“) +V1(V€n+1 Ve"“)
< (9e, e + (9e, efth) + (Dp(z) Ve, Velt!) + (Dn (2) Vel Vert)
= (0, 1" ) + (0eRy, &) + pa (Ve Vi) + (Ve vert)
+(0B", I, B™' — Byt — (9B, I B"! — Bt
+ (ON", I, N" Tt — N1y — (ONJ, I, N™ ! — N+
+ (DB(x)VBn+17V(Ith+1 o BZ—H)) ( ( ) Bn+1 V(IthJrl . BZ—H))
+ (D (z) VN V(LN — NptY) — (D (2) VNPT V(I N — NpH).
(4.43)
Taking ¢ = tn41, ¥ = BT, x = NPt — N"*lin (4.30), and o = I,B"*!, x =
IyN™H N,’ZH in (4.31), and adding the obtained inequalities (equations) to (4.43),

we have
(Db, ™) + Ok, en™) + e 1T +mllen™ 17 <> P (4.44)

where

P = (9, ™), (4.45)



Py = (G(B™ N"Y, et — (G(By N, LN — NP,

Multiplying (4.44) by At and summing over n = 0,...,m —1; m = 1,...

2 = (8€nN7§n+1)7
] — M2(v€%+1 vnn+1)

ro= we(Vey!, vertt),

" = —(Dp(x)VB"T, vyt — (9B, gt + (frT g,
e = —(Dn(z)VN"TL vty — (ONT, ) + (g™ ¢,
Po= (9B~ (b)),

ON

Py = (N = St i),

W= (F(B"T N ety — (F(BRT NPT, I, B™ T — B,

obtain
m—1 m—1
ST ) b Y )
n=0 n=0
m—1
+ m Z e IFAL + 11 Z len 1T A
10
< DS
j=1
S; = anz_ol |PP'|At, for j =1,...,10. We have
m—1
2 (e —epiet) Z et — eBl5+ leB s — leBlI3,
n=0
and
m—1 m—
1 1 1 2 2
2 (ef —efnen™) = D llen™ —eRlE + lleR -
n=0 n=0

Multiplying (4.55) by 2 and using (4.56)—(4.57) gives

m—1

Zue”“—eB||o+||eBHo+Z||e”“—e7v||3 £ lleRls

n=0
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4.46

=~
=

7

=~
=

8

=~
=

>
o

)
)
)
9)
0)

)

(
(
(
(
(
(4.51
(4.52)
(4.53)

(4.54)

s J\TT7 we

(4.55)

(4.56)

(4.57)
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m—1
2 3 IR At+2vlzue"+lulm < IR+ 230S (@59)
n=0 j=1

We shall estimate each one of S;’s. Many of these estimates are direct analogues of
the estimates in [22]. Other estimates handle the consistency and coupling terms.

Estimation of S1, and Sa, analogously as in [22]. Applying summation by parts,
Lemma 4.2.2, and the inequalities (2.2), (2.1), we obtain

e
S1 < D leBlollon™ loAt + llelolln™llo + ek lolln’llo

n=0
m—1 m—1
€
< 5 Z | B”OAt+ Z |on™ 5At + *”eBHO_‘_ *Ilnmllo *||€B||o+ *II?? [F
n=0
1
€ n+1 - m
= 3 Z [\ + o Z o™ |5 AL + *HeBHO + *Iln 15+ elleB 5 + *Iln [F
eC? 0B €
< PF Z e [FAL + Ch? v + §II€§II3 +elleBlls + CR? || B Zoo (111
L2(HY)

By appropriate choosing of €, we have

Z e H[TAL + é\le?}!\% + [leBll5 + Cn®. (4.59)
Similarly,
< Cor mz et [2at + OB + SR + CRIN i)
1 ot . g llenllo Loo(HYL)
Hence,
Sy < E Z len 2 At + %Heﬁ”% + Ch2. (4.60)

Estimation of Ss, and Sy, analogously as in [22].
m—1
Sz = 2 Z(Ve%ﬂ,Vn”H)At
n=0

m—1
< n2 ) Ve ol VoAt



NTl

€
= Z e 3t + 52 Z [FasNA

Using Lemma 4.2.2, and the fact that Zgio_l At = NpAt =T, we have

Nr—1

D I THIAL < CR?|| B G oo 1129
n=0

Thus,

m—1
pi2€
S3 < =~ Z;) e ITAL + CR?|| B[ Foo 112y,
n=

where we use Lemma 4.2.2. In particular, we have
Z ||en+1H2At + ChQ.

Similarly,

|24

Sy < — Z lep T At + Ch2||NH%oo(H2)-

Hence,

n+12 2
Sy < 102\\ 12At 4 Ch2.

90

(4.61)

(4.62)

Estimation of S5 and Sg. These estimations are slightly different than those in [22], in

a sense that the diffusivities Dg and Dy are not constants. We use Green’s theorem to
rewrite the first terms of PP and P as (VDp(z)- VB, ") +(Dg(z)AB™ 1 ptt)
and (VDy(z) - VN D) 4 (D (2) AN €7D respectively. Then we apply

Assumption 4.2.1 parts (a) and (c), and we use Lemma 4.2.2 to obtain

m—1 m—1
S < (VDp(x) - VB™ ™ g™ At + > [(Dp(z)AB™, n")| At
n=0 n=0
m—1
+ Z | aannn+1 |At+ Z | fn+1 n+1)|At
n=0 n=0
m—1 m—1

IN

2R | B™ [l oAt + pa D> | B falln™ oAt
n=0 n=0



91

m—1 m—1
+ > 0B olln™ oAt ++ > 117 ol [loAt
n=0 n=0
m—1
< CR?* Y (1B + 1 B" Iz + [0B™ o + 11/ lo) [|1B"+ [l At.
n=0
Thus,
S5 < Ch?. (4.63)
Similarly,
m—1 m—1
S < 2R N & oAl + vy Y INTTHo]l¢" H oAt
n=0 n=0
m—1 m—1
+ ) ION"olle™ oAt + > g™ oll€" oAt
n=0 n=0
m—1
< 3 (Nl A N o+ ION"[lo + llg™ o) 167+ oAt
n=0
Thus,
Sg < Ch?. (4.64)

Estimation of S7. In estimating S7, we follow Johnson’s technique [22]. However, we
need to deal with coupling term.

At each time t € J,,, the PVI (4.27a) can be characterized by (4.29) depending
on whether the solution B(t) reaches the constraint B* or not at that time. So P}

can be written as

oB .
P = (0B" — a(tnﬂ),e;l)

1 0B
_ n+l _ pn _ n+1

L (0 ) o)
_ /tt+ ( / (DEVB(s)) = V - (DpVB(tns1))) dx) ds

tn+1 ~
< N(s)) — F(B", N”+1)> et dx) ds
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= ¢+,

where
F(B,N) + f(z,t) ifz e Q(t),

min(F(B,N) + f(z,t),0) if z € Q*(t),

F(B,N) =

with obvious notation for ¢} and ¢2. Since V- (DgVB) = 0 a.e on Q*, and using

Green’s theorem, we have

tn+1
@ = / </V (DBV (B(s) = B(tns1)) et dﬂ?) ds
t7l

1 tn+1 tn+1 OB et
= At/ (/ V- <DBV </S 5 —(t) dt)) d:c) ds
tn41 tni1
L (Lo ([ B a) vy )
tn+1 lny1 OB et
= At/tn /S (/QDBVat(t)-VeB dx> dt ds.

Using Cauchy-Schwarz inequality, we have

1 tn+1 tn+1 1
gt < / / O]l d ds
tn 1
< ”“y/ / 122 0l dt ds

n+1
< (At 1/2 Il / 815 HLQ(Jn H(Q) ds
< (At)l/zﬂenJrlHlH HL (Jn;HL()
n N
s*w+%+m2umphm»

Thus,
n+1 2 OB 2
Z |qn| At < Z e IF At + C(At) 15 W)
In particular,

n+1 2
Z At < 2 ” Z et T AL+ C(AL)?. (4.65)

Now to estimate g2, we first notice that if z € Q\D,,, then either x € Q= (£)NQ ™ (¢,41)

or x € Q*(t) N Q*(tp41) for all t € J,, so we have
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|F(B(t), N(t)) — F(B™™, N""™)| < |[F(B(t), N(t)) — F(B", N™ )]
+ | f(x,t) — f(z, t"Y)| for all z € Q\D,.

Thus,
2 1 [t ndl arntly(|ntl
|qn|§Kt oD |[F'(B(s),N(s)) = F(B"™,N"")|lez" | dv ds
t’VL n

1 [t
x| s = sl s s
O\D,,
tn+l
/ / (1l oo 2y + [ £l oo (gs200 (D))

Next we estimate the terms k. + k2 + k3 separately.

e de ds =k} + k2 + k2,

The first term k! contains the coupling and nonlinearity in F' which are not

present in [22], To handle that, we use Assumption 4.2.1 part (b), we have

1 n+1
ky = / / |F(B(s), N(s)) — F(B", N"")||ef| dz ds
At tn Q\Dn

IN

1 tna1
> / / [F(B(s), N(s)) — F(B™, N(s))|[e'5+)] dur ds
At J, Q\Dp
1 tn+1
+ / / |[F(B"™,N(s)) — F(B"", N" ™) ||| do ds
At oD
1 tn41
My [ IBG) = Bty do ds
At Jy,  Jo\p.

! m n+1
+ MAt/ / IN(s) = N(tns1)|les | dx ds
Q\Dp

tn+1 tn+1 aB ‘
= ) dt| et de ds
At /tn /Q\Dn / 5|

IN

tn41 tn41
+ / / 8N dt‘ et d ds
At e JO\D»
tn+1 tn+1
< / / / ’\”“]dtdazds
Mas O\Dn
1 n+1 n+1
+ / / '|g+1\dtdxds
MAz O\Dn
1 n+1 n+1 B
< A / /S / 5 | dx dt ds
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n—+1 n+1
+ At/ / / )|le’5™| da dt ds

n+1 n+1
< g [ 15 Ol o e o
tn+1 tn+1
s v [ TG Olole o dt ds
< MAH2 e o (n 2z + I leagze <>>>
< SChelley I +%At 1282 NART (4.66)
= PF 1 ot 'L2(Jn;L2(Q ot L2 L2(Q)) |
Now
5 1 tny1 1
knzi ’f($,$)—f(.%',5)”e%+ ’d.%' ds
At J, Q\Dn

)| lestt| dt dx ds

tn+1 tn+l
5l hod

1 tnt1 tnt1
< KH@"H / 8f (z t) dt ds
(At 1/2 ‘€n+1|| H
L2(Jn; L2(Q)
CChplleg™ I} + At H (467)
L2(Jn;:L2(9)

By (4.66) and (4.67), we have

Z kLAE + Z k2|At < BL “1 Z et |3AL + C(AL)2. (4.68)
Now
k= (IF|lpe@+xr) + ”fHLOO(Jn;LOO(Dn)))/ et da = (|| F || poo r xr) + 1f 1200 (:2¢ (D)) ) s

Estimating of ry,:(following Johnson’s technique [22])
We have by Cauchy’s inequality,

T ::/ \e%”'l] dz < m(Dn)l/QnenHHO' (4.69)

n
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We have also for (1/p)+ (1/q) =1, p > 1,

supp 2l ey < Cloll, € HY(R),

Thus, by Holder inequality

rn < (m(Dp)Y €5 | o) < C(m(Dn)) /P2l 1. (4.70)

Let {N7, N2} be a partition of {0,...,m — 1} into two disjoint subsets. We have by
(4.69) and (4.70)

m—1
Yot <3 m(D)M max e oAt +C Y (D) e At
n=0 neN; neNs2
< *II e s + Z leB AL + E, (4.71)
where
E =CAt? Z m(Dn)l/2 + At 1p Z BEL
neNy n€Na

We also have by Lemma 3.2.4
E < C(log At™H)Y2A83/2, (4.72)

Since at the end we want to kick the term max, |le};"!||2 in (4.71) to the left hand

side of the inequality (4.58), we estimate as follows. Let [led!|lo = max, ||| for
n,l € {0,...,m —1}. Then
l l l l
leg 6 =1 = egl5 < HeB — e B+l —eE RIS + -+ e — e IS + eI

j+1 j
= Z les™ — enli5 + leB 15
J=l+1

j+1 j
Z leg™ = eBlIE + leB 13

IN

= Z leg = B3 + leB 115,
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m—1 ¢
D At <o (Z el = eBl§ + Heﬁ?Hﬁ> Z e [FAL + Clog At V2AL2,
which yields to
n n 1 m
Z kAt <~ Z left! —eB g + é”%”g

Z e 12At 4 Clog At~ H2AL3/2. (4.73)

FEstimation of Sg. Using Cauchy-Schwarz inequality, we have

em TL n
e<5 2 le e A+ o ZHaN O (tns)3t

Now by Assumption 4.2.1 part (f) on N, we have & e L2(Q), thus the second term

8t2

of the above inequality can be estimated as

., ON o, 1 tnt1t 9N ON 2
ION™ = —-(tns1) [0AL - = At/ [/t at(s)—at(tnﬂ)ds] dx

n

fnt1 ON )2
—(tn ds dx
//tn (8t ~ g (o))
n+1 n+1 82N 2
= //tn </s 6t2()dt) ds dx
n+1 n—+1 2
< At// / (86.72Vt> dt ds dx
tn t

n+1 n+1 82N
_ At/tn / S (I dt ds

0’N
= (A &5 9 I 22(:22(Q))>

IN

which implies

" 9N
Z [N — ¥ (1) 3 < (A1) I35 2 @)

Therefore,

%Z T Y2 AL + C(At)2,
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In particular,

n+1 2
Ss< 15 Z len2At + O (At). (4.74)

Estimation of Sg, and S1g9. These are the consistsnecy terms. By Assumption

4.2.1, part (b), P§ can be estimated as

Py = (F(B™N™) = (B N, et + (F(B™, N = B(BRFL N, et

_(F(BZL—H7 N}TLL+1), nn—i—l)

< MHe”“HoHe"“Ho + MBI + I1Fll e @+ mylln™ o
< || en g + H e 15 + MBS + 117 oo e scrym(€) 20 o-
Thus,
m—1
At+ — Z e IBAL + M > e §AL + Ch2.
n=0

Hence, we obtain

n+1 n+1 n+1 2
Sg < E Z e \|1At+ Z lenth2 At+MZ lentL|2At + Ch2.  (4.75)

Estimation of Sio. Similarly, by Assumption 4.2.1 part (b) on G, we have PJj; can be
estimated as
Ply = (GB™ N = G(B™, Nyt e + (GB™ N =GB N, e

—(G(BZ—H, N;LH_I)’ é-n—&-l)

< MHff”“Ho + Mllex ™ lollels™ llo + |Gl oo s scrym ()2 (1€" o
< “Jlep L3 + *II e 5+ Mllen™ 115 + |Gl oo e scrym () /(1€ o
Thus,
m—1

S1o < Me Z lent | At+ — Z e IEAL + M > lenI§AL + Ch2.
n=0
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Hence,
m—1
Sw < 75 Z e t2a+ 22 Z e IBAL + Mm(@)Y2 S Rt [3AL + Ch2.
n=0

(4.76)

Now we collect all the above estimates from (4.58)7(4.76), we get

Z leiz™ = eBlg + Z lext = X1l + e 113

+ eNIIE + Z e IF AL + 11 Z lex i At

IN

20le% |2 + C <h2 + (log At—1)1/2At3/2)
+ > 2M ([l 1§ + llertIle) At
Thus,

leB I3 + e 3 < C (k2 + (log At~ /2A¢3/2) + ST M (R + ) A
n=0

That yields
m—1

(1-4MAY) (leB1F + €13) < € (12 + (log AL 2AL/2) 4+ 37 M (lejl3 + llekIF) At
n=0

Assume that At is sufficiently small. In particular, if At < SLM, we have m < 2,

and hence we have
m—1
leBIZ+ 1813 < € (12 + (log At 2A6%2) 4+ 37 80 (B + e I3) At. (4.77)
n=0

Now using Gronwall’s Lemma (2.5), we obtain

m—1

C <h2 + (log Afl)l/?At?’/?) exp( Y 8MAY)

IN

e 115 + e 113

C (h2 + (log At‘l)l/QAt?’/Q) exp(SMT).

IN

Therefore, there exists a constant C' depending on 7" such that

max (leB]f3 + ey I3) < C (h?+ (log A1)} /2A¢%2)
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4.2.2 Numerical Experiments for Coupled Constrained System

In this section we present numerical experiments designed to show convergence
at the rates predicted by Theorem 4.2.1. We also show convergence in the cases not
covered by the theory; in particular, we start with d = 1 and end with an example in
d=3.

In addition, we present simulations of biofilm/nutrient model problems in d =
1,2,3 to illustrate the behavior of the biofilm and nutrient over time. The choice
of data for some experiments is motivated by the imaging experiment set-up and
realistic simulations in [29]. In particular, we consider irregular geometries similar
to those encountered at the porescale, nonlinear diffusivities, as well as Neumann
boundary conditions. It turns out that the convergence of our scheme is of similar
order regardless of the type of boundary conditions, even if the theory does not cover
those cases, and even if the character of the evolution is completely different.

We examine the errors in two norms; the first norm is ERR1%=max,(||e}]lo +
lle%|lo), which is the one we prove in Theorem 4.2.1 is close to first order, and the

second error quantity ERRQOZ\/Zn (el + ller|12) At.

Remark 4.2.3. In practice, we are unable to verify the convergence exactly using
ERR1° and ERRZ, because the true solutions B(x,t) and N(z,t) to our coupled sys-
tem are mot known. Rather than produce some contrived and physically unrealistic
examples, we choose fine grid solutions Bgine, Nfine as surrogates for B, N for some
hfine significantly smaller than the discretion parameter h considered in the convere-
gence study.

Furthermore, this approach requires also an appropriately small At e, resulting in a
very large number of time steps.

Unfortunately, our ability to actually check the convergence over all time steps n =
1,2,... as indicated in ERRI® and ERRZ with these large numbers of time steps is
limited. Instead, we limit ourselves to the sampling of the spatial errors in time only

over a selected limited set of a few k time steps T = {T1,Ts, ... Ty} which correspond
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to some selected indices {N1, Na,... Ny}, different for each At. In what follows we

report

ERR1Y = s o 4 (o).
”E{Nl,Ng,‘..Nk}w BHO H NHO)

ERRYT = S (leplt+ ey IR) A
n€{N1,Na,...Ny}

and in each instance we indicate which T1,Ts, ... T} are used in Y.

Remark 4.2.4. It is well known that using fine grid solution may somewhat over-
predict the convergence rate. In addition, in our examples the sampling of the error
in time is quite sparse, therefore we expect to see convergence rate higher than tht

predicted by the theorem.

In the examples below we use xx to denote the characteristic function of set

K.

4.2.2.1 1D experiments with Dirichlet Boundary Conditions

We start with a simple model problem in 1d with homogeneous Dirichlet bound-
ary conditions. The data in this model problem satisfied exactly the conditions in
Assumption 4.2.1, but the simulation is in d = 1 thus technically not covered by the

theory.

Example 4.2.1 (1D Simulation). Let Q = (0,1), and let the diffusion coefficients
be constant Dp=0.5, Dny=0.1. We set the initial biofilm Bipi(x) = 0.01|sin(wz)],
the initial nutrient Nin;(x) = 0.02X(0.250.75)- We select constants in the Monod ez-

pressions as follows F(B,N) = ?\?ﬂ%{\;B, and G(B,N) = _]\1[(%\.173' We also set
B* =0.02.

For illustration, Figure 4.3 shows the growth of biofilm and the decay of nutrient
over time, with h = 0.01. We see the typical behavior of coupled biofilm and nutrient

dynamics up until about 7" =~ 0.02: the biomass grows, and nutrient decays. Since the
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FIGURE 4.3: 1D simulation of biofilm/nutrient model with Dirichlet boundary con-
ditions. Lagrange multiplier A enforces the constraint B < B* and is active (nonzero)
where B = B*.
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nutrient is initially concentrated in the middle of the domain, the majority of growth
of B and decay of N occurs there. Eventually the nutrient diffusses however, and the
biomass starts also growing elsewhere.

At t = 0.02 the biomass reaches the maximum density B*, and the biofilm
“phase” forms. The Lagrange multiplier A is shown to indicate where it is “needed”
to enforce the constraint. The biofilm starts growing through the interface moving as
a free boundary, which moves to the left on one side of Q* and to the right on the
other side. This shows that (4.41) is likely a reasonable assumption for the evolution
scenario considered in this example.

The nutrient is not consumed in Q% but it slowly diffuses away towards 2~
where it is consumed by the growing biomass, and towards the external boundaries
at £ = 0 and = = 1 through which it escapes.

To test convergence of the numerical model predicted by Theorem 4.2.1, in the
absence of the analytical solution, we use its surrogate, a very fine grid solution with
h = 0.001 and At = 0.0001. Next we set up a sequence of experiments varying h and
At. Since it would be difficult to set up At to make the logarithmic terms

[(log(At) M) VAALBM.

conform to h, we choose At = O(h). We store the solution and present the errors
with T = {0.05,0.1}. Table 4.2 shows ERR1Y and ERR2".
Our results show essentially first order of convergence in ERR1Y, which appears
a bit higher than that predicted by the Theorem 4.2.1 for d = 2. This order of con-
vergence is likely thanks to our strategy of error sampling discussed in Remark 4.2.4.
On the other hand, we see that convergence order in ERR2, not covered by the

theory, are about O(h%/2 4+ At3/2). See the rate of convergence in Figure 4.4 as well.
4.2.2.2 Convergence rate and simulations in d = 2

In this section we confirm the theoretical result on convergence from Theo-

rem 4.2.1. We also show interesting behavior of the coupled biofilm-nutrient dynam-
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h At FRR1 ERR2 FRR1 order FERR2 order

0.01 0.01 0.00026 0.00028
0.005  0.005 0.00014 0.00010 0.95433 1.4365

0.0025 0.0025 6.6251e-05 3.6292e-05 1.0347 1.4961
TABLE 4.2: Convergence Test for Example 4.2.1 with Dirichlet boundary conditions

e ERR 1
il ERR 2

3 a 5 6 7 B 9 10
%102

FIGURE 4.4: Rate of convergence for Example 4.2.1 with Dirichlet boundary condi-
tions
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ics which depends significantly on the geometry of the domain ) as well as on the
boundary conditions.

The examples chosen here are designed to show the growth through interface,
starting from an initial biomass concentrated in a disk.

We denote by D(r) a disk centered at the origin with radius r.

The Matlab code used for simulations in d = 2 is a modification of a FE code

for the heat problem in 2D (fem2d_heat.m) supplied in [21].

Example 4.2.2 (Simulation in d = 2, with Dirichlet boundary conditions). Consider
the square domain Q = (—1,1)% with Dg = 0.01, and Dy = 0.5. We set Biniy =
0.2xp(0.5) which is close to B* = 0.3. We also set Ninit = Xp(o.75)- The Monod

. _ 5N _ _ 05N
functions are F' = 2578, G = — 5757 B.

Figures 4.5 and 4.6 show the evolution of B and N over time; here h = 0.1. We
see the growth of B(z,t) with 0 < ¢t < 0.4 first vigorously and concentrated near its
initial position, and then for 0.4 < t < 1 its spread through the interface. Nutrient is
consumed most substantially where B grows. Around ¢t = 1 both B and N start to
decay, and the evolution is dominated by the “escape” of the two components B and
N through the boundary due to the homogeneous Dirichlet conditions assumed.

Due to the complexity of the problem we do not have an analytical solution
(B, N) available. We compute therefore a fine grid solution (Bfine, Nfine) as a proxy
for (B, N), triangulating the domain with Ty, = 22887 triangles, with 11660 nodes
and 34546 edges, where the maximum length of each side of the triangles is hfine =
0.02. We use Atfine =5 x 10~°, and for the purposes of convergence testing we store
the numerical solution (Bfine, Nfine) at T = {0.1,0.2,0.3}.

Next we compute the solution at coarse grids and compare it to Byine and Nyipe,
calculating the associated values of the approximation error quantities. These errors
are given in the Table 4.3 and Figure 4.7. It seems that ERR1Y is essentially of the
first order, whereas ERR2Y is of O(h3/2 + At3/?), similarly as in the case of simulation

in d = 1 reported in Section 4.2.2.1. Again we see that behavior of the solution is
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FIGURE 4.5: Growth of By, in Example 4.2.2 with Dirichlet boundary conditions and
h=0.1
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initial N Natt= 0.1 i
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FIGURE 4.6: Consumption of Ny in Example 4.2.2 with Dirichlet boundary condi-
tions and h = 0.1
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h At #nodes # elements ERRI1 ERR2 ERRI1 ord. ERR2 ord.

0.15 0.006 219 378 0.0499347 0.0474
0.1 0.004 494 899 0.0282514 0.0274 1.4047 1.3517
0.05 0.002 1906 3638 0.0113125 0.0087 1.3204 1.6551

TABLE 4.3: Convergence Test for Example 4.2.2 with Dirichlet boundary conditions
and T = {0.1,0.2,0.3}

FIGURE 4.7: Rate of convergence for Example 4.2.2 with Dirichlet boundary condi-
tions

mild, and the size of >, m(D,) is only mildly increasing.
4.2.3 Experiments with Neumann boundary conditions

Example 4.2.3 (2D Simulation). In this ezample, we consider data as in Exam-
ple 4.2.2 except the boundary and initial conditions. We choose homogeneous Neu-
mann conditions to model an isolated system, and an initial condition Bini(x) to
model the growth through interface starting from a biofilm phase present initially in
a rectangular region with a position lacking symmetry, so that the interface cannot
propagate equally in all directions unlike in Example 4.2.2. We choose to provide
abundant nutrient so as to focus the dynamics on the interface propagation. The

initial conditions are Binit = 0.3X(~0.75,0)x(-0.5,0.5) and Ninit = 1.
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Initial Biofilm Biofilmatt= 1 -
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FIGURE 4.8: Growth of B simulated with h = 0.1 in Example 4.2.3 with Neumann
boundary conditions

The simulated evolution of biofilm and nutrient is shown in Figures 4.8, and
4.9, respectively, obtained with h = 0.1 and At = 0.02.

We note that the case of Neumann boundary conditions is not covered by the
theory. However, the errors shown in Table 4.4 and Figure 4.10 demonstrate that the
order of convergence is the same as that we obtained for Dirichlet boundary conditions.

Next, we aim to illustrate the overall dynamics of the growth. Figure 4.11 shows
the total amount of biofilm in time B(t fQ x,t) dz. We use the log scale to show
that while the initial growth is exponential (i.e., linear on the log scale), it eventually
slows down substantially due to the growth through interface only and to the lack of

symmetry of the domain.

Example 4.2.4 (Simulation in d=2 with Neumann boundary conditions). We con-
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FIGURE 4.9: Decay of Np, in Example 4.2.3 with Neumann boundary conditions and

h=0.1
h At #nodes # elements ERR1 ERR2 ERRI1 ord. ERR2 ord.
0.15 0.006 219 378 0.0411 0.0550
0.1 0.004 494 899 0.0221 0.0371 1.5302 0.9710
0.05 0.002 1906 3638 0.0108 0.0141 1.0330 1.3957

TABLE 4.4: Convergence test for Example 4.2.3 with Neumann boundary conditions
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FIGURE 4.10: Rate of convergence on Example 4.2.3 with Neumann boundary con-
ditions
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FIGURE 4.11: Total B in time on log-scale for Example 4.2.3
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sider the same data in Example 4.2.2 but with homogeneous Neumann conditions and

with an initial nutrient Nip; = 20 on €.

The evolution of the biofilm is shown in Figures 4.12 and 4.13. We can see that
the radius of the disk-like biofilm phase keeps growing in time until the biofilm fills
out the domain. To quantify the cumulative effects of the growth, Figure 4.14 shows
the growth of the radius of the disk in time as well as the total amounts of biofilm
and nutrient.

We calculate the radius of Q* is as follows.
Algorithm 4.2.1. At each time step n, we find the radius r, as follows

Step 1 Find the coordinates (Ts«,y«) € Q such that |B(xs,ys, tn) — B*| < B* x 107%;
tn, = nAt.

Step 2 Let U, be the vectors of all coordinates (x«,ys) found in Step 1.
Step 3 For each coordinate (., ys) € Uy, compute 7, = \/m
Step 4 Let R be the vector of all ry’s computed in Step 3.

Step 5 Let r, = max(R).

Since the nutrient is abundant, its dynamics is not interesting and we skip the
detailed illustrations. However, we can see its total decay in Figure 4.14.

We note the effect at the beginning of the simulation which appears to show
rn stayes nearly constant between ¢ = 0 and ¢ = 0.2, in spite of might be because of
the coarse discretization of the domain as it can be shown in the upper left figure in
Figure 4.12, or it might be because the biofilm at initial time ¢t = 0 is already at its
maximum density B*, so when biofilm starts to grow at the very beginning time, it
starts first by spreading through the interface since there is no way to keep growing
within its initial domain. This spreading causes reduction of its concentration at its
boundary creating a halo around the disk as we can see in Figure 4.12, so the radius of

its disk (domain) at the very beginning time either decreases a bit or stays constant.
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FIGURE 4.12:
and A = 0.1
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FIGURE 4.13: Decay of N simulated with A = 0.1 in Example 4.2.4 with Neumann
boundary conditions
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FIGURE 4.14: Study of the evolution of cumulative quantities in Example 4.2.4. Left:

the radius of biofilm disk. Total amount of biofilm (middle) in time and of nutrient
(right).
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Maximum density ~ B* = 0.12kg/m?

of biomass

Growth constant kp =1.8/s

Utilization constant ky = 1.8-10/s

Monod constant Ny = 0.16kg/m?

Nutrient diffusivity Dy (z) = 20m/s

Biomass diffusivity ~ Dpg(B) = (D* — D,)(B/B*) + D,
D* =0.01, D, = 1074D*

Initial nutrient Ninit(x) = xq

Initial biomass Binit(z) = 0.03xq,
TABLE 4.5: Date used in Examples 4.2.5 and 4.2.6 from [29] scaled by 10°

Example 4.2.5 (Simulation in porescale geometry). In this example, we consider a
realistic example with the geometry of the domain and realistic data motivated by [29];
see the data in Table 4.5. We use nonlinear diffusivity Dp = Dp(B), F(B,N) =

K,B%NOB, G(B,N) = —/@N%NOB, Qyp is the biofilm domain.

See the evolution of biofilm and nutrient in Figures 4.15 and 4.16 respectively.

See also the total amount of B in time in Figure 4.17.
4.2.3.1 Simulations in d =3

Example 4.2.6 (3D Simulation). In this example, we consider the geometry
Q= D(0,1)\ (D(u1,0.75) U D(us2,0.75)) ;u; = (0.5,0.5,0.5), ugy = (—0.5,—-0.5,—0.5),

where D(u,r) is a ball centered at w with radius r. That is, Q is a ball with two
big holes. Figure 4.18 shows the triangulation T; of Q with 1397 tetrahedrons and
mazimum size of each side of the tetrahedrons is h = 0.2. We use the data in Table
4.5. The Matlab code used here is a modification of a FE code for Poisson problem in
3D (fem3d.m) supplied in [21].
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Tetrahedron 1397 <314 315 282 319>

05

FIGURE 4.18: Triangulation of  in d =3

In this example, 2 represents the void space, whereas the two holes in the ball
are assumed to be occupied with some solid surfaces. The initial biofilm is imposed
such that it adheres the solid surfaces occupying the holes as it is shown in Figure 4.19.
As time goes, biofilm keeps growing in its initial domain until 7" ~ 1.2 when it reaches
its maximum B* = 0.12. After that, biofilm starts spreading through the interface.

The evolution of biofilm and nutrient are illustrated Figure 4.19 and 4.20, respectively.

It is important to notice a different behavior of the total amount of biofilm in
3D case as well as in the porescale geometry example, in contrast to the 2D case with
Neumann conditions when diffusivities are constant, thereby allowing the growth to
continue faster than just through the interface.

In particular, the 3D simulation shows that a plateau of exponential growth
is achieved about the time the growth through interface begins. We do not see it
in Example with Neumman boundary conditions and when constant diffisivities are

used.
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5 Mixed Finite Element Method for Parabolic Variational
Inequality

Another numerical method we consider to approximate our model [29] is mixed
finite element method (MFEM). A comprehensive survey of this method is given in
[11].

MFEM is commonly used in flow problems with applicaitons to petroleum in-
dustry [2, 37], incompressible viscous flow, and in elasticity problems [8]. MFEM con-
serves the continuity of the gradient of the primary unknown. Furthermore, Neumann
boundary condition are essential in MFEM and natural in Galerkin FEM. Therefore,
it is a promising method to apply on problems where Neumann boundary conditions
imposed.

In this chapter, we apply MFEM to a semi-linear PVI. This is a step toward
implementing it on our coupled model. We first present the mixed formulation of
the PVI in Section 5.1. We then discuss the well-posedness of the mixed problem in
Section 5.2. In Section 5.3 we present an error estimate for MFE approximation of
the PVI. To our knowledge, this is the first result like that in the literature. We shall

use only the lowest order of Raviart-Thomas elements called RTj on triangles as well
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as RTjg on rectangles to respect the low regularity of solutions.

In Section 5.3.1 we give some literature review of MFEM. Next we derive the
error for the semi-discrete MFE approximation in Section 5.3.2. In Section 5.3.3 we
present the fully discrete MFE approximation. We end this chapter by presenting two
numerical experiments on mixed finite element approximations of variational inequal-

ities in Section 5.4.

5.1 Mixed Formulation of PVI

Let Q be an open bounded subset in R?, d = 1,2, or 3, with sufficiently smooth

boundary 0. Consider the constrained semilinear parabolic problem

pt — V- (k(x)Vp) + Ol o p+)(p) 2 f(p) in Q, t >0, (5.1a)
p(s,t) = g(s,t) on 0, t >0 (5.1b)
p('v 0) = Pinit in L2 (5.10)

Assumption 5.1.1. Assume the following conditions:

(a) Kk is a smooth function such that there are constants v and vy

0 <v <k(x) <wvy for e (5.2)

(b) f is a smooth function on R with a global Lipschitz constant R, we also assume

that f is uniformly bounded on R = [0, 00).
(¢) Pinits 9 € L*(), and pinir < p*.
(d) p* € R is given.
Introducing a new variable u = —x(x)Vp, problem (5.1) can be formulated as

K (z)u=—Vp, inQ, t >0 (5.3a)

P+ Vu+ 0l oo p(p) 3 f(p) inQ, t >0, (5.3b)
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p(s,t) = g(s,t) on 9Q, t >0 (5.3¢c)
p(+,0) = pinit in Q. (5.3d)

Define V = H(div,Q) := {v € (L?(Q))%V -v € L?(Q)} with the associated scalar
product and norm:
[w,v] = (w,v) + (V- u, V- 9), Va0 = v, V]2,
and the normal trace v-n € Hfé(aﬂ).
Vo :={v € H(div,Q);(V -v,q) =0, Vg L*(Q)}.
M =1*Q), K = {q € L*(Q);q¢ < p* a.e on Q}

The solution (u,p) : (0,00) — H(div,) x K of (5.3) may be thought as a solution

to the parabolic variational problem

a(u,v) —b(v,p) = —(g,v-n)yq, Vv € H(div,Q) (5.4a)
(Pt g = p) +0(a,¢ —p) = (f(p):a = p), Vg € K, (5.4b)
p(+,0) = pinit, (5.4¢)

where a : V x V — R defined as
a(u,v):/fs_l(w)u-vda: Vu,v €V,
Q
and b:V x M — R defined as

b(V7Q)=(V-V,q)=/V-qua: YVveV, qge M.
Q

5.2 Well-posedness

Lemma 5.2.1 (7inf-sup condition” ([8], page 146) ). There exists a constant > 0

such that
b(v,q)

SUPvey Vil > Bllalla, Vg € M.
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Proof. Given ¢ € L?*(€). Since C§°(Q) is dense in L?*(Q) by Theorem 2.1.2, there
exists w € C3°(2) such that

1
llg —wllo < ZIIQH%-

That is,
1
i.e.
3 2 2
Zlal + lwl? < 2(a,w)
Thus,

1
(¢, w) > §Hw||37 (5.5)
By Cauchy-Schwarz inequality and inequality (2.1), we have
3 1
ZHQH% +lwl§ < ;H(JH% + el|w][3-
Taking € = 4 in the last inequality, we have
Lo 2
lall3 < llwl (56)

Let 7 := inf{z; : 2 € Q}. Define v such that vi(z) = [ w(t,xa,...,xq) dt, vi(z) =
0 Vi > 1. Thus, v € (L2(Q))%, and V- v = g—;ﬁ =w € L*(Q). That is, v € H(div, ).
Now, by (5.5), (5.6), and (2.2), we have

b(via) _  (V-vyq) _ o (wae
Vv~ VIVIE+ IV IR VIZ+ TwlB
S (w,q)
Va+Cip)llwl?
y Jewll3
T2+ Gl
> Bllallo,

1
where = —————.
B=3 6(1+C% )
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Therefore,
b(v,q)
vev [Ivilv

> Blldllo-

O

Lemma 5.2.2. For any pinit € L*(Q), a Lipschitz continuous function f : L*(Q) —
L2(Q), T > 0, there exists a unique solution u : [0,T] — V, p : [0,T] — M of the
system (5.4).

The proof of this lemma relies on Theorem 3.4 in ([30], page 2124), and Corollary
4.1 in ([32], page 181). We shall state each one of them in the context of the proof.

Proof. Without loss of generality, we assume g = 0. Let us define the operators A :
VsV B:V-sM,C: M- M by Au=k"1(-)u, Bu= -V -u, Cp = dlk(p),
where V' and M’ are the dual spaces of V and M, respectively. The system (5.4) can
be written in the mixed formulation as

Find u(t) €V, p(t) € M fort > 0:

Au(t)(v) + B'p(t)(v) =0, veV, t >0, (5.7a)
%p(t)(Q) — Bu(t)(q) + Cp(t)(q) > f(p)(q) + k(t)(q), g€ M, t >0,  (5.7b)
p(0) = Pint; (5.7¢)

for some k(-) € WL(0,T; L*()).
We first set f = 0, so problem (5.7) becomes

Find u(t) € V, p(t) € M fort > 0:

Au(t)(v) + B'p(t)(v) =0, veV, t >0, (5.8a)
%p(t)(Q) — Bu(t)(q) + Cp(t)(q) > k(t)(q), ¢ € M, t >0, (5.8b)
P(0) = pinit; (5.8¢)

According to Theorem 3.4 in [30], if there exists a solution to problem (5.7), and A is
monotone, I + C' is strictly monotone, B is linear, thus the solution is unique and it

depends continuously on the data. Furthermore, if the following conditions hold
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(a) A is bounded and satisfies the growth condition

A(u) + ||BuH% — +oo if ||lul]ly — oo, (5.9)

(b) A, C are maximal monotone.
(c) B is continuous and has a closed range.

(d) Either kerB’ = {0} or kerB’ = R, where B’ : M — V' is the dual operator of
B defined such that Bv(q) = B'q(v), for all v e V, and ¢ € M,

then problem (5.8) has a solution.
Now we verify the conditions (a), (b), (c¢), and (d). First note that A and B are
linear operator satisfy Au(v) = a(u,v) Vu,v € V, and Bv(q) = b(v,q) Vv € V,q € M.

Furthermore,
(uv) = [ 5 @y < valfalolivio < velllv Vv, Yo e V.
That is, A is bounded. We also have, Vu € V,
Au(w) = [ (@) =
Thus,
Au(w) + [ Bul = Auu) + [V wld = a3 + |V - w2 > minGn, 1) ul?,
and hence, (5.9) holds. Furthermore,
(A(u) — A(v),u—v) = /Q/i_l(:v)(u —v)2>pflu—v|E Vu,veV.

Thus, A is strictly monotone. Since A is hemicontinuous (see Definition 3.1.5), then
by Proposition 3.1.2, A is maximal monotone.

Now, Vv eV, ge M,

(Bv.q) — /Q V-va < IV - violallo < [vlivldllo.
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That is, B is bounded. By Lemma 5.2.1, B has a closed range. By definition of C,
(see Definition 3.1.11), we have I + C' is strictly monotone. By Proposition 3.1.6, C
is maximal monotone.
It remains to show that ker B’ = {0}. It is enough to show that Rg(B) = M =
L?(Q)). We show this as in ([7], page 233). Let ¢ € L?(f), consider the auxiliary
problem: find ¢ € Hg () such that —At = q. Its variational formulation is

/v¢-v¢dx=/q¢ dz, Vo € HY(Q).
Q Q

It has a unique solution by Theorem 2.2.1. Take v, := V1, thus, we have v, €
H(div; ), and V - vy, = ¢ as desired. Hence, (5.8) has a unique solution.

Now going back to problem(5.7) when f = f(p) not identically zero. We shall
apply the following Lemma.

Lemma 5.2.3. ([32], Corollary 4.1, page 181) Let L be an operator on a Hilbert

space H such that for some wy > 0, L + w1l is m-accretive. Let F : D(L) — H be a

Lipschitz function such that for some wo >0

1E(p) = F(g)ll < wallp —qll, p,q € D(L).

Then for each w > 0, pini € D(L) and absolutely continuous h : [0,T] — H, there is

a unique absolutely solution p : [0,T] — H of
pe(t) + L(p(t)) + F(p(t)) > wp(t) + h(t),
with p(0) = Pinit.
Now we define
D={pe M;3ueV;Au+ Bp=0,—Bu+ Cp=gforsome ge& M}.

So D C M. We define the operator L : D — M, such that Lp = g.

A B’
Lemma 5.2.4. If the matrix operator maps V x M onto the product
-B C+1

{0} x M, then L is m-accretive.
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Proof. Let p,q € D with the corresponding u,v € V. Then (Lp,q) = g¢ = —Bu(q) +
Cp(q) = —B'q(u) + Cp(q) = Av(u) + Cp(g). Thus for any p € D, L(p,p) > 0, i.e., L

is accretive. Also, (I + L)p = g is equivalent to the system

Au+B'p = 0 inV’

—Bu+Cp+p = 3.
0

Since B and I + C' are surjective by above, L is m-accretive. By Lemma 5.2.3,

the proof is complete. O

As we have seen, the ”inf-sup condition” 5.2.1 is essential to have the well-
posedness of the problem.

Now we assume that the solution p € WH°(L>) N Wh*°(L2) N L= (H?), and
uec L®(HY, V-ue L>*(HY).

5.3 Mixed Finite Element Method for PVI

Let € be partitioned into a conformal family of finite elements 7, = {7} (tri-
angles if d = 2, or tetrahedrons if d = 3) such that Q = U;T}, and let h be the maximal
diameter of the elements. The edges (faces) of elements T}’s are denoted by e;; for
i=1,2,3(i=1,2,3,4).

Note that if d = 1, the triangulation 7, = {Tj} of Q is a disjoint family of
subintervals, and e;; for i = 1,2, denote the endpoints.

We shall approximate the mixed problem (5.4) using finite dimensional sub-
spaces Vi, C V and M}, C M such that the "inf-sup condition” holds on Vj and My,
so we guarantee the well-posedness of the discrete problem.

We choose V}, and Mj, to be the lowest order Raviart-Thomas spaces

Vi = RTp := {v € (L2(2))% vlr, = (Po(T)))" + xPo(T;), VI; € Th,
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v -n is continuous on the inter-element boundaries},

My, := M*(Ty) = {q € L*(Q); qlr, € Po, VI € T}

Here Py is the space of all constant functions on R, and n is the unit normal
along the edge e;; C T;. The normal components on the boundaries for every v € V},
are constants, so Vj, C V. Moreover, V -V}, = M}, (see e.g. ([8], Lemma 5.4, page
151) and ([7], Section 2.5.2, page 109)). It is also obvious that M; C M.

Remark 5.3.1. If T;, = {K;} is a partion of 2 C R? into rectangles, then we define
RTy and MUON(T,) to be the lowest order Raviart-Thomas spaces on Ty, such that
ar +b

RTjg: = {ve (L3(Q))?; vlk, = . , a,b,c,d € Py for Kj €Ty,
cy +

v-nl. € Py(e) on each edge e € 0K},
MOT) = {qe L*(Q);q|k, € Po for Kj € Th}.

Let K, = M N K, the semi-discrete problem of (5.4) is to find (up,pn) :
(0,00) — Vj, x K}, such that

a(uh,vh) — b(Vh,ph) = —(g,Vh . n)aQ Vv € Vj, (5.11&)
(Phts an — pr) + b(un, gn — pr) > (f(Pn), an — pr) Yan € K, (5.11b)
121(0) = pinitllo < Ch. (5.11c)

The finite dimensional subspaces V}, and M}, defined above satisfy the following

discrete " inf-sup condition” proved in, e.g. ([7], page 406).

Lemma 5.3.1 (Discrete inf-sup condition). There exists a constant v > 0, indepen-
dent of h, such that

b
sup (Vh7 Qh)

> llanllo Van € M°.
virLERTH th”V
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By Lemma 5.3.1, and following the same steps in the proof of Lemma 5.2.2, we

can show the following Lemma.

Lemma 5.3.2. There ezists a unique solution uy, : [0,T] — Vi, pp : [0,T] — M}, of

the discrete problem (5.11).

5.3.1 Literature Review

Most of literature on mixed finite element methods is devoted to the uncon-
strained stationary problems. The theory is developed, e.g., in [7].

For constrained problems, Brezzi, Hager, and Raviart [11] analyzed mixed finite
element approximations of an elliptic variational inequality. Unlike in our problem,
their mixed formulation were solved for the flux of the primary variable in the original
problem, and for the penalty term that enforces the constraint (Lagrange multiplier).
Using RTp and M°, L2-convergence of order O(h) was derived. It is also shown
that with piecewise linear Raviart-Thomas elements, RTj, M!, the error converges
in L2- norm of order O(h%*);e > 0. Johnson and Thomee [12] considered semi-
discrete mixed finite element approximation of an unconstrained linear parabolic PDE.
Piecewise polynomial Raviart-Thomas elements RT,., M" of degree r > 1 were used,
which are of higher order than what we use in our problem. They used the technique
of ”elliptic projection” of the exact solution to estimate the error. They derived
L>(L?)-convergence of both the primary unknown and its gradient of order O(h®);
2<s<r.

Kim, Milner, and Park [24] considered an unconstrained parabolic PDE as well,
but it is nonlinear. They also considered semi-discrete mixed finite element approxi-
mation with RT,, M" of degree r > 1. Using the elliptic projection of the solution,
convergence of order O(h™*1) was derived in L°°(L?)-norm for both the primary un-
known and the divergence of its flux, and in L?(Q)-norm for the flux. We would like
to remark that their solution has high regularity which does not hold in a parabolic

variational inequality as we have mentioned before.
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Arbogast, Wheeler, and Zhang [2] studied semi-discrete and fully discrete mixed

finite element approximation for nonlinear degenerate parabolic PDE whose true so-

lution lacks in regularity. For the nondegenerate case, using RTjg, MU they showed
O(h) if the solution is regular enough.

5.3.2 Error Estimate for Mixed Finite Element Approximation to

PVI
To estimate the error between the exact solution and the approximate solution,
we need to use approximation properties of finite element spaces. We define the

following interpolation operator. (See e.g. ([8], page 150) and ([15], page 217).)

Definition 5.3.1. The interpolation operator
pn: (H'(Q))" = RTy
is defined by
/(v —ppv) -n =0 for each edge e C T, Vv € (H* ()%

This means that the mean value of the normal component of a given function
v e (HY(Q)) coincides with the normal component of p,v on each edge.
This interpolation operator is related to the orthogonal L2-projection onto Mj,

by the following property, for the proof we refer to ([7], Proposition 2.3.2, page 108).

Lemma 5.3.3 (Minimal Property). Let 7, : M — Mj, be the orthogonal L?-projection

onto My, i.e.
(¢ = 7hq, pn) = 0, Yup € My,
Then
m(V-v) =V - (pv), Vv € (H'(Q)".

The operators pp and 7, defined above satisfy the following properties which
we state without proof. We refer to ([7], pages 107-108), ([8], page 151), and ([15],
page 217).



131
Lemma 5.3.4. Let p, and mw be the operators defined in Definition 3.2.1, and

Lemma 5.3.3 respectively. Then we have the following properties.
(a) (V-ppv,qn) = (V-v,qn) Yan € My, Vv €V,
(0) llpnv = vllo < Chlv]y if v € (H'(Q))7,
(¢) IV prvllo <CIV-vlo Vv eV,
(@) V- (v = pav)llo < CRIV -v]1 if Vv € HY(Q),
(¢) Imna — qllo < Chlq|s ifq € H?, s =0,
where C is a generic constant independent of h.

Note that the last property is stated in ([12], Inequality (1.5 a), page 45), as a

well known property.

Corollary 5.3.1. Fort > 0, let (u(t),p(t)) € V x K be a solution to (5.4), and
(up(t),pn(t)) € Vi, x K, be a solution to (5.11). Then

(a) (V- (ppu—u),mpp —pp) = 0.
(b) (V *Vhp, P — 7-‘—hp) = 07 vvh € Vh'
Proof. Since mpp — pp, € My, we use the property (a) in Lemma 5.3.4 to obtain

(a). Since V-vy € M;, for all v, € Vj,, and by the definition of the orthogonal

L2-projection onto M, given in Lemma 5.3.3, we obtain (b). O

Definition 5.3.2. For t > 0, let e(t) = p(t) — pn(t), n(t) = p(t) — map(t), o(t) =
u(t) —up(t), £(t) = u(t) — pru(t).

Next we shall state and prove our error estimate.
Theorem 5.3.1. Let (u(t),p(t)) € V x K be a solution to (5.4), and (ux(t),pp(t)) €

Vi, X K}, be a solution to (5.11). Then there exists a constant C > 0 that does not

depend on h such that

sup [|p(t) — pa(t)[1§ + 2/ lu(s) —un(s)[§ ds < C(h?).
t>0 V2 Jo
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Proof. Subtract (5.11a) from (5.4a), and use Definition 5.3.2, we obtain
(k™ Hx)o(t), vi(t)) = (V- vi(t),e(t)), Yvi € Vi, t > 0. (5.12)
Taking v, = up — ppu in (5.12) gives
(v Y (z)o(t),u, — ppu) = (V - (uy, — ppu), e(t)). (5.13)

Since up(t) — ppu(t) = —o(t) + £(¢), the left hand side of the last equation can be

written as
(v~ (@)o(t),up — ppu) = — (k7 (2)a(t), o(1)) + (k' (2)o (t), (1)) (5.14)
The right hand side of (5.13) can be written as
(V- (= o), e(8)) = (V- (wy — ), () + (V- (0= ppu),e(t).  (5.15)
The first term of (5.15) can be written as
(V- (up —u),et) = (V-up,p—mpp) + (V- an, map — pp) + (V- 1, pp — p).
By Corollary 5.3.1 part (b), the first term in the right hand side is zero, so we have
(V- (up —u),e(t) = (V- up,mp — pn) + (V- u,pp — p). (5.16)
The second term of (5.15) can be written as
(V- (u—ppu)et)) = (V-&£(t),p— mnp) + (V- £(t), Thp — pn)-
By Corollary 5.3.1, part (a), the first term is zero, so we have
(V- (u—ppu),e(t) = (V-£(t),n(t)). (5.17)
Combining equations (5.13)—(5.17), we obtained

(k" H(@)a(t),0(t) = (k™ (@) (t), &) = (V-up, mpp—pp) —(V-u, pp—p) —(V-£(1), n(t))-
(5.18)
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Now
(et(t),e(t)) = (prsp — pr) + (Prts Ph — ThP) — (Phts P — ThD)- (5.19)

Taking ¢ = pp, in (5.4b) and g, = m,p in (5.11b) gives

(pe,p —pn) < (V-u,pp —p) + (f(p), 0 — pn), (5.20)

and

(Phts o — D) < (V -up, mhp — pr) + (f(Pn), ph — mhp)- (5.21)

Applying (5.20) and (5.21) in (5.19) gives

(ee(t), e(t)) < (V-u,pp—p)+(V-up, mpp—pn)+(f(p), p—pn)+(f (Pr); Ph—T1D) = (Ph,ts P—ThD)-

(5.22)
The last term in the right hand side can be written as
— (Phtsp — mp) = (Pt — Pt 0 — Thp) — (Pt, P — ThD)
= (e¢(t),n(t)) — (pe,m(t))
= 2 et),m(0)) + (e(e),mu(0)) — (P (1)) (5.23)
Combining (5.18), (5.22) and (5.23) gives
(ex(t), e(t)) + (v (@)o(t), 0 () < (v (2)o(t), (1) — (V- £(1),m(t))
+ (f(®),p —pn) + (f(©r), Pr — Thp) — (Pht, P — THD)
= (k1 (2)a(t),£(t) = (V- £(), n(t) + (f (pn), n(t))
+ (f(p) = f(pn),e(t)) — %(e(t), n(t)) + (e(t), ne(t)) — (pe, n(?))-

Using the Assumption 5.1.1 parts (a) and (b), and using Cauchy-Schwarz inequality

in the last inequality, we have

IO+ Io®IF < lo@lé®lo+ 1V @llolln)o

2 dt
+m()2(|| fllrs + pelloo) In()llo + Rlle(®) 13
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Hle@llollne®)llo + — e lolm®) o] (5.24)

Using the inequality (2.1), we obtain

T IO + @)1 < SNl + 52018 + 519 - €018 + S

+m(Q)2 (|| fllr+ + [Ipelloo) I (t)llo + ﬁ”ﬁt(t)ﬂo + %Hn(t)\lo-

That is,

%II@(@H% + il!o(t)llﬁ < C [le®Ig + €O + 11V - €O + [In(®)]I
Hn)llo + Ime@1F + It )Ilo n(t )Ho] - (5.25)

Thus,

le()l12 + t/no )2 ds < [le(0 rm+c/’H 2+ IEGE + 19 - £(5)]2
)13+ 1) llo + e ()IE + n(s)llo-- um>m}@.<a%>

Using Gronwall’s Lemma (2.4) (with C' depending on t), the inequality (5.26) yields

le(t)l12 + /wa|mw<c\ m+c/usHWWV5mm
i) I3+ () llo + e ()IE + n(s)llo- HM)WJd& (5.27)

Using the properties in Lemmas 5.3.4 and 5.3.3, we have
€15 < Ch®[uli, [VEIIG < CR?|V - uli,

Inllo < ChZ[pl2, [Inelld < Ch?|pil3, HnHo linllo < Ch2[ph Iph-

Thus, we obtain

le()1I5 + 2/ lo(s)II5 ds < Clle(0)l[5 + C(h?).
120} 0
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5.3.3 Fully Discrete Formulation of Mixed Finite Element Approach
to PVI
We approximate (5.11) in time by backward Euler scheme.
Let N7 be a positive integer, and At = 1T tn, = nAt. Denote J,, = (tn, tnt1],
q" = q(tn), v?" = v(t,) and 9¢" = qnﬂ . Let T = {to,...,tn,} be the set of time
steps.
The fully discrete MFE approximation of (5.4) is to find py : T — K}, and

uy : ¥ — V, such that forn=0,..., Np — 1,

CL( n+1 n+1

wy ™ vi) = b(va, o) =

—(g"", Vi - ), Vv € Vi, (5.284)

O, an — Pyt +b(a) ™ g — PP > (FO)T) @ — pp ), Van € Ky, (5.28D)

[Pr(0) = pinitllo < Ch. (5.28¢)

5.4 Numerical Implementation and Experiments for Mixed Finite
Element Approach to PVI

In this section we give two examples where we used mixed finite element method
for variational inequalities. The first example is on an elliptic variational inequality
in 1D, where we test the errors and compare it with the result in [11].

The second example is for a parabolic variational inequality in 2D, where we
show the qualitative behaviour of both the primary and the secondary unknowns. In
this example we use the RTy space and implement the MFEM approximation as a

cell-centered finite difference method (CCFD).

5.4.1 1D simulation of MFEM for EVI

Example 5.4.1 (1D Convergence and Simulation of MFEM for EVI). Let 2 = (0, 1),
and consider the EVI

u+p, =0, on €,
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FIGURE 5.1: Mixed finite element solution to Example 5.4.1

TABLE 5.1: Rate of convergence for mixed finite element solution of Example 5.4.1

|Th| h Ey Es Es FEqiord. FEjord. FEjord.

33 0.030303  0.0022739 0.011087 0.28321

99  0.010101 0.00078504 0.0038159  0.15886  0.96807 0.97085 0.52623
297 0.003367 0.00026461  0.001283  0.091493 0.98985 0.99215 0.50226
891 0.0011223 8.8535e-05 0.00042888 0.052502 0.9966 0.99742 0.50556

Ug + 81[0,00)(})) > f(x), on Q,
p(0) =0 = p(1),
where f(x) = H(0.5 —z) — H(z — 0.5).

See the mixed finite element solution (pp, up) in Figure 5.1. We test the following
errors By = |p — pullo, B2 := [[u — upllo, and E3 := [|[u — upl g aiv,0) as we can
see in Table 5.1. As one can see from Table 5.1, we obtain E; := |p — pullo =
O(h), E2 := ||u — upllo = O(h), which agrees with the result in [11]. We also obtain

E3 = |lu—up| g (giv.0) = O(h®?), which we have not seen in literature any theoretical
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10°? 102

FIGURE 5.2: Rate of convergence for mixed finite element solution of Example 5.4.1

analysis for this error. The rate of convergence can be also seen in Figure 5.2.
5.4.2 Results for MFEM simulations of PVI in 2D

It is well known that some finite element approximations on hexahedral grids
are equivalent, up to quadrature error, to finite differences. In particular, the lowest
order MFEM space RTjg on rectangular grids can be shown to be equivalent to cell-
centered finite differences, provided a particular numerical integration is applied to
the integrals in the variational form.

Here we use the following Lemma by [37].

Lemma 5.4.1 ([37], Lemma 4.1, page 362). let (pn,up) be the mized finite element
solution obtained by using RTjy and MUON(T), and (P,U) be the CCFD solution. If
h is sufficiently smooth, then py, = P+ O(h?), and uj, = U + O(h?).

Example 5.4.2 (Results for MFEM simulations of PVI in 2D). In this example,
we consider Problem 5.1 in Q = (0,1)2, with k = 1, f(z,y) = 272 sin(7x), Pinit =
0.1x(0.25,0.75)2: 9 = 0, p* = 0.5. We discretize §) into rectangles and consider Ry and
MON(T,).
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Based on Lemma 5.4.1, we implement CCFD to get the numerical solution. The

following is a description of CCFD method on Example 5.4.2. (See e.g. [37, 18] ).

CCFD approximation. Let M,, M, be positive integers. h, = 1/M,, h, = 1/M,,

i =thy, i =1,... My +1,y; =jhy,j=1,..., M, + 1. Let Z; = (z; + xi4+1)/2, and
Ui = (i +yj+1)/2.

Fori=1,...,M,, j=1,...,M,, define Q;; = [x;,xi+1] X [yj,yj+1]. Thus, Q

is decomposed into the rectangular cells €2;;. Define Kg, ; = H(%, %) Let

*
Kl,ij

: : 11 1 1
be the harmonic average of Kq, ; and Ko, ,j,1e 15— =3 (K + % ),

L,ij 2% i—1,j

and KJ,;; be the harmonic average of Kq, ; and Kq, ; ,.
Let T > 0, Nr be a positive integer, define At = T/Np, t, = nAt, n =
0,...,Np.
For each n = 0,..., Ny — 1, we seek P"t1 € RMexMy Antl ¢ RMexMy gpq
Untl = (Untl ), el @ ROMe+DxMy | yntl ¢ RMax(My+1) gych that

P) = pinit(%3,75), Vi=1,...,My, j=1,...,M,,

1,

v N— 0 . .
(KLZ-]-) 1U!11/2’j = ——xpimt(a:i,yj), Vi=1,...,My,+1, j=1,...,M,,

! 0
_ 0 . .
(KS,Z]) 1‘/72?.]‘*1/2 = _aiyplnzt(xuyj)v Vi = 17 sy MZ‘) J= 17 s 7My + 17
and
( l,ij) i—1/2,5 ]Tx i—1,5 + fo ij (5.30a)
1 1
x \—1 1 1 1
(KZ,ij) V;T,ljtl/g - hfypznf—l + hfyﬂnf =0, (5.30b)
Pl At (U”“ —-yrtt ) + At (V”“ —yntt ) + AtATT = ALYz, 55) + PR
i hy \it1/25 7 Yim1/25) T o\ Mighy2 T Vo2 i = i, Uj i

(5.30¢)

max (P —p*, AT = 0. (5.30d)

See the evolution of py, and uj, = (uf, u?fl) in Figures 5.3, 5.4, and 5.5, respec-

tively.
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As one can see, pj, keeps growing over time upward until it reaches the upper
bound p*. When p;, reaches p*, it stops growing up rather than that, it diffuses aside.
We also see that the flux in both direction of x, and y, up = (u}, u}), remains constant

in the region where p, = p*.
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FIGURE 5.3: Evolution of p, of Example 5.4.2 with h = 0.02, At = 0.02
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The flux u in x direction, Mx=50, My=50, t=0.02 " The flux u in x direction, Mx=50, My=50, t=0.03 "
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FIGURE 5.4: Evolution of u, j, of Example 5.4.2 with h = 0.02, At = 0.02
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The flux u in y direction, Mx=50, My=50, t=0.02 The flux u in y direction, Mx=50, My=50, t=0.03
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FIGURE 5.5: Evolution of u, ; of Example 5.4.2 with h = 0.02, At = 0.02
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6 Conclusions and future directions

In this work we analyzed theoretically and experimentally a model of biofilm
growth and nutrient consumption in porous media proposed in [29]. This model is
a coupled system involving a Parabolic Variational Inequality (PVI). We started by
analyzing the PVI to gain some insight into the coupled system. Then we analyzed
and implemented our scheme for the coupled system. We considered two numerical
methods: finite element method (FEM) and mixed finite element method (MFEM).
We derived error estimates and presented simulations illustrating the behavior of
solutions over time.

With finite element approximations, we started by analysing an unconstrained
coupled system with nonlinear diffusivities. We used the well-known Wheeler’s tech-
nique [38] in deriving the error estimate which gave order of O(h? + At) in 1°°(L?)-
norm. We verified the convergence rate experimentally in 1D. The presented simula-
tion showed the expected behavior of biofilm and nutrient in large spacial scales; the
biofilm keeps growing in unlimited way as long as the nutrient is available.

Then we turned our attention to the constrained coupled system. Wheeler’s
strategy implemented in the unconstrained case didn’t work with the constrained
case because of the low regularity of the solution typical for a PVI. We then ap-
plied Johnson’s technique for PVI [22] and we derived error estimates of rate O(h +
(logAt=")Y/2At3/4) in 1°°(L?)- norm.  The rate of convergence was validated ex-
perimentally in 1D and 2D. Although the theoretical analysis dealt with Dirichlet
boundary conditions only, the numerical results showed same rate of convergence
even with Neumann boundary conditions. Moreover, simulations in 2D and 3D with
irregular geometries, analog to those obtained from imaging at porescale, and with
data motivated by realistic simulations in [29] showed typical behavior of biofilm and
nutrient in porous media.

Analysis of a semi-discrete mixed finite element approximation on a semi-linear
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PVI was carried out. To our knowledge, this is the first analysis of a mixed finite
approximation for PVI. We showed the well-posedness of the continuous and the ap-
proximate PVI by applying results in [30]. First order of convergence in L>(L?)-norm
with respect to the primary unknown, and in L?(Q) with respect to the secondary
unknowns (flux of the primary unknown) were derived. Verifying the predicted con-
vergence rate was done on stationary simulation in 1D. Moreover, a 2D simulation of
a PVI was presented and showed the behavior of the solution and its flux over time.
This simulation was conducted with cell-centered finite difference method (CCFEFD)
based in results in [37] which showed that CCFD and the lowest order MFEM on
rectangles are equivalent.

There are many direction for future work to proceed. The first one, which is
in progress right now, would be analysis of fully discrete MFE approximation for a
PVI. The next logical step would be applying the obtained results for PVI on the
constrained coupled system. Further, we would carry out more numerical experi-
ments on MFEM for PVI and then for the constrained coupled system in 2D and 3D.
The experiments would include verifying the estimated errors using different type of
boundary conditions and different data. The difficulty we have confronted with fine
discretization might be solved by using some high efficient solvers.

Another possible future work is to extend the theoretical analysis to nonlinear
PVIs, where the diffusivities are nonlinear to agree with the realistic simulations
obtained from imaging in [29], and the proposed biofilm growth model in [29] which
are nonlinear. Although some of simulations shown dealt with the nonlinearity, no
error tests or convergence theory have been achieved.

Furthermore, theoretical analysis with Neumann boundary conditions is to be
considered. These boundary conditions are essential in mixed formulation of problems.
Thus, starting the analysis with mixed finite element approximation would be a wise
direction. Moreover, MFEM provides conservative approximation of the flux.

Finally, another important future work includes analysis the model with addi-
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tional advection terms coupled to the flow such as the full model in [29].
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Relaxation Method
Let V=RM and K = {v € RV;v; € K; = [a;,b;],a; < b;,1 <i < N},

Description:
Choose an initial point ©° € K, then u" being known. We compute u"*!, component

by component, by

n+1 n+l ,nt+l | n n+1 n+1 n
Ji™ T g, ) S (T T v, g, - ),

Y; € K, u:}+1 € K;,

where 1 < i < N.

The algorithm of finding U?H in

n+1 n+l ,n+l n n—+1 n+1 n
Ji e g ) ST T v g, ),

Yu; € K, u;”l e K;, (1)

e Find ﬂ?“ by solving

a0J n n —n n
%(U +1 +1 +1 ) —0. (2)

1 ,...,uifl,ui ,ui+1,...

e Project @™ on [a;, b;] to get ul, ie. u?™! = max(a;, min(a? ", b;)).



