Mach ado asout Weak (MeASUREMENT

by

Benjamin Noé Bauml

A CAPSTONE PROJECT

submitted to

Oregon State University

in partial fulfillment of
the requirements for the

degree of

Master of Science in Physics

Major Professor

David A. Craig
Committee

Enrique Thomann Elizabeth Gire Oksana Ostroverkhova

Presented 7 December 2022







Abstract

written in the style of A Silence of Three Parts from The Kingkiller Chronicle by Patrick Rothfuss

I had to write again. My research lay in science, and it was a science of three parts.

The first part made a careful, introductory chapter, begged for by things that were lacking. It summarizes the
von Neumann measurement model, derived from the Stern-Gerlach experiment, and it explains how weak values
arise from weak interactions between quantum systems and von Neumann probes. If there had been more literature
about the error of the weak value approximation and how to bound it, then perhaps I would have read myself into
a satisfied sleep and never written this chapter. If there had been talk of operator norms ...but no, of course there
was not. In fact, the focus of the literature was elsewhere, and so I had to provide these things; now the first
chapter remains.

In the course of my research, a method came to my attention, which sought to justify the role of the weak value
in approximating the effect of a weak interaction. This method, feedback compensation, estimates the effect of the
interaction and applies it in reverse to attempt to reset the probe state. Weak values (at least, their real parts)
were found to be the optimal estimates of interactions, providing the ideal amount of compensation to reset probes.
After explaining how others found this, I added a specific application to the nested Mach-Zehnder interferometer
as a proof-of-concept, along with some interpretational caveats. In doing this, I added a second, more tangible
chapter to the first. They made a dynamic duo of sorts, a partnership.

The third part was not a common thing to be familiar with. If you worked in quantum cosmology, you would be
keenly aware of the need to generalize the Copenhagen interpretation, and might then know about the consistent
histories formalism. It comes from the need to determine when probabilities should be assigned to the outcomes of
a quantum system, even in the absence of classical measurements.

Consistent histories has been used by others to look at the odd implications of weak values, and a condition
relating the consistency of a family of histories to the strangeness of weak values has been derived before, suggesting
an incompatibility between non-sharp weak values and consistent families.

My research comes to an end with my extension to this third part (not counting appendices). I deem this
appropriate, as it is the most niche science of the three. I mixed weak values and consistent histories while
including a weakly coupled probe in the composite system, and accounted for its end state while reasoning about

the viable histories of the system. It is the patient, late-hour science of a man who is waiting to graduate.

Key Words: consistent histories, feedback compensation, Mach-Zehnder interferometer, path detection, weak mea-
surement, weak values
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Chapter 1

The Weak Value Approximation

Abstract

The concept of weak measurements is explained, starting from a baseline of the von Neumann measurement model,
based on the Stern-Gerlach experiment. From there, a description of how weak values appear in the von Neumann
probe is provided. The chapter is concluded with an investigation of what conditions are sufficient to bound the

error of the weak value approximation, conducted with a level of care not found in the literature.

1.1 Von Neumann Measurements

The von Neumann measurement model was first put forth in [I] (which was translated as [2]). However, for a
clearer walkthrough of the process, I turned to the work of Pier Mello [3]. Conceptually, the model is based on the
Stern-Gerlach experiment. Consider, if you will, taking a particle with spin state |¢£gzn> and position state |x(0)),
which together give us the overall initial system state |¥(0)) = WJE?,ZTL) ® |x(0)). The spin part is the “system” that
we seek to measure, while the position will act as the “probe” we will couple to the system.

In Fig. we establish the setup of the Stern-Gerlach experiment. We have our particle (which we will take
to be spin—%) traveling along the y-axis. Two magnets establish a non-uniform magnetic field in the path of the

particle, and we take Mello’s assumptions:

1. B = 0 outside of the gap between the magnets;
2. B, is the only component of any significance;

3. B.(z) = B’(z)z within the gap;

4. translational motion in the y-direction can be simulated with a time-dependent interaction which acts only

during the time when the particle is in the gap; and

5. the x degree of freedom can be ignored.




1. WEAK VALUES 1.1 VON NEUMANN MEASUREMENTS

) =)

Figure 1.1: Stern-Gerlach Experiment Diagram The spin—% particle enters from the left with initial spin

state |1/1§gzn> and travels along the y-axis. It enters the gap between the two magnets (the gray polyhedrons) at
t; — 7/2, and leaves at time ¢, + 7/2. The non-uniform magnetic field within the gap interacts with the magnetic
moment of the particle, causing it to be deflected up if its state is [+)_, or down if its state is |—) . If the initial
state was a superposition of the two spin states, the particle path will be a superposition of these two trajectories.

This gives the model Hamiltonian

; p?

A= i Bo, ()

52
bz / 9751 T(t) ~ 3

P B0 )5 1.1
BBy e (1)
52

= = —eg(t)o.4,

where € = upB.L(0)T and g(t) = M. The function 6, , is an indicator function, which is of unit value when

the particle is in the gap:
1, |t - t1| < %;
0751,T(t) = (12)

0, otherwise.

This simulates the interaction, as we desired in assumption 4. Furthermore, note that

/Ooog(t)dt -1, (1.3)

with the strong assumption that 7 < ;. As such, we can make the approximation g(¢) ~ (¢ — t1) and rewrite the

Hamiltonian as

. p?
H(t)= -2 —ed(t —t1)6.2
2m (1.4)
= Ho+ V(t),
where we have identified Hy = 531 as the kinetic energy operator for the variable z, and V(t) is the interaction itself.

By expressing the interaction in the interaction picture and solving the Schrédinger equation, Mello demonstrates

that the evolution operator taking the particle to t > ¢; is

U(t,0) = e—iI:Io(t—h)/ﬁeie&zﬁ/he—iﬁgtl/h. (1.5)

That particular calculation I shall not replicate, for I have reproduced enough of Mello’s work already.
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Ultimately, this means that the final state of the overall system is

(W(t)) = U(t,0)[¥(0))

—1H0(f t1)/h 1e<rzz/ﬁ —7H0f1/h|w

spm,> |X(O)>

et €6, 2 4 e L v (16)
— emiflot=ti)/hgier 2/ | 5™ po | (0 ) o=ifloti /B (0))
o==+1
_ Z Paz |¢spm> 72ﬁ0(t7t1)/heieaé/h|X(t1)>'

o==+1

As such, the spin state component PZ= |3 has become entangled with the position component e*?%/% |x(t;)).

spzn>
The operator ¢, is a Pauli matrix, which Mello terms the “observable for the system proper,” and Z and p, are

” As such, we consider

the position and momentum operators, which are termed the “probe canonical variables.
e“?%/" |x(t1)) to be the probe state, and we can measure the probe state (in either the position or the momentum
basis) to gain information about the spin state.

In the physical Stern-Gerlach experiment, we would certainly measure the state of the particle by recording
its vertical position upon colliding with a detector screen. However, that involves evolving the position state in
time; without time evolution, the two trajectories will never diverge. However, if we examine the momentum of

the particle, we need not bother ourselves with how the position evolves in time. Let us suppose that Hy = 0, and

take our position state to be a Gaussian with standard deviation A centered at z = 0:

> 1 72:2 A2 o 1 A
=t = [ e T ), an
With Hy = 0, we have U(t,0) = ¢*“?=*/" which means
(1)) = e'“o=*/" [0 (0))

Z sz |wspzn 1€J£/h |X(O)> °

o==+1

(1.8)

This gives us the final probe state

i€cZ i€oZ > 1 —22 2
e x(0)) = e /h/ dZ%Q /48 z)

e 1 2 2\,
_ 7(z /4A%)+iecz/h
= [m dz——= TrAQ |2) .

This makes more sense in the momentum basis, so let us insert the identity:

> 1 (22 %) tieoz >
zeaz/h|X( 0)) = / dz e~ (#7/4A%)+ /h/ dp. |p-) (p=|2)

e~ =2/ p ) (1.10)

> 1 1
_ dz e (z%/4A )+zeo’z/h/ dp.
/_oo V2rA2 o b V2rh

22 )
exp TINZ R (pz —€0) 2| |p2) -
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To go further, we will need to complete the square:
2 iz A A%(p, —e0)?  A%(p, —e0)?

o o e 1 z
iecz/h — - 2 9= _ _
<O /_oodpz/_md“zmwﬁexp[ a7 a0 T W ]'m

— L/Oo dp L eo)?/a(h/20)? /oo ﬁexp Alpz —e0) . = ’ Ip2)
VT ) T/ 2m(R)20)2 oo 2A h 2A #/ -

At this dramatic juncture, we make the change of variables iz’ = —iz% + w, which leads us to

—(p=—e0)?/4(h/20)? _Oo_m(pz_w)/ﬁ_ n—2?
€ (—dz")e™" |p2)
co—iA(pz—e€o)/h
co—1A(p.—eo
—(p=—e0)?/4(n/24)? (beead/n 1,—2" 1.12
dz'e |pz> ( )
—oco—iA(p.—eo)/h

eieoé/h _ L > 1
0= 77 /_oo e o h2A)?

1 [ 1
=— | dpp———-
N /,Oo P an(h 2
_ / I S 2O
— 00 \4/ 27T(h/2A)2

As we can see, the center of the Gaussian has been shifted by eo, so the momentum wave function entangled with

Ip2) -

the spin-up state will have an average momentum of €, while the momentum wave function entangled with the
spin-down state will have an average momentum of —e.

Let us specify that \1/1£,22n> =al+), + B8|-). (where a? + 32 = 1). This turns our final state given in Eqn.

into
[T()) = a|+), €“*/" [x(0)) + B1=), e **/* [x(0)) . (1.13)

Thus, the probability density function to find the particle in the state |o) ® |p,) is

¢(o,pz) = (W(B)] [lo) (o] @ |p2) (p=[] [ (#))

2 2 2
We%pﬂ) 12280 5 1, (1.14)
%e—@ﬁe)?/m/zm?, o=—1.

Our desire is to use the momentum information (the probe state) to figure out the spin, so we should endeavor to
find the conditional probability Z?(o|p,). This function should satisfy ¢(o,p.) = Z(0|p;)¢p. (p2), so we can find

it by determining the marginal probability density function ¢,_(p.), which is

2 2
Gp. (p2) = (+1,p.) + $(—1,p.) = —mmaee e (P27 /202807 B werorm2ar (g5

N PINE o (l)20 )2

This gives us the conditional probability

Z(olp.) = oy (00)

B2e—(Pzte)?/2(n/20)?
aZe—(pz—9)2/2(n/28)2 | B2 —(pz+e)2/2(h/228)2

aZe—(Pz—)/2(h/24)2 o= t1:
é(o,p2) aZe—(p2—02/2(h/28)% L g2o—(pz+e)2/2(h/28)2 ) - )

o= —1.
(1.16)

2

e o=+1;

a2+B2672pze/(h/2A)2 ’

2

52+a262pze/(h/2A)2 ’

o= —1.
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If A — oo (which makes for a very wide position Gaussian, but a very sharp distribution in momentum space),

then our exponentials et2pac/(h/20)°

either explode to infinity or shrink to zero depending on the sign of p,. In
fact, if p, = 0, the exponentials are 1, and we gain no information about our system for any value of A (and the

result is the same as the A ~ 0 case below). Rather, if we assume p, > 0, then

1, o=+41;
P(olp.) ~ (1.17)
0, o=-1,
whereas if p, < 0, then
0, o=+1;
P (0lp.) ~ (1.18)
1, o=-1.

That is, with the peaks in momentum space highly localized around their new centers at e, the final momentum
of the particle is highly correlated with the spin of the particle, so if p, > 0, we know that the particle is spin up,
and if p, < 0, we know that the particle is spin down. This is a conventional strong measurement, as the probe
gives us perfect information about the system.

If instead A = 0 (which makes for a very sharp position Gaussian, but a wide distribution in momentum space),
then the exponentials in the denominators of Eqn. [I.16] will approach 1, meaning

a?, o=+1;

P (olp.) ~ (1.19)
B2, o=-—1.

This is so, because the momentum wave function is so delocalized that it is hard to distinguish a Gaussian centered
at 4+e¢ from one centered at —e. The momentum of the particle after the interaction is barely correlated with the
spin of the particle, so the spin probabilities depend on the initial state, rather than the measured momentum.
This makes such a measurement weak, as it provides very little information about the system state.

This setup can be generalized beyond measuring spin, and we may make the probe more abstract than the
physical position of the particle. To do so, we define the probe canonical position and momentum as ¢ and p,

respectively, and define the inital probe state

o 1 2 2 > 1 2 2
2= [ gm0 = [ e 2

We then define the interaction Hamiltonian to be V() = —ed(t — t1)Ag, where A is the observable for the system

proper. The results of our Stern-Gerlach experiment example extend naturally to this more general system.

1.2 Extracting Weak Values

Suppose our system proper begins in state |¢)(0)), and we make a final measurement that discovers the system is

in state |¢(t2)). We also have an additional degree of freedom in the form of the probe, which begins in state |2),
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as given in Eqn. The Hamiltonian for the combined system is
H(t) = Hyys — €d(t —t1)Aq, (1.21)

where ﬁsys is the Hamiltonian governing the evolution of the system proper, and A is an observable for the system

proper. As such, for the combined system, we have evolve from ¢t = 0 to ¢t = t5 by the evolution operator

U(tQ,O) — e*il:lsys(tgftl)/heiez‘iﬁ/ﬁefiﬁsystl/ﬁ' (122)

At the time of the final measurement, the projection postulate dictates that our combined system, before renor-

malization, is in the state

[6(t2)) (6(t2)[U (12, 0)[10(0)) | 2) = [$(t2)) (@(ta) e~ Heve (2=t hiedi/he=iMeset /1y 1)) |.2) (1.23)

To be compact in our notation, let us define [¢(t1)) = e‘msystl/hW(O)) and |¢(t1)) = e_iﬁsys(tl—tz)/hw(tg)),
which gives us the state

[6(t2)) (@) ™49/ (1)) | 2) (1.24)

We then expand the exponential to get

mz (q) A1) 12) = 6(t2)) (6(t2) (1) Z;H) U0 1) (135

We compact our notation yet again by defining what Aharonov and Vaidman in [4] call the “weak value” of an

observable A:

o(t1)|AlY(t
e = (1:20)
However, in our current state, we have instead the weak value of A7, giving us
1 [ieg , — 1 [ieAuq
() e 3 () H)012) = ot (010 3 (5 ) 2)
=0’ e (1.27)
+1otea) el 3 1 () [ - 4] 1),
j=2

Note that two terms of zero value have been removed from the second sum. However, that is not enough, as we
want to dispense with the second term of Eqn. entirely (see Section [1.3)). That would leave us with the final

normalized state

O | ennarn
ety 1) 2). (1.28)

ieAwd/N wil] shift the momentum state of the probe by €A,,, giving us the final probe state

Note that the operator e

/ ~(p=edu)? 48280 |y (1.29)

\4/ 27 ( h/2A

which can subsequently be measured projectively to deduce information about the system proper.
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The approximation of Eqn. is achieved by manipulation of the coupling constant € and the probe state
width A. Having a very small A means our final probe state will be very wide. For a sufficiently small €A,,, we
will see a large overlap with the Gaussian momentum state centered at the origin, making them hard to distinguish
after a single measurement. By taking the measurement on many identical systems, eventually the distribution of
results may have enough data to extract a clear average momentum, thus revealing the weak value of the observable

the probe coupled to.

1.3 Error Bounds on Equation

The literature prefers to focus on the implications of the weak value approximation, rather than the math that
supposedly validates the approximation itself. I, however, wish to put this math on center stage, and with greater
care, provide a partial validation of the approximation.

In order to get to Eqn. [[.28] we must ensure that the second term of Eqn. [[.27]is small in size. Its norm is

ot (o) S & (S (49— 4t 1] | < 4o zqu1\§j LY [y - 41020 121

=2

(1.30)
The crucial norm of |¢(t2)) ¢/ |2) can be worked on to obtain
[16(t2)) @ |2)]| = V/{6(t2)|6(22)) (214%|2)
¢ _g? — ¢ /
—\// dq/ dq ( 1A )<q|q>
o 2 2 (1.31)
/e (w)
o0 2j _ g2
= 2/ dq a exp< q2>.
0 V2 A2 2A
We then make the substitution z = 2%:2 to obtain
A2(2A2%g
s =
i (1.32)

:Vwﬁw/mmw%r%ﬁ

We desire this form, because the gamma function is defined by I'(j f drx’~le=® [5], so that integral is

L(j+3). Since ' (j + 1) = w\/{' [6] (see Appendix7 we find

)| =A%v(25 -, (1.33)
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which means

oo

|p(t2)) (D(t1)[0(t1) Z

1
:2]

) . j
(59" [ta00a — 2] 12| | < ot 130 YLD (Y oy, )
T (1.34)
As such, if we wish to make the approximation that takes us to Eqn. we need to make the right hand side of
Eqn. negligibly small, which requires us to bound the sum. We can determine A, as we control the preparation

of the probe state, and we have control over the coupling strength €, as we control the experimental setup. As such,

the only two factors of concern are 7”(;1) and ‘(AJ Yo — Ad L.

Regarding the former, it can be shown (in Appendix |[A.2)) that, for any @ > 1 there exists a natural number

(25—
i

k such that < a7/ for all j > k. This is an exceptional decay, stronger than any exponential growth,

so as long as ’(Aj)w — A{U‘ does not grow at a more than exponential rate, the right hand side of Eqn. [1.34] will

VEIZUE <1 for all j € N.

converge. For now, let it suffice that

Ultimately, we need more than just convergence, which requires us to know how (Aj)w — A{U‘ behaves. There
are levels of complexity to this, the simplest being if either [¢)(¢1)) or |(t)) is an eigenvector of A. In this case,
A, is simply the associated eigenvalue (unless of course |1(¢1)) and |¢(¢1)) are orthogonal, in which case the probe

= 0, and no

state is not shifted). The weak value (A7), is this eigenvalue to the jth power, so ‘(AJ Yw — Al
approximation is necessary.

Increasing the complexity, let us consider bounded operators. The operator norm is defined by ||/1Hop =

IN

supy (<1 [A ) || (I7] page 167), and thus ||A[¢) || < [|A]|op|| [2) ||. This adds the convenience that [|A™ |1)) ||
|A]|op[A 1 ) || < -+ < ||A||gp|\ [¢) ||. As such, we can apply the Cauchy-Schwarz-Bunyakovsky (CSB) inequality

to the absolute value of the weak value of A" to find

o | [ | IS LA™ W) 1 _ 511 I9E0) 1LY |
4 )w“‘ GED0) ‘S owwent < M Gy

As a result,

(A7), —Az;\ < ](Af>w\ + 1Al

| I 1] [ (t
| {p(t1)]2

) 1Y
V() | ) (1.36)

W a6
ol *""”'W( 60t

1A,

—( T )
— TR @D T@E)l(E)

and since | (¢(t1)[¢(t1)) | < 1 we know that - for all j € N. This allows us to implement

\<¢(t1)|w(t1)>| = \<¢(t1)\w(t N

the (very loose, but conveniently simple) bound

(A7) = 4,

lAlly Y’
=7 <| G (E) |> ' (37
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With this, Eqn. becomes

o~ 1 ieq ’ Ad J €A |A||0p ’
|6(t2)) <¢><m>\¢<m)>§jﬁ (h> [(A Jo — A ] 22( W) 7 (1.38)

Jj=2
thus, we have a geometric series, which we can shrink as much as we need. Let r = <= W < 1, and note
that
o0 (o)
. . 1 1—r2 r?
J_ I 1= — = . 1.39
Z " Z " A D 1—-7r (1.39)
Jj=2 J=0

We want to make 22;’;2 rJ < 1, so this requires 7 r? - < 2, or in other words, r2 + 7‘ -3 << 0. This is achieved
when r < %, which tells us that we must choose € and A such that

| {p(t)[(t)) | 1

eA K a .
IAllop 2

(1.40)

Next, we have to deal with unbounded operators, which is a more complicated notion. Here, we have to use
more knowledge about the input and output states, |¢)(¢1)) and |¢(¢1)), which in turn divides into two cases: states
with compact support in the state space and states without.

Let us assume without loss of generality that [1(¢;)) has compact support, particularly when represented in the

eigenvalue spectrum of A, denoted sp(fl). Thus,
wie)) = [ davla) o). (141)
a€sp(A)
and let supp(¢)(a)) = {a € sp(A) : 1(a) # 0} be the support of the wave function ¢ (a). It follows that
)= [ da v o). (1.4
a€sp(A)

Since supp((a)) is compact, we can define a4, = sup{|a| : a € supp(¢»(a))}, which will be a finite quantity, and

thus

2

1A [(t)) 11? = ‘

/ da (a)a” |a)
a€sp(A)

_ / dd! / da " (a'b(a)a"™a™ (' |a)
a/esp(/i) aGSp(A)

:/ da |¢(a)|2a2n (1.43)
a€sp(A)

< a?" da a)l?

<an, / L da @)

maz|||w(t1)>||2
As such, || [(t)) || < aZas || (1)) [, and so
AW 1 1 o
(@), - 4] < <| N T ) j) maz- (1.44)
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This allows us to bound our error effectively by choosing € and A such that

ol

eA K
amaffl 2

(1.45)

Without compact support, I am unable to conjure such sweeping generalizations. It would be nice if normal-
ization of our states kept the growth of (/13 )w in check, but the right observable can put that in jeopardy. For

instance, suppose |[¢(¢1)) is a Gaussian in position space, much like our probe state |2):

() = [ dome ). (L46)

If we operate on this with the observable eX /4, then eX /4 |t(t1)) is no longer normalizable. Now, just because
HeX2/4 |w(t1)>H is infinite does not mean that |¢(t1)) won’t keep (6X2/4) finite, but losing the bound provided
by CSB is not promising. ’

We can add assumptions to try and bound |(AJ )w|. The simplest is to assume | A4,,| < oo, which is only natural—
if it weren’t true, the approximation we want to reach in Eqn. [I.2§ would be utter nonsense! We may also claim
the stronger assumption that <121) and AA are both finite, which is also reasonable. Presumably, the initial state of
the system [1)(to)) was set up with sensible statistics, and thus defined expectation value and standard deviation.
This in turn tells us (via CSB) that | (¢(t1)| A1 (t1)) | < (¥(t1)|A2|1(t1)), which allows us to bound |A,|. Similarly,
if we could bound (1)(t1)|A% |4)(t,)), then we will have a bound for |(A7),,|. We know from Eqn. m that

el ) = [ dalpta)ia (1.47)

a€sp(A)

so we need |¢(a)|? to decay faster than any degree of polynomial just to keep the expression finite. We need a more
specific function to make the expression bounded in a useful way, but this gives us a fair test bed.

In their work on the matter, Aharonov and Vaidman came up with the condition

s TG/2) |y a
(24) (j_Q)!’(A Yo Aw‘<<1. (1.48)

Due to notation differences (their use of natural units, and writing the probe state in function notation), my
expression was not going to look the same as theirs, but exactly how they came up with their version is still a bit
arcane. They do not provide a calculation demonstrating the emergence of this condition, and attempts to work
from Eqn. to Eqn. m (or in reverse) do not appear to end up in the right place. Not to mention, their
condition is not stated particularly carefully; just making each term of an infinite sum very small is not sufficient

to make the sum itself small, especially in the absence of a discussion of the growth of the terms.




Chapter 2

Optimal Estimates of Probe Interactions in the

Nested Mach-Zehnder Interferometer

Abstract

The feedback compensation method effectively attempts to correct for the disturbance an auxiliary qubit experi-
ences in a weak interaction with a quantum system. Optimally estimating the required amount of compensation
allows the disturbance to be minimized, suggesting that the estimate characterizes the weak interaction to a good
approximation. The weak value of the system observable to which the qubit is coupled naturally arises operationally
as this optimal estimate (at least, the real part of the weak value does), which dispels concern that weak values
only arise as a result of averaging over ensembles. However, by my understanding, it does not dispel the ability to
ascribe weak values to interference effects, leaving that avenue of explanation open. I also show that the method
continues to hold up in the specific situation of the nested Mach-Zehnder interferometer, demonstrating that weak
values do characterize its weak interactions. Still, it is an approximation, and it does not necessarily necessitate

the contentious interpretation of a discontinuous trajectory.

2.1 The Feedback Signal

Consider a quantum system with observable A, which interacts with an auxiliary qubit (which we shall call the

‘probe’ for forthcoming reasons) via the interaction potential

V(t)=ed(t —t1)A® 6., (2.1)

where € is a parameter controlling the strength of the system-probe coupling, &, is the Pauli operator diagonal in

the computational basis {|+),,|—),}, and ¢; is the time at which the interaction occurs. The delta function can

01, (1)
T

be thought of as a limit of the function as the duration of the interaction 7 goes to zero, as was discussed
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in Section Clearly, V(t) must be an energy, but &, is unitless—perhaps it arose from the spin operator S’Z, but
the factor of % was absorbed into €. As a direct result, €A possesses the dimensions of angular momentum, and thus
% is the average rate of change in angular momentum during the interaction—a torque. The interaction potential

can be seen as exerting a torque on the qubit probe state. The question is, how do we estimate this torque?

The interaction potential leads (via calculations in the interaction picture, as demonstrated for a similar system

in [3]) to the unitary operator

Usp = e IRABT: (22)

If we knew the value of the total change in the qubit’s angular momentum—it is proportional to €, so let us call it

e A—we could apply the unitary operator

Uy = e'7A% (2.3)

which would turn the qubit back to its original state. Rather than presupposing knowledge of A, we can use this
compensation scheme to find the change in angular momentum. If we try different values of A and find the correct

one, the lack of disturbance in the qubit probe would indicate our success.

We will need information to make our estimations of A. One valuable piece of information is the initial state of
the system, represented by the density operator pg, and we can gain another piece by measuring the system after
the probe interaction. The most general measurement is represented by the POVM with operators {Eg(m)}m, each
keyed to an outcome indexed by m. Our estimation of A is a function of these outcomes: A(m). Now, depending

on what our measurement outcome is, we apply the operator

Uz (m) = e'#Ama:, (2.4)

which should compensate for the change in angular momentum to a degree dependent upon our choice of estimation
A(m). For the best sensitivity to this operation [§], we initially set the probe in the state |+), = %(H—}Z +-).).
This gives us the initial expectation value of (6,) (in) = 1, and any deviation from this at the end (quantified by
1—(6,) (out)) will indicate how well our compensation (based on feedback from the measurement) worked to reset

the probe. The feedback compensation scheme is laid out in circuit form in Fig.

2.2 Optimal Estimates

Any function A of the outcome m serves as an estimate of the change in angular momentum, so we desire the best

function for making this estimate, which would be the function that minimizes 1 — (5,,) (out). Over the course of
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Outcome
Input pg E— A Es(m)
i Usp Feedback
| —A(m)
Probe Qubit |+)_ : o Uz (m) 1 —(64) (out)
t‘o t1 [2)

Figure 2.1: Feedback Compensation Setup This is a modification of Fig. 1 from [8]. After the system
and probe are initialized at to in the composite state ps ® |+), . (+|, they are entangled at ¢; by the unitary
operation Ugp = e~ "% 4®% hefore a POVM with operators {Eg(m)},, occurs at to, the result of which is m. The
estimation A( ) is made based on this outcome, and fed back into the probe qubit via the unitary operation
U z(m) = e’ 7 A(m)&=  Ultimately, the probe is measured in the Hadamard basis, and the deviation of its expectation
value from that of its original state is calculated.

the feedback compensation protocol, the system evolves in the following manner:

= 0SPﬁS ® |+), 1<+|ﬁgp (2.6)
= Z S e s @), (kle' T AR,
j +1k==+1

ZUZ \/ )USPPS®‘+>xx<+‘USPmUz( ) (2.7)
— 5 Z Z Z ) /Es(m)e—i%[A—A(m)]jﬁS ® |]>Z Z<k|ei%[A—A(m)]k /Eg(m).

m j=+1k=%1

Taking the expectation value of &, at the end nets us

(64) (out) = Tr{p26.}

1 - i m o
=32 5 5w {Bstme s Ampgesta-amie [Egm b wi ).

m j=+1k==41

_ %Z Z Z Tr{efi%[AfA(m)]j geiFIA—A(m )]kES(m)}5k,—j

m j=+1k==+1

— 52 3 Tr{6%[14*14("1)]’6,556%[A*A(m)]kES(m)}

m k==+1

(2.8)

Expanding this to the second order in € brings us

0.1 o) = 5 50 5 e (14 i A = Al = o5 1A - AP s |14 0514 = Ak = s 4 AP Bsom) |

m k==+1

~1-S Y {;m — A(m)2ps Bs(m) + [A — A(m)]ps[A — A(m)|Es(m) + > ps[A - A<m>12Es<m>} .




2. OPTIMAL ESTIMATES 2.2 OPTIMAL ESTIMATES

To consolidate terms and push beyond this, we need to expand the terms with [A — A(m)]? in them:
ST {[A - Am)PpsEs(m) + pslA — A(m)2Es(m) } = S Tr {[42 = 244(m) + 4%(m))ps Es (m)
+ps[42 — 24 A(m) + A%(m)] Es(m) }
= Tr {/12[)51775 (m) + ﬁsAQEs(m)}

+23 T { [_ApSA(m) — A(m)psA + A(m)ﬁSA(m)} Es(m)}

— 23 T {[ApsA — ApsA(m) — A(m)ps A+ Am)psA(m)| Es(m) |

+23 T {[A— A(m)lps[A - Am)] Es(m) } .

m

(2.10)
As such,

(62) (out) ~ 1 =215 >~ T {[A — A(m)]ps[A — Am)| Es(m) } (2.11)

We now see that 1 — () (out) is proportional to the quantity >  Tr {[/1 — A(m))ps[A - A(m)]ES(m)}, which
is a generalization of the square of the statistical deviation of A from the estimate [9]. This can be seen as a
generalized version of Ozawa’s measurement accuracy |8, [10]. It is worth noting that, without measurement and
feedback compensation, the place of this statistical deviation is taken by the mean of the square of /1, which is the

standard deviation of an observable of zero mean:
(64) (out) = Tr{p16.}

1 _i€Ai~ i€A A .
=5 2 > Tr{e s B (ko).

j=*x1k=%+1
_ 1 €Ak~ it Ak
=3 X:Tr{eﬁ pse’r }
k=%1 (2.12)
2
~ € i2
~1-— QﬁTr {A pg}
PRyt
=125 (4%)
€2 Ao .
=1 2ﬁ(AA) if (A)=0

Returning to ), Tr {[A — A(m)]ps|A - A(m)]ES(m)}, we want to minimize this quantity to reduce the dis-
turbance of the probe state. For this, we will want to expand:

S {[A - Am)lps[A - Am)Es(m) } = (42)+> (= Am)Tr {ps(Es(m)A + ABs(m)] } + A2m)Te { psBis(m) } ) -
" " (2.13)
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It is spatially convenient to define the quantity Ayp(m|ps) (mimicking the notation of [9]) as
Tr { ps[Bs(m)A + ABs(m)]}
2T { ps Bs(m) }
where “opt” stands for "optimal estimate," for reasons to follow immediately. Our expression is now

> {[A— Am)lpslA — A(m)|Bs(m) | = (4%) + 3 Tr { psBs(m) | (~A(m)24op(m|ps) + A*(m))

: (2.14)

Aopt (m|ﬁ5) =

= (A% + 3" Tr {psEs(m) | [(A(m) — Agpi(mlps))* = A, (mlps)] .
(2.15)

which allows us to see that A(m) = A,pi(m|ps) minimizes the disturbance of the probe state.
When the system is in a pure state pg = |1) (1| and the final measurement is projective (Eg(m) = |m) (m)),

the optimal estimate is the real component of the weak value associated with the observable [4]:

Tr ¢ [9) (@] [[m) (m| A+ A|m) (m]]
Aopt(m 7/) = { } = 1

2Tr {[9) ([m) (ml} 2

<<m|A¢> (| Ajm)

1 ) Re
(mlv) wm>>—2mw+A0—RL%}

(2.16)
Moreover, if the weak value is real then the disturbance to the probe state when A(m) = A,p:(m|¢) is found to be

Zero:

ST {[A - Am)lps[A — Am)|Es(m) } = (4%) = 3" T {psBs(m) | AZ,,(m] 1)

i S 1AL (ml A

= ) = 2l P ) (217)
_ (A7) - (A7)

=0.

We can see that the best estimate of the change in angular momentum due to the weak interaction is proportional
to Aopi(m|ps), and for Ayp(ml|ps) = A, € R, the compensation is perfect to second order. A further possible
interpretation is that the observable A is behaving as though it took the value A,, during the weak interaction, which
leads to the contentious conclusion (adopted by [4] and many others in a particle presence context [1T], 121 13 [14])
that A actually takes the value A,,, which is not necessarily one of its eigenvalues—nor necessarily even within the
bounds of its eigenvalue spectrum!

When an observable A is acted on a state |1}, the outcome of this action is most naturally characterized in the
eigenbasis {|a) }4:

ALy =3 Ala)(aly) =) alaly)]a). (2.18)

a

However, we could just as well characterize it in some other orthonormal basis, such as {|m’)},,

Ay = Ajm') (m'|y) . (2.19)
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This second way gives one interesting view of a weak value:

A, = {mlAl) = Z (m|A|m/) <m/\¢> (2.20)

(mly)

In this way, a weak value captures matrix elements of A in the basis {|m’)}n along row m, weighted by their
contribution to |¢) and normalized by the contribution of the postselection |m). Note that the implicit assumption
(m|th) # 0 ensures that (m|A|m) is a term of the sum. When the postselection is done in the eigenbasis {|a)}q,

which diagonalizes A, we have (a|A|a’) = ad,.q, leading to A, = a.

It would appear that postselection in another basis causes the weak value to incorporate more than is captured
by a single eigenvalue, but why this is the case is part of a contentious interpretational topic. Hofmann [8] presents
the results of feedback compensation as an additional tool for trying to divine the nature of the weak value. In
particular, compensation helps to allay concerns that the weak value arises from a statistical average of outcomes.
When compensation is perfect, there is only one outcome for the auxiliary qubit, given a particular postselection

(as (6;) =1 means &, =1 and Z_ =0).

Additionally, the feedback compensation setting allows for weak values to be operationally defined, independent
of one’s assumptions about quantum measurement physics. This specific rationale is used by Hofmann to criticize
arguments that ascribe the appearance of weak values to interference phenomena. That being said, one need
not go farther than Hofmann’s assumptions about the nature of the weak interaction (being in the unitary form
e*"%A@&Z) to see interference. Consider the weakly coupled system and qubit, with its state grouped by the

contributing eigenstates of the observable A:
e iR ABG: ) ), = Z |a) (a|ih) 729+ I+, - (2.21)
a
We can instead group the states by the eigenstates of an observable M to be used in postselection:

e FAST ) |4, = D" [m) (mla) (alp) e TE |4, . (2.22)

m,a

We can see at this stage that the factor (m|a) bundles together the eigenvectors of A by their presence in |m),
while the term (a|t)) weights each eigenvector by its amplitude in |¢)). For a weak enough interaction (using the

principle of a simplified derivation of weak values [I5]; see my examination of its applicability in Section |B.2)), we
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can approximate the exponential as linear, giving us
_ L€
8o 1y |4) Z m) (mla) (als) (1 - zﬁa0z> +), (2.23)

—Zlm [mlw —Zﬁ<m| <Za|a>< > [¥) 5

a

[+)e

=22 Im) [(miv) —zf<m|A|w>az} ).
= 2 Im) () (1= 05 Ay (ml)e.] 14),

~ Y (mly) fm) e AT )

In wave mechanics, interference happens when the individual contributions of waves in a superposition are added
together. Similarly, the eigenstates of A found in superposition in a postselected state |m) all add up to create the

ultimate effect of rotating the qubit with e~% 4= (%)%= which is also an expression of interference.

2.3 Application: Nested Mach-Zehnder Interferometer

The nested Mach-Zehnder interferometer (setup depicted in Fig. is a prime example of the strangeness that
accompanies the interpretation of weak values. Using the criterion (espoused in this situation by [IT], 12} [13]) that
a particle is present where the weak value of its position projector is nonzero (and absent when this weak value is
zero), and setting up weak probes (auxiliary qubits) in arms A, B, C, D, and E, one would conclude (see Equs.

C.45HC.50] and [C.59}{C.64)) that a particle (entering from S) that ends up being detected in exit channel F or G

was in paths A, B, and C, but not in D or E. This suggests that the particle somehow was present in the inner
interferometer (B and C) without entering (D) or leaving (F)—a discontinuous trajectory.

This bizarre assertion is generally shown by calculating the forward-propagating particle state (Eqns. |[C.29
C.36) and the backward-propagating state of the particular postselection (Eqns. for F, for
G, and for H) as though there were no disturbance from the probes. It is generally assumed that the
interactions are weak enough to allow this, but it can come across as careless, particularly when ignoring the effects
of multiple probes on each other (see Appendix. By applying the feedback compensation method and minimizing
the effect on the auxiliary qubits, I calculated the estimates characterizing the interactions with the weak probes
without ignoring all but one of them at a time.

Using five probes, the most direct comparison to the original method would be to define the observable 6, p ®
Gp,A ® 0p. B @ Gg.c ® 65 (where each operator is indexed by the arm of the interferometer its target qubit is
meant to interact with) and minimize the quantity 1 — (64, p ® 62,4 @ 04,8 @ 04,c Q 64 5) (out). The gory details

are left to Appendix [C] but the ultimate result is that the optimal estimates are those expected from the weak
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Figure 2.2: Feedback Compensation for the Nested Mach-Zehnder Interferometer A quantum particle
enters the interferometer at tq through channel S, with all ancillary qubits in state |+), . Horizontal and vertical
solid lines denote paths through the interferometer setup. Slanted solid lines indicate beam splitters, while thin,
slanted rectangles indicate mirrors. Slanted dashed lines indicate lines of simultaneity (thus the horizontal and
vertical dimensions are not drawn to scale). Note that the time step from ¢7 to tg is not characterized by unitary
evolution. At the boxes labeled F , é, and H , the particle’s presence in the associated arm of the interferometer is
projectively measured and subject to a unitary feedback operation. Paths are denoted by the mirror they bounce
off of (D, A, B, C, E), the final, non-ancillary measurement they are subject to (F, G, H), or a free letter (S, R,
Q) if they represent entrance channels. Path labels do not transfer through beam splitters. At the boxes labeled
6z, the ancillary qubits are measured projectively in the Hadamard basis.

value approach, as given in Table In the case of optimal compensation, the disturbance is reduced to zero (see

Eqn. |C.23)), which is what we expected of real weak values in the simplified case (Eqn. [2.17).

’ POSt H Dopt ‘ Aopt ‘ Bopt ‘ Copt ‘ Eopt ‘

2 B2
Flo [ [T o
G o] 1] 5 [-3] 0
H] 1 ] o] 5 | 3]0

Table 2.1: Optimal Estimates for 5 Probes Taking these quantities to be the estimates
D(-), A(-), B(-), C(-), E(-) for a given postselection will minimize the disturbance in the qubits captured by

Eqn. These match the weak values derived in Eqns. [C.45HC.50} [C.59[{C.64] and [C.73}{C.7§]

This method also supports an alternative version of the setup proposed by Griffiths [I6], who suggested replacing
the probes in the arms B and C with a single probe W that measured the projector W = B + C—it checks if the
particle is in the inner interferometer without determining which arm it is in. When this probe is used, the optimal
estimate of the interaction in the inner interferometer vanishes for the postselections F' and G, which means the
particle presence criterion would suggest that the particle behaved more intuitively, being only in A for its entire
trip through the interferometer. It only passes through the inner interferometer on its way to H, which is what the

tuning of the interferometer was designed to accomplish. The estimates for the other probes do not change (see
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Table .

| Post || Dopt | Aopt | Wopt | Eopt |

F 0 1 0 0
G 0 1 0 0
H 1 0 1 0

Table 2.2: Optimal Estimates for 4 Probes Taking these quantities to be the estimates D(-), A(-), W(-), E()
for a given postselection will minimize the disturbance in the qubits captured by Eqn. [C.:28] These match the weak

values derived in Eqns. (3.49|, U.63|7 and U.??}

Compared to the state of the five probe system at t; (Eqn. [C.15)), the state of the four probe system (Eqn.

IC.206) is far simpler, allowing easy calculation of the probabilities for the different postselection outcomes:

Pp = {Frlpr) |? = o, (2.24)
P = |(Grlyh) [P = o2, (2.25)
Py = | (Hr|v7)|* = 52 (2.26)

In contrast, the probabilities for the postselection outcomes under the five probe setup (deduced from Table [2.3))

are
4 2
P~ al %% (2.27)
042 2 62
P~ o?p% + 25 ﬁ, (2.28)
ﬁQ 62
Py~ B2 — T (2.29)

It would appear that a little bit of probability has been stolen from H and split between F' and G, which suggests
the possible interpretation that actually distinguishing the B and C' paths leads to diverting particles that would
have gone on to H.

Now, one may justifiably wonder at my choice to ensure that (G, p ® 6,4 ® 62 B ® 62.c ® 64.E) (out) = 1,
as the operator has a larger eigenspace for the eigenvalue 1 than just the state |[+), p[+), 4 [+), 5 H)ec )5
Indeed, if any two or any four of the constituent qubit states are |—)_ instead of |+) , then the outcome of the
measurement is still 1, which calls into question my findings!

To address the issue, I went ahead and calculated the full probability distribution for the measurement of the

output channel and the qubit states (Eqns. [C.84] [C.85] and [C.86)), and found that my earlier optimal estimates

still held true. As can be seen in Table 2.3] applying no compensation leads to only single-qubit flips.

Of course, examination of my calculations will reveal that I did all of my work out to second order in €, as
before, and double-qubit flips are all fourth order effects. As such, if significant disturbance must mark passage
through the inner interferometer for the particle to reach F or G, then detection of passage through D or F is

such an unlikely event, that the disturbance of the particle’s passage is best estimated as negligible. If a higher
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’ Post (-) H Compensation \ PO t+++ \ D)ttt \ P()4—t++ \ P (bt —t+ \ P4+t ‘
F Optimal at+ Z o 0 0 0 0
€2 &2 12 12
F None ot (1 — h—z) 0 a4ﬁ %ﬁ %ﬁ
G Optimal a?p? (1 + %;72) 0 0 0 0
202 202
G None a?3? (1 - %;Tz) 0 a252}% azﬁ %z a2B ,5722
. 1 62
H Optimal 52 (1 —ig 0 0 0 0
H None B2 (1—%%) 2;—22 0 %2%2 %2;72

Table 2.3: Probabilities With and Without Compensation The probability &) rim, of finding the system
in the state |(-)7) [7), p [K)z 4 [0, 5|M), o In), p With or without optimal compensation (as given in Table [2.1)).
Probabilities not listed on this table are all zero.

order in € were accepted in the calculations, perhaps corrections to the estimations would be seen that would lead
to nonzero compensation being needed in D and E.

To low orders, however, there is no flaw in the use of weak values as optimal estimates characterizing weak
interactions in the nested Mach-Zehnder interferometer setup. Indeed, if one takes the probe states entangled with
output |F7) (see the first term of Eqn. and expands the exponentials to create superpositions of flipped and
unflipped qubit states (done in Eqn. , one will see that the resultant state matches the similarly treated pure
state with each qubit evolved based on the associated weak value (Eqn. . This suggests, for a weak enough
interaction, that weak values are not found as the result of statistical averaging of results—at least, to a good

approximation.




Chapter 3

Consistently Weak—Interrogating Weak

Measurement with Consistent Histories

Abstract

Consistent histories, a formalism generalizing the Copenhagen interpretation, has been used to examine the eccen-
tricities of weak values, and conditions have been derived showing an incompatibility of strange weak values with
consistent families of histories for a quantum system. Herein is briefly laid out the consistent histories formalism,
as well as a restatement of prior small results mixing the theory of weak values with consistent histories. Following
that, I construct a modest extension, presenting a mixture of weak values and consistent histories that includes
a weakly coupled probe in a composite system and accounts for its end state when reasoning about the viable

histories of the system.

3.1 Introductory Remarks

Applying consistent histories to the task of understanding weak values has been done before. Kastner [I7] demon-
strated that strange weak values of projection operators lead to inconsistent families of histories, and Griffiths made
mention of this as well on the 10th page of his dive into the nested Mach-Zehnder interferometer [16]. A focus
on projectors is reasonable for consistent histories, but it doesn’t fully address the entire gamut of weak values—a
gamut that includes weak values of more general observables. As such, I intend to press through calculations of
consistency with an additional term for the weak probe, and see what obtaining a particular weak value implies.
There are many great resources for understanding consistent histories, including Griffiths himself [18], which
cleaves closer to Kastner’s use of the approach. Another extensive source that uses notation I prefer was written

by Hartle [I9] (although I do trade my definition of the class operator Cy, with that of its adjoint, which I learned
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from [20, 21]). By far, the presentation closest to how I approach weak values in this work was written by some

screwball who couldn’t take scientific writing seriously [22].

3.2 Consistent Histories in Brief

The purpose of consistent histories is to generalize the standard Copenhagen interpretation to a state where rules
exist to determine when the outcomes of a quantum system can appropriately be assigned probabilities. The
Copenhagen interpretation by itself requires the notion of measurements in order to assign probabilities, limiting
its application to a universe containing a classical realm of measurement apparatuses and researchers that interact
with quantum systems to cause state collapse. In the early universe, before the emergence of the classical domain,
the Copenhagen interpretation cannot really be applied, hence the rise of consistent histories out of the needs of
quantum cosmologists.

The main object with which a consistent historian works is a history, which is a time-ordered set of projectors
for a quantum system. Each projector corresponds to a value or set of values for an observable of the system, thus
the history specifies what values the system’s observables take at each accounted-for time. Generally, one works
with coarse-grained histories, which specify values of observables for only a subset of important timesﬂ Consider
the coarse-grained history

h={PA(tr), PP (t2), PC (1)}, (3.1)

which indicates that the observable A of our system takes value a at time tq, B takes value b at to, and C takes
value ¢ at t3. The values of observables are not specified between the indicated times, hence its coarseness. This
is not the only history of the system, but simply a single branch of possible events among possibly many others,
specifying different outcomes for the observables (see Fig. .

Once we have gathered the full set of histories for a system, we must make sure the set is exhaustive—containing
all possible histories the system could experience—and exclusive—containing only distinct histories—before we can
begin calculations to assign probabilities to each history. Consider the outcomes of the system depicted in Fig. [3.1]

grouped by time of applicability and represented by the associated projector:

AA ~ 2 ~ 2 A P A . oA

{{PA(0), P 0), B ()} AR (1), B (12)} APE (1), PE (1)} } (3.2)

For the set of histories for this system to be exclusive and exhaustive, I should be able to select one outcome for

each time, say a’ at t1, b’ at t5 and ¢’ at t3, and have a history in the set which represents it. That is to say, if the
history

I = {P(t), PF (t2), PS (t3)} (3.3)

were not in the set, I would not have an exhaustive family.

1By contrast, a fine-grained history would specify the values of observables at every instant, but such a history would be more
exact than we need for most practical purposes, and indeed too exact for the theory to assign a probability to it.
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Figure 3.1: Branching Histories Here, we illustrate a set of histories in which an observable A (which can have
the value a, a’, or a”) is considered at time ¢, an observable B (which can have the value b or ') is considered at
time 9, and an observable C (which can have the value ¢ or ¢') is considered at time ¢3. Each path—or branch—
represents a history in the set. The dark branch is the particular history A, wherein A takes value a at t1, B takes
value b at t5, and C takes value ¢ at t. Later, we will learn that being able to meaninfully assign probabilities to
histories in a set such as this depends on whether or not the discrete branches evince quantum interference. This
figure is reproduced from [22] by the reflexive property of permission.

As an exclusive and exhaustive family accounts for all outcomes of an observable at a time, we can sum over

all of the available projection operators for that time to attain the identity. For the example given by Fig. we

have
[=PA+PA+ P4, (3.4)
I=pPP+PB, (3.5)
=B+ PS. (3.6)

We can coarse-grain over a collection of outcomes by performing this addition, which creates a new family of

histories. For example, consider a family that selects outcomes from the set
{{PA@), P + P ()1 AP (12), BE (12)}, 1P (1), P (1)} (3.7)

Histories in this family can specify that A takes the value a, or that it takes one of the two values a’ or a”, without

making a distinction. We could also consider the family selecting from

({1t} AP (12), B (1)} APC (1), P (1)} } (3.8)

where histories do not specify the value of A at time ¢; at all. This could be represented by removing the time
t1 from the set entirely, which is the sort of coarse-graining already done in the family from Fig. 3.1} where the
outcomes from the times between ¢y, t1, to, and t3 are not specified.

There are further representations of histories beyond sets of projections. First, we can express a history as a

class operator, which is the time-ordered product of the projectors in the history. The class operator for our history
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h is

>

G = PA (1) PP (12) B (13). (3.9)

The class operator can be applied subsequently to the creation of the branch wave function, which is the wave
function of the system acted on by all of the projectors, achieved by applying the Hermitian adjoint of the class

operator. For our history h, the branch wave function is
[on) = CF ) = P (t3) P (b2) P (1) ) (3.10)

The times listed are not just labels; consistent histories operates in the Heisenberg picture, so time dependence is

centered in the operators, rather than in the wave function. As such, we can also express our history as

) = U (t,t0) PEU (t3, t0) U (to, ) PP U k2, 10) U (b1, 10) P U (11, 0) [¥) G
= Ulto, t3) PEU (13, 1) BT (02, 0) PLAT (0, 10) [0)

in which we can see the state evolving from [¢) at ¢o until ¢;, where it meets the first projector specifying a value

of one of the system’s observables, then evolving to t5, where it meets the next projector, then evolving to ts3,

where it meets the final projector. The apparent backward evolution U (to,ts) at the end is an artifact of using the

Heisenberg picture, and the arbitrary global phase it imparts will cancel in our subsequent calculations, with no
effect on our results.

The final object to construct is the decoherence functional, which contains the information of whether our

histories can be assigned probabilities, and what those probabilities are when they exist. For histories h and h’

that can be expressed as branch wave functions (ones with pure initial states |1)), the decoherence functional is

simply an inner product:
d(h, h') = (nrlton) = ($ICw CHI) (3.12)

For an exhaustive and exclusive set of histories {h}, the decoherence functional is normalized:
> d(h i) =1. (3.13)
h,h'e{h}
There are a few subtly different choices of consistency conditions, but I shall go with the simple “medium decoher-
ence” condition: d(h,h’) = 0 when h # &' |2I]. When this is satisfied, the decoherence functional is diagonalized,
and we say the family {h} is consistent. In this situation, the diagonal entries are all that remain, and are still

normalized. For our particular example history h, we have
d(h,h) = (Y lin) = (BICLCLIW) = (BIBAE)BE (t2) BE (t3) BE (t3) PP (t2) P (11)]0) (3.14)

which is the von Neumann-Liiders rule for the probability of a particular sequence of measurement outcomes (a the

result of measuring A at t1, b the result of measuring B at ty, and ¢ the result of measuring C at t3) given the initial
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state |1) [23] 24] (for a simplified derivation of the two-measurement case from the Born rule, see [22]). However,
we have not actually insisted on measurements taking place to get this result from the decoherence functional.
This is where we see the power of the formalism. The von Neumann-Liiders rule may be able to calculate a
probability, but it does not in and of itself determine whether it is appropriate to calculate a particular probability
for a given system. The decoherence functional, when diagonal, lets us know that probabilities may be assigned,

and what the probability & (h) is for each history h:
d(h, h/) = 6h7h/<@(h). (3.15)

If this condition is not satisfied, the entire decoherence functional will remain normalized, but the diagonal elements
may not, and will not be probabilities. The von Neumann-Liiders rule-like expressions are still calculable, but they
do not reflect the outcomes of the system.

As an example, we can examine the double-slit experiment. We start with a quantum system in state |¢) at
time tp, pass the system through a screen with two thin, parallel slits in it at time ¢;, and then have it collide
with a final screen at to to measure its final position (see Fig. . For a particular end position y; on the final
screen, there are two histories we could establish, the first being h, = {PXu(tl), I:’q}; (t2)}, which specifies that the
system passes through Auwu, the region of the upper slit, before reaching the final position. The second history
is hy = {le(tl), Pyl; (t2)}, which specifies that the system passes through Al, the region of the lower slit, before
reaching the final position. We may attempt to calculate the probability of both with the von Neumann-Liiders
rule, obtaining 9, = (| PX,, (1) P) (t2) P} (t2) PX,, (1)) and Py, = (| PX,(t1) P} (t2) P} (t2) PX, (1) |). If we

wanted to find the total probability of reaching the end position, &, ., we would be sorely tempted to just add

Yro
the probabilities of these two histories, but we must be careful to determine if that is appropriate. The sum
P, + Pn, would be the probability density arising from a superposition of single-slit patterns from each of the
slits, but we know for a fact that the interference pattern of a double-slit experiment does not arise in this way. Let
hy, = hy +h = {PXu(tl) + PXZ (t1), }5yYf (t2)} be the history specifying that the system passes through the slits at
t1 without specifying either slit in particular. If we calculate «@hyf via the von Neumann-Liiders rule, we will get a
more complicated interference pattern, and see (in Fig. that ‘@hyf = Ph,+h, 7 Ph, + Pp,. The decoherence
functional would have warned us of this, as d(h,, h;) # 0, which tells us that the family consisting of {hy, h;} is

inconsistent. We must coarse grain to the family {h,,} to get consistency and thus be able to assign probabilities

to outcomes.

3.3 Weak Values and the Consistency Condition

Say we are given a quantum system in initial state [1)(¢o)) at time ¢y that is postselected at time 5 to be in the final
state |¢(t2)), thus its history includes the projector [|@(t2)) (¢(t2)|](t2). At the intermediate time t;, we want to

know if the system is in some subspace A of the eigenspace of the observable fl, so we specify the history further by
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Ul(to,t1) Ul(ty,t2)
r=0 " p¥ or P, BY Phit P P

Y vr

Figure 3.2: Double-Slit Probability Distributions In this figure, the z-axis is horizontal, and the y-axis
is vertical. The incident wave function |¢) passes through two slits at time ¢; and reaches height ys on the
detector screen at time t5. The intervening moments during which the system undergoes unitary time evolution
are marked by the associated propagators (U(to,t1) and U(t1,t2)). On the right, two probability distributions are
depicted: the sum of the probabilities for the individual histories h, and h;, which consists of two overlapping
single-slit probability distributions, and the probability distribution of the history h, ., which demonstrates the
typical double-slit interference pattern. Clearly, the two are not the same, but the von Neumann-Liiders rule allows
us to calculate either. The advantage of the decoherence functional is that it would evaluate the consistency of
the families to tell us whether or not it would be appropriate to assign a probability distribution to the associated
histories. This figure is modified from Figs. 2.1, 4.2(a), and 4.4(b) of [22] by the reflexive property of permission.

inserting the projector P (t:). If h = {P{(t1), [6(t2)) (6(t2)|] (t2)}, then let B = {Pg(t1), [o(t2)) (6(t2)] ] (t2)}
be another history in the family, where 15/‘{4, =1 I:’[{‘ Using the decoherence functional to check consistency, we

obtain

d(h, ') = ((to)| P (1) [ |6(t2)) (8(t2)| ] (t2) PR (t2) [1(t0))
= ((t0)| U (tr, t0) PR U (t1, 1) U (t2, t0) [ $(t2)) (6(t2)| U (t2, t0) U (21, t0) AT (11, o) [ (t0))
= (1)U (11, 10) PR U (1, 12) [9(t)) (8(t2)| U (21, 1) PRAU (11, 0) (ko))

= ()| P [6(t)) (o(t1)| PRl (i)

(W(t) [P 1o(t) (o(t) | PL (1))
@EDlot)) (@) ()

= | (d(t1)[0(t2)) PP (PR -

(3.16)

= (@t (tr)) I

If the family is to be consistent, we must have

(ot (t) P25 (P = 0, (3.17)

which is Kastner’s result [I7], written in the dialect I am familiar with. Assuming (¢(t1)|t(¢1)) # 0 (otherwise,

*

¥ or (P{),, must be zero. However, we

the postselected outcome would not happen), we can see that either (15[{‘,)
also know that [ = ]5[\4, + ]51‘\4, so the linearity of weak values tells us that 1 = (I),, = (]5;{1,)“) + (15;\4)11, As such, if
either (I:’;\“,)w or (I:’/{‘)w is zero, then the other must be equal to 1. In the case of unsharp or strange weak values

for If’,{‘ (those not landing in its eigenvalue spectrum), we know that neither (13,’\4,)“, nor (Pf)w is equal to 1 or 0,
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and the history will be inconsistent.

In the particular case of Vaidman’s weak trace criterion for particle presence [I1], a particle is defined to be
present in a location when the weak value of the projection operator specifying that location is nonzero. Unsharp and
strange weak values for particle presence are thus included among the possibilities (not to mention experimentally
observed in practice [13]), and so might be seen in the consistent histories approach when building histories with the
particle location projectors. This would appear to proscribe the use of consistent histories in examining questions
of particle presence in these special situations (or to suggest that the weak trace criterion is off its rocker, depending

on which you like more).

Before we write off a union of these two approaches, citing irreconcilable differences, there are two things to
consider. First, projectors are a small subset of observables that one can find weak values for, which begs the
question, where would the weak values of general observables fit into consistent histories? Second, while the
projectors used in consistent histories may need to have sharp weak values to work in a consistent family, the weak
values observed in theoretical treatments [4] and experiments are found in the state of the probes. Why should we

leave the probes out of our system when we apply the consistent histories formalism?

3.4 'Weak Probes and the Consistency Condition

With these questions before me, I set myself to the task of addressing the associated deficiencies, and devised a
way to extend Kastner’s result. To demonstrate, let us construct a new system, with some simplifications. First,
the propagators will be taken to be identities, with the exception of U (t1,t0), which will incorporate an interaction
between the system proper that we are examining and the auxiliary probe that is incorporated into the composite
system. This means that, except for the probe-system interaction, the times at which projectors are applied in the

histories are just for ordering, and do not result in evolution of the system state.

We begin in the initial composite state |1) |+),, where |¢) is the system proper, and |+), is a qubit probe

P
initially in the spin-up state. The probe evolution will be governed by the unitary operator e‘iﬁA@&Z, which
entangles the system and probe by rotating the qubit by some amount that depends on the value of the observable
A. At the final time to, we postselect the composite system to be in a state |¢,5) = |¢)|s),, where s = £. At the
intermediate time 1, we specify that the state of the system proper is in either the subspace A or the subspace A,
which will be represented in the history by either Py or Py, respectively. This time, A and A’ do not necessarily
span the entire state space, so Py + Py #£ I , but they will remain mutually orthogonal. Note also that I have not
indicated what observable to associate these projectors with, simply because it need not necessarily be A. Properly,

these projectors should be written in the form P @ I to make clear that they operate on the system and not the

probe, but this level of care will be sacrificed for the sake of reducing notational clutter. With these definitions and
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foibles out of the way, we can now work with the following histories:

hs = {Pa(t1), [16,5) (@8] ] (t2)},  W's = {Par(t2), [16,8) (.5l (t2)},  (h+R)s = {Pa(t)+Pas(t2), [16,8) (6. 5] ] (¢2)},

(3.18)

where {h+, h—, h’+, h’—} forms one family, and {(h+h')+, (h+h')—} forms another which is more coarsely grained.
In this particular situation, I will specify a few further properties of our particular intermediate projectors.
First and foremost, while Px + Py need not be the projector for the entire system state space (also known as the
identity), we do want it to be expansive enough that inserting it in the middle of (¢]1)) has no effect on the inner

product. For the purposes of this demonstration, we will accomplish this in the following way:

(BIPalY) = (dlv),  (d|Parv) = 0. (3.19)

This specifies that Py does not exclude any states within [¢)) or |¢) which are necessary parts of their mutual
overlap in forming the inner product (¢[1). In contrast, Py, applied to the preselection state or the postselection
state makes it orthogonal to the other state, eliminating the inner product. It is worth noting that P, does not
necessarily remove all overlap between the two states, as there could be component states within both [¢) and |)
which cancel out in the inner product, and thus could be left untouched.

In addition, we want Py 4+ Py to have no effect on <¢|A|w> when inserted before the operator, that way the

weak value will go undisturbed:

(oldp 9l [Pt Pa] Al

w = = — . (3.20)
(Pl) (9] [PA + PA/} )
As a result of these properties, we find that the branch wave function for (h + h')s is
[V (htnrys) =19,8) (@, 5| [PA + PA’} T TFAST: |y | 1),
~ [6,5) (sl (9] [ Pa+ Par| [0) =7 (0l [Pa + Par] A0) 5. ) 14), (3.21)

~ ¢, s) (Bl) ,(s|le” F A= |4),,

which gives us a consistent family (since (¢, +|¢, —) = (¢|¢) ,(+|—)= = 0) in which the probe state is rotated by
an amount specified by the weak value of A.

Alternatively, if we calculate the branch wave functions for hs and h's, we get

[Uns) = |6, 5) (¢, 5| Pae™FAST= gy | 1), (3.22)
~ |6, 5) (Bl0) , (sle ™ F AT |4,
— 16,5) (@[) (cos [ (Pad)u] dos — isin [£(Pad)] 6. ),

[nrs) = 1, 5) (6, 5| Pare™ 549 ) |4),, (3.23)

~16,5) (<i5 @Iy A 6., ).
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If we want this family to be consistent, then the only fly in the ointment is this off-diagonal term of the decoherence

functional:

dh=,H'=) = (=) = i WAy o) (ol) (—isin |5 (Pad)u))

~ o (AP [9) (| PrAlw)

(3.24)

Since we are taking the probe coupling € to be very weak, we could gain approximate decoherence by assuming the
smallness of €2 makes this entirely negligible. In turn, this would eliminate the following outcomes:

2 A ~
P = d(W =1 =) = (W |ow-) = 2| (@ PaAl) P, (3.25)

€2

Sl @1BAAl) 2 (3.26)

Ph = d(h—h=) = (Yn_[n-) =
The only remaining history (of those ending in the postselected state |¢)), would be h+, with probability

Pt = dlht ht) = (nshins) ~ | (9[0) | cos? [ = (Pad)u] = | (6]) I (3.27)

We can see the Born rule emerging here, with the probability depending only on the initial and final states, as
though the weak probe were not there. However, in this history, the weak probe is there, and its state has been
rotated by (PAA)U,, rather than A,,. Since the probe state is approximately pure after postselection, we can expect
to see measurement outcomes of the probe state that reflect this new weak value, rather than the one we anticipate
seeing from our further coarse-grained family. As such, it would appear to be imprudent to neglect the €2 terms,
leaving this family inconsistent.

Another resolution to this would be to have a situation in which (PyA),, = 0. This would mean that (PyA),, =
Ay, and we can confidently assign zero probability to the system state being in A’ at the intermediate time. This
gives us some idea of the minimum state space the system could occupy during the weak measurement. It must
be large enough to encompass all basis states that contribute to both [¢) and |¢$), except those states that don’t
ultimately contribute to both (¢|¢) and (¢|A[y).

As an example, consider a system in initial state

1 !/
) = 7 (12) +12) +13)) (3.28)
which is postselected in the final state
1 /
9) = —= (12) = 12) + 13)), (3.29)

V3
where the numbered states |n) are elements of an orthonormal basis. We will weakly measure the observable N,
the number operator, which acts on the basis states of the system in the following manner: N |n) = n|n). The
states |2) and |2) are degenerate in the eigenvalue 2, such that N |2) = 2]2) and N |2} = 2|2/). We can see that

(¢lv) = 3, and (¢|N]p) =1, so N,, = 3. If we are curious to know whether the system proper is in one of the three
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states |2), |2'), or |3) at the time of our weak measurement, it makes sense to calculate histories which specify

these basis states. In terms of their branch wave functions, these histories are

[Vnys) = 16, 5) (95 13) (Ble TN [} |+),, (3.30)
= 16.5) (613) (3w ,(sle ™ F3% |4)
= 16,5) 3 {sle ™ F95 40,

[Vhss) = 16, 5) (9,5 12) 2 TV [g) |+),, (3.31)

= |6, 5) (812) (2[0) , (sl]e™ 7> |+),
= [6,5) 3 o (sl T 1),
[nys) = 16,5) (6, 51 12) (2]e ™ FVE i) | 4),, (3.32)
= |9, ) (612) (2'[9) , (sle ™" 727 | +),
= 16,5) 5 w5l ).
At this stage, we can already see that there is a problem, as none of these branch wave functions are orthogonal
(for those sharing the same value of s). However, if we coarse-grain over the last two histories—specifying that the

system proper is in the space of the span of |2) and |2} at the intermediate time, but not specifying which state in

particular—we obtain the new history

[, ars) = 16,5) (8] [12) (21 +12) 2/ Je 7 FVEP ) |4),, = [hnas) + [ny ) = O. (3.33)

Now, the subfamily {hg+, hoio £} is consistent, with only h3+ as possible outcomes, both of which leave the probe
in the output state with the desired weak value presented. This demonstrates that, though all three basis states
contribute to the initial and postselected states, only |3) has a nonzero contribution to both (¢|¢)) and (¢|N|t), so
only it is predicted in the subfamily of histories at the intermediate time.

There are a few shortcomings to this approach. First, while I can confidently specify that the system state
was not in the subspace projected onto by [[2) (2| + [2') (2] at the intermediate time, I cannot technically say
that the system state was not in the subspace projected onto by |2) (2| or that projected onto by [2') (2, as I
cannot calculate those probabilities. It seems intuitive to think so, but it is a level of description that the consistent
histories formalism deems inappropriate [16].

More importantly, this perpetuates a rather annoying habit of weak value theorists in only handling one weak
probe at a time. This particular example is arranged as a version of the three-box paradox [I6] 18] 25], which is
physically realized in the nested Mach-Zehnder interferometer setup of [11], I3} [16]. However, in those experiments
and theoretical treatments, the observables are projectors onto the three boxes (which would be |2) (2|, |2/) (2],
and |3) (3| in this example), not the number operator I defined above. To properly examine that situation, I would
need at least three auxiliary qubits, each one coupled to one of these boxes. This more intensive calculation could

provide an interesting perspective on the question of particle presence in the nested interferometer setup.
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It is also worth noting that I have only played with projectors in a particular basis. The consistent histories
formalism may tell us whether a particular family of histories can have probabilities assigned to it, but when there
are multiple consistent families, there is no rule that favors one over another. Two consistent families which share
one or more histories will never assign them different probabilities, but the unicity of reality—the idea that there
is one unique and true state of a system, or indeed the entire world, at any given time—is not enforced in a reality
described by Hilbert space [I6]. As such, there could be other consistent families which obtain the same probe
state, but predict different intermediate states for the system proper. This can be seen to some degree in the given

example, as we could create an even coarser-grained family of histories {hg o 43+ } with branch wave functions

Gy gs) = 165 8) (6081 [12) 21+ 12') 2|+ 13) (3] ] FND0= | [4) . = [nas) + [$nyrs) + [Vngs) = [Yngs) - (3:34)

This would tell us with certainty that the system proper, when postselected in the state |¢), is in some state in the
span of |2), |2'), and [3). Our earlier description was more specific, but other than the intuitive logic that being
certainly in the state |3) means being certainly in the above span (thus favoring the more specific view), there
is no mathematical rule that advances one or the other as the true family to use. Other families with stranger
combinations of basis states could provide a picture even further removed from the one painted by {hs+, hoyo+}

than that painted by {hata 131}







Appendix A

Lemmas for Chapter

A1 Proof of I' (j + 1) = B /x

27

While the claim I’ ( J+ %) = Wﬁ for j € N is provided by [6], the proof is omitted, likely due to its elementary

nature. Those familiar with the gamma function know that I'(x 4+ 1) = zT'(z) (which is shown by integration by

parts), so once the base case, T'(1 + %) = @, is proved, T’ (j + %) = (2]2;})”\/% follows immediately by induction.

In particular,

R e R ™

The base case is also simple, requiring a little substitution and some knowledge of Gaussian integrals. We start

3 o0
r <) :/ dx /xe *, (A.2)
2 0
= x, which gives us
T (3> = 2/ dz 22
2 0

= —2/ dz e_tzz}
| Ot J_ 1
o |w

__a ? :| t=1
_ﬁta/z}
2

with

and make the substitution z2

(A.3)

L t=1
VT
5

V(2j-1)
7!

A.2 Limiting Behavior of

@ < a7 for all j > k, we start

To prove that, for any a > 1 there exists a natural number &k such that

with a much simpler fact: for any a, there exists k¥ € N such that k > 2¢'%a2. Now, for all j > k, we know that




A. LEMMAS A.2 LIMITING BEHAVIOR OF 7“2?””

j > 2e'%a?, and we can multiply both sides by j? (and play a bit with the right hand side) to get

3 169° 1012
7> 0 24 (A4)
If we take the logarithm of both sides, then
a2
31nj216—|—1n?—|-21n2j. (A.5)
We can then multiply by j to get
2
3jlnj > 16j+jln%+2jln2j. (A.6)
Now we can subtract 42j from each side to get
a2
3jlnj —425 > 726j+j1n?+2jln2j. (A7)

Next, we have two more inequalities to work with. The first is a comparison of constants: 31n+/27 > In \/27r+% In 2.

Second, we know that %1n ] > %ln j for all 7 > 1. As such, we can add these to our expression to get
. ) 3., . Ca? . . 1 )
3jlnj —425+3InvV2m + 5111] > —26j —|—jln5 +2jIn2j +Inv27 + 511123. (A.8)
Why is this important? Well, the factorial is bounded in the following manner [26]:

2mn (E)n# <nl< \/%(%)nL (A.9)

e 612n+1 e12n :
As such, it follows that

3
In(j!) >31n\/%+3j1nj+§1nj_39j_3;

. (A.10)
a? a? 1
In (2> (27)! < jln = +1Inv2r +2jIn2j + 5 n2j = 26j.
As such,
3
In(j!1)* > 3Inv2r + 3jInj + 5 nj—39j -3
3
Z3ln\/27r+3jlnj+§lnj—39j—3j
3
:3ln\/27r+3jlnj+§lnj—42j (A.11)

2
1
2j1n%+ln\/27r+2jln2j+§1n2j—26j

> In <a22>j (25).
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Exponentiating both sides gives us ‘
. a?\’ ..
6> () e (A12)

_ @)

and since j! = 57—, we can divide our expression by this to obtain

(71)% > a®(2j — 1!, (A.13)

And then we can take the square root and rearrange to find that

25— 1N ,
NACTREOL jj‘ ) <a 7. (A.14)

Thus, for any a > 1, we can select k& € N such that Eqn. holds for all j > k, with the easiest way to find this

k being to choose it such that k > 2e'6a? (a number well over 17 million).

V(- . .
% require less extreme lower bounds on k. In particular, assume

Of course, less extreme upper bounds on

that there exists j € N such that j! > /(25 — 1)!!. It follows that

Gr)l=(G+Di> G+ DVEZj— Dl = %\/(Qj T, (A.15)

and since (j +1)? > 2j + 1 for all j € N, we know \/]2';% > 1, and thus

(G4+D!'> /(25 + DN (A.16)
ince 1! = /(2-1—1)!, we know by induction that j! > /(27 — 1)!! for all j € N. us,%rugl or a
Since 1! 11, we know by ind hat ! I for all j € N. Thus, Y% < 1 for all

4, which means we could omit this factor from each term of our sum in Eqn. and still have an expression

bounding the error in our weak value approximation.







Appendix B

Difficulties with Weak Values Taken in Sequence

B.1 False Starts

While feedback compensation has allowed us to see that weak values are the optimal estimates for weak interactions
taken in sequence for the nested Mach-Zehnder interferometer setup (see Chapter [2)), it is worth noting that this
does not come out of an Eqn. like calculation in a clean manner. Let us add a second probe, |2') (with

canonical variables ¢’ and p’), and a new interaction to our Hamiltonian from Eqn. m

H(t) = Hyys — €5(t — t1)AG — €5(t — t2) BG'. (B.1)
Evolving to t3 is accomplished by the operator

Ults,0) = efif{b,ys(tgftg)/heiqu’/hefiHSys(tz7t1)/h6ieAq/h67iﬁsyst1/h' (B.2)

In turn, the unnormalized state after the final measurement (postselected to be |¢(t3))) is
[0(ta) (@lt2)| P Mo Hevet2mt0 Mie AT/ 4y (1,)) | 2) | 2) (B:3)

The question is, how do we approach the approximation? Work by Vaidman (such as [I1} [12]) and colleagues (such
as [I3]) seems to assume the approximation can be made for one probe while ignoring the presumably negligible
effects of the other. This leaves us in what I find to be the rather dissatisfying situation of not actually deriving
the approximation directly from a starting point such as Eqn. [B:3] That being said, how would we even do this?

It would be a lot simpler if Hyys = 0, which would simplify Eqn. [B:3]to
[6(t2)) (9(ts)] €' PT M AN |yi(19)) | 2) | 2'). (B4)

Before (Eqn. , I was very careful to define weak values with respect to pre- and postselected states that had

been evolved to the same time—the time of the interaction. Here, with H,,, = 0, these states don’t change in time.

Without e~iHevs(t2=t1)/h there isn’t even a distinction between which interaction, e*B4'/% or ei44/h happens first.




B. SEQUENTIAL DIFFICULTIES B.1 FALSE STARTS
It is possible to claim

|6(t)) (B(t3)] BT /P AU (1)) | 2) | 2') & |b(ts)) (B(ta) [0 (to)) e BI+AD/| ) | 91y | (B.5)
and by the linearity of weak values,

(B + Ad)w = (@(t2)|(Bd + AQlw(to)) _ (6(ta)[Bleo(to)) ., | ((ts)| AL (ko))

GEw) ) | ety 1 Ol A (B6)

As such,
|6(t)) (B(t3)] BT/ Pe AU (1)) | 2) |.2') & |b(ts)) (B(t3) |1 (to)) e Awi/P | @) eieBud' /1| ). (B.7)

This is tenable, but if H,,s 7# 0, then we are stuck with Eqn. @ and no clear way to handle the core operator on
the probe states:

(9(t2) | €'PT /M Have Camt) hGie AT/ M 1)) (B.8)

. B A .
In order to obtain B, = % or A, = %, we somehow need to manufacture |(¢2)) (¢(t1)] in
the middle in place of e~ svs(t2=t1)/n " Exactly how this would be accomplished appears mystifying. The most

natural suggestion would be to insert identities: (I — [1)(t2)) (1h(£2)] + |¥(£2)) (1b(t2)]) to the left of e=iHays(t2—t)/h
and (I — [p(t1)) (¢(t1)] + |9(t1)) (p(t1)]) to the right. Ultimately, this is equivalent to:

(@(t2)] €“PTRL — 9p(t2)) (W(t2)] + [(t2)) (W (ta)])e™ Hove C=t/M(L — [6(81)) (d(t1)] + [$(t1)) (B(t1))e A/ [ (1))
= (@(t2)] BT/ (t2)) ((t2)|(t2)) (D(t1)] €AV | (t1))
(G (t)| BT/ [ s (200 (1)) ()| 0(12)) (@(12)]] A9 (1))

(B.9)

Now, we can take the first term and make the approximation that gives us weak values, but we have the additional

task of proving the second term is negligible.
A seemingly simpler task would be to insert similar identities in reverse order. Let {|¢)(t1))} U {|1)7)}jea and

{|6(t2))}U{|¢*) }ren be orthonormal bases (with A an indexing set of the required cardinality for the Hilbert space)

and use them to make identities:

(B(t2)] eieBd’/n <|¢(t2)> (d(ta)| + Z |¢k> <¢k|> e~ tHsys(t2—t1)/h <|1/J(t1)> (p(t1)] + Z W}J> <¢J|) cicAd/n Y (t1))
k J

= (B(t2)] €PTIM (k) (B(t2) [1(t2)) ((t1)] €A ap(ty))
3 (08| BT M 0(t2)) (@1l (7] €A™ b))+ D (0(82)] BTN 0R) (9w (82) ()] €M o (1)

k

37 ST (k)] BT g (e Heva (2t Ry (7| AU fyp(2,))
kg

(B.10)




B. SEQUENTIAL DIFFICULTIES B.2 FIRST-ORDER APPROXIMATION

There are two problems with this. First, we shouldn’t make the weak value approximation using orthogonal pre-
and postselections, as their inner product being zero makes the weak value undefined (see the result in Eqn. .
If we choose to make the approximation anyway (neglecting terms of the exponentiated operators’ sum forms
which are first or higher order in €), orthogonality makes all of the terms in the sums of Eqn. go away, which
appears rather convenient. However, the one term left will have expectation values of observables, rather than the
weak values. Based on these difficulties, sequences of weak interactions do not seem to lend themselves to direct

approximations in the way single weak interactions do.

B.2 First-Order Approximation of the Exponential

Let us return to Eqn. and suppose we can approximate 0 ~ 1+ ieO [I5] (which is a big ask, considering
the trouble we had to go through in Section . This would give us

(@(t2)] €80 /e Heue =M AN [y (11)) 2 (o(t)] (14 ieBa /) e Hovr /M (1 1 iedq/m) (1)

= ((ta)] e~ Hove 2=t/ ) 1 ie% (B(ta)] e HoveC2=t)/R A (1))

A1 Al A

e ((ta)| Bem Hevta=t/b (1)) — L ((1)] BemtHeveta=t)/B A 1))

h I

(B.11)

If we discard the second order term (and allow the system proper’s state to evolve so we can get rid of the remaining

exponential), we get
(6(12)| T /e Hia a0 MM (0, )) = (G(1)0b(12) + i (0(01)| ARo(1a) + i (601 Blu(r2))

Al

= (@) (12)) + e L (e o)) A + i€ (o(1)]0(12) B
(B.12)
This may look problematic at first glance, but we are saved by the fact that (¢(t1)[1(t1)) = (P(t2)|¥(t2)), leaving

us with

(@(ta)| !PT /e iHews (o=t M AN [ (1)) w2 ((22) [0 (t2)) (1 FicgAut z-eqth)

(B.13)
~ (p(t) (b)) e AwdtBud)/h,

This get us to the desired form, but we should note that we went straight from ei€0 — Z;io (ieﬁy

to truncating
higher-order terms. In Section we actually operated the terms of the sum on states to get numbers (weak
values), and demonstrated that those were not growing too quickly to make the terms of the sum small. The claim
€0 ~ 1+ ieO is a much stronger statement if not qualified with assumptions about the states in play, but it can

be shown in certain cases, such as for a bounded operator:

B i (ie0)7
op = ]'

o0

(ellOllop)’ = E1012, > (ellOllop)’.  (B.14)

Jj=0

O — (1 +ieO)




B. SEQUENTIAL DIFFICULTIES B.2 FIRST-ORDER APPROXIMATION

This expression is not hard to control, and can be made infinitesimally small with the proper choice of €. For
an unbounded operator, however, we need information about the states, and €0 ~ 1 +ieO is too cavalier of a
statement.

If a state being operated on—say |1))—has compact support, then we can show that eic0 |1y ~ (1 + ZGO) |1):

o2 10— 0+ ieoy ]| = |32 S92 gze’”oj O < S (comas P11 16) 1| = 0200 S (cOmas
j=2 Jj=2 Jj=2 Jj=0

(B.15)
where 0,4, is defined analogously t0 @4, in Section @ This is sufficient to claim that there is an € small enough
that we can make the approximation. To apply this to the weak value approximation, we do require that the
composite system state has compact support at the time of each weak interaction. This suggests that, while we
can appeal to the conditions from Section [I.3] at least a little more care is needed when handling sequential weak

measurements.




Appendix C

Calculations for the Nested Mach-Zehnder

Interferometer

C.1 Unitary Operators and Evolved States

The first step in calculating the outcomes of the nested Mach-Zehnder interferometer with feedback compensation
is to establish the unitary operators that govern time evolution. Based on the model established by Griffiths [16]

and utilizing a five probe setup, I devised the following;:

Uio = [a|A1) + B |D1)] (So| + [=8 A1) + a |D1)] (Ro| + |Q1) (Qol, (C.1)
Usi = |As) {(A1] + | Da) {Dy] e #0180 110y (Q4], (C.2)
Usy = | As) (Ao + %[IB@ T |C3)] (Ds] + %HB@ 1031 (@] (C3)

Uss = |As) (A e 5458924 1 | By (By| e 17538928 1|0y (Cy| e 1 H 8020 (C.4)

1 1
Usy = |As) (A4| + —=[— |E5) + |Hs)] (Ba] + —=
1= | 4s) (Aa] + 5[ Bs) + [Ha)] (Bal +
Uss = |As) (As| + | Ee) (Bs| e #5595 1 | H) (Hy|, (C.6)

[|[E5) + [Hs)] (C4l, (C.5)

Ure = |a|Fr) + B|G7)] (Ae| + [B|F7) — a|G7)] (E6| + [H7) (Ho| - (C.7)

The notational convention used is that Uy evolves a state from time ¢’ to ¢, and a particle in a particular arm at
a particular time is indicated by a state ket with the path label and a subscript to indicate the moment in time,
for example: |Bs). The projector associated with a path is indicated similarly, but with a hat instead of a ket
enclosure, for example: Bs = |Bs) (Bs|.

Note that the steps from odd times to even times do not change the path the particle occupies (that is, not
the letter, only the number), but they do include transitions across mirrors, where the probe interactions occur.

Transitions from even to odd times all include transitions across beam splitters along at least some of the paths.




C. MZI CALCULATIONS C.1 OPERATORS AND STATES

Applying these operators to a particle entering from path S gives the following states from tg to t7:

WJO> = |SO> |+>x,D |+>z,A |+>ac,B |+>m,C |+>z,E7 (CS)
1) = [a|A1) + BID)] )y p ) pa [ F) e [ Hac 1)k (C.9)
th2) = a|A2) |+), p [ F) o a1 H)e B [ H)ac 1 H)a e (C.10)

+ ﬁ ‘D2> e_i%&ZYD |+>z,D |+>a:,A ‘+>z,B |+>w,C |+>:1:,E ’

W)B> =« |A3> |+>1,D |+>x,A ‘+>m,B |+>1:,C |+>z,E (C]'l)
ﬂ —1£6.. D
+ = [|B3> + |C3>]6 e ‘+>JJ,D |+>a:,A |+>z,B |+>I,C |+>w,E’
V2
[ha) = a |A4> I+)2,0 A ) eal o p 1 H)acHer (C.12)

\/’ |B > ~iRGsD |+>1,D |+>:1:,A e_i%&zyB |+>I,B |+>1,C |+>:1:,E

\/> |C > THROmD |+>z,D |+>I,A ‘+>z,B e_i%(Tz,C |+>x,C |+>z,E7

‘wf)) =« |A5> |+>1,D e_i%é-z’A |+>93,A |+>z,B ‘+>z,C |+>x,E (013)
/B —ig 6 —i5 6
5[ |Es) + |Hs)]e 7%= ) ep H)eae 778 | 4), gl ) oot r
5

[|E5> + |H5>] THRowp |+>a:,D |+>x,A |+>x,B eii%&z’c ‘+>x,C |+>x,E’

6) = a|A6) [H)pp € H5 4 [4) 4 H) o5 [ H)ac ok (C.14)

IB —is6 —i£6 —is6
+ 5 ‘E6> |:—€ oD |+>w,D |+>a:,A e nonb |+>w,B ‘+>w,ce RO E |+>x,E

+e—i%&z,p ‘+>w,D |+>a;,A |+>w7B e—i%&z,c |+>m,C eﬁ%&;,}s |+>x,E:|
I} e e
+ 5 ‘H6> |:€ ROE |+>x,D ‘+>m,Ae ‘RO |+>m,B |+>:E,C ‘+>m,E
e RO ), b [ 4 [H)am €O 1), 0 140 8]

) = IF) [0 )0 €7 F04 140, 4 )0 )0 P (C.15)

/62 —if b —i£5 —i£6
- ?6 =P |+>z,D |+>a:,A e RonE |+>m,B ‘+>:c,Ce RO=E |+>1,E

/82 —i£5 —i£5 —i£5
+ ?6 no=p |+>w,D |+>a:,A ‘+>w,B e "RomC |+>I,C’ e RonE |+>a:,E

+1G7) [aB14+)p,p € T4 1), 4 14),5 )0 1H)as

aﬂ e a
" Tt 02,D
+ 5 e

5 e 7 0z,D

|+>x,D ‘+>m,A e_i%&ZYB |+>x,B |+>z,C e_i%&ZYE |+>m,E
) e.p [F)ga [ ) g e F2C [4), g e hO=E |+>x,E]

+ |H7) [ THROED ) D) ea € TR ), 5 e o e

/B —1 0‘ —i£5
ZD|+>1D|+>Q:A‘+>wB€ h zc|+>a:C"+>zE .




C. MZI CALCULATIONS C.2 QUANTIFYING THE DISTURBANCE

Subsequent to the seventh step, a projective measurement is performed on paths F, G, and H, which leads to
non-unitary state collapse. It is after that point that the feedback compensation is applied, depending on which
path the particle is found to be in. This requires a transition from the pure state |i7) to the mixed state represented

by the density operator

ps = |Fr) (Fr| @ [@2eRP00 |y) | emifI-A(PNoa ) B0 |1y RO 1) BRI |y
_ %e—i%[l—D(F)]f’z,D |+>a:,D ei%A(F)&z,A |_|_>$7A e—i%[l—B(F)]&z‘B |+>:p,B ei%C(F)&z,C ‘+>z,C e—i%[l—E(F)]&z,E |_|_>$’
+ ﬂ;eﬂ;[kD(F)]&z,D [+ iR AF)G= A )04 i B(F)é=5 )05 e~ iR [1=C(M)ézc +)ec e iR I-E(F)é:p |+>I7E}
x |02, p(+He EPOD | (| FI-ADN s (4| iRBIIn (e ROEIe | (o= R0
_ %2 N D<_~_|ei%[1—D(F)](7z‘D m7A<+|€—i%A(F)&Z,A x,B<+|ei%[1_B(F)]&Z'B I7C<+|e—i%C(F)[7z,c I’E<_~_|ei%[1—E(F)]6z‘E
4 %2 . <+|ei%[1—D(F)]sz,D x,A<+|e_i%A(F)&Z’A x,B<+|6_i%B(F)&z’B m,C<+|ei%[1_C(F)]&z’c z’E<_"_|ei,§’[1—E(F)]<‘TZWE:|
G (Gr| ® [aﬁei%D(G)&z,D |+>w)D e~ if[1-A(G)]62.a |+>LA 5 B(G)oan |+>w’B 5 0(@éc |+>I7C R E(@)oxE |+>w)E
i %eﬂgufp(c)}&w )0 eI FA(G)52.a )0 a e~ [1-B(@)]5..5 )0 5 e 7 OG0 )00 e~ 15 1-B(@)6. 5 ).

- %e*i%[lfD(G)}&zyD ‘+>$ e i£A(G)62,4 |+> BI%B(G)&Z’B ‘+>$ 5 efi%[lfC(G)]&z’c |+>m Cefi%[le(G)}&z,E |+>x E:|

[aﬂx D<+|6il £D(G)62,p x,A<+|ei%[17A(G')]&Z,A <+|671 £ B(G)6-,B o <+|67l £C(G)6-, c <+|67i%E(G)5’Z,E

+ % z,D<+‘ei%[1_D(G)]&z'D z’A<_'_|e—i§A(G)&zA x,B<+|ei%[1_B(G)]&z'B I7C<+|e—i§C(G)€rz,c m,E<+|ei%[1_E(G)}&z)E

B 04725 (e FI=D@ND (4o ifAGa (e~ iEB(@dnn C<+|ei%[1—0(c)]&2,c i E<+|eig[1—E(G)]az,E]

+ |H7> <H7|® |:§ei;[1D(H)]&z,D|+>x7 e it A(H)G -, A|+> fzi[lfB(H)}ffz,B|+>JC7 e it C(H)62, C|+> ZrE(H)&z,E|+>x7E
+ éefi%[lfD(H)][rz,D |+>1,D eiﬁA(H)&z,A |_|_>$7A 6i%B(H)Erz,B ‘+>w,B 671'%[17C(H)]Erz,c ‘+>w,c 62’%E(H)6727E ‘+>wy

> é <+|ei§[1—D(H)]C7'z,D $’A<+|€_1%A(H)6Z’A z,B<+‘ei%[1_B(H)]&z'B $’C<+|€_i%C(H)6Z’C <+|e—z fE(H)o.p

2 z,D

[\

<+|ei%[1—D(H)]&z,D . A<+|€_i%A(H)&Z’A . B<+‘€_i%B(H)&Z’B . C<+|€i%[1_C(H)]&Z’C . E<+|6_i%E(H)&Z'E

|

9 x,D

(C.16_)

C.2 Quantifying the Disturbance

To find out 1 — (64,p ® 62,4 @ 64,8 Q@ 04,c ® 65 5) (out), we need to calculate the expectation value as the trace
Tr{f ®Gyp ® 0pAQ0yB Q0yc® 64 mps}. There will be a lot of inner products with exponentials and Pauli
operators in them, so it helps to perform the calculations in general and apply the forms to the big calculation.

The variable (F is the operator estimate used in the feedback compensation (A(F) or C(G), for example), and the
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inner products it appears in are

2 2
—i £ Bé,~ it ES, _ L€ € 2| 4 L€ . € 2
L€ . ¢ o € L
~1+ zﬁ@x<+|0zgz |+>m - 27712@ - Zﬁ(Ez<+|asz |+>z
€ 2 AoAoa e 2
+ﬁ@ :E<+‘UZO'€L’O-Z|+>:E_27HQ@1
€2 9
i |1-@|6.» —ift|1-E|G e 2
(e #[1-a@ 260 i [1- ] z\+>mz1—2ﬁ[1— E]", (C.18)

62 “ L€ N 62 2
2@2} 5. [1—zh[1— @)o. — 11 - @),

1-@&|s. R
2R

et g i [l ) o [1-if @, -

2
S 1= B] (002 1), — s [1 - B =i @ (+16262 [+,
€2 o e,
_ ﬁ[l — B|E (+|6.6.6.|+), — ﬁ@
e 1 12
=125 |-
h? |2 @_ ’
(C.19)
i |1-@|6. ~ it @6 ¢ [1 1
L{+le ih-@lo; gio e ml-2m5 |5 - @ (C.20)

As we can see, the inner product of two probe states is almost 1, less a term on the order of €2. Two matching states
(where either neither probe experienced a weak interaction, or both did) lead to this perturbation from unity being
proportional to either (E? or [1 — @]2, while a mismatched pair of states leads to a perturbation proportional to
- @]’

The procedure for the requisite calculation is as follows. First, we use Eqns. to approximate all of
the inner products presented. Second, we distribute all of the products of these approximated inner products and
keep only second order terms. In so doing, the multiplication becomes addition, and no cross terms with products
of estimates for different probes are present. There are a lot of terms to handle, and while my preparatory work
makes the calculation a little less tedious, it doesn’t save much space for the two-page monster of an expression

that is
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Tr{f ® oA_x,D & &m,A & &I,B & &m,C ® &I,Eﬁ8}
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4 e o € 2 € o € o € o
rat(1-2.5D (F) —2ﬁ[1 — A(F)] —255B (F) —2ﬁc (F) —2:5F (F)

- 2%20252 (BQ(F) + B - C(F)r — B - B(F)r — 02(F)>
- 2%22%4 ([1 — B(F)]* + C*(F) + B*(F) + [1 - C(F)]* -2 B — B(F)} g 2 E - C(F)r>

292 e 2 ¢ A 2 € 2 e 2 e 2
+ a?p {(1—2h2D (@) —2ﬁ[1 — A(G)] —2ﬁB (@) —QﬁC (@) —QEE (G)>
2 2 2
25 <B —B(G)] +C2(G) - B(G) - B —C(G)] )

L ([1—B(G)]2+CQ(G)+BQ(G)+ [1—C<G>]2—2[;—B<G>} —2[2—C<G>} )}

2 e 2 e 2 e? 2
+ B {12f12[1D(H)] f2ﬁA (H)f2ﬁE (H)

2L (- B 4 e 12 | - BH221 C’HzB2H 1— ()]’
~ay (- Ben] + 2 vz - Bum| 42| -con| 4B+ - o)) 1

Moving on, we can now calculate 1 — (G, p ® 04,4 ® 04,8 ® 05,c ® 65 1) (out), but let us also rescale it to avoid

overuse of the factor 2;—2. To see the best minimization scheme, we must group all of the B and C terms (the real
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troublemakers). With this intent, I present

% (1= (] © 62,0 © 62,0 © 6.5 @ 6.0 © 6. s })
~ a* (DQ(F) + [1— A(F))? + BX(F) + C*(F) + E2(F)) + a?p? (BQ(F) + E - C(F)} T E - B(F)} g CQ(F)>
+ %4 <[1 - B(F)]2 + C*(F)+ B*(F) + [1 - C(F)]Z -2 B - B(F)r -2 [; - C(F)F)

2 2
+ a2B? {(Dz(G) +[1- AG)]* + BX(G) + C*(G) + E2(G)) + (B - B(G)} +C%(G) — BX(G) — [1 - C(G)} )

1 2 2 1 2 1 2
+3 ([1 —B(G)]"+C*(G)+B*(G)+ [1-0C(G)]" -2 [2 — B(G)} -2 [ — C(G)} > }

g {[1 ~ D(H)? + A%(H) + E*(H)

+ ([1 ~ B(H)]® + C*(H) +2 B - B(H)} 2 B - C(H)} FEH) - C(H)]2> }
1
3

— ot (D*(F) + [1 - A(P)]* + BA(F) + C*(F) + E*(F)) - o28* (C(F) - B(F)) + - (;
1
3

4
a?p? {(D2<G> +[1-A(6)] + B(G) + C*(G) + E*(@) + C(G) - B(O)) + (i

)
+ B2 {[1 — D(H)]? + A%(H) + E*(H) + i <2 —4B(H) + 4B*(H) + g — 4C(H) +4C2(H))}
o <D2(F) +[1— A(P))® + E2(G) + {f; +B(F)r _ éfg + {23:2 _ C(F)r - éf;)
+a2p’ (D?(G) +[1-AG)* + E2(@) + B - B(G)r - é + B + C(G)r - ;)
+ 5 <u — D(H)]* + A*(H) + E*(H) + B - B(G)f e [; - o(c:)r + ;) .

(C.22)
Taking the optimal estimates presented in Table [2.] minimizes the disturbance in the qubits. The terms left behind

in the case of optimal compensation are

4 164 164 202 1 1 2 1 1 _1 4 202 2\ _
(6% (—8a4—8a4>+aﬁ (-8—8>+ﬁ (8+8>—4(_ﬁ _Oéﬁ +6)—0 (023)

This suggests perfect compensation for the weak interactions.

C.3 An Alternative Proposal

If we instead wish to experiment with the four probe setup (replacing B and C' with the W probe that detects
presence in the inner interferometer without distinguishing the arms), we make some simple adjustments, starting

with the initial state

o) = 1S0) [+)ep 1 H)wa 1 F) e 1) e - (C.24)
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We also need a new unitary operator evolving from t3 to t4, which captures the new probe interaction. This is
given by
Uy = |As) (Ag| e 549924 | B) (Bg| e i H 832w 4|0, (Cy| e HCs80=w (C.25)

This leads to a far simpler pure state at t7, as well as a nicer density operator at tg:

[W7) = [Fr)@® [4), pe B0 1), 4 ) w ) o e (C.26)

+1Gr)aBl+)y p e T A ) 4 ) ow 1)

€

+ ‘H7> ﬂeiih&z'D |+>I7D |+>w,A eii%&zyw |+>w7W |+>a:,E ’
Py = o |Fr) (| @ RPN [4) oy (ble BP0 @ e iRIAIIT ) (et R AT
® et W(F)E=w |_~_>I7W E)W<+|€—i%W(F)&z,w ® i E(F)6= H‘>mE m’E<_~_|e—i%E(F)&z,E
+ 0B |Gr) (Gr @ TP [} (e RPN @ T RITAIDIT A ) ) (e R AEIT

® ei%W(F)é’z,w |+> +|efi%W(F)&z,w ® ei%E(F)Erz,E ‘+> <+|67i%E(F)Erz,E

z,W 337W< z,E z,FE

+ BZ |H7> <H7| ® efig[lfD(F)]&z,D |+>17D $7D<+|6i%[17D(F)]&Z’D ® 6i§A(F)&z,A |+>1,A $7A<+|67i%A(F)&Z'A

@ e RIL-WEow | 1y (4] FIW PN g R EE 5 |1 (4|e T REE)- b

z,W z,W z,E . FE

(C.27)

This in turn leads to a far simpler expectation value for the qubit probes:
Tr{l @ Gpp @ Gpa @ 60w @ Gumdy}
— 044 N D<+‘€7i§D(F)?Tz,DOA,x Dei%D(F)&z,D |+>x D, A<+|€i%[17A(F)]&Z’Aa'w Ae*i%[lfA(F)]sz,A |_|_>2j )
x W<+|€_i%W(F)&Z’W&$ Wei%W(F)&Z’W |+>m W, E<—|—|6_i%E(F)&Z’E(5';E Eei%E(F)&Z'E |+>w .

+ 04252 x7D<+|€_i%D(G)&Z’D&w)Dei%D(G)&Z’D |+>$’D xVA<+|€i%[1_A(G)]&Z’Aa’z,Ae_i%[l_A(G)]ﬁz’A |+>w7A

X gy (Hle TRV O 6 SRV )y e BB O,y FEOr ),

+ 52 z’D<+|€i%[1_D(H)]&Z’D&x,De_i%[l_D(H)]&z'D ‘+>z,D w’A<+|6_i%A(H)&Z’A5’m7Aei%A(H)&Z’A |+>z,A

« I’W<+|ei%[17W(H)]&Z,W6$7W€7i§[17W(H)]62,W +) o I’E<+|€7i%E(H)&z,E&I’EeiﬁE(H)&z,E‘+>LE
4 €2 9 € 2 € 2 €? 2

~ o (1 — QED (F)) (1 - QE [1—A(F)] ) (1 - ZEW (F)) (1 - 2ﬁE (F))
2 52 62 2 62 2 62 2 62 2

+a?p (1 — 255D (G)) (1 - Qﬁ[l — A(G)] ) (1 —25W (G)) (1 —2:5F (G))

2

+ B2 (1 - 2% [1- D(H)]2> <1 - 2;A2(H)> <1 - 2% [1- W(H)f) (1 - 2th2(H)>
12O [0/1 (D?(F) + 1= AP + W(F) + E?(F)) +a?p? (D2(G) + 1 A@) + W2(G) + E2(G))

+32 ([1 — D(H)]® + A2(H) + [1 - W(H)]* + E%H))} .
(C.28)

The estimates which minimize the disturbance of the probes are given in Table [2.2]
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C.4 Calculating Weak Values

Without probe interactions (¢ = 0), the system state evolves in the following manner:

o) = |S0)

|¥1) = a|A1) + B|D1),

[t2) = a|Ag) + B|D2),

) = | 4a) + Z5[1Ba) + 1G],
B
V2
|v5) = a|As) + B|Hs) ,
[v6) = | Ag) + B|He) ,

7)) = a® |Fr) + aB|Gr) + B |H7) .

[1ha) = a|As) + —=[|Ba) + |C4)],

(C.29)
(C.30)
(C.31)

(C.32)
(C.33)

(C.34)
(C.35)

(C.36)

If we postselect for a particle that exits through path F, backward evolution of this final state (again, without

probes) gives us

|p7) = |F7),
|p6) = a|Ag) + B |Es) ,
|ps) = a|As) + B|Es)

|6a) = o] Ag) + jﬁ (1B + )],

163) = ] As) + % [ Bs) +1Cs)],

|p2) = a|A2) — B[Q2),
|p1) = a|A1) — B[Q1),
lgo) = &® [So) — aB |Ro) — B Qo) -

;

(C.37)
(C.38)
(C.39)

(C.40)
(C.41)

(C.42)
(C.43)

(C.44)
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In turn, these allow us to derive the weak values for the path projectors given outcome F':

_{e|Dalyr)
D= (palvr) b
(3] As|es)
Ay = —F——F—— =1,
CA .
B _ (¢3]Bslts) _ B
b (palths) 2a?%’
o _ (6slCslys) _ B
Y (¢3]1)3) 202’
Ww = (B + C’)w = Bw + Cw = 07
_ (¢slEslvs) _
Euw = (#5]1s5) 0

Similarly, postselecting for a particle that exits through path G gives us the backward-evolved states

l97) = |G7),
|p6) = BAs) — | Eg)

|¢5) = B|As) — o |E5) ,

16,) = BAs) + % [1Bs) — 1C4)],
|64) = B|As) + % [1Bs) — 1C3)],

|py) = BA2) + |Q2),
|91) = BlA1) + |Q1),
l¢6) = B 1So) — B%|Ro) + Qo) ,

and the associated path projector weak values

o

n- -

.

Wy =(B+C)y=By+Cyu=0,
-

:

(C.45)
(C.46)
(C.47)

(C.48)
(C.49)

(C.50)

(C.51)
(C.52)
(C.53)

(C.54)
(C.55)

(C.56)
(C.57)
(C.58)

(C.59)
(C.60)
(C.61)

(C.62)
(C.63)

(C.64)
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Finally, for an H postselection, the backward-evolved states are

l¢7) = |Hz), (C.65)
|¢6) = [He) , (C.66)
|¢5) = |Hs), (C.67)
1
o)) = 7 [|1Bs) + |Cu)], (C.68)
1
l¢5) = 7 [1B3) +C3)], (C.69)
|¢5) = |D2) (C.70)
|¢7) = |D1) (C.71)
|96) = B |So) + | Ro) (C.72)
and the associated weak values are

(¢ | D1 [¢r)
Dy =7~ =1, C.73
(@) (C.73)

(¢ As|ts)
A=~~~ =0, C.74
(&3 S

(¢5|Bslps) 1
By == =0, C.75
(@flvs) 2 (C.75)
(#5]Csls) 1
w = = g C.

Co= g 2 (C.76)
Ww = (B + é)w = Bw + Cw = 17 (077)

(¢ Es|s)
Ey=-—"5— =0 C.78
(95 (C78)

Comparing these to Tables and shows us that the weak values are still the best estimates characterizing the

weak interactions.
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C.5 We Want More: A Probability Distribution

When we want to be sure about the possible outcomes, we need to calculate the probability distribution, which is a
process similar to calculating Tr{f QG D Ry ARGy BRFsc R0, EPs}, except each &, is replaced by a projector

onto the Hadamard basis of the qubit. As before, it pays to do some preparatory work:

HHET B ), Gl E0 ), = (4 [eos (@) —isin (3. ®) 6] 7). 2] [cos (5 @) +isin (5, B) 2] [+,
= cos? (%(E) 045 +icos (% (E) sin (h(E) 04505
—¢sin (%(E) cos (%(E) ;04 + sin? (%(E) 0

62 2 62 2
-5 ® 5+j+—205 5

Q

=045+ (= )5“ @2
(C.79)

2

e N 2
—if [1—(E] G H_>x _ 6+j + (_1>6+j% [1 _ @] , (080)

el e

LR [1-a]e. 17), o (ile'® E= |4) = cos (% [1- @]) Cos (% @') d4; —sin (% [1- CED sin (%CE) 5_;

62

62
~ (1_W[1_2@+2@2]) a1 @ @

=04, <1—2€m> + (- 1)5—vh [1- @) @&.
(C.81)

It also pays to define some new notation to compact expressions. We need the following devices to compact five

Kronecker deltas into one messy symbol, and to compact an expression of four delta functions and a varying sign:

Ajkimn = 0450410410 4m04n, (C.82)
AL = (1257861018 (C.83)
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Using this notation, our general inner products, and our methodology from the earlier enormous calculation,

all outcomes associated with path ' are found to have probabilities
Prgitmn = THIF) (F @ 1)1 o Gl 1K) 0 a k1€ W)l © 1) o] © ), s}
ma (84 + (1P £ 0%0) (5+k+<—1>5+k§;[1—A(F>]2> (520 + (v 5
 (Bem+ (1P o)) (m (1) B ) )
+ a?p? (5+j (1 — ;;) +(—1)0 = h [1 - ) <5+k < 2> + (71)5—1% [1- A(F)]A(F))
X { (5+l (1 - ;;) + (=1)°- 52 [1 - ) <5+m 5+m;;(72(F))
+ ((m + (= )5+lh B2(F)) (5% (1 — 222) + (—1)°- h [1 C(F)]C(F))]
62 62
X <5+n <1 — 2712) - (—1)5%?[1 - E(F)]E(F))
B €2 2 €
5 (b4 0 S0 DEN) (Bus o (1P a2
X [(m + (—1)5+l;—22[1 - B(F)f) (5% + (—1)‘5+m;;(72(F)>
~2 (5.0 (1= 55 ) + O S 1= BENBE)) (51 (1- ) + (O S CPCE)
n ém + <—1>6H,§ZBZ<F>) (@; +ei o))
(8 + (=1)04n = = [1 — B(F)]?
~ o {Ajkl,,m n ;2 [ 2F)AL L+ (L= AFR)PARE, + BA(F)ASL, + CA(F)ART + B2(F )Aj,g;m”

+a?p2s = [[1_3(1:)} (F)AT!

Jjkmn + 02( )A]k:% + B2( )Aj_klmn

1 - cE)er)ag:]

Jkin

4 2
+ i =) [2A3kzmn + (1= B(F) AL, + CHF)ALE +2[1 - BF)B(F)ATL.
+2[1 - C(F)|C(F >Aj;fn + BA(F)A + [1 - o(F)] A;b:z;}

62 m n

ﬂ42

1 +A

jkmn

2
€
+ 04252 |: ( )A;_klmn + C( ) Jklnj| + — |:2Ajklmn + A

jkln]
4 2
- (a4+5) At + h{ ) A + (1 AF)*A%E, + EX(F)AT,,
2 2 2
+[i+B<F>} At + | gz~ C(F)| Aj,:fn}.

(C.84)




C. MZI CALCULATIONS | C.5 WE WANT MORE

The probabilities for outcomes associated with path G are
26, ktmn = T{|G7) (G7| @ )4 p o p Ul @ k) g 4 5 Akl @Dy g o sl @MW), o o c{m| @ |0), g, p(nlds}
€2 €2 2 €2
~ a2 { (5154 (1P 2020 ) (S + (-1 1= A7) (S04 (1P 5
2
€

X (5% + (—1)5+m;2202(a)) <5+n + (=1)%+n = EQ(G)>

+ (5+j (1 - ;;) + (—1)5—f%[1 - D(G)]D(G)) (m (1 - 26712) + (_1)5%%2 [1- A(G)]A(G))

2 62

<[(5:1 (1= ) + COP S 1= B@IB@ ) (B4 + (1P 20

~ (504 G BO)) (50 (1- 5 ) + CU - C@)C@) )|

< (500 (1= ) + COP S - B EG))

1) (04 (0 S22

<[ (04 0 1= BOP) (30 + 0P £

~2 (601 (1= 55 ) + VS [1- BOIBE) ) (52 (1- 1) + (U S - C@]C@))
.

+ <5+l + (—1)‘5“;2232(6’)) <5+m + (D) - C(Gﬂ?)]
x <5+n +(=1)% ;’722 [1- E(G)f) }

62 j 2 m n

(5+j + (—1)5+f;—22[1 — D(G
|
2

— 1= B(O)]B(G) A + C2(G)AST, = BAG) A, + [1 = C(G)CG)ATT,

jkmn

1
T2 <2Ajklmn +[1- B(G)fAjklmn +CXG)AL +2[1 - B(G)]B(G) AT, .,

+2[1 - C(G)|C(G)A G, + BAG)A,, + [1 - c@) afm )] }

5 o 62 62
=a°f <1+2ﬁ?> Ajklmn—’_ﬁ

) { % - B(G)] i AL+ [; + C(G)} 2 Aﬁ%} } .

DX@)AN + [1— A@)] A%

klmn jlmn

(C.85)
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Finally, the probabilities for outcomes associated with path H are

P jktmn = T{[Hr) (H7| ©15) p o 0| @ 1K)y 4 0 alkl @ D)y o 51 @ 1My ¢ p oM @ ), g o p(nlhs}
2 2 2
i (54” (- 1)5+j;72[1 —D(H)]Q) <5+k + (—1)5+k;2A2(H))
2 2
x KdH +(=1)%+ %2 [1- B(H)]Q) (5+m + (—1)5+m2202(H))

2 (5+z (1 — ;;) + (—1)64%[1 - B(H)]B(H)) <5+m <1 - ;;) T (_1)5_,,1;722 - C(H)]C(H))
+ <5+l 1 Bz( )) <5+m+ (—1)5*”;72[1 —C(H)]Q)]

X <5+n +(-1 5+n;[1 -~ E(H)f)

{ <1 > jklmn + h22 |:[1 - ( )} Azljnbn + A2( )Aﬁfnn + Ez( )Aj—leLnL
+ i ([1 B A;rklmn + 02( )Ajk;nn - []‘ - B(H)] ( )Ajklmn
—2[1 - c(m)]oH >Ajk7n + BAH)A,, + Lo an )] |

[17 ( )} A+J

klmn

+A2( )A+k +E2( )A+"

Jjlmn jklm

—52{<1 2) Jklmn+
[B ]A;jm {C( )rAj,gan.

These probabilities (both compensated and uncompensated) are stated in Table which clearly demonstrates

(C.86)

how optimal compensation greatly simplifies these probabilities.

C.6 Probe State Comparison

Finally, it pays to take a look at how similar certain probe states are. For this, we will need to define a little more

notation for compactness. Let
|0> = |+>m,D |+>m,A H_)z,B |+>rc,C |+>’I‘7E . (087)

If instead of o, I put the the lowercase version of a letter associated with a probe, then the state represents one

with that probe state made down rather than up. For example, if the A probe is in the state |—), ,, we have

|a’> = |+>x,D |7>a:,A ‘+>x,B |+>x,C |+>x,E . (088)

If there is more than one letter in the ket in place of o, then there are multiple inverted probes in the state. This
notation was used by Griffiths [16].
From Eqn. we take the probe states entangled with the outcome |F7) and calculate the effects of the weak

interactions to second order, expressing probe states altered by the weak interactions as superpositions of up and
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down states. Grouping by probe states using the notation we just established, we find

Oé2 ‘+>:E,D e_i%&ZYA |+>x,A ‘+>ZL’,B |+>I,C |+>z,E
ﬁ2

_ifs _ifs _if5
_ 76 15 02,D |+>x,D ‘+>x,Ae 15 02,B |+>x,B |+>x,Ce 13 02,E |+>x,E

ﬁ2

_its —i:0 —iR0
+ 76 i£62.D |+>x,D ‘+>$,A |+>x,B e~ tr0z,C H‘)x,(]e 15028 |+>m,E

e e,
=11 (1= g 1500 ) Fhoa e o s

B2 €2 € €2 €
+ 7 1- THQ - Zﬁo'z,D |+>z,D |+>x,A ol Thg - zﬁo—sz ‘+>z,B ‘+>m,c
2

€ €, e e,
#1s (17 gz im0 ) o (1- gz — 15008 ) e

e e,
= 4,5 (1= gz — 1508 ) FHhaa s e )

B2 €2 €, € €2 €,
+ 5 (1= g 1500 ) Fen Fhea g [Fes e = s ee] (1= g — 5028 ) e

e { (1= g )10 =i o)+ 2 [i5 (0 = 1) + 5 (o) — o)+ 1a0) — 1)) }.
(C.89)

If the weak interactions were characterized by the associated weak values, then we would expect the probes state

to have only one term, which would be [+), ,[+), 4 |+). 5 |+)2 o |+). g acted upon by the unitary operator
e s e B2 e 82 4

e RO ATIR 530551 5.292.¢ - We would also want to scale it by y/a* + %4% to give the outcome |F7) the proper

probability. Expressing and grouping the probe states as in Eqn. gives us
Bt 2
2 h2
1 2 8 4 2
9 B4 € B8 e € €.
o \/ L gt T 1gas it e <1 Tom Z#’M) .
54 62 ‘52€A 54 62 ‘B2EA
. (1 " dat i T igaz ) Mlen 1T g ~igar %0 ) Wec Far
4 2 2 4 2 2
(o B e € € B* € B €
= (a + 4@2hg> [+)en Kl - 2712> [+)0a — 5 _>x,A:| Kl - WQI#) [+)en + “5aZ T |_>m,B:|
64 62 ) 62 €
X [(1 T 1ok R [+)ec — 52 h |=)ec| ) er

~ o2 { <1 - ;;) o) =i la) + Z%Q% (1b) — |e)) + %22 (2:2 (Jab) — |ac)) + 4% bc)) } .

We can see that the two equations match to first order (a little better, given the match at the |o) term).

e e 82 LI
at + |+>a:,D e t5%=4 ‘+>x,A 6+1h 2a272.B ‘+>£7B e 'h32a2%%C |+>x,C |+>a;,E

(C.90)

As long as we are using Griffiths’ notation, it is worth rewriting Eqn. [C.I5] with it. To do this, we will expand

the exponential as
e 7% = cos (%) I —isin (%) o (C.91)

and let n = —isin (%) and ¢ = cos (%) These are not the same n and ¢ Griffiths defined, but they will provide the




C. MZI CALCULATIONS C.6 PROBE STATE COMPARISON

same |+), — ¢ |+), +n|—), probe interaction that Griffiths used. With this, we obtain

) = 17%) [0 [0 (C1H0aa +711=Ye) )i a4 (C.92)

(e +11000) e (10 + 11 005) Fhac (€1am+11),05)

(o +1100) a0 (e 411000 (s + |—>$,E)}
162 [0B14) 0. (¢ Haa +11-)n) Fharz o 1Hai

+ (G0 + 11 00) ) (€ +010) e () +01))

B ap +11Yp) Fea s (e F 11 0c) (€1 4 |—>x,E)}
#1H |5 (¢ + 11D 0) 4hea (¢ +01005) e s

+ 2 (S 11D ) Fhaia s (6 +11)00) 4]

52

= |F7) [02 (Cloy +nla)) = 5 (¢ lo) + CPn (Id) + [b) + [e)) + Cn? (|db) + |de) + [be)) +n” | dbe))

4 5 10+ 10+ )+ P () +1d6) + ee)) + )|
167} |¢lob k) + 5 (610} G2 (1) + o)+ 1)+ CoP (1) + 1) -+ o) + v )

- % (¢ o) + n (|d) + |c) + |e)) + ¢n® (de) + |de) + |ce)) +n° |dce>)}
B
2
= [Ca(a|Fr) + B|G7)) + (P8 |Hz)] |o) + (nf |Hz) |d) + no[a|Fr) + B|G7)] |a)

+ SCBIC (1) +alGr)) + [ HD]8) + 5 CnB (¢ (81Fy) — alGr)) + Hr)] )

+ %n% [C(=B|F7) + a|G7)) + |Hz)] |db) + %n% [C(B|F7) — a|G7)) + [H7)] |dc)

+ SOPBI-61F) +a Gl be) + 5GP 8 [1Fy) - |G ee)

P B IR + alGr)]ldve) + o818 |Fr) — o |G7)] dec)

+[Hz) o [¢®lo) + ¢n (|d) + (b)) +n0? [db) + ¢ o) + ¢n (|d) + [e)) +n? |de)]

In Griffiths’ work, he designated |®*) as the system state entangled to a particular probe state |k). For example,
|®%¢) = L(n?B[-B|Fr) + a|G7)]. According to my calculation, [@%¢) = — |@dee) = 2 |®b¢), while Griffiths had
—g |®%¢) at the end in his Eqn. 33. This isn’t the only place I disagreed with him; my Eqn. does not match
Griffiths’ Eqn. 5, and the difference is demonstrable—evolving his |¢1) forward in time does not lead to |¢7) = |F7).

I believe both sign disagreements are simple typos, with no bearing on his findings.
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