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1 Introduction

Our world is comprised of data. Each email sent, website visited, or transaction made generates
data that is stored in a database, waiting to be gleaned. In the internet age, the rate at which these
databases grow is astronomical, according to Devakunchari [6], in 2014 nearly 90% of the world’s
data had been generated between 2012 and 2014. It is well understood that we, as a scientific
community, have reached a data capacity in which traditional data analysis methods fall short.

Data in this volume has been termed “big data” and the commercial potential of understanding
big data has motivated several academic pursuits. In recent years the algebraic topology commu-
nity has successfully applied pure mathematics methods to this problem, and a new field known
as Topological Data Analysis (TDA) emerged. With several powerful players, such as Carlsson,
Edelsbrunner, Oudot, and de Silva, TDA has grown considerably in a short amount of time.

The goal of TDA is to extract shape from a collection of data, where a geometric or topological
structure may not be obvious. Omnce a topological structure is identified, the well-established
tools of algebraic topology are used to identify patterns within the data. Of course, how this
extraction should take place is not an easy question to answer, and there has been substantial work
in this area. Most methods assume the data is embedded in a topological space and use simplicial
complexes to approximate the underlying structure. We have Leopold Vietoris to thank for one
method, the Vietoris-Rips complex, which he developed in 1927 to apply homology theory to metric
spaces [12]. This method has gained popularity in TDA for its ability to extract shape while being
computationally inexpensive. There are several other methods in a similar vein as the Vietoris-Rips
complex, and Ghrist [7] gives an overview of them.

The focus of this expository Master’s paper is a method proposed by Singh, Memoli, and
Carlsson in 2007, known as Mapper [13]. Although Mapper uses simplices to approximate shape,
it differs from the constructions mentioned above in several key ways. Mapper depends on a real-
valued function on the given data to create a specially designed topological cover for the data. It
then leverages the machine learning tool known as clustering in its definition. This construction
has seen great success and, in 2008 led Carlsson, Sexton, and Singh to found the machine learning
and artificial intelligence company Ayasdi.

Clustering can be viewed as the practice of partitioning a collection of discrete points and is
known, within the machine learning community, to be unstable. Meaning that the choice of two
similar sets of parameters could result in two partitionings that are not closely related, for more
details see an overview by von Luxburg in [9]. In fact, due to the difficulty of finding stable
clusterings, the question is less about achieving stability and more about decreasing instability.
As the definition of Mapper depends heavily on clustering, it is natural to question how much
instability Mapper inherits from the clustering in its definition.

In this expository Master’s paper we examine the work of Belchi, Brodzki, Burfitt, and Niranjan
in their paper A Numerical Measure of the Instability of Mapper-Type Algorithms, [1]. In this article
Belchi et. al. propose a measure of Mapper instability based on the work of Ben-David and von
Luxburg on clustering instability [2]. We begin by providing necessary background definitions in
probability and topology in Section 2. In Section 3 we give a mathematical definition of clustering
followed by Section 4 where the Mapper construction is defined. In Section 5 we review the work of
[2] on clustering instability to demonstrate how Belchi et. al. apply it to Mapper in Section 6. In
Section 7 we provide a stability theorem for Mapper-type algorithms from [1]. Finally, in Section
8 we outline an algorithm from [1] to help compute Mapper instability.
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2 Background

In this section we provide definitions and necessary background information.

2.1 Topology

The background information for topology is taken from Munkres [10] and [11]. First, recall the
definition of the diameter of a bounded nonempty subset of a metric space.

Definition 2.1. Let (X,d) be a metric space with metric d and A a bounded nonempty subset of
X. The diameter of A is defined to be the real number

diam(A) = sup{d(ai,az2) | a1,a2 € A}.

Voronoi cells are an important component for constructions in Sections 5 and 6. We alter the
classical definition by adding specificity for equidistant points.

Definition 2.2. Given a metric space (X,d) and x1,x9,...,x, € X define the Voronoi Cell of
Ti as

Vi=A{z e X |d(z,z;) < d(z,z;) forj #i}.

If there exists a point x € X that is equidistant from x;,, iy, . . ., xi, where eachi; € {1,2,...,n}
then assign = to the Voronoi cell of x;,, where iy, < i; for each j = 1,2,...,k and j # m. The
collection V1, Vs, ..., V, is called the Voronoi Diagram of X, with respect to x1,xo,...,%y.

Remark 2.3. In this paper we will use the Voronoi Diagram to define functions and the alteration
we introduced ensures the functions will be well-defined. This alteration does not appear in [1].

We now provide the building blocks of our construction.

Definition 2.4. A k-simplex is the convex hull of the k+ 1 affinely independent points vo, ..., vg
in R™ for k < n. Here affinely independent means that the vectors v1 — vy, v2 — vg, ...,V — Vg
are linearly independent.

As stated in the introduction, simplicial complexes serve as approximations in TDA and many
of these approximation methods use the definition of an abstract simplicial complex.

Definition 2.5. An abstract simplicial complex is a collection S of finite nonempty sets, such
that if A is an element of S, so is every nonempty subset of A. The vertex set of S is the union
of one-point sets of S and the dimension of an abstract simplicial complex is the cardinality of its
vertex set minus 1.

We conclude this section by giving the definition of a construction called the nerve as it is an
important tool in the Mapper construction.

Definition 2.6. Let A be a collection of subsets of a topological space X. Define an abstract
simplicial complez, called the nerve of A, denoted by N(A), as follows. The vertices of N(A) are
the elements of A and the n-simplices of N(A) are finite subcollections {Ag, A1, ..., An} of A such
that

AgNAiN---NA, #0.
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2.2 Probability

The background information for probability is taken from Bhattacharya and Waymire [5].
We recall the following standard terms from probability which will be used throughout the

paper.

Definition 2.7. A probability measure space is a triple (2, S, P) where 0 is a nonempty set,
S is a o-algebra of subsets of 2, and P is a finite measure on the measurable space (2, S) with
P(Q) =1. The set Q) is referred to as the sample space and w € Q as sample points.

Definition 2.8. A random variable X is a measurable map from a probability space (2, S, P) into
a measurable space (D, D) called the state space. Here measurability of X means that X~ *(B) € S
for each B € D. Unless stated otherwise, (D, D) will be (R, B) where B is the Borel o—algebra.

Definition 2.9. Given a probability measure space (2, S, P) and a P-integrable random variable
X, where R is given the Borel c—algebra, the expected value or mean of X is defined as

E(X) = /Q XdP.

Definition 2.10. Given a probability measure space (2, S, P), a finite set of random variables
X1, Xs,..., X, and Borel sets By, Bo, ..., By, we say X1, Xo,..., X, are independent if

P({we Q| Xi(w) € Bi for 1<i<n}) =[] P{{w € Q| Xi(w) € B}).
=1

Definition 2.11. For a probability measure space (2, S, P) and a random variable X the cumu-
lative distribution function F': R — R of X is

Flz) = P({w e Q| X(w) < z}).

If X1, Xo, ..., X, are random variables on (2, S, P) and F; fori=1,2,...,n are their correspond-
ing cumulative distribution functions, we say that X1, Xo..., X, are identically distributed if
P =F =.-.-=F,. If X1,Xo,..., X, are identically distributed as well as independent, we say
that X1, Xa, ..., X, are independent and identically distributed which is abbreviated as i.1.d..

Definition 2.12. Given random variables X1, Xs, ..., X, from a probability space (Q, S, P) into
the same state space (D, D) define the empirical probability measure for measurable A C D
and fized w € Q) as

P,(A) = Z 14(X;(w)),

where 14(X;) =1 if X;(w) € A and 0 if X;(w) ¢ A.

3 Clustering

We begin with a concept from machine learning and data analysis known as clustering which, in its
most simple form, is the practice of partitioning a set. We start with clustering because it plays an
important role in both the construction of the Mapper algorithm as well as in providing a measure
of the instability of the Mapper. In fact, we will see that the Mapper instability work of [1] builds
on the clustering instability work by [2], making clustering a logical first step.
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Definition 3.1. Let X be a set, a clustering function is a function
c: X—{1,2,...,s}.

The it" cluster of X with respect to c is V; = ¢~ (i) which may be empty, and c(x) is called the
cluster label of x € X. We refer to C = {Vi,...,Vs} as the clustering of X.

Note that the above definition is very general, and as a result there are functions that sat-
isfy the definition, but are not practical as a tool for data analysis. For example, suppose X =

{z1,z9,...,2,} and that we apply the following clustering functions to X.
c X — {1} co: X—{1,2,...,n}

The clustering function c¢; results in a clustering that has only one cluster, namely X itself,
and the second function co assigns each point of X to its own cluster. An equally uninformative
clustering function is one where cluster membership is decided randomly. For instance, consider
rolling a six sided die for each of the n members of X and assigning x; to the result of the i*" die
roll. In this way X is partitioned into at most six nonempty clusters, but the only feature that
members of a cluster have in common is a random occurrence. The commonality of these three
examples is that they do not exploit any relationship between the points of X, and at the heart of
data analysis is the search for such a relationship.

Generally, a clustering function, ¢, is defined after a process is performed on the set X that
determines ¢(z) for x € X. In the die rolling example above, the clustering function that assigned
z; to the " die roll was defined after the die was rolled n times. Rolling the die n times was a
process that was completed before the clustering function was defined. In practice, these processes
tend to be more sophisticated than rolling a die and we will refer to a process that determines a
clustering function as a clustering algorithm.

As there are numerous applications that generate data there are numerous clustering algorithms
tailored to these applications. Most clustering algorithms fall into categories that are determined
by several factors, including the goal of the analyst and the type of data being analyzed. We will
look at examples from two categories: density based clustering and centroid based clustering.

In density based clustering the goal is to determine the number of “accumulation”, or “high
density”, areas of the points of X, these areas will form the clusters of X. Points that are far from any
accumulation area are often regarded as not belonging to any one cluster and are labeled as outliers
by the algorithm. Here, “far” is relative to how dense each cluster is. Density based clustering is a
natural geometric method of partitioning a collection of discrete points which discretizes the notion
of path connectivity.

Our example of a density based clustering algorithm is known as Density Based Spatial Cluster-
ing with Application to Noise which is commonly referred to as DBSCAN. It depends on a number
of definitions.

Definition 3.2. Given X = {x;}" | C X where X is a metric space with metric d, ¢ € RY, and a
natural number minPts. Define a core point of X as x € X such that

|B(xz,e) N X| > minPts,
where By(x,€) is the open ball of radius & centered at x.

The following definitions relate to the core points of X = {z;}}* ; C X.
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Figure 3.1: An example of DBSCAN identifying two areas of high density and ignoring four outlier
points, considering them as noise due to sampling error.

Definition 3.3. Given X = {z;} | C X, where X is a metric space.

e A point y € X is directly reachable from a core point x, if y € B(x,¢).

A point y € X is reachable from a point x € X, if there exist core points ci,co, ..., ¢
such that x is directly reachable from ci1, y is directly reachable from c;, and c;y1 is directly
reachable from ¢; for all1 <i<t—1.

Two points x,y € X are connected, if there exists a point z € X such that x and y are both
reachable from z.

A point z € X is a boundary point, if x is reachable from a point y € X, y # x, but z is
not a core point.

A point x € X is considered an outlier, if it is not reachable by any other point of X.

The clustering of X is then determined by the areas of connectivity as defined in Definition 3.3.
Definition 3.4. Define the DBSCAN clustering, C = {V1,Va, ..., Vs}, of X by setting
Vi ={z € X | x is an outlier}

and Vo, Vs, ..., Vs as the maximal subsets, with respect to set inclusion, of X such that any two
points x,y € V; are connected, but no point from V; is connected to a point z ¢ V;.

Figure 3.1 gives an example, where X is a collection of points in R? with the Euclidean metric.
Two clusters are formed when € = 4 and minPts = 3. We now discuss centroid based clustering.
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Definition 3.5. Given X = {z1,22,...,z,} C R%. A centroid based clustering is a choice of
points {z1, 20, ..., 21y C R? called centroids, and a clustering function f : X — {1,2,...,k} that

minimizes
Z d(zx, zf(m))Q.
rxeX

The centroid based clustering algorithm we will discuss is known as naive k-means and is well
known in the machine learning community. Naive k-means uses an iterative process as follows.
Naive k-means Algorithm:

e Arbitrarily select k points of R, 250), zéo), e ,Z]E:O), not necessarily belonging to X.

For each i € {1,2,...,k} define the 0'* stage cluster as
VO = {z e X o |lz — 2V < [lz — 21V|1? for j # i}.

If there exists a point z € X that is equidistant from zg)), 21;(3)7 e zi(lo) for i; € {1,2,...,k},
(0)

then assign z to Vip

where 7, < i, for each j =1,2,...,l and j # p.

e Fori=1,2,...,kand m > 1 set

oLy,

(3-1)
|‘/; | IEV;(WLfl)

e Define the m!" stage clusters for i =1,2,...,k as
. 2 (m) |2 C
Vi =z e Xt lo— 4™ < |lw — 2™ for j # i},

If there exists a point x € X that is equidistant from zl.(ln), zi(;n), . ,zl.(lm) for i; € {1,2,...,k},
(m)

then assign z to V,Lp

where i, < i; for each j =1,2,...,1l and j # p.
e For stage m define the clustering function f(™ : X — {1,2,...,k} of X as

FU™(x) = i such that z € V;(m).

e Convergence is reached when Vi(m) = Vi(mﬂ) Vi=1,2,...,k.

Figure 3.2 gives a schematic of the naive k-means algorithm.

There are several questions that arise with the naive k-means algorithm. Since our paper is
focused on topological data analysis, where clustering is a tool and not the primary focus, we do
not attempt to address questions associated with naive k-means or clustering in general, but have
provided sources on the subject for further reading [3][4][8][9].

We will use clustering in the next section to define an algorithm, called Mapper, that constructs
a simplicial complex from a collection of discrete points in a metric space. Ultimately, we will use
this simplicial complex as a topological approximation, so consequently we will be interested in
the stability of these approximations. It turns out that these approximations depend heavily on
clustering stability, which is the topic of Section 5.



Instability of Mapper Type Algorithms for TDA Wentland

k=3 i=0
—O—————0—¢ —O *—@ L4 g © 0—00 —00—0—
C&o) cg]) CgU)
k=3 i=1
—e o0 —O *—© L 4 4 0—08o —00—0-
(1) (1) (1)
c Cy G
k=3 i=2
———& @ 0-O0® L4 4 0—00 O—0—00—0-—
v 2
C(ll) céz) c;(;)
k=3 i=3
———e—0—90 L4 —0-O—00— -0—00 O—0—00—0—

C;3) Cés) cés)

Figure 3.2: In this example X C R and k& = 3. The centroids are denoted by open points, and the
points of X are denoted by solid points, which are colored according to their cluster assignment.
With each successive ¢ the points are recolored according to their new cluster assignment. We
see that this schematic converges quickly, and that any further adjustment of centroids would not
result in new cluster assignments.
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4 Mapper Construction

Here begins the predominant topic of this paper, an algorithm, called Mapper, defined in [13], that
converts a finite set X residing in a metric space X into a simplicial complex, a Mapper complex,
intended for data analysis. First, we will present the algorithm such that the resulting simplicial
complex is of dimension at most one, and then generalize the construction to higher dimensional
simplicial complexes.

In this section, unless stated otherwise, we will assume that X is a metric space and X =
{x;}, C X such that each xz; is drawn i.i.d. from X according to a probability measure P with
respect to the Borel o-algebra.

Definition 4.1. Given X C X, we make the following definitions.
o A filter function is a function f: X — R.

o 7 = [fmin, [maz] i the parameter space of f, where fuin and fmaes are the smallest and
largest values attained by f. These values are defined because f is a function from a finite set
into a well-ordered set.

o L = length of Z.
We now generate a cover for Z by equal length intervals.

Definition 4.2. For a filter function f with parameter space Z, a resolution is a tuple (I,p) €
(0,L) x (0,1) that determines a collection of intervals {I1, I2,...,I,} such that | is the length of
each interval, p is the percentage overlap of successive intervals, and the following condition holds
for each i

LNIj=0,Yj#t—1andj#1i+1.

The resolution is then used to define a cover for Z.

Definition 4.3. Given a filter function f for X C X, a Mapper cover, Z/{(’; ) is a collection of

intervals determined by a resolution (I, p) that covers Z = [fmin, fmaz]-

The following construction is similar to the nerve from Definition 2.6. Recall that the objective
is to construct a simplicial complex from the finite collection of points X, so we will construct a
cover for X rather than for X.

Definition 4.4. Let X = {x;}}_, be a finite subset of X. Then given a filter function f on X and
Mapper cover U(J;p) ={h,11,.... It} of Z = [fmin, frmaz]| define
X, =fNL)ie{1,2,...,t}.

We call X; the it" bin ofu(]; "

It is clear that X is contained in the union of the bins. At this point we could construct

a simplicial complex similar to the nerve as follows. Represent each bin as a zero simplex and

connect any two zero simplices with a one simplex whenever two bins share an element. However,

in practice the finite collection X is composed of an exceptionally large amount of data points,

and this method could condense information too much by treating the entire bin as a zero simplex.

The idea is to apply clustering to each of the ¢t bins Xj, ..., Xy, which will condense the bins in a
meaningful way.

10
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Definition 4.5. For each bin X; of Z/I(J;p) define a clustering function for X; as f; : X; —
{(4,1),(4,2),...,(i,8:)}. The clusters of each bin X; are

V9= 7N, ) forj=1,2,..., 8.

By construction we have not excluded the possibility that X; N X; # ) for some choices of i and
j where ¢ # j, which means that there could be members of X that have been assigned to clusters
of different bins. We will use this fact to construct a simplicial complex, ¥, as follows:

Definition 4.6. Given X = {z;}}_, C X, filter function f, a Mapper cover Z/{(];p , and (f1, fo, ..., ft)
clustering functions for each bin X;, we define the Mapper complex, X, as f)ollows:

e For each cluster Vij add a zero simplex to X.

o Whenever two clusters intersect, add a 1 simplex to ¥ between the zero simplices that corre-
spond to the two intersecting clusters.

Lp
belong to at most two intervals of L{]; . Furthermore, the clustering of each bin X; is a disjoint
union. This fact together with the resolution restriction implies that at most two clusters can
intersect. This means that X is of dimension at most 1.

Remark 4.7. Due to the definition of a resolution for a Mapper cover Ll(f ) @ point f(x;) € Z can

Next, we generalize the construction of a Mapper complex X to higher dimensions.

Definition 4.8. Let X = {z;}"; C X. We define a k-dimensional filter function as
F:X —RF

where F(z) = (g1(z), g2(x),...,g9x(x)) and each g; : X — R. The k-dimensional parameter
space of I is

where Zz = [gzmzn7gzma7‘] and L7« = mea’I‘ - glmzn
The generalized Mapper cover for Z follows directly from the 1-dimensional case.

Definition 4.9. Given a choice of resolutions (l;,p;) € (0, L;) x (0,1) for eachi=1,2,...,k, and

let Z/{;f - be a Mapper cover for Z;. We define a k-dimensional Mapper Cover Ll(’; p) 05 the set

of al

1) (k) S ,
Ij1 X - X Ijk such that 7; = 1,2, ..., t;,

where Ij(:) refers to the the jfh interval of the it" Mapper cover Z/{(gli_p_), and for each i, t; is the

number of intervals in U ..
(lz»pz)

Remark 4.10. If we denote the product tits-- -ty by t, then there are t elements in Ul .. This

(1,p)
implies that there are t bins of X, defined as X; = F~1(A;), where A; € Z/I(J; 0

We are now ready to define the Mapper complex in higher dimensions.

Definition 4.11. Given X = {z;}]", C X, a k-dimensional filter function F, a k-dimensional

Mapper cover Z/{(J; )’ and (f1, fa, ..., ft) clustering functions for each bin X;. We define the Map-
per complex, >, of X as follows:

11
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e For each cluster V;;j add a zero simplex to X.

o Whenever m + 1 clusters intersect, add an m simplex to 3 between the zero simplices that
correspond to the m + 1 intersecting clusters.

We now illustrate the definition with an example.
Example 4.12. Let X =7 and X = {1,2,3,6,7,9}. Suppose f: X — ZR is given by
1—0, {3,9} =4, {2,6,7} —T.

Then Z =10,7]. Let (I,p) = (5,0.4) be the resolution of Z/l(];p). Then M(J;p) = {[0,5), (3,8)} with
bins

FH[0,5)) = X1 = {1,3,9}, £1((3,8)) = X2 = {2,3,6,7,9}.
Suppose the clustering algorithm partitions each bin into

‘/11 = {1}7 ‘/12 = {379}7 V21 = {27377}7 V22 = {679}7

then the resulting Mapper complex, 3, is

[
Here the isolated vertex corresponds to Vi, and the verter with degree two corresponds to V2.

Remark 4.13. There are certain aspects of this construction that warrant additional consideration,
one being the dependence of the cover L{(J;p) on the choice of resolution (l,p). The correct choice
of resolution ensures a maximum dimension for ¥, as well as prevents an abundance of cluster
connections, see Figure 4.1.

5 Clustering Instability

Clustering is known to be unstable, meaning that small changes in parameters do not always imply
small changes in the resulting cluster assignments. In order to quantify this instability a metric
on clustering functions is needed. We also present a method to measure the appropriateness of a
clustering algorithm given a specific application.

To avoid technicalities arising from the wide variety of known clustering algorithms, for the
remainder of the paper, unless stated explicitly, we make the following general assumptions. Assume
that X = {z;}7_, C X, where X is a metric space, and each z; € X is drawn i.i.d. according to a
probability measure P on X with respect to the Borel o-algebra.

Definition 5.1. Given a metric space X, let F be the set of all functions {f | f:X—={1,2,..., 8}}
We define an equivalence relation on F by f ~ g for f,g € F if and only if there exists m € S such
that f = mwog. Here Ss is the symmetric group on s elements. We denote the set of equivalence
classes by F = F/ ~, and by a slight abuse of notation we will call elements of F clustering
functions.

12
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AN
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Figure 4.1: The above Mapper complexes were all constructed using the Kepler-Mapper library
in Python [14] from the point cloud above that resembles two concentric circles. The filter func-
tion used in each case was a projection onto the x-coordinate, the clustering algorithm used was
DBSCAN with € = .1 and minPts = 2 using the Euclidean metric. In each case, all parameters
were kept constant except for p in the resolution. The p values for the top row are .01,.25 and .5,
and the bottom row are .75 and .99. We see that for a very small overlap no structure is formed.
On the other hand, for large overlap there is far too much connectivity, and information about the
original shape is lost.

13
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For finite subsets of X we use the following definition.

Definition 5.2. If X = {z;}", C X, let F,, = {f | f : X = {1,2,...,s}}. We define an
equivalence relation on F,, by

fr~gforfgeF, < A w8 such that f =mwog.

Denote by F,, = F,/ ~, and again we will call elements of F,, clustering functions.

We follow the work of [2], and define two metrics on F,, in order to develop a measurement of
clustering instability.

Definition 5.3. Given X = {z;}; C X, the minimal matching distance is a function Dy, :
Fn X Fn = R, given by:

1T
Dm(fv.g) = Zrnezgs <n Z ]]-f(zj);é(ﬁog)(xj)> y
j=1
where 1) 2(rog) ;) = 1 if f(x5) # (70 g)(z;) and O otherwise.

The minimal matching distance is an established metric in the machine learning community.
As the literature did not provide us with a proof we provide it here.

Lemma 5.4. The minimal matching distance is a metric on F,.
Proof. Let f,g,h € F,, we prove each condition of a metric.
e Clearly D,,(f,g) > 0 because it is defined as the sum of indicator functions.

e D, (f,9) <1 because the summation
n
> L) Amo)ay) <1
j=1

e Observe that D,,(f,g) = 0 if and only if there exists a m € Sg such that Lt (2;)#(mog)(z;) = 0
for each j = 1,2,...,n. However, this is true if and only if f(z;) = (7 o g)(x;) for each j,
which is the definition of f = m o g. Then there exists a m € S5 such that f = 7o g if and
only if f ~ g in F,,. Thus, D,,(f,g) = 0 if and only if f ~ g.

e For symmetry suppose that o € S is the minimizing permutation for D,,(f,g), and 7 € Sy is
the minimizing permutation for D,,(g, ). Suppose to the contrary that Dy, (f, g) # Dm(g, f).
Without loss of generality we may assume that D,,(f,g) < D (g, f). Then

1 — 1 —
g Z Lf(@;)#(rog)(z;) < g Z Lg(a,)2(00f)())-
j=1 j=1

However, this implies that

n

1 ¢ 1
— 2 Vetonetae) < 5 D Vot (on(ay)
=1 i=1

which contradicts the definition of o. Thus, D,,(f,9) = Dn(g, f).

14
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e Finally, for the triangle inequality, suppose that o € S is the minimizing permutation for
Dy, (f,h) and 7 € S is the minimizing permutation for Dy, (h,g). Further, let ¢ indicate the

discrete metric on {1,2,...,s}. By definition we have for any = € Sy
1o 1 ¢
f g < EZ f(zj)#(mog)(x;) — gZ&(f(&?j),(ﬂ'Og)@?j))-
: j:l

Using the triangle inequality for the discrete metric we have that for any j

8(f(x)), (m o g)(x;)) < 0(f(x;), (0 0h)(x;)) +((00h)(x;), (m o g)(x;))-

It follows that

m(f,9) < Z ), (00 h)(x5)) +6((0 0 h) (), (0 g)(x;))

3\'—‘

= Dl + 2 Y b o W) (ro 0)(a)).

j=1
Since 7 was arbitrary we can choose 7 to be o o 7 which gives
1 n
Din(f,9) < Dm(f:h) + = 6((0 0 h)(x;), (0 07 0 g) (7).
j=1
Notice that for any j
5((0 0 (), (0707 0 6) 7)) = 8(h(ay), (7 0 9)(x)

which implies
Dm(fa g) < Dm(fa h) + % Zé(h(xj)7 (T © g)(:vj)) = Dm(f7 h) + Dm(hvg)'

Therefore, D,, is a metric. u

In practice, computation of this metric is difficult due to finding a permutation = € S that
minimizes the summation in Definition 5.3. Later we will apply this metric to Mapper complexes,
and we will provide an example of its computation.

The second clustering metric is presented by [2] as a distance based on cluster boundaries. To
follow the assumptions and notation of [2] we assume that X is a compact subset of (R¥, d), where
d is a metric.

Definition 5.5. Let X be a compact subset of (R*, d). We define the boundary of a clustering
function f € F as its set of discontinuities:

O(f) ={x € X| f is discontinuous at x}.
Moreover, for v > 0 the v-tube of f is the set
Ny (f) ={z € X[ d(z,0(f)) <7},

where d(z,0(f)) = inf{d(x,y) |y € O(f)}. Fory =0, set No(f) = 9(f).

15
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Remark 5.6. If f ~ g, in F then there exists a w in Sy such that f = wog, and hence, I(f) = 9(g).
On the other hand, if O(f) = J(g), there may not exist a ™ in Sy such that f = wo g. However,
if O(f) = 0(g) and there exists a m in S such that f = wo g for all x ¢ O(g), then the two
clustering functions f and g are essentially the same, except for possible discrepancies on their
shared boundary.

According to the equivalence relation given in Definition 5.1, the clustering functions in the
above situation are mot equivalent. However, in order for some of the following proofs to be wvalid,
including the proof of Proposition 5.11, it is necessary that these clustering functions are equivalent.
To achieve this, we define a new equivalence relation on F, where f ~g g if and only if O(f) =
0(g) =: Oty and there exists a m in Sy such that f = wo g for all x ¢ 0f4. This is in fact an
equivalence relation where the reflerive and symmetric properties are immediate. For transitivity,
if f,9,h € F such that f ~9 g and g ~g h, then O(f) = 0(g) = O(h) = 0y}, and we have w,0 € S
such that

f=mogand g=ooh for all x ¢ Oy p,.
It follows that f ~g h. We denote F/ ~g by Fy. Then f ~ g in F implies that f ~ g in Fp.
However, if f ~ g in Fy, then f and g may not be equivalent in F. Hence F is a stronger equivalence
relation than Fy. In the remainder of this paper, the equivalence relation ~g is primarily used for
technical reasons. Then, at the risk of confusion, but to avoid even more decorations, we will refer

to Fy also as F. We introduced this new equivalence relation to add clarity to the work of [1], as
such, the definitions provided here differ from those in [1].

We now prove a technical lemma regarding Definition 5.5, which was implicitly used but not
proved in [2].

Lemma 5.7. Let X be a compact subset of (R*, d) then, for~y >0 N, (f) is closed in X with respect
to the metric topology on X.

Proof. Suppose y € Ny(f)¢, the complement of N,(f), then by definition d(y,d(f)) > ~. Let

= % and suppose there exists a z € By(y,e) N Ny(f), where By(y,¢) is the open ball

around y with radius e. Then d(y,z) < € and there exists some x € J(f) such that d(z,z) < 7.
Using the triangle inequality we have

d(y,z) < d(y,2) +d(z,z) <e+vy <d(y,d(f)) —v+v=dy,of))-

This contradicts the definition of d(y,d(f)) and hence, no such z exists. Therefore, N, (f)¢ is open
in X and N, (f) is closed in X. [

Intuitively, elements of 9(f) are the points in X where the cluster labels change, meaning for
any neighborhood U of z there exists y,3/ € U such that f(y) # f(y'). The ~-tube around a
clustering function f will be used as an error margin to compare two clustering functions.

Definition 5.8. For f,g € F we say that f is in the v-tube of g if for all x,y ¢ Ny(g) we have

fx) = fly) = g(x) = g(y)-
This relationship is denoted by f <N, (g).

See Figure 5.1 for a diagram exhibiting when f <N, (g). We are now ready to define the second
metric.
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) 0 10 20 40 50 70 90 100 110

Figure 5.1: Above, both the solid line and the dashed line represent clustering functions, g and f
respectively, from the space [0, 100] into three clusters. When the dashed line is above the solid line,
it is to be understood that both f and g are assigning that portion of [0,100] to the same cluster
label. The solid black points at = 30,60,80 are d(g) and the dotted neighborhoods around
d(g) represent N5(g). In this diagram f < N5(g) because the only discrepancy between the two
assignments occurs within N5(g). It is important to note that because of the equivalence relation
in F it is not necessary that if f <N, (g), then f and g assign points outside of N,(g) to the same
cluster label, rather that outside of N,(g) there exists a permutation such that f =mog.

Definition 5.9. Let f,g € F and v > 0. Then the boundary distance between f and g is given
by
Dy(f,9) = i%{v | f<aNy(g) and g <Ny(f)}.
v

We will use the following lemma to prove that the function Dy : F x F — R is a metric.
Lemma 5.10. Let f,g € F and diam(X) >~ > 0. If f <N,(g), then O(f) C N,(g).

Proof. Assume to the contrary that 0(f) € N,(g). Then there exists some = € 9(f) such that
x ¢ Ny(g). By definition of O(f) we know that x is a discontinuity of f. But x ¢ d(g) since N, (g)
contains J(g). Hence z is not a point of discontinuity of g. By Lemma 5.7 there exists an open ball
B centered at x such that B Z N,(g). Since z is a point of discontinuity of f there exists a y € B
such that f(z) # f(y). But f <N,(g) by assumption which implies that g(z) # ¢(y) by definition
of f < N,(g). Hence we found an open ball B C N,(g)¢ centered at x with a y € B such that
g(x) # g(y). So z is a point of discontinuity of g, a contradiction. Therefore, d(f) C Ny(g). [

We now have the tools to prove that Dy is a metric.
Proposition 5.11. The function Dy is a well-defined metric on F.

Proof. Let X C (R¥,d) be a compact subset and let f and g belong to F. To show that Dy is
well-defined, we notice that D; does not depend on the cluster labels of f and g but only on their
boundaries. Both 9(f) and 9(g) are defined by the discontinuities of f and g, and reassigning
cluster labels will not change these points of discontinuity. Thus, if f/ = 7o f and ¢’ = 0 0 g, then
A(f") = 0(f) and 9(¢') = 9(g), which implies that

Db(f?.g) = Db(f/7g) = Db(f’g/) = Db(flag/)u

17
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and Dy is well-defined. We now check the conditions for a metric.

e We assumed that X is compact, so diam(X) = X is finite and we have that f < Nyx(g) and
g < Nx(f) vacuously, as there are no points outside of Ny(f) or Nx(g). Thus, Dy(f,g) < oc.

e By definition of Dy, v > 0 and so Dj is the infimum of positive numbers which implies

e Clearly Dy(f, f) =0.

* Dy(f.g9) = i@)g{v | f<Ny(g9) and g a N, (f)} = i@g{v | g<a N, (f) and f<aN,(g)} = Dy(g, f),
Y Y

which proves symmetry.

e Suppose that Dy(f,g) = 0. Since f<aNy(g) we have, by Lemma 5.10, that 9(f) C No(g) = 9(g)
and similarly 0(g) C 9(f), hence 9(f) = 0(g). Call this shared boundary d¢,. We have by
definition that for all z,y ¢ Oy 4:

f(x)=fly) <= g(z) =9g(y). (1)

For each i such that g~!(i) is non-empty, choose x; € g~'(i) such that = ¢ s, and define
m € S as the product of transpositions:

™= (Lf(:))(2f (22)) - - (sf (5)).

Here we deleted the terms (jf(z;)) such that g~!(j) = 0. For any z € X\ 9y, g assigns some
label to z. Suppose that g(z) =i for some i = 1,2,...,s, then

(mog)(x) = m(i) = f(xi)

by definition of 7. Now, g(z;) = i = g(x) by of the choice of z;. Then by (1) we must have
f(xi) = f(x) because z;,x ¢ Jf4. Hence for 7 defined above we have that f = 7o g for all
x ¢ Ofg, and by definition f ~ g in F. On the other hand, if f and g belong to the same
equivalence class of F, we have shown that Dy is well defined. Hence

Db(fag) = Db(Q,Q) =0.

We conclude that, Dy(f,g) =0 < f~gin F.

e For the triangle inequality assume that Dy(f,g) = 71, Dy(g,h) = 2 and let v = 1 + 2. Let
x € Ny,(g). Then there exists some yy € d(g) such that d(z,y9) < 72. By Lemma 5.10,
g<N,, (f) implies that d(g) C N,,(f). Hence, there exists zgp € 9(f) such that d(yo, 2z0) < 71.
Using the triangle inequality for the metric d on X we have

d(z,z0) < d(z,y0) + d(yo, 20) <2 +71 =1
Hence z € N,(f). Then, by contraposition,

z & Ny(f) = 2 & Ny(9) (2)

Using (2) we have that if 2 and y do not belong to N,(f), then « and y do not belong to
N,,(g). Hence, by definition of Dy(g, h) = 72 we have h(z) = h(y) if and only if g(x) = g(y)
when x,y ¢ N, (f). Furthermore, if z,y ¢ N,(f), then z,y ¢ N, (f) since v > ;. Then using
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the assumption that Dy(f, g) = 71 and the definition of Dy(f, g), we have that if z,y ¢ N, (f)
then f(x) = f(y) if and only if g(z) = g(y). Thus, by transitivity, if z,y ¢ N,(f) then
f(x) = fly) < h(z) = h(y), or h<Ny(f). A similar argument shows that

x & Ny(h) = = & Ny (g),
and hence f <N, (h). We obtain that

Dy(f,h) <y =+ = Dy(f,9) + Do(g,h)
and the triangle inequality is proved. Therefore Dy, is a well-defined metric on F.

In order to measure the appropriateness of a clustering algorithm for an application we define
clustering quality functions. In what follows we have adapted the work of [1].

Definition 5.12. Let (X,d) be a metric space and let My(X) denote the set of all probability
measures on X with respect to the Borel o-algebra. A clustering quality function is a function

Q:F x My(X) > R.

A clustering quality function assigns to a clustering function f and a probability measure P
a real value. This value can be thought of as the cost, or error, of the clustering function f with
respect to the probability measure P.

For finite subsets X = {x;}I' ; C Xrecall from Definition 2.12 that if Y7,Y5,...,Y,, areii.d. ran-
dom variables with respect to a state space S and probability measure P the empirical probability
measure P, is given by

Pa(d) = 3" 14(¥)
1=1

where A is a measurable subset of S. If we view X as the state space S, then each element of
X can be viewed as the outcome of a random variable Y; with respect to X and P. In this way,
when a finite sample, X, is drawn from X with respect to P, X determines an empirical probability
measure P,. Then the definition of a clustering quality function for a finite subset is as follows.

Definition 5.13. Let X = {z1,...,2,} be a finite subset of X drawn i.i.d. with respect to a
probability measure P. Then an empirical clustering quality function, Q,, is a function

Qn: F xX" >R

Remark 5.14. We assume the order of x1,...,x, does not matter, and the use of X" instead of
the set of all probability measures, as in the case for X, is justified by the above discussion.

Example 5.15. Recall from Definition 3.5, that for X = {x;}"; C X = R? the goal of the k-means

clustering algorithm is to place k points, z1, 2o, . ..,z € RY that minimize
Z d(zx, z3)?.
zeX

Then for a finite sample X of X an empirical clustering quality function for the naive k-means
clustering algorithm is given by

1 n k
Qn(f, X) = DD T —sd(zi, 2).

i=1 j=1
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We see that Q,, averages the sum of the distances d(x;, z5,), where zy, is the centroid for the cluster
that x; was assigned to. If fi and fo are two clustering functions, defined by applying the naive
k-means algorithm twice to X such that Qn(f1,X) < Qun(f2,X), then f1 should be viewed as the
superior clustering function.

The infinite version of Qy, is the corresponding clustering quality function Q) for X and is given

by
Z [ o)),

Example 5.15 illustrates how the clustering quality function can be used to find an optimal
clustering function.

Definition 5.16. For a fized P € M;(X), the optimal clustering function for X with respect
to a clustering quality function Q is the function cp € F such that

cp = argmin Q(f, P).
feF

Here argmin refers to the the argument that minimizes the function Q). The optimal clustering
function induces a map

C: M (X) — F where P+ cp.

We restrict our discussion to clustering quality functions Q(f, P) for which a unique global mini-
mum exists, otherwise the function C would not be well-defined.

Remark 5.17. Restricting to clustering quality functions that have a unique global minimum is
not an unreasonable assumption, because it has been shown that the existence of multiple global
minimums implies instability, see [3] for more information.

Again we consider the finite subset X C X.

Definition 5.18. Suppose X = {z;} ; C X and let f € F,,. Let Q, be an empirical clustering
quality function for X. The optimal empirical clustering with respect to Q,, is the clustering
function ¢, such that

¢n = argmin Qu(f, X)
feFn

Again, we have an induced map
C, : X" —» F, where X — c,.

Before we close this section with a method to assess the instability of a clustering we need an
idea introduced in [1], which we make more precise in the following definition.

Definition 5.19. Given two finite subsets XM = = {z; 1)}Z XY = {a:l(»z) v, CX, and a clustering
function f € F,. Partition X into the Voronoi diagram with respect to the points IL‘gl), xgl), ces ,mg)

and define the clustering function f: X — {1,2,...,s} by

f(z) = f(xgl)) where z belongs to the Voronoi cell of wgl)

Hence, f € F. Restrict f to XV U X @ and refer to this restriction as f for simplicity. Then
define i, : Fp, — Fop as _
Zv(f) = I
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Now we have all the necessary tools to define a measurement of the instability of a clustering.

Definition 5.20. Let @, be a clustering quality function for X. Then we define the function Ig,
as the composition

CrpxCh iy X1y D,
Io, : X" x Xt EXCn, o Fy 250 Fo X Fap 225 R

The composition of Definition 5.18 can be described as follows. View X, X2 e X" as two
finite subsets of X, where each of their elements are drawn i.i.d. with respect to the same probability
measure P. Then C,(X;) = ¢; and C,,(X2) = co are the optimal clustering functions in F;, of X 1)
and X respectively. Using the function 4, from Definition 5.19, we extend ¢; to ¢ € F using
the Voronoi diagram of X with respect to the elements of X (1) and extend ¢y to &3 € F using the
Voronoi diagram of X with respect to the elements of X?). This inclusion is necessary because we
can now view both ¢; and ¢ as clusterings on the same finite subset, XY U X @) in order to apply
the minimal matching distance as the last term of the composition.

In the appendix of [1] the writers provide conditions for the empirical clustering quality function
@y to ensure I, is a measurable function with respect to the Borel o-algebra on R and the
probability measure P" x P™ on X" x X". In other words, [1] contains a theorem stating that
if @), satisfies the assumption of the theorem, then I, is a random variable with respect to the
probability product measure P X P x --- x P = P™. From probability theory we know that P" is
a probability measure on X" because we are viewing each of the a:z(l) 52)
random variables with respect to P. This leads to our measurement of clustering instability.

and z;”’ as outcomes of i.i.d.

Definition 5.21. Let (X, d) be a metric space equipped with a probability measure P, along with an
empirical clustering quality function Q. Then the instability of a clustering of X = {x;}]; C X
with respect to Qy, is given by

InStabclustering = E(IQn)

where E denotes the expected value of a random variable. The expectation is taken over P on pairs
of points in X",

In the next section we will generalize this definition to provide a measure of the instability of
the Mapper algorithm. Then we will use the metrics presented in this section to provide a bound
of that measure.

6 Mapper Instability

As a Mapper complex depends heavily on a choice of clustering for the bins, it is natural that the
work above on measuring clustering instability should be applied to developing a measure of the
instability of a Mapper complex. In the following we describe the work of [1], in which they apply
the results of [2] on clustering instability to express the instability of a Mapper complex as the
expected value of a random variable.

We first list our assumptions. Let X be a compact metric space equipped with a probability
measure P € M;(X) with respect to the Borel o-algebra, where M;(X) is the set of all probability
measures on X. Let X = {z;}_; be a finite subset of X where z;, ¢ = 1,2,...,n, are drawn i.i.d.
with respect to P.

Furthermore, in the construction of a one dimensional Mapper complex, the finite set X is
covered by bins X1, Xo,..., X; such that X; = f~1(I;) where I; is the i?" interval of the Mapper
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cover Z/{(J;p). In order to follow [1] we relax this condition and cover X by letting U = {U;}!_; be a

cover of X, not necessarily an open coven, and defining By, = {X; = X N U;}._;. We will continue
to call X; the i*® bin of X for simplicity. The following definitions will be similar to the definitions
in Section 5, but we are now applying them to each individual U; € U.

The set of all clustering functions on U; will be denoted by F(®), where a clustering function
fi € FO is of the form

fi : Uz — {(Z, 1), (Z, 2), ey (Z, Si)}7
and s; will always denote the number of clusters of U;. We define an equivalence relation on F®)
as follows. For f;,g; € F()

fi~gi <= 3 m €8, such that f; = m; o g,

where Sy, is the symmetric group on s; elements.
Then for each bin X; = X N U; we define a clustering function on X; as a function

fi : Xz — {(Z, 1), (’L, 2), e (’L, Si)},

and denote the collection of all clustering functions on X; as FT(L? where | X;| = n;. We denote by
.E(L? the set of equivalence classes, ]-'ffi) = FY(L:) / ~, where f; ~ g; if and only if f; = m; o g; for
€ Sni-

For a given probability measure P € M;(X) the probability measure induced on Uj; is given by
P
=,
P(U;)
and P; belongs to M;(U;). Each finite collection X; of n; points from U; determines an empirical
probability measure P, (A) = ni Z;":l 1a(x;), where A C U; and zj € X; for j =1,2,...,n;. We

7

then define a clustering quality function for U; by
QW . FO 5 My (U;) — R,
which induces a map

CD: My (U;) = F9 where P — argmin QU (f;, P).
fieF®

Then, an empirical clustering quality function with respect to U; and ]-",g? is a function

QYW : F) x UM — R.

ng

The definition is justified just as Definition 5.13 was justified. The empirical clustering quality
function induces a map

C,(fi) (UM — .7:7(1? where X; — c,(fi) = argmin Qgi)(fi, Xi).
fiE-F?(l?
Here, the clustering function cﬁf} is the optimal clustering of X; with respect to the empirical
clustering quality function Q,(fi). Again, we restrict our attention to those clustering quality functions

and empirical clustering quality functions that have a global minimum, to ensure that C and C’T(Lii)
are well-defined. We now define a Mapper complex as a function.
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Definition 6.1. Let U = {U;}!_; be a cover of X and let f; € F9 be clustering functions for each
U, eU. A Mapper function on a metric space X with respect to U is a function

t
m:X — 77( U{(z, 1),(4,2),..., (z,sﬁ}) where x +— { fi(x) for all i such that x € U;},
i=1

where P refers to the power set. When considering X = {x;}' ; C X and clustering functions

fie ]:7%) fori=1,2,...,t, a Mapper function on a finite set X C X with respect to U is a
function

t
m:X — P( U{(z, 1),(i,2),..., (z,sl)}) where x — { fi(x) for all i such that x € X; = X NU;}.
=1
The set of all Mapper functions on X will be denoted by M, and the set of all Mapper functions on

X will be denoted by M,,.

The following lemma is useful for it allows us to view Mapper functions as the product of
clustering functions.

Lemma 6.2. Given a cover U = {U;}._; of X and clustering functions f; € FO fori=1,2,....t,
there is a bijective correspondence between M and HLIF(Z).

Proof. Let ® be the map ® : M — II'_ F¥) given by

m— (g1,.-.,9t)

where each g; : U; — {(i,1),(4,2), ..., (i,s;)} is defined by g;(x) = m(x) N {(i,1), (i,2),...,(3,si)}.
Then ® is well defined because for each i, f;j(z) = (i,7) for some j = 1,2,...,s;. For each i the
intersection m(z) N {(i,1),(i,2),...,(i,s;)} is a singleton set. Each g;(x) belongs to F*) because
each is a function from X to {(4,1), (,2),..., (i, 8)}. Now, define ®~1: TI'_ F®) — M by

(g1(z), g2(x), ..., 9t(x)) = {gi(x) forallie {1,2,...,t} such that z € X; = X NU;}.

The right hand side is by definition a Mapper function. Hence, we have that ® o ®~1 =T dHt1 F)

and @1 o ® = Id,,. |
An equivalence relation on M is defined as follows. Two Mapper functions m; = (f1, fo, ..., fi)
and ma2 = (g1, 92, .., gt) in M are equivalent if and only if there exists a permutation 7 = ®{_;m; €

@gzlSSi such that f; = m; o g; for each 7 where m; € S,,. Define the set of equivalence classes as
M = M/ ~ and similarly for the finite case M,, = M,/ ~.

We now provide a metric on M, similar to the minimal matching distance for clustering func-
tions.

Definition 6.3. Let X be a finite subset of X and define Dy : M, x M, — R by

o (1g
Dy(mi,me) = min <nzlm1(rg‘)#(ﬂ°m2)(l‘j)>

ﬂe@;:ﬂgsi j=1

where m = ®_ m; and w; € Ss,. The equality between my(x;) and moma(x;) refers to set equality.

Before we prove that Djs is a metric on M, we provide an example.
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Example 6.4. Let X =R and X = {1,2,3,6,7,9} where X is sampled according to a probability
measure on X. Let U = {Uy, Uz} where Uy = (—00,2) U (2,4) U (8,00) and Uy = (R\ U1) U {3,9}.
Then the bins of X are given by

XNU; =X, ={1,3,9},XNU; = X, ={2,3,6,7,9}

Now, suppose we have the output of two mapper functions my, mg € Mg:

mi(1) ={(1, D} mi(2)={2,1)} m(3)={(1,2),(2,1)}

m1(6) ={(2,2)} mu(7) ={(2, 1)} mi(9) ={(1,2),(2,2)}
and

mo(1) ={(1,1)} m2(2) ={(2,2)} ma(3)={(1,1),(2,1)}

ma(6) = {(2,2)} ma(7) ={(2,1)} m2(9) ={(1,2),(2, D}

Recall the meaning of this notation, for instance m1(3) = {(1,2),(2,1)} means that 3 is assigned
to the second cluster of X1 and the first cluster of Xo.

Then to compute Dpyr(my,ma) we must list all possibilities for m. For this we consider the
total number of clusters for each bin according to ms. We see that the highest index in the second
coordinate for mo when i = 1 is 2. This implies there are two clusters of bin X1 with respect to
ma, which we call Vi (mz) and VZ(mz). The same is true when i = 2, and we call the clusters of
Xy with respect to ma, Vi (ma) and Vi (msa). So we have

X = Vll(mg) U Vf(mg), where Vll(mg) ={1,3} and V12(m2) ={9}.

Also,
Xo = Vit (ma) UVE(my), where Vi(my) = {3,7,9} and Vi (my) = {2,6}.

Then the possibilities for m are

W@ 1), (12)e 1), 1) e1,2),(1,2)a(1,2)

where the first permutation in each direct sum refers to permuting the upper indices of Vit(msa) and
VZ(ma), and the second permutation refers to permuting the upper indices of Vi (mz) and Vi (ms).
We then let m = (1,2) @ (1) and compute m o my:

moma(l) = {(1,2)}  woma(2) = {(2,2)} {
moma(6) = {(2.2)} moma(T) ={(2,1)} woma(9) = {
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and when m = (1)®(1), romg = my. Now, for each possibility of m we compute % Z?:l Loy (2;) #woma(ay) -
We have then:

When m = (1) ® (1), § 39— Lin (a;)£roma(a;) = 3/6
When m = (12) @ (1), % Z?:1 Lo, (2)#m0ma(ay) = 3/6
When m = (1) @ (12), % Z?:1 L, (a;)#moma (a,) = 3/6
When m = (12) @ (12), % Z?:l Ly (2)) £moma(a;) = 5/6.

Thus, Dpr(my,me) = 3/6 =1/2.

We now prove that D), is in fact a metric. Keep in mind that s; denotes the number of clusters
of the it cover element U; and n; is the number of elements in the " bin X;, so we have that
ny+ng+---+ng = n. The following proposition was stated without proof in [1], and so we provide
one of our own.

Proposition 6.5. The function Dy; : M, x M,, — R given by

‘ 1 ¢
Dy(my,me) =  min <Z]lm1(xj)7é(7rom2)(xj)>

¢
meDi1 S \ T

18 a metric on M,,.

Proof. The proof follows along similar lines as the proof for the minimal matching distance in
Lemma 5.4. Suppose that m; = (f1, fa,..., ft),m2 = (91,92, .-, Gt),m3 = (h1,ha,..., ht) € M,,.
Then the following hold.

o Dy(mi,mz) < 1 because D271 Ly, (x))£moma(a;) < 1 for | X| =n.

e Djys(mq,mg) > 0 because Dy is defined using indicator functions.

e Djys(m1,mz) =0 if and only if there exists a permutation m = @!_;m; such that
my(x;) = moma(x;)

for all j =1,2,...,n;. This is true if and only if f;(x;) = m; o gi(x;) for all j, which implies
that m; ~ mg in M,,. Then Djs(m1,m2) = 0 if and only if m; ~ ma.

e Suppose that o € &!_,S;, is the minimizing permutation for Dys(m,m2) and 7 € ®'_,S,, is
the minimizing permutation for Dys(mg, m1). Suppose to the contrary that Dys(mqi,ma) #
Dyr(mg, my). Without loss of generality suppose that Dys(my,ma) < Dpr(ma,m1). Then

1 1 o
~ 2 V(e troma)a) < — D Lima(ey)(wom)(a))-
7j=1 7=1

However this implies that

n

1< 1
E z; ]l(T—loml)(xj);émg(xj) < H z; ﬂmz(m]-);é(ooml)(m]-)a
J= J=

which contradicts the definition of o. Thus, Dys(mi,ma) = Dps(me, my).
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e For the triangle inequality let § be the discrete metric on P(ngl{(i, 1),(i,2),..., 3, 51)})
Hence, for x,y € P(Uﬁzl{(i, 1),(4,2),..., (i, sz)}>
S(x,y)=1ifx #y and §(x,y) =0if x =y,

where equality here refers to set equality. Then

1 — 1«
- D Loy ay) - (roma) ;) = - D " d(ma(ay), (w0 ma)(z))).

J=1 J=1

Further, suppose that o € @!_, S, is the minimizing permutation for Dys(m1, m3) and that
T € ®!_,Ss, is the minimizing permutation for Dys(mg,m2). By definition, for any m €
@ﬁzlssi

n

DM(ml,mQ) S %Z(S(ml(x]), (71’ @) mg)(xj))
j=1

Using the triangle inequality for the discrete metric we have that for any j
§(ma(z;), (moma)(x;)) < d(ma(xy), (o 0ms)(z;)) +8((0 0ms)(a;), (moma)(z))).
It follows that

1 n
Dy (ma,mz) < — > 6(ma(xy), (0 0ms)(x;)) +6((0 0 ma) (), (7 0 ma)(x))
j=1
1 n
= Day(mr,ms) + — > " 6((0 0 ms)(x), (7 0 ma)(x;)).
j=1
Since m was arbitrary we can choose 7 to be ¢ o 7 which gives

n

Dy (mi,mg) < Dy (my, m3) + % > 6((o 0o ma)(x), (0 07 0 ma)(w)).
j=1

Notice that for any j
6((o 0oms)(x;), (0 o T oma)(x;)) = d(ms(x;), (T 0 ma)(z;))

which implies

n

DM(ml,mg) < DM(ml,mg) =+ % Z5(m3(xj), (7’ o mg)(l'])) = DM(ml,mg) + DM(mg,mz).
j=1

Therefore, Dy is a metric.

We now give a the analogue of Definition 5.19 for Mapper functions.
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Definition 6.6. Given a cover U={U }t of X, two finite sets X1 = {a: n,oand X =
{ZL‘Z@ ' 1 C X such that |X | =n; and |X | = 1;. For a Mapper function m = (fl,fg, o ft) €
M., where each f; € ]:,(LZ), we define the injection i, : M,, — Mo, as follows. Subdivide each U;
into the Voronoi diagram with respect to Xi(l) = {azgl), 521), e ,xz(iz} and extend each f; to f; € F®

by defining

filz) = fz(azg)) for x € U; such that x belongs to the Voronoi cell of 1;1(]1)

Then for each i restrict f; to XZ»(l) U Xi(z), refer to this restriction as f; for simplicity and define
iv(m) = (f1, fo,..., ft) = m.

In other words, for each U; € U we use Definition 5.19 to extend f; to f; € Fu )—i—l , where f; is a
clustering of the finite subset Xi(l) U XZ(2) of X.

Remark 6.7. For each i we have that each x € U; belongs to exactly one Voronoi cell of of the
Voronoi diagram for U; with respect to Xi(l). This implies that f; is well defined.

We now have the necessary components to give the main definition of this section.

Definition 6.8. Given a coverd = {U;}!_; of X, let XM X @) C X be finite sets of sizen. Choose

. . t

the size of each bin, \Xi(l)\ =n; and |XZ-(2)| = [;, then choose the collection Q,, = {(QS{Z), Ql@’z))} )

[3 i=

such that Q%’z) is an empirical clustering quality function for XZ-(I) and Ql(?’z) is an empirical

clustering quality function for Xi(2). Then each Q%li’i) and Ql(?’i) induce functions C’,(lli’i) and C’l(f’i)

respectively, that send Xi(j), for j = 1,2, to the optimal clustering function with respect to the
appropriate empirical clustering quality function.

Now, define a function Iq, as the composition

n n H’Z?:lc,%’i)xﬂ’l?zlcl(f’i) iy Xy Dy
Iq, : X" x X My x My == Map x Moy — R.

Then if P € My(X), the instability of a Mapper complex on X C X with respect to the collection of
quality functions Q,, is given by

InStabMapper(Qna P} = ]E(IQn)’

where the expectation is taken with respect to the probability product measures of P on pairs of
samples from X.

The composition of Iq, can be described as follows. First draw two finite subsets, X! and
X®@ of n points from X according to a probability measure P € M;(X). Then construct the bins
for both X1 and X® according to the cover U of X,

Bu(XD) = {x7 = XD} for j=1,2,

where |X | =n; and |X | = ;. Next, apply C'T(i’i) to each bin of X and C’l(f’i) to each bin of
X to obtain the optimal clustering of each bin with respect to Qﬁ};” and Ql(f’i). Recall that there
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is a bijective correspondence between Mapper functions and the Cartesian product of clustering

functions and so
t

¢
HC L0 (xM) and [T o2 (x)
i=1

describe optimal Mapper functions. The injection is as described in Definition 6.6. We then restrict
our attention to the clustering labels of only the point (Xi(l),XZ.(Q)) e Xnith where Zle n; =
Zle l; = n. Then we have two Mapper functions on a finite set of 2n elements, and we apply the
Mapper distance Dps to them. The expectation is with respect to the initial random drawing of
the two finite sets X1 and X @,

The appendix of [1] gives a justification that the functions I o) and [ QP which are defined

in Definition 5.20, are random variables. Meaning that they are measurable functions from the
sample space U;" x U/ with respect to the Borel o-algebra on R. The authors of [1] show that
Iq,, is measurable if and only if both I ) and I Q) are measurable for each choice of i. Hence

choosing clustering quality functions such that each of these functions are random variables will
ensure that Iq, is also a random variable.

In the next section we provide a bound from [1] on the instability measure in Definition 6.8 as
well as a stability theorem.

7 Bounds on Instability

We now apply the boundary distance between clustering functions discussed in Section 5 to Mapper
functions in order to develop a bound on InStabyrapper(Qn, P). In the following we describe results
from Sections 6 and 7 of [1]. We assume that X is a compact metric space with a probability
measure P and cover U = {U;}!_; such that each U; # X, is connected, bounded, and P(U;) # 0.
We begin with an alternate definition of the boundary of a clustering function.

Definition 7.1. Let U = {U;}t_, be a cover of X and f; € FO for each i =1,2,...,t. Define the
boundary of f; to be
a(fi) = o(V;Hyua(v?)u---ua(V™) ua(y),

where Vij = f7((,4)) and 8(Vij) and O(U;) refer to the topological boundary of the cluster Vij and
the set U; as subsets of X.

Then the generalization to Mapper functions is given by the following definition.

Definition 7.2. Let U = {U;}._; cover X. Given a Mapper function m = (fi, fo,..., ft) € M
where fi € FO, we define the boundary of m as

t

o(m) = | ()

i=1
Now, we generalize the y-tube idea introduced in Section 5 to Mapper functions.

Definition 7.3. Let m = (f1, f2,..., ft) € M be a Mapper function on (X,d) with cover U =
{U;},_,. Then for v > 0 define the y-tube around a Mapper function m to be

Ny(m) = {z € X | d(x,0(m)) <7},
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where d(z,0(m)) = min{d(x,0(f;)) for alli € {1,2,...,t} such that x € U;}. For v = 0 set
N, (m) = 0(m). Alternatively, for v > 0 the y-tube around a Mapper function m can be defined as

t

Ny(m) = [ Ny (f2).

=1

Just as the v-tube was used as an error margin in clustering functions, the same is applied to
Mapper functions.

Definition 7.4. Given a finite cover U of X and two Mapper functions mi,mas € M. For v > 0
we say my s in the y-tube of my if for all z,y ¢ N,(ma)

mi(z) =mi(y) <= ma(z) = ma(y).
This relationship is denoted by mi < N(m2).

Since my = (fi1, f2,..., ft) and ma = (91,92, ...,9:) we can give the following alternative for-
mulation of Definition 7.4, which is stated without proof in [1].

Lemma 7.5. Given a cover U = {U;}'_, of a metric space X and two Mapper functions m; =
(fla"‘7ft))m2 = (glu"'7gt) € M’ th@’ﬂ

mq < Nw(mg) — fi< NW(gi) Vi € {1, 2,... ,t}.
Proof. If my < N, (mz2) then by definition for all z,y ¢ N,(m2) we have
mi(z) = mi(y) <= ma(x) = ma(y).

However, for i = 1,2,...,t, if 2,y ¢ N,(g;), then z,y ¢ N,(m2) = U._, N(g;). Furthermore,
mq(z) = my(y) if and only if f;(x) = fi(y) for all i = 1,2,... ¢, and mo(x) = ma(y) if and only if
gi(z) = gi(y) for all i =1,2,...,t. Hence, for each i and for all z,y ¢ N,(g;)

filx) = fily) <= gi(x) = gi(y),
which is the definition of f; <N, (g;). Now, suppose that f; <N~(g;) for each i € {1,2,...,t}. Then
if 2,y ¢ N,(ma) = Ui_; Ny(g:), then x,y ¢ N,(g;). Furthermore, for each i we have by definition
of f; A«N,(g;) that if x,y ¢ N,(g;), then

filz) = fily) <= gi(z) = gi(y).
This implies that

mi(z) = mi(y) <= ma(x) = ma(y).

Hence, for all z,y ¢ N, (m2) we have
mi(z) = mi(y) <= ma(z) = ma(y),
and, my < N(ma), which proves the lemma. [

We define a metric on M in much the same way that D, was defined for clustering functions.

Definition 7.6. Given Mapper functions myi,ms € M for the space (X, U = {U;}._;,d). The
boundary distance between two Mapper functions is given by the function Dg : M x M — R,
where

Dy(my, mg) = iné{v | m1 < Ny(ma) and mg <N, (mq)}.
v>
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The contents of the following lemma and proposition were stated without proof in [1], but are
necessary to prove that Dy is a metric on M. The proofs provided here are our own.

Lemma 7.7. Given Mapper functions mi,mg € M for the space (X, U = {U;}._,,d), we have
that

Da(mu,mz) = maz{Dy(fi, gi)}-
Proof. By definition

Dy(mi,me) = in];{’y | m1 <« Ny(ma) and ma < Ny(mq)}.
7>

Then using Lemma 7.5 we can replace mj <Ny (mg) and ma <Ny (m1) by f; <N,(g;) and g; <N, (f;)
foralli=1,2,...,t. We then have

Dy(ma,mz) = inf{y | fi 4 Ny(g:) and gi < No(f;) for all i = 1,2,.... 1},
>0

Now, we make a general observation on clustering functions for a general metric space Y. Consider
clustering functions ¢; and ¢z from Y to the set of labels {1,2,...,s}. If for some A > 0 we have
that ¢; 9 Nx(c2), then for A < § we have ¢; 9 N¢(c2). This is because if A < £ then Ny (c2) € Ne(cz)
and if z,y ¢ N¢(c2), then = and y do not belong to Ny(c2) and we have

ci(z) = ci1(y) <= c2(x) = ca(y).

Then the condition for ¢; < N¢(cz) is satisfied. Similarly we show that if A < & and co < Ny(c1), then
c2 < N¢(cq). With this in mind we can rewrite Dy(m1, m2) as

Dy(my,mso) = mgﬂﬁ{i@g{v | fi ANy (gi) and g; <N, (f;)}} = mgl‘{Db(fiagi)}
o

Proposition 7.8. Given a cover U = {Ui}le for a compact metric space X. The function

Dy(my, mg) = in]é{’y | m1 < Ny(mga) and ma < N, (m1)}
7>

is a metric on M.
Proof. We prove each criteria of a metric.

Let my = (fla--'aft)amQ = (gla"'agt)7m3: (h17"'aht) € M.

e By Lemma 7.7 Dy(m1,ma) = Dy(fj,g;) for some j € {1,2,...,t}. Since Dy, is a metric by
Proposition 5.8, Dg(mi, ma) = Dy(fj,g5) > 0.

e Using Lemma 7.7 Dy(mi,m2) = 0 if and only if Dy(fi,g9;) = 0 for each i = 1,2,...,¢t. By
Proposition 5.8 this is true if and only if f; ~ g; which is true if and only if there exist
permutations m; € Ss; such that f; = m; o g; for each 7. Then by definition m; ~ ms. Thus,
Dy(m1,m2) = 0 if and only if my ~ ma.

e For symmetry we again use the fact that Dy is a metric and have

Dg(m1,mg) = miax{Db(fivgi)} = mgfc{Db(gi, fi)} = Da(ma, m1).

30



Instability of Mapper Type Algorithms for TDA Wentland

e For the triangle inequality let Dy(f;,9;) = maz{Dy(fi, i)}, Do(fi, i) = maz{Dy(fi, hi)},
and Db(hl, gl) = mam{Db(hi,gi)}. Then,
7

Dy(m1,m2) = Dy(fj,9;) < Dy(fj, hj) + Dy(hj, g;)
< Dy(frs hi) + Dp(hy, g1)
= Da(ml,mg) + Da(TTL3,m2).

Therefore Dy is a metric. |

We now provide the last definition needed for the main results of [1].

Definition 7.9. Given a coverU = {U;}!_, and clustering quality functions QW Q3 ... QW for
each U;, we define the optimal Mapper function of X with cover U by

where C’(i)(P,-) = argmin Q(i)(fi,Pi). Furthermore, for a finite set of n points X of X, denote the
fieF®

bins of X according to U as X1, Xo, ..., X¢. If in ,Qm - .,ngt) are empirical clustering quality
functions for the bins X;,1 =1,2,... ,t, let p,, denote the optimal empirical Mapper function
for a finite set X of n points of X defined as

pn—HC’)

where | X;| = n; and Cffi) (Xi) = argmin ngi)(fi,Xi).
finr(Lii)

The following two theorems from [1] provide conditions to produce a stable Mapper complex
with respect to the instability measure defined in Definition 6.8. We state them without proof, but
inform the reader that in the previous pages of this paper we have proved the necessary tools on
which the proofs of Theorems 7.1 and 8.5 in [1] depend on.

Theorem 7.10. Given a compact metric space X, P € My(X), and a cover U = {U;}!_; of X
such that each U; is bounded, connected, P(U;) # 0, and U; # X for all i. Let X = {z;}]; C X
such that each x; is drawn i.i.d. with respect to P. Further, assume that p is the optimal Mapper
function for X and p, is the optimal empirical Mapper function for X. Then for v > 0

InStabasapper (Qn, P) < 2(P(Ny(p)) + P(Da(pn,p) > 7) + P(ni = 0)),
where
o P(N,(p)) is the probability measure of the set N+ (p).
o P(Dy(pn,p) > =) is the probability that Dy(pn,p) > 7.
e P(n; =0) is the probability that n; =0 for some i =1,2,...,t

We will set 2(P(Ny(p)) + P(Dy(pn,p) > v) + P(n; = 0)) = Boundp,(7).
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The proof of Theorem 7.10 depends largely on probability theory. We can compute
InStabysapper (Qn, P) using the Lebesgue integral definition of the expectation of a random variable
given in Definition 2.9. By using the triangle inequality on D), which Proposition 6.5 justifies, we
can provide an initial bound on InStabyrepper(Qn, P). Then, this bound can be refined by dividing
X into the three subsets:

e M<,, the set of all X C X for which Ds(pn,p) < 7,
e M-, the set of all X C X for which Ds(pn,p) > 7,
e and My, the set of all X C X for which Dy(py,,p) is not defined.

Evaluating the Lebesgue integral of Definition 2.9 over these subsets and summing the result gives
the desired bound.

The following theorem gives conditions under which InStabasapper(Qn, P) approaches zero. As
a result, we can view it as a Stability Theorem for Mapper type algorithms and the main theoretical
result of [1].

Theorem 7.11. Stability Theorem Let X be a compact metric space along with a probability
measure P and finite cover U = {U;}._, of X. For each i choose clustering quality functions QW

and empirical clustering quality functions Qq(fi) defined on a subset of n; points from U;. Suppose
the following are satisfied.

e FEach U; is bounded, connected, compact, and U; # X for each 1.
e Each QY and Q?@ have unique global minimizers.

o Fach empirical clustering quality function ngi) 18 continuous with respect to the topology on
Fn, X UM given by the metric Dy.

e Foralle >0 and ¢ > 0 there exists an N € N such that for alln > N and for all P; € M1(U;)
and for eachi=1,2,...,t ‘ ‘
P(QY - QY| >e) <

e Each (P;,QW) is a proper pair on (Us,d), where proper pair means

P; 8<argmin QY (g, R)) =0.
geF @)
Then, for all € € (0,1) there exists v > 0 and N € N such that for alln > N
0 < InStabyrapper(Qn, P) < Boundp,(v) < e.

According to [1], the conditions of Theorem 7.11 are satisfied by most choices of parameters for
a Mapper complex. For instance, choosing a continuous filter function and using closed intervals in
the Mapper cover will provide compact bins immediately. The more difficult conditions to satisfy
are those regarding the chosen probability measure P.
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8 Algorithms for Approximating Mapper Instability

In this section we present an algorithm from [1] to compute Dj; for two Mapper functions and
then a k-fold cross validation method to give an approximate value of the instability measure from
Definition 6.8.

Recall that Dy is given by

RN
Dyr(my, mo) = H;-Hlﬁ Zl ]lml(xj)7éﬂom2(xj),
j:

and that a ‘by hand’ calculation requires checking each permutation m = @!_;m;, where m; is
a permutation of the numbers (1,2,...,s;). The algorithm given in this section is slightly more
efficient by considering the symmetric difference between clusters instead of searching for an optimal
permutation. We state the assumptions for the algorithm, provide an explanation of the algorithm,
and end with an example.

Given X = {z;}7, C X, a cover U = {U;}._; of X, and my,m2 € M,. Then each bin
X; = X NU; is clustered according to my = (f1, fo,..., fi) and ma = (91,92, ...,9t) as

Vil (m1), VA(ma), ..., V{¥(mq) and V;' (ma), V3 (ma), ..., V¥ (my)

respectively, where k; = maaz{sgl), 52(2)} and sgj ) is the number of clusters of U; with respect to m;
for j = 1,2. If k; is larger than sY) for some J, then the additional k; — sl(-J )

i clusters are assumed

to be empty.

8.1 Algorithm 1

The first step of the algorithm is to re-index the clusters of X with respect to m, as
(‘/5711 (m1)7 VEZQ (m1)7 SRR szp(ml)v o 7‘/571 (ml))7

where [V (ma)| = VE(ma)| = - = [V2#(ma)| = - = [V2(m)| and I = YU k. Then a
value p that begins as p = 1 and moves to p = [ will indicate which cluster with respect to m;
in the above list will be compared, via symmetric difference, to a cluster of X., with respect to
ma. The value p will increase by one every time the algorithm moves on from comparing V;Zf’ (my)
with clusters of X with respect to mg. For each value of p the symmetric difference is taken
between V77 (my) and an arbitrary cluster from the set Mat(X.,), which consists of clusters of

the bin X with respect to my that have not yet been compared to V;Zf’ (mg). This means that
Mat(Xep){Velp (mg),pr(mg), . .,Vglffl (m2)} and clusters are removed from Mat(X.,) once they
are compared to V27 (my). When a cluster from Mat(X.,) is compared to VZ* via set difference,
the result is collected into the set D, known as the mismatch set. When the algorithm is first
initialized D = () and its cardinality increases as more clusters are compared. A value B which is
set to B = n at initialization will serve as an upper bound for |D|, and the goal of the algorithm is
to use a recursive backtracking procedure to decrease B. When the algorithm terminates, B will
be decreased as much as possible and we will have that Dys(m1, me) = B/n.

The procedure of the algorithm is as follows. We set B = n, p = 1, D = () and compute the
symmetric difference between V. (m;) and an arbitrary cluster from Mat(X¢, ), which in this first

stage will be equal to the set {V. (ma),..., V;El (mg2)}. Then update the set D to include any
points of this symmetric difference. Note that at this point in the algorithm |D| may be larger
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than zero. We then compare |D| with B and we have two options: if |D| > B, we must backtrack
and choose a different cluster of Mat(X,,) to compare with VZI'(mq). If |D| < B, then we update
p to p + 1, remove the cluster of X., with respect to my that we compared with V.I'(m;) from
Mat(X.,), and complete the same procedure for V.?(m;). We continue this process such that if
the size of D exceeds B before p = [, then the algorithm backtracks to the previous comparison
and tries a different matching to keep |D| less than B. If the value of p reaches [ and |D| < B then
we re-initialize the entire algorithm, resetting all parameters to their initial state except for B. We
set B = |D| where |D| is taken from the last step of the previous initialization when p = [ and
|D| < B. We continue in this fashion until every possible matching causes |D| > B. The resulting
value for B will be n-times Dys(mq, ma).

We provide an example to demonstrate the algorithm. For ease we will use the Mapper functions
from Example 6.4 where X = {1,2,3,6,7,9} C R and the bins X; and X, with respect to a cover
U are X7 = {1,3,9} and X2 = {2,3,6,7,9}. Given the outputs of m; and mo we first construct
the clusters that they specify.

and

poma(7) ={(2,1)} ma(9) ={(1,2), (2, 1)}
Recall, that the first number in each ordered pair indicates which bin = belongs to, and the second

number in the ordered pair indicates which cluster of that bin z belongs to. With this in mind we
have that:

‘/il(ml) = {1}7‘/12(7”’1) = {3)9}7 V21(m1) = {2737 7}7 V22(m1) = {679}
and

Vll(mQ) = {173}7V12(m2) = {9}7 V21(m2) = {3, 7, 9}7 VQQ(m?) = {276}'
We see that

Vi (my) UVE (ma) = X1 = Vi (ma) U Vi (my)
Va (m1) U V5 (m1) = Xa = Vy (ma) U V5 (ma).

The clusters that each Mapper function specify are necessary, because the algorithm uses the actual
cluster and not just the assignments made to each point x € X.

Now, we order the clusters from both X; and X, with respect to m; in decreasing order by
size, while assigning an arbitrary order to ties. Completing this with our above example gives the
following ordering

(V21 (m1)7 V12(m1)7 V22(m1), Vll(ml))7

and we have:

€1 22,82 = 1,63 :2,84 =1

m = 17772 :27773 :2)774: 1.
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In the following steps of the algorithm we use the symbol — to indicate that a variable is given
a new value, for example the expression DU{2,9} — D in the first step means that the old value of
D along with the set {2,9} will be the value of D for the next step of the algorithm. The number
on the far left indicates which step of each initialization we are on; backtracking results in repeated
numbers on the left.

st p=1,1=4,B=6,D=0,e1 =2,m = 1, Mat(Xs) = {V21(m2),V22(m2)}

Compute: DU (Vil(mq)AVy (mse)) = DU ({2,3,7}A{3,7,9}) = DU {2,9} — D
Compare: (M| =2 < B and p #
Update: p+ 1 — p, Mat(X2) —{3,7,9} = Mat(X2)

2nd p=2,1=4,B=06,D = {2,9},e9 = 1,2 = 2, Mat(X1) = {Vi}(mz2), VZ(m2)}

Compute: DU (V32(m1)AVi(ms)) = DU ({3,9}A{1,3}) = DU{1,9} = D
Compare: |D| =3 < Band p#1
Update: p+1 — p, Mat(X1) — {1,3} = Mat(X2)

3rdp=3,1=4,8=06,D={1,29}e3=2n3 =2 Mat(Xp) = {V(m2)}

Compute: DU (VZ(m1)AVE(ms)) = DU ({6,9}A{2,6}) = DU{2,9} = D
Compare: |D| =3 < Bandp#1
Update: p+ 1 — p, Mat(X2) — {2,6} — Mat(Xs)

4thp=4,1=4,B=6,D ={1,2,9},e4 = 1,my = 1, Mat(X;) = {VZ(m2)}

Compute: DU (Vi (m1)AVE(m2)) = DU ({1}A{9}) = DU {1,9} = D
Compare: |[D|=3< Bandp=1
Update: |D| — B

Since p = [ and |D| < B, the algorithm reduces the bound B from 6 to 3, but this does not mean

that the algorithm has computed the correct Mapper distance. The algorithm is reinitialized using
the new bound of B = 3 and returning all parameters back to their original states.

st p=1,1=4,B=3,D=0,e1 =2,m =1, Mat(Xs) = {1/'21(m2),V22(m2)}

Compute: DU (V4 (m1)AVE(m2)) = DU ({2,3,7}A{2,6}) = DU{3,6,7} — D
Compare: |D|=3=1B
Backtrack
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This matching resulted in the size of the mismatch set D to meet the bound B, so the algorithm
backtracks one step to attempt another matching using the same B value.

1st P = 1,l = 4,B = 3,D = @,61 = 2,771 = l,Mat(Xg) = {Vgl(mg),‘/;(mﬂ}

Compute: DU (V3 (m1)AVy(mg)) = DU ({2,3,7}A{3,7,9}) = DU {2,9} — D
Compare: |D|=2< Band p#1
Update: p+ 1 — p, Mat(X2) — {3,7,9} — Mat(X2)

2nd p=2,1=4,B=3,D = {2,9},62 = 1,2 = 2, Mat(X;) = {V}} (m2), VZ(m2)}

Compute: DU (VZ(mq)AV(mse)) = DU ({3,9}A{1,3}) = DU {1,9} - D
Compare: |D|=3=18
Backtrack

Here |D| = B so the algorithm backtracks one step and attempt another matching.

2nd p=2,1=4,B=3,D = {2,9},60 = 1,m2 = 2, Mat(X1) = {V{} (m2), VZ(m2)}

Compute: DU (V32(m1)AVE(mg)) = DU ({3,9}A{9}) = DU {3} - D
Compare: |D|=3=18
Terminate

Finally, no matter the choice of matching the bound B cannot be further reduced, thus, the
algorithm terminates with Dys(mq,ma) = % = % Notice this is the same value computed by the

definition in section 6.

8.2 Approximation Method for InStabapper

We now present the procedure of [1], based on k-fold cross validation, to approximate the instability
between two Mapper functions. This method is presented in [1] without justification of its validity
as an approximation for Definition 6.8, however, we provide it in order to give a complete picture
of the work of [1]. As earlier, suppose we have a sample X = {x;}? ; drawn ii.d. from X with
respect to P, and suppose we are given two mapper functions m; and msy. Now, choose m,k € N
such that n = mk and divide the sample X into k sub-samples by

Ei=X— {xm(i—1)+1,$m(i—1)+2, o ).

Then compute Dys(my, mg) for m; and my restricted to each E; N Ej for ¢ # j and sum the results
for each choice of ¢ and j, ¢ # j. The claim is that by dividing this sum by @ one obtains an
approximate value for the instability between m; and mso.

This method takes a single sample X drawn from X and divides it into sub-samples, then
computes Mapper distances on those sub-samples. Averaging the Mapper distances between these
sub-samples is effectively a discretized version of Definition 6.8, because Definition 6.8 depends on
the expected value, or mean, of a random variable, which is defined by computing the Mapper
distance between two random samples from X. We now demonstrate this approximation with an

example.
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Recall the previous example where X = {1,2,3,6,7,9}, so n = 6 and we will assume the
ordering is given by increasing value. We choose m = 2 and k = 3. The sub-samples are as follows

El =X - {CCl,CCQ} = {3)67779}a E2 =X - {x3,$4} = {1727 77 9}) Ed =X - {xf)vxﬁ} = {1)2)3)6}
Now calculate Dys(my, mz) for each intersection.

E\NEy ={7,9}

mi(7) ={(2,1)} mi(9) ={(1,2),(2,2)}
ma(7) = {(2, 1)} m2(9) ={(1,2),(2,1)}

For this case, the permutations that results in the minimum mismatch are (1) @ (1) or (1) @ (12).
This is because before permuting mo there is only one disagreement that occurs in the clustering
of Xs for x = 9. If a permutation corrects this disagreement it would generate another
disagreement for the point 7. It follows that the Mapper distance in this case is 1/2.

EiNEs={3,6}
mi(3) = {(1,2),(2,)}  ma(6) = {
my(3) = {(1,1),(2, 1)}  ma(6) = {
In this case the permutation (12) @ (1) provides a relabeling that reduces the mismatch to zero, so
the Mapper distance is 0.

EoNEs = {1, 2}

mi(1) = {(1, D} mi(2) ={(2, 1)}

ma(1) = {(1,1)}  m2(2) ={(2,2)}
In this case the permutation (1) @ (12) provides a relabeling that reduces the mismatch to zero,
and thus the Mapper distance is 0.

Then to complete the estimation compute

1/24+0+0 1/2
73(3_’_1) :?:1/12
2

as the estimate of the instability between m; and ms.

9 Conclusion

The work of Belchi et.al. in [1] provides stability conditions for the Mapper algorithm with respect
to an instability measure that is formulated as the expected value of a random variable. This
proposed framework for measuring the validity of a Mapper output is presented generally, in the
sense that it can be applied to any simplicial approximation algorithm that relies on a clustering for
a finite cover of a finite set of points from a metric space. We saw that if a filter function, resolution,
and Mapper cover are fixed, then a Mapper complex can be represented as a function that depends
solely on the clustering of each bin. This fact demonstrates the importance of clustering for a
Mapper complex and validates viewing instability in terms of clustering. This expository paper
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focused on the theoretical work of [1] that built off of the work of [2]. Moreover, Belchi et.al.
provide experimental results that defend the practicality of their theoretical work, see [1] Sections
5 and 9.

The definition of a Mapper complex requires that multiple choices other than clustering be
made, and each choice influences the resultant complex. Quantifying the influence of a particular
parameter, as [1] has done for clustering, is a natural next step for Mapper instability. We now list

specific areas for further research within the instability work of [1] and the Mapper definition in
[13].

e The original definition of Mapper in [13] does not specify a standard choice for the left
endpoint of I in a 1-dimensional Mapper cover. As the Mapper complex depends on this
cover, this choice would influence the final Mapper complex.

e Recall from Section 4 that a resolution (I, p) must result in a collection of intervals such that
each interval only intersects with its immediate neighbors. This means there must be an
algebraic relationship between [, p and the number of intervals needed to cover the parameter
space Z. We are not aware if this relationship has been formulated.

e Could a framework be developed to make informed choices for a filter function that results
in stable Mapper complexes?

e The algorithm in Section 8.1 that calculates Dpys(mq, mg) for two Mapper functions requires
a proof. The method proposed by [1] to approximate InStabysqpper, which we give in Section
8.2, needs justification.

TDA is a fast growing and increasingly important field, and stability of simplicial approxima-
tions is only a small part of the whole. As TDA becomes more robust we will begin to see more
algebraic topology being called upon to answer the questions of big data. It is an exciting time in
both data analysis and algebraic topology.
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