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Abstract—The paper verifies interconnected systems via
parametric assume-guarantee contracts (AGC), which encode
behaviors of a system in a parameter domain. In our approach
to solve this verification problem, and by assuming that each
component of the system satisfies its own parametric AGC
separately, we define a mapping that generates the sequence of
parameters for which the corresponding contracts are satisfied
after interconnecting the components. Then if a small gain con-
dition on the sequence of parameters holds, a new parametric
AGC is declared for the interconnected system. A small gain
theorem on bounded input bounded output (BIBO) stability is
recovered by the obtained results showing the relation between
the assume-guarantee reasoning and the small gain approach.
We also provide an example of a large-scale transportation
system to illustrate the significance of our results.

I. INTRODUCTION

The computational complexity of verifying monolithically
interconnected systems may be exponential in the number of
interacting components. One technique to address this state-
explosion problem is by using assume-guarantee contracts.
AGCs enable a “divide-and-conquer” approach for verifying
complex properties of an interconnected system composition-
ally, by verifying the system’s components separately while
making assumptions on each component’s environment [1],
[2]. In this context we consider the notion of parametric
AGCs [3], encoding behaviors of a system in a parame-
ter domain. Indeed, parametrization of contracts allows for
tighter guarantees on the system’s behavior, while a contract
with a different form has a coarse guarantee since it is
designed based on the worst case assumption on the system’s
environment.

Then we study the parametric AGC verification problem:
given an interconnected system composed of N > 2 com-
ponents, and by assuming that each component’s behavior
satisfies separately a complex property encoded by a para-
metric AGC, provide conditions on the contracts’ elements
so that the interconnected system’s behavior satisfies a global
property.

In our approach to solve the parametric AGC verification
problem, we impose conditions on the contracts’ guarantees
and assumptions. Moreover, we define a mapping that gen-
erates the sequence of parameters for which the parametric
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AGCs are satisfied after interconnecting the system’s com-
ponents together. If this sequence of parameters converges
to a limit point, a new parametric AGC is declared for the
interconnected system. The result is shown to recover a small
gain theorem for guaranteeing the bounded input bounded
output stability of an interconnection of dynamical systems
using classical trajectory-based small gain theorems [4], [5].
In addition to BIBO stability, more complex specifications
for verifying an interconnected system, such as a fragment of
linear temporal logic (LTL) specifications, can be embedded
in the framework of parametric AGCs as shown in [3]. Then,
using a temporal logic specification, we demonstrate our re-
sults by verifying the behavior of a large-scale transportation
system.

Various compositional approaches are developed in liter-
ature to verify properties of an interconnected system. In
the traditional control theory literature which is concerned
mainly with stability properties, compositional methods in
the form of small gain theorems are established in [6], [5]
for continuous systems and in [7] for discrete systems. In the
formal verification and symbolic controller synthesis litera-
ture, where the desired properties on the system’s behavior
become much more complicated, such as temporal logic
properties [8], several compositional results are presented.
See, e.g., [9], [10], [11], [12], [13], [14], [15], [16] for
abstraction-based approaches and [17], [18], [19], [20], [21],
[22] for methods relying on assume-guarantee reasoning. Our
approach is mostly related to the work in [3], where the
authors consider verification of interconnected systems via
parametric AGC, instead of fixed AGCs as in [19], [20], but
just for the case of two components.

This manuscript is organized as the following: after the
introduction, the parametric AGC verification problem is
formulated in Section II for an interconnection of systems.
The problem’s solution is presented in Section III where
the main result is established in Theorem 1. Section IV re-
establishes a classical small gain theorem using the main
result. An example of a transportation network illustrates the
significance of our approach in Section V before concluding
our work.

Notations

Let R, Rj, R*, N, N* denote the sets of reals, non-
negative reals, positive reals, non-negative integers and pos-
itive integers, respectively. For I C Rar ,let N = NN .
For N € N we denote by N (i) the set Ny i \ {i}. For
a set S, we denote the set of all subsets of S by 25, We
denote by cl(S) the closure of the set S. We denote by M =



(M;;) = diag(as, .. .,an) a matrix with diagonal elements
M;; = a;,1 € Npj n7, and zero off-diagonal elements.

II. PROBLEM FORMULATION

In this paper, a dynamical system is defined as a relation
between internal input signals, external input signals, and
output signals.

Definition 1: A dynamical system X (U[-],Uy[-], V[]) is
a relation

DU U], V) S Ue[] x Up[] < VI, (D

where U, [-], Uy[-], and Y[-] are the external input, internal
input, and output set of signals respectively.

We assume that any input (u.[-],us[-]) € Ue[] x Us[]
is paired with at least one y[-] € Y[-] using the relation
S(Ue[],Us[], Y[-])- Such y[] is unique if (1) is determinis-
tic, and we write y[-] = X(ue[-], us[]), otherwise y[-] is not
unique where in this case we say that y[-] € 3(u.[], us[-]).
If a dynamical system does not have internal inputs then
Definition 1 reduces to Z(U[-],V[]) C U[] x V[]. We
use the latter definition when we define the interconnected
system in Section II-A. Note that in some cases and for the
sake of brevity we just use the notion X for a dynamical
system.

A. Interconnected system

The notion of interconnection is given here similar to [23,
Definition 3.1]:

Definition 2: Given an output set )[-] and an internal
input set U[-], an interconnection Z is a tuple 7 =
(Y[, Us[],G), where G : V[] — Uy[-] maps output signals
to internal input signals.

Now we formally define an interconnected system X as:

Definition 3: Consider N € NT  subsystems
SUUL UG V'), i € Ny vy, and an interconnection

N N

i=1 i=1
defining the coupling between these subsystems. We de-
fine an interconnected system Z(X!,...,¥%) as a relation

DUl VD), with U] = JJ el Y1) = [V, and

el sul ] 21

.ZN

A

g

Fig. 1: The interconnected system Z(X1!, ... V).

internal inputs of X!, ..., X" constrained by

(Wil s uf L € G [ o™ D 3)

B. Assume-guarantee contracts

In the sequel, a specification ® over the set Z]-] describes
a set of desirable input-output behaviors, and in the set point
of view it satisfies the set inclusion ® C Z[-]. For example an
input (or output) specification ®, for system X (U.[-], V[]),
satisfies ® C U,[-] (or ® C Y[-]). In the Boolean point of
view, z[-] = ® means that a signal z[-] € Z[] satisfies the
specification ®. Consequently, projection from a Boolean
point of view of a specification to a set point of view is
possible, where ® = {z[] € Z[] : z[-] &= @}. It is obvious
then that z[-] € @ if and only if z[-] = ®. We note that
it will be clear from the context whether a specification is
interpreted from the set or Boolean point of view.

Next, we define an assume-guarantee contract as given in
[3]:

Definition 4: (Assume-Guarantee Contract) An assume-

guarantee contract C is a pair (®,,®,) consisting of an
assumption specification ¢, and a guarantee specification
®, such that &, = @, holds true.
We say that a system 3 satisfies C = (®g, @), if XN P, C
®,. It can also be easily shown that (,, ®,) = (24, P, =
®,). This transformation of the contract is useful when
dealing with parametric assume-guarantee contracts for a
system X (Ue[-],Us[-], V[-]), which are given as:

Definition 5: (Parametric Assume-Guarantee Contract)
An assume-guarantee contract C = (®,, ®,4) is in paramet-
ric form if there exists an external parametric assumption
specification ¥, : Py +— oUel'l an internal parametric
assumption specification W, ¢ : Py > 24sl1, a parametric
guarantee specification ¥, : Py — 2% (1, and parameter map
A2 Pae X Pap = Py such that:

da= N (Vaelp) A ()

(PesPf)EPae X Pay

®, = A

(pg,pf)EPQeX'Paf

(4a)

(vt A warto)

= \Ilg()‘(pmpf))) )

where P, Pas, and P, are the external input parametric
set, internal input parametric set, and output parametric set.

Remark 1: In case a system does not have an internal
input then ®, and ®, in (4) reduces to:

®o= \/ Vaelpe) (52)
Pe€Pae
D= A (Vaelpe) = ¥, 000))). (5b)

Pe€Pae
Note that we can write a parametrlc assume—guarantee

contract as a conjunction of smaller contracts: C =



N Ckepy) where Clpe,ps) = (Waelpe) A
(Pe,Pf)EPaeXPay

lI/af(pf)7 (Wae(pe) A \I’af(pf)) = ‘I’g()‘<p57pf)) and it
is clear that system X satisfies C if for all (pe,pf) €
Pae X Pag, 3 N (\I/ae(pE) N q’af(pf)) C Uy(A(pe,py))-
Definition 5 says that a system under a given parametric
AGC must satisfy only the guarantee specifications whose
corresponding assumption specifications are triggered. In
this paper, we are interested in using parametric assume-
guarantee contracts in order to verify an interconnected
system, or equivalently we provide a solution to the following

problem:
Problem 1: Consider an interconnection Z =
(1,...,%N) and a set of parametric assume-guarantee

contracts {C!,...,CN}, such that each system Y satisfies
the contract C?, i € Nj1,n)- Derive small gain conditions
guaranteeing that Z(X!,... XV) satisfies a parametric
AGC C to be determined.

We derive in Section III a generalized small gain theorem
for parametric contracts and recover later, in Section IV,
results on a small gain theorem that ensures BIBO stability
of an interconnected system.

III. A GENERAL SGT FOR PARAMETRIC
ASSUME-GUARANTEE CONTRACTS

This section presents the main results in this manuscript
by solving Problem 1. The parametric AGCs C! = (®? <I>l)
i € Ny Ny, are given where ! and <I>z are defined by (@)
W1th specifications \Ilaf, w? ., and \Iﬂ and parameter sets

af Pi., and 77z

Also each subsystem SUUL UG YD), i € Npg vy, has
an internal input, an external input, and an output satisfy

Assumption 1: The input sets U[-], i € Ny
by:

], are given

Up[] =Y ] x o x YL, (©6)
where i1,...,iny—1 € N(i) and i; # iy for j # k.
The internal assumption parameter sets are further parti-
tioned:

Assumption 2: The internal assumption parameter sets
’szf, i € N1 ), satisfy

iy = P e P, @

where i1,...,ixy—1 € N(i) and i; # iy for j # k.
Following Assumptions 1 and 2, we assume that ¥’ fisa
conjunction of specifications: _

Assumption 3: The specifications W7, : P’} x -+ X

EiifN — Qyil[']xmxyiNil['}, i € N[I,N]’ 11 L, IN—1 €
N (%) and i, # iy, for j # k, satisfy:
v = N\ v, ©)
JEN(3)
where \I/fff : 7?” 2’1 and Pl = (p}* ,...7p}m .

The parametric guarantee specification for X%, i € Np,np» is
also given by \I/; : 77; +— 2Y'l] and the parameter map in
Definition 5, associated to system X.’, is given by

NPl Pl P ©)

One last assumption is made on the assumption and guaran-
tee specifications.

Assumption 4: Consider ~ Assumptions 1, 2, 3,
Z(xY,..., %), and a set of parametric assume-guarantee
contracts {C!,...,C™}. Then:

1) Every system X! satisfies its parametric assume-
guarantee contract C* = (®;,®,) with &; and &f
defined as

ol = A

(bi,pH)EPL XPi

o=V

(PLP})EPL X P,
= W (\(pe,py))-

(Wiel) A Wiy ()),  (102)

(i) AL ())) (10b)

2) The parameter sets satisfy Py’ C 73;1;, J €N N_1)
i; € N(i), and ¢ € Nji,n). Also, the guarantee
specifications must imply the internal assumption spec-
ifications:

Wi (p) = U (p), (1n
for p € Py, ij € N(i), j € Ny n—1), and i € Ny ny.

3) There exists an external parameter p. =

(pL,....,pY) € PL x - x PN such that for
all i € Npy n), Wl (pl) is satisfied.

4) There exists an internal parameter prl0] =

(p}[0], D) Yo e P x PJ such that
v (pf) is satisfied for all 1€ N[l N]-

Remark 2: The first item of Assumption 4 or equivalently
verifying whether or not subsystem X! satisfies the para-
metric AGC C? is checked by following the falsification
procedure as explained in [3, Section 6].

Before presenting the main result, we state a lemma which

will be used in the former’s proof.

Lemma 1: Consider Assumptions 1,2, 3, Z(X!, ..., %),
and a set of parametric assume-guarantee contracts
{C',...,CN}. Suppose that Assumption 4 holds with in-
ternal and external parameters py[0] and p. respectively.
In addition, define ‘for every contract Ct, i € N[l, N> and
as a function of \* in (9), a new internal parameter map
Ni(-) = Xi(pi,-) and define guarantee parameter iterations

polk +1] =T (pglk]), k€N, (12)
with pg[k] = [p;[k‘},,pév[k]}, I = [;\1;...;;\1\[]’ and

py[0] = X (py[0]....
simplifies to

,pﬁfv [0]), 7 € N1, n]. Then the guarantee

ARAR ACAL

’LEN 1,N] keN

13)



Proof: External parameter p. and p¢[0] in addition to
(10b) and (11) implies that the following conjunction is true

A (wze@az) A (95[00))

i€Np, N

AN (( ) A (p [0]))):&\113(192[0])))
1€N[1 N

(A @) = A ().
i€EN[ N 1€N1, N

Now using the sequence of parameters generated by (12) as
well, further guarantees hold true

A (wwion) A A (Viah) A v lo))

ieN[1, N 1€N[1, N

A A (et 2 w0 = i)
€N N

ACA @) = A (TGm)) A
1eN, N €N N

It is obvious then that the guarantee (13) is a subsequence
(components are in bold) within the latter infinite sequence
of conjunctions. [ ]
By exploiting some additional assumptions on the map I
in (12) the guarantee in (13) could be further simplified.
Theorem 1: (SGT for parametric AGCs) Consider
Z(xY,...,%N) and a set of parametric assume-guarantee
contracts {C!,...,CN}. Suppose that the assumptions of
Lemma 1, with an external parameter p. = (pl,...,pY),
hold. Assume also that
1) For every i € Njj ) there exists a metric di: 77; X
’P; — RY on ’P; The Hausdorff distance dg is also
a metric on Wy (-), i € Npy ny.
2) The specification Wy varies continuously with parame-
ters in ’P’ i € N1, 7. In other words, for every ' > 0
and p; 6 73Z there exists a 6° > 0 such that

d'(p1,p) < 8" = du(Vi(p1), Vi(p)) <€,

for i € N[l NJ-
3) The sequence (p, [k}) ken satisfying (12) converges for
any py[0] € P} x x PN to a parameter p, =
1 . 7pg ]
Then I(El,...,ZN ) satisfies the parametrlc AGC C =

= HP;Q, ]‘[Pa

Wie (Pe)s Mpe)

A (e @h)).
1€N[1 N
Proof: The proof follows from [3, Theorem 2] using the
fact that the sequence (pg[k])ken converges to a limit point
Dg = [pq, 5Py N1 where we can conclude that the guarantee
in (13) simplifies to (14). |
Remark 3: In [3], it is shown that a fragment of linear
temporal logic (LTL) specifications satisfies Assumption 2)

(g, ®,) given by (5) with Pg.

i=1
\Ijae(pe) = = ﬁg, and

/\iEN[LN]

Wy (pg) = (14)

in Theorem 1 and thus allows for considering contracts
defined by LTL specifications.

IV. SGT oN BOUNDED INPUT BOUNDED OUTPUT
STABILITY

Using the proposed results in the previous sections and
under an additional assumption on the map I' in (12),
we recover here a small gain theorem on bounded input
bounded output stability of an interconnected system which
is analogous to the asymptotic gain property (AG) in [5].
Given a norm | - |,
signals. A function v : R} ~— Ry is said to be of class K,
or v € K, if it is continuous, increasing, and v(0) = 0. We
say v € K if it is of class K and unbounded. For later
derivations, we make the following assumption on a map
Ts @ (RYYN — (RSN, which is used in Corollary 1 to
define the map I'.

Assumption 5: Consider a map T'y : (RJ)N — (RJ)Y
T, is irreducible and there exist o’ € Ko, i € N [1,n]> Such

that

s)#s, Vse(@®RMHN (15)
where D : (R{)Y +— (RJ)N is defined by
Dg(st, ..., sN) = [(Id + at)(sh);...; (Id + o) (sM)).

The next result follows from Theorem 1.

Corollary 1: (SGT on BIBO stability) Consider an in-
terconnected system Z(X1, ..., 2N), with S4(L, LV L),
t € Nj ). Assume that for every ¢ € Ny, there exist

ANy e KU {0}, 4% = 0, such that
L < DAy [+~ () (16)
jEN
If Iy (RN = (RS)YN, defined by
Ty(s1,..,8N) = [Z’Ylj(sg‘); 427”(%)} (17)
j=1 j=1

satisfies Assumption 5, then there exists a 5 € K, such
that:

Iyl < BUD(ul]]w)]), (18)
where [y[]lo = [ly'[lls.. WYL D =
diag(y"',...,y"~), and |ul ]|, = [[u'[];...; [u™ []]].

Proof: We define parameter sets by
Pi..Pi € Rf U{oo}, and Pl € (RF U {oo)V 71, (19)

i € Ny nj- Also, for all ¢ € Ny ) parametric assumption
and parametric guarantee specifications are defined as:

Ul (p) = [u'[] < p, (20a)
v (r) =[] <7, jeN(), (20b)
Ui(r) =y < (20c)
and parameter maps as
N(pr') =" (p)+ Y. +7(r") 1)

JEN(D)



with r¢ = [p¥;  ptn-1] gy iy € N(i) and
i; # 14 for j # k. Consequently, we can reformulate
bounds (16) using the parametric assume-guarantee contracts
C' = (9}, !), with &, @ defined as in (10) with ¥},
\IJ \I/l given by (20) and with parameter map given by
(21) Therefore Assumptions 1, 2, and 3 are satisfied as
well as the first item of Assumption 4. The second item of
Assumption 4 is also satisfied because the guarantees and
internal assumptions are of the same form. The third and
fourth items of Assumption 4 follow from the boundedness
of the internal and external input signals which guarantees
the existence of internal and external parameters such that
the assumption specifications are satisfied. The first and
second conditions of Theorem 1 are also satisfied with PZ
t € Ny np, and \IJ t € Ny np, as in (19) and (200)
respectively.

Now for fixed |u’[-]|, ¢ € N i, the internal iteration
maps are given by

N(rf) = 7" ( (22)

d)+ Y AT,

JEN(3)

with 7t = [rfi; ,i1,...,iN—1 € N(i) and i; #
i for j # k. It follows from (22) that the map I' in (12)
is given by I'(s) = I'y(s) + D(|ul]|,) for any s € (R*)N
Since I'y satisfies Assumption 5, then, using [5, Theorem
23], Iy is a decreasing operator with limy,_,o, I'*(s) = 0 for
any s € (RT)N. This implies that I' is indeed decreasing
and converges to a limit point p, satisfying:

riiN—l]

(Id - Fs)ﬁg < D(|UH|U) (23)
Therefore, using [5, Lemma 13], there exists 5 € Ky such

that:

[Dgl < BUD(Jul-]]o)])- 24)
Using Theorem 1, inequality (18) is satisfied which com-
pletes the proof. [ ]
In the next section, we present a large-scale transportation
system to demonstrate the results obtained by Theorem 1.

V. ILLUSTRATIVE EXAMPLE

We consider a large-scale transportation system
Z(3', ..., 2N) consisting of N € N3 ;o) interconnected
segments Y*, depicted each by Figure 2. Subsystem »*
consists of 10 links /%, ... I}, and is given by the discrete

Fig. 2: Model of subsystem ‘.

dynamics, as in [24]:

pill+ 1] = K] = 7 4] + £

rbll+ 1] = 1K) — J5 (K] + S K]

Al 1) = ] — 5[+ O““[k] 7 )
rill+ 1] = 1K) = 7R + £ )

e 1] o + F ) + S 4
sl 1) = 2] — 24+ £, T € N

where x; € Rar represents the average number of vehicles
in link [%, j € Ny 10) and the output of X7 is [2[-]; 2o[-]].
The interconnection Z, as in Figure 3, is given by (2) with

G € REN(N-1)x2N.,
o Gi 0 ... ... 0 G}
G: 0 G 0 ... ... 0
0
g = )
0
0 ... 0 Gt
GN 0 0o GY o
eh 9 0
0 Ch
where Gi = G2 = |0 Gl = with
0 ; Gy
0 G
Glz[IOdgandal— 2= |0, ey =
Go 0
0
I 0 O
0 with Gy = [0 Id}
G
The flows out of links I{, ..., 1§ are given, for i € Nj n),
by:
04t (k] = min (0.8(40 — x4 [k]), 10, 2% [k]),
% [k] = min (0.2(40 — x%[k]), 5, 25 [k]),
5" [k] = min (0.8(40 — 5 [k]), 10, z5[k]),
7" [k] = min (0.2(40 — 3 [k]), 5, 24 [k]),
£ [k] = min (0.8(40 — z, , [k]), 10, 2 [k]), j € Nis.9],
g’ G
i1 N yitl
i gitl

Fig. 3: Interconnections of subsystem X¢ i ¢ {1, N'}.



As for links I}, i € Nj1, 7, the output flows are given by:

0 k] = min (0.2(40 — z {7 [k]), 10, 2o [k]), i € Ny v—1),
Uty (k] = min (0.2(40 — a}[K]), 10, &) [k]).

Furthermore, the flows into the links are given by:

1K) = oY K]
‘[k] = min (0.8(40 — = [k]), 10 xlo Yk, i e Nig, N7
3" [k] = min (20 — 5 [k]), db[K]),i € Npy ny,

1" [k] = min ((20 — 24 [k]), d}[K]),i € Npy n-

A. Certifying assume-guarantee contracts

For all subsystems, the onramp demands are limited to be
always less than 3:

O(d; <3),j € {2,4},i € Ny ). (25)

All links are assumed to have an initial number of vehicles
less than 4. Using signal temporal logic formulas [25], we
consider the parametric assume-guarantee contracts C' =
((I)Z, @Z), xS N[I,N] with:

o= \/

Opo.31 010,21 (s(277) > 10 — 57)

T (26a)
A D100 (min(10,235") < )
t= A <<D[0731<>[0721 (s(zf™) > 10— s)
51>0,d?>0
AD01002 (min(10,235") < ) (26b)

= (D[o,s]o[o,z](s(xzi) > 10 — Ao(d"))
A Ojo,31000,2] (min(10,27,) < )‘l(si)))),

for i € Njg y_1), where s(z) = 0.8(40 —x), A1(s) = 0.95+
6.5, and A2(d) = 0.2d. We note that the assumption and
guarantee specifications for C' and CV are similar to (26)
but for C! the assumptions are made on the states x? and

21V, whereas for C%V the assumptions are made on xi and

x%_l. Following Remark 2, we reformulate the falsification
problem having signal temporal logic formulas into mixed
integer linear programs [26]. Using the Gurobi optimization
tool [27] the latter problem was not feasible and thus failed to
violate (¢}, ¢,), for any s°,d" > 0, i € Ny ). Therefore ¥’
satisfies the parametric assume-guarantee contract (¢°, %),
t € Ny . The conditions for the small gain theorem (i.e.
Theorem 1) hold as the following:

o The parametric contracts are satisfied for each network.

o The internal assumptions of any network are implied by
guarantees from neighboring networks because they are
of the same form.

o The external assumptions are satisfied via (25).

o Forany i € Njj_y for alarge enough d* > 0 and s* > 0,
the internal assumption (Cjo 510(0,2)(5(¢}) > 10 —5")A
Ojo,3 00,2 (min(10, 255 ") < d')) is satisfied because

min(10, 2% ;") has a maximum value of 10 and s(z)
has a minimum value of 0.

In addition, it can be shown that the sequence of param-
eters in (12) converges to a limit point having [d;s’] =
[7.92,1.585], i € Npj nj. Thus we conclude that the inter-
connected system Z(X!, ..., ¥) is guaranteed to satisfy the
following specification:

D[o,s]@[o,z](s(ﬂ) > 8-41)/\5[0,3]0[0#2] (min(lO,xio) <17.92),
for ¢ € N[I,N]-

VI. CONCLUSION

In this work, small gain conditions were derived for para-
metric assume-guarantee contracts allowing for the compo-
sitional analysis of a large-scale system based on a fragment
of LTL specifications. Using these conditions we recovered a
classical small gain theorem guaranteeing BIBO stability for
an interconnected system. Also, the validity of our approach
was illustrated by a large-scale transportation system. Further
investigations are carried to solve the controller synthesis
problem in order to enforce a set of parametrized LTL
specifications on an interconnected system.
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