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Kazhdan—-Lusztig polynomials arise in the context of Hecke algebras associated to Coxeter
groups. The computation of these polynomials is very difficult for examples of even moderate rank.
In type A it is known that the leading coefficient, p(z, w) of a Kazhdan-Lusztig polynomial Py, is
either 0 or 1 when x is fully commutative and w is arbitrary. In type D Coxeter groups there are
certain “bad” elements that make p-value computation difficult.

The Robinson—Schensted correspondence between the symmetric group and pairs of standard
Young tableaux gives rise to a way to compute cells of Coxeter groups of type A. A lesser known
correspondence exists for signed permutations and pairs of so-called domino tableaux, which allows
us to compute cells in Coxeter groups of types B and D. I will use this correspondence in type D
to compute p-values involving bad elements. I will conclude by showing that p(z,w) is 0 or 1 when

x is fully commutative in type D.
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Chapter 1

Coxeter groups

In their seminal paper [13], Kazhdan and Lusztig defined remarkable polynomials, P, ,, in-
dexed by elements x and w of an arbitrary Coxeter group W. These polynomials are called Kazhdan—
Lusztig polynomials, and are important in algebra and geometry. For example, they give rise to
representations of both the Coxeter group and its corresponding Hecke algebra. Unfortunately,
these polynomials are particularly difficult to compute, even for relatively small Coxeter groups. A
bound on the degree of P, ,, is known, but it unknown when this bound is achieved, in general. Of
particular importance are the coefficients p(x,w) of the highest possible degree term. The polyno-
mials P, ., and the p-values are defined by recurrence relations, but there is no known algorithm
that allows for their efficient computation, even in groups of relatively small rank.

For many years computational evidence suggested that the values p(z, w) were always 0 or 1
in Coxeter groups of type A. This conjecture, known as the 0-1 Conjecture, was shown to be false
by McLarnan and Warrington in [19]. However, empirical evidence suggests that u(z,w) € {0,1}
in many cases. For example, in type A, it is known that u(xz,w) € {0,1} if one of the following

holds:
(1) n <8 [19];
(2) a(z) < a(w) [24], where a is Lusztig’s a-function, to be discussed in Section
(3) z is fully commutative [L1].

In this thesis we work in type D. Coxeter groups of type D have so-called bad elements whose



descent sets have undesirable properties. These properties make computing p(z,w) difficult when
w is bad and z is fully commutative in the sense of Stembridge [23]. We compute p-values involving

these bad elements and use these calculations to prove our main result in Theorem [4.5.11}
Theorem. Let x,w € W(D,,) be such that x is fully commutative. Then pu(x,w) € {0,1}.

We will only rely on computer calculations for two computations of u-values in Coxeter groups

of small rank.

1.1 Basic properties

We begin with a short overview of the basic properties of Coxeter groups. The following

definitions are from [2] and [12].

Definition 1.1.1. A Coxeter system is an ordered pair (W, S) consisting of a Coxeter group

W generated by a set S with presentation
(S| (st)™e0 =1,s,t € S,m(s,t) € NU{oo}),

where m(s,t) = 1 if s =t and m(s,t) = m(t,s) > 2 if s # t. If there is no relation between a pair
s,t € S we say m(s,t) = oo. If m(s,t) <3 for all s,t € S we say that (W, S) is simply laced.

If S is finite then we say that (W, S) is a Coxeter system of rank |S)|.
Example 1.1.2. The dihedral group of order 8 is a Coxeter group with presentation
({s1,50} | s1 = 53 = (s152)" = 1).
Definition 1.1.3. Let s,t € S be such that s # t. We call each relation (st)™(®!) = 1 a braid

relation. Note that each braid relation may be rewritten as

sts--- — tst.--
SN—— SN——

m(s,t) factors  m(s,t) factors

In particular, if m(s,t) = 2 then st = ts, so s and ¢t commute. If m(s,t) = 2 we call the relation a

short braid relation. If m(s,t) > 3 we call the relation a long braid relation.



We encode the information contained in the presentation of a Coxeter system into a picture

called a Coxeter graph. We will use n to denote the set
{1,2,3,4,...,n}.

Definition 1.1.4. Let (W,S) be a Coxeter system. A Coxeter graph is a graph I' with vertex
set S. We join s,t € S by an edge labeled m(s,t) whenever m(s,t) > 3. As a convention we omit

the label when m(s,t) = 3.

Example 1.1.5. Let n € N and let (W,S) be a Coxeter system with S = {s1,s9,...,8,}, and

Coxeter diagram shown below.

° ® o - 0 —@
1 2 3 n—1 n

Such a Coxeter group is said to be of type A,, and we write W = W (A4,,). The symmetric
group on n+ 1 elements, S, is a Coxeter group of type A,, since if we let W = S;, 41, s; = (i,i+1)

and S = {s;}" 1, then (W, S) is a Coxeter system of type A,, |2, Proposition 1.5.4].

Example 1.1.6. Let (W,S) be a Coxeter system with S = {s1,s2,...,s,}, and with Coxeter

1
S \—
3 4 n—1 n

2

Such a Coxeter group is said to be of type D,, and we write W = W(D,,). The wreath

diagram given below.

product Zg ! S, consists of all bijections o of the set {i | £i € n} such that o(—a) = —o(a).
This is called the signed permutation group, and is isomorphic to the Coxeter group of type B,
[2, Proposition 8.1.3]. The group W(D,,) is an index 2 subgroup of the signed permutation group,

consisting of all elements with an even number of sign changes, under the embedding

(1, =2)(—1, 2) if i =1;
S; —

(—1,0)(—(— 1), i) ifi>2,



[2, Proposition 8.2.3].

Remark 1.1.7. From Example we see that W(A,_1) consists of all permutations of n. Then
we have a canonical inclusion

t:W(An—1) = W(Dy)

that sends a permutation in W(A,_1) to the same permutation in W(D,,). From Examples

and we see that ¢(s;) = $i41.

Definition 1.1.8. Let (IW,S) be a Coxeter system. Any element w € W can be written as a

product of generators w = s189---5s;, s; € 5.
(1) If r is minimal for all expressions of w, we call r the length of w, denoted ¢(w).

(2) Any expression of w as a product of £(w) generators is called a reduced expression for

w.

(3) The set of all s € S that appear in a reduced expression of w is called the support of
w, denoted supp(w). Note that each element in a Coxeter group can have many different
reduced expressions. However, if s € S appears in a particular reduced expression for w, it
must appear in each reduced expression for w as a consequence of [2, Theorem 3.3.1]. Thus,
to determine supp(w) we only need to consider a particular reduced expression for w, so

supp(w) is well-defined.

(4) Let v; € W for 1 < i < k. We say that the product v = vjva--- v is reduced if {(v) =

Yo Uvi).

Example 1.1.9. Let W = W(Ay), let w = s15253, and let © = s153s1. Then the expression given
for w is reduced, and ¢(w) = 3. However, we see that © = s18351 = s15183 = 3, so the above

expression for z is not reduced.

Proposition 1.1.10. Let W be a finite Cozxeter group. Then there is a unique element, wg, of

maximal length in W.



Proof. This is [2, Proposition 2.3.1]. O
Example 1.1.11. Let W = W(As3). Then wy = s15281 = $25159.

We now distinguish between elements of a Coxeter groups to which long braid relations may

be applied. The following definition is due to Stembridge [23].

Definition 1.1.12. Let (W, S) be a simply laced Coxeter system. We call an element w € W
complex if there exist wy,wy € W and s,t € S with m(s,t) = 3 such that w = wy - sts - wy =
wy - tst - we reduced. An element w € W that is not complex is called fully commutative. We

denote the set of fully commutative elements by W..

Example 1.1.13. Let W = W (Dg), let © = 5152845384 and let y = $15256835584. Then x is not
fully commutative since we can apply a long braid relation to the product s4s3ss. However, y is
fully commutative: we cannot apply any long braid relations to y because there are no repeated

generators.

Definition 1.1.14. Let (W, S) be a Coxeter system and let w € W. We define the left descent

set, L(w), and the right descent set, R(w), as follows:

L(w)={se€S|lsw)<l(w)};
R(w) ={s eS| lws) < l(w)}.
A left or right descent set is commutative if it consists of mutually commuting generators.

Example 1.1.15. Let W = W(Dy) and let w = s154835253. Then L(w) = {s1, 2, $4} is commuta-

tive and R(w) = {s2, s3} is not commutative.

It is known that s € £(w) if and only if w has a reduced expression beginning in s |2, Corollary

1.4.6]. Similarly, s € R(w) if and only if w has a reduced expression ending in s.

Proposition 1.1.16. Let (W, S) be a finite Cozeter system with w € W. Then L(w) = S if and

only if w = wq. Similarly, R(w) =S if and only if w = wy.



Proof. This is [2, Proposition 2.3.1 (ii)]. O

Definition 1.1.17. Let (W, S) be a Coxeter system and let I C S. Define W; to be the subgroup

of W generated by I and define the set
W!={weW|l(ws)>l(w) for all s € I}.

Proposition 1.1.18. Let (W,S) be a Cozeter system and let I C S. Then (Wr,I) is a Cozeter

system.
Proof. This is [12, Theorem 5.12(a)]. O

The Coxeter group Wi is called a parabolic subgroup of W, with presentation
(I| (st)™D =1,s,t € I).

The set W' is called the set of distinguished coset representatives, and consists of minimal

representatives of left cosets wW7r.

Proposition 1.1.19. Let (W, S) be a Coxeter system and let I C S. For each w € W there exist

unique elements w' € W1 and wy € W such that w = w'w; reduced.
Proof. This is [2, Proposition 2.4.4]. O]

Definition 1.1.20. Let (W,S) be a Coxeter system and let I C S. Write w = wlw; as in

Proposition [I.1.19] We call this the reduced decomposition of w with respect to I.

Lemma 1.1.21. Let (W,S) be a simply laced Coxeter system. Let w € W suppose that s,t € S are

such that s and t do not commute.
(1) If s,t € R(w) then w can be written w = w' - sts reduced for some w' € W.

(2) If s,t € L(w) then w can be written w = sts - w' reduced for some w' € W.



Proof. Let I = {s,t} and suppose that s,t € R(w). Then by Proposition we can find
a reduced decomposition ws = !z reduced such that 2! € W' and z; € W;. Then w =
xlzrs reduced, and since zys € Wy this is the unique reduced decomposition of w according to
Proposition [1.1.19

Write a reduced decomposition w = w!wy. Since s,t € R(w) we can use the above argument
to show s,t € R(wy). Then by Proposition we have wr = sts, so w = w! - sts reduced.

Now suppose s,t € L(w). Then we can repeat the above argument with w™! and the result

follows. O

Corollary 1.1.22. Let (W, S) be a simply laced Coxeter system. If w € W, then R(w) and L(w)

are both commutative.

Proof. Let w € W be such that R(w) is not commutative. Then by Lemma [1.1.21| we can write

w = w' - sts reduced for some w’ € W and noncommuting generators s,t € S, so w & W. O
We now examine a partial ordering on a Coxeter group called the Bruhat order.

Definition 1.1.23. Let (W, S) be a Coxeter system and let w € W. Pick a reduced expression
w = s5152---8,. Then x < w if and only if x is a subword of wj; that is, = s;; s, -+ s;, where

1< <io< - < <1

Since the definition allows for the choice of any reduced expression for w, it is not immediately
clear that the Bruhat order is well defined. However, the Bruhat order is indeed well defined; see |2,

Theorem 2.2.2] for a proof.

Example 1.1.24. Let W = W(Dy), let w = s1525352, let © = s152 and let y = s3s4. It is easy
to see that the given expressions for w, z, and y are reduced. Then we have x < w since z is a
subword of w, but y £ w since s4 € supp(y) \ supp(w), so no reduced expression for y is a subword

of w.

We now introduce star operations, which were developed by Kazhdan and Lusztig in [13].



Definition 1.1.25. Let (W, S) be a simply laced Coxeter system. Let s,¢ € S such that m(s,t) = 3.

Define

Dr(s,t) ={weW ||L(w) N {s,t}|=1};

Dr(s,t)={weW ||R(w)N{s,t}| =1}.
If w € Dg(s,t), then exactly one of sw, tw, is in D(s,t). We call the resulting element *w, and
define the left star operation with respect to {s,t} to be the map *: W — W : w — *w. We

can define w* in a similar way using Dg(s,t), resulting in a right star operation with respect to

{s,t}. Note that each of these maps is an involution and partially defined.

Example 1.1.26. Let © = 5354555655 and let w = s4. Note that the given expression for x is
reduced. Then x,w € Df(s3,84) so we can apply the operations *x = s4858655 and *w = s3s4.
However, z,w & Dgr(ss,S¢), so the right star operation with respect to {ss, s¢} is not defined on

either x or w.

Definition 1.1.27. If w,y € D,(s,t) are such that *w = y and ¢(w) — 1 = ¢(y) then we say that
w is left star reducible to y. If w,y € Dg(s,t) are such that w* = y and ¢(w) — 1 = ¢(y) then we

say that w is right star reducible to y. If there is a sequence

W = W), W(1)s -+ Wk—1)s Wk) = Y
such that w; is left or right star reducible to w(;; 1) then we say that w is star reducible to y.

Proposition 1.1.28. Let W be a Coxeter group of type A or D and let w € W,.. Then w is star

reducible to a product of commuting generators.
Proof. This is [10, Theorem 6.3]. O

Proposition 1.1.29. Let (W, S) be a simply laced Cozeter system. If x € W, and s,t € S are such

that x € Dr(s,t), then *w € W,.

Proof. This is |22, Proposition 2.10]. O



1.2 Kazhdan—Lusztig theory

We will now use a Coxeter system (W, S) to construct an algebra H = H(W,S) called the

Hecke algebra. The following definitions can be found in [13].

Definition 1.2.1. Let A = Z[q%,cf%] be the ring of Laurent polynomials over Z. Let AT = Z[q%].
Then H(W, S) is the algebra over A with linear basis {T}, | w € W} with multiplication determined

by the following relations:
(1) TsTy = Tgy if £(sw) > L(w);
(2) T2 = (¢ = VTs + qT.
Using the above relations, we can compute that
T =q¢ ', — (1 —q¢ HTy.

Let w € W have reduced expression w = s182 - - - 5. Then using the first multiplication rule above
we see that Tp, = T, T, --- T, , so TJl = Ts:l . -Ts_ll, thus each T, is invertible in H.
We now define a ring homomorphism ¢ : H — H by ¢ (q%> = q_% and (Ty,) = Tuj,ll. Note

that ¢ is an involution. This involution gives rise to an interesting basis for .

Proposition 1.2.2. For each w € W we have a unique element Cy, € H with the following proper-
ties:
(1) UCy) = Cu,
(2) Cy = Z(—1)é(w)%(x)q%(aw)_e(z)% (Pyw) Ty, where Py = 1 and Py (q) € Z[q] has degree
< %(E(xj)w— lx)—1) ifz < w.

Proof. This is [I3| Theorem 1.1]. O

These Cy, form a basis for H [2] 6.1] called the Kazhdan—Lusztig basis.
The polynomials P, ,, in Proposition are called Kazhdan—Lusztig polynomials, and

are particularly difficult to calculate. For example, the degree of a particular polynomial P, ,, is not



10

even known in general. We do, however, have an upper bound for the degree of Kazhdan—Lusztig

polynomials when z < w:

deg(Prw) < 3 (€w) — £(x) ~ 1)
13, (L.1.0)].

Definition 1.2.3. We denote by p(z, w) the coefficient of the term of degree 3(¢(w) — ¢(z) — 1) in
P, . Note that if £(w) = ¢(z) mod 2 then p(z,w) = 0 since 1 (¢(w) — ¢(z) — 1) is not an integer; in

particular, u(w,w) = 0 since £(w) — {(w) = 0 is even. If u(z,w) # 0 we write x < w.

As we will soon see, calculating p-values for Kazhdan—Lusztig polynomials is very difficult,
even for Coxeter groups of small rank. In [I3] Kazhdan and Lusztig proved the following helpful

elementary properties of p-values.

Proposition 1.2.4.
(1) If z,w € Dr(s,t) then p(z,w) = p(*z, *w);
(2) If x,w € Dg(s,t) then p(x,w) = p(x*, w*);
(8) If there exists s € L(w) \ L(x) then either

(a) pla,w) =0, or
(b) = sw and p(z,w) = 1;

(4) If there ezists s € R(w) \ R(z) then either
(a) p(z,w) =0, or
(b) v =ws and p(z,w) = 1.

Proof. Parts (1) and (2) are |13}, Theorem 4.2]. Parts (3) and (4) are [13], (2.3.e)] and [13], (2.3.f)],

respectively. O

Corollary 1.2.5. Let x € W, and let w be a product of mutually commuting generators. Then

w(z,w) € {0,1}.
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Proof. If x £ w then pu(x,w) = 0 so we are done. If z < w then L£(z) C L(w), so there exists some

s € L{w) \ L(z) and we are done by Proposition [1.2.4] part (3). O

Understanding p-values helps us to calculate Kazhdan—Lusztig polynomials in general due to

the following recurrence relation.

Proposition 1.2.6. Let (W,S) be a Cozxeter system. Let z,w € W and let s € S be such that

s € L(w). Then

Px,w — ql_CPS:r,S’w + qch,sw _ Z ,U(Z, S’UJ)q%(K(w)_g(z))Px o

)

sz<z
z<sw
where
1, ifse L(x);
CcC =
0, else.
Proof. This is [13], (2.2.¢)]. O

Unfortunately, this is the only obvious way to compute Kazhdan—Lusztig polynomials. If
W = W(D,,) we have |W| = 2"~ 1n!, which is very large even in groups of moderate rank. In order
to compute P, ., using the above recurrence relation, we must compute intervals of the Bruhat
order in W. In large groups such a computation is very expensive in terms of either processor time
or memory, depending on the algorithm used. As a result, using the above recurrence relation to
compute Kazhdan—Lusztig polynomials is computationally infeasible in all but groups of small rank.

We can use Proposition [I.2.6] to deduce several simple facts about Kazhdan—Lusztig polyno-

mials.

Proposition 1.2.7. Let x,w € W be such that © < w and let s € S.
(1) If sw < w and sx > x then Py, = Py .
(2) If w < ws and xs L w (thus xs > x) then Py = Prgaps.

Proof. Part (1) is [I3, (2.3.g)]. Part (2) is [20, Lemma 1.4.5(v)]. O
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Lemma 1.2.8. Let z,w € W and let u = s1---5s, be a product of mutually commuting generators

such that s; & supp(z) Usupp(w) for each 1 < i < 1. Then Py = Py wu, and p(x, w) = p(ru, wu).

Proof. We will show P, = Pyywy by induction on r = f(u). If = 1 then we are done by
Proposition m (2). Suppose that the statement holds for all values less than r. Then by in-

duction, we have Py, = Prus,wus.. Since u is a product of mutually commuting generators,

sy & supp(zus,) U supp(wus, ), so by Proposition m (1) we have Py = Prus, wus, = Pruwu-

Then since
! 14 14 1) = ! 14 14 1 _ 1 14 14 1
5 (0wn) — o) 1) = 5 () + 7 — £z) 1) = 3 (¢(w) — () 1)
we have p(x,w) = p(xu, wu). O

Surprisingly little is known about p-values, even for finite Coxeter groups. Previously, com-
puter computations suggested that u(z,w) € {0,1} in Coxeter systems of type A. This was shown
to be egregiously false by McLarnan and Warrington in [19] using computer calculations. Billey and
Warrington have developed a more efficient recursive way to compute Kazhdan—Lusztig polynomials
in certain cases in type A [I, Lemma 39).

The group W(Kn) is an infinite Coxeter group which, like W(D,,), contains the symmetric
group as a parabolic subgroup. Since the 0-1 conjecture fails in type A, it must therefore also
fail in types A and D. However, in [II] Green showed that p(z,w) € {0,1} for z,w € W(A,)
as long as z is fully commutative. This proof relies on the fact that Coxeter groups of type A do
not contain certain elements called “bad elements,” which will be discussed in Chapter 2] Green
remarks that there may be many other types of Coxeter groups for which p(z,w) € {0,1} if x is
fully commutative [1T, Introduction|. We will prove this result in Theorem [4.5.11] for Coxeter groups
of type D.

We can partition a Coxeter group into sets called Kazhdan—Lusztig cells, first defined in [13],

which behave nicely with regard to calculations involving p-values.

Definition 1.2.9. Recall from Definition that we write z < w if p(z,w) # 0. Define = <p w
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if there is a (possibly trivial) chain
=20, L1y, Ly =W

such that either z; < z;41 or ;41 < x; and L(z;) ¢ L(xi+1). Define x ~p w if and only if x <j w
and w <y . Then ~p is an equivalence relation that partitions W into left Kazhdan—Lusztig

cells, or left cells. There is an analogous definition for right Kazhdan—Lusztig cells.

Definition 1.2.10. We define x <pr w if there is a (possibly trivial) chain
T =20y X1y Tp =W

such that either x; <p x;11 or x; <g z;+1 for each i < r. Define z ~pr w if and only if z <pr w and
w <pr x. As above, ~p i is an equivalence relation that partitions W into two-sided Kazhdan—

Lusztig cells, or two-sided cells.

1.3 Lusztig’s a-function

In [14], Lusztig defined a function that behaves nicely with respect to Kazhdan—Lusztig cells.
As we will see, this function will help us to bound the degree of certain Kazhdan—Lusztig polynomi-
als. We begin with a series of definitions and lemmas from [14] leading to the definition of Lusztig’s
a-function. Although the a-function may be defined for affine Coxeter groups, we will simplify our

calculations by assuming that W is a finite Coxeter group.

Lemma 1.3.1. We may define polynomials Qg for each x < w using the following identity:

1 ifrx=w;
Y () ODQ, L (9)Pila) =

FLESW 0 ifr<w.

Then Qg s a polynomial of degree < % (U(x)—l(z)—1) if y <w and Quw = 1.

Proof. This is [14], (1.3.1)]. O

The polynomials @, ., are sometimes called inverse Kazhdan—Lusztig polynomials. Like

Kazhdan—Lusztig polynomials, they are difficult to compute.
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Definition 1.3.2. For w € W set va = q_ﬁ(w)/QTw. We define

Dy =Y Qo (7)) 3T,

rz<w
Definition 1.3.3. Recall that A = Z[q%,q_%] is the ring of Laurent polynomials over Z. Let
7:H — A be the A-linear map defined by 7 (Zw awfw) = . (The map 7 turns out to be a

trace map.)
Definition 1.3.4. Let w € W and define the set
Sy = {z eN ‘ q%T (fxfwa) € A for all z,y € W} )
If .7, is nonempty we denote a(w) = min (.#,,), otherwise set a(w) = oo. Then we have a function
a:W — NU{co}.
We now observe some properties of a.

Proposition 1.3.5. We have

Proof. This is [I5 1.3(a)]. O

It will later be very useful to compute a(w) to find a bound for deg(P, ). However, from the
definition, we can see that calculating a(w) can be very difficult. To make calculations easier, we
can use the fact that the a-function is known to be constant on Kazhdan—Lusztig cells when W is

a Weyl group. Note that Coxeter groups of types A and D are Weyl groups.

Lemma 1.3.6. Let W be a finite Weyl group and let x,w € W be such that x ~pr w. Then

Proof. This is |14, Theorem 5.4]. O

In [I6] Lusztig introduces the a-function for Hecke algebras with unequal parameters. He

develops a series of conjectures about how the a-function relates to the Coxeter group W, the



15

structure of the Hecke algebra, and Kazhdan—Lusztig cells. These conjectures are not known to
hold for general Coxeter groups in the unequal parameter case. However, these conjectures are

known to hold for finite Coxeter groups in the equal parameter case.
Lemma 1.3.7. Let W be a finite Coxeter group with longest element wy. Then a(wg) = ¢(wyp).
Proof. This is |16, Proposition 13.8]. O

Lemma 1.3.8. Let (W, S) be a Coxeter system of type Dy, and let I C S. If w € Wi then a(w)

calculated in terms of Wt is equal to a(w) calculated in terms of W.

Proof. This is [16, Conjecture 14.2 P12|. In [16, 15.1] Lusztig proves that Conjecture 14.2 P12 holds

in our case. O

Lemma 1.3.9. Let (W, S) be a Coxeter system with Coxeter graph I' that can be decomposed into
a disjoint union of connected components I' =1'y UT'y. Then every w € W has a unique expression

w = wywy reduced where wy € W(I'1) and wy € W(I'z). Furthermore a(w) = a(w1) + a(wz).

Proof. This is |21, Lemma 1.8 (1)]. O



Chapter 2

Bad elements

There are elements called bad elements whose reduced expressions have certain unfavorable
properties which complicate computing p(z,w) where x is fully commutative and w is bad. As we
will see in Section there are no bad elements in Coxeter groups of type A. This fact was used in
[L1] by Green to show that p(z,w) € {0,1} when z is fully commutative. However in Section [2.2] we
will see that Coxeter groups of type D do contain bad elements. We conclude by finding a general

form for reduced expressions of bad elements in Section [2.3]

2.1 Type A

Definition 2.1.1. Let W be a simply laced Coxeter group and let w € W. We say that w is bad
if w is not a product of commuting generators and if w has no reduced expressions beginning or
ending in two noncommuting generators. We say w is weakly bad if w has no reduced expressions

beginning or ending in two noncommuting generators.

Example 2.1.2. Let W = W (D,) and consider the elements x = s15253, y = s18254, and w =
51525453515254. We see that x is not bad since it has a reduced expression ending in sgs3. Since ¥ is a
product of mutually commuting generators we see that y is weakly bad, but not bad. However, if we
compute all reduced expressions for w we see that none of them begin or end in two noncommuting

generators. We can easily see that w is not a product of commuting generators, so w is bad.

Lemma 2.1.3. If w is bad then so is w™!.
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Proof. This is an immediate consequence of the symmetry of the definition. O

Recall from Example that W(Ay,) = S,41. For each element w € W(A4,,) we may use

one-line notation to represent w:
w= (w(l),w(2),wd),...,wn),wn+1)).
We can use this one-line notation to help find left and right descent sets.
Proposition 2.1.4. Let w € W(A,,). Then
R(w)={s; € S|w(i) >w(+1)}
is the right descent set of w and
L(w)={s; €S| w () > w i+ 1)}
1s the left descent set of w.
Proof. This is proven in [2, Proposition 1.5.3]. O

We will now use this correspondence between descent sets and one-line notation to find and

classify bad elements in terms of pattern avoidance.

Definition 2.1.5. Let w € W(A,,) and let a, b, and ¢ be positive integers. We say that w has the
consecutive pattern abc if there is some ¢ € n — 1 such that (w(i),w(i + 1), w(i + 2)) is in the
same relative order as (a, b, c). If w does not have the consecutive pattern abc then we say that w

avoids the consecutive pattern abc.

Example 2.1.6. Let w € W(A5) have the one-line notation
w=(53,21,6,4).

Then w has the consecutive pattern 321 since (w(1),w(2),w(3)) = (5,3,2) are in the same relative
order as (3,2,1). However, w avoids the consecutive pattern 123 since there is no ¢ such that

(w(i),w(i+1),w(i+2)) is in the same relative order as (1,2, 3).
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Lemma 2.1.7. Let (W, S) be a Cozxeter system of type A, and let w € W. Then

(1) w has a reduced expression ending in two noncommuting generators if and only if w has at

least one of the consecutive patterns 321, 231, or 312, and

(2) w € W has a reduced expression beginning in two noncommuting generators if and only if

w™! has at least one of the consecutive patterns 321, 231, or 312.

Proof. Let I = {s;,s;11} and write w = w’w; as in Proposition We first observe that if w
has a reduced expression ending in two noncommuting generators, s;, S;+1, in some order, then we
have wr € {8;8i4+18i, SiSi+1, Si+1Si}-

Suppose that w has the consecutive pattern 321. Then there is some i such that w(i) >
w(i 4+ 1) > w(i + 2), so by Proposition we have s;,8,41 € R(w), thus w has a reduced
expression ending in s;s;418; by Lemma Conversely, suppose that w; = s;8;415;. Then
Siy Si41 € R(w), so w(i) > w(i + 1) > w(i + 2) by Proposition 2.1.4] thus (w(i), w(i + 1), w(i + 2))
has the consecutive pattern 321.

Next suppose that w has the consecutive pattern 231. Then there is some i such that w(i+1) >
w(i) > w(i + 2), so siy1 € R(w) by Proposition If we multiply on the right by s;1 then
we get ws;ir1(i +1) = w(i +2) < w(i) = wsiy1(i), so s; € R(ws;y1). Then w has a reduced
expression ending in s;8,41. Conversely, if w; = ;8,41 then w(i +2) < w(i + 1) and w(i) <
w(i+ 1). Furthermore, since s; € R(ws;+1) we have w(i 4+ 2) = ws;41(i + 1) < ws;1(i) = w(i), so
(w(i),w(i+ 1), w(i + 2)) has the consecutive pattern 231.

Suppose that w has the consecutive pattern 312. Then there is some i such that w(i) >
w(i+2) >w( +1). Then s; € R(w). If we multiply on the right by s; then we get ws;(i + 1) =
w(i) > w(i+2) = ws;(i+2), so s;41 € R(ws;). Then w has a reduced expression ending in s;415;.
Conversely, if wr = s;418; then w(i) > w(i + 1) and w(i +2) > w(i + 1). Since s;+1 € R(ws;), we
have w(i 4+ 2) = ws;(i +2) < ws;(i + 1) = w(i), so (w(i),w(i + 1), w(i + 2)) has the consecutive
pattern 312.

Finally, we know that w has no reduced expressions beginning in two noncommuting genera-
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tors if and only if w™! has no reduced expressions ending in two noncommuting generators, which
by the above discussion occurs if and only if w™! avoids the consecutive patterns 321, 231, and

312. g

The following theorem was originally proven by Green in the more general case of a Coxeter

group of type A. We will state the result in type A.
Proposition 2.1.8. Let W = W (A,,). Then there are no bad elements in W.

Proof. This is a consequence of [11, Propositions 2.3, 2.4|

Corollary 2.1.9. If w € W(D,,) is such that all entries in w are positive then w is not bad.

Proof. Let w € W(D,,) be such that all entries in w are positive. Recall the embedding ¢ from
Remark Since all entries in w are positive, we can find an element w’ € W (A,,_1) such that

t(w'") = w. If w’ has a reduced expression

/
W = 84184y """ 54

r

in W(A,—_1) then w has the reduced expression

W = Si1+18ix+1 """ Sip+1
in W(D,,). By Proposition we see that w' is not bad, thus w is not bad. O

Lemma 2.1.10. Let w € W(A,,) be such that both w and w™"' avoid the consecutive patterns 321,

231, and 312. Then w is a product of commuting generators.

Proof. By Lemma [2.1.7] we know that w has no reduced expressions beginning or ending in two
noncommuting generators. By Proposition [2.1.8] we know that w is not bad, so w must be a

product of commuting generators. O
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2.2 Type D

Recall from Example that we can represent each element w € W(D,,) as a member of

the signed permutation group. We write w € W using one-line notation

where we write a bar underneath a number in place of a negative sign in order to simplify notation.
Example 2.2.1. Let w = s983815254 € W(D4). Then we write
w=(2,3,4,1).
As in type A, we can use the one-line notation of an element to find its length.
Proposition 2.2.2. Let w € W(D,,). Then
t(w) = {(G,4) e nxn|i<jw()>w)} + K j) enxnli<jw=i)>w)
Proof. This is [2, Proposition 8.2.1]. O]

Proposition 2.2.3. Let (W,S) be a Coxeter system of type D, and let w € W have signed

permutation

Suppose s; € S. If i > 2 then multiplying w by s; on the right has the effect of interchanging w(7)
and w(i+ 1). Multiplying w by s; on the left has the effect of interchanging the entries in w whose
absolute values are ¢ and i + 1.

If i = 1 then multiplying w by s1 on the right has the effect of interchanging w(1) and w(2)
and switching their signs. Multiplying w by s1 on the left has the effect of interchanging the entries

in w whose absolute values are 1 and 2 and changing their signs.

Proof. This follows from the discussion in |2 Sections 8.1 and A3.1]. O

As in type A, in type D we can easily find the descent sets of an element written in one-line

notation.
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Proposition 2.2.4. Let w € W(D,,). Then
R(w)={s;i € S|w(i—1)>w()}
and
L(w)={s; €S| wt(i—1) > w_l(i)},
de
where w(0) = —w(2).
Proof. This is |2, Propositions 8.2.1 and 8.2.2]. O

The following lemmas will help us to classify the signed permutations of bad elements in
Theorem [2.2.18] We will first introduce the notion of signed pattern avoidance, which is not known

to be found in other sources, to begin to describe how to find bad elements in type D.

Definition 2.2.5. Let w € W(D,). As in type A, we say that w avoids the consecutive
pattern abc if there is no i € n — 2 such that (w(7),w(i+ 1), w(i+2)) is in the same relative order
as (a,b,c). We say that w avoids the signed consecutive pattern abc if there is no i € n — 2
such that (Jw()|, |w(i + 1)],|w(i + 2)|) is in the same relative order as (|al, |b], |c|) and such that

sign(a) = sign(w(i)), sign(b) = sign(w(i + 1)), and sign(c) = sign(w(i + 2)).
Example 2.2.6. Let w € W(Dsg) have the following one line notation
w = (47§7 17 57 672)

Then w has the signed consecutive pattern 321 since (Jw(1)|, |w(2)|, |w(3)|) are in the same relative
order as (|3|,]| —2|,|1]) and sign(3) = sign(w(1)), sign(—2) = sign(w(2)), and sign(1) = sign(w(3)).

However, w avoids the signed consecutive pattern 123.
Lemma 2.2.7. Let s,t € S such that m(s,t) =3 and s1 & {s,t}. Then

(1) w has a reduced expression ending in st or ts if and only if w has at least one of the

consecutive patterns 321, 231, or 312, and
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2) w has a reduced expression beginning in st or ts if and only if w—' has at least one of the
14 q g Y

consecutive patterns 321, 231, or 312.

Proof. Let ¢ > 2, let I = {s;,s;+1} and write w = wlw; as in Proposition We first observe
that if w has a reduced expression ending in two noncommuting generators, s;, s;+1, in some order,
then we have wy € {sisi+18i, SiSi+1, Sit+15i}-

Suppose that w has the consecutive pattern 321. Then there is some ¢ such that w(i — 1) >
w(i) > w(i + 1), so by Proposition we have s;, s;11 € R(w), thus w has a reduced expression
ending in s;s;418; by Lemma Conversely, suppose that w; = s;8;+15;. Then s;, 8,41 € R(w),
sow(i—1) > w(i) > w(i+1) by Proposition[2.2.4] thus (w(i—1),w(i), w(i+1)) has the consecutive
pattern 321.

Next suppose that w has the consecutive pattern 231. Then there is some ¢ such that w(i) >
w(i—1) > w(i+1), so s;+1 € R(w) by Proposition If we multiply on the right by s;41 then
we get wsi1(i) = w(@+1) < w(i —1) = ws;y1(i — 1), so s8; € R(ws;+1). Then w has a reduced
expression ending in s;8;+1. Conversely, if w; = s;s;41 then w(i + 1) < w(i) and w(i — 1) < w(3).
Furthermore, since s; € R(ws;y+1) we have w(i + 1) = ws;+1(i) < ws;y1(i — 1) = w(i — 1), so
(w(i —1),w(i), w(i 4+ 1)) has the consecutive pattern 231.

Suppose that w has the consecutive pattern 312. Then there is some ¢ such that w(i — 1) >
w(i+ 1) > w(i), so s; € R(w). If we multiply on the right by s; then we get ws;(i) = w(i — 1) >
w(i+ 1) = ws;i(i + 1), so s;j+1 € R(ws;). Then w has a reduced expression ending in s;415;.
Conversely, if w; = s;j415; then w(i — 1) > w(i) and w(i + 1) > w(i). Since s;+1 € R(ws;), we have
w(i+1) =ws;(i+1) <wsi(i) =w(@ —1), so (w(i —1),w(i), w(i + 1)) has the consecutive pattern
312.

Finally, we know that w has no reduced expressions beginning in two noncommuting gen-
erators s,t with s; & {s,t} if and only if w™! has no reduced expressions ending in st or ts. By
the above discussion, this occurs if and only if w~! avoids the consecutive patterns 321, 231, and

312. g
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Lemma 2.2.8. Let w € W(D,,). Then
(1) w has a reduced expression ending in sys3 or sgsi if and only if —w(1) > w(3), and

(2) w has a reduced expression beginning in s183 or s3s1 if and only if —w (1) > w=1(3).

Proof. Let w € W be such that —w(1) > w(3). Then we either have —w(2) > w(1) or —w(2) <
w(1).

If —w(2) > w(l) then s € R(w). Multiplying on the right by si, we see that wsi(2) =
—w(1) > w(3) = ws1(3), so s3 € R(wsy). Then w has a reduced expression ending in s3s7.

On the other hand, if —w(2) < w(1) we must have w(2) > —w(1l) > w(3), so s3 € R(w).
Multiplying on the right by s3, we see that —ws3(2) = —w(3) > w(1) = ws3(1), so s1 € R(ws3).
Then w has a reduced expression ending in sis3.

Conversely, let w € W be such that w has a reduced expression ending in s3s; or sisz. If
an expression for w ends in szs; then we have s; € R(w) and s3 € R(ws1), so —w(1l) = wsi(2) >
ws1(3) = w(3). If an expression for w ends in s1s3 then we have s3 € R(w) and s1 € R(wss3), so
—w(l) = —ws3(1) > ws3(2) = w(3).

Finally, we know that w has no reduced expressions beginning in s;1s3 or s3sp if and only if
w~! has no reduced expressions ending in s;s3 or s3s1. By the above discussion, this occurs if and

only if —w=1(1) > w~1(3). O

Lemma 2.2.9. Let w € W(D,,) be such that each entry in the one-line notation for w is positive
and both w and w™! avoid the consecutive patterns 321, 231, and 312. Then w is a product of

commuting generators.

Proof. Recall the embedding ¢ from Remark Since all entries in w are positive, we can find

an element w' € W(A,_1) such that «(w') = w. If w’ has a reduced expression
/
w = Si1$i2 cee Sir

in W(Ay—1) then w has the reduced expression

W = Si1+18ia+1 """ Sip+1
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in W(Dy). By Lemma [2.1.10| the s;; are mutually commuting generators, so the s;, 11 are also

mutually commuting, thus w is a product of commuting generators in W(D,,). O

Lemma 2.2.10. Let w € W(D,) be weakly bad and let i € n. Then w satisfies the following

conditions:
(1) w(j) > min({w(i —1),w(@)}) for all j > i;
(2) w(k) < max({w(i — 1), w(i)}) for all k <i—1;
(3) if w(i),w(i+1) >0 then w(j) > 0 for all j > i;
(4) if w(i),w(i+1) <0 then w(j) <0 for all j <i+1.
Proof. Suppose that there is some least j > i such that w(j) < min({w(i — 1), w(i)}). Note that
since j > i we cannot have w(j) = w(i) or w(j) = w(i — 1), so w(j) < min({w(i — 1), w(i)}). Then
w(j —2) =2 min({w(i - 1), w(i)}) > w(j) and w(j — 1) = min({w(i — 1), w(i)}) > w(j), so we see

that (w(j — 2),w(j — 1), w(j)) must have the consecutive pattern 321 or 231, which is impossible

by Lemma proving (1).

Suppose that there is some greatest k£ < i — 1 such that w(k) > max({w(i — 1), w(i)}). Note
that since k < i—1 we cannot have w(k) = w(i) or w(k) = w(i—1), so w(k) > max({w(i—1),w(i)}).
Then w(k + 1) < max({w(i — 1),w(i)}) < w(k) and w(k + 2) < max({w(i — 1),w(i)}) < w(k),
so we see that (w(k),w(k + 1), w(k + 2)) must have the consecutive pattern 321 or 312, which is
impossible by Lemma proving (2).

It is easy to see that assertion (1) implies (3) and (2) implies (4). O
Example 2.2.11. Let w € W (D7) have the one-line notation given below
w = (2’3767 1a 4a§a 7)

Then (w(1),w(2),w(3)) = (2,—3,—6) has the consecutive pattern 321, and w is not bad by
Lemma Similarly, (w(4),w(5),w(6)) = (1,4,—5) has the consecutive pattern 231, and w

is not bad by Lemma [2.2.
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Lemma 2.2.12. Let w € W(D,,) be a bad element. Then (w(1),w(2),w(3)) has one of the following
consecutive signed patterns:

123, 123, 132, 132, 213, 213.
In particular, we have |w(1)| < w(3).

Proof. There are 23 - 3! = 48 possible choices of signed consecutive patterns for (w(1),w(2),w(3)).

123 123 123 |123| [123) 123 |123] |123
132 132 132 [132 132 [132]| (132
213 213 213 |[213 213 [213] (213
231] 231 231 231 231 (231) [231] (231
312] 312 312 312 312 (312) [312] |312
321] 321 321 321 321 (321) [321] (321

We can use Lemma to eliminate the possibilities that have the consecutive patterns

1321],[231], or (312, and Lemma [2.2.8/to eliminate the possibilities in which —w(1) > w(3) . This

leaves us with 12 possible choices.

123 123 123 123
132 132 132 132
213 213 213 213

Then we can use Lemma|2.2.10[to see that if w(1) < 0 and w(2),w(3) > 0, then w(i) > 0 for alli > 2,
so w & W(D,,) since w has an odd number of negative signs. Furthermore, if w(1),w(2),w(3) > 0
then w(i) > 0 for each ¢ by Lemma [2.2.10 so w is not bad by Corollary This eliminates the

first and second column of possibilities, leaving us with the desired choices. O
Lemma 2.2.13. Let w € W(D,,) be bad and define | to be the mazimum integer i such that w(i) is
negative, or 0 if no such integer exists. Then | is even and we can write

(a17 bl) az, b27 <oy Ak, bk‘7 Ak+1, bk+17 ) a’n/27 bn/?) an is even;

(ah bi,az,ba, ..., ak, by, Ak+1, bk—i—la sy Q(n—1)/2) b(n—l)/Qv a(n+1)/2) if n 1s odd;
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where k =1/2, (a;) and (b;) are increasing sequences, a; > 0 for i > 2, b; < 0 if i < k, and b; > 0
ifi > k.
Proof. Let w € W(D,,) be bad. Then by Lemma [2.2.12| we see that w(3) must be positive, so by
Lemma [2.2.10] we can write

(a1,b1,a2,b2,...,ak, b, aps1, b1, -- - an /2, bn/g) if n is even;

(a1,b1,a2,b2, ..., @k, bk, Ay 1, bpi 1, -+ -5 Qn—1)/25 O(n—1)/2: Gmt1)/2)  if 1 is odd;
where a; > 0 for i > 2, b; <0if i <k, and b; > 0 if i > k. Now we see that (a;) must be increasing,
since if a;11 < a;, then (a4, b;, a;+1) would have one of the consecutive patterns 321, 231, or 312,

contradicting Lemma Similarly, (b;) must be increasing, since if b;11 < b;, then (b;, a;1+1,bi+1)

would have one of the consecutive patterns 321, 231, or 312, contradicting Lemma [2.2. O

Lemma 2.2.14. Let w € W, be bad, let n be even, and write w as in Lemma[2.2.13. If n = 2k we
have
w = <<_1)n/27ﬂv37n _ 2757 s 7%7“ - 172) )

and thus w = w1,

Proof. First suppose that n = 0 mod 4. Then k& is even, so a; > 0, else w would have an odd

number of negative entries. By Lemma we know that w™! is also bad, so we can write

-1 ARV Y ! / / / / /
w :<a1, 1,a2,b2,...,ak,, k”a’k’-‘rl’ k,+1,...,an/2,bn/2)

as in Lemma [2.2.13] Note that w and w™! each must have k negative entries, so either k = &’ or
k' =k—1anda) <0.

Suppose, towards a contradiction, that &’ = & — 1. Then
{bi} ={-1,-2,-4,-6,...,—(n—2)}.

These are the only choices for b; since these are the places of the negative entries in w™'. In other

words, if i € {~1,-2,—4,—6,...,—(n — 2)} we know that w=!(i) < 0, so the entry with absolute
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value ¢ in w must be negative. Since (b;) is increasing, we have by = w(n) = —1. But then
w™(1) = —n, so n = |w™l(1)] > w™(3), which is impossible by Lemma [2.2.12] Thus, k¥ = &’ and
aj > 0.

This means that (b;) = (b)) = (—n, —(n —2),...,—4,—2). Then since (a;) is increasing, we
have (a;) = (a}) = (1,3,5,...,n — 1), so w has the desired form.

Next suppose that n = 2 mod 4. Then k is odd, so a; < 0 else w would have an odd number

of negative entries. By Lemma we know that w™! is also bad, so we can write

—1 /AR VA Y / / / / / /
w :(al, 1,a2, 2,...,ak/, k/,ak/+1, k/+1,...,an/2,bn/2)

as in Lemma Note that w and w~! must have k 4 1 negative entries. Now we must have
k =k, since there is no other way for w™! to have k + 1 negative entries.

This means that {b;} U {a1} = {b/} U{a}} = {-1,—-2,—4,—6,...,—n}. Then since (a;) is
increasing we have (a;)¥_, = (a/)F_, = (3,5,...,n —1).

By Lemma [2.2.12| we must have |a1] = |w(1)| < w(3) = 3, so either ay = —1 or a3 = —2.

If ay = —2 then we must have w(n) = by = —1 since (b;) is increasing. But this means that

w™ (1) = —n, so n = |Jw ' (1)] > w(3), contradicting Lemma [2.2.12] Then we must have

a; = —1,s0 a} = —1. Then (b;) = (b)) = (—n,—(n —2),...,—4,—2), so w has the desired form.
Once w is in the desired form we can easily see that w = w1, O

Lemma 2.2.15. Let w € W, be bad, let n be odd, and write w as in Lemma|2.2.18 If n —2k =1
we have

w= ((—1)<"—1>/2,n—1,3,n—3,5,...,4,n—2,g,n),

and thus w = w1,

Proof. By Lemma we know that w™! is also bad, so we can write

-1 __ /AR VA Y / / / / / / /
w —(al, 1) A2, 09, .., g,y k’vak’+17bk’+1?"'7a’(nfl)/27b(nfl)/27a(n+1)/2)

as in Lemma [2.2.13] We see that a’(m_l)/2 = w~1(n) > 0, so since all b; < 0 there must be some j
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such that a; = n. Then since (a;) is increasing we must have A(nt1)/2 = 1. Then we have

w = (a1,b1,a2,b2, ..., ak, b, Agy1, 0611, - - s An_1)/2, bn—1)/2, M),
and the result follows by applying Lemma [2.2.14] to

(a1,b1,a2,b2,. .., ak, br, Akr1,bpy1s - - An_1)/2: b(n—1)/2)-
]

Lemma 2.2.16. Let w € W(D,,) be bad and write w as in Lemma |2.2.15. If n — 2k > 1 then

w(n — 1) and w™(n) are both positive.

Proof. We see that w(n — 1) and w(n) are clearly positive since n — 2k > 1. Write w™! as in

Lemma [2.2.13] and suppose that b < 0 for i < k’. If either w™!(n — 1) or w™!(n) were negative

then we would have n — 2k’ < 1. Then by Lemma [2.2.14] or [2.2.15 we would have w = w™!, which

cannot be true since k # k', thus w=!(n — 1) and w=!(n) are positive. O

Lemma 2.2.17. Let w € W(D,,) be bad and write w as in Lemma |2.2.15. Then a1 = =1,

(ai)f_y = (3,5,7,...,2k — 1), and (b;)F_; = (—2k, —(2k — 2),...,—6,—4,—2).

Proof. We will induct on n —2k. If n— 2k = 0 then we are done by Lemma and if n—2k =1
then we are done by Lemma [2.2.15

If w(n) = n then we have
(a1,b1,a2,b2,. .., ak, by, agy1,bpy1s .-, an)2,M) if n is even;
(al, bl, as, bQ, ceey Ak, bk, Af+1, bk+1, cee ,a(n_l)/Q, b(n—l)/2> n) if n is O(?ld7
so we can apply the inductive hypothesis to
(ala bl, az, b27 <oy Ay bk‘? Ak+1, bk:-‘rla s 7an/2) if n is €vell;

(a1,b1,a2,b2,. .., ak, b, a1, b1, -+ -5 An—1)/25 On—1y/2) if n is odd,

and obtain the desired result.
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Suppose w(n) # n. Recall that n — 2k > 1, so by Lemma we have w™!(n) > 0, and
since (a;) and (b;) are increasing we must have w(n — 1) = n.

If w(n) #n —1 and w(n) # n then by Lemmawe have w=!(n — 1) > 0, so we can use
the fact that (a;) and (b;) are increasing to show that w(n — 3) = n — 1. Then w~!(n) > 0 and

1

w~l(n) =n —1, so w™! must have consecutive pattern 312 or 321 where the 3 is at position w(n),

contradicting Lemma Thus we must have have w(n) =n — 1, so
(a1,b1,a2,b2,. .., ak, by, apr1,bpy1, -+ bpjo_1,mmn—1)  if nis even;
(a/la bl') a2, b27 cees Ay bk? Ak+1, bk‘+17 s 7a’(n71)/27 n,n— 1) if n is Odd7

and we can apply the inductive hypothesis to

(ah b17 az, b27 cee Ok, bk;a Ak+1, bk’-i—lv RN bn/?—l) if n is even;
(al, bl, ag, bg, ey Qg bk, Af+1, bk+1, PN ,a(n_l)/g) if n is Odd,
and obtain the desired result. O

Theorem 2.2.18. Let w € W(D,,) be bad and define

((—1)m/2,m,3,m—2,5,...,4,m—1,2,m+1,m+2,...,n> if m is even;
Wy =

((—1)(m—1)/2,m—1,3,m—3,5,...,4,m—2,g,m,m+1,...,n) if m is odd.

Then we must have w = wy,u reduced for some m < n, where u is a product of mutually commuting

generators such that supp(u) C {Sm+2, Sm+3, Smtds - Sn}-

Proof. Let w € W(D,,) be bad. Then by Lemma [2.2.17| we can write

(al, bl, ag, bQ, N7 bk, Af+1, bk+1, ceey an/g, bn/2) if n is even;
w =
(a1,b1,a2,b2,. .., ak, br, apr1,bpy1s - -5 An_1)/2: O(n—1)/2> A(nt1)/2) if n is odd;
where a; = +1, (a;)¥, = (1,3,5,7,...,2k — 1), and (b))%, = (—2k, —(2k — 2),...,—6,—4,—2).

Then for j > k we have a; > 2k and b; > 2k, so we can write

W = W - U
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where
(1,2,3,4,...,2k — 1,2k, ap41,bk11, - -+ Qp 2, by j2) if n is even;
(1,2,3,4, ..., 2k — 1,2k, ag 41,011, - - - (n—1)/2, b(n—1)/2, A(n+1)/2) if n is odd.
It follows that w is a product of commuting generators by Lemma because the original

(a;) and (b;) sequences were increasing. We see that si,s9,...,89,11 € supp(u), so supp(u) C

{32k+2a S2%k+35- - Sn}'

Corollary 2.2.19. Ifn is even we have

;

(O =1
wy (i) = {4 ifi>1 and i is odd;
—(n+2—1) ifiis even.

If n is odd we have
(~1)=D2 =1,

wn(i) = 4 ifi > 1 and i is odd;
—(n+1—1) ifiis even.

\

Proof. This is immediate from Theorem [2.2.18] O

Eventually, we will find a reduced expression for w,,. In order to ensure that the expression

that we find is reduced, we must first find the length of w,,.

Lemma 2.2.20. We have

3n?> n . )
—+ - if n is even;
(ng ) +n; if n is odd.

Proof. Let W = W(D,,) and consider w, € W. Suppose until further notice that n is even. By
Theorem we can write

Wy = (alvblaa25b2) cee 7an7bn)7
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where
ap==1, a;=2i—1(i>2), and b;=—(n+2—2i).

Using Proposition [2.2.2| we see that

|3

MW

Uwn) =Y i 1i<giai>ai}+ Y Wili<j—ai>a;}|

1 =1

+Z’{j|i<jvbi>bj}|+2’{j|i<jvbi>aj}’
=1 =1
+Z!{j|z‘§j,ai>bj}|+2|{j|z’§j,faz->bj}\

+Z!{J|z<y, ~b; >b}\+Z|{j\z<3, —bi > aj}].

7

w3 ||

n n

Now since (a;)2; and (b;)2; are both increasing sequences with a; > —1 and b; < —2 for all i, we

see that the first four terms above are all equal to zero, so

n

!{J|Z<97az>b}!+2\{y\%<1, —a; > b}
1 =1

Mw

Lwy,) =

7

ws ||

+Z!{J|z<3, ~b; >b}\+2|{j|z<j, b > i}

Now since a; > b; for all 7,j € N, we see that a; > b; holds for all j > ¢, so

n

Similarly, since all b; < 0 and since (b;)>, is increasing we see that —b; > b; holds for all j > 4, so
i li<g,=bi> b} =5 —i.

Then using the above expressions for a; and b; we see that ¢ < j and —a; > b; if and only if
i<j<g5+1-1i,s0
. e +2.
5+2—20 ifi < "E

i li<j,—a; > b} =
0 else.
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Finally we can again use the expressions for a; and b; to show ¢ < j and —b; > a; if and only if

i<j<g5+1-i,s0

S L4120 ifd< 2
{7 i <J,=bi > a5} =
0 else.

Then we have

n

Z((Zﬂ—i)+(Z—z‘))+i((§+2—2¢)+(g+1—2¢)) if n.= 0 mod 4;

i=1 i=1
U(wy,) = )

Z((§+1—z’)+(§—z’))+} <<g+2—2i>+(g+1—2i>> if n = 2 mod 4.

i=1 =1

If n = 0 mod 4 then we have

If n = 2 mod 4 then we can use a nearly identical argument to show that

3n? n

Now suppose that n is odd. Then
Wp, = (ala bi,az,b2, ... a5 1, bnflyn)a

where the a; and b; are as above. We see that —a;, a;, —b;, b; < n for each i, so

n—1)2% n-
Uwy) =l (wp—1) = 3( S D + 1 1.
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2.3 Properties of bad elements

We will now find a reduced expression for the bad elements w,,. To do this it will be convenient

to use interval notation.

Definition 2.3.1. For 2 < i < j, denote the element s;s;41---sj_15; by [i,j]. For i > 3, denote
515354 ---5; by [1,4] and for j > 2 denote sys253---s; by [0,7]. If 0 < j < i and ¢ > 2 define

[5,i] = [i,4]7!. Finally for i < —3 and j > 3, denote s;5;,_15;_2 - - - 545351525354 - - - s; by [—1,7].

The following two lemmas help describe how these intervals act as signed permutations.

Lemma 2.3.2. Let ,j,k € N be such that j > i > 2. Then as a signed permutation, we have
7,1 =(1,2,...,i—2,4,i—1,4,...,5— 2, — 1,7+ 1,74+2,...,n).

Proof. We will prove the lemma using induction on j —¢. If j = ¢ the lemma is true by Proposi-

tion Now assume that, as a signed permutation, we have
-1 =(1,2,...,i—2,j—1,i—1,4,...,7—3,7—2,5,7+1,...,n).

Then by Proposition multiplying on the left by s; has the effect of interchanging the entries

with values j and 7 — 1, so we have

ol = silj —1,d] = (1,2, .., i— 2,40 — Lydy. o f— 2,5 — 1,5+ 1,5 +2,...,n).

Lemma 2.3.3. Let j,k € N be such that j > 2. Then as a signed permutation, we have

(1,2,3,4,...,n) ifj=2;
[7,0] =
(1,7,2,3,...,i -2, -Lj+1,j+2,...,n) else

Proof. We will prove the lemma using induction on j. If j = 2 the lemma is true by Proposition[2.2.3

Now assume that, as a signed permutation, we have

[j—l,O] :(l,j_1,2,37-~~,j_37]._27]'7]""1,“-,”)-
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Then by Proposition multiplying on the left by s; has the effect of interchanging the entries

with values j and 7 — 1, so we have
[j,0] =s;[ — 1,00 = (1,4,2,3,..., =2, — L, j+1,j+2,...,n).
O

Now we are ready to write down a reduced expression for w,. We begin by finding a (not

necessarily reduced) expression for wy, in terms of generators of the Coxeter group.

Lemma 2.3.4. Using the above notation, we have

B [2,0][4,0]---[n —2,0][n,0][n — k,n — 2k]---[n — 1,n — 2][n,n] if n is even;
[2,0][4,0]---[m — 2,0][m,0][m — k,m — 2k]--- [m — 1,m — 2][m,m] ifn is odd;

where m =n — 1 and
T if n is even;
k=12
n—1
2

—2 ifnis odd.

Proof. Suppose n is even. Define

There are § intervals in w;, that end in 0, and all other intervals fix 1, so w(1) = (—1)"/ 2,

Now suppose that i € n\ {1} is odd. Then using Lemma we have

w (1) = [2,0][4,0]-- - [n — 2,0][n,0][n — k,n — 2k] - -+ [n — 1,n — 2][n, n](3)

n

= 200+ = 2,0, 0l — ko = 28] | R 1] [P
= 20,0+ [ = 2,0, 0 — ko - 26| R ] ()

= 2.040)++ [0~ 4,0]fn ~ 2,00, 0] (")

— 2.0)0) -+ o - 40]fn - 2,0] (5 < 1)

= [2,0][4,0) -+ [n — 4,0] <n+;+1 _2>
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=[2,0][4,0]---[¢ — 1,0][¢ + 1,0] (s + 1)

= [2,0][4,0]---[¢ — 1,0] (4)

=1.

If i = 2 then

w) (2) = [2,0][4,0]- -+ [n — 2,0][n,0][n — k,n — 2k] - [n — 1,n — 2][n, n](2)

=[2,0][4,0]---[n — 2,0][n,0] (2)

=1[2,0][4,0]---[n —2,0] (—n)

= —n.

Next suppose that ¢ > 2 is even. Then

wh (i) = [2,0114,0] -

= [2,0][4,0]--

=[2,0][4,0]--

= [270”470]...

:[270][470]...

:[270”4,0]...

'[n—Q,O][n,O][n—k,n—Qk]...[

~[n—2,0][n,0][n—k,n—Qk]‘--[

[n—2,0][n,0][n — k,n—2k]--- [n—1,n — 2][n,n](7)
n+i1—2 . n-+1
,2—2} {

n+1—2 .
,1

m—zmm¢n632>

[n—i,0][n + 2 —i,0](2)

[n—1i,0](—(n+2—1))

=—(n+2—1).

Then w}, (i) = wy (i) for all ¢ € n by Corollary [2.2.19} so w!, = wy,.

If n is odd we see that w,, = w,—1 in W(D,,), so they must have the same reduced expression.

O
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Lemma 2.3.5. The expression for wy, in Lemmal|2.5.4) is reduced.

Proof. Suppose that n is even. By Lemma [2.2.20| we have £(w,,) < %nz + %n. Let r be the number

of generators in the given expression for w,. Then we have

_3.n (2 n 1) _n
2 21\2 2
= %nQ + %n
Then ¢(wy,) = %nZ + in and the above expression for w, is reduced. We can use an identical
argument to show that the expression for w, is reduced if n is odd. O

Recall that a bad element is an element that is not a product of commuting generators and

that has no reduced expressions beginning or ending in two noncommuting generators.

Theorem 2.3.6. Let W = W(D,,). Then there is a unique longest bad element, w, € W. Every
other bad element in W is of the form wy - u where k < n and where u is a product of mutually

commuting generators not in supp(wg). Furthermore, if n is odd then w, = wy_1.

Proof. Let n € N and let w € W be bad. Then by Theorem [2:2.18 we must have w = wy, - u reduced
where k < n and u is a product of mutually commuting generators that are not in supp(wy). Write
i =n — k. Since supp(u) C {Sk+t2, Sk+3,---,Sn} we see £(u) < (i/2). Then ¢(w) = £(wy) + £(u) so

by Lemma [2.2.20]

3. ., 1 i
< Z(n— A — Z
l(w) < 8(n i) —|—4(n z)+2
3 45 1 1. ,
<224 in4sio(— 2).
S gnttgnt g (—6n+3i +2)
Since n > 4 and n > i we see that (—6n + 3i +2) < 0, so l(w) < (3/8)n? + (1/4)n = l(wy,). O

Corollary 2.3.7. If w € W(D,,) is bad then w ¢ W-.



37

Proof. By Theorem we can write w = wy, - u reduced where 4 < m < n and u is a product of
mutually commuting generators that are not in supp(wy,). Since w,, = w,,—1 when m is odd we

may assume that m is even. By Lemma we have

where k = 3 — 2. We can write [m — k,m — 2k] = sp,_p[m — k — 1, m — 2k] and commute s,,_j, to

the left to obtain
W = [270} e [mvm —k+ ]-] *Sm—kSm—k—15m—k ° [m* k— 2,0][771* k—1,m— Qk] [m,m],
SO W =W - Sy—kSm—k—15m—k - Wu reduced for some w’,w” € W, and thus w & W.. O

In [T1], Green uses the fact that Coxeter groups of type Z, and therefore of type A, have no
bad elements to show that u(z,w) € {0,1} if = is fully commutative. In type D we can use the
proof of [II, Theorem 3.1] to show that p(z,w) € {0,1} if z is fully commutative and w is not
bad. However, the case where w is bad is much harder. We will show that we can reduce the case
where w is bad to calculating p(zy,wy), where wy, is the longest bad element in W (D,,) and where
Ty, = Hseﬁ(w) s. We see that since w, = wy41 for even n we only need to calculate u(x,,w,) for
even n. Furthermore, if n = 2 or 4 mod 8, then ¢(w,,) — ¢(z,) is even, so u(x,,w,) = 0. However,
if n =0 or 6 mod 8 the calculation is much harder.

As we will see, Lusztig’s a-function gives us a way to bound the degree of P, ,, for an element

w € W. With this in mind, we first look at P,

Definition 2.3.8. Let n > 4. Then define

81598486 * * Sn—25n if n is even;
Ty =
81598486 " * * Sp—3Sn—1 if n is odd.

Note that x,, is a product of mutually commuting generators.

Lemma 2.3.9. We have Py, v, = Pew,-
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Proof. We repeatedly apply Proposition m (1), starting with z = e, w = w,,, and taking s from

the set L(xy,) = {s1, 52, 54, 6, - - - Sn—2, Sn }- O

This tells us that p(zy,,wy) is equal to the coefficient of q%(e(w")_e(z")_l) in P, ,,. Using
Proposition if we calculate a(wy,) we can find a bound for the degree of P, ,,,. This will allow
us to calculate u(x,,w,) in certain cases.

In order to simplify the calculation of a(w,), we will next find an element w, in the same

two-sided cell as w,. The calculation of a(u,) will be made easy by lemmas [1.3.7] and [1.3.8, To

find such an element we will use domino tableaux in order to calculate the Kazhdan-Lusztig cells

of W(Dy,).

Lemma 2.3.10. Recall the definition of star reducible from Definition [I.1.27. Let w € W be such

that w € W,. Then w is star reducible to either
(1) a bad element; or
(2) an element x such that either L(x) or R(z) is not commutative.

Proof. We will proceed by induction on ¢(w). We see that since w ¢ W, we must have ¢(w) > 3 and
we know that w is not a product of commuting generators. If /(w) = 3 then w = sts where s and
t are noncommuting generators, so we are done. Suppose that £(w) = r. If w is not bad and both
L(w) and R(w) are commutative then we have either w € st - w' reduced or w = w’ - ts reduced
for some pair of noncommuting generators s and ¢ and some w’ € W. Without loss of generality
suppose w = st-w' reduced. Then *w = t-w’, so £(*w) = r—1, and by induction *w is star reducible
to either a bad element or an element x such that either £(x) or R(x) is not commutative, thus
w is star reducible to either a bad element or an element = such that either £(x) or R(z) is not

commutative. O
Corollary 2.3.11. Let w € W. Then w is star reducible to either

(1) a product of mutually commuting generators,



(2) a bad element, or
(3) an element x such that either L(x) or R(z) is not commutative.

Proof. This is immediate from Proposition [I.1.28 and Lemma [2.3.10}
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Chapter 3

Kazhdan—Lusztig cells and domino tableaux

If W =W(A,), we can use the Robinson—Schensted algorithm to describe the left and right
Kazhdan—Lusztig cells. Each element of of w may be viewed as a permutation of {1,2,...,n+1}. We
can use the Robinson-Schensted algorithm to construct an (n + 1)-tableau, T'(w), corresponding
to w as in [4] 4.1]. Then z,w € W are in the same left (respectively, right) cell if and only if
T(x) = T(w) (respectively, T'(z~1) = T(w™')) [20, Theorem 1.7.2].

If W = W(D,,), we can use an algorithm similar to the Robinson-Schensted algorithm to
construct tableaux with dominoes. This algorithm was developed by D. Garfinkle in [5]. We assign
each element w € W a so-called domino tableau, 77, (w). Unlike in type A, two elements of a single
cell W may have two different domino tableaux. However, we define the notion of cycles of domino
tableaux, and use the notion of moving a tableau through a cycle to create a new domino tableau.
Then we introduce an equivalence class, ~, on tableaux such that T'(w) ~ T'(y) if and only if we can
obtain 77, (w) from T7(y) by moving through cycles. Once we do this, we will see that the partition
of W induced by = is exactly the left cells of W. We will then use these domino tableaux to find
an element, u,, in the same two-sided cell as w,, with a relatively easy to calculate a-value.

In Section [3.1] we begin with an account of Garfinkle’s definitions corresponding to domino
tableaux as seen in [5]. In Section we define the algorithm developed by Garfinkle in [5] used
to assign a pair of tableaux to an element of W. In Section 3.3 we follow Garfinkle’s methods in
[5] to define the notion of cycles of a domino tableau and use these cycles to define the equivalence

relation ~.
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In Chapter 4] we will apply Garfinkle’s notion of cycles to tableaux of our bad elements. This
allows us to use =~ to find an new element u, whose a-value is relatively easy to calculate. We

conclude by calculating a(wy,).

3.1 Definitions

Let N be the set of natural numbers starting with 1 and let Ng = NU {0}. For n € N define
n = {i € N| i <n}. Consider the set {S;; | i,j € No} of positions in the quadrant, where 7 denotes

the row, increasing left to right, and j denotes the column, increasing top to bottom.

Definition 3.1.1. Let F = {S; ;}i jen, and let F¥ = {S; ;}; jen,. We call the elements of F and

FO squares.

Example 3.1.2. Let J = {511, 512,513, 51,4, 52,1, 522}. We can visualize J as a box diagram:

- .

Definition 3.1.3. A subset J C F is a Young diagram if it satisfies all of the following conditions:
(1) J is finite;
(2) for each ¢ there exists i; such that S; ) € J if and only if 0 < k < ij;
(3) for each j there exists j; such that S;; € J if and only if 0 < k < j;.

Example 3.1.4. In Example above, J is a Young diagram. However, if we let

[ | ]
|

J =

then we see that J’ is not a Young diagram.
Definition 3.1.5. Let J C F be a Young diagram. Then define

(1) pi(J) = max{0,max{j | S;; € J}}, and
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(2) r;j(J) =max{0,max{i | S;; € J}}.

Remark 3.1.6. We see that p;(J) is the number of boxes in the ith row of J, and x;(J) is the

number of boxes in the jth column of J.
Example 3.1.7. If J is as in Example then p1(J) =4 and x1(J) = 2.

Definition 3.1.8. A subset D C F is a called a domino if D = {S; ;, S; j+1} or D = {S; j, Sit1,;}

for some 4,5 € N.

Example 3.1.9. Let J be as in Example The pairs {5171, 5271}, {51,2, 5272}, and {51,3, 5174}

are all dominoes. With these pairings in mind we can write J as a disjoint union of dominoes:

J_ |

Definition 3.1.10. Let M C N be finite. Define projections
T FXM—=F:(fym)—f

and

mo: F X M — M: (f,m)— m.

Let T' C F x M satisfy the following conditions:
(1) 1|7 is injective;
(2) m(T) is a Young diagram;
(3) (m2)~Y(k) is a domino for all k € M.
(4) Suppose (S;j,k) € T. Then if (S; j41,k1) € T or (Sit1,5,k2) € T we have k < kq, ka.

Then we call T' a domino tableau. Let 7 (M) be the set of all domino tableaux.
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Example 3.1.11. Using the above definition we see that each element 7" € T (M) is a disjoint
union of labeled dominoes in the shape of a Young diagram, such that the labels increase along

rows and columns. For example, let M = 5, and let

T ={(S11,1),(S1,2,3),(51,3,3), (S2,1,1), (52,2,4), (S2,3,5), (53,1, 2), (S3.2,4), (53,3,5), (S1,1,2) }

Then T € T (M) and we write

Definition 3.1.12. Let M C N, let T' € T(M) and let k € M.
(1) The domino with label k in T is given by D(T, k) = (m2) (k).
(2) The position of domino with label k in T is given by P(T,k) = m1(D(T\, k)).
(3) The shape of T' is Shape(T) = m(T).
(4) Let ¢,57 € N. Then define a map

N:T(M)x F° — M U{0,00}

k if (Si’j,k) efT;
N(T,Sij) =40 ifi=0orj=0;

oo else.

Example 3.1.13. Let T be as in Example |3.1.11} We see that D(T,3) = {(S1,2,3), (51,3,3)} and

P(T,3) = {512,513} Also, Shape(T') is the unlabeled tableau with the same outline as 7. Thus

Shape(T) =
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Finally, N(T,S;;) is the label of block S;; in T, if it exists. Otherwise, we say that
N(T,S;;) = 0 if either i = 0 or j = 0, and N(T,S;;) = oo otherwise. Then, N(T,S23) = 5,

N(T’ 80,2) == 0, and N(T, 5472) = 0.

Definition 3.1.14. Let M = {ej,e2,...,ex} and let T' € T(M). Then we define
T(G) =T\ | J D(T.e)
e;>7]
Example 3.1.15. We note that 7T'(j) is obtained from 7' by removing all dominoes with label
strictly greater than j. Then using Example [3.1.11] we see that

NER

T(3) =

We are eventually working towards a way to add a domino to a tableau to create a new
tableau. To do this, we will next define a way to shuffle a domino that overlaps with a particular

tableau into a position that allows it to fit into the tableau without overlapping.

Definition 3.1.16. Let J C F be a Young diagram and let P = {S; j,S; j+1} (respectively, P =

{Sij,Sij+1}) be a domino. We define A(J, P) in the following cases:
(1) If j = ps(J) + 1 (vespectively, i = k;(J) + 1) then A(J, P) = P.

(2) If j = pi(J)—1 (respectively, i = k;(J)—1) and p;11(J) < j (respectively, k;j11(J) < i) then
A(J, P) = {Sit1rSi41,r+1} (vespectively, A(J, P) = {S; j4+1Sr+1,j+1}) where r = p;1(J)+1

(respectively, r = k41 (J) + 1).

(3) If j = pi(J) (respectively, i = k;(J)) and pj41(J) = j (respectively, kj+1(J) = i) then

A(J, P) = {Sij+1,Si+1,5+1} (respectively, A(J, P) = {Sit1,j, Sit1,j4+1})-

Example 3.1.17. Let J be given as below, and let P = {S14,515}, @ = {S1,2, 513}, and R =

{S2,1, 52,2}



Then

P
JUP =
so we are in case (1) of Definition [3.1.16] Thus
A(J, P)
JUA(J, P) =
We also see that
Q
JUQ =
so we are in case (2) of Definition [3.1.16] Thus
A(J,Q)

JUA(J,Q) =
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Note that the tableau J U A(J, Q) = would not be well-defined if we had Sz € J. However this

would violate the condition that p;y1(J) < j for i = 1 and j = 2, so the resulting tableau is

guaranteed to be well-defined.

Similarly,
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R
JUR=
so we are in case (3) of Definition [3.1.16| Thus
~
JUA(J,R) = ~
<

As before, the tableau J U A(J,Q) = would not be well-defined if we had S32 € J. However
this would violate the condition that p;(J) = j for ¢ = 2 and j = 1, so the resulting tableau is

well-defined.

3.2 Constructing tableaux

We will now define an algorithm that assigns a domino tableau to each element in W(D,,).
Let W = W(D,,) and let w € W. We will construct a domino tableau from w using the signed
permutation representation of w. Using a method similar to row insertion in standard tableaux, we
add labeled dominoes to a tableau. If w™!(k) is positive we initially add a horizontal domino with
label k. If w=1(k) is negative then we initially add a vertical domino with label k. When dominoes
overlap, we employ a shuffling technique that allows us to create a valid domino tableau. We begin

by defining a way to write each w as a set of ordered triples,
{(k, lw(k)[,sign(w(k))) | k € n}.

Let My, My C N be finite with |M;| = |Mz| and let pi, pe, and ps be the projections of

M; x My x {£1} onto the first, second, and third coordinate, respectively. Let

p1lw and pal,, are bijections and
W(MI,MQ) =< wC My x My x {:l:l}

‘(pgl(fl) ﬂw)’ = 0 mod 2
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Let W = W(D,,). Then we can realize each element of W as a signed permutation. Define
the map

d: W — W(n,n)
by (w) = {(i, |w(@)], sign(w(i))) | i € n}.
Example 3.2.1. Let w = wy = (1,4,3,2) € W(Dy). Then
d(w) ={(1,1,1),(2,4,-1),(3,3,1), (4,2, -1)}.
Definition 3.2.2. Let M C N be finite. Define
AM) ={(T,v,e) |[ve M, T € T(M\ {v}),e € {£1}}.

We can think of an element of A(M) as a domino tableau on the set M \ {v} paired with
a horizontally aligned domino with label v if € = 1, or a vertically aligned domino with label v if
e = —1. We proceed by defining a map from A(M) to T (M ). This will allow us to add the domino
with label v to the tableau to form a new tableau using all elements of M. We will use the idea of

shuffling introduced in Definition

Definition 3.2.3. We define a map o : A(M) — T (M) inductively. Let M = {e1, -+ ,e,} C N be
such that e; < ez < -+ < ey, and let v = e;. Suppose that « is defined for all M’ with |M'| < n.

Let (T,v,¢e) € A(M). We have two cases.

Case 1. Suppose v = ¢,. Then

Ty {(Sl,pl(T)—i-la €n), (Sl,p1(T)+27 en)}, ife=1,
a(T,v,e) =

TU{(Sk;(1)+1,15 €n)s (Sky(my+2,1,€n)}, ife=—1.

Case 2. Suppose v < e,,. Then let 77" = a(T(e,—1),v, €), which is defined by the inductive hypoth-

esis. Then define

a(T,v,e) =T ' U{(S,en) | S € A(T', P(T,en))}
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Lemma 3.2.4. The map « is well defined on all of A(M), and maps into T (M).
Proof. This is a consequence of [5, Proposition 1.3.4, Definition 1.2.5]. O

Example 3.2.5. Let M =7 and consider 7' € T (M \ {7}) as defined below

3 [ 5 |

Then (7,7,1),(T,7,—1) € A(M), and since 7 = max(M ) we can calculate a(7,7,1) and a(7, 7, —1)

using case (1) of Definition [3.2.3]

L3 5 |
{46
a1y = 1315 L7 grr o=
406 —
2 7

Note that we obtained the tableaux above by simply adding a domino with label 7 to the first row

or column of 7.

Example 3.2.6. Let M = 8 and counsider T' € T (M \ {7}), below

35 [ 8|

T= —4]|6

As above, we see that (T,7,1),(T,7,—1) € A(M). Now since 7 < max(M), we will use case (2)
of Definition to find a(7,7,1). First we will remove all dominoes with labels strictly greater
than 7 and add a horizontal domino with label 7 at the end of the first row. Next, we shuffle in the

removed dominoes. We first use case (1) of Definition to see that

35 | 7]
T = a(T(6),7,1) = 4|6
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Then P(T, 8) = {51,67 5177}, and A(T/,P(T, 8)) = {5274, 52’5}, SO

NIENE 7 |
a(T',7,1) = 46

Definition 3.2.7. Let My, My C N with |M;| = |Ma| = m. Let u = max(Ms), and let w €
W(My, Ms). Then there exists v € M; and € € {1} such that (v,u,€) € w, and we define
Wy = w \ {(v,u,€)}.

Example 3.2.8. Let w = {(1,1,1),(2,4,-1),(3,3,1),(4,2,—1)}. Then

wy = {(1,1,1),(3,3,1), (4,2, -1)}.

Now we are ready to assign a tableau, 7'(w) to each element, w € W = W(D,,). We will start
by assuming that T (w(n)) is defined by induction, and then use a to add a domino with label n to

obtain T'(w).

Definition 3.2.9. Let M, Ms C N be such that |M;| = | M| = m. We will define a map,

~

T(Ml,MQ) : W(Ml,Mz) — T(Ml),
by induction. Suppose that T'(M], M}) is defined when [M]| = [M}| < m. Let w € W(Mj, M) and

let (v,u,€) = w \ wgy). Then

T(w) = a (:F (M \ {0}, Mo\ {u}) (wim) v, e) .

~

Let w € W(D,,), then define Ty, (w) = T'(n,n)(é(w)).

We further define Tr(w) = Tr(w™!) € T(Ms).
Remark 3.2.10. Given w € W(D,,) we can calculate 77 (w) in the following way. Write
S(w) = {(w™'(i),i,¢) | i € n}.

Suppose that we have constructed a tableau, Ti_l(w), with dominoes w=1(1),...,w™(j —1). We

can obtain a new tableau that includes domino w=!(j) by setting Ti(w) =« (Ti_l(w), w(4), Ej).
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To construct Ti(w), first write down T}fl(w)(w_l(i)). Now add w~!(i) as a vertical domino
at the end of the first column if ¢, = —1 and a horizontal domino at the end of the first row

if ¢, = 1. Finally, shuffle in the remaining w~!(k)-labeled dominoes in increasing order in the

A (Tiil(w)(k’ —1),P (Tj_l, w_l(k‘))) position.
Example 3.2.11. Let w = wg. Then as a signed permutation we have
w=(1,6,3,4,5,2),

SO

d(w)=4(1,1,-1),(6,2,-1),(3,3,1), (4,4, -1),(5,5,1),(2,6,—1)}.

We construct 77, (w) using the process outlined in Remark [3.2.10
Since w™1(1) = —1, we begin by adding a vertical domino with label 1 to obtain T} (w). Then
since w™!(2) = —6 and since 6 is larger than all labels in 77} (w) we add a vertical domino with label

6 at the end of the first column to obtain T%(w).

Ty (w) 7 (w)

Now w™1(3) = 3 so we must next add a horizontal domino with label 3. However, we must
first remove all dominoes with labels larger than 3. Once we have done this we are able to add a
horizontal domino with label 3 to the end of the first row. We place the domino with label 6 back

in its original position because there is no overlap.

Ea L3
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Next, we see that w™!(4) = —4, so we will add a vertical domino with label 4. As before,
we must first remove all dominoes with label greater than 4, and then we are free to add a vertical
domino with label 4 to the end of the first column. However, when we try to replace the domino
with label 6 it now overlaps with the domino with label 4. As a result, we must use the A map from
Definition to add a domino with label 6. We see that since the domino with label 6 overlaps
completely with the tableau, we are in case (2) of the definition, so the A map has the effect of

bumping the domino with label 6 to the right.

EE N 3
— _— _— _— 6 —
4 4
T} (w)(4) Tp(w)

Now w~1(5) = 5, so we will next add a horizontal domino with label 5. We remove all
dominoes with label greater than 5, then add a domino with label 5 at the end of the first row. We

are then able to replace the remaining dominoes without overlap.

ER EREE EREE

— e e 6 —
4 4 4
T (w)(5) T7(w)
Finally, w=1(6) = —2, so the last domino that we will add is a vertical domino with label 2.

We remove all dominoes with label greater than 2 and add a domino with label 2 at the end of the
first column. Now we must add in the dominoes that we removed. The domino with label 3 does
not overlap with any other dominoes, so we may add it in its former position. The former position
of the domino with label 4 is now fully occupied by another domino, so we must use the A map
from Definition As above, we are in case (2) of the definition, so the domino with label 4

gets bumped to the right.
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Tp(w)(2)

When we try to replace the domino with label 6 we see that its former position is fully occupied
by the domino with label 4. We again use the A map from Definition [3.1.16] which has the effect

of bumping the domino with label 6 to the right.

At this point we have added all dominoes to the tableau, so 7% (w) = T, (w).

Proposition 3.2.12. Let W = W(D,,). Then the map
W—=Tmn)xTm):w— (Ty(w), Tr(w))
18 an injection.

Proof. This is proved in [5, Theorem 1.2.13]. O

3.3 Cycles of tableaux

The partition of W = W (D,,) into sets with the same left tableau is finer than the partition
of W into left cells [I7]. However, following the work of Garfinkle in [5], we can use the notion of
cycles to define an equivalence relation on tableaux that corresponds to the partition of W into left

cells. We begin with some preliminary definitions.

Definition 3.3.1. Let S; ; € F. If i+ j is even then we say that the square §; ; is fixed. If S; ; € F

is not fixed then we say that S; ; is variable.
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Example 3.3.2. Let T be as in Example [3.1.11] Then the fixed squares of T" are those that are

shaded below

It is easy to see that if T € T (M) and k € M then P(T, k) contains exactly one fixed square.
We will now introduce a way to move dominoes within a tableau in such a way that the fixed squares

are not affected.

Definition 3.3.3. Let M C N be finite and let 7" € T(M). Pick k € M. Let S;; be the fixed
square in P(T, k), and find I,m € N such that P(T, k) = {S; ;, Si.m}. Let

N(T, Si—l,j+1) ifl>iorm< 7;

N(T, Si+17j_1) ifl<iorm> ]

Then we define a new domino, P'(T, k), as follows. If [ > i or m < j then

4
{SZ'J‘, Si—l,j} if r > k;
P,(T7 k) =
{Sw', Si7j+1} ifr <k.
If Il <¢orm > jthen
p
{Sz‘,j, Si—l—l,j} if r < k;
P(T,k) =
{Sz‘,j, Si,j—l} if r > k.

Note that P(T,k) N P'(T,k) = S;; is a fixed square. Define D'(T, k) = {(S,k) | S € P'(T,k)}.

Remark 3.3.4. Let M C N be finite, let £ € M, let T € T(M), and let r be defined as above.
Then the following table summarizes the relationship between P(T,k) and P'(T,k). The shaded

squares in the table below correspond to fixed squares.
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P(T,k)

Position P(T,k)
r>k r<k

I>iorm<j

T — D

l<iorm>j

Example 3.3.5. Let T be defined as in Example|3.2.11] The shaded squares in the diagram below

correspond to fixed squares.

3 [ 5 |

The squares containing the r-values associated to each k € 6 are outlined below,

1, T3y 17,
Fa) 5 |
-

L1 6

76

1

We list the r-values in the following table:

k12|34 ]5]|6

. | 0[4]0]3|0]

Now we can use these values to help calculate P'(T,k) for each k € 6. For example, if we
consider P(T, 1) we see that r = 0, so r < k and thus P'(T,1) = {S1,1,S1,2}. Similarly, considering

P(T,6) we see that r = oo, so r > k, and thus P'(T,6) = {S33,532}. We can repeat this process

to create a new tableau
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T' = {D'(T,k) | k € 6} = 4

Remarkably, by [5, Proposition 1.5.27] if T' € T (M) then we are guaranteed 7" € T (M). Observe

that each fixed square has the same label in both 7" and T".
We can now these new P’ dominoes to define an equivalence relation, ~, on M.

Definition 3.3.6. Let M C N be finite, let T € T (M), and let a,b € M. Then ~ is the equivalence
relation generated by a ~ b if P(T,a) N P'(T,b) is nonempty.

The equivalence relation ~ partitions M into sets called cycles. We call a cycle C' closed if
N(T,P(T,k)\ S;;) € C for all k € C, where 5, ; is the fixed square of P(T, k). If a cycle is not

closed we call the cycle open.

Example 3.3.7. Let T be as in Example [3.3.5] Then since each of P'(T,2) N P(T,1), P'(T,1) N
P(T,3), and P'(T,3)NP(T,5) is nonempty, we know that C; = {1,2,3,5} is a cycle. However since
the variable square in P’(T,5) is not in T, we have N(T, P'(T,5) \ Pig) = oo &€ C1, so Cy is an
open cycle.

Similarly, P(T,4) N P'(T,6) is nonempty, so Co = {4,6} is a cycle. In this case, the variable
squares in P'(T,4) and P'(T,6) both overlap with 7. We have N(T, P'(T,4) \ P»3) = 6 € C3 and

N(T,P(T,6) \ P32) =4 € Cy, so Cy is a closed cycle.
Definition 3.3.8. Let T' € T (M) be a domino tableau, and let C' be a cycle. Define
E(T,C)=(T\{D(T,k) | ke C})U{D'(T,k) | k € C}.
Moreover, if C1,Cs,...,C, C M are cycles, then we define
E(T,Cy,Cy,...,Cy) =E(---E(E(T,C}),C2),---,Cyp).

Example 3.3.9. Again, let T be as in Example Let C' = {1,2,3,5}. To construct E(T,C)

we replace D(T, k) with D'(T, k) for each k € C. Then
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1| 3] 5 |

BTG = 5146

Proposition 3.3.10. If T € T (M) and C C M is a cycle then E(T,C) € T(M). In addition,

E(T,Cy,Cs) = E(T,C3,Ch).
Proof. This follows from [5, Proposition 1.5.27, Proposition 1.5.31]. O]

Definition 3.3.11. Let T, 7" € T(M). If T" = E(T,C1,Cs, ..., Cy) for cycles C; of T then we say
that we can move from T to T” through the sequence of cycles C1,Cs, ..., Cy.
We define T' ~ T” if and only if we can move from 7" to T" through a (possibly empty) sequence

of open cycles.

Remark 3.3.12. The relation = is an equivalence relation on elements of 7(M). It is immediately

apparent that ~ is reflexive and transitive, and symmetry follows from [5 Proposition 1.5.28|.

Example 3.3.13. Let T and T” be given below

1| 3 |
T = 5

T = 4

Then it can be shown that C' = {1,2,3} is an open cycle in T, and if we move T' through C' we

1
E(T,C) = iJ =T,
2

obtain

soT ~T'.

Remarkably, these domino tableau can help us calculate the cells of a Coxeter group. As we
will see in the following theorem, the partition of a Coxeter group W into cells corresponds to the
partition of T (M) generated by ~. Two elements z,w € W are in the same cell if and only if we

can move 77 (x) through open cycles to obtain 77 (w).
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Theorem 3.3.14. Let z,w € W. Then x ~p w if and only if Tr(z) ~ Tr(w).
Proof. See the discussion in [I7, Section 3|. O

In [5], [6] and [7] Garfinkle proves a version of Theorem for Coxeter groups of type
B using the following method. Let W = W(B,,) be a Coxeter group with simple root system II.
For each adjacent o, 8 € II, Garfinkle defines operators Ti,3. These operators are defined both on
certain subsets of W and on the corresponding type B domino tableaux. Applying a sequence of Ty
operators to an element of W is equivalent to moving the corresponding domino tableau through a
sequence of open cycles [, Theorem 3.2.2 and Proposition 3.2.3].

As defined in [7, Definition 3.4.1], let T = {T,s|a, 3 € II are adjacent} and let {T;}%_, C T.
In [7, Theorem 3.5.11] Garfinkle proved that two elements z,w € W lie in the same left cell if and

only if the following two conditions hold:
(1) Tp(Tk—1(---To(x)---)) is defined if and only if Ty (T_1(- - To(w) - --)) is defined,;
(2) the resulting elements must have the same generalized 7-invariant.

Most of the proof in type D follows as in type B. However, in type D we do not have to
worry about defining the 7,3 operator when o and 3 have different lengths, but the branch node
introduces complications. We have to define a new operator, T, that corresponds to the four simple
roots in the Dynkin diagram that form a system of type D, [I8, Discussion preceding Lemma 3.1].
The definition of T is given in [9, Theorem 2.15| and [I8, Discussion preceding Lemma 3.1].

The set of operators {T,s|a, 8 € II are adjacent} U {Tp} then preserve left cells. As in
type B, applying a sequence of operators from T to an element of W is equivalent to moving the

corresponding domino tableau through a sequence of open cycles [§], [9] 4.1].
Corollary 3.3.15. Let z,w € W. Then x ~r w if and only if Tr(x) = Tr(w).

Proof. By definition  ~g w if and only if 27! ~ w™!, which by Theorem [3.3.14| happens if and

only if Ty (x~ 1) ~ Ty (w™'), so Tr(z) ~ Tr(w) by Definition O
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Calculating a-values of bad elements

4.1 Constructing 77, (w,)

We can use Theorem to better understand the two sided cells of bad elements in type
D by computing their domino tableaux. Since the unique longest bad element, w,, in W(D,,)
is an involution, we have T7(w,) = Tr(wy), so it suffices to calculate T7(wy,). Furthermore, by
Lemma, wy, and wy+1 have the same reduced expressions for even n, so we will only consider
the case where n is even.

Recall the signed permutation representation of w, from Theorem [2.2.18
w = (=12 0,30 =25, 4,0 -12).

Lemma 4.1.1. Let n =2 mod 4 and let w, € W(D,,) be the unique longest bad element. Then we

have

1 e _
2 T E R

Proof. We will build up Ty (w,) following the method used in Remark [3.2.10} It will be enough to

show that after 2k steps we obtain
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3 5 2k —1

1 <t Ne) o o

+ +
+ | |
< I S
(@]
|
Ind

Note that k < %, so T#*(wy,) is always a valid domino tableau. Then 77 (w,) will take n steps to
build, so if we set & = § we obtain the desired result.

We will proceed by induction on k. For the base case, let & = 1. Then since w;, (1) = —1

and w;, 1(2) = —n we have

and the hypothesis holds when k£ = 1.

Suppose that & > 1 and we have created the first 2k steps of T (wy,), Tfk(u}n), using Re-

mark [3.2.10} resulting in

3 ) 2k —1

1 <t Ne) o o

+ +

Tgk(wn): ~ ﬁ § n

n | |
< Ind S B
N
|
INd

Now since w;, }(2k + 1) = 2k + 1 when k > 1, we must next add a domino with label 2k + 1.

We first add the 2k 4+ 1 domino, which simply gets added on to the right end of the top row:
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3 ) 2k —1 2k+1

1 - I

<t Ne)

+ |+

| |
i < S
[a]
|
N

Then w,, *(2k +2) = —(n — 2k), so we next add a vertical domino with label n — 2k. We first
remove all dominoes with labels greater than n — 2k. Then the domino with label n — 2k is inserted

in the place of the n — 2k + 2 domino, which has the effect of bumping the even dominoes to the

right:
3 ) 2k —1 2k +1

1 [a] <t B B

+ | + ~

TP (w,) = SIS ! =

- | | S
N S S
Y S L
g

O

Lemma 4.1.2. Let n =0 mod 4 and let w, € W(D,,) be the unique longest bad element. Then we

have

Tr(wy) =246 II

Proof. Now suppose that n = 0 mod 4. As in Lemma we will build up 77 (wy,) following the

method used in Remark [3.2.10] It will be enough to show that after 2k steps we obtain

1 3 5 2% — 1
o (o] <t NeJ o o
TP wn) = | + | + | +
S| 8|S n
| | |
N N S
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Note that k < %, so T#*(w,) is always a valid domino tableau. Then T}, (w,) will take n steps to
build, so if we set k = § we obtain the desired result.
We will proceed by induction on k. For the base case, let k = 1. Then since w;, (1) = 1 and
~1

w,, " (2) = —n we have

Tg(wn) = b

so the hypothesis holds when k£ = 1.

Suppose that k& > 1 and we have created the first 2k steps of Ty (wy), T#*(wy), using Re-

mark [3.2.10] resulting in

1 3 5 2k — 1
ok [a] <t NeJ o o
T (wn) = | + | + | +
JlE| A n
| | |
I < S

Now since w;, }(2k + 1) = 2k + 1 when k > 1 we must next add a domino with label 2k + 1.

We first add the 2k 4+ 1 domino, which simply gets added on to the right end of the top row:

1 3 5 2k —1 2k +1
SRS S S
T£k+1(wn): + + +
T I n
| | |
< < S

Then w,, *(2k +2) = —(n — 2k), so we next add a vertical domino with label n — 2k. We first
remove all dominoes with labels greater than n — 2k. Then the domino with label n — 2k is inserted
in the place of the n — 2k + 2 domino, which has the effect of bumping the even dominoes to the

right:



,,,,,,,,,,,,, 62

1 3 5 2k —1 2k +1
[a\] <f h -
Tgk+2(wn) = = + + ~
| SR ! n
S | | S
S = |

4.2 An element in the left cell of w,
Now that we have computed 77 (wy,) we can use Theorem [3.3.14] to find an element, v,, in
the same left cell as w,. We will move T}, (w,) through cycles to help us find v,,.

Lemma 4.2.1. Let n =2 mod 4. Fach Ty (wy) contains an open cycle C; ={1,2,3,5,7,9...,n—

1}. If we move Tr(wy,) through Cy then we obtain

1| 3] 5] n-1

E(T(w,),C1) = |2]4]6

Proof. By Lemma

1 I
TL(wn) = 416 M )
ot 1

where the shaded squares above correspond to fixed squares. We now label r; for £k € C7 as in

Definition B.3.31

Now for k € {1,3,5,...,n — 1} we have 0 = r, < k, and 4 = ro > 2. Then if we replace

D(Ty(wy,), k) with D'(Ty,(wy,), k) for k € Cy in Ty (wy,), we obtain

1| 3|5 | n-1

(Tp(wy)) = | 2{41]6 M




Observe that each intersection
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P'(Ty(wy),2) N P(Ty(wy,),1)

P'(Ty(wy),1) N P(Ty(wy),3)

P'(Ty(wy),n —3) N P(Tr(wy),n —

)

is nonempty. Furthermore, the variable square in P(T7(wy),2) does not lie in (17 (wy)) and the

variable square of P'(Tr(wy,),n — 1) does not lie in T7,(wy,), so C is an open cycle, and

1

E(Tr(wy),Ch) =

O

Lemma 4.2.2. Let n = 0 mod 4. Fach T (wy) contains an open cycle Cy = {1,2,3,5,7,9...,n —

1}. If we move T (wy,) through Cy then we obtain

E(Tr(wy),Ch) =

Proof. By Lemma [4.1.2

TL(wn)

N I A
16 u
2 ,,,,,,,,
N I I S (2
21416 M )

where the shaded squares above correspond to fixed squares. We now label r; for £ € C as in

Definition B.3.3
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Now for k € {1,2} we have 0 = r; < k, and otherwise we have r; > k. Then if we replace

D(Tr(wy), k) with D'(Tp(wy), k) for k € C1 in T (w,), we obtain

3|5 | n-1

1 - . - —
(To(wn)) = 1|6 M
2 ,,,,,,,,

Observe that each intersection

P(Tp(wy),2) N P (T (wy,),1)

P(Tr(wy), 1) NPT (wy,),3)

P(Tp(wy),n —3) N P (Tp(wy),n —1)

is nonempty. Furthermore, the variable square in P'(T7(wy,),2) does not lie in Ty, (w,) and the

variable square of P(Ty(wy,),n — 1) does not lie in (T (wy,))’, so Cy is an open cycle, and

NIEERE | n-1
E(Ty(w,),C1) = 4|6 H

O

Now we can move 17, (w,,) through C7 and use Theorem [3.3.14| to find another element in the

same left cell as w,,.

Lemma 4.2.3. Suppose that n > 6 is even and let v, = $pSn_1SpWn—2o. Then we have the following:
(1) vy = ((-1)"2/2 0,3 n—45n-6,7,...,n—3,2,n—1,n—2);
(2) Tf_g(vn) = Tg_g(wn—2)'

Proof. We will prove the lemma using domino tableaux. We first find the signed permutation

representation of v,. Consider wy,_o € W(D,,). By Theorem [2.2.1§ we have

Wyg = ((—1)("—2>/2,n— 2.3,m—4,5 ... 4n—32mn— 1,n) .
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Now we can use Proposition to find v,. We have

Splly_g — ((—1)("*2>/2,n 2.3 —45,.. . 4n—32mnmn— 1) ,

Sp—18pWp—9 = ((—1)(”_2)/2,n —1,3,n—4,5,...,4,n—3,2,n,n — 2) , and

SnSn—15nWp—9 = ((—1)("*2)/2,@3,71 —4,5,...,4n—3,2,n—1,n— 2) ,

SO
W = ((—1)(”‘2)/2,&3%7—4, By —6,7,...,n—3,2,n— 1,1 — 2) .
Now since wy_2 is an involution, we have v,; L — W,—98n8n—18n SO by Proposition we
have
(v;l(l),v,jl(Q), ... ,v;l(n — 3)) = (w;}z(l),w;EQ(Q), el w;b(n — 3)) ,
and 773 (v,) = T3 (wp—2). O

Lemma 4.2.4. Ifn > 6 and n = 0 mod 4, then wy, ~r, V.

Proof. We see that n — 2 = 2 mod 4, so by Lemmas and we have

3 5 n—3

We have vy, ' (n — 2) = n, so to obtain T}"%(v,) we see that we add a horizontal domino with

label n on the end of the first row to get

3 ) n—3 n

T}j_Q(vn) = © ® |§
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Next, vt (n — 1) = n — 1, so we must next add a horizontal domino with label n — 1. To do
this we must first remove all dominoes with labels greater than n — 1, then add a horizontal domino

with label n — 1 to the end of the first row.

When we try to replace the domino with label n, we see that it fully overlaps with the domino with

label n — 1,

row
3 5 n—3 n—1
1 -
~ n
T -1 (vp) = © 0 |
I
?r( ,,,,,,,,,,,,,
Finally, v, !(n) = —2, so to complete the calculation of T}, (v,,) we must add a vertical domino

with label 2. As in Example [3.2.11] this bumps all dominoes with even labels less than n to the
right. However, when we try to replace the domino with label n it partially overlaps with the

domino with label n — 2.
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Now we use case (3) of Definition [3.1.16| to shuffle the domino with label n into position that allows

it to fit into the tableau

Tr(vg) =

Then by Lemma we have Tp(v,) = E(Tr(wy),Ch), so Tp(v,) =~ Tr(wy), thus by Theo-

rem |3.3.14], we have w,, ~, v,.

Lemma 4.2.5. If n > 6 and n = 2 mod 4, then w, ~, vy,.

Proof. We see that n — 2 = 0 mod 4, so by Lemmas and we have

Tgig(vn)

1

3

5

O

We have v, (n — 2) = n, so to obtain T}"%(v,) we see that we add a horizontal domino with

label n on the end of the first row to get

T£_2(vn) =

1

3
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Next, vt (n — 1) = n — 1, so we must next add a horizontal domino with label n — 1. To do
this we must first remove all dominoes with labels greater than n — 1, then add a horizontal domino

with label n — 1 to the end of the first row.

When we try to replace the domino with label n, we see that it fully overlaps with the domino with

label n — 1,

TOW

T}jfl(vn) = <t © 0 |

Finally, v, !(n) = —2, so to complete the calculation of T}, (v,,) we must add a vertical domino
with label 2. As in Lemma this bumps all dominoes with even labels less than n to the right.
However, when we try to replace the domino with label n it partially overlaps with the domino with

label n — 2.
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Now we use case (3) of Definition [3.1.16| to shuffle the domino with label n into position that allows

it to fit into the tableau

1 3 5 n—3 n—1

Tr(vpn) = T R T =) | S

Then by Lemma we have Tp(v,) = E(Tr(wy),C1), so Tr(v,) =~ Tr(wy), thus by Theo-

rem [3.3.14] we have w,, ~, v,. O

Now we have an element, v, in the same left cell as w,,. Unfortunately, a(vy,) is still difficult
to calculate. However, we can find an element in the same right cell as v, that will allow us to

calculate a(wy,).

4.3 An element in the two-sided cell of w,

We will now find an element, u, in the same right cell as v,, and therefore in the same
two-sided cell as w,. To do this we will use the function Tg. Recall that Tr(w) = Tr(w™1), so to
construct Tr(w) we follow the method outlined in Remark [3.2.10, but we switch the roles of w and

w~!. We begin by constructing Tr(v,) and moving Tg(v,) through a cycle.

Lemma 4.3.1. Recall that v, = SpSp—1SpWn—2. The domino tableau Tg_Q(vn) is constructed in
the same way as Tjp *(wy—2). That is, the dominoes in Ty *(vy) lie in the same positions and
relative order as those in Tg_Q(wn_g), but the labels correspond to the first n — 2 entries in the

signed permutation of v,. In particular we have



3 5 n—3
1 — —
<t
TQ’Q(Un) = <t © | IS
I
~ 1 1 ____
when n = 0 mod 4 and
1 3 5 n—3
<t
Tg_2(vn) = ™ <t © \Q g

when n = 2 mod 4.

Proof. In Theorem [2.2.18 and Lemma we found that

W9 = ((—1)("_2)/2,n— 2,3,n—4,5,...,4,n—3,2,n — 1,n) , and

VU = ((—1)(“*”/2,@,3,71—4,5,n—6,7,...,n—3,z,n—1,n—2),
SO
(o (D), [vn(2)] 5 [vn(n — 2)])
are in the same relative order as

(lwn—2(D], [wn-2(2)] ..., [wn—2(n = 2)]),

and

(sign (v, (1)) ,...,sign (vy(n —2))) = (sign (wp—2(1)), ..., sign (wp—2(n —2))).

Thus, Tp%(vy,) is constructed in the same way as Th 2(wy,_2).
Lemma 4.3.2. Let n =0 mod 4. Then Tr(v,) contains an open cycle
Co=1{1,2,3,5,7,9...,n— 5,n—3,n— 2.

If we move Tr(vy,) through Cy we obtain

70



71

1 [ 3|5 | n-3[n-2
E (Tr(vn),Co) = |2]4]6 T
OnpZ2 =215 .
Proof. By Lemma we have
3 5 n—3
1 - -
<t
Tg*2(vn): <t © | N
<
~

By Lemma we have v,(n — 1) =n — 1, so to obtain T~ '(v,) we see that we add n — 1

as a horizontal domino on the end of the first row:

3 5 n—3 n—1

Tg_l(vn) = < © | S

Finally, v,(n) = n — 2, so we finish by adding a horizontal domino with label n — 2. We first
remove all dominoes with labels greater than n — 2, then add a domino with label n — 2 to the end

of the first row.

Now when we try to replace the domino with label n — 1, we see that it fully overlaps with the

domino with label n — 2:
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TOW:

We finally must replace the domino with label n, which we see partially overlaps with the domino

with label n — 1:

so we use case (3) of Definition [3.1.16| to shuffle the domino with label n into position that allows

it to fit into the tableau

Tr(vy) = <+ | © |
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As in Lemma we can shade the fixed squares and compute the r; for

ke{l1,2,3,5,7,9,...,n—5n—3,n— 2} in order to help us find cycles.

1 | 1 | 1 1 1 1 ! 1
ry oo brg o LTy o 'Tp—31 'Tp—21
1 | 1 | 1 | 1 1 ! 1
! | ! 1 L ! 1 '
3 5 n—3 n—2
1 -
T2 = n—1
-<--|. © |
€ n
N 77777777777

We see that 19 = 4 > 2 and rp, = 0 < k for k = 1,3,5,7,...,n — 3,n — 2, SO we can use
Remark to shuffle each of the corresponding dominoes. Now, as in Lemma Tr(vn)
contains an open cycle Co = {1,2,3,5,7,9,...,n—5,n—3,n—2}. If we move Tr(v,) through this

open cycle we obtain

E(Tr(v,),C2)= | & | = | © |

Lemma 4.3.3. Let n =2 mod 4. Then Tr(v,) contains an open cycle
Cy=11,2,3,5,7,9...,n—5,n—3,n — 2}.

If we move Tr(vy,) through Co we obtain

-1
E (Tr(vy), Co) = 1|6 T

Proof. By Lemma we have



T2 (va) =
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By Lemma we have v,(n — 1) =n — 1, so to obtain Tg_l(vn) we see that we add n — 1

as a horizontal domino on the end of the first row:

T (vn)

1

3

5

Finally, v,(n) = n — 2, so we finish by adding a horizontal domino with label n — 2. The

shuffling that occurs is the same as in the 0 mod 4 case, so we obtain

1 3 ) n—3 n—2
- n—1
Tr(vy) = ™ < © |
= n
As in Lemma we can shade the fixed squares and compute the r; for
ke{1,2,3,57,9,...,n—5mn—3,n—2} in order to help us find cycles.
1 3 ) n—3 n— 2
E ! T3 5 E < n—1 I'n—3 E ' Tp—2 E
oo o f---- ! v —
= n

3
)

We see that 11 =0 < 1,710 =0< 2 and ry > k for k = 3,5,7,...,n —

3,m — 2, so we can

use Remark to shuffle each of the corresponding dominoes. Now, as in Lemma [1.3.2] Tx(vy,)
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contains an open cycle Co = {1,2,3,5,7,9,...,n—5,n—3,n—2}. If we move Tr(v,) through this

open cycle we obtain

E(TR(Un),CQ) = <t © I

Remark 4.3.4. If n = 6 then Tr(vg) is given by

Tr(ve) = 5 )

and contains the open cycle Cy = {1,2,3,4}. If we move Tr(vs) through Cy we obtain

NN
B (Tr(v),C) = |1
2

Lemma 4.3.5. Let n > 8 be even and let up = Wp_48nSn—_1Sn. The domino tableau T£_4(un)
is constructed in the same way as Tr(vn—4). That is, the dominoes in T]’%_Zl(un) lie in the same
positions and relative order as those in Tr(vp—4), but the labels correspond to the first n — 4 entries

in the signed permutation of u,. Then we obtain

T (un) =

if n=0mod 4 and
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if n =2 mod 4.
Proof. We will first find the signed permutation representation of u,. By Theorem [2.2.18 we have

Wog = ((—1)<"—4>/2,n—4,3,n—6,5,...,4,n—5,g,n—3,n—2,n—1,n).

Now we can use Proposition to find u,. We have

W48y = ((—1)<”*4>/2,n—4,3,n—6,5,...,4,n—5,g,n—3,n—2,n,n—1),

Wp—48nSp_1 = ((—1)(”_4)/2,71 —4,3,n—6,5,...,4,n—5,2,n—3,n,n—2,n — 1) , and

Wy —48nSn—15n = <(—1)("*4)/2,n —4,3,n—6,5,...,4,n—-5,2,n—3,n,n—1,n— 2) ,

SO

(IL,n—4,3,n—6,5,...,4,n—52n—-3,nn—1n—2) if n=0mod4;
Up =

(Ln—4,3,n—6,5,...,4,n—52n—-3,nn—1n—2) if n=2mod4.

We next compute Tr(uy,). We first notice that
(lun(D], [un(2)] - - s [un(n = 4)[)
are in the same relative order as
(lwn—a(D], [wn-a)] ..., [wn-a(n—4)]),
and that
(sign (un(1)),...,sign (uy(n —4))) = (sign (wp—4a(1)),...,sign (wp—a(n —4))),

S0) T£_4(un) is constructed in the same way as Tr(wp—4). O



7

Lemma 4.3.6. If n > 8 is such that n = 0 mod 4, then v, ~g Uy.

Proof. By Lemma [4.3.5] we have

1 3 5 n—>5

T (un) =

Now un(n —3) = n — 3, and since n — 3 is larger than any of the labels of dominoes in
TE*‘L(un) we simply add a horizontal domino with label n — 3 to the end of the first row. Similarly,

un(n—2) = n, so we add a horizontal domino with label n to the end of the first row, thus obtaining

1 3 ) n—>5 n—3 n

Ty 2 (un) =

Next, un(n — 1) = n — 1, so we must add a horizontal domino with label n — 1. We first
remove then domino with label n and place a horizontal domino with label n — 1 at the end of the
first row. When we replace the domino with label n we see that it overlaps fully with the domino
with label n — 1, so we use case (2) of Definition to bump the domino with label n to the end

of the second row:

Tg_l(un) = n

Finally, u,(n) = n — 2, so we conclude by adding a domino with label n — 2. We remove the
dominoes with labels n — 1 and n and add a horizontal domino with label n — 2 to the end of the

first row. When we replace the domino with label n — 1 it fully overlaps with the domino with label
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n — 2, so we use case (2) of Definition [3.1.16|to bump the domino with label n — 1 to the end of the

second row:

Then when the domino with label n is replaces it fully overlaps with the domino with label n — 1,
so we again use case (2) of Definition [3.1.16| to bump the domino with label n to the end of the

third row. Then we obtain

1 3 5 n—>95 n—3 n—2

TR(Un) = - n—1

Now by Lemma we see that Tg(u,) = E(Tg(v,),C2), so Tgr(u,) =~ Tg(v,), thus by

Corollary |3.3.15| we see that u,, ~g vy,. O

Lemma 4.3.7. If n > 8 is such that n = 2 mod 4, then v, ~g Uy.

Proof. By Lemma we have

Tr*(up) = <+ | © |

Now unp(n —3) = n — 3, and since n — 3 is larger than any of the labels of dominoes in
T}~ *(uy) we simply add a horizontal domino with label n — 3 to the end of the first row. Similarly,

un(n—2) = n, so we add a horizontal domino with label n to the end of the first row, thus obtaining
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Next, un(n — 1) = n — 1, so we must add a horizontal domino with label n — 1. We first

remove then domino with label n and place a horizontal domino with label n — 1 at the end of the

first row. When we replace the domino with label n we see that it overlaps fully with the domino

with label n — 1, so we use case (2) of Definition [3.1.16|to bump the domino with label n to the end

of the second row, obtaining

Tlg_l (un) =

3 )

Finally, u,(n) = n — 2, so we conclude by adding a domino with label n — 2. We remove the

dominoes with labels n — 1 and n and add a horizontal domino with label n — 2 to the end of the

first row. When we replace the domino with label n —1 it fully overlaps with the domino with label

n — 2, so we use case (2) of Definition [3.1.16|to bump the domino with label n — 1 to the end of the

second row

Then when the domino with label n is replaces it fully overlaps with the domino with label
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n — 1, so we again use case (2) of Definition [3.1.16/ to bump the domino with label n to the end of

the third row. Then we obtain

3 5 n—>5 n—3 n—2

Tr(uyn) = < © |

Now by Lemma we see that Tr(u,) = E(Tr(v,),C2), so Tr(u,) ~ Tr(v,), thus by

Corollary |3.3.15| we see that u,, ~g vy,. O

Proposition 4.3.8. Ifn > 8 is even, then wy, ~LR Up.

Proof. 1t follows from Lemmas [£.2.4] and [4.2.5] that w,, ~r, v,, and it follows from Lemmas [4.3.6

and that v,, ~gr uy,, thus we have w,, ~rg uy. O

4.4 Two-sided cells of w,, for small values of n

We have now found elements, u,, in the same Kazhdan—Lusztig cell as w, for n > 8. As we
will see in Section these will allow us to calculate a(w,) for n > 8. We are left to calculate

simpler elements in the same two-sided cell as w4 and wg.
Proposition 4.4.1. We have wg ~r $15284.

Proof. We know that

Wy = (1747 372)7

so using Remark we can calculate 17, (wy).

T} (ws) T7 (ws) T} (wa) Ty, (ws)



Now we shade the fixed squares and label the r-values

L1 43 |
' T
e 2 _i_
2]
so using Remark we can calculate
i
(T1(ws))" =
2

Then Cy = {1,2,3} and Cy = {4} are open cycles, and

1

E(TL(w4), Cq, Cg) =

Now as a signed permutation we have
515284 = (l) 2) 47 3)’

so we can calculate T7,(s15284).
_—

T£($1$284) Tg(818284) Tg(818284) TL(818284)

= JEE

2 2
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Then TL(818283) = E(TL(U)4),01,CQ), thus by Theorem |3.3.14 Wyq ~ 8158284, SO W4 ~LR

S$18954.

Lemma 4.4.2. We have wg ~LR S1525¢5556-

Proof. We found that

O
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Tr(ws) = 416

in Example [3.2.11] Now vg = sgsssgw4 and by Lemma we have wg ~, vg. By Lemma 4.3.3

and Remark [£.3.4] we have

Tr(ve) = 5 )

and Cy = {1,2,3,4} is an open cycle in Tg(vg). If we move Tr(vg) through Cy we get

yEREN
E(Tr(ve),Ca) = G
2

Now we will calculate Tr(s152565586). First we can calculate that as a signed permutation
we have

5152565556 = (5152565586) * = (1,2,3,6,5,4).
Then we have

ER NEREE

2 2
T]}z<8182863536) TI%(8182868586) T}%(8182868586) Té(8182868586)
3 | 5 | 3 1 4|
1 1
_ 6 )
2 2 6
Tg(8182865586) Tr(5152865556)

SO E(TR(UG), CQ) = TR(81828655S6). Then V6 ~YR S15256S55S6 by Corollary 3.3.15| thus We ~L V6 ~“R

8152865556, SO W ~YLR S1525655S56- ]
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4.5 Proof of main result

Recall Lusztig’s a-function, from Definition We now have sufficient information to calcu-
late Lusztig’s a-function on bad elements. This will allow us to bound the degree of key Kazhdan—

Lusztig polynomials and to eventually prove our main result in Theorem [4.5.11}
Theorem. Let z,w € W(D,,) be such that x is fully commutative. Then u(x,w) € {0,1}.

Proposition 4.5.1. Ifn € N is even, then

3
on if n = 0 mod 4;
alwn) = 34 2
nj if n =2 mod 4.

Proof. By Proposition a(wy) = a(s1s284) = 3 and by Lemmas [1.3.8| and [4.4.2| a(wg) =

a(8152868556) = b.

By Proposition and Lemma we know that a(w,) = a(u,) when n > 8. By

Lemma Up = Wp—4SnSn—15n, We can use Lemmas [1.3.7, [1.3.8] and [1.3.9| to see that a(w,) =

a(Wp—48nSn—15n) = a(wp—4) + 3. Then we have

3
3+Z(n—4):% if n =0 mod 4;
alun) = 3 3n + 2
5+Z(n—4): if n =2 mod 4.

Lemma 4.5.2. Ifn > 8 is such that n = 0 mod 4, then p(z,,w,) = 0.

Proof. By Proposition and Lemma [2.2.20| we have

3n
a(wy) = 4

3 2
Uwy,) = % + 2

Then by Proposition [1.3.5
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We see that ((x,) = § + 1, so

Then as long as n > 8 we have deg(Pew,) < ({(w,) — £(z,) — 1), so by Lemma we have

w( Ty, wy) = 0. O
Lemma 4.5.3. If n > 8 is such that n = 2 mod 4, then p(z,,w,) = 0.

Proof. By Proposition and Lemma [2.2.20| we have

3n+2
a(wn) = 4

3n2 n
fom) =g+ 5

Then by Proposition [1.3.5

deg(Pan) < B}

As in Lemma l(rn) =5+ 1,50

Then as long as n > 6 we have deg(Peu,) < 5(¢(w,) — ¢(z,) — 1), so by Lemma we have

(@, wy) = 0. O
Lemma 4.5.4. We have p(z4,wys) = 0.

Proof. We see that ¢(wg) = 7 and £(z4) = 3, so {(wy) = £(x4) mod 2. Proposition shows that

w(zg, wg) = 0. O
Lemma 4.5.5. We have p(z¢, ws) = 1 and p(zs,ws) = 0.
Proof. These values were calculated using a program called coxeter developed by du Cloux [3]. O

Lemma 4.5.6. Let n > 5 be odd. Then p(zy,wy) = u(Tp—1,Wn_1).
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Proof. We know that x,, and ,,—1 have the same reduced expressions, and by Lemma [2.3:4], w,, and

wp—1 have the same reduced expressions, o pu(Zn, wy) = pW(Tp—1, Wp—1)- O

Lemma 4.5.7. Let n > 4. Then p(x,,w,) € {0,1}.

Proof. We have shown this for all possibilities of n in Lemmas[{.5.2] [£.5.3, [£.5.4, £.5.5] and[£.5.6] [

Lemma 4.5.8. Let n be even and let x € W, be such that
‘C(‘T) = R(]T) = »C(xn) = R(xn) = {517 52,54, 56,58, - - - 75n}~
Then x = x,,.

Proof. Let © € W, be such that L(z) = R(zx) = {s1, 52,54, 56,58,...,5,}. We see that each
generator in S\ L(w) = S\ R(w) = {s3, S5, 57, ..., 5p—1} fails to commute with at least two of the
generators in £(w) = R(w). Since z € W, it follows that = has no reduced expressions beginning
or ending in two noncommuting generators, thus z is either a product of commuting generators or
bad. By Corollary 2.3.7 bad elements cannot be fully commutative, so  must be a product of

commuting generators. Then we have x = z,,.

O

Lemma 4.5.9. Let W = W(D,,) and let z,w € W be such that x € W, and w is bad. Then

w(z,w) € {0, 1}.

Proof. Let x,w € W be such that x is fully commutative and w is bad. If there exists s € £(w)\L(x),
or s € R(w) \ R(z) then we are done by Proposition [1.2.4]

Now suppose L(w) C L(z) and R(w) C R(z). By Theorem we can write w = wy, - u,
where k£ < n and u is a product of commuting generators not in supp(wy). Suppose s; € L(x)\ L(w).
Since s, € L(w) we see that either 1 < ¢ < k and i is odd, or i > k. In the first case we must have
Si+1 € L(x) since s;41 € L(w), so x is not fully commutative by Corollary contradicting

our assumption. If i > k then x £ w and thus pu(x,w) = 0. Then s; € L(x) \ L(w) implies that
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wu(xz,w) € {0,1}, so we may assume that £(z) = L(w). We can use a similar argument to show we
may assume that R(z) = R(w).
Now since z is fully commutative with £(z) = £(w) and R(z) = R(w) we must have z = xj-u

by Lemma [4.5.8] By Lemma we have p(xg - u,wy - u) = p(zg, wy), and by Lemma we

have g, w) = (g, wy) € {0,1}. O

Corollary 4.5.10. Let x,w € W be such that x € W, and such that w has one of the following

properties:
(1) w is a product of commmuting generators;
(2) w is bad; or
(8) either L(w) or R(w) is not commutative.
Then p(x,w) € {0,1}.

Proof. If either w is a product of commmuting generators or w is bad then we are done by Corol-
lary or Lemma respectively. If either £(w) or R(w) is not commutative, then there is

some generator s in £(w) \ £(x) or R(w) \ R(x), so we are done by Proposition [1.2.4] O
We are now ready to prove our main result.
Theorem 4.5.11. Let xz,w € W(D,,) be such that x is fully commutative. Then p(z,w) € {0,1}.

Proof. Let w € W. If either £L(w) or R(w) is not commutative, then the result follows from

Proposition [1.2.4]
By Corollary [2.3.11] we see that w is star reducible to an element y € W such that y has one

of the following properties:
(1) y is a product of commmuting generators;
(2) y is bad; or

(3) either L(y) or R(y) is not commutative.
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Then we can write a sequence

W = W), W(1)s -+ Wk—1) Wk) = Y

such that w;) is left or right star reducible to w; ). We will complete the proof by induction on
k. If k = 0 then we are done by Corollary

Suppose that w(;) = *w and let s, be the pair of generators such that w() = *w, s € L(w),
and t € L(w). If s ¢ L(x) then we are done by Proposition so suppose that s € L£(z). Then
t ¢ L(x) by Corollary since x is fully commutative, so x € D,(s,t), and thus *x is defined.
By Proposition w(z,w) = p(*z, *w), and by Proposition we have *x € W,. Then *w
is star reducible to *z using a sequence of length less than k, so u(x,w) = p(*z,*w) € {0,1} by
induction.

If w(y) = w* we can use a symmetric argument to show u(x,w) € {0, 1}.
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