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Since the first demonstrations in 1991, atom interferometry has been a burgeoning field of
research. The work done in this field is motivated by the potential sensitivity improvements that
atom-based devices can have over the current state-of-the-art light- and MEMS-based devices. This
dissertation presents a new and unique approach to atom interferometry in that we perform the
basic interferometric sequence of splitting, propagation, reflection, reverse-propagation, and recom-
bination with atoms trapped in a phase-modulated (shaken) optical lattice. In both simulation
and experiment we demonstrate a one-dimensional shaken lattice interferometer configured as an
accelerometer. The interferometry sequence is developed through the use of learning and optimal
control algorithms that allow us to implement the desired state-to-state transformations and per-
form the desired operations, e.g. splitting and recombination of the atoms trapped in the lattice.
This device has a sensitivity that scales as the square of the interrogation time and an ability to
distinguish both the magnitude and sign of an applied acceleration signal. Furthermore we show
that we can tailor the transfer function of the interferometer to be sensitive to a signal of inter-
est, e.g. an AC signal of a given frequency. Finally, we explore the analytics of shaken lattice

interferometry and offer some suggestions as to the future of this new technology.
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Figures

(1.1

A diagram of an optical Mach-Zehnder-style Sagnac interterometer. The light from

a laser is split and recombined with two beamsplitters (BS). Mirrors (M) direct the

split light around an enclosed area |A| = L Ly. If the system is rotating with rate O

=,

(about an axis directed out of the page and parallel to the area vector A), then there

will be a phase shift A® between the two recombined beams given by Eq. (|1.1)).

This rotation shift can be detected by counting the fringes that pass one of the two

detectors (D) at the two output ports of the recombining beamsplitter.|. . . . . . . .
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R1

The ground (green) and first four excited Bloch states (red, blue, magenta, and cyan,

respectively) for lattice depths of (a) a = 10 and (b) v = 20. The lattice depth is

shown via a black, dotted line.| . . . .. ... ... ... . 0o

R.2

The ground (r = 0) Bloch state for (a) @ = 10 and (b) o = 20 at quasimomentum q =

0 (red) and q = hky, (green). The plots show the real part of the wavefunction and are

normalized such that the maximum amplitude of the state is one; the imaginary part

is zero. For a spatial reference, the function cos (2kr,x) is plotted (blue), representing

the latticeld. . . . . . o e
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B3

The (a) position- and (b) momentum-space representations of the ground (red) and

first (green) excited Bloch states of an optical lattice with & = 10. As in Fig. [2.2|the

plots in (a) are of the real part of the wavefunction and are normalized such that the

maximum amplitude of the state is one; the imaginary part of the wavefunctions are

zero. For a spatial reference, the function cos (2kp,x) is plotted (blue), representing

the lattice. In plot (b) the relative population in each of the 2nhky, states is shown

by the height ot the bars. More plots of the Bloch state momentum populations are

shown in Fig. [7.1| . . . . . o o

B1

The phase error in radians from Eq. (3.3)) plotted vs. timestep dt in scaled units.

For the typical timestep used in the simulations, 0t = 1/1000, limiting the phase

B2

The error between the final state and the finer-time reference state in Eq. (3.4)

plotted vs. timestep 0t in scaled units for sinusoidal shaking with various tfrequencies

w. The case where no shaking is applied is shown in red, which demonstrates the

propagation of the initial eigenstate in a stationary lattice. For the typical timestep

used in the simulations, 0t = 1/1000, and for all shaking frequencies the percent

error is < Frip, = 1072 %00 . o o

B3

A block diagram illustrating the steps taken in the GA. Given the initial and desired

states, the first generation G = 1 of A individuals is randomly generated with unique

shaking functions ¢,(t). We then solve the TDSE for each individual in the gen-

eration. These results are then used to produce the next generation of individuals

denoted G = 2. After the j'" run of the simulation a generation G = j + 1 results

from the mixing of the previous generation’s individuals (see Fig. |3.4). Once the

convergence criterion is met, the GA stops.| . . . . . . . . .. ...
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13.4  Each iteration, the genetic algorithm mixes the best individuals from the previous |

| generation to create “children” that populate the next generation. Each individual is |

| a vector of values where red corresponds to a minimum value and purple corresponds |

| at random. The numbers label the index and their color is chosen for legibility. The |

| methods presented here are adapted from reference [92]. (a) One-point crossover at |

| index 6. (b) Two-point crossover at indices 5 and 9. (c) Random mutation of the |

| value at index 2. (d) Change of the value at index 5 through a small “creep” of the |

L vallle] . o o e e 29

[4.1 A cartoon of (a) an optical Mach-Zehnder interferometer and (b) a Michelson inter- |

| ferometer, with the basic “ingredients” ot the interterometry sequence labeled.| . . . 44

4.2 A cartoon of the full interterometer sequence, with atom position plotted along the |

| y-axis versus time on the z-axis. Blue clouds represent atom wavepackets interacting |

| with the shaken lattice. Atoms begin in the ground Bloch state of the lattice (Fig. |

| [2.3) and are split into two oppositely propagating wavepackets. The atoms are then |

| reflected, reverse-propagated, and recombined back into their initial state (in the |

| absence of a signal), thus completing the interferometer sequence.|. . . . . . . . . .. 46

[4.3  Learning curves for first-order splitting using the genetic algorithm showing (a) the |

| fitness of the best individual (black) and the average fitness of all individuals (red) |

| and (b) the percent error of the final state relative to the desired split state|. . . . . 48

[4.4 Learning curve for first-order splitting using the Krotov method showing (left axis, |

| blue) the percent error of the final state relative to the desired split state and (right |

| axis, red) the A\, parameter as a function of iteration number.| . . . . . . . . ... .. 50
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4.5

High-bandwidth Krotov simulations of the shaken lattice interferometer for two dit-

ferent interrogation times 71 (note the different units in the y-axes). These plots

show the atom momentum state population (quantized in units of 2hky,) versus the

shaking time. The color shows the relative population in each of the separate mo-

mentum states, and the black dashed lines separate (from left to right) the splitting,

propagation, retlection, reverse propagation, and recombination regions. At a given

time ¢, the colors representing the tfractional momentum state population are a visual

representation of the vector P(t) described in[3.3l. . . . . ... ... ...

4.6

The final state atter an acceleration signal is applied for each of the optimized high-

bandwidth Krotov shaken lattice interferometers shown in Fig. [4.50 Each plot shows

the final atom momentum state population (quantized in units of 2fky,) after shaking

1s plotted versus the applied acceleration. The color shows the relative population

n each of the separate momentum states. This can be thought of as a visual repre-

sentation of the vector ]3a described in e.g. Sec. |4.4.4” .................

4.7

Plot similar to those shown in Fig. |4.5] except with an acceleration signal added.

We see that the definition of an interferometer “arm” quickly breaks down due to

the interterence between different momentum states in the presence of a signal| . . .

4.8

ohaking protocol for the optimal splitting shown in Table|4.1l The envelope tunction

ensures slow turn-on and turn-off at the endpoints. (inset) Fourier transform of the

bandwidth-limited shaking tunction.| . . . . . . . ... ... ... L.

4.9

Percent variation of the optimized splitting shaking function shown in Fig. 4.8 after

variations of (a) the simulated lattice depth and (b) the simulated lattice wavelength.

A variation of 1% is marked in each plot with a blue dashed line.| . . . . . ... . ..
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.10

Variation of the final state with varying noise amplitudes added to the optimized

splitting shaking function. The results shown here are the average ot 5 runs with

random white Gaussian noise added to the shaking function ¢(¢). Error bars give

the standard deviation of the variations. Noise amplitude is given as a fraction of

the maximum of the ¢(¢) shown in Fig. [4.8] The red line marks a variation of 1%.| .

1T

Variation of the final split state atter the addition of spurious lattice potentials with

varying phase due to unwanted reflections with reflection amplitudes of € = 0.1%

(red), 1% (blue), and 4% (cyan).| . . . . . . . . . ..

I12

The response of an interferometer optimized in the presence of a DC bias acceleration

apc = 0.76 m/s®. The interferometer response is clearly minimized in the vicinity of

apc and increases away from this bias. This shows that shaken lattice interferometry

can be used to reject a DC bias of a given magnitude or measure perturbations around

this biasl. . . . . e e

A3

The reciprocal interterometer sequence. The reciprocal interterometer moditfies the

standard Michelson interterometer sequence shown in Fig. |4.2] so that the atoms

travel a fully symmetric path. This configuration is designed to be sensitive to AC

accelerations and immune to DC accelerations.) . . . . . . . . . . ... ... ...

14

Response of the reciprocal (red, solid) and non-reciprocal (blue, dashed) interferom-

eters to a sinusoidal signal as in Eq. (4.7). The response is given in terms of the

variation Dy; between the optimized final state of the interferometer and the final

state after shaking with the applied signal as in Eq. (3.4). The total interrogation

time of each interferometer is 2.008 ms and the amplitude of the applied acceleration

signal is ap = 0.115 m/s®. The reciprocal interferometer is 20 times more sensitive

than the non-reciprocal interferometer to a signal with f ~ 7 kHz, showing that

shaken lattice interferometry may be modified to tailor the interferometer response

toan AC signal.| . . . . . . .
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[4.15 The minimum detectable acceleration da scaled by v/N, plotted on a log scale versus

the interrogation time 1. The black points are simulation results, and the red line

is a fit of the form CT; ™. Here, lower values of da correspond to a more sensitive

[4.16 The acceleration sensitivity da (relative to g) for varying atom numbers N, at 11 =

10 ms (red), 100 ms (blue), and 1 s (black).| . . . . . . ... ... ... .. ..

75

.1

Schematic of the lattice laser system with servo. The angle of the first-order AOM

output is not shown for ease of drawing. The servo works by comparing a control

voltage from LabVIEW to the voltage output of the photodetector. The error signal

is sent to a mixer that attenuates the output of a voltage-controlled oscillator (VCO)

that controls the AOM frequency. The attenuated signal is then amplified by a 2 W

RF amplifier and sent to the AOM. The symbols represent the following: lens (L),

mirror (M), shutter (S), optical Faraday isolator (ISO), half-wave plate (HWP), and

quarter-wave plate (QWP). Other symbols are defined in the main text.| . . . . . . .

81

52

The two-chamber vacuum system used in the experiments described in this thesis.

In our system the cell is oriented so that the atom chip is on top. The 2D MOT

chamber contains a rubidium dispenser and an NEG. The atoms are pushed up

through a pinhole between the 2D cell and the spherical cube (yes, that’s actually

what it’s called) and into the 3D cell. A 0.5 L/s ion pump pumps on the 3D cell,

which is topped by the atom chip (the pinhole also serves as a differential pumping

stage). Copper wires patterned on the vacuum side of the atom chip are barely

visible through the 3D cell. While the 2D cell is not AR-coated, the 3D cell is. The

copper pinch-oft is also labeled; this separates the vacuum chamber from the larger

bake-out station. . . . . . .. e
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5.3

A view from the underside of the 2D cell, up through the aperture on the cell bottom

and focused on the pinhole. A light 1s being shone through the pinhole to backlight it

for clarity. The 0.5 L /s ion pump can be seen off to the right, and the copper pinch-

off is to the left. The push beam that moves the atoms from the 2D cell/ MOT to the

3D cell/MOT travels through the aperture in the bottom of the cell and through the

pinhole. The metallized pads on the underside of the cell (surrounding the aperture)

make electrical connections to the rubidium dispenser and NEG. Connections are

made to the pads using conductive tape and colloidal silver| . . . . . . . .. ... ..

84

5!

(a) CAD and (b) a photograph of the physics package provided by ColdQuanta. The

physics package 1s roughly 28x28x32 cm in size, and a cell similar to that shown in

Fig. 5.2 is bolted down in the center of the package. The lower two tiers contain

the optics needed to produce a 2D MO'T" and the push beam that pushes atoms up

through the pinhole to the 3D cell. The upper two tiers contain the optics for 3D

MO production, optical pumping, and probing. In the CAD drawing, the cooling

beams are shown in red, and the imaging beam is gray. In the photograph, the

system is rotated clockwise 90° from the CAD view. The coils surrounding the cell

in the CAD drawing are not installed in the photograph, so the photo shows the

3D cell poking above the top tier of the physics package in the center. The cable

connecting the 0.5 L /s ion pump to its controller is shown running off to the right.| .

85

5.0

Picture of the atom chip used in the experiments described in this work. The chip

18 made of high-conductivity silicon coated in an insulating dielectric and measures

roughly 2.5 cm by 2.5 cm by 420 pm thick. All wires are patterned in gold on the

ambient side of the chip. The only two wires used here are the thicker main wire

(labeled by the current /y) and the thinner dimple wire (/4); these wires intersect in

the center of the chip and the atoms are trapped below this intersection.|. . . . . . .

88



5.6

Density plots of the magnetic trap potential used to hold the atoms in (a) the ini-

tial chip trapping configuration, (b) the compressed evaporation trap, and (c) the

waveguide-like decompressed pre-lattice trap. The color indicates the magnetic field

i Gauss. The calculations were made using the Biot-Savart law and assume in-

finitesimally thin wires. Note the difference in scale in plot (c) relative to (a) and

[5.7 The relevant currents run through the big-Z coil (black, scaled down by 50%), X-

bias coil (red) Y-bias coil (blue), Z-bias coil (gray), main chip wire (magenta), and

dimple wire (cyan) during the following experimental stages: (a) optical pumping,

(b) big-Z capture and transport, (c) initial chip loading, (d) chip compression and

first-stage evaporation, and (e) the rest of the RF evaporation. The optical pumping

stage usually lasts for only 0.5 ms and is extended in time in this plot for clarity.| . .

90

53

Changes in currents (left axis) and lattice light (magenta, right axis) as we ramp

from the BEC trap to lattice. The X-bias and Y-bias coil currents are shown in

black and red, respectively, and the main and dimple wire currents are shown in

blue and gray, respectively. The amplitude of the lattice beam 1s given in arbitrary

units related to the voltage sent to the intensity servo. Due to the fact that the servo

has trouble servoing around zero intensity, the lattice beam 1s held at an arbitrary

high value (with the mechanical shutter closed) as the atoms are evaporated to BEC

(end of evaporation shown in a), then ramped down to zero as the atoms are loaded

into the waveguide trap (b). The lattice light intensity is nearly zero for about 1 ms

as the mechanical shutter is opened (c), then it ramps on after the chip wires are

ramped off (d). The X-bias coil is not ramped to zero, but rather a constant value

that allows the atoms to maintain their spin polarization in the lattice. The reason

for this will be explained in more detail in Chapterfol| . . .. ... . ... ... ...




xx1

5.9

Schematic of the optics used in the lattice and imaging systems. The cell is shown

outlined in purple, with the atoms (blue) in the center. The probe light for the

two axes of 1maging are shown in light red, and the lattice light is shown in dark

red. Elements surrounded by the black dashed box are contained on the physics

package, elements surrounded by the dark gray dashed lines are contained on the

secondary lattice board, and the lattice optics surrounded by the light gray box are

on a three-axis translation stage. All abbreviations are explained in the text.| . . . .

93

B.10

The entire experiment, including the physics package (black, center) and the auxiliary

lattice board surrounding it. (a) View of the experiment showing the lattice launcher

(right) and the EOM and lattice retro-reflecting mirror (left) on the auxiliary lattice

board. (b) View of the experiment along the direction of lattice propagation showing

the lattice launcher (left) and the second axis of imaging launcher (right) on the aux-

ihary lattice board. The coils used to apply the magnetic field gradient to simulate

a signal are shown surrounding the coil assembly (red coils surrounding black coil
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Chapter 1

Introduction

1.1 Motivation

Since Michelson and Morley’s experiments that refuted the existence of the luminiferous
aether, light-based interferometry has been a useful tool for making scientific measurements. Tech-
nology based on the interference of light is able to measure the characteristics of stellar and other
astronomical systems [79], the material flatness and deformation [80], rotational motion [11L37,85],
and more recently, gravitational waves [112,3].

In the realm of inertial sensing, light-based Sagnac interferometry currently provides the
rotation sensing capabilities in commercial inertial measurement units like Northrop Grumman’s
LN—2OOSE| An optical Sagnac interferometer works by splitting light into two paths, then recom-
bining them after they traverse an enclosed area A (Fig. . If the system is rotating at a rate

Q, then the phase shift A® between the two arms can be calculated to be [103]

8n(- A
Aq)]ight = T (11)

where for light, ¢ represents the speed of light and A its wavelength.

This thesis, however, is not about light. Instead, we work with ultracold atoms, or “matter
waves,” specifically in the context of using atom-based interferometers as inertial sensors of accel-
eration and rotation. The utility of atoms as inertial sensors is quite easily seen if we take Eq.

(1.1) and substitute matter wave properties for optical properties. That is, the wavelength of light

! http://www.northropgrumman.com/Capabilities/LN200FOG
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Figure 1.1: A diagram of an optical Mach-Zehnder-style Sagnac interferometer. The light from a
laser is split and recombined with two beamsplitters (BS). Mirrors (M) direct the split light around

—

an enclosed area |A| = LyLy. If the system is rotating with rate § (about an axis directed out of
the page and parallel to the area vector A), then there will be a phase shift A® between the two
recombined beams given by Eq. (|L.1)). This rotation shift can be detected by counting the fringes

that pass one of the two detectors (D) at the two output ports of the recombining beamsplitter.



becomes the deBroglie wavelength App = h/p = 2wh/mu for an atom of mass m moving at a speed
v (such that the atom’s momentum is p = mv)E| This allows us to write

AmS - A
A®pom = mT (1.2)

Assuming that O and A are the same for both the light- and matter-based interferometers, this
results in a ratio of the measured phase shifts A® of

ADaiom _ mec (1.3)
Adjigns h

Assuming we work with 852 nm light and 8"Rb atoms, this ratio is on the order of 10'%. Note that
if the atoms are moving at a constant velocity v around a circular enclosed area A = 7r?, then the
phase shift scales as the square of the interrogation time 77.

Regardless of the type of wave used to perform interferometry, there is generally a pre-set
list of “ingredients” that are used to perform interferometry. We will revisit these ingredients as
we move forward in this thesis (see Chapter [4] and beyond), but it is useful to make note of them
here. Given a source of waves, most interferometers implement a means of splitting the waves,
allowing the split wavepackets to propagate, reflect, reverse-propagate, then finally recombine once
the wavepackets have overlapped. All of these operations can be seen in Figs. and and
they are present in the majority of the interferometry works cited in this thesis. These are the
ingredients with which we build the interferometer presented in this work.

There are, of course, caveats to the number quoted in the ratio of Eq. . For example,
it is relatively simple to put light into a fiber and allow it to propagate over kilometers, thus
greatly increasing the effective area of the device. Getting atoms to do this is much more difficult.
Furthermore, photons are rather cheap and easy to produce by the quadrillions/ secondﬂ but atoms
are less readily plentiful; a typical BEC produced in our lab contains a few 10* atoms. This lower
flux contributes to higher shot noise. Shot noise in interferometers typically goes as 1/v/N for

N atoms or photons measured per shot, unless one is using squeezed states to lower this noise

2 In this thesis we will use the reduced Planck’s constant 4 preferentially over the non-reduced version h = 27h.
It’s just how we were raised.
3 Assuming a 1 mW laser at 852 nm.



below the standard quantum limit [35,51]. Continuous measurements are also easier to achieve in
laser-based systems, whereas atom-based systems are typically plagued with dead-time issues.

On the flip side, there is no practical laser-based accelerometer, as most commercial systems
use micro-electrical-mechanical-system (or MEMS) based devices for accelerometry. Atom-based
accelerometers are relatively straightforward to implement, and their sensitivity, like the Sagnac
gyroscope sensitivity, is proportional to T? [74].

This simple back-of-the envelope calculation is enough to motivate the pursuit of atom in-
terferometry, and since the first interferometers were demonstrated in 1991 [21,58,/59,/97] great
advances have been made in the field. This has given rise to some very interesting physics and
the development of incredible technology. What follows in the next paragraphs is not meant to be
an exhaustive review of the literature on atom interferometry. Rather, we want to highlight some
interesting papers that demonstrate some of the more fun aspects of atom interferometry. We have
most certainly neglected some of the most interesting developments, but if we included everything,
this thesis would double in sizeﬁ Recent review papers on the subject of atom-based sensing can
be found in Refs. 826,61} 78].

Typically, the atom-based beamsplitting operation occurs in momentum space using nanofab-
ricated gratings |59}(113], two-photon Raman transitions |75], and /or light pulses in the Bragg |116]
or Raman-Nath [117] regime. The Kasevich group at Stanford was able to use Raman and Bragg
pulses to incorporate momentum splitting of 102hky, [116] and more recently demonstrated coher-
ence between two split wavepackets that had obtained half-meter spatial separation [63]. Work
has been done to optimize the light-pulse sequences used in these systems to increase pulse effi-
ciency [10,/109]. Another method for achieving higher momentum separations (and faster sensitivity
scaling of T13 ) between two wavepackets is using Bloch oscillations in an optical lattice to accelerate
one wavepacket relative to the other [22}74,91,123].

To reduce the dead time between shots, an experiment has been done that relies on simul-

taneous cold atom preparation and detection [33]. Atom-based measurements have been made of

4 To my committee: you're welcome.



rotation rates via shifts in the so-called “tune-out” wavelength (where the atomic vector polar-
izability changes sign) [113]. Six-axis inertial sensors have been demonstrated using light-pulse
atom interferometry [20], and atom interferometry has been done with Bose-Einstein condensates
in microgravity [84].

Most of the interferometers mentioned above are free-space atom interferometers, where the
atoms propagate freely between pulses. While such interferometers have been used to make some
of the most sensitive measurements to date, e.g. in 10 m high atom fountains [29./63], they have
the disadvantage that the sensitivity of the device is tied to its size, even though compact devices
have been demonstrated |110]. Trapped-atom interferometers (as in Ref. [117]) can get around this
limitation but they are sensitive to other deleterious effects like phase diffusion [55]. A trapped atom
interferometer in an optical cavity has been implemented by Holger Miiller’s group in Berkeley [49)].
Our unique approach to atom interferometry is a trapped-atom scheme where we interrogate atoms
trapped in an optical lattice via phase modulation (shaking) of the optical lattice. This system,
which is amenable to compactification and has some interesting and unique advantages, is described

in more detail in the next section (and in the rest of this work).

1.2 The story of the shaken lattice interferometer

As stated in the last section, our approach to interferometry was to use atoms trapped in a
phase-modulated (shaken) optical lattice. We wished to implement transformations of the atoms’
momentum state in order to perform an interferometry sequence like those described above. For
example, an atom beamsplitter would split the atom population equally into momentum states
with equal magnitude and opposite sign.

When we were first exploring this problem we simulated the effects of sinsuoidal shaking on
atoms trapped in the ground Bloch state of the lattice (see Sec. using the time-dependent
Schrodinger equation. We found that as we shook the lattice, the atoms’ momentum state popula-
tions would change only by quanta of 2hky,, where ki, = 27/, was the wavenumber of the lattice

light. However, an analytical solution that found the shaking function for a desired momentum



state transformation eluded us.

As a result, we decided to think about the shaken lattice problem as a boundary value
problem. That is, we had an initial state, a desired final state, and some time 7T that we would
shake the lattice. The unknown piece was the shaking function ¢(¢) that would transform the initial
state into the desired final state. To figure this out, we built on the pioneering work in Ref. [92]
and implemented a set of learning and optimal control algorithms that would optimize the shaking
function to carry out the desired transformations.

Our optimization simulations were successful, and we soon had a set of state-to-state trans-
formations that described a simulated one-dimensional interferometer. Furthermore, we found that
when we added a simulated acceleration signal, the atoms’ response varied based on the magnitude
and direction of the signal. We not only had a trapped-atom interferometer but one that could
determine the direction of an applied signal; the symmetry of the system is broken by the shaking
of the lattice. We extended this to optimize our interferometer to be sensitive to perturbations on
a bias signal and/or AC signals with a given frequency. Finally, we were able to determine that
the sensitivity of our theoretical interferometer scaled as the square of the interrogation time (like
the light-pulse interferometers described above).

The challenge then was to implement this system experimentally. We built a 1D lattice
around an existing experiment that could produce Bose-Einstein condensates of 8’Rb on an atom
chip and started modulating the lattice. Every successful graduate student can pinpoint a time (or
three) when they realized that the system that they worked so hard on for so long would work.
Here, that time occurred shortly before Christmas in 2015 when we performed the first shaking
experiments. When the results showed distinctly separate clouds of diffracted atoms separated by
2hkr,, we knew that the system would work.

The next years were spent optimizing the interferometer in the same way that we theorized
and calibrating its response to an applied signal. We were able to show that the interferometer

sensitivity scaling was consistent with the T12 scaling that was theoretically predicted by our sim-



ulationsP’] We were able to show measurements of perturbations on a bias acceleration. At this
point we started writing this thesis.

Interspersed throughout the experimental efforts were additional theoretical efforts to under-
stand the analytics of the shaken lattice interferometer. Shortly after the experiments presented
here were completed we were able to put together a detailed theoretical analysis of the shaken
lattice interferometer; these results are presented in a later part of this work.

The overarching goal of this dissertation is to provide a (reasonably) self-contained document
that describes shaken lattice interferometry and our efforts to realize a shaken lattice interferometer.
The focus, however, is on the next student to work on this project. The idea is this: when armed
with this dissertation and the base level of intelligence and diligence that one requires to succeed
in graduate school, the next student should be able to pick up where we have left off without too

much issueﬁ Potential pathways for future students are discussed at the end of this thesis.

1.3 Outline of this dissertation

The rest of this dissertation is organized as follows: Chapter [2] deals with the theoretical
aspects of the system, outlining the physics of dipole traps, optical lattices, and shaken lattices.
Chapter [3] discusses the various learning and optimal control algorithms used to obtain the com-
putational and experimental results presented in this work. Chapter [4| describes the shaken lattice
interferometer in detail and presents the simulation results. Chapter [5| details the experimental
setup, and Chapter [6] summarizes experimental results. Chapter [7] outlines some advanced analyt-
ics that allow us to better understand why the shaking works. This chapter also describes methods
to improve the optimization of atom beamsplitting and reduce deleterious effects that cause atom
heating and decoherence. Chapter [8| provides some insight into the future as well as a hypothetical

plan for future work.

® This data was taken around midnight on a normal weekday in September 2017, and it marked the second
significant point where we realized that we may one day graduate.
6 Just don’t break the vacuum cell...



Chapter 2

The physics of ultracold atoms in optical lattices

This chapter will lay out the basic theoretical physics background necessary to understand
the rest of the thesis, focusing mainly on the pieces required to understand the shaken lattice.
Therefore, we will outline the physics of dipole trapping and optical lattices in some detail, but
we will largely gloss over the theoretical aspects concerning the production of cold and ultracold
atoms. The physics of shaking will be briefly treated but an in-depth treatment will be relegated

to Chapters [4 and

2.1 Cold and ultracold atoms, briefly

Our lab focuses on the application of atomic and optical physics techniques developed here at
JILA and around the world, so we tend towards using well-developed techniques with the simplest
atoms to explore new applications. Thus, in this work we use the relatively simple (but useful!)
rubidium-87 atom. This isotope of rubidium was among the first condensed [6] (with sodium being
the other condensed atom [28]). More specifically, we follow the well-established method of cooling
and trapping using the F = 2 — F’ = 3 D2 transition of 3’Rb, and we magnetically trap and cool
the atoms to degeneracy in the |F,mp) = |2,2) ground state. (Useful numbers and energy level
diagrams can be found in Ref. [106], a useful reference for any experimental physicist working with
87TRb to have in their toolbox.)

As usual we start by trapping cold atoms in a magneto-optical trap (MOT) before proceeding

to a magnetic trap and cooling to condensation using forced RF evaporation. Magneto-optical



trapping of atoms is a well-established technique first demonstrated in 1987 [94]. An excellent
general reference for laser cooling and trapping is the book by Metcalf and van der Straten [77].

Magneto-optical trapping can only cool atoms to the Doppler limit

A’

Ty = ——
D= okg

(2.1)

where T is the lifetime of the F’ = 3 state, and kg is Boltzmann’s constant. For 8TRb Tp is on the
order of 100 uK whereas we make BECs with temperatures around hundreds of nanokelvin. Using
sub-Doppler cooling techniques (namely polarization gradient cooling, or PGC [27]) the atoms’
temperature may be lowered to about 4 pK. We find the original paper [27] to be rather dense from
a basic experimental point of view. A simpler explanationlﬂ is given by S. Du in his thesis [32]; this
has proven sufficient for our practical understanding.

Once the atoms (in the F' = 2 hyperfine sublevel of the 525, /2 ground state of 8TRb) are cooled
to the sub-Doppler limit set by PGC, they must be magnetically trapped and transported to the
atom chip for condensation. However, the magnetic sublevels of the F' = 2 state are degenerate
in the absence of a magnetic field, and thus the atoms populate the sublevels equally when a field
is applied. Earnshaw’s theorem states that we cannot make a local magnetic field maximum with
static magnets. Therefore, we must trap the atoms in magnetic field minima. In order to trap the
atoms in a static magnetic field, we apply a magnetic field to break the hyperfine states’ degeneracy
and optically pump the atoms into the |F,mp) = |2, 2) state using circularly-polarized light. After
optical pumping we can trap the atoms in a magnetic trap produced by external coils and transport
them to our atom chip where they are cooled to degeneracy. We will defer practical details of the
chip trap to Chapter [5| For the interested reader curious about the details of BEC, the book by
Pethick and Smith [90] is a good starting point to learn the theory. Further resources focusing on

experimental implementation may be found in Refs. [60,/67].

! Read: for experimentalists.
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2.2 Optical dipole traps

The physics behind optical dipole traps is discussed thoroughly in Ref. [46] and only the
relevant details will be noted here. Optical dipole traps are formed when atoms interact with light
that is detuned from an atomic resonance. When the atom interacts with an electric field E, a
dipole moment p' = o is induced in the atom. Here « is the complex polarizability of the atom.
The potential takes the form

1
= ——— I 2.2
Ud p 2€OCRe(a) ( )

where ¢y = 8.85 x 10712 F/m is the electric permittivity in vacuum and ¢ = 2.998 x 10® m/s. Thus,
the force that arises from this potential is proportional to the gradient of the intensity, FxVI (7).
For light that is red-detuned from resonance the sign of « is such that the potential is attractive,
and blue-detuned light creates repulsive potentials. In this work we use only red-detuned light for
our optical traps.

If we trap an alkali metal atom in a linearly polarized Gaussian beam, we can represent the

dipole potential as [46]

7T [ 2 1
in(7) = I(r 2.
V) = G (5or + 517 )10 23)

where I' = I'py + I'ps is the sum of the natural linewidths of the Rubidium D1 and D2 lines,
wo = (wp1 +wp2)/2 is the average of the two lines’ transition frequencies, and A; p is the detuning
of the trapping laser from each lineE| The intensity profile of a Gaussian beam with beam power

P is given by the expression

2P 677,2/1”(1)2.

I(z,r) = 5

(2.4)

mw(x)

In Eq. the beam propagates in the z-direction, and the Gaussian radial confinement
in the other two dimensions is represented by the radial variable r = /32 + 22. The beam waist
along x is given by w(z) = woy/1 + (%)2 where the Rayleigh range xg = mwg/\L, and wy is the

beam waist at the focus. In practice, we use the mathematics presented here when designing an

2 While we trap and cool using the D2 line of Rubidium-87, we need to take both the D1 and D2 lines into account
when analyzing dipole trapping. Details on the frequencies and linewidths of each line are found in Ref. [106].
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experiment. For example, if we design a system to trap atoms in a Gaussian beam with wavelength
AL and waist wg at the beam focus, Egs. and can be used to estimate the laser powers
required to trap atoms and hold them against gravity (which is defined to be along the z-direction).

We must also take photon scattering into account when designing experiments. Even though
the above expression is derived in a far-detuned limit, there is still a nonzero probability for
the atoms to scatter photons. This scattering rate I'yc often sets the fundamental limit for the

lifetime of atoms in optical trap. For alkali metal atoms we can write

wc2T? 2 1
Lse(7) = I(r). 2.
0= Sy (a2, * 33,10 29)

If we approximate Ap; &~ Aps ~ A (that is, the dipole trapping is very far detuned from both

resonances), for a given detuning A dipole potential depth scales with I/A. The scattering rate
depends on I/AZ?. Therefore, detuning the laser farther and farther from resonance decreases the
photon scattering rate, but more power is required to trap the atoms.

In our experiments we use A;, = 852 nm out of convenience, as we had an available laser
from an old cesium experiment. This is far enough detuned from the rubidium-87 resonance at
Ao = 780 nm that we can trap atoms long enough to interrogate them but close enough that we

have enough laser power available to provide a sufficiently deep trap.

2.3 Lattices

If we have sufficient light for a dipole trap we can retro-reflect the light back onto itself and
create a standing wave with node spacing d = A;,/2 and wavevector k;, = 27/Ar,. This standing
wave is known as an optical lattice. When discussing the theoretical basis behind optical lattices
we will largely follow what is done in Ref. [42], slightly modifying the notation to avoid confusion
later in this thesis.

There are generally two regimes considered when one analyzes the physics of atoms in optical
lattices. The first of these is the Bloch model which allows us to derive the band structure of the

periodic system. If we restrict ourselves to the lowest band we can also describe the physics of
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the system in terms of the Bose-Hubbard Hamiltonian. In this thesis we work primarily in the
Bloch basis and describe the Bose-Hubbard basis at the end of this section for completeness and
to facilitate a brief discussion of localized vs. delocalized behavior.

In the experiments presented in this thesis, we work with a one-dimensional Gaussian beam
retro-reflected onto itself. The radial confinement of the atoms is thus provided by the radial
Gaussian potential, and the transverse confinement is due to the lattice potential. We work with
lattices shallow enough for the atoms’ to be “delocalized” in the lattice potential. That is, the
atoms’ position wavefunction extends over many lattice sites so the physics is best described in the

Bloch basis.

2.3.1 The Bloch basis

If we ignore atom-atom interactions and the Gaussian extent of the beam along xE| we can

write the Bloch Hamiltonian for an optical lattice in one dimension as

A2
p Vo

9 2.
5 5 cos (2kp,x) (2.6)

where p is the momentum operator and we usually quantify the prefactor V4 in terms of the recoil
energy of the photons in the lattice, Vj = aFEr where the recoil energy is Fr = thﬁ /2m. This
can be converted into a recoil frequency in the usual way: wr = Er/h = 27 x 3.169 kHz (in our
system). The recoil frequency, lattice wavelength, and recoil energy set the natural time, distance,
and energy scales for the system.

As with any Hamiltonian containing a periodic potential, we can apply Bloch’s theorem to
solve the system. That is, we assume that the functions ¢ (x) that solve the time-independent

Schrodinger equation (TISE, Hvy = Et) can be written in the form

wgr) (z) = eiqxu,(;") (). (2.7)

(r)

The wavefunctions wér) can be written as the product of a plane wave and a function ug ’(x) that

we define to have the same periodicity as the potential. We will see later that the index ¢ labels

3 This is a reasonable approximation, since our lattice beams have a Rayleigh range of zr on the order of a few
millimeters, which can be considered roughly infinite relative to the other length scales in the experiment.
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the quasimomentum of an atom in Bloch band (or energy level) r. If we insert this into the TISE,

we obtain an analogue to the TISE for the u((f) () as

Hpul (z) = BV ul) (2) (2.8)
where
_ L2k
Hp = 5 (p+q) 5 COS (2kpx). (2.9)

Here we see the origin of the term “quasimomentum,” as the ¢ factor is lumped in with the
kinetic energy term in the expression for Hp. If we decompose both the ut(]r) (z) and the lattice

potential in terms of a Fourier series, we obtain

u((f) (x) = Z clyqe%lk‘“m (2.10)
l
and
Vi)=Y Vet (2.11)
J
where both [ and j are indices. For the cosinusoidal lattice potential, we have Vi1 = —1/4 with all

other terms being zero. E| This allows us to write Eq. (2.9) as

2hkrl 2 , 1 A A )
( ;m+ Q) Cl(:]) (:L,)EQZZkL:v - ZV'O <€21kLac + e—QZkLa:> Cl(j“q)eQzlkL:c _ E(gr)cl(;) (212)
In matrix form, we write Eq. (2.12)) as
Z HB,l,l’Cl(:]) = Eér)cl(;) (213)
Ly
where Hp is the tridiagonal matrix with entries
Hyp = (2l + q/hkL)*Eréy — (1/4)aERép—1 — (1/4)aERSp11.- (2.14)

In Eq. d;; represents the Kronecker delta.
)

t(;) for each band r and

We find that there is a eigenvector ¢y’ with energy eigenvalue Eér

quasimomentum ¢q. The quasimomentum can vary from —hky, to +hky, within each band r; this is

4 Note that we can set Vp to be whatever we want, because it’s simply a constant offset.
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known as the “first” Brillouin zone, as the band structure repeats with periodicity 2hky, (with the
first Brillouin zone centered around ¢ = 0).

To calculate this band structure we solve Eq. using the matrix in Eq. for values
of E(gr) within the first Brillouin zone. The Bloch wavefunction for a given quasimomentum ¢ and
band r is found by finding the eigenvectors c((f), using Eq. to find the corresponding ugr)(x),
then multiplying by the plane wave factor in Eq. to obtain mgr) (z). To carry out these
calculations we must limit / to a finite value. In Ref. [42], truncation at |I| < 5 is recommended.
Because we are not limited in computational power and sometimes consider higher bands than
considered in Ref. [42], we generally truncate at |I| < 10.

The band energies in the first Brillouin zone as a function of the quasimomentum ¢ for a = 10
and a = 20 are shown in Fig. and the wavefunctions corresponding to Bloch states in lowest
band r = 0 for ¢ = 0 and ¢ = hky, are shown in Fig. 2.2] Bloch wavefunctions for the lowest and
first excited band at ¢ = 0 and a = 10 are shown in Fig. 2.3

Two important limiting cases should be noted. As the lattice depth Vjj — 0 the gaps between
the bands (the “bandgaps”) vanish. At this point the atoms’ energy structure becomes continuous
and resembles that of a free particle, as expected given the absence of a potential for « = 0. In
the other limit, as Vj — 0o, the atoms become more and more confined to a single lattice site. In
this limit the potential looks harmonic, and as expected the bands become flatter and more evenly
spaced. In Fig. 2.I] one can see that the lower bands are flatter and lattice bandgap is increased
for a depth of 20ER (b) relative to the 10ER case (a). In both cases, as one moves to the higher
bands, the bandgap decreases and eventually vanishes.

When considering the Bloch states (as shown in Figs. and , some important features
can be noted. First of all, at higher lattice depths the bands are more confined to the “classically
allowed” regions. This makes intuitive sense, as the deeper the lattice depth, the more likely that
the atom is localized to a given site. (Generally, in this regime the physics is described in terms of
the Bose-Hubbard Hamiltonian discussed briefly in the next section.) For a given band the parity

of the Bloch state at ¢ = 0 is opposite that at ¢ = hky,. Similarly, at a given quasimomentum,
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Figure 2.1: The ground (green) and first four excited Bloch states (red, blue, magenta, and cyan,
respectively) for lattice depths of (a) @ = 10 and (b) a = 20. The lattice depth is shown via a
black, dotted line.

qo, the parity of the state corresponding to band r will be opposite that of band r + 1. This will
be discussed further in Chapter Furthermore, because the position-space Bloch wavefunctions
are periodic, the momentum space representation is quantized in units of 2hky, as shown in Fig.
2.3(b) [50]. The quantization of this momentum is a key result that we will use extensively when

we design and optimize our interferometer.

2.3.2 The Bose-Hubbard Hamiltonian, briefly

If we limit the system to a single Bloch band the atom dynamics are described by the Bose-
Hubbard (B-H) Hamiltonian. In this regime we assume atoms are localized to a single site, and
the relevant quantities are the atom-atom interaction and the atom tunneling parameters, usually
denoted U and J, respectivelyﬁ If we ignore the effects of external confinement due to the

Gaussian beam, we can write the 1-D B-H Hamiltonian as
At a ..
Hg_ y= —JZalTaj + Z iUnl(nl —1). (2.15)
2, %

In Eq. (2.15)) the &z and a; are the creation and annihilation operators for a boson on

lattice site i, and n; = dgdi is the number of bosons on site i. We will not be using the B-H

5 One can also use the Bloch bands to build a basis of states localized to lattice sites. These Wannier functions
will not be considered here, but they are presented and used to derive the B-H Hamiltonian and associated factors
U and J in Ref. [42].
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Figure 2.2: The ground (r = 0) Bloch state for (a) a = 10 and (b) a = 20 at quasimomentum g = 0
(red) and ¢ = hky, (green). The plots show the real part of the wavefunction and are normalized
such that the maximum amplitude of the state is one; the imaginary part is zero. For a spatial
reference, the function cos (2kp,x) is plotted (blue), representing the lattice.
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Figure 2.3: The (a) position- and (b) momentum-space representations of the ground (red) and
first (green) excited Bloch states of an optical lattice with a = 10. As in Fig. [2.2]the plots in (a) are
of the real part of the wavefunction and are normalized such that the maximum amplitude of the
state is one; the imaginary part of the wavefunctions are zero. For a spatial reference, the function
cos (2kpz) is plotted (blue), representing the lattice. In plot (b) the relative population in each
of the 2nhky, states is shown by the height of the bars. More plots of the Bloch state momentum
populations are shown in Fig.



17

Hamiltonian in this work and present it here only for completeness. In particular, work has been
done to identify the regime where a BEC in an optical lattice transitions from the delocalized (or
superfluid) state to the localized (or Mott-insulating) state as the values of J and U change relative
to one another [42}44].

The superfluid state is characterized by the ability to resolve distinct 2hkr-quantized mo-
mentum states in far-field imaging, whereas in the Mott-insulating state the atom localization in
position leads to a delocalization in momentum space and the distinct momentum states are in-
distinguishable. In a 1-D lattice this transition has been observed to occur at potential depths
Vo =~ 31ER [101]. This is far from our operating regime where v = 10 — 20, so our atoms remain
delocalized in our optical lattice, although we do have to take into account the effects of atom local-
ization in Chapters [0l and [7] Furthermore, when we make transitions between different momentum
states, we involve multiple Bloch bands. Therefore, the single-band Bose-Hubbard Hamiltonian is
insufficient for our analysis, and we will use the Bloch basis to describe the physics of the atoms in

the shaken lattice.

2.4 Atoms in a shaken optical lattice

In this section we will detail some of the physics of the shaken lattice. More detailed analytical
treatment is deferred to Chapter [7} and only the basics needed to understand the shaken lattice
interferometer are presented here. We consider atoms trapped in a shallow optical lattice potential
with an arbitrary phase-modulation (shaking) function ¢(t) described by the (now time-dependent)

Hamiltonian
Hat) = -2 Y0 o (ke + 0(1)) (2.16)
Tt) =0 = L . )

The evolution of a state 1(z,t) is given by the time-dependent Schrédinger equation (TDSE).

The TDSE is written in position space as

2 _

ih—, = H(z,t)(z,1t). (2.17)

In shaken lattice interferometry, we are working with atoms trapped in a shallow lattice, so
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we work in the delocalized Bloch basis. Due to the fact that the Bloch states are quantized in
momentum space, it is convenient to examine how this Hamiltonian behaves in this space. We

define the momentum-space wavefunction 1[1(/@, t) as

Dk, t) = \/12? / " dw(a, e, (2.18)

Inserting Eq. (2.18) into the TISE, we obtain [92]

oY CRER - Vo[- —ip(t) | 7 ig(t)
iher = o = [@z)(k; — 2k)e + P (k + 2kg,)e" " | (2.19)

This equation tells us one very important thing: the shaking couples states of different
momentum, but these states must be separated by 2hky. This is verified by our simulations
in Chapters [4] and Thus, we will make only direct transitions between states of the same
quasimomentum ¢q. This is important because it allows us to restrict ourselves to a single value
of ¢ = qo and work in the Bloch basis defined by the lattice depth Vy = aFRr and this chosen
quasimomentum qg.

For the simulation work presented in this thesis we assume that the atoms are loaded into
the lattice at rest in the lowest Bloch band (r = 0). This allows us to set gy = 0, corresponding
to the energy minimum at the center of the first Brillouin zone (Fig. [2.1). The atoms have a
momentum state population similar to that shown in Fig. (b), depending on the value of a. As
expected from the limiting behaviors discussed in Sec. as « decreases, more atoms populate the
Ohkr, state. Conversely, more atoms populate the higher-order momentum states as « increases.
As discussed in Sec. we will work in the regime where a = 10 — 20.

The theory discussed here is enough to begin exploring the physics of the shaken lattice.
However, it is difficult to solve the TDSE with the Hamiltonian in Eq. analytically except in
the simplest of casesﬁ Therefore, as described in Chapter in order to control the atoms’ behavior
in both simulation and experiment, we used learning and optimal control algorithms to circumvent

these analytical difficulties. To facilitate understanding of the underlying mechanisms governing our

5 These cases will be discussed in Chapter E
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simulations, before discussing simulation results in Chapter [4 and experimental results in Chapter

we will outline the algorithms used for optimization in Chapter



Chapter 3

Simulation and optimization methods used in this thesis

This chapter will discuss the simulation and optimization methods used in this thesis. First,
we will briefly describe the symmetric split-step algorithm used to solve the time-dependent Schro-
dinger equation (TDSE) and discuss errors in the method. This is the method used to perform
the simulations presented in this thesis. Then, we will discuss the motivation for using an optimal
control or learning algorithm to solve the shaken lattice problem. This will lead into a discussion
of the algorithms that were used in this work. We will discuss the genetic algorithm, then turn to
two separate optimal control methods: the Krotov method and the CRAB method. While these
algorithms are discussed extensively in the literature, we will describe both, with an emphasis on
how they were implemented in simulation or experiment. As in the rest of this dissertation the
information contained here is presented with a focus on informing the next student to take on this

project of what was done in my time in the lab.

3.1 The split-step method

3.1.1 How the split-step method works

When using the split-step method of propagation [404/65] the TDSE is written in terms of a
unitary propagation operator. For a generic Hamiltonian of the form H=K+ V, the propagator

for a state ¢ (x,t) takes the form

(bt +0t) = Up(a,t) = e % Hep(z, 1), (3.1)
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The split-step method is implemented by separating the kinetic energy operator K and
potential energy operator V and propagating them separately. Because the kinetic energy operator
is diagonal in momentum space and the potential energy operator is diagonal in position space,
the kinetic energy propagation occurs in Fourier (momentum) space and the potential energy
propagation occurs in real (position) space. The fast Fourier transform allows for quick computation
via this method, and the norm of 1) is preserved due to the fact that the operator Uis unitary. When
using this method the boundary conditions are periodic, making it an ideal scheme for propagation
of the TDSE with the periodic Hamiltonian in Eq. . However, there are issues that arise

when we attempt to simulate the addition of an acceleration signal, and these will be addressed in

Sec. .2

3.1.2 Errors in the split-step method

Due to the fact that the [K,V] # 0, this method incurs errors in phase. For the sym-
metrized split-step method currently used in SLI computation the propagation for a timestep §t is

approximated as [40}65].

|

i

it - it y)
Y(z,t+6t) = emKenVes

Ko (). (3.2)

>

If the propagator is approximated as in Eq. (3.2) then the error is on the order of §t3. E|
For the shaken lattice the Hamiltonian is given by Eq. (2.16). For N timesteps, where the total
propagation time T = N{t, the phase error increases linearly. In this case, the phase error takes

the form

E(5t) = eloN@rit?, (3.3)

In Eq. (3.3), wr = hk?/2m is the recoil frequency of the atoms in the lattice and « is the

lattice depth in recoils, as defined in Chapter

! This may be explicitly derived by splitting the unitary evolution into two separate but identical operators with
timestep 6t/2, then applying the Baker-Hausdorff identity. The second-order correction cancels, and the lowest-order
error is on the order of §t3.
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In simulation we scale units such that A = m = Eg = 1E| Therefore, wr = 1 and the scaled
time is such that T' =1 ~ 50 usﬁ In simulations we generally set T' = 10, and the timestep is
typically set to dt = 1/1000 in scaled units so that the total number of steps is N = 10*. Using
these numbers and o = 20 for a worst-case scenario, the phase error is on the order of 40 x 10~6

radians. The total phase error after a total simulation time 7" = 10 is plotted versus ¢t in Figure

B.1

0.010}

0.001}
10} g
1u4; '

1
'l

phase error (rad)

107|
107}

107 107 0.001 0.010
timestep (scaled time)
Figure 3.1: The phase error in radians from Eq. (3.3)) plotted vs. timestep dt¢ in scaled units.

For the typical timestep used in the simulations, 6t = 1/1000, limiting the phase error to tens of
microradians.

To verify that this phase error is negligible simple simulations were run wherein the wavefunc-
tion begins in the ground Bloch state of a lattice of 10ER and the lattice was shaken sinusoidally
with various frequencies. The percent error was calculated from the final momentum state popula-

tion vector P obtained after shaking; this final state is dependent on the timestep 5t The error

2 This is done to avoid extremely large and extremely small numbers, both of which cause problems in numerical
computation.

3 This value is dependent on the lattice wavelength used, and the numbers given here assume Ar, = 852 nm.

4 Here and in (most of) the rest of this work, only amplitudes are considered and phases are ignored due to the
fact that they are not accessible experimentally.



23

is represented as

B é(aw-sz(at/)) )

Bt = (1 B (0] (ot

100%. (3.4)

In equation the reference vector ]3f((5t’ ) is taken as the final momentum state population
vector resulting from simulation with a timestep 6t of 1/51200, corresponding to a phase error of
1.53 x 10~® radians in Fig. An absolute reference is not obtainable due to the fact that
this equation is not analytically solvable, so the finest-timestep final state is taken instead as the
most accurate representation of the true final state due to the fact that the phase error is negligibly
small in this case. The results are shown in Fig. For typical simulation parameters the relative
error stays above Ej,, = 1073 %. Generally, the convergence of the optimization methods give
errors between 1072 % and 0.1 %. Therefore, convergence to an error E < Ej;, is limited by the

simulation accuracy.

3.2 Motivating the use of learning algorithms

Solving the Hamiltonian in Eq. is not straightforward except in the simplest of cases.
These cases will be discussed more in Chapter [/l Beyond single-frequency shaking (which can be
analyzed using the Jacobi-Anger expansion or Floquet theory) the analytics become quickly very
complex. We have not been able to find analytic solutions to multiple-frequency shaking that are
useful for our work. Thus, as stated in Chapter[l]it is useful to formulate the shaken lattice problem
as a boundary-value problem. That is, we have an initial state, our desired final state, the shaking
time 7T, and an equation that governs the time evolution of the system. This system is rather
straightforward to set up as an optimization problem, and we solved the shaken lattice problem
using the optimization methods described in the rest of this chapter.

The idea of using learning algorithms to solve the shaken lattice problem was not our own.
Our work on the shaken lattice interferometer builds on the pioneering work done in Pierre Meystre’s

group back in 2001 [92,93]. In this work, they simulated the dynamics of a BEC in a shaken

5 This is the smallest timestep that would run in a reasonable amount of time on a desktop computer.
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Figure 3.2: The error between the final state and the finer-time reference state in Eq. plotted
vs. timestep 0t in scaled units for sinusoidal shaking with various frequencies w. The case where
no shaking is applied is shown in red, which demonstrates the propagation of the initial eigenstate
in a stationary lattice. For the typical timestep used in the simulations, §¢ = 1/1000, and for all
shaking frequencies the percent error is < Ejjn, = 1073 %.
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optical lattice and used a genetic algorithm (GA) to control the dynamics, specifically related to
the problem of coherent acceleration of a BEC. Our GA (described in detail in Sec. is largely
inspired by the algorithms described in Refs. [57,92]. While further exploring optimization methods,
we simulated and optimized the shaken lattice system using the Krotov method [88,89/104]. The
Krotov method is derived in detail and applied to the shaken lattice problem in Sec. Finally,
we used the Chopped RAndom Basis (CRAB) method [19,31,/95] to optimize our experimental
shaking. This method has been successfully implemented in experimental systems [411|69,/1141|115]

and is detailed in Sec. 3.5

3.3 The genetic algorithm

The text and images in this section have been adapted from the work published in Ref. [119).
Details have been added where needed, and other details have been deferred to Chapter

The genetic algorithm was the first method used to optimize lattice shaking, and it remains a
useful tool when exploring lattice dynamics. A block diagram of the GA procedure is shown in Fig.
[3.3] First, the algorithm produces an initial population of A individuals; each individual corresponds
to a different shaking function. This is the first generation, denoted G = 1. Each individual
a is produced by generating a random vector d(w) of [ Fourier amplitudes at uniformly-spaced
frequencies w; from DC up to a certain frequency limit set by the user; this sets the bandwidth of
the shaking. For the work presented in this thesis we set A = 20 and the Fourier amplitudes are
randomly chosen from a normal distribution with standard deviation ¢ = 100. We pick [ =~ 100
and limit the bandwidth to about 35 kHz unless otherwise stated. The value of ¢ is chosen to
limit ¢(t) to within approximately +27 radians and the bandwidth is generally chosen to limit the
search spaceﬁ We choose an [ that gives good convergence of the GA within a reasonable amount

of computation timem

5 We have in the past tried to limit the force on the atoms due to shaking via bandwidth control, as discussed in
Ref. [119].

7 Practically, the limit on the value of [ is given by the timestep dt used in the problem and the bandwidth of the
shaking. That is, we set dt and the bandwidth, and [ is determined based on those parameters. This arises because
we use a discrete Fourier transform to go between the temporal and frequency domain.
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Once the vector @ is chosen its discrete Fourier transform is taken to produce a time-varying
function. To maintain smooth turn-on and turn-off, this function is multiplied by an envelope
function

fony(t) = sin? (7t /T) (3.5)

that goes to zero at its endpoints. This results in a shaking function ¢ (t) for each individual.
The shaking time 7' is a parameter chosen by the user and, as stated in Sec. this is usually
set to approximately 0.5 ms. We choose the sine envelope shape over e.g, a Gaussian, because it
possesses a quicker “turn-on” time, and in practice, the discontinuities at the endpoints do not
cause undesired behavior in the shaking function.

Once the initial individuals are generated, the initial state vy is propagated forward in time
by solving the TDSE with the split-step method with ¢, (t), producing a final state ,. Because ex-
perimental measurements can provide momentum state populations via time-of-flight imaging, we
represent a simulated result for the Fourier transform of the final wavefunction ¥, (k) = F{t¢(z)}
as a vector Py(|U,4[%). As in Sec. this vector has components F, , representing the relative
atom population in each momentum state 2nhky, for n = [—oo,00]. A similar vector Py(|¥q[?) is
constructed for the desired final state. In this work n is truncated at n = [—5, 5] since higher-order
momentum states are negligibly populated. Due to the presence of the applied potential, only tran-
sitions between momentum states separated by 2hkr, are allowed (see Eq. and surrounding
text for more information). As stated in Sec. we work with atoms with quasimomentum ¢ = 0
and thus couple only states with momentum 2nhky, for integer n.

For a given shaking protocol ¢, (t), the GA assesses the quality of the final momentum-space
population via a fitness function f (]3@) which quantifies the difference between the final and desired
states. The fitness function used in this work will be discussed in detail in Chapter 4l Once the
fitness of the initial population is evaluated the individuals are ranked in terms of their fitness
(because we are minimizing the fitness function, lower fitness values are better) and the genetic

algorithm uses this ranking to produce the next generation of individuals. In general the procedure
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Figure 3.3: A block diagram illustrating the steps taken in the GA. Given the initial and desired
states, the first generation G = 1 of A individuals is randomly generated with unique shaking
functions ¢, (t). We then solve the TDSE for each individual in the generation. These results are
then used to produce the next generation of individuals, denoted G = 2. After the j*" run of the
simulation a generation G = j + 1 results from the mixing of the previous generation’s individuals

\_

Run genetic
algorithm and

~N

generate new ¢, (t)

J

G=j

(see Fig. [3.4). Once the convergence criterion is met, the GA stops.
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is identical from one generation G = j to the next, G = j+1. The Ajye best individuals are allowed
to proceed unaltered to the next generation, a process known as “elitism” that ensures that the
best (lowest) fitness value will never increase. The Ag;e worst individuals are deleted entirely. In
this work we choose Ajve = 2 and Agje = 4. The remaining A — Aj;ve new individuals are generated
by randomly picking “parents” from the surviving population for each new individual.

The new generation is created from the previous generation using methods adapted from
Ref. [92]. These methods are discussed here and illustrated in Fig. Given two parent
vectors of Fourier amplitudes @ and &', one-point crossover picks a random index ¢ and cre-
ates two new vectors d, and ap by swapping the values of the parent vectors starting at in-
dex ¢ such that d, = {ai,a2,...,ac, 0l 4,...,00} and ay, = {a], 0, ..., oL, cy1, ...y} Two-
point crossover performs the same swap, but two indices ¢; and ¢y > c¢; are randomly cho-
sen. This results in two children: d, = {a1,02,...,Q¢, 0, 41,0y Apyy Qg i1, -, ) and Gy, =
{ag,ah, a0, ey 1, oy Qg Oy 11, -, ). Mutation takes a vector & and produces a child d,.
The child @, is identical to & except at a random index ¢ where a,. = m and m is a random
number such that —M < m < M for some mutation limit M. Creep is similar to mutation, but
aae = a¢+ (0.5 — 1) * C, where r is a random number between 0 and 1 and C' is defined as the
“creep” rate. In most cases we set both M and C' to be 1000. In general one should choose these
values to be large enough to be effective at changing the population but small enough to keep the
final shaking function phase to within approximately +27 radians.

The idea behind the mixing in this and other GAs is to use the components of the A — Agje
best individuals to produce a new generation with better fitness. When generation j 4+ 1 has been
generated, the simulation runs again and evaluates the new fitness values. This procedure iterates
until a preset number of iterations has been performed or the fitness reaches a suitable level.

The goal of the GA is to minimize the fitness function f(P,). The fitness function is con-
structed so that the final momentum state converges to the desired state, and the lattice “learns” to
control the atoms. In general, any fitness function may be tailored to the individual requirements

of each protocol in order to converge more quickly on a desired state. This is one of the distinct
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Figure 3.4: Each iteration, the genetic algorithm mixes the best individuals from the previous
generation to create “children” that populate the next generation. Each individual is a vector of
values where red corresponds to a minimum value and purple corresponds to a maximum value. In
each case the indices of crossover or mutation are chosen at random. The numbers label the index
and their color is chosen for legibility. The methods presented here are adapted from reference .
(a) One-point crossover at index 6. (b) Two-point crossover at indices 5 and 9. (c¢) Random
mutation of the value at index 2. (d) Change of the value at index 5 through a small “creep” of
the value.
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advantages of the GA.

The GA has proven to be very easy to use in simulation, and it generally converges nicely on a
solution. However, there is always an inherent degree of randomness in the GA, which is addressed
by the optimal control methods described in the next sections. Furthermore, a prohibitively large
number of individuals per generation are needed for convergence in our experimental systems. For
example, we are currently limited by an experimental cycle time of roughly one shot per minute
in order to avoid damaging our atom chipﬁ Thus, if we take 3 experimental shots per individual
and use A = 20, one iteration takes an hour. This is prohibitively slow, and the CRAB method
described in Sec. reduces this time to 15 minutes because in practice it requires only 5 distinct

individuals to proceedﬂ

3.4 The Krotov method

In this section the basics of the Krotov method for the optimization of quantum mechanical
systems described by the linear Schrodinger equation will be introduced. The derivation follows
the one by Sklarz and Tannor in Ref. [104], and its generalization to quantum mechanical system
is given in Refs. [88,89]. This section is admittedly the most initially opaque of the thesis, and the
interested reader should study it and the references provided above until a thorough understanding
is attained. Those wanting a general understanding of the method can skip to Sec. [3.4.2]

Given an initial state [¢)(t = 0)) denoted |1g), the time evolution of the state |¢)(t)) given by

the a general evolution equation (here, the TDSE)

[9(t)) = fle t)]p(t)) = —%ﬁ(@t)ldi(t)% (3.6)

In equation (3.6]), the control field €(¢) is the variable that is controlled when the optimization

occurs (for the shaken lattice problem this will be the shaking function ¢(t)). After a time T we

8 Higher rep-rate systems have been demonstrated. In similar chip-based systems repetition rates of 0.3 Hz 138]
were demonstrated in 2010 and rates in excess of 1 Hz were reported in 2013 [39].

9 We could likely reduce A in the GA by selecting part of the search space and reducing the number of Fourier
frequencies | used in the algorithm, but the CRAB method has proven to be a useful and capable method in our
experiments. As such, modifications to the GA to make it more amenable to experiment were not necessary.
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denote the final state as |¢1). Given this, we must formulate the Krotov method as it specifically
pertains to this problem. This will be done by first deriving the general Krotov method, then

applying it to a quantum mechanical system governed by the TDSE.

3.4.1 A general formulation of the Krotov method

As a matter of terminology we define a process w to be the set that includes the state |1)(t))
and the control field €(t). One can define a general functional J]w] that depends on the process w

and is minimized via the Krotov method. This functional may take the form

T
Jlw] = F() + /O dEFO (1, (1), €(t))- (3.7)

In J[w], the general functions F' and f () depend on the final and intermediate states of the system,
respectively, and the idea behind the Krotov method is to find the process w that minimizes J.
Note that the functional can also include terms that penalize based on the projection of |¢) into a
forbidden state |¢sohiq) denoted by a projection operator pP= [Vtorbid) (Vtorbid| [89]. In this work,
however, we set P=o.

The next step is to define the functional L[w, ®], which includes a general function ®(¢,).

This functional is written as

L8] = Glor) — | "t R(E 0(0), () - B(0. %) (38)
where
G(r) = F(yr) + (T, ¢¥r) (3.9)
and
R 60,61(0,c0) = ~u(e) + 00 W WLOR O 91 B g

for some function g4(€). The functions R and G serve the same purpose in L as the functions f ©)
and F' did for J. That is, they separate dependence on intermediate and final time states. For
any function ®, one can show that L[w, ®] = J[w] [104]. For any ® finding an optimum to L will

ensure an optimum in J.
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The idea behind the Krotov method is that given complete freedom in choosing ®, we can
choose the ® that maximizes L. We begin with the state [19) and an initial guess for the control
field ¢y that will then define an initial process wg. Then, the algorithm proceeds as outlined in

Refs. [89,104]

e Find @ such that G is maximized and R is minimized (with respect to 1); this maximizes

L. Note that only 17 matters in the maximization of G.

e Given the ® found in the previous step minimize R with respect to €. Denote this mini-
mizing value of epsilon as €(t, 1), which satisfies

OR

= 11
g " (3:.11)

e To remove the dependence of € on ), note that € and 1 must be consistent with each other
through equations and . This gives two equations that may be solved for the
two unknowns, €(t), ¥ (¢, €). In practice, for the linear problem this is done by constructing
® to first order in 9, definining a function x such that

0d

x(t) = ot (3.12)

The Hermitian conjugate of equation (3.13]) defines an equation for x' as well. Furthermore,

the “initial” condition on x is given by the extremum condition % =0 as

_or

T) = .
x(T) o0l

(3.13)
Therefore, to first order, write [89)

d =\ + 4Ty (3.14)
Using this ®, the minimization condition on R may be used to find the new field e.

e The new process w defined by the new 1, 1T and € now satisfies J[w] < J[wp], and so the
current iteration has been successful. Therefore, the process may now be repeated until

the functional J is sufficiently minimized.
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Criteria for monotonic convergence may be established [8889.,(104], but they will not be considered

here. The mathematics presented here will be put to use in the next section.

3.4.2 The Krotov method applied to the linear TDSE

In this section we apply the method described in Sec. [3.4.1]to formulate the problem in terms
of concrete equations that may be used in a general quantum mechanical system governed by the
linear TDSE corresponding to a Hamiltonian H (t,€(t)). As with the other optimization methods
described in this chapter, for a given problem we know the initial state |¢)(0)(t = 0)), the desired
final state after a final time T, [¢¢(t = T')), and an initial guess for the controlling field €(*)(¢). We

denote the projection operator onto the final state as

D = |tr) (). (3.15)

Following [89], the equations for |x(t)) may be written

X(0) = 1 A x(0) (3.16)

with “initial” condition.

IX(T)) = =X D[y O(T)) (3.17)

where \g is a constant parameter set by the user. Propagating backwards in time using Eq.
and our final time condition Eq. (3.17)), we can find |x(¢)) for all times ¢ = 0 to 7.

Utilizing this and the minimization conditions outlined in the previous section and
choosing [88]

ga(e) = Xa(®)[e D (8) — O (1), (3.18)

it is possible to determine an equation for the correction to the field Ae = V) — € which leads
to [89]

(W(t) = O (1) - MIme(t)\aaff]w“)(t)ﬂ. (3.19)
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In equations and , Ao(t) denotes a time-dependent shaping function, e.g. a slow
turn-on and turn-off of an electromagnetic field as in Eq. . Using equations , , and
, a new field e may be found, and this process may be repeated until Ae is sufficiently small.

This methodology can be extended to the simultaneous optimization of two states with the
same control field. For example, if we begin our optimization with a state |11 ) and a state |¢2)
subject to the same control field, we can optimize both simultanously. Going through the same

mathematics as above, one finds that

1 oH
(1) = (O _ Tm{ ;| 2= [ 3.20
crTe hAa(t)Zj: m<"] 5 1Y) (3.20)
3.4.3 Numerical implementation of the Krotov method

The numerical implementation of the Krotov method here is described as in Ref. [88]. Nu-
merical implementation can be tricky due to the fact that the field e(l)(t) appears on both sides of
equation (3:19)), since [y (¢)) also depends on €M) (¢). Therefore we use an interleaved grid method
to solve the numerical problem. The first grid of Ny 4 1 time points ¢t = 0, At, ..., T propagates the
states [¢(t)) and |x(t)). The second grid of N; time points t = At/2,3At/2,...,T — At/2 propagates
the correction to €(t). The process proceeds in the following way:

Given the initial state |1(0)) and the initial guess for the field €©)(t), the state |9 (t)) is
found by propagating the Schrodinger equation forward in time to ¢ = T' on the initial grid, which
results in a state |¢7). We then use |17) to find the “initial” condition |x(7")) for the time evolution
of |x(t)) by applying Eq. (3.17). Equation is propagated backwards in time on the initial
grid from t =T to t = 0 to find |x(¢)) for all times ¢.

After we find x(¢) on the original grid, the new field is determined in the interleaved grid.

For example, at t = At/2 the new field is given by

€D(AL/2) = €O (At)2) Wlm KX(O)"XI

w(l)(0)>] : (3.21)

Using the result of Eq. (3.21)), we can then propagate [1)(t)) one step forward in time on the initial

grid, giving us |1)(At)). The field may then be propagated by adjusting equation (3.21]) accordingly
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to
€D(At/2) = €9 (3At/2) — WImKX(At)‘%?’MU(At)H. (3.22)

In this way, the new field (1) (¢) may be found on the interleaved grid, and the new state 1)) (t))
may be found on the initial grid. This completes one iteration, and this interleaved grid method
may be repeated until acceptable convergence has been reached.

In what has been presented here there is no limitation on the shaking bandwidth, which is
problematic when we are trying to compare our simulation results to those of a real system. We

can limit the bandwidth of the Krotov method to a frequency fy in the following way. We define

a function ~ as a subset of Eq. :
v =1Im [<X(At)‘%’j’w(l)(At)>} . (3.23)

We can then define a band-limited ygp by applying a high-pass filter to v with corner fre-

quency fo. Then, we modify the projection in Eq. (3.19) to

eW(t) = (1) - () (v = yup)- (3.24)

This ensures that the high frequency components of v and thus €(t) are always filtered out.
This works as long as our initial guess €’(¢) does not have frequency components outside the

bandwidth of v — ygp.

3.4.4 The Krotov method applied to the shaken lattice

It is straightforward to adapt the mathematics presented here to the shaken lattice problem.
Here, we denote the initial state as |1g) and the desired final state as |¢q). Using Eq. (3.19)) or

(3.24)), it is possible to find the correction to the field ¢(t). The difference here is that the derivative

% becomes % = % for the shaking function ¢(t).

Evaluating this for the lattice potential in Eq. (2.16]) gives

oH Vo
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From here Eq. (3.19) may be modified by using Eq. (3.25) to obtain

L W

i 2 @l sin 2kze + o) VW) (3.26)

oW () = 0O t) +

Using Eq. (3.26)), the equations (3.21]) and (3.22) may be appropriately modified, and the

interleaved grid method may be used. Furthermore, this method may also be modified to band-
limited shaking using Eq. . Using this we are now able to use the Krotov method to optimize
the lattice shaking function ¢(¢). For the work presented in Chapter [4| we have simply used
O (t) = 0 as our initial guess to initialize the optimization algorithm.

When implementing the Krotov method one has freedom in how they choose the parameters
Ao and A\, (t). As stated before, \,(t) defines the envelope of the shaking function and can be
used, for example, to ensure smooth turn-on and turn-off. In practice we use the envelope function
Eq. to ensure this smooth behavior, and we scale the envelope function by the constant A,.
Written this way, we can see that A\, sets a threshold for how much ¢(t) can change from iteration
to iteration. The parameter Ao is a weight on the final state. It can be shown [89] that in order to
perform minimization, A, must be greater than zero, and \g must be less than zero.

In our implementation of the Krotov method, we set \g = —1 and initialize A, = 0.1. The
parameter Ao remains constant through optimization. However, A\, is dynamic, as described in the
next paragraph. After each iteration we check the error in the final state )¢ relative to the desired
state ¥4 by checking the error in the momentum population vector B relative to the desired state
Py,

If the error in iteration j 4 1 is greater than the error in iteration j, we adjust A,, doubling
its value so that Aajnew = 2Aa01d- The reasoning behind this is that if the error increased, we
have modified ¢(j+1)(t) too dramatically. With this, the stopping condition for the Krotov method
is such that the loop breaks after the error has reached a lower threshold or a certain number
of iterations have taken place. One could also implement a break condition that stops once A,

becomes too large (as the modifications to ¢(t) are negligible for large enough values of \;). In

10 See Sec. for a description of the momentum population vectors.



37

practice a value of A, preak = 108 is sufficient to achieve reasonable convergence.

One of the drawbacks of the Krotov method is that it is not suitable for use in an experimental
system. This is an unfortunate consequence of the fact that backwards time propagation is necessary
for the method to work. However, the Krotov method does not have the inherent randomness of
the genetic algorithm; if the system is set up in the same way for two separate optimization runs,
the two results will be identical. The next section will introduce the CRAB method as an optimal

control method that is suitable for experimental implementation.

3.5 The CRAB method

3.5.1 Formulation of the CRAB method

This section will describe our implementation of the CRAB method in some detail. Excellent
references to learn about this method are given in Refs. [19,131,/95], and the information in this
section is distilled from these references.

Like the Krotov method, this method can be used to determine an optimal path from an initial
quantum state |1)g) to a final state |[¢p) in a time T given a control field €(t) in the Hamiltonian
describing the system. As before, in our case, the control field is the shaking function ¢(¢). As
with the GA the error function is reasonably flexible [31], but we determine error as in Eq. (3.4).

To implement the CRAB method we solve the TDSE with a guess for the control field
»O (1) The CRAB method attempts to correct this guess to a field ¢ (t) = ¢ (¢)g(t). In
general, the function g(t) is expanded in a basis set of functions; in this work, we use the Fourier

basis so that [31]
> A cos (wpt) + By, sin (wyt)
A(t)

g(t) =1+ (3.27)

where A,, and B,, are the Fourier cosine and sine coefficients, respectively and w,, are the frequencies
used in the basis set. The function A(t) allows us to set the envelope of our shaking function the

same way as in Sections [3.3] and [3.40 We can then formulate our problem in terms of the control

11 We generally set <Z><0)(t) = 1 when using this method.
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parameters A,, B, and w,. While these parameters could be continuous, in practice n is limited
to a finite number to narrow the search space. Further narrowing of the search space can be done
by choosing the frequencies of the control field w,, intelligently based on knowledge of the system.
We will explore the narrowing of the optimization search space (or “landscape”) in more detail in
Chapter [7] Unless otherwise stated we choose the values of w,, randomly in our band of interest.
Thus, for a given number of frequencies N, our control space has 2N, parameters corresponding
to a Fourier sine and cosine amplitude for each w;,.

Our problem has been cast into a simpler one that can be solved in more traditional meth-
ods, e.g. gradient-descent methods. Gradients are expensive to compute both in simulation and
experiment, so we avoid gradient-based methods. Instead, we work mainly with the gradient-free

Nelder-Mead method, described in the next subsection.

3.5.2 The Nelder-Mead algorithm

The Nelder-Mead (NM) algorithm was developed in 1965 by J. A. Nelder and R. Mead [87)[7

The method described here is more or less identical to the method described in the initial paper.

What follows is a brief description of the method with an emphasis on application to the CRAB
method and the shaken lattice problemE

The NM algorithm proceeds as follows: we pick a number of points N.. These points are

represented as vectors in the 2N,-dimensional search space, and they define the vertices of a

Y

“simplex” in the search space. The point of the NM algorithm is to warp the simplex around the
geometrical landscape until it converges on a local minimum. The fact that the NM scheme only
finds a local minimum is an important point that leads to the modification of the CRAB algorithm
discussed in Sec. B.5.3

After the simplex vertices are chosen we run the simulation (or experiment) and evaluate the

error E, for the n'® vertex 7, using Eq. (3.4). The vertices are then ranked from smallest error

12° At the time, Nelder and Mead were at the National Vegetable Research Station in Warwick, UK.

13 As unprofessional as it is to cite Wikipedia, the Wikipedia article on the NM algorithm is far and away the best
resource that we have found in terms of adaptable pseudocode. Of course, given the malleability of Wikipedia (and
the transient nature of Internet-based resources in general), this may change in the future.
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to largest (in the case of minimization, which is all that is considered in this work). Excluding the
worst-ranked vertex Tpm.x with maximum error F.x, we calculate the centroid of the remaining
vertices. For a set of discrete points the centroid of the set is just the mean of the points. Z. =
> Tn/Ne.

After we have found the centroid Z.;, we reflect the worst vertex about the centroid in an

attempt to improve the simplex. This reflected vertex is found via
freﬂ = fct + CVNM(fct - fmax) (328)

where a s is a “reflection coefficient” controllable by the user. We use the standard value anxy = 1
in this work. The error E..q of the reflected vertex is found, and the algorithm proceeds in the

following ways based on this error:

o If Eloq > FEpest, where Tpest and Fiey are the best vertex and its error, respectively, then the
simplex has reflected in a better direction. We then expand the simplex in that direction

by performing an “expansion”. This expanded vertex Zeyp, is found by
fexp = Tt + YNM (fct - fmax)- (329)

As with reflection, vy is the “expansion coefficient” and is generally (and in this work)
set to yxm = 2. If the error in the expanded vertex Feyp, is less than Ei.q, then we replace
Tmax With Zexp and go back to step 1 (recalculating the centroid and reflecting about it).

Otherwise, we replace Zmax With Zey, and go back to step 1.

o If Fief > Fmax, we have moved in the wrong direction or jumped over a minimum. |E| .

The reflected vertex then undergoes a contraction of the form
Zeont = Tet + PNM (fct - fmax) (330)

where pyy = 1/2 is the contraction coefficient. The same replacement rules apply here as

with expansion.

14 Some methods contract if Ereq is greater than Fyax—1, that is if the reflected vertex has error greater than the
second-worst vertex. In hindsight this is probably the better form of the algorithm and an error in the code used to
obtain the results presented in this thesis. This code still works, but an adjustment may provide faster convergence.
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e In all other cases, we reduce the size of the simplex around the best vertex Zpes;. This is
because we are likely surrounding a minimum. The reduction of the simplex replaces all

vertices but the best with

fn,red = Thest + UNM(f'rL - fbest) (331)
where we set the reduction coefficient oxy = 1/2. The algorithm then returns to step 1.

An iteration of the NM algorithm has occurred each time one of the itemized steps is taken and
returns to a calculation of the centroid.

In simulation we have some flexibility when choosing the dimensionality 2NV, of the search
space and the number of vertices N, that we choose to span that space. We will choose values
between 10 — 30 for these parameters. However, in experiment we must be more selective. In the
experimental implementations of the CRAB method described in Chapter [6] we set N, = Nc =5
and take three “shots” (different experimental runs with the same experimental parameters) for
each point considered in the NM algorithm. We find that this method is the fastest way to produce

results (we can run 15 — 18 iterations of the algorithm in roughly 4 — 6 hours).

3.5.3 Avoiding local minima in the CRAB algorithm

The CRAB algorithm is (like the GA) limited in that it can only find local minima and hence
there is no guarantee that one has found a global minimum when the CRAB algorithm converges on
a point in the search space. Thus, a method was developed in Ref. [95] that attempts to circumvent
this. This new method, called dressed CRAB or dCRAB, is the method used in our experiments.

The difference between CRAB and dCRAB is that when the simplex is stuck in a potentially
suboptimal local minimum, the search space is changed. In many ways one can think of it as
“re-rolling” to get better performance. The potentially suboptimal control field ¢gup, () is modified
by a new control pulse ¢pew(t) such that the control field is given by ¢(t) = do1d(t) + Pnew(t). The
old field has the form derived from Eq.

Pola(t) = do(t) (1 + 2y, An c08 (Wr;\t()t)-F By, sin (wnt))

(3.32)
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with (suboptimal) coefficients A,, and B,, corresponding to the original set of frequencies w,,. The

new field has the form

(3.33)

D(t) = ¢ola(t) + do(t) <1 I >, AL cos (wt) + By, sin (wét))

A(t)
where the new optimization parameters are A and B], and a new set of frequencies w], has been
chosen in the bandwidth of interest. The NM optimization then proceeds with the new simplex
defined by A/ and B],. This process can then be repeated as many times as one wishes, defining a
new set of coefficients and frequencies A/’ B/ and w!/, and relegating the suboptimal ¢(t) to ¢o1a(t)
and optimizing a new ¢(t) on the new set of parameters.

In practice this “re-rolling” is done when the optimization error stays stagnant (or increases
due to experimental noise or drift) for more than two iterations. The downside to this is that the
complexity of the shaking function (in terms of the number of frequency components it contains)
increases, but the method works for experimental optimization shaking. More insight into the

downsides of the presence of unnecessary shaking frequencies in ¢(t) will be given in Chapter

3.6 What’s next

With the basis for the simulation methods and the optimization algorithms laid out in this
chapter, we will dive into simulation results using the GA and Krotov methods in Chapter [4 We
will explain the basics of the experiment and describe experimental optimization and results using

the CRAB algorithm later in this thesis.



Chapter 4

Simulating the shaken lattice interferometer

This chapter will describe the implementation of simulation methods detailed in the last
chapter for the shaken lattice interferometer. We will also present results of the simulations of the
shaken lattice interferometer. In particular, we will describe how the interferometer is simulated,
optimized, and tested. Proof-of-principle results with the Krotov method will be presented. Then,
we will show more realistic (read: lower shaking bandwidth) results using the genetic algorithm.
From these results we will determine that the interferometer sensitivity scales with the square
of the interrogation time 71. We will also present results that show that we are able to tune
the interferometer transfer function. For example, we are able to optimize the interferometer to
measure perturbations on a DC bias acceleration or an AC acceleration signal. To our knowledge,
this is the first atom interferometer capable of tuning its sensitivity in this way. Finally, we will

describe some next steps; these will be elaborated on further in Chapter [7]

4.1 The simulation and optimization of the shaken lattice interferometer

In this section we will outline the basics of optimization of the shaken lattice interferometer.
Note that much of this section and Sec. is adapted from our work in Ref. [119]. We will begin
by reviewing the main “ingredients” of interferometry that were introduced in Chapter This
will allow us to define the language that we use throughout the rest of this thesis. Then we will
discuss the fitness and error functions used in this chapter and Chapters [6] and [7] To illustrate the

functionality of the optimization algorithms used in this work, we will present exemplary learning
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curves for the genetic algorithm and Krotov method.

It is important to note that in these proof-of-principle simulations we do not consider any
nonlinearities due to atom-atom interactions. To first order when considering atom-atom interac-
tions in BEC simulations, the effective potential due to the condensate mean-field is modified such

that [82]
Vo
~ 1+4C0

Vet (4.1)

where C' = g/FE; and g is the typical atom-atom interaction parameter in the Gross-Pitaevskii
equation [90]

_ Arnoh2as

9= T (42)

In Eq. , ng is the peak condensate density and as is the s-wave scattering length, which for
Rb-87 is as &~ 95ap where ag = 0.529 x 107! m is the Bohr radius [36,76].

In neglecting atom-atom interactions we assume that the lattice is sparsely populated, e.g.
through the use of a 3-D lattice where in the non-shaken dimensions the lattice is so deep that
few atoms populate each site, but in the shaken dimension, the lattice is shallow enough that the
atoms remain delocalized. The infinite lattice approximation used here is reasonable if the lattice
beam has a Rayleigh range much larger than the lattice wavelength. This is true for lattice beams
with near-infrared wavelengths and waists on the order of tens of microns; we use such a scheme in
our experiments. We find that although our simple simulation results cannot be applied directly
to experimental results, the basic ideas do translate to experiment. This is explored in detail in

Chapter [0]

4.1.1 The “ingredients” of interferometry

As stated in Chapter [I] the vast majority of interferometers contain many of the same basic
“ingredients:” a source of waves, a beamsplitter, a means for the waves to propagate, reflect,
and propagate further until they are recombined. For example, see the optical Mach-Zehnder and

Michelson interferometers in Fig. In a typical Mach-Zehnder interferometer a source of light
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is split by a beamsplitter and propagates until it is reflected by the mirrors (M). After reflection
the light continues to propagate until it is recombined by another beamsplitter. Detectors at each
output measure the intensity of the light; when the interferometer is perfectly aligned one detector
will measure a high (low) intensity when the other detector measures a low (high) intensity. By
measuring how many light-to-dark fringes pass one of the detectors, one can make a measurement
of the path length change between two arms. This path length difference could be due to a rotation
or a change in the refractive index through which the light in one arm travels relative to the other.
The Michelson interferometer operates similarly, but the splitting and recombining operations occur
in the same optic and there is only one accessible detector E| . The Michelson scheme can measure

motion, e.g. of one of the reflecting mirrors.

SPLITTER MIRROR

MIRROR
LASER N
(a) SPLITTER/
DETECTOR RECOMBINER
RECOMBINER LASER
MIRROR

(b)
MIRROR

|

DETECTOR

Figure 4.1: A cartoon of (a) an optical Mach-Zehnder interferometer and (b) a Michelson inter-
ferometer, with the basic “ingredients” of the interferometry sequence labeled.

The labels given in Fig. are those that we will use to denote our interferometer operations
in this chapter and Chapter[6] More specifically, we will begin with atoms in the ground Bloch state
of the optical lattice (see Fig. [50] and phase modulate (shake) the lattice to change the atoms’
momentum state, as in Ref. [92]. In this way we cause the atoms to undergo splitting, propagation,
reflection, reverse propagation, and recombination while trapped in the shaking optical lattice.

As a reminder, the Hamiltonian of the system is described by Eq. , and the “knob” that

we have to turn is the shaking function ¢(¢). The main goal of shaken lattice interferometry is to

! The other beam path goes back into the laser and is usually not measured.
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find an optimal shaking function ¢(¢) that transforms an initial state 1y to a desired final state |1q).
To accomplish this we run our optimization algorithms to find a shaking function that accomplishes
this task, resulting in a final state |¢f) that is similar to |¢)q) within a specified precision. In this
way we construct a sequence of shaking functions that cause the atoms to undergo a conventional
interferometer sequence. We describe the simulations of the interferometer sequence in some detail
below.

When splitting, we wish to split the atoms’ wavefunction so that half of the atoms are moving
in the +z direction with momentum 2nhk;, and the other half are moving in the —z direction with
momentum —2nhky,. That is, the final split state is a pair of equal-amplitude waves moving with
equal and opposite momenta. In this chapter we will only consider the first-order splitting case
where n = 1. Higher-order splitting will be treated in Chapter [7]

As the split states are not eigenstates of the lattice we find another shaking protocol that
maintains the atoms’ momentum states as they propagate. Three additional shaking protocols are
needed to reflect, reverse-propagate, and recombine the atoms. Once the different phase-modulation
protocols are learned, interferometric measurements may be performed by “stitching” together the
protocols, resulting in the atoms undergoing the full interferometer sequence as illustrated in Fig.
The sinusoidal envelope function Eq. (3.5 allows us to stitch the protocols together with
minimal discontinuity.

In simulation, during propagation and reflection it is important to control each momentum
component separately because the initial and final momentum populations are the same. In these
cases the split-step TDSE solver is run twice. The first run begins with an initial state where
all atoms are in the —2nhky, state and modulates the lattice with a function ¢y (t). The second
run begins with atoms in the 2nhky, state and applies the same phase modulation function ¢p, ().
When propagating the atoms, the desired state is identical to the initial state for each momentum
component. The optimization algorithm then sums the error of both final states and optimizes
¢pr(t). The optimal ¢, (t) will thus propagate the atoms without “crosstalk” between the two

momentum states when applied to the linear combination of the two states. For reflection this
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Figure 4.2: A cartoon of the full interferometer sequence, with atom position plotted along the
y-axis versus time on the z-axis. Blue clouds represent atom wavepackets interacting with the
shaken lattice. Atoms begin in the ground Bloch state of the lattice (Fig. and are split
into two oppositely propagating wavepackets. The atoms are then reflected, reverse-propagated,
and recombined back into their initial state (in the absence of a signal), thus completing the
interferometer sequence.
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simultaneous two-state optimization proceeds in the same way, but for an initial state with +2hk;,,
the final state has momentum F2hkr,. After reflection the atoms are again propagated to maintain
their (now reversed) momentum state.

The final step of the interferometry sequence recombines the two split waves. The recombi-
nation scheme is as follows: the initial and desired states considered in splitting are swapped, such
that the desired state is now the initial state and vice versa. The optimization algorithm is run
to find a modulation sequence that returns all of the atoms in the two split matter waves to the

ground Bloch state. It is this final state of the atoms that changes when a signal is applied.

4.1.2 Fitness and error functions

In this work, each of the optimization algorithms needs a “fitness” or an “error” function
around which the optimization is centered. The terminology “fitness” is generally used when one
is referring to a genetic algorithm (in line with the rest of the biologically-inspired terminology
used when describing a GA), and when using optimal control algorithms (like the Krotov or CRAB

b

methods), one usually refers to an “error.” This work will follow the conventions laid out in this
paragraph. For the Krotov and CRAB methods we generally optimize using the percent error
defined by Eq. . More details will be given in Chapter @

In all cases, the ultimate goal is to minimize Eq. . With the genetic algorithm, however,

we have implemented a bit more control over the fitness functionﬂ For example, in Ref. |119]

when splitting (Sec. [4.4.1) we minimize a fitness function of the form

f(ﬁa):‘ﬁd_ﬁa‘+Z‘Pd,n_Pa,n"f’ . (43)

‘Pa,l - Pa,—l
i1

Pa,l + Pa,—l

The first term in Eq. (4.3) quantifies the difference between the two momentum state populations
for the final state and the desired state. The second term penalizes for atoms not in the desired
+2hkr, momentum states. The last term penalizes for asymmetry in the £2hkr, momentum states.

The penalizing terms are added to improve the rate of convergence to the desired state. Similar

2 There is nothing keeping us from modifying the optimization functional with the Krotov or CRAB methods to
implement similar control, but we have not found that this is necessary.
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fitness functions are used for all shaking protocols optimized with the GA, and in general any fitness
function may be tailored to the individual requirements of each protocol in order to converge more

quickly on a desired state.

4.1.3 Learning curves

An exemplary learning curve for first-order splitting using the genetic algorithm is shown in
Fig. This learning curve plots the average fitness of all individuals as well as the fitness of
the best individual from Eq. versus the number of generations (denoted here as iterations).
We see that the majority of the learning occurs within the first 100 generations with refinement
occurring in the last iterations. The best fitness after 1000 iterations is 0.0011, corresponding to
an error of 9.9 x 1079%, which is the same order of magnitude as in Table. Note that even
though the average fitness hovers around the same value, the best fit individual can only decrease
due to elitism. Furthermore, because the fitness function and the percent overlap defined by Eq.
are not the same, a lower fitness can correspond to a higher percent overlap, but this generally

only occurs near the minimum (i.e. best fit) that the GA has found.
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Figure 4.3: Learning curves for first-order splitting using the genetic algorithm showing (a) the
fitness of the best individual (black) and the average fitness of all individuals (red) and (b) the
percent error of the final state relative to the desired split state.

3 The values given here and in Table do not take into account the limitations due to phase error in the split
step method (discussed in Sec. 3.1.2)).
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A sample learning curve for the Krotov method is shown in Fig. [£.4 With this method,
we use Eq. to determine the error. In this case the learning curve is not monotonically
decreasing, but whenever the error increases the value of ), is adjusted (see Sec. . Thus, when
the optimization algorithm overshoots the correction to the shaking function ¢(t), the algorithm
is adjusted to make smaller corrections. The final error is 8.0 x 107°%. We find that when the
simulation is converged, A, increases dramatically. Thus, in practice we can break the loop early,

e.g. when \, > 10%. This allows us to speed up our simulations and conserve computing resources.

4.2 Adding a signal to the shaken lattice interferometer

After optimization it is of interest to simulate how the interferometer would respond to an

applied inertial signal. This can be done by modifying the shaking Hamiltonian in Eq. (2.16]) to

A9 V
H(z,t)= —f—m - ?0 cos (2krz + ¢(t)) + magx (4.4)

where a, is the component of the acceleration @ in the lattice propagation direction #. However,
this “tilt” of the lattice ruins the periodic boundary conditions outlined in Sec. Thus, we
must set up our wavefunction so that it is no longer infinite in position space. To do this, we
change the momentum space wavefunction so that the momentum components are no longer delta
functions but rather Gaussian functions of a width dp centered around p = 2nhkr,. Then, when
we Fourier transform the momentum state wavefunction it is now finite in extent and the “tilt”
of the lattice due to the acceleration is no longer as problematic. Specifically, if we use a value
of op = 0.01%ky, and look at small applied accelerations a,, we are able to reasonably accurately
estimate the behavior of the atoms as they propagate in the lattice. For larger values of a,, we

need to use dp ~ 0.05hk;, for more accurate results[]

4 We have verified that our sensitivity results do not change dramatically when the Gaussian width of the atom
wavefunction is changed from 0.01%ky, to 0.05%ikr, and the scaling is still consistent with the expected T? scaling.
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Figure 4.4: Learning curve for first-order splitting using the Krotov method showing (left axis,
blue) the percent error of the final state relative to the desired split state and (right axis, red) the
Ao parameter as a function of iteration number.
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4.3 Proof-of-principle results using the Krotov method

In this section we will describe proof-of-principle results using the Krotov method. These
results were obtained with few restrictions on the bandwidth and amplitude of the shaking functions.
That is, the shaking bandwidth was as high as a few 100 kHz and the amplitude of the shaking
was as high as tens of radians, in contrast to the shaking functions produced by the GA (see Fig.
4.8). Thus, the optimizations using the GA in Sec. H produce results that are more suitable
for comparison to a realistic experimental scenario. Despite these drawbacks, these simulations
are presented here as they are useful illustrations of some important concepts in shaken lattice
interferometry. As in Sec. [£:4] there is nothing inherently keeping us from doing these simulations
with the GA, but these simulations were done with the Krotov method as a means of illustrating

its utility.

4.3.1 Initial interferometer optimization

As in the GA simulations detailed in Sec. the initial optimization of the shaken lattice
interferometer using the Krotov method implemented splitting, reflection, and recombination with
a number of propagation steps in between. By varying the number of propagation steps, we vary
the interrogation time and thus sensitivity of the interferometer. Two examples of optimized
interferometry sequences are shown in Fig. .5 where we plot the momentum state population
vector ]3(t) versus time for the optimized interferometer sequence. This figure shows the atom
dynamics during the splitting, reflection, and recombination protocols, and the high-bandwidth
simulations maintain the atoms’ split momentum state during propagation. The simulated shaking
functions that produced these plots will be used in the next section when we add a simulated
acceleration signal and glean some basic insight into some important characteristics of the shaken

lattice interferometer.
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Figure 4.5: High-bandwidth Krotov simulations of the shaken lattice interferometer for two dif-
ferent interrogation times 77 (note the different units in the y-axes). These plots show the atom
momentum state population (quantized in units of 2hky,) versus the shaking time. The color shows
the relative population in each of the separate momentum states, and the black dashed lines separate
(from left to right) the splitting, propagation, reflection, reverse propagation, and recombination
regions. At a given time ¢, the colors representing the fractional momentum state population are a
visual representation of the vector P(t) described in
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4.3.2 Adding a signal

Once the high-bandwidth Krotov interferometers are optimized, we add a signal as in Sec.
The results for both interferometers shown in Fig. are shown in Fig. Here are plotting
the final momentum state P, after the full interferometry sequence as a function of the applied
signal a. That is, we are observing how the interferometer state changes as a signal is applied; it
is the measurement of this final state that allows us to measure a meaningful quantity (here, the
acceleration a).

We notice three things immediately. First, Fig. shows that the sensitivity of the interfer-
ometer increases as the interrogation time increases, which makes intuitive sense. We will explore
the sensitivity scaling of the shaken lattice interferometer in Sec.

Less intuitively, we see in Fig. that the final state of the interferometer depends on
the direction of the applied signal; that is, we can measure both the magnitude and direction of
acceleration with this system. This is a rather unique characteristic of this interferometer relative
to other atom interferometry schemes. The directionality arises because when the lattice is shaken,
the symmetry of the system is broken (for example, if we shook with ¢(t) = —@(t), we would get
different results).

Finally, we note that in contrast to conventional light-pulse atom interferometry (e.g. [20L29,
47,58]) there are more than two states interfering. We see momentum state population in states
up to +4nhky,. Therefore, we have effectively built a multi-path interferometer, and the dynamics
of the system are more complex than in the typical two-state atom interferometer.

The high-bandwidth simulations with the Krotov method can tell us one more interesting
thing. In most interferometers one can easily define an “arm” of the interferometer. As such,
one usually refers to the phase difference between one arm relative to another. However, in shaken
lattice interferometry, when we add a signal the definition of an “arm” of the interferometer becomes
ambiguous and difficult to define. To show this we have plotted the result of adding an acceleration

signal to the shaken lattice interferometer in Figure [I.7. We see that even though our initial
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Figure 4.6: The final state after an acceleration signal is applied for each of the optimized high-
bandwidth Krotov shaken lattice interferometers shown in Fig. [4.5] Each plot shows the final atom
momentum state population (quantized in units of 2hky,) after shaking is plotted versus the applied
acceleration. The color shows the relative population in each of the separate momentum states.
This can be thought of as a visual representation of the vector P, described in e.g. Sec.



95

optimization seems to allow us to define two arms of the interferometer, once a signal is applied,
the momentum state population starts changing, although it remains quantized [112]. Thus we
must get more creative when defining the interferometer sensitivity, and this leads us to the use
of the classical Fisher information and Cramer-Rao bound, described in more detail in the next

section.

4.4 Determining the interferometer sensitivity

The work in this section will largely follow what is published in Ref. [119] using the GA,
and most of the figures in this section come directly from the publication. Note that there is
nothing preventing one from using the Krotov method to obtain results similar to those presented
here, but we used the GA because at the time this work was done, the framework for doing
lower-bandwidth simulations using the GA was more developed. As in Ref. [119] we will begin by
describing the initial optimization of the interferometer using the genetic algorithm, followed by
an analysis of the robustness of the optimized interferometer. Results showing how we can tune
the transfer function of the shaken lattice interferometer will be presented. We will then discuss
how we determine the interferometer sensitivity using the classical Fisher information and present
some speculative calculations of the ultimate interferometer sensitivity based on reasonable atom

numbers and interrogation times.

4.4.1 Initial optimization with the genetic algorithm

To implement the Michelson interferometer sequence we begin with atoms in the ground Bloch
state of the lattice. The momentum population of the ground state is shown in Fig. [2.3(b) [50].
The GA then uses Eq. as the fitness function to find the optimal shaking protocol that splits
the atom wavefunction. As stated in the last section the final split state is a pair of equal-amplitude
waves moving with equal and opposite momenta. An optimized shaking protocol for splitting is
shown in Fig. The optimized splitting protocol shows the slow turn-on/off and the band-limited

nature of the shaking function.
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Figure 4.7: Plot similar to those shown in Fig. except with an acceleration signal added.
We see that the definition of an interferometer “arm” quickly breaks down due to the interference
between different momentum states in the presence of a signal.
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For each shaking protocol Table shows the initial, desired, and final momentum states,
as well as the difference between the optimized final state and the desired state as defined in Eq.
. The best result of 5 runs is shown, but in all cases, the variation is below 0.1%. Variation of
the optimized results with respect to variations in parameters will be discussed in the Sec. [4.4.2)

Section [.4.4) will discuss the interferometer sensitivity and scaling with the interrogation time.



Table 4.1: Genetic algorithm results, best of 5 optimization runs.

Protocol ~ State Momentum population! % Diff. Bandwidth (kHz)?
—4hky, —2hky, Ohkr, 2hkr, 4hkr,
Split Init. 0.0026 0.1345 0.7259 0.1345 0.0026
Des. 0 0.5 0 0.5 0
Final 0 0.4999 0.0001 0.4998 0 3.6 x 1076 57.8
Prop. Init. 0 0.5 0 0.5 0
Des. 0 0.5 0 0.5 0
Final 0.0006 0.4992 0.0010 0.4980 0.0006 2.5 x 1074 53.8
Refl. Init. 0 0.5 0 0.5 0
Des. 0 0.5 0 0.5 0
Final 0.0012 0.4958 0.0037 0.4980 0.0008 1.8 x 1073 55.8
Recomb. Init. 0 0.5 0 0.5 0
Des. 0.0026 0.1345 0.7259 0.1345 0.0026
Final 0.0026 0.1345 0.7258 0.1343 0.0026 5.4 x 1076 55.8

69
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4.4.2 Robustness and stability of the shaken lattice interferometer

This section will deal with the effects of errors and instability in shaken lattice interferometry.
The analysis here has allowed us to build the shaken lattice interferometer described in Chapters
and[6] First, we will discuss the effects of errors in the system in Sec. motivating the use of a
closed-loop system in experiment. These sources of error are considered in other conventional atom
interferometry schemes, and potential solutions for the specific case of shaken lattice interferometry
are given. In many cases if the lattice power does not drift and the optics are clean and stable, most
errors can be corrected for in a closed-loop system. Then we will move on to describing simulations
that verify the robustness of the shaken lattice interferometer in Sec. Here, analysis is
done with respect to the optimal splitting function shown in Fig. but the results presented
here should hold for all stages of the interferometer due to the similarities in shaking time and
bandwidth. As the interrogation time increases, however, we expect the stability requirements to

become more stringent, and we present the results here only as a general example.

4.4.2.1 Errors in shaken lattice interferometry

Ideally, in practice an optimized shaking function can be found computationally and adjust-
ments may be made by running an experiment with the learning algorithm in a closed-loop scheme,
which has been done before in cold and ultracold atom experiments [98}/115,|121]. In practice, we
simply optimize the whole experimental system in a closed-loop manner without reference to our
simulations, which exist for proof-of-principle verifications of our interferometric scheme.

Our closed-loop system described in detail in Chapter |§| may be (and is) used to optimize
in the presence of inevitable systematics due to nonlinearities in shaking, laser wavefront errors,
atom-atom interactions, and finite lattice effects. For example, a closed-loop system can correct
deviations from optimal fitness due to the parasitic reflections discussed in the next section as long
as the deleterious effects are constant from shot-to-shot. Uncertainties in lattice parameters such

as the lattice depth or wavelength due to imperfect lattice alignment or the Gouy phase [22} 49|
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may also be corrected for in a closed-loop system.

Other errors can be corrected by the use of techniques common to other atom interferometry
schemes. As in light-pulse atom interferometry the effects of unwanted inertial signals, e.g. spuri-
ous rotations, can be subtracted out with the use of two interferometers operating in differential
mode [83]. The common-mode signal can then be recovered by subtracting the two interferometer
measurements.

Trapped-atom interferometers generally suffer from the deleterious effects of phase diffusion
due to atom-atom interactions [55]. Heating due to atom-atom interactions is also explored in detail
in Ref. [96] In the shaken lattice interferometer one may lower these interactions through sparse
population of the lattice, e.g. via the use of the three-dimensional scheme introduced in Sec.
That is, a deep two-dimensional lattice with low single-site occupation may be used. This results in
an array of 1-D low atom number interferometers largely immune to the effects of phase diffusion.
Shaking then takes place along the third dimension. If each of the 1-D interferometers is shaken
in the same way, a collective measurement of their responses can be made. To counter the effects
of shot noise, a few hundred of these 1-D “tubes” can be loaded with about 100 atoms each. Then
total atom numbers can reach 10%, lowering shot noise to levels comparable with state-of-the-art
light-pulse atom interferometers based on Bose-condensed atoms [63].

The use of a shaken lattice to perform atom interferometry can cause issues due to atom
decoherence. The effects of decoherence from lattice shaking have been studied extensively else-
where [4,54,/68,[122]. The effects of decoherence occur for a certain range of shaking amplitudes
and frequencies, depending on the lattice depth and applied acceleration. If the desired dynamic
range is known then undesired shaking frequencies and amplitudes can be filtered out accordingly

in the learning algorithm, limiting the effects of this decoherence.

4.4.2.2 Robustness of shaken lattice interferometry

In simulation the shaking function is optimized in an ideal situation where the lattice wave-

length and depth are known exactly. However, in an experimental setting there is uncertainty
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in these values. Thus, the robustness of the shaking function to these errors is of interest. In
what follows the variation Dg; between the final state after perturbation and the optimized state
is calculated using Eq. .

The results of variation of lattice depth and wavelength are shown in Fig. Changes in
the lattice depth of 5% and variations in the wavelength of 0.68% maintain the variation between
the perturbed final state and the optimized state to within 1%.

A common limit to the lifetime of lattice experiments is defined by photon scattering as
detailed in Sec. In other optical lattice experiments long atom lifetimes in the lattice are
enabled by servo systems that lower laser noise [12]. If the lattice light is sufficiently far off of
resonance the limit due to photon scattering is reduced (although more power is needed). Therefore,
interrogation times on the order of tens of seconds are possible in shaken lattice systems. In our
retro-reflecting lattice scheme laser phase noise is irrelevant, but unwanted motion of the retro-
reflecting mirror will cause unwanted shaking and give rise to spurious signals. Thus any noise in
the retro mirror motion must be stabilized via a servo system.

For a mechanically stable system lattice depth variations can be controlled by servoing the
laser intensity, and as described above, such a servo is desirable to limit heating due to laser intensity
noise. In our experiment wavelength drift is controlled by locking the laser to an atomic hyperfine
transition, providing frequency stability to better than 1 MHz. Therefore the wavelength stability
provided by laser locking is sufficient, as this is well within the limits shown in Fig. [4.9(b).

Even if the lattice parameters are known exactly, in an experimental system the shaking will
have some associated noise. For example, noise in the electronics used to shake will be added to the
desired shaking function. Undesired shaking due to mechanical instability will also add noise to the
optimal shaking function. To simulate this, Gaussian white noise of varying amplitudes was added
to the optimized splitting function. The resulting variation in the perturbed final state relative
to the optimized state was recorded and is shown in Fig. At a threshold of about 10%, the
variation rises rapidly as more noise is added to the shaking function. Thus, in a practical situation

the noise in the shaking function should be kept below this threshold.
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Figure 4.9: Percent variation of the optimized splitting shaking function shown in Fig. after
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Finally, we calculate the robustness of the shaking function to undesired stray reflections in
the lattice system. In Ref. [22] the forces due to these reflections caused undesired phase shifts and
imposed a limit on the contrast of the interferometer fringes. In our case such undesired reflections
set up secondary lattice potentials that can cause the final state to deviate from the optimized

result. We simulate this by shaking the lattice and adding a parasitic potential of the form
Vp(e,0) = —% cos (2kr,z +9). (4.5)

In Eq. , € is the reflection amplitude and ¢§ is the phase of the parasitic lattice relative to the
initial unshaken main lattice potential. The value of ¢ is generally unknown in a real experiment.
The simulation results are shown in Fig. for varying values of € from 0.1% (i.e. reflection from
an anti-reflection coated window) to 4% (reflection from uncoated glass). A single 4% reflection can
change the variation between the final state and optimal state by as much as 1%, and multiple such
reflections should be managed carefully. Therefore, in an experimental realization, it is important
to use AR coatings on the windows of the science chamber and align optics so that parasitic lattices
do not interfere with the main lattice. Our science chamber, discussed in Chapter [5], is AR-coated
for our cooling/trapping and lattice wavelengths. It is important to note, however, that as long
as the spurious reflections are the same from shot-to-shot, the closed-loop system will adjust its

shaking function to achieve the desired final state.

4.4.3 Transfer function optimization

One of the advantages of shaken lattice interferometry is the ability to control the transfer
function of the interferometer. That is, we can change the shaking protocols to control the range
and type of signals to which shaken lattice interferometry is sensitive, such as an AC acceleration
signal. Conversely, we can also design the interferometer to reject certain signals. In this section we
give two examples of transfer function control with shaken lattice interferometry. Section
discusses optimizing the interferometer in the presence of a DC bias signal in order to measure

perturbations on this bias, and Section discusses building a reciprocal interferometer to
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measure sinusoidal signals. With sufficient interrogation time and the combination of these two
methods, one can fully specify the interferometer transfer function and optimize it to the signal of
interest. For example, a seismic signal could be detected while rejecting a DC signal due to gravity.
An interferometer optimized in the presence of gravity at one spatial location could also be used

to perform gravity gradiometry.

4.4.3.1 Optimizing in the presence of a DC bias

To show that we can optimize the interferometer to measure perturbations on a DC signal, the
interferometer may be optimized with a DC bias so that it rejects a DC signal of a given magnitude.
To obtain the results shown in Fig. [£.12] the standard non-reciprocal interferometer was optimized
in the presence of a DC acceleration apc = 0.76 m/s2. Then the response of the interferometer
was simulated for accelerations around apc. Figure f.12] shows that the interferometer may be
optimized and operated around a DC bias point.

It is straightforward to improve these results. A longer interrogation time will narrow the
“dip” shown in Fig. [£.12] improving the interferometer response to signals around the bias. Cur-
rently, the only limits to total interrogation time are due to computation time and practical limits

are due only to the experimental limitations discussed in Sec. [1.4.2]

4.4.3.2 Optimizing the reciprocal interferometer for AC sensitivity

To be sensitive to AC signals, the interferometer may be set up in a reciprocal configuration
as shown in Fig. [4.13] The difference between this and the interferometer configuration shown
in Fig. is that the atoms take a fully symmetric path. Because the space-time area of the
interferometer is zero [73] the interferometer should be immune to DC accelerations but maximally

sensitive to a sinusoidal acceleration

a(t) = ay sin (wt) (4.6)
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Figure 4.12: The response of an interferometer optimized in the presence of a DC bias acceleration
apc = 0.76 m/s?. The interferometer response is clearly minimized in the vicinity of apc and
increases away from this bias. This shows that shaken lattice interferometry can be used to reject
a DC bias of a given magnitude or measure perturbations around this bias.
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at w = 2w /T7. Conversely, the non-reciprocal Michelson interferometer should be less sensitive to
this acceleration but responsive to DC accelerations.

To show this the interferometer was simulated in the following ways: First, the standard
Michelson interferometer was optimized so that the atom wavefunction was split, propagated for a
time 27p, reflected, reverse propagated for a time 27p, then recombined into the ground state, as in
Fig. 4.2] The second simulation of the reciprocal interferometer (Fig. |4.13)) split the wavefunction,
propagated for a time Tp, reflected the atoms, reverse propagated them for a time 27p, reflected
the atoms again, propagated them for a final time 7p, then recombined them back into the ground
state. In both cases the total propagation time was 47p. Once the simulations were completed,

the shaking function ¢opt(t) was used to simulate propagation of the TDSE with the potential
Vo .
V(z,t) = — cos {2krx + ¢opt(t)} + magx sin (wt). (4.7)

Note that any potential term linear in x that is added to a lattice potential may be unitarily
transformed into phase factor modifying the lattice potential (and vice versa) [112]. Thus, from
Eq. , we expect that the momenta remain quantized even in the presence of an applied force,
and this is verified by our simulations.

The phase of the acceleration during interrogation matters, and here, we analyze the effects
of sinusoidal accelerations with no added phase. For the proof-of-principle simulations done here we
set Tp = 0.502 ms, a, = 0.115 m/s?, and scan the acceleration frequency from DC to f = w/271 ~
10/Tp as shown in Fig. |4.14] We expect that the sensitivity of the reciprocal interferometer is
maximal around f = 1/47p = 0.5 kHz. Figure shows a maximum sensitivity for the reciprocal
interferometer around fi,.x &~ 7 kHz. Moreover the reciprocal interferometer shows a factor of 20
enhancement in sensitivity over the non-reciprocal interferometer.

The discrepancy between simulation and theory in the value of fiax is due to the fact that
the splitting, reflection, and recombination times are on the order of the propagation time, not
negligibly small as assumed. Thus, the atoms interact with the shaken lattice for much longer

than assumed, increasing the frequency at which the interferometer is maximally sensitive. Better
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Figure 4.13: The reciprocal interferometer sequence. The reciprocal interferometer modifies the
standard Michelson interferometer sequence shown in Fig. [4.2] so that the atoms travel a fully
symmetric path. This configuration is designed to be sensitive to AC accelerations and immune to
DC accelerations.
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Figure 4.14: Response of the reciprocal (red, solid) and non-reciprocal (blue, dashed) interferom-
eters to a sinusoidal signal as in Eq. . The response is given in terms of the variation Dy ;
between the optimized final state of the interferometer and the final state after shaking with the
applied signal as in Eq. . The total interrogation time of each interferometer is 2.008 ms and
the amplitude of the applied acceleration signal is ag = 0.115 m/s2. The reciprocal interferometer is
20 times more sensitive than the non-reciprocal interferometer to a signal with f ~ 7 kHz, showing
that shaken lattice interferometry may be modified to tailor the interferometer response to an AC
signal.
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agreement can be reached by increasing the propagation time relative to the splitting, reflection,
and recombination times. Furthermore, as in the DC-biased interferometer, longer interrogation
times will narrow the “spike” around fiax. In the case shown here, having the atoms traverse
multiple periods of the reciprocal interferometer (i.e. repeating the reciprocal sequence twice so
that the net spacetime area remains zero but the atoms are reflected four times instead of two) will
narrow this spike and increase the interferometer sensitivity to signals at frequencies around fiax.

The interferometer sensitivity is calculated in Sec. [£.4.4]

4.4.4 Calculating the interferometer sensitivity

In this section we calculate the interferometer sensitivity using the Fisher information metric
[48]. Because the envelope function allows for smooth turn-on and turn-off of the shaking function,
we can “stitch” together successive propagation steps to increase the interrogation time. Therefore
the dynamic range of the interferometer can be controlled by changing the total propagation time.
The GA is used to force the atom wavefunction to maintain its state over longer propagation times,
correcting for any errors that arise as the propagation protocol is repeatedly applied.

In other atom interferometry schemes a phase is measured between two atomic wavepackets.
However, in shaken lattice interferometry an applied acceleration will change the atoms’ momenta
as they interact with the shaken lattice, as shown in Sec. [£.3.2] Therefore, because the atoms’
momentum population changes under the influence of an applied signal, the definition of a phase
difference between two arms becomes ambiguous because of the ambiguity in defining the arms of
the interferometer.

It is due to this ambiguity that we use the classical Fisher information (CFI) to quantify
the interferometer sensitivity, given an optimized state P; and the final state under acceleration
P,. The CFI for a measured parameter § given a probability distribution f(z,6) can generally be

written as
2
Fo(®) = [ ao( gy (700 Fe.0) (18)

We may then use the Cramer-Rao bound to find the smallest resolvable change in the variable 6.
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The Cramer-Rao bound is written

1
30 = = (4.9)

In simulation we have access to the full atom wavefunction. Thus, we could calculate the
quantum Fisher information [48] for the acceleration parameter a. However, experimentally we
only have access to amplitude information and lose information about relative phases between the
different interfering momentum states. Therefore, in this work we only use the CFI. To simplify
the problem, we will re-write Eq. using the momentum population vector P,. In this case,
we can write

Y (9P, /0a)?

Fop(a) = Na Y = Nau(A- B) (4.10)
n=—N a,n

where A has components A, = 1/P, ,, and B has components By, = (0P, ,/a)? and N, is the total
number of atoms. The sum extends from —N to N where N = 5 is where we truncate the number
of momentum states considered, as higher-order momentum states are negligibly populated. The
factor N, arises because if the atoms are non-interacting, each atom counted is a separate mea-
surement of the probability distribution P,. This will give us a factor of v/Ny in the denominator
of the expression for da, as expected from conventional interferometry. The CFI F¢ p increases as
OP, ,,/0a increases. This can be intuitively understood because operating in a regime with high
0P, ,,/0a is analogous to operating on the edge of a fringe in conventional interferometry. From

Eq. (4.10), we can immediately write down the smallest resolvable acceleration da using Eq. (4.9))

Sa = (4.11)

To study how da changes with interrogtion time 71, we optimized the full interferometer for
varying interrogation times from approximately 1 to 20 ms. Once the optimization was complete, we
took the optimized shaking function ¢op¢(t) and added an acceleration signal, altering the potential

term in Eq. (2.16) to
%
V(x,t) = —?0 cos {2kr,x + ¢ops ()} + magx. (4.12)

We then solved the TDSE with this potential and recorded the final momentum state vector 13a
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for various values of the acceleration a,. From this we use the Cramer-Rao bound to get da(7T7),
where the derivatives were taken around a = 0.

The value of da should decrease as Tf increases such that da oc 7] ™ where n is the interfer-
ometer scaling, since a lower value of da corresponds to an interferometer that is more sensitive
to acceleration. To obtain n, we use the Levenberg-Marquardt algorithm to fit the resulting data
to a curve of the form f(77) = CT{ " for some constant C. The results are plotted in Figure
Note that the total interrogation time also includes the nonzero splitting, reversal, and re-
combination time (about 1.5 ms of total shaking time). The fit gives n = 2.21 £ 0.31. This is
consistent with the n = 2 scaling achieved in most other atom interferometers (e.g. light-pulse
atom interferometers [20429,47.58,75]).
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5 10 20

Interrogation time (ms)

Figure 4.15: The minimum detectable acceleration da scaled by /N, plotted on a log scale versus
the interrogation time 77. The black points are simulation results, and the red line is a fit of the
form CT; ™. Here, lower values of da correspond to a more sensitive interferometer.

Using the results above for the sensitivity scaling with 71 we can plot the acceleration sensi-
tivity of the interferometer versus the atom number for various interrogation times. This is shown
in Fig. From this plot, we can expect a sensitivity better than 10~ g for interrogation times

of 1 s and 108 atoms.



75

107 1

6a (g)

107 1

10—11 i ]

1 10 100 1000 10* 10° 108

Atom number N,

Figure 4.16:  The acceleration sensitivity da (relative to g) for varying atom numbers N, at
Ti = 10 ms (red), 100 ms (blue), and 1 s (black).
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It is possible that other shaken lattice interferometer configurations could scale with higher
powers in 71. For example, one could optimize the interferometer to accelerate the atoms in the
lattice as they propagate, much like the continuous-acceleration-Bloch interferometers that scale as
T3 |74]. One could also alter the fitness function so that the GA now minimizes the Cramer-Rao

bound in Eq. (4.11) and maximizes the interferometer sensitivity.

4.5 Next steps

There are a wide variety of things that one can explore further in simulation. Simplified
shaking protocols for atom wavefunction splitting are worth exploring, and we address this in
Chapter 7l Some aspects of shaken lattice interferometry that are not treated here are listed below.

We consider the Michelson and reciprocal interferometer schemes in this work as they are
natural and familiar starting points. As stated in Sec. [£.4.4] in general it is possible to optimize
the interferometer to obtain higher sensitivities by changing the shaking protocol, and optimization
using the Fisher information in Eq. as a fitness or error metric is an interesting prospect for
future work. This could allow for optimization of a shaken lattice interferometer with sensitivity
scaling that is faster than the current quadratic scaling.

One possible next step would be to include atom-atom interactions in our simulations. To
first-order, we could include the changes to the effective lattice depth described in Sec. quite
straightforwardly. Full inclusion of the nonlinear term in the Gross-Pitaevskii equation [90] would
be reasonably straightforward in the genetic algorithm, but nonlinear terms in the Krotov method
must be treated differently [104].

Another possibility would be to improve the transfer function optimization presented here.
First, one can work on increasing the DC bias so that gravity gradiometry can be performed with
shaken lattice interferometry. Similarly the AC frequency fmax of maximum reciprocal interferom-
eter sensitivity may also be decreased to move into the regime of seismic signals or other signals of
interest. This will require an increase in the interferometer interrogation time. As stated in Sec.

an increase in the interferometer interrogation time will increase the interferometer sensitivity
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in all cases, narrowing the “spikes” in sensitivity shown in Figs. and

A multi-dimensional lattice opens up a myriad of possibilities. Interrogating the atoms by
shaking along each of the three Cartesian dimensions will allow us to build a three-axis accelerom-
eter, and ideally we could measure along each of the three axes simultaneously. Furthermore, it
should be possible to make a shaken lattice gyroscope. In order to do this we can use a two-
dimensional Sagnac scheme where the atoms move around an enclosed area as the lattice is shaken
along two dimensions. This setup should be sensitive to rotations. In this way it is potentially
possible to build a six-axis inertial sensor (capable of measuring acceleration and rotation along

each of the three Cartesian axes) using shaken lattice interferometry.



Chapter 5

Building a shaken lattice interferometer

This chapter will describe the basic experimental setup used to produce the results presented
in this thesis. The layout of this chapter is as follows: First, we will describe briefly the experimental
sequence, listing applicable references to the interested reader who wants to learn more. Some of the
experimental processes, e.g. magnetic trapping and Bose-Einstein condensate (BEC) production
are described thoroughly and sufficiently in other references and will be only briefly treated here.

The focus of this chapter will be on the practical implementation of the shaken optical lattice.

5.1 From dispenser to BEC on a chip

The purpose of this section is not to describe every step of the experiment in excruciating
theoretical detail, but rather to describe the relevant pieces critical to shaken lattice interferome-
try. Citations in the section will lead the reader to more in-depth discussion of the experimental
sequence. In particular we will try to highlight the citations most helpful in learning the systems
in use in the Anderson lab. As such, some of the nitty-gritty experimental details regarding lattice
loading will be provided here as a practical reference, but trapping and cooling of atoms will be
explained only cursorily. Specifically, to obtain BEC we follow generally the experiments explained

in detail in Refs. [53|[103}[105].
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5.1.1 The laser system

Laser systems of the type used in this work are detailed exhaustively in previous work, and we
will mention only relevant details of this specific experiment. The master lasers used for trapping,
cooling, pumping, and imaging are the JILA-style external-cavity diode lasers (ECDLs) developed
originally by Carl Wieman’s group [70]. The cooling light is fed into a tapered amplifier (New
Focus TA7613, free-space output) then split into two fibers containing roughly 80 mW of power
apiece. The light from the low-power repump master laser is injected into a higher-powered slave
diode. The light from the slave laser is then cross-polarized with the cooling light and coupled
into the same fibers. A third ECDL provides light for optical pumping (the “pump” light) and
absorption imaging (the “probe” light). In order to image along two orthogonal axes, we couple our
probe light into two separate fibers for the two- and three-dimensional MOTs. In this experiment,
all fibers are single-mode polarization maintaining fibers, ensuring that light with a nice Gaussian
mode and a well-defined linear polarization comes out of the fiber.

A schematic of the lattice system is shown in Fig. and described here. Part of the
light that exits the laser is picked off by a polarizing beamsplitter (PBS) and used in a saturated
absorption spectroscopy setup to lock the laser to the |F = 4) — |F’ = 4/5) crossover transition in
cesiumﬂ The rest of the light is coupled into a fiber going into a TA (New Focus TA7616, fiber
output). The output of the TA is isolated by a Faraday isolator and passes through a polarizer.
The polarizer stabilizes the polarization of the light coming into the AOM, and fluctuations in the
laser polarization are converted into intensity fluctuations. The resulting intensity fluctuations are
then suppressed by the intensity servo. The AOM acts as a high-speed switch for the light as well
as allowing us to servo the laser intensity. After the AOM one of the first-order beams is used
for the lattice lightE| The remaining light in the zero-order beam is blocked. A wedged plate

beamsplitter (BS) picks off about 4% of the shifted light and sends it to a photodetector (PD,

! The actual locking transition does not matter, as long as it is consistent from day-to-day.

2 It doesn’t matter which of the two first-order beams is used, as the AOM is used as a fast shutter and an intensity
servo. The AOM frequency does not matter, but day-to-day consistency in the frequency shift induced by the AOM
does matter. That is, pick a frequency and stick with it.
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Thorlabs PDA36A), which is then fed into one of the inputs of a JILA-built PID intensity servo.
The laser intensity is stabilized through the use of a mixer (MiniCircuits ZX05-1LHW) that allows
us to rapidly modulate the amplitude of the RF tone fed into the AOM. The remaining 96% of
the light is then coupled into a fiber and sent to the main experiment; care is taken to ensure
the polarization stability of the output light, as polarization fluctuations after the fiber output
are converted into intensity fluctuations in the main experiment (see Fig. [5.9)). These intensity

fluctuations are not servoed in our current setup.

5.1.2 The physics package and vacuum cell

The details of the basic experimental system can be found in Ref. [53] and are described
briefly here. The double-chambered vacuum cell shown in Fig. is the “standard” vacuum +
atom chip system used in many of the experiments done in our lab. Variations on this system have
been used widely in our group to create BEC. The cell is attached to a larger vacuum chamber via a
copper pinch-off tube and baked at 300°C to achieve the low pressures needed for BEC experiments.
Once baking is complete, the cell is cleanly separated from the system using the steady hands of
a few good graduate students and a set of hydraulic jaws that closes on the copper tube. After a
few days of “soft baking” at 120°C, the system is ready to be installed.

In the vacuum cell the bottom chamber (the “2D chamber”) contains a non-evaporable getter
(NEG) and a rubidium dispenser. Our rubidium source is a commercial SAES dispenser through
which we run about 2.6 — 2.8 A of currentﬁ A pinhole between the 2D and 3D chamber (top
chamber) provides the differential pumping needed to isolate the higher pressure 2D section from
the 3D. A picture of the pinhole is shown in Fig. A 0.5 L/s ion pump maintains the high
vacuum quality (P ~ 1079 torr) in the 3D chamber. A second NEG installed in the spherical
cube separating the 2D and 3D chambers also helps maintain vacuum quality. The 3D chamber is

capped off at the top by a silicon atom chip. A silicon disk is epoxied to the ambient side of the

3 The optimum current at which to run the dispenser varies from system to system and is largely based on the
vacuum quality in the cell. Due to a leak that occurred in our cell during bakeout, the dispenser in this system is
run at a relatively low current. Other experiments in our lab that use similar vacuum systems run the Rb dispenser
currents as high as 3.4 A.
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Figure 5.1: Schematic of the lattice laser system with servo. The angle of the first-order AOM
output is not shown for ease of drawing. The servo works by comparing a control voltage from
LabVIEW to the voltage output of the photodetector. The error signal is sent to a mixer that
attenuates the output of a voltage-controlled oscillator (VCO) that controls the AOM frequency.
The attenuated signal is then amplified by a 2 W RF amplifier and sent to the AOM. The symbols
represent the following: lens (L), mirror (M), shutter (S), optical Faraday isolator (ISO), half-wave
plate (HWP), and quarter-wave plate (QWP). Other symbols are defined in the main text.
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chip before vacuum is pulled on the chip to minimize chip deflection due to vacuum [105].

Currents run through the wires patterned on the chip produce magnetic trapping potentials
in which the atoms are evaporated to BEC. Wires patterned on the ambient side of the chip are
gold, while copper wires are patterned on the vacuum side of the chipE| High-conductivity silicon
“vias” surrounded by Pyrex allow for currents to be transported from the ambient side of the chip
to the vacuum side. The chip used in this work did not use copper wires or vias, but other chips
used in the group have [15,|16}/17.,|100] and the technology is mentioned here for completeness.

The 3D chamber is surrounded by a coil structure containing the anti-Helmholtz MOT gra-
dient coils and three Helmholtz coils providing uniform bias fields in all three Cartesian directions.
Four permanent magnets installed around the 2D cell provide a two-dimensional anti-Helmholtz
field for 2D MOT production. All of the optics, cameras, and coils needed to make BEC are con-
tained in a multi-tiered “physics package” made by ColdQuanta, Inc. (Fig. . The vacuum cell
fits in the center of this package, and the magnetic coils are installed by sliding the coil assembly
down rails surrounding the cell. The cell is bolted to the second-highest level of the package, and
the permanent magnets are fixed to the underside of this level.

The connections to the chip are made by gluing a 14-pin Mill-Max connector (P/N 850-
10-050-20-001000) to the gold pads on the edge of the ambient side of the chip using conductive
epoxy (CircuitWorks® CW2400 Conductive Epoxy). This epoxy is used because it bonds the
connector robustly to the chip (but not so robustly that the chip breaks before the connector pops
off), does not appear to warp the chip (which could break vacuum), and is easily removed with
methanol. Upon removal of the connector and any residual epoxy, no noticeable damage is done
to the chip. Thus, mistakes are easily corrected and if damaged, the chip connector can be fixed
without pulling the cell completely out of the physics package. In practice the chip connector is

cured at room temperature for 24 hours before the external connector is appliedﬁ This connector

4 This arises because gold and rubidium do not play well together. The two metals form an alloy, and upon
heating this alloy (e.g. by running current through wires on an atom chip), rubidium vapor is released. This can
increase the background pressure in the vacuum cell and thus is detrimental to BEC production. See Refs. [99,/105]
for more details.

5 The author could not find the part number for the female chip connector, but any 14-pin connector that fits in
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Figure 5.2: The two-chamber vacuum system used in the experiments described in this thesis. In
our system the cell is oriented so that the atom chip is on top. The 2D MOT chamber contains
a rubidium dispenser and an NEG. The atoms are pushed up through a pinhole between the 2D
cell and the spherical cube (yes, that’s actually what it’s called) and into the 3D cell. A 0.5 L/s
ion pump pumps on the 3D cell, which is topped by the atom chip (the pinhole also serves as
a differential pumping stage). Copper wires patterned on the vacuum side of the atom chip are
barely visible through the 3D cell. While the 2D cell is not AR-coated, the 3D cell is. The copper
pinch-off is also labeled; this separates the vacuum chamber from the larger bake-out station.
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Figure 5.3: A view from the underside of the 2D cell, up through the aperture on the cell bottom
and focused on the pinhole. A light is being shone through the pinhole to backlight it for clarity.
The 0.5 L/s ion pump can be seen off to the right, and the copper pinch-off is to the left. The
push beam that moves the atoms from the 2D cell/MOT to the 3D cell/MOT travels through the
aperture in the bottom of the cell and through the pinhole. The metallized pads on the underside
of the cell (surrounding the aperture) make electrical connections to the rubidium dispenser and
NEG. Connections are made to the pads using conductive tape and colloidal silver.
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Figure 5.4: (a) CAD and (b) a photograph of the physics package provided by ColdQuanta. The
physics package is roughly 28x28x32 cm in size, and a cell similar to that shown in Fig. is bolted
down in the center of the package. The lower two tiers contain the optics needed to produce a 2D
MOT and the push beam that pushes atoms up through the pinhole to the 3D cell. The upper
two tiers contain the optics for 3D MOT production, optical pumping, and probing. In the CAD
drawing, the cooling beams are shown in red, and the imaging beam is gray. In the photograph,
the system is rotated clockwise 90° from the CAD view. The coils surrounding the cell in the
CAD drawing are not installed in the photograph, so the photo shows the 3D cell poking above
the top tier of the physics package in the center. The cable connecting the 0.5 L/s ion pump to its
controller is shown running off to the right.
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runs up through a space in the coil assembly and attaches to a simple breakout board above the
coil assembly. From this breakout board one can make the appropriate connections to the chip

drivers.

5.1.3 BEC production in the experimental system

Once the cell is installed and the chip is connected, we can begin BEC production. Digital
and analog control of the experimental elements (e.g. digital signals sent to the optical shutters
or analog signals sent to the magnetic coil drivers) is done via a LabVIEW program running on
the experimental control computer. This control program generates a timetable for each relevant
channel and sends it to an NI PXI 8186 control chassis. The chassis then communicates with a
set of NI compact reconfigurable input/output (cRIO) cards that output the relevant analog and
digital signals. The temporal resolution of the experimental control is & 20 ps. More information
on the control system is given in Chapter [0}

Atoms are collected in a cigar-shaped two-dimensional MOT then pushed up through the
pinhole in the silicon barrier separating the 2D and 3D chambers by a “push beam” directed up
through the bottom of the 2D chamber. The push beam consists of a couple mW of cooling and
repump light sampled from the 2D MOT fiber.

When the atoms are moved into the 3D chamber, they are captured in a three-dimensional
MOT. Once the MOT is loaded, we detune the MOT lasers (from ~ 2 —3 I'py to &4 —5 I'py) and
increase the current in the MOT coils by roughly a factor of 2. This compressed MOT (CMOT)
increases the density of the atoms and reduces heating due to spontaneous emission. From this
compressed MOT we detune the lasers even further (= 8 —9 I'py) and perform polarization-gradient
cooling (PGC) with our MOT beams. This cools the atoms below the Doppler limit; practically we
reach tempertures of about 20 — 40 pK, roughly an order of magnitude higher than the theoretical

limit of 4 uK.

the space between the coil mount and the big-Z coil and mates to the male connector will work. The connectors we
currently use have flat metal pads on the other side of the connector, and we solder flexible stranded 32-gauge wire
(sold by Cooner wire) to the pads and then to the breakout board through-hole terminals.
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After sub-Doppler cooling and optically pumping the atoms into the magnetically trappable
|2,2) state, we trap the atoms by running about 20 A of current through a large Z-shaped coil
(astutely named the “big-Z” coil) placed above the chipﬁ This magnetic field, in combination
with the bias fields, traps the atoms in a magnetic minimum. By ramping down the currents in the
big-Z coil and the bias coils, we can move the atoms to the chip and trap them using the magnetic
fields produced by the chip wires and the bias coils. In the current experimental system we employ
a “throw and catch” scheme to transfer the atoms from the big-Z trap to the chip trap. Directly
after catching the atoms in the initial trap, the bias fields are increased to compress the chip trap
and increase the trapping frequencyﬂ This increases the atom rethermalization rate and allows
us to more efficiently produce a BEC during forced RF evaporation.

Similar chips to those used in this experiment have been used to make BEC in a com-
pact, transportable system [38,/53]. The basic mathematics underlying atom chip traps is well-
summarized in Refs. [53103] and we will only give details specific to the experiment described in
this work. In this experiment the atom chip trap consists of two wires that cross one another at the
chip center, a thicker “main” wire and a thinner “dimple” wire, as shown in Fig. By running
independent currents through these wires (3.25 and 1.25 A in the main and dimple wires, respec-
tively) and manipulating the bias fields, we trap atoms in a very tight trap roughly 250 pym from
the chip surface (see Fig. . We calculate our mean trapping frequencies to be @ ~ 27 x 110 Hz
in the initial trap and w ~ 27 x 260 Hz in the compressed trap. Our atom chip current drivers
are identical to the ones used in Ref. [15] and each of the two channels runs on two 12 V sealed
lead-acid batteries for low-noise operation. Electronic and mechanical fuses protect the chip from
being damaged due to excessive currents. Mechanical fuses protect the coils from damage due to
undesired overcurrents]

After the atoms are trapped on the chip, we can use the well-established technique of forced

5 Do not run 20 A through this coil for longer than a few hundred ms unless you want to fry the coil. This is an
unpleasant experience.

" The first stage of RF evaporation takes place during this compression, but this initial cut is not affected
appreciably by the changing trap parameters.

8 Don’t remove these fuses. You'll regret your decision.
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Figure 5.5: Picture of the atom chip used in the experiments described in this work. The chip is
made of high-conductivity silicon coated in an insulating dielectric and measures roughly 2.5 ¢m
by 2.5 cm by 420 pm thick. All wires are patterned in gold on the ambient side of the chip. The
only two wires used here are the thicker main wire (labeled by the current Ip) and the thinner
dimple wire (I3); these wires intersect in the center of the chip and the atoms are trapped below
this intersection.
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Figure 5.6:  Density plots of the magnetic trap potential used to hold the atoms in (a) the
initial chip trapping configuration, (b) the compressed evaporation trap, and (c) the waveguide-like
decompressed pre-lattice trap. The color indicates the magnetic field in Gauss. The calculations
were made using the Biot-Savart law and assume infinitesimally thin wires. Note the difference in
scale in plot (c) relative to (a) and (b).
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RF evaporation to evaporate them to degeneracy. A single loop antenna placed just above the
chip surface radiates the RF field used to selectively remove the hot atoms from the trap; the cold
atoms then rethermalize and the temperature of the atom cloud drops. This process continues until
the atoms are Bose-condensed. A typical BEC in our system contains a few 10* atoms. Figure
plots the currents through the coils and chip wires during the experimental sequence from
magnetic capture with the big-Z coil to BEC. Note that we define our axes such that the lattice

light propagates along the x direction and z is the direction of gravity.

5.2 Building an optical lattice around a BEC system

When the atoms are trapped on the chip and Bose-condensed, we decompress the magnetic
trap by lowering the bias fields and main wire current and turning off the dimple wire completely.
This produces a waveguide-like trap [103] with little confinement in the longitudinal direction, as
shown in Fig. [5.6(c). This is done to better mode-match the magnetic trap to the lattice trap. We
then switch off the magnetic trap potential and ramp on the lattice potential over 0.6 ms, effectively
“catching” the atoms in the lattice trap. More details on lattice loading will be given in Chapter
[6l Due to the Gaussian profile of the lattice beam, the radial confinement along the z—direction
holds the atoms against gravity. Figure plots how the relevant experimental parameters change
during the transfer of the atoms from the BEC trap to the lattice trap.

Our lattice beam has a waist at the focus of wr, = 40 um, and our typical trapping powers
are P, ~ 10 mW. To account for losses from the electro-optic modulator, we assume that only 30%
of the incident lattice light is reflected back onto itself. This gives a lattice depth of V) ~ 20ER and
a photon scattering rate of I'sc = 0.64 photons/second. We estimate the lattice depth by counting
atoms in each momentum state and fitting the relative atom number to the predicted atom number
for a Bloch state with a given depth. A more precise determination of the lattice depth is described
in Chapter

We build our lattice system around the BEC system by placing a 1”7 (25.4 mm) thick alu-

minum breadboard around the physics package. This breadboard, shown in Fig. [5.10] was made
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Figure 5.7: The relevant currents run through the big-Z coil (black, scaled down by 50%), X-bias
coil (red) Y-bias coil (blue), Z-bias coil (gray), main chip wire (magenta), and dimple wire (cyan)
during the following experimental stages: (a) optical pumping, (b) big-Z capture and transport,
(c) initial chip loading, (d) chip compression and first-stage evaporation, and (e) the rest of the RF
evaporation. The optical pumping stage usually lasts for only 0.5 ms and is extended in time in
this plot for clarity.
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Figure 5.8: Changes in currents (left axis) and lattice light (magenta, right axis) as we ramp
from the BEC trap to lattice. The X-bias and Y-bias coil currents are shown in black and red,
respectively, and the main and dimple wire currents are shown in blue and gray, respectively. The
amplitude of the lattice beam is given in arbitrary units related to the voltage sent to the intensity
servo. Due to the fact that the servo has trouble servoing around zero intensity, the lattice beam is
held at an arbitrary high value (with the mechanical shutter closed) as the atoms are evaporated
to BEC (end of evaporation shown in a), then ramped down to zero as the atoms are loaded into
the waveguide trap (b). The lattice light intensity is nearly zero for about 1 ms as the mechanical
shutter is opened (c), then it ramps on after the chip wires are ramped off (d). The X-bias coil
is not ramped to zero, but rather a constant value that allows the atoms to maintain their spin
polarization in the lattice. The reason for this will be explained in more detail in Chapter [6]
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in-house and has a hole cut out so that it slides over the physics package. The breadboard is
held up by four brass legs of 37 diameter and length 7.5”E| Brass was used for stability at the
suggestion of the Ye group here in JILAE the owners of the most stable optical lattice-based
clock [18]. Previous iterations of the lattice setup used aluminum legs and 1/2” (12.7 mm) thick
breadboards; day-to-day lattice stability increased dramatically once the more robust breadboard
setup was installed. On this board we set up all of the optics needed to produce our optical lattice
as well as a second axis of imaging that can image the atoms along the lattice propagation direction.

For all stages of experimental optimization, we image the atoms using conventional time-of-
flight (TOF) absorption imaging (with background subtraction), but for imaging Bose-condensed
atoms, we place a doubling tube in the camera lens system to improve our magnification. Our
imaging resolution is roughly 4.6 pm/pixel along the first axis of imaging (orthogonal to the lattice
beam propagation), and 3.6 pum/pixel along the second axis. These resolutions are calculated
by varying the TOF and fitting the atoms’ position in free-fall to a parabola, and the measured
resolutions are sufficient for our purposes.

The lattice and imaging optical setup is shown schematically in Fig. and a photograph
of the whole experiment is shown in Fig. The lattice light leaves the fiber and is collimated
by a lens L;. The light then passes through a half-wave plate (HWP) to adjust its polarization for
maximum transmission through the polarizing beamsplitters (PBS) placed on both sides of the cell.
The light is then focused with a long focal length lens Lo onto the atoms. After passing through
the cell, a short focal length lens Lg focuses the atoms through an electro-optic modulator (EOM)
and onto a retro-reflecting mirror My in a cat’s eye schemeﬂ The light then reflects back on
itself, creating the optical lattice trap. The EOM is used to shake the lattice and will be discussed
further in Sec. (.3l

The second axis of imaging (also shown in Fig. has proven critical for rapid realignment

9 In this thesis, we will use metric units for most quantities. However, most machined parts are fabricated using
English units. To avoid confusion in conversion, when the English units give nice round numbers, they will be used.

0 Special thanks to G.E. Marti for taking the time to show us the Ye clock setup and for making these brilliant
suggestions.

11 We find that a cat’s eye scheme is more robust against mirror motion. We have found that with this setup, the
mirror motion is negligibly small (§¢ ~ 1 mrad) relative to the lattice shaking.
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Figure 5.9: Schematic of the optics used in the lattice and imaging systems. The cell is shown
outlined in purple, with the atoms (blue) in the center. The probe light for the two axes of imaging
are shown in light red, and the lattice light is shown in dark red. Elements surrounded by the black
dashed box are contained on the physics package, elements surrounded by the dark gray dashed
lines are contained on the secondary lattice board, and the lattice optics surrounded by the light
gray box are on a three-axis translation stage. All abbreviations are explained in the text.
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Figure 5.10: The entire experiment, including the physics package (black, center) and the auxiliary
lattice board surrounding it. (a) View of the experiment showing the lattice launcher (right) and
the EOM and lattice retro-reflecting mirror (left) on the auxiliary lattice board. (b) View of the
experiment along the direction of lattice propagation showing the lattice launcher (left) and the
second axis of imaging launcher (right) on the auxiliary lattice board. The coils used to apply
the magnetic field gradient to simulate a signal are shown surrounding the coil assembly (red coils
surrounding black coil structure). (inset) A close-up view of the cell surrounded by the coil assembly
(coils in orange). The red gradient coil can also be seen to the right of the cell.
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of the lattice. Probe light at 780 nm is collimated by a lens L3 and sent through a half-wave plate
to orient its polarization orthogonal to that of the lattice light. Thus, this light is combined with
the lattice light on the PBS placed before the cell and picked off by the PBS placed after the cell.
The probe light then passes through a short-pass filter (SPF) to filter out most of the residual
852 nm light picked off by the second PBS and is focused onto a CCD camera (Cq, Basler Scout)
identical to that used for the first axis of imaging (Cy).

To align the lattice beam we remove the EOM and retro-reflecting mirror and trap the atoms
in a dipole trap. Rough alignment of the lattice beam is done via a three-axis translation stage
on which the lattice beam launcher, collimating lens, and focusing lens are mounted. We have
constructed an alignment jig consisting of two pinholes that can be attached to the coil mount
surrounding the cell; this jig allows us to obtain a rough lattice alignment and ensure that the
beam is not angled up or down. We align the lattice to the pinholes on the jig using the translation
stage and the angular mirror. The angular mirror is then tilted slightly in the horizontal direction
to mitigate the effects of reflections off of the vacuum cell[”

The alignment jig ensures that the beam is straight but does not align the beam with the
atoms. The beam is then aligned with the atoms using the second axis of imaging and the three-axis
translation stage. Small amounts of 852 nm light that leak through the SPF are aligned with the
atoms using low TOF values while also monitoring the trapping efficiency along the first axis of
imaging. Using this method we quickly and efficiently align the optics and trap the atoms in the
dipole trap. The alignment is optimized by catching the atoms in a high-intensity dipole trap, then
iteratively lowering the trap intensity and optimizing the beam alignment for longer and longer
hold times. For the experiments presented here, we find that hold times of &~ 10 — 100 ms are
sufficient for alignment purposes.

After the lattice is roughly aligned the second axis imaging beam is blocked, as we find its

12° Any spurious reflections, if they are constant from shot-to-shot, will simply interfere with the main lattice,
changing the lattice depth. The effects of these reflections are difficult to measure, but it is straightforward to
measure the lattice depth taking these reflections into account. Regardless, they can change the effect of the shaking
and thus should be mitigated.
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presence affects the position of the atoms after imaging along the orthogonal direction due to the
momentum kick given to the atoms by the presence of the resonant imaging light. Furthermore,
after the lattice beam is aligned, we remove the second beamsplitter that was placed after the cell.
While the optics used for imaging are reasonably robust against small bumps, care should be taken
to avoid bumping the lattice optics, especially the angular mirror directing the lattice beam from

the fiber launcher into the cell (see Fig. |5.11)).
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Figure 5.11: Stability of (a) the tweaker plate (TP) and (b) the angular mirror directing the lattice
beam into the cell (see Fig. . The TP displacement is shown for plate angles of 0° (red), 10°
(blue), and 20° (black) relative to the plane orthogonal to the incoming laser beam. For maximum
resolution (in terms of screw turns per displacement), the TP is mounted near 0°. The number of
screw turns is calculated using the different mounts for these two optics: (a) a Newfocus 9873-K
mount and (b) a Thorlabs Polaris K1T mount. The angular mirror is extremely sensitive and thus
a high-quality mirror mount is used to house this optic. In both plots the experimental image
resolution is shown with black dotted lines.

Once the alignment is optimized in the dipole trap, we re-install the retro mirror to make
our lattice beam reflect back on itself. A hallmark of a properly-aligned lattice is that the atoms
remain trapped with much less power than required for a dipole trap due to the fact that the
intensity “seen” by the atoms increases by a factor of 4 when retro-reflecting the lattice beam.
We then remove the retro-reflecting mirroﬂ and align the EOM to maximize the amount of
light propagating through the EOM. The retro-reflecting mirror is then reinstalled and the retro-

reflection is optimized by overlapping the retro-reflecting light with itself when passed through a

13 This step is necessary because the EOM crystal changes the position of the focus of the lattice beam after the
cat’s eye lens Ls.
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pinhole poked into a card that fluoresces when the infrared lattice light is incident on it (an “IR
card”).

Note that the secondary step of aligning the lattice without the EOM is not technically
necessary, but experience shows that it is helpful when performing fine alignment of the lattice.
The EOM crystal is not anti-reflection coated at 852 nm, and thus it is easy to fool oneself into
thinking that the main lattice is created by the retro-reflecting mirror, when really the front facet
of the EOM crystal is really providing the lattice. The main symptom of this is that shaking will
not have any effect, and this is a common mistake made when first aligning the lattice. Once a
shaking protocol (e.g. splitting) has been optimized, fine alignment of the lattice can also be done
by shaking the lattice with this protocol and adjusting the lattice beam position and power until
optimal splitting is found. It is entirely possible to optimize splitting, completely dismantle and
rebuild the lattice system, and then be able to obtain splitting with the same optimized shaking
function ]

For fine alignment of the lattice beam we installed a 2.5 mm thick AR-coated glass “tweaker”
plate (TP, Thorlabs XYT-B) after the lattice focusing lens and before the vacuum cell. The tweaker
plate was removed from its commercial mount and epoxied to a modified miniature mirror mount
(Newfocus 9873-K) for ease of alignment. Plots showing how the beam position changes as a
function of the angular mirror mount and tweaker plate angle are shown in Fig. .11} We find
that practically, the day-to-day positioning of the angular mount does not need to be changed,
but the tweaker plate does require some adjustment. Specifically, we must translate the lattice
beam up and down to compensate for temperature drifts. These temperature drifts mainly affect
our magnetic coil drivers (KEPCO BOP 20-10DM) and resulting drifts in the coil driver output
current cause the pre-lattice waveguide magnetic trap position to change over time as the ambient
temperature near the drivers changes. Calculations of the drift in the trap position as a function of
coil current drift are shown in Fig. This figure shows that the drift in the trap position may

be attributed mostly to drifts in the chip wire and y-bias fields; these fields set the trap position.

4 The author speaks (writes?) from experience here.
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Conversely, the z-bias field largely sets the trap “bottom” not in position but in energy. That is,
this field sets an overall bias so that atoms are trapped in a non-zero magnetic minimum in order
to minimize losses due to Majorana spin flips. Thus drifts in this field has a smaller effect on the
trap position. In the future additional temperature stabilization will be required, but for the work
presented here we simply monitored the atoms’ position along the first imaging axis over time and

adjusted the tweaker plate so that the atoms’ position was roughly constant.

5.3 Shaking the lattice and measuring the results

We used two different methods to shake the lattice. For the interferometry results shown
in Chapter [6] we used an EOM to shake the lattice. However, a second method for shaking was
also explored; this method shakes the lattice by detuning the lattice laser. Both methods will be
detailed below, with advantages and disadvantages given for eachE] Shaking can also be done
by modulating the retro-reflecting mirror, but we did not pursue this option in the work presented
here. This was largely due to the difficulties of getting a piezo-driven mirror with a high enough
bandwidth to drive a mirror an appreciable distance d ~ Ar, with decent linearity. Interested readers
should refer to Ref. [13] for a good design idea. Our brief excursions exploring this design were not
promising, likely due to the large displacements required to obtain the desired shaking amplitudes.

In practice we load our desired shaking waveform onto the arbitrary waveform generator
(Agilent 33250A, AWG) before running the experiment. In the experiment the atoms are loaded
into a stationary lattice. After loading the AWG is triggered and outputs the desired waveform
to the electronics that control the shaking (either the EOM or laser driver, depending on the
experiment). After shaking the lattice is turned off and the atoms undergo ballistic expansion in
time-of-flight. After 20 ms TOF, the atoms are imaged in the far-field, revealing their momentum
state population. In the lattice the momentum of the atoms is quantized in units of 2hky, (see Sec.

2.3.1). As in Chapter [4] it is this momentum state population that we seek to control. Details of

!5 Lattice shaking by frequency shifting one of two independent laser beams is also possible, but we only used one
lattice beam reflected back onto itself in this experiment.
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Figure 5.12: Drift §z of the z-position of the pre-lattice waveguide magnetic trap as a function of
drift 61 of the current in the x-bias field (red), y-bias field (blue), main wire (black), and dimple
wire current (blue). Calculations show that the drift in the x- and y-directions is negligible, as
confirmed by the fact that only the z-position of the lattice beam needs adjustment over the course

of a day.
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the closed-loop learning system are given in Chapter [6]

5.3.1 Electro-optic shaking

Phase modulation of a retro-reflected lattice may be done by placing an EOM in the lattice
beampath after the lattice beam has traveled through the 3D chamber [71], as shown in Fig. 5.9
The phase shift of the returning beam is thus proportional to the voltage applied to the EOM
crystal, and this phase shift of the returning beam relative to the incident beam causes the nodes of
the lattice to move. One advantage of this scheme is that for a given phase shift ¢ imparted by the
EOM, the phase shift in the returning beam is 2¢ due to the fact that the lattice beam passes twice
through the EOM. Thus, lower voltages are needed to impart a given phase shift on the lattice.
Our particular EOM is a Coherent/Quantum Technologies Model 28 four-crystal modulator. The
EOM has two inputs, and the differential voltage between these two inputs is applied to the crystals
and thus determines the phase shift imparted on the lattice beam.

A block diagram of the electro-optic shaking scheme is shown in Fig. The desired shak-
ing waveform is generated by the LabVIEW program running on the experiment control computer
and loaded into the AWG. When the AWG is triggered by a LabVIEW-controlled digital signal,
the output waveform is sent to two amplifiers (FLC Electronics A400DI). One amplifier increases
the signal (and noise) by 20x, and the other inverts the signal then amplifies it by 20x. Thus, the
total signal gain is 40x. The amplifier outputs (limited to 400 V by the amplifier electronics and
the AWG) are then sent to the differential inputs on the EOM.

We can measure the linearity and the double-pass phase shift scaling of the EOM by placing
it in one arm of an optical Michelson interferometer. A photodetector measures the intensity of
the light at the interferometer output. Using the AWG and amplifiers, we apply a triangle-wave
modulation at a given frequency and fit the resulting photodetector output to a sinusoid and
determine the number of fringes that pass by in one cycle of the triangle wave. This gives us a
measurement of the phase shift imparted by the EOM. We can then plot how this phase changes as

we change the amplitude of the triangle wave output by the AWG (and thus the amplified voltage
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Figure 5.13: Schematic of lattice shaking with an EOM. The lattice is shown in red, while the
atoms are blue and the cell is gray. Amplifier gains are given by the numbers on the amplifier
elements. The details of shaking are explained in the text.
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applied to the EOM). The data and fit are shown in Fig. We see that the EOM response is
roughly linear, and from the linear fit we can measure the phase shift scaling to be 0.746(6) rad/V,

where the parentheses give the error in the last digit.

5.3.2 Shaking via frequency modulation

Another method of shaking a lattice can be implemented by controlling the frequency of
the lattice laser [56]. The effects of frequency-based shaking can be derived in the following way.
Consider the one-dimensional lattice potential in Eq. (2.6)), V(z) o« cos (2kr,z). We know that
in vacuum the light forming the lattice moves at speed ¢, and we can write the wavenumber
kr, = 2wy, /e, where v, is the Cesium-transition-locked frequency of the lattice light. Taking the

atoms to be centered at a position dy from the retro-reflecting mirror, the potential at this point is

V(dy) = % cos (2krdo) = % cos (4mvdo/c). (5.1)

If we then detune this frequency an amount dv from v, we obtain the shifted potential
Vo Vo
Vinod(do) = 5 cos (Arvrdo/c + Amdvdy/c) = 5 cos (4Amvrdo/c + ¢(0v)). (5.2)

That is, in the vicinity of dy, the potential Vi0q(z) looks like the regular potential V(x)
shifted by some phase ¢(dv) that is a linear function of the detuning and the distance to the retro-
reflecting mirror. Thus, by changing the frequency of the lattice we can approximate shaking. From

Eq. (5.2) the frequency shift needed for a 7 phase shift is given by

C
(51/71— = 47(10 (53)

This is illustrated in Fig. for parameters that roughly correspond to those used in the experi-
ment. That is we set the distance dg = 25 cm, giving dv; = 300 MHz.

This method is designed to work perfectly only at the designed position dy. As we consider the
lattice light at positions away from this optimum position in the lattice, the difference in frequency

causes errors in phase. The phase error (as a fraction of ) is plotted in Figure The error is
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Figure 5.14: Double-pass phase change of the EOM as a function of the voltage output by the
AWG (the applied voltage to the crystals is this voltage amplified by 40x ). The error bars are high
for the low-voltage points due to the difficulty in measuring the phase at low applied voltage. A
linear fit ¢, (V) = aV to the data is shown in red, and a quadratic fit ¢quad (V) = aV2+bV is shown
in blue. The linear fit gives a = 0.746(6) rad/V and the quadratic fit gives a = 0.12(2) rad/V? and
b =0.64(1) rad/V. The linear fit is sufficient for our purposes.
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less than 4% over 10* wavelengths (for the experimental case considered here). For reference the
Rayleigh range for our lattice beam (waist wg = 40 pm) is 5.9 mm, or about 6900\,. Thus, phase
errors are likely negligible relative to amplitude errors that arise due to the Gaussian nature of the

lattice beam.

0.03f
0.02} :
0.01}
0.00f ]
-0.01f
-0.02}
-0.03

Phase Error (fraction of )

-10000 -5000 0 5000 10000
Distance (A)

Figure 5.16: Phase error (as a fraction of 7 phase shift) as a function of distance (in wavelengths
A) for the experimentally relevant case where dy = 0.25 m and A\, = 85 nm. The error is less than
4% over a range of 10* wavelengths.

The laser controller used for the lattice laser has a back panel input that changes the laser
frequency proportionally to a voltage applied to the input. The laser shifts by 2 GHz per volt
applied to this input, and the shift is applied within 400 us. In our case, we would require a voltage
Vr = 150 mV to obtain a 7 phase shift. Naively scaling our bandwidth based on the lower voltages
we require, our bandwidth then becomes roughly 167 kHz, which is enough for the experiments
detailed here.

In practice, to go from EOM-based shaking to frequency-based shaking we simply change
where the AWG output goes. For EOM-based shaking (Fig. this output goes into the
amplifier that then drove the EOM crystal. When using frequency-based shaking the output goes
directly into the frequency jump input on the laser back panel. A TTL signal on another back-panel

input signals to the laser that it is to be shifted by the voltage on the frequency shifting input. The
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output of the AWG can then be controlled by our LabVIEW program and the experiment proceeds

as in the EOM-based case.

5.3.3 Advantages and disadvantages of the two shaking methods

The EOM-based shaking method was the first to be implemented in the experiment. It is
reasonably straightforward to set up, and the bandwidth of the shaking is limited to =~ 300 kHz by
the slew rate of the amplifiers. However, our EOM is bulky (8 cm long, and 5 cm in diameter) and
requires a relatively high voltage to shift the phase of the lattice beam by 7 radians. Furthermore,
the EOM crystal faces are not anti-reflection (AR) coated. We observe losses of about 75% through
the EOM, the majority of which are from spurious reflections from the crystal faces. Assuming a
crystal index n ~ 1.5 and two deleterious reflections (off of the crystal input and output faces), we
assume that there is at most a residual 15% amplitude modulation of the lattice that occurs when
shaking. While we will see in Chapter [6] that the optimization algorithm is able to account for
these systematics, this residual AM can be deleterious when trying to make experiment and theory
agree (e.g. for the work described in Chapter [7)).

Frequency-based shaking does not have the high power requirements of EOM-based shaking,
as relatively low voltages are required to shake the lattice. Furthermore, there are no additional
optical elements required for this method, so there are no spurious reflections. Residual phase errors
are also minimal relative to those caused by the spurious reflections. However, the effectiveness of
this method is intrinsically tied to the device size. Thus, if we wanted a (relatively) compact system
where the lattice beam focus is 5 cm from the retro-reflecting mirror, we would need to detune the
laser frequency by 1.5 GHz, in which case the phase error (Fig. increases from 4% to almost
20%. This restriction makes this setup unfavorable in most compact and practical setupsm

In a compact setup, one would almost certainly want to use a low-loss miniature EOM crystal

anti-reflection coated at the lattice wavelength. The small crystal size would allow for relatively low

6 There is speculation that a cavity-based system (i.e. placing a cavity after the atoms, with the retro-reflecting
mirror being one of the cavity mirrors) could make this system more compact.
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power phase shifting (due to the lower voltage V; required for a 7 phase shift) and the AR coating
would eliminate reflections to less than 2% (assuming the AR coating is such that R < 0.025 at

AL). As the technology advances, this scheme will become more and more feasible.

5.4 What’s next

The next chapter will discuss the experimental results. First, the closed-loop optimization
scheme will be discussed. Results of closed-loop optimization of the interferometer will be presented.
Then, we will describe the calibration of the interferometer and show results that demonstrate the
T? scaling of the interferometer sensitivity. It will be demonstrated that interferometer output
is sensitive to the direction of the applied signal. We will also show how the interferometer can
be optimized in the presence of a DC bias signal and that perturbations on this bias can be
measured. Finally, Chapter [7] will extend the theory presented in Chapter [2] and explore shaking

(and specifically splitting) from an analytical perspective.



Chapter 6

Optimization and characterization of a shaken lattice interferometer

In this chapter we will report on results of building a shaken lattice interferometer using the
experimental setup described in Chapter 5| First, we will report on our efforts to build a closed-
loop experimental system in which the experimental optimization and calibration can proceed with
minimal human inpuﬂ Section will describe learning in the closed-loop system. We will then
move on to the results of optimizing and calibrating a shaken lattice interferometer in Sec. [6.3] In
this section we will describe how we add a fictitious acceleration signal to the system and determine
the interferometer sensitivity. We obtain a sensitivity of TIQ, consistent with the simulation results
presented in Sec. [£.4] Finally, some brief next steps will be described in Sec. [6.4} these next steps

will be elaborated on in Chapter [8]

6.1 Closed-loop optimization in the experimental system

Our experimental control system is very similar to that used in Refs. [15,/53,99]. The Lab-
VIEW control code serves as the “brain” of the system, creating the timing sequence that is fed
to the FPGA in the NI PXI-8186 chassis that controls the analog outputs (NI 9263 and 9269) and
digital inputs and outputs (NI 9403) that drive the experimentﬂ In our system, we use NI cRIO
hardware with 16 bit analog output and a temporal resolution of 20 us for both analog and digital

output. The control code that runs the experiment is adapted from code written for our group by

! Someone generally has to be around to make sure the lasers stay locked and the trap bottom does not drift.
This can be mitigated by stabilization of the lasers and magnetic fields. See Chapter )

2 Our only digital input is a Schmitt trigger circuit that synchronizes our experiment start time with the 60 Hz
wall power cycle.
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In the past closed-loop operation of cold-atom experiments in our group was not possible.
Every experimental run had to be initiated by a human being. In our system, this became tedious
when attempting to optimize the shaken lattice interferometry sequence, as we were using LabVIEW
to initiate and control the experimental sequence and MATLAB to analyze the experimental images,
run the optimization, and communicate with the AWG (see Chapter |5)). Therefore, we modified
the control code so that experimental control, optimization, and imaging were based on a state-
machine architecture in LabVIEW and ran continuously. This scheme requires human input only
when the total atom number dips below a certain value; this generally indicates a laser unlock or
trap bottom driftE|

There are two separate control codes used in the experiments presented in this work. The
first implements the CRAB algorithm and optimizes the lattice. This code also has built-in func-
tionality to scan shaking frequencies and amplitudes (without optimization) in order to map out
the parameter space or take the single-frequency shaking experimental data shown in Chapter [7}
The second calibrates the interferometer by adding a signal to the atoms (see Sec. and
recording the final state after shaking. We have added a third control code that optimizes the
experiment using the CR bound as the error measure, as discussed in Sec. [8.3] However, these
experiments are just getting started and have not yet produced results.

In Fig. [6.I] we show a cartoon block diagram of the closed-loop experiment as it is used
during optimization. We set up the experimental parameters using the LabVIEW front end, then
LabVIEW loads the proper timing sequence onto the FPGA and the proper shaking function
onto the AWG. The experiment then runs and subsequent time-of-flight images of the atoms are

recorded. If the atom number is above a certain level set by the user, the image is analyzed and

3 So much thanks to Farhad for sitting down and explaining some of the relevant bits of the code. This made the
implementation of a closed-loop system so much easier.

4 Currently, a laser unlock is easy to fix without having to break out of the experimental loop. A trap bottom drift
requires one to stop and restart the experiment, but functionality to change the trap bottom without breaking the
experimental loop could be added without much hassle. In practice we simply allow the experiment to stabilize over a
few hours. We then run late into the night when the absence of people and stable temperatures cause the experiment
to run smoothly. For example, the best data presented in this chapter was taken at about one a.m. during Fall 2017.
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the momentum state population of the atoms is measured via atom counting. If the atom number
is below this threshold, the control code stops and waits for human input (e.g. relocking the lasers
and sending the command for the experiment to continue). After three separate runs with the
same experimental setup, the mean momentum state population is calculated, giving us the vector
B corresponding to this final state (see . The error of this state relative to the desired state
ﬁd is then calculated via Eq. and the algorithm proceeds as described in All of the

optimization is coded into LabVIEW so that the entire system runs smoothly.

6.2 Learning in the closed-loop system

6.2.1 Narrowing the frequency band used in the optimization

In general learning is much faster when one narrows down the search space to only include the
most “influential” parameters; this is explored in more detail in Chapter [/} While our simulations
are relatively cheap in terms of computation and graduate student time, the experiment is much
more time-consuming. Each experimental run takes roughly one minute, although this time could
be lessened significantly in a practical implementation of the system [39]. Thus, we want to limit
the frequency band in which we split.

In order to understand the best frequency band in which to limit our optimization, we shook
the lattice for 1 ms with a shaking amplitude of 1 V (2 Vpp) and scanned the shaking frequency
from 10 to 40 kHzE| The typical envelope function Eq. multiplies each shaking function to
ensure smooth turn-on and turn-off. After shaking, we measured the error of the final state relative
to the split state. Results of this are shown in Fig. [6.2]

We see from Fig. [6.2] that the region from 18 — 30 kHz gives the lowest error relative to the
split state. Outside of this regime, the error hovered around 50 —60% and changed very little as the
frequency was scanned. Thus, this is the frequency band used in all of the optimizations presented

in this chapter. In Chapter [7] we analyze the effect of shaking frequency on splitting in more detail.

® The analysis done in Ch. [7| was just getting started around the time that this data was taken. Therefore, a
more “brute force” approach was taken to obtain the results presented in this section.
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Analyze images,
extract errar.

Run algorithm Fun experiment
to adjust ¢(t) and get images

Control code

Figure 6.1: A block diagram of the closed-loop optimization protocol used in the experiments
shown in this chapter. The control code runs the experiment, analyzes the images produced by the
camera, and updates the lattice shaking function based on the optimization algorithm.
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Results of scanning the shaking frequency from (a) 10 — 18.25 kHz, (b) 18 — 28 kHz

and (c) 26 — 42 kHz and measuring the percent error of the final state with respect to the split
state. The different colored curves simply denote different experimental runs. The points (error
bars) denote the mean (standard deviation) of the error. The data was taken over the course of
three days (each separate plot corresponds to one day of data), and this explains small “jumps” in

the error as one moves from plot to plot.
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From the analyses presented there, we see (in retrospect) that this band is most “influential” due
to the fact that the transitions between the ground Bloch band » = 0 and the excited bands ' = 1

and 2 lie in this band.

6.2.2 An experimental learning curve

A sample learning curve for the experiment is shown in Fig. To obtain Fig.
we optimized splitting using the CRAB algorithm discussed in Sec. For each iteration the
percent error is calculated as in Eq. for each of the 5 simplex vertices used here, and error
corresponding to the best of these 5 vertices is shown in Fig. m The curve in (a) shows the initial
optimization, and (b) shows further optimization using the optimum found in curve (a). This shows
that we were able to stop optimization and pick it up again at (roughly) the same place after e.g.
improving the evaporation scheme (which would change due to the trap bottom drift discussed in
Chapter .

Such curves are typical for the experimental learning processﬂ but it should be noted that
we found that in some cases we could optimize within one or two iterations. The physics behind
such lucky optimization runs is discussed in more detail in Chapter [7] and in such fortuitous cases
we were able to quickly learn how to split the atom wavefunction.

Experimentally, we were also able to implement the dCRAB algorithm discussed in Sec. [3.5.3
This allowed us to continue optimizing even if the optimization got stuck in a local minimum. In
practice, we “re-rolled” our optimization frequencies after the percent error remained stagnant
for Nj iterations. In practice, we set N1 to 2 or 3. As described in Sec. [3.5.3] re-rolling takes
the individual vertex in the simplex that corresponds to the best shaking function and moves it
forward unchanged to the next iteration (a form of elitism). The other vertices in the simplex were
identical to the best individual, but a second shaking function was added to it as in Eq. . In

this way, we were able to keep the optimization from stagnatingm

5 Although we did see some improvement between the curves shown in (a) and (b), usually the small “jump”
expected due to experimental drift was slightly deleterious.
7 We generally used 5 vertices to generate our experimental simplex.
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Figure 6.3: Sample learning curves for the experiment. The points (error bars) show the average
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results of optimization (a) and produced the learning curve in (b).
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Due to experimental limitations such as imaging noise, shot-to-shot drift, finite cloud mo-
mentum, and heating, we were limited to a splitting error of F, =~ 10%. The effect of finite cloud
momentum is discussed in Sec. and the limits of optimization are discussed in more detail in
Sec. As a result an error of about 10% was roughly the level at which our optimization was
converged sufficiently. In Sec. we show that we can obtain TI2 sensitivity in the experimental
shaken lattice interferometer (consistent with the simulation results presented in Sec. [4.4]), even

with such errors.

6.2.3 The effect of a finite momentum width

All of the simulations done in Chapter [4] assumed that the atom cloud had an infinitesmally
small momentum width. However, in the experiment, the atoms have a finite momentum width.
This width is set by the repulsive atom-atom interactions and the trap in which the atom cloud is
evaporated to BEC (see Sec. . After time-of-flight, we measure an atom momentum width
of dp =~ 0.6hky,; this value changes based on the lattice depth and the atom number, but this width
is typical for the experiments presented in this chapter and Chapter [7] Simulations with these
cloud widths do not generally obtain errors below a few percent, so this is likely one of the hard

limits to our optimization protocol.

6.3 Experimental shaken lattice interferometry

This section will present results on expeimental shaken lattice interferometry and is based
on the results presented in Ref. [118]. Most figures in this section come from Ref. [118]. First,
we will describe how we build the interferometer sequence. In order to quantify the interferometer
sensitivity, we built five separate atom interferometers with different interrogation times. This is
detailed in Sec. Then, in Sec. we will describe how the interferometer sensitivity was

measured. The method of applying a simulated acceleration signal is described in Sec. [6.3.2.1] and

8 While we do decompress the trap when going from BEC to the optical lattice, the atoms still have an appreciable
momentum width when loading into the lattice
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the resulting sensitivity measurements are described in Sec. [6.3.2.2] From there we will describe

some next experimental steps that will improve on the results presented here.

6.3.1 Optimizing the interferometers

As stated above we perform gradient-free, closed-loop optimization based on the dCRAB
algorithm described in Sec. As stated in Chapter [3] experiments have used this algorithm
to optimize the state inversion of a BEC [14}/114], in Ramsey interferometry schemes [115], or to
calibrate qubit operations in diamond NV centers [41]. Optimization protocols have also been used
in cold atom [98}|121] and quantum optics experiments [64] as well as in efforts to find efficient
pulse schemes in light-pulse atom interferometry [109].

Our experiment is based on the compact BEC setup described in Chapter |5} For the work
presented here we load our Bose-condensed 8"Rb atoms into the ground Bloch state [50] of a red-
detuned optical lattice with a depth Vy ~ 14ER. We shake the lattice using the EOM-based
technique described in Sec.

To build the interferometer sequence, the shaking function is optimized to cause the atoms in
the lattice to undergo the desired state-to-state transformations. In particular we “stitch” together
shaking functions corresponding to different interferometer operations, just as in Chapter {4 [119].
As before, to implement an atom beamsplitter we begin by loading atoms into the ground Bloch
state of the lattice. The lattice is subsequently shaken to split the atom wavefunction so that
roughly half of the atoms occupy each of the £2hk;, momentum states. We can then optimize
separate propagation protocols that maintain the atoms’ momentum-space splitting. To recombine
the atoms back into the ground state (in the absence of an applied signal), the optimized splitting
shaking protocol is run in reverse. Each separate protocol is 7" = 0.2 ms in duration and is
multiplied by the envelope function in Eq. to ensure smooth turn-on and turn-off of the
shaking. The smooth turn-on and turn-off allows the shaking functions to be stitched together
without discontinuity. In this way we optimize five separate interferometers with interrogation

times of T}, = 0.4n ms, where n =1, ..,5.
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To optimize our interferometer we define the target state to be the split state. The dCRAB
algorithm picks five frequencies at random within our chosen frequency band of 18 — 30 kHz (see
Sec. and assigns each frequency five separate Fourier sine and cosine amplitudes. The five
waveforms described by these Fourier coefficients become the five vertices of a simplex in frequency
space. Using the Nelder-Mead algorithm, the simplex is modified and iteratively converges upon
the target state. Error is determined in the usual way by building a vector P with components
P, containing the relative population of atoms in the 2nhAk;, momentum states. In practice there
is negligible population in the £6hky, states, so n is truncated to £N where N = 2. The percent
error F is then defined as in Eq. , where the desired momentum population vector is ﬁdes, sp =
(0, 0.5, 0, 0.5, 0).

Two examples of optimized shaking functions are shown in Fig. [6.4] corresponding to inter-
ferometry sequences with interrogation times of 0.4 ms and 2 ms in length. While splitting requires
relatively high shaking amplitudes, smaller amplitudes are required to maintain this state during
propagation. This is likely due to the fact that the split state is similar in momentum state to the
first excited Bloch state of the lattice, so less modulation is required to maintain a state close to a
lattice eigenstate than to transform from one state to another nearly orthogonal state. Note that
the splitting and recombination times are included in the definition of the total interrogation time
because they are not negligibly small relative to the propagation time.

The error in splitting begins at roughly 10% and increases as propagation protocols are added
(see Fig. [6.5(a)). This error arises due to spurious atoms detected in the Ohk;, momentum state
due to atom localization in the deep lattice potential [101] and atom-atom interactions that cause
heating and loss of visibility during the experiment [23}24,/96,/101] or during time-of-flight [43].
We are also limited by asymmetry in the two split clouds and the finite momentum spread of the
condensed atoms as they are loaded into the lattice. Upon recombination our errors are < 10%
as shown in Fig. [6.5(b). Errors in recombination manifest largely in population of higher-order
momentum states as a result of accumulated errors in the splitting and propagation protocols. The

error in recombination is lower than that of splitting because spurious atoms detected in the Ohkr,
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Figure 6.4: Two example shaking functions. (a) Splitting and recombination shaking protocols,
totaling 71 = 0.4 ms. (b) Splitting and recombination protocol from (a), but with 4 propagation
steps added in between, resulting in an interrogation time 77 = 2 ms. We optimize the interferom-
eter so that the atoms remain split at the end of each propagation step. In both cases the second
half of the shaking protocol is simply the reflection of the first half.
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momentum state are no longer deleterious.

6.3.2 Determining the interferometer sensitivity

Once we have the interferometer sequence optimized, it can be used to measure something
practical. However, it is interesting to know just how sensitive the interferometer is. In particular
the sensitivity scaling of the sensor is important, as this tells us how the interferometer response
ties to the interrogation time. In order to do this we must add a signal to the system and record the
interferometer response. To back out the sensitivity, we measure the classical Fisher information
as in Sec. [£.4] and use the Cramer-Rao bound to obtain the lower bound on the experimentally

measurable sensitivity.

6.3.2.1 Applying a signal via gradient coils

Currently, accelerating our interferometer is not practical, so we must get creative. To cal-
ibrate the atoms’ response to an applied signal, a pair of magnetic coils placed outside the cell
provides a magnetic field gradient G = 0B/dx along the lattice directionﬂ These coils can be
seen in Fig. [5.10(b) and the accompanying inset. A small bias magnetic field remains on while the
atoms are trapped in the lattice to maintain the atoms’ spin polarization and thus their sensitivity
to magnetic fields. This sensitivity to a magnetic field gradient also shows that our system can be
configured as a magnetic field gradiometer. Note that if we were measuring pure accelerations, we
would not need to ensure that the atoms are spin-polarized in the lattice.

The gradient G gives rise to an effective acceleration
aeft = Ggrmppp/m (6.1)

where gr = 1/2 is the Landé g-factor [106], and up is the Bohr magneton. The data to produce

this calibration factor is shown in Fig. In practice we calibrate the acceleration due to the

9 Because the coils are offset from the cell center (due to the need for optical access at that point), a gradient
is also applied in the y-direction orthogonal to the lattice direction (and to gravity), but the applied gradient is so
small that the only effect is a minor and negligible shift in the lattice trap position along this direction.
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Figure 6.5: Percent error in the (a) splitting and (b) recombination protocols as a function of
(a) the splitting time 77/2 and (b) the total interrogation time 77. The insets show example
experimental images from each protocol, where the color represents optical density (OD). (a, inset)
An image from optimized splitting of the atoms into equal population in the +2hk;, momentum
states and (b, inset) recombining the atoms into the ground Bloch state.
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gradient field by loading the atoms into a dipole trap and measuring their velocity as a function of
hold time in the trap while varying G. The applied acceleration a.g increases linearly with current
through the gradient coils (aeg = 0.71 & 0.16 m/s?/A), as expected from calculations using the

Biot-Savart law.
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Figure 6.6: Data showing the atoms’ acceleration as a function of magnetic field gradient G applied
via two coils placed on the side of the cell. The coils (visible in Fig. [5.10(b)) are oriented so that
the current through them goes in opposite directions, resulting in a magnetic field gradient felt by
the atoms.

6.3.2.2 Measuring the interferometer sensitivity

To quantify the performance of the interferometer, we measure how the momentum state
population vector P, changes as an acceleration signal a is applied to the atoms. As determined
in our earlier work [119], because there are more than two momentum states considered in this

interferometry scheme, we cannot assign a phase difference based on the relative path length traveled
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by two arms of the interferometer. Thus, we use the classical Fisher information (CFI) to define
the lowest detectable acceleration da based on the Cramer-Rao (CR) bound [48]. As before, we use
the expression for the CFI given in Eq. [119]. We numerically evaluate our derivative using
a two-point forward-difference scheme. The CR bound allows us to find the minimum detectable
acceleration da = 1/\/PTJD as in Eq. .

Results of performing this analysis are shown in Fig. The data is fit in Mathematica using
the Levenberg-Marquardt scheme [66}(72] to a function f(Ti) = aTy ” + ¢ where b is the sensitivity
scaling and c is a noise-limited offset that we can quantify. Therefore we fit only the values of a
and b. In order to mitigate the effects of imaging noise we set a threshold OD below which we
do not count atoms. We find that the optimum value of this threshold is ODipresh = 0.05 — 0.06
depending on the imaging noise. The largest contributor to this noise is imbalance in the exposure
time between the absorption and background images due to our minimum experimental resolution
of 20 ps. Small, slow drifts in the probe beam power contribute to the drift in the noise from
day-to-day. The residual noise in imaging contributes to the offset c in the fit.

This offset is measured by measuring the CR bound with no atoms present, then dividing this
number by the ratio of the detected atom number with and without atoms actually being present.
Future work will focus on the reduction of this offset by improving the exposure balance in the
imaging system. Furthermore, the atom signal-to-noise can be improved by minimizing the heating
of the atoms in the lattice [12], which will also allow for longer interrogation times. However, longer
interrogation times will increase the likelihood of decoherence due to phase diffusion [55], which
can be mitigated by lowering the atom density before loading into the lattice.

Our fit (Fig. gives a scaling b = 1.96 £ 0.13 using our measured value of ¢ = 0.014(3),
consistent with the expected TI2 scaling. The measured value for ¢ and the fit for b are consistent
with our results when we leave both b and ¢ to be free parameters; in this case, we measure
b = 2204 0.34 and ¢ = 0.015(2). Data taken on different days gives scaling that is consistent
with the expected T12 scaling, and the data presented here is a typical example. Furthermore,

data taken where a signal is applied to unshaken atoms is indistinguishable from noise and shows
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Figure 6.7: Minimum detectable effective acceleration da plotted as a function of interrogation time
for each of the five interferometers optimized for this work (black) and fit (red) to f(77) = aT¥ +c.
The scaling value b is consistent with the expected T12 scaling, and the offset ¢ arises due to
imaging noise and is measured experimentally. (inset) Data taken with no atoms present (blue)
and no shaking applied to the atoms (red) showing no signal other than imaging noise. Blue data
is scaled by the ratio of the relative atom number as explained in the text.
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no discernable scaling law, showing that the shaking is a coherent process. For the accelerations
presented here, the interrogation time is much less than the Bloch oscillation time 75 & 1/a. Thus
we do not expect the atoms’ population to change dramatically when accelerated without shaking.
Due to the sensitivity scaling with le, as we increase 171, the lower values of a that we are sensitive

to strengthen this assumption. Thus, we can neglect the effects of Bloch oscillations in our analyses.

6.3.3 Experimental confirmation of other interesting aspects of shaken lattice

interferometry

We were able to show in Chapter [4] two unique and interesting aspects of shaken lattice
interferometry. First, we showed that one can measure both the magnitude and direction of the
applied signal, then we demonstrated that one can tune the interferometer transfer function. This
work showed that we can tune the sensitivity of the interferometer to the class of signals that we
want to measure.

Here, we demonstrate experimentally our ability to measure the magnitude and direction of
an applied signal. Furthermore we take first steps in the direction of transfer function tunability

by optimizing the interferometer as in Sec. [6.3.1] but in the presence of a bias signal.

6.3.3.1 Directionality measurements in the shaken lattice interferometer

We can calibrate the interferometer response to a signal by recording how the final state of
the interferometer after shaking changes with the applied signal. Because the lattice shaking breaks
the symmetry of the system [119], we can determine the sign of an applied signal. We measure
the variation of the atoms’ final momentum state after the interferometry sequence, as shown in
Fig. The data show that the final state after an acceleration a is applied is distinct from
the final state after an acceleration —a is applied. This ability to distinguish the signal direction
differentiates our interferometer from the typical light-pulse atom interferometer where the atom

population varies cosinusoidally between two states.
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Figure 6.8: Momentum population of the atoms after the 7 = 2 ms interferometer sequence as
a function of the applied acceleration signal. Atoms in the 2nhky, state are denoted by open blue
circles (n = —2), blue crosses (n = —1), black dots (n = 0), red plusses (n = 1) and red asterisks
(n = 2). As the applied signal is varied away from zero, we can distinguish positive and a negative
signals. The dotted lines are cubic spline fits to guide the eye.
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6.3.3.2 Optimizing in the presence of a bias acceleration

Finally we show steps towards the tunability of the interferometer transfer function [119].
We optimize the interferometer in the standard Michelson configuration but add a bias signal
Abias = —0.71 m/ s? during optimization. We then measure the atoms’ final recombined momentum
state after the addition of signals api.s = Aa, as shown in Fig. From this data, we see that
we can distinguish the sign of Aa by observing the final state of the atoms. Further extensions of
this work include increasing the magnitude of ap,s and optimization of the interferometer to an
AC-varying signal, as predicted in Ref. [119]. This will allow the interferometer to be optimized

for sensitivity to any signal of interest.

6.4 Next steps

In this chapter we have presented experimental results of interferometry using atoms trapped
in an optical lattice, showing that shaken lattice interferometry scales as TIQ. Notably, the sign of the
applied signal may be measured, and the interferometer may be optimized in the presence of a bias
signal. We show that the limitation on our interferometer sensitivity is set by imaging noise, which
may be mitigated with some straightforward experimental improvements. These improvements will
be detailed in Chapter [8] but we outline some brief goals below.

If we were to improve the imaging signal-to-noise ratio, we could then work to increase the
interferometer sensitivity. We could accomplish this in one of two ways. First, we could increase the
interferometer interrogation time. We could also increase the magnitude of interferometer splitting
(e.g. from +2hky, to £6hky,). This is interesting because the sensitivity scales directly with the
splitting order in free-space interferometers, and we expect the same to be true in shaken lattice
interferometry. Furthermore, if we were able to split the atoms with high enough momentum,
we could potentially accelerate them in separate moving lattices. The feasibility of higher-order
splitting as it relates to this goal is described in Chapter [} The methods described there could

also lower the heating due to atom-atom interactions |23}24}96].
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Figure 6.9: As in Fig. plot of the momentum state variation as a function of applied
acceleration with the biased interferometer, showing variation of the final state as the acceleration
is varied from the bias value of apjas = —0.71 m/s? (black dashed line). Data points and splines
colored as in Fig. (inset) An experimental image of the optimized split state in the biased
interferometer. OD is indicated by the colorbar on the right.
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It would also be of interest to build a three-axis accelerometer using a three-dimensional
lattice. Ideally, each axis could be interrogated simultaneously but without crosstalk. This also
opens up the possibility of operating the shaken lattice interferometer in a two-dimensional Sagnac
gyroscope configuration. This configuration is detailed in Chapter |8 and will allow us to build a
rotation sensor. In this way, we could make progress towards the ultimate goal of this project:

building a compact six-axis inertial sensor |119].



Chapter 7

An analysis of splitting in the shaken lattice interferometer

7.1 Introduction

Previous work presented in this thesis and in Refs. [92,93,[119] has demonstrated that one can
cause atoms to undergo state-to-state transitions in a phase-modulated (or “shaken”) lattice system.
This is the bread and butter of the work presented here. However, in the previous chapters rigorous
analysis has occasionally been eschewed in favor of simple proof-of-principle demonstrations. In
order to truly improve shaken lattice interferometry we must analyze shaking in more detail. This
chapter performs this analysis, and it is hoped that the results presented here will be of use as the
system is improved by future students.

As such, we explore here in detail how one can shake an optical lattice to transform the
wavefunction of atoms trapped in the lattice. Specifically, we seek to reduce the dimensionality
of the shaking control landscape. The motivation for this is twofold: first, by simplifying the
optimization landscape we can improve the efficiency of learning [81]. This is particularly important
in experiments like ours that are limited by drift or finite cycle times. Second, we wish to limit
heating and decoherence in the shaken lattice system. Recent work has shown that atoms in a
shaken lattice are susceptible to decoherence [4}|54}|68)|122] when shaken at certain amplitudes
and frequencies, both in the presence and absence of a signal. Furthermore, shaking of a BEC
trapped in an optical lattice has been shown to cause heating in the condensate due to atom-
atom interactions [34,96]. Atom scattering into transverse modes has also been shown to be

deleterious [23,]24]. Therefore, it is of interest to analyze the lattice shaking protocols that drive
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these state-to-state transitions and reduce the subspace to eliminate deleterious shaking frequencies.

The desired transformation considered in this chapter is the first step of lattice-based inter-
ferometry, the splitting of the atom wavefunction in momentum space. That is, we wish to start
with atoms in the ground state of the lattice and transform them to a “split” state with an error
of less than 1%. In particular, we consider in this chapter the simplest cases of splitting the atom
population equally into the +2nhk;, states for n = 1,2, and 3. Note that in previous chapters of
this work only splitting with n = 1 has been considered; this chapter attempts to better under-
stand both this first-order splitting and higher-order splitting with n > 1. Furthermore, we will
introduce the relative phase 6 between the two counterpropagating momentum components. That
is, |1 (2nhky, 0)) = €4, (—2nhky, 0)) for the nth order split state |¢,,(p,0)). Previously we have
ignored this relative phase, as it was inaccessible in experiment. In simulation we can access 6, and
we use this to draw conclusions about the wavefunction splitting later in the chapter.

For the simplest case of 2hky, splitting we show that if the lattice is shaken at frequencies near
the Bloch band 0 to band 1 transition, we can split the atom wavefunction to within the desired
error. This transition gives a relative phase difference of m between the two momentum states in the
resulting split state. If we shake the lattice at half of the band 0 to band 2 transition frequency, we
can split the atoms to within 1% error with zero relative phase between the two momentum states.
In each case the simulation results are backed up by analytics. This simple shaking scheme is not
suitable for higher-order splitting because the transition rate between bands drops precipitously as
we transition from band 0 to higher-lying bands. However, we find that if we optimize splitting via
a genetic algorithm using only the band-to-band transition frequencies, we can achieve 4 and 6hkr,
splitting within 1%.

We show that after splitting to third-order (£6hk1,) we can load the atoms into counter-
propagating moving lattices and accelerate them to improve the splitting, potentially achieving
acceleration sensitivities that scale as TI3 [74]. Thus, we consider splitting only up to third order
in this chapter.

The chapter is structured as follows: In Sec. we motivate the description of the lattice
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dynamics in terms of the Bloch states and describe the split state in terms of these states. Section
will describe an analytic treatment of the problem. Section [7.4] discusses the efficacy of 2hky,
and higher-order splitting with single-frequency shaking. Section shows results of optimization
with a genetic algorithm where we restrict ourselves to shaking at the band-to-band transition

frequencies. Section concludes.

7.2 Band decomposition of the lattice wavefunction

As a reminder, for the simulation results presented in this work, we have made the following
assumptions: First, we assume that the atoms are delocalized in the lattice, i.e. in a superfluid
state [44]. We will assume that the atoms are initialized with quasimomentum ¢ = 0 and this
quasimomentum does not change. Finally, we assume the atoms are non-interacting and that the
lattice is infinite.

Because we are working in the regime where the atoms are delocalized in an infinite lattice,
the Bloch states ‘\I/@) discussed in Sec. are a convenient basis for calculations, where r denotes
the band number and ¢ is the quasimomentum. As in Chapter [4] the lattice depth was chosen to
be Vo = 10FR, where the recoil energy Er = h2k]% /2m for atoms with mass m. The band energy E
is plotted against the quasimomentum ¢ in Fig. The atoms begin in the state corresponding
to the ground Bloch band r = 0 with ¢ = 0. Since we assume that the quasimomentum is always
zero we will suppress the index ¢ in what follows and denote the Bloch states \\Ilﬁo) ) as simply |r).

We know from Sec. [2.4]that the Bloch states at zero quasimomentum populate only the 2nhky,
momentum states (for integer n). Therefore a complete description of the atom wavefunction can
be given by the amplitudes and (relative) phases of the wavefunction in these quantized momentum
states. Of particular interest is the relative phase 8 between the two momentum components of the
split state, as defined in section [7.1

Experimentally one cannot determine these relative phases in time-of-flight images, as we
only have access to the amplitudes in experimental measurements. As such, in simulation and

experiment we define the vector P as in Sec. where the components P, contain the probability
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of finding an atom in a given momentum state 2nhky,. If we consider an ensemble of atoms, this
vector gives the relative population of atoms in each momentum state. We can then define an
“error” FE,;, between two momentum states described by vectors ﬁa and ﬁb as in Eq. . Note
that if we are comparing any state to the split state, E will be independent of § and is thus a more
useful quantity to look at when considering the results in the context of what is experimentally
observable. Thus, we use this expression as an error measure to quantify how well our optimization
algorithm is doing.

For bands r > 0 there is considerable similarity between the Bloch states and split states of
various orders. This is most easily seen when one looks at the momentum state population of the
Bloch states corresponding to different bands, as shown in Fig. [50]. Interestingly, there are
two separate Bloch states at different band energies that roughly correspond to each split state. To
glean further insight, we calculate the inner product D, between the nth order split state ¥, (p, 6)

and the state |r) as
Dy = [{rltbn(p, 0)) . (7.1)

From Fig. [7.2] we see that the difference between two Bloch states corresponding to bands [ > 0
and I’ = 1 + 1 is that the lower-energy state |I) has a relative phase difference § = 7 between the
+(I 4 1)hky, states, and the higher-energy band |I) is almost identical, except # = 0 (and thus
the two states are orthogonal). This is commensurate with the fact that states corresponding to
adjacent bands have opposite parity.

In the rest of this chapter, we refer to state-to-state transitions between different bands. The
transition frequencies for transitions from the ground band to the first 5 excited bands are shown
in Fig. |[7.3] For an example of the energy scales at play here, we tabulate the transition frequencies
fr.v between two bands r and 7’ in Table [7.1} The frequencies given in Table assume that we
are working with 8"Rb atoms (as we do in all of this work) at a lattice depth of Vj = 10ER. We see
that the band transitions lie between 0 and 121 kHz, and this is the regime in which our driving is

simulated.
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Figure 7.1: (a-h, in order of increasing band number from r = 0 to 7) Momentum state populations
and energies for the first 8 Bloch states |r) for atoms trapped in a lattice with Vy = 10ER. Note
that for r > 0 the states begin to resemble split states of higher and higher orders n.
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Figure 7.3: Band-to-band transition frequencies (in units of wg = Fgr/h) versus lattice depth Vj
(in units of ER) for the transition from band r = 0 to ' = 1 (red, solid), 2 (blue, dashed), 3 (gray,
dotted), 4 (magenta, dash-dotted), and 5 (black). The band 6 transitions are almost degenerate
with the band 5 transitions for the entire range of depths considered here, so the ' = 6 curve would
completely overlap the ' =5 curve.
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Table 7.1: Band transition frequencies f,,, Vo = 10Eg. The single (double) asterisk marks
frequencies with matrix element overlaps M.(M;) > 0.1 (see Fig. and Sec. [7.3).

Band n

Band m

fr,r’ (kHZ)

o

B W W NN NN R R RO OO o O

Tt O = O b W O = W N U W N =

17.89**
24.61%*
58.14
58.25
121.19
6.72%*
40.25%*
40.36**
103.30
33.53**
33.64*
96.58
0.10
63.0*
62.9%*
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The next section will analytically explore the dynamics of atoms trapped in a shaken optical
lattice. This case is somewhat difficult to solve analytically, but some basic results can be applied in
the simple case of single-frequency shaking at low amplitudes. We verify these results numerically,
showing that we can split the atom wavefunction with a phase difference of 0 or w, depending on
our driving frequency. Experimental results verify the numerics. From this we gain some insight
into how to restrict our optimization parameters and present the results of rapid optimization of

higher-order splitting in section

7.3 The analytics of phase modulation of an optical lattice

The Hamiltonian for a phase-modulated (shaken) lattice with general shaking function ¢(t)
is given in Eq. (2.16|) and repeated here for clarity

2 W
H= ;Lm + ?0 cos (2kLz + ¢(1)). (7.2)

For the specific case where ¢(t) = arsin (wt), we can apply the Jacobi-Anger expansion to Eq. ((7.2)).

Using this we can write the potential term V (z,t) in Eq. (7.2) as

V(z,t) = Vo{ cos (2kr,x) [Jo(a) /2 + Y52y Jor(a) cos (2kwt)]

—sin(2kpz) Y5 Jok—1(a) sin [(2k — 1wt } (7.3)

Equation shows that we can decompose the phase modulation into a term representing the
carrier (first term) and a set of amplitude modulation terms containing both sine and cosine terms.
The strength of these amplitude modulation terms are given by the Bessel functions Ji(a)) where «
is the amplitude of the phase modulation. Because the sine terms are odd, they will drive transitions
between opposite parity states while the even cosine terms will drive transitions between states with
the same parity [50].

By taking the Jy term in Eq. as the bare Hamiltonian Hy(x), we can write the rest

of the terms as a perturbation H'(x,t). Using Fermi’s golden rule, we can then write down the
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transition rate I';,» from state |r) to |r’) resulting from shaking at a frequency w as

Ly =ZVEY Ly |3 ()| (r| cos (2kpz)|r)|? x (B, — 2khw)

+ T3y ()| ('] sin (2kra) |r) [ X 6(E — (2k — 1)hw) (7.4)

where E,,» = hw, » = E, — E,s is the energy difference between states |r) and |r’). The transition
rate I, .+ is governed by the squares of the Bessel functions J,? (a) (where « is the amplitude of the

phase modulation) and magnitudes of the transition matrix elements |MT(ST),|2 = | (| sin (2kpz|r)|?

and |M |2 = || cos (2kpz|r)|2.

7.4 Single-frequency splitting

This section consists of three parts. The first subsection will show first-order single-frequency
shaking results via simulation. Next, we will show experimental evidence that supports the simu-
lation results. Finally, we will discuss just how far we need to split to implement an accelerating

lattice scheme.

7.4.1 Theory and simulation of single-frequency splitting

For a given value of « the amplitude of the Bessel functions Ji(«) dies off as k increases. For

a < 0.3 we can keep two terms, simplifying the potential in Eq. to
V(z,t) = Vo | Jo(a) cos (2kr,z) /2
—Ji(a) sin (wt) sin (2kp,z) + J2(a) cos(2wt) cos (2kpx) | - (7.5)
As with Eq. if we keep two terms in Eq. , we obtain

Tpp = ZVE | J3(0)| M PO (By e — 2nhw)

!
T

+T2(0) | M) [26( B,y — (20 — 1)w) | . (7.6)

T
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From this we see that weak shaking of the lattice at w,,» = 27 x f, ,» will drive transitions
between Bloch states |r) and |r’) if they have opposite parity and shaking at w, /2 will drive
transitions between |r) and |r') if they have the same parity. In general, shaking at w,, /N will
drive transitions between |r) and |r’) with parity determined by whether N is odd or even. This is
in keeping with the results in Ref. [108] for the case of the amplitude-modulated lattice (where only
like-parity transitions are allowed) and the phase-modulation results in Ref. |[120]. The difference in
our work is that we approach this problem from a standpoint of inducing band-to-band transitions
to perform atom beamsplitting for interferometry.

The above analysis shows that if we begin in the ground state |r = 0) and shake at w = wq;
(wo2/2), we will drive odd (even) parity transitions between bands r = 0 and ' =1 (' = 2). We
simulate both cases, solving the TDSE with the Hamiltonian in Eq. with a single frequency
w and amplitude « = 0.3 for T~ 1 msE

The band transition frequencies wp; and wpz /2 are plotted in Fig. versus the lattice depth.
Given Vy = 10FR, results for odd parity shaking at w = wp; = 27 x 17.88 kHz are shown in Fig.
7.5a), and results for even parity shaking at woa/2 = 27 x 12.3 kHz are shown in [7.5(b). For the
simulation results presented in Fig. at each timestep we calculate the percent error relative to
the split state as in Eq. and the inner product between the simulated state |®(t)) at time ¢
and the first order split state [¢1(p,6)) as in Eq. (7.1).

We see that when the percent error is lowest in Fig. (ab)7 the projection of the state |1))
onto the split states is highest for the split state |¢1(p,6 = 7)). This shows that we are in fact
splitting with relative phase # = 7w between the two split arms. Conversely, in Fig. (b) we
achieve splitting with 6§ = 0. Thus, by controlling the shaking frequency we can control the relative
phase between the two split arms.

For higher amplitudes first-order perturbation theory becomes less and less applicable, and

we can no longer use Fermi’s golden rule to accurately describe the physics of the situation. In

! Because we scale our time and energy scales to avoid excessively large and small numbers, we actually end up
shaking for T" = 1.04 ms.
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of the lattice depth.
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this case we must keep more terms in the Jacobi-Anger sums of Eq. and go to higher orders
in perturbation theory. Furthermore, we cannot use this simple picture to obtain higher-order
splitting. This is due to the fact that the matrix elements |M£’Cr),|2 and \MT(?,P become relatively
small as we consider transitions from the state |[r = 0) to higher-lying states with |r > 2). This
is shown in Fig. [7.6(a) where for higher-band transitions the relevant matrix element is at least
one order of magnitude below the lower-band transitions. As such, the transition strength is much
lower and the transitions become less favorable.

However, we can make transitions from the ground state |r = 0) to an intermediate state in
band ' = 1 or 2 and then to higher-lying states in bands r” > 2. If we make these intermediate
state transitions, the matrix elements become more favorable. This is shown in Fig. (b—c).
As expected, the cosine transition matrix elements are strongest when making transitions between
states in next-to-adjacent bands, but the sine matrix elements are strongest when making transitions
between states in adjacent bands. Interestingly, when considering the sine matrix elements we see
that it is also favorable to make transitions between states in bands r = 1 to ' = 0,2 or 4. We
also observe that transitions between bands r = 3 and ' = 2 and 6 are favorable, but transitions
between bands r = 3 and 7’ = 4 are not. This is possibly due to the avoided crossing between
bands 3 and 4 at ¢ = 0 (see Fig. . We will find in Sec. that the strongest transitions in Fig.

[7.6] can be used to simplify the optimization landscape for higher-order splitting in Sec. [7.5]

7.4.2 Experimental results

In this section we demonstrate that the splitting schemes described in the previous subsection
and shown in Fig. are viable experimentally. To do this we start with atoms loaded into the
ground state of a lattice of (intentionally) unknown depth. We then shake the lattice for a time
T = 0.2 ms with varying amplitude A at different frequencies. Unlike the results presented in
Chapter 6 we use frequency modulation of the lattice laser to shake the lattice, as presented in Sec.
This is done to eliminate the effects of losses and spurious reflections due to the EOM.

We find that we can split the atom wavefunction to within E ~ 10% at frequencies cor-
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responding to wp; and wpz/2. This is shown in Fig. As in Chapter |§| we do not generally
obtain splitting to better than 10% due to spurious atoms detected in the Ohk;, momentum state
(e.g. due to heating and imaging noise), the finite momentum spread of the condensed atoms in
the lattice [43,|101], and the finite signal-to-noise ratio in imaging. Simulations show that for our
experimental momentum width of 0.6hky, we are limited to errors of about 4 — 8%, depending on
our shaking frequency.

From the results shown in Fig. [7.7] we estimate the lattice depth to be Vj ~ 15.3ER. In this
case the relevant band-to-band transition frequencies are wg; = 21.7 kHz and wge = 2 x 17 kHz.
This not only confirms the simulation results from the previous subsection but provides us with
a reliable way to approximate the lattice depth. In our current interferometry experiments the
absolute lattice depth is less important than the day-to-day and shot-to-shot stability of the lattice
depth. Thus, an approximate depth combined with the stability provided by a lattice laser intensity

servo is sufficient for our purposes.

7.4.3 How much must we split?

Due to the fact that the single-frequency shaking does not work as well for higher-order
splitting (see Fig. , we must work harder to obtain higher-order splitting. This is the subject of
Sec. [7.5] However, before we dive into the next section it is instructive to demonstrate how much
we must split the atoms to be able to accelerate them in a moving lattice.

If we truncate the Bessel function expansion of Eq. to two terms and do some trigonom-

etry, we obtain

V(z,t) = 2Vy(Jo(e) cos (2kr,z) /4
+ Ji(a)(cos (2kr,z — wt) + cos (2krz + wt))). (7.7)
Equation ([7.7]) describes a carrier lattice and two counterpropagating moving lattices with velocity

v = t+w/2ky,. If we can split the atoms to a high enough order, we can trap the split atoms in one of

the two moving lattices. The atoms will then move with the lattice if we accelerate and decelerate
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the lattice. This will allow us to obtain interferometry with T13 sensitivity to an applied signal [74].
In this case the moving atoms will not be able to “see” the counterpropagating lattices and will
thus not be affected by themE| In this case, the atoms in the positive (negative) momentum state
will be trapped in the lattice moving with positive (negative) velocity. Then, if the lattices are
accelerated by changing the shaking frequency such that the magnitude of the counterpropagating
lattice velocity changes, the atoms should follow the lattices in which they are trapped. The atoms
will thus accelerate as the lattices are accelerated, given that this is done slowly enough [304/102].

We find that if we begin with atoms split to third order (that is, +6kky,), we can shake the
lattice at w = 12hk% /m = 12wg with a = 1 such that the lattice is moving with v = +6hky,/m
without disturbing the atom wavefunction appreciably. Here, wg = ERr/h is the recoil frequency of
the atoms in the lattice. In this case the atoms maintain their split state to within ~ 1%, as shown
in Fig. [7.8(a). Furthermore, simulations show that if the atoms begin in the +8%ky, split state and
are trapped in a lattice shaken at w = 1671]4:% /m, the atoms will continue to maintain their splitting
to within 1%, as shown in Fig. b). This trend continues for even higher splitting orders.

This analysis shows that if we can achieve third-order splitting we can then accelerate the
atoms in the lattice with negligible perturbation. In the next section we will show how to optimize

such splitting by shaking at frequencies corresponding to band-to-band transitions.

7.5 Optimization of higher-order splitting using band-to-band transitions

This section presents results of simulations optimizing splitting protocols up to n = 3. The
optimization is done via the genetic algorithm described in Chapter As in Chapter the
simulation solves the TDSE using the Hamiltonian in Eq. as in Sec. and the GA uses
the error as given in Eq. as a fitness function (and tries to minimize this error). We will
compare results using the full frequency bandwidth up to the r = 0 — 7/ = 5 transition to

optimize the lattice shaking to results where only single-photon band-to-band and two-photon

2 The atoms moving with one of the lattices must be in an eigenstate of the lattice, but shaking can always be
modified to prepare the split atoms so that they resemble the ground state of the moving lattice with depth VoJ1(a).
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half-band transitions are used. By the term “half-band transitions,” we mean that we shake the
lattice at a frequency w; /2 to cause even parity transitions. We know from Ref. [96] that off-
resonant shaking in the presence of atom-atom interactions causes heating. Furthermore, to avoid
the transverse scattering described in Refs. [23,24] we want to shake at single- and two-photon
band-to-band resonances so that no excess energy is available for transverse scaattering. Therefore
we wish to restrict our optimization to resonant transitions in order to limit the heating due to
these factors. Note that as in the rest of this thesis our simulations do not take interactions into
account.

In the simulations presented here we shook the lattice for 7" =~ 0.5 ms and attempted to
obtain +2nhk;, splitting for n = 1,2, and 3. As in the rest of this work, to ensure smooth turn-on
and turn-off of the shaking function, we multiplied each shaking function by the envelope function
in Eq. Due to the inherent randomness in the GA, we ran each class of simulations 10 separate
times and took the best result for our analysis. We plot the best results (in terms of percent error)
in Fig. [7.9]

We ran five different classes of optimization simulations. One class included every frequency
in the band from DC up tor = 0 — 7/ = 5/, another included only the 10 band transition frequencies
in this region, and a third included the 10 half-band transition frequencies. These frequencies are
tabulated in Table [l A fourth simulation class included all 20 band and half-band transition
frequencies, and a fifth chose only the 9 frequencies corresponding to appreciable (> 0.1) matrix
element overlap in Fig. |7.6| (marked with asterisks in Table . We plot the lowest error achieved
after 1000 iterations in Fig. Note that convergence below 1073% is limited by phase errors in
the split step method.

From the results presented in Fig. [7.10] we see that in all cases we can split the atom
wavefunction to better than 0.3%. We see in Fig. [7.9(a) that the error is lowest if we include
all frequencies, but in this regime the interaction-induced heating (which is not present in our
current simulation model) will be highest. For simulations restricted to the select strongest band

transitions we can obtain splitting to better than 0.05%. While the use of more complex fitness
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functions (e.g. the fitness function used for first-order splitting in Chapter 4) may further improve
this splitting efficiency, we obtain good results by simply minimizing the error in Eq. . In
summary, by truncating our search space from =~ 50 frequencies (limited by the discrete temporal
sampling inherent in the numerics) to &~ 10 frequencies, we can still split with sufficiently low error.

Even though we cannot access the relative phase 6 of the two split arms of these optimized split
states experimentally, it is of interest to examine them in simulation in order to better understand
the shaking dynamics. Thus, we plot the final phase 6 of the optimized split state for the best
results of each of the five simulation classes and three splitting orders in Fig. We include the
error from Fig. for easy reference and comparison.

The results show that the phase dynamics of multi-frequency splitting are more complex than
the simple model presented in Sec. [7.3] predicts. For example, when we split using the half-band
transition frequencies we would expect that the phase 6 be near zero. However, we find that this
phase is closer to § = —r for first-order splitting and —m /2 for higher-order splitting. Therefore,
our simple model derived in the case of single-frequency shaking has broken down. Unfortunately
it is analytically difficult to consider multiple frequency shaking due to the fact that neither the
Jacobi-Anger expansion nor the results of Floquet analysis applies. Furthermore, as shown in Fig.
7.9(b) the shaking function amplitude is about an order of magnitude greater than that used to
justify the truncation of the sum in Eq. and apply first-order perturbation theory.

We can, however, make some general inferences from our simple model. The fact that |0 ~ 7
for the first-order split state likely comes as a result of the fact that the two-photon matrix element
\Mécz) |2 is about a factor of two lower than the single-photon element |Mésf |2 connecting 7 = 0 and
r’ = 1. Thus, transitions between the odd-parity states are more favorable, as can be seen from
Fig. where the dynamics of shaking at wp; are far less complex than those of shaking at wp2/2.

For higher-lying states, the multiple pathways for an atom to get from |r = 0) to the higher-
lying states means that the even and odd parity transitions tend to interfere, and the split state
will in general be a mixture of the two bands. From Fig. [2.1] we see that these higher-lying states

|r" > 2) corresponding to splitting with n > 1 are nearly degenerate. This interference causes the
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Figure 7.10: Phase 6 between the split arms (blue asterisks, left axis) and error (red dots, right
axis) for (a) n =1, (b) n =2, and (c) n = 3. The best of ten runs for each of the five simulation
classes is shown. The classes are labeled on the x-axis as follows: band transition frequencies (b),
half-band transitions (hb), both band and half-band transitions (b+hb), select frequencies with
non-negligible matrix element overlap (s), and all frequencies in the band (all)
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phase difference between the two split arms to average to |#| = 7/2. In these cases the optimized
split state is not dominated by population transfer into a single higher-lying band but rather this
state is composed of a mixture of states corresponding to two nearly degenerate bands.

From a purely experimental standpoint our results dramatically simplify the optimization
landscape that we must explore. This allows for sufficient error minimization within a low number
of iterations. That is, even though simulations with more frequencies tend to converge to lower
errors, they take longer to do so. For example, if we run 10 simulations to optimize splitting of
the atom wavefunction with the select transition frequencies indicated in Table forn =1,2,
and 3, we can achieve convergence to better than 1% error in (on average) 1, 10, and 28 iterations,
respectively. In each case, the error for the simulations with all frequencies in the band is > 70%,
as shown in Fig. Figure also shows that if we start with atoms in the n = 2 split state,
we can optimize transfer into the n = 3 split state within 1% within 10 iterations. In this case
the total splitting time will double, but optimization of 6Aky, splitting is possible with fewer than
20 total iterations. This learning speedup is extremely important for practical implementations of
shaken lattice interferometry in that optimization happens more quickly and effectively, allowing

for fast optimization of the interferometer sequence.
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Figure 7.11: Results of genetic optimization showing the mean (open markers) and best (closed
markers) error for splitting with (a) n = 1, (b) n = 2 and (¢) n = 3 versus number of iterations
of the optimization algorithm. The black points indicate optimizations with all frequencies in the
band from DC to 121 kHz, and the red points indicate optimizations using only the truncated
frequency space corresponding to the select band-to-band transitions indicated in Table [7.1] The
error improvement is much faster with the truncated subspace.
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In the experiment, if the lattice depth is known (e.g. via the measurement scheme described
in Sec. or in Ref. [50,|101]) we can restrict our shaking to the transitions with appreciable
transition matrix elements. Then a closed-loop algorithm (e.g. the dCRAB algorithm used to
obtain the results in Chapter @ can be used to efficiently optimize the splitting protocol. Thus
we have found a reduced subspace that allows for faster optimization of the system and reduces

heating due to off-resonant shaking [96].

7.6 Conclusion

In conclusion we demonstrate a simple means of using the band-to-band transitions to imple-
ment an atom beamsplitter in an optical lattice. We develop a theoretical model that allows us to
use a single shaking frequency to implement low-order splitting. However, at higher frequencies our
simple model breaks down and we must incorporate multiple frequencies in order to obtain good
splitting. Due to heating caused by atom-atom interactions it is of interest to restrict our shaking
frequencies to those resonant with single- and two-photon transitions between bands. We show
that we can obtain higher-order splitting up to n = 3 with an error < 0.1% by optimizing shaking
with a learning algorithm using a reduced subspace of frequencies corresponding to the strongest
band and half-band transition resonances. This simplification of the optimization landscape allows
for faster optimization with less deleterious heating effects due to atom-atom interactions. Finally,
we show that higher-order splitting can be implemented by accelerating the atoms in the optical
lattice and can potentially allow for interferometry with sensitivity that scales with the cube of the
interrogation time. This opens up potential new pathways for improving and expanding interfer-
ometry using atoms trapped in a shaken optical lattice. Future work that will advance this goal

will be described in Chapter



Chapter 8

Shaken lattice interferometry in the future

At the end of nearly four years working on shaken lattice interferometry, it’s quite clear that
the experiment that has been built has produced some interesting results. This thesis has by and
large covered a lot of the initial proof-of-principle tests. We have done simulations that showed
what this system could theoretically be capable of. Furthermore, we have produced experimental
results showing that the predictions made by our simulation work are possible (at least at the level
at which we have explored it).

The point of this chapter is simply to speculate on the future. Section speculates on the
experimental improvements that could be made to the experimental system and how these improve-
ments would subsequently improve the results. Section [8.2] will discuss briefly the improvements
that could be made to the simulation. This section will also outline the basics of a semiclassical
simulation of a shaken lattice gyroscope, the next step in shaken-lattice-based inertial sensing.
Section [8:3] present some final thoughts on the future of SLI.

The idea here is not to dictate what another student would do but rather to offer some
suggestions. What actually ends up happening in the future is a unique combination of student
and advisor interests and personalities as well as funding opportunities. That, in a lot of ways, is

what’s so fun about doing science, especially in JILA.
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8.1 Future experimental improvements

The most obvious experimental improvements that could be made are those that improve the
interferometer interrogation time. Higher interrogation times correspond to higher sensitivity. Fur-
thermore, when implementing an AC-signal-sensitive reciprocal interferometer, longer interrogation
times mean that we are sensitive to lower-frequency signals.

Interrogation time improvements can proceed in a number of ways. Atom stability in the
lattice can be improved by the use of common lattice intensity stabilization techniques. This would
allow for longer interrogation times limited only by photon scattering rates and collisions with
background particles. Markus Greiner’s group at Harvard has been able to hold lithium atoms
in an optical lattice on the order of a minute [12]. The most remarkable difference between the
Harvard experiment and ours is the use of a high-powered 1064 nm laser and two-stage lattice
beam intensity servo in that experiment. The first stage of the servo system is AOM-based and
high bandwidth. The second is lower-bandwidth and based on a polarization rotator. The two
systems act independently.

Our single-stage servo system is reasonably high bandwidth but has issues with ramping the
lattice on and OHE Furthermore, as we ramp off the magnetic pre-lattice trap, the trap minimum
tends to move towards the chip as the currents are ramped off, as shown in Fig. 8.1} Thus, we are
loading the atoms into the lattice in a suboptimal manner. This in combination with the issues
involved with ramping the chip trap off, results in somewhat of a “throw and catch” scheme being
used for atom transfer from the magnetic trap into the lattice. This scheme imparts a non-zero
quasimomentum to the atoms, and this can change the relative phase 6 of the two split statesﬂ
Therefore, it is worthwhile to spend some time studying the magnetic trap to lattice trap transfer
scheme and optimizing it.

One could even abandon the chip altogether and move towards an all-optical approach based

! It’s hard to servo around zero intensity.

2 If the lattice is optimally aligned, this quasimomentum is very small (perhaps 10% of hkr). This presents
experimentally as asymmetry in the population in the +2hk;, side clouds visible when the atoms are in the ground
band of the lattice. See Fig. b).
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Figure 8.1: Location below the chip of the atom chip trap as the pre-lattice waveguide trap is
ramped off over an arbitrary ramp time (on the z-axis). As the chip trap is ramped off, the trap
location moves rapidly towards the chip.
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on BEC production using a crossed dipole trap [7,9,25]. In this way one could design optical access
in all three lattice dimensions using a simple vacuum cell geometry with a clear aperture where
the chip once was. There is, as always, the possibility of this being simply a “grass is greener on
the other side” situation, as making a BEC in a dipole trap offers its own set of challenges. If one
wishes to stay with the chip-based geometry, then they should carefully analyze the transfer from
the chip into the lattice to mitigate excitations as much as possible.

From the results shown in Chapters [6] and [7] we can see that one of the main factors limiting
convergence below 10% error is the finite momentum width of the condensate. Thus we must work
to narrow this width in future experiments. One solution to this problem is to perform most of
the evaporation in the tight atom chip trap, then move to a looser decompressed trap (like the
waveguide trap used before we ramp on the lattice beams) for the final stage of evaporation. If this
is done adiabatically, the condensate wavefunction will follow the trap deformation and the looser
trap will result in a narrower momentum distribution. A scheme like delta-kick cooling |5,84] could
also be an alternative means of narrowing the momentum width.

In order to make a six-axis inertial sensor, we need to be able to interrogate the atoms along
each of the three Cartesian dimensions. One of the advantages of an all-optical scheme would be the
relative ease of construction of a three-dimensional lattice scheme. However, even in the absence of
such a scheme, a three-dimensional optical lattice could be constructed through the use of on-chip
optics |107] and windows in the chip [15|17,/99,[100]. One issue that the next student would need
to overcome is the issue of optimizing the z-axis accelerometer in the presence of gravity to make
meaningful measurements of applied signals along this axis. This should be possible using the DC
bias optimization methods discussed in Chapters [3] and

We note that it would be reasonably straightforward (if somewhat difficult due to limited
space) to implement a second lattice dimension along the direction orthogonal to the current lattice
axis and gravity in the current experimental scheme. This would allow for studies of how the atom-
atom interactions affect the shaken lattice interferometer, as one could prepare in one dimension

a deep lattice state with a low occupation number on each site [42}/43|/44,/101] and a superfluid
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state (characterized by the distinct momentum peaks we rely on for interferometry) along the other
dimension. This would result in a 1-D array of one-dimensional, low atom number interferometers
operating in parallel.

Finally, there are some other obvious improvements. Chip and coil drivers with lower noise
and improved temperature stability would result in a more stable and repeatable experimental
system. The most convenient result of such improvements would be the mitigation or elimination
of trap bottom drift due to drift in the magnetic fields, as discussed in Sec. As another matter
of convenience, one could even implement a set of computer-controlled piezo mirror mounts that
optimize the lattice alignment every morning (and tweak said alignment as the system drifts over
the course of the day). A more stable laser system would allow for the experiment to be run
continuously without the need for graduate student input. In a day and age when a number of
atomic physics experiments run continuously and can be controlled even remotely, we should work
towards similar levels of control and operationﬂ Achieving this would allow one to get better data

faster.

8.2 Future simulation improvements

A number of refinements could be made to the simulation to better understand the effects
of the most obvious thing that we ignore: atom-atom interactions. As discussed in Sec. the
simplest refinement would be to include mean-field effects through the use of the Gross-Pitaevskii
equation [90], which simply adds a mean-field term to the Schrodinger equation. This can be easily
solved using our split-step method. More complex refinements (e.g. due to finite temperature
effects [45]) would require the use of more complex formulations and will not be considered here.

Multi-dimensional simulations with the split-step method are straightforward as long as there
is no crosstalk between the different lattice axes, rendering the equations that govern the different

axes separable. When considering shaken lattice accelerometry this is the case. However, when

3 Thanks to M. Pigneur for showing us how her experiment could be controlled remotely, inspiring waves of
jealousy.
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considering a rotation sensor we will see that the two axes are no longer separable. Thus, we will

have to resort to different methods. One such method is described in Sec. B2.11

8.2.1 A shaken lattice gyroscope

As initially discussed in Sec. in order to build a six-axis inertial sensor we need to
configure our shaken lattice interferometer as a gyroscope. Taking a clue from the Sagnac effect
discussed in Chapter [I] we can enclose an area by using a two-dimensional optical lattice. To
do this we perform the conventional Michelson interferometry sequence in one dimension while
simultaneously shaking along the second dimension to move the atoms out and back along this

dimension. A cartoon of this is shown in Fig. 8.2

8.2.2 A semiclassical Hamiltonian

In order to simulate the effects of a constant rotation {2 on the system, we can write down

the semiclassical Hamiltonian for a non-interacting atom moving in a rotating frame. This gives

2 2
Py py % Vb
5 T 9 T 3 cos ( krr + ¢ (t)) 5 CO8 ( kry + ¢y(t))
1
+ §m92($2 + y2) + Q(zpy + ypa) (8.1)

Here, we see the typical shaking lattice term in both the x and y dimensions. The next
terms are the centrifugal terms proportional to z? and y2E| Finally, we have the Coriolis terms
proportional to zp, and yp,. It is these terms that lead to the inseparability of Eq. and
thus render our split-step method useless. Thus, we need another simulation method. A possible

alternative is described in Sec. [R2.3]

8.2.3 Towards simulations of a shaken lattice gyroscope

While the split-step method will not work for our simulations of a shaken lattice gyroscope,

we can use the Chebyshev method [62,65,86,|111] to solve the TDSE with the Hamiltonian in

4 One of the problems with these terms is that they are quadratic in position. Thus for large enough rotation rates,
this background harmonic potential will overwhelm the lattice potential and the system will no longer be quantized
in momentum space.
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Figure 8.2: A cartoon of an atom-based Sagnac gyroscope in a two-dimensional lattice. The atoms
(depicted as red and green cirlces) enclose an area as they undergo the conventional Michelson atom
interferometry sequence in one dimension while moving out and back in the orthogonal dimension.
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Eq. (8.1). This method uses the Chebyshev polynomials to construct an approximation to the

Hamiltonian propagator exp (iHt/h) and thus solve the TDSE, which can be written as

P(t) = exp (iHt/h)y(0) (8.2)

The Chebyshev polynomialsﬂ are useful in that they exist in the domain [—1, 1] and range from
[—1,1]. Thus, the maximum error that they can obtain is lower than any other set of polynomials
with higher ranges. Most usefully, there is no restriction on the separability of the Hamiltonian H,
so this method can be used to solve more general problems than the split operator method we used
in this work.

We are currently working to implement this method, but the citations provided above should

allow the interested reader to write their own implementation of the algorithm.

8.2.4 Experimental rotation sensing

The shaken lattice gyroscope is one of those rare experiments that is (currently) easier to
simply carry out the experiment than it is to simulate. We have a Precitech model RT200 air
bearing rotation table in the lab that can rotate the system while it is being interrogated. For
past experiments, we rotated the table in a (reasonably well) controlled manner by attaching a
neodymium magnet to a corner. We oriented a coil of wire so that the magnetic field lines from
the Nd magnet ran through the area enclosed by the coil. We could force the table to move simply
by pulsing a current through the coil.

Once the experiment is mounted on the rotation table and a two-dimensional lattice is set
up, one could optimize the Sagnac scheme described in the previous sections. After optimization
the rotation table can be used to calibrate and test the inertial sensor just as the Michelson ac-
celerometer scheme was tested in Chapter[6] Sensitivity scaling can be measured using the classical

Fisher information just as in the accelerometer scheme. As with the accelerometer work presented

5 Again, Wikipedia provides a wonderful general reference for the properties of these polynomials, but most of
what is relevant can be found in the references cited in the previous sentence.
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here, we expect quadratic scaling of the gyroscope sensitivity with respect to interrogation time,

based on our simple model described in Chapter

8.3 Final thoughts

Experimentally, there are some interesting next steps that could be taken once the necessary
improvements are made. The optimization of higher-order splitting is an interesting one that could
lead towards the continuous acceleration lattice described in Sec. [7.4:3} this scheme would give
another factor of the interrogation time 77 in the sensitivity scaling [74]. A longer interrogation
time would allow us to improve on the results presented in Chapter [6] and perhaps even optimize
a reciprocal interferometer that could then be used to measure an AC acceleration signal.

Furthermore, we could abandon entirely the idea of modeling the interferometer on the typ-
ical Michelson-style scheme that has been the focus of this work. Since our sensitivity measure
is the classical Fisher information (CFI) we could use this as our optimization metric. As stated
in Chapter [6] we have already begun preliminary studies of this method in both simulation in ex-
periment. This is reasonably straightforward to implement in both cases (although experimentally
we need at least two different data points to be able to calculate the required derivatives in Eq.
(4.10])). We based our interferometer scaling initial assumptions on analogous light-pulse atom in-
terferometry systems [74], and building a multi-path interferometer optimized with the CFI could
allow for higher sensitivity scalings. Experimental and theoretical analyses of this scheme could
produce some very interesting results.

I have thoroughly enjoyed working on shaken lattice interferometry for the last few years.
Even if it does not completely revolutionize the field of atom interferometry and we do not all
become terribly rich and famous,lﬂ I can only hope that some of the concepts and ideas that have
been presented in this work are useful in other atom interferometry, atomic physics, and scientific

research in the future. And to you, reader, for reading this far, I thank youm

5 and we probably won’t
" Now go get some research done. What are you doing reading the concluding paragraphs of a PhD thesis anyway?!
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