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1. Introduction

Let Cm×n be the set of all m × n matrices in the complex field. For any A ∈ Cm×n, we denote the
conjugate transpose, the rank, the range space and the null space of A by A∗, r(A), R(A) and N(A),
respectively. In the remainder of this paper, we will adopt

A j
i = AiAi+1 · · · A j, X j

i = X∗i X∗i+1 · · · X
∗
j , 1 ≤ i ≤ j ≤ n, (1.1)

where Ai ∈ C
mi×mi+1 , Xi ∈ C

mi+1×mi and Xi is called a weighted generalized inverse of Ai, i = 1, 2, · · · , n.
In particular, A j

j = A j, A
j
1 = A1A2 · · · A j, X

j
j = X∗j , X

j
1 = X∗1X∗2 · · · X

∗
j , j = 1, 2, . . . , n and Xn

n+1 = Imn+1 .
For A ∈ Cm×n, let M ∈ Cm×m, N ∈ Cn×n be two positive definite Hermitian matrices. We recall

that a weighted generalized inverse X ∈ Cn×m of A is a matrix that satisfies some of the following
equations [1, 13]:

(1) AXA = A, (2) XAX = X, (3M) (MAX)∗ = MAX, (4N) (NXA)∗ = NXA. (1.2)

We say that X = A(1,3M) is a {1, 3M}-inverse or a weighted least squares g-inverse of A if X is a common
solution of (1) and (3M). Let A{1, 3M} denote the set of all {1, 3M}−inverses of A. We say that
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X = A(1,4N) is a {1, 4N}-inverse of A if X is a common solution of (1) and (4N). Let A{1, 4N} denote
the set of all {1, 4N}−inverses of A. The unique {1, 2, 3M, 4N}-inverse of A ia called the weighted
Moore-Penrose inverse of A and is denoted by X = A(1,2,3M,4N) = A†M,N [1, 23].

The reverse order law for the weighted generalized inverse of the multiple product of matrices has
been widely applied in the theoretic research and numerical computations areas ( see [1,2,4,5,8,9,14,
23, 24]).

For the very time, Greville [6] presented an equivalent condition for the reverse order law (AB)† =
B†A†. Since then, many authors have studied this problem (see [3,4,7,10,11,15–17,19–22,25,26]). It
is well known that the core problem concerns with the reverse order law and whether conditions

A(i, j,··· ,k)
n A(i, j,··· ,k)

n−1 · · · A(i, j,··· ,k)
1 = (A1A2 · · · An)(i, j,··· ,k) (1.3)

hold, or whether conditions

An{i, j, · · · , k}An−1{i, j, · · · , k} · · · A1{i, j, · · · , k} ⊆ (A1A2 · · · An){i, j, · · · , k} (1.4)

hold, where (i, j, · · · , k) ⊆ {1, 2, 3M, 4N}.
The purpose of this paper is to show some equivalent conditions for the following inclusions

An{1, 3Mn}An−1{1, 3Mn−1} · · · A1{1, 3M1} ⊆ (A1A2 · · · An){1, 3M1} (1.5)

and

An{1, 4Mn+1}An−1{1, 4Mn} · · · A1{1, 4M2} ⊆ (A1A2 · · · An){1, 4Mn+1}, (1.6)

where Ai ∈ C
mi×mi+1 , i = 1, 2, . . . , n and Mi ∈ C

mi×mi , i = 1, 2, . . . , n + 1 are n + 1 positive definite
Hermitian matrices.

2. Preliminaries

Lemma 2.1. [23] Let L, M be two complementary subspaces of Cm and let PL,M be the projector on
L along M, then

PL,MA = A⇐⇒ R(A) ⊆ L, (2.1)

APL,M = A⇐⇒ N(A) ⊇ M. (2.2)

Lemma 2.2. [1, 23] Let A ∈ Cm×n, X ∈ Cn×m and let M and N be two positive definite Hermitian
matrices of order m and n, respectively, then

X ∈ A{1, 3M} ⇐⇒ A∗MAX = A∗M, (2.3)

X ∈ A{1, 4N} ⇐⇒ XAN−1A∗ = N−1A∗, (2.4)

X ∈ A{1, 4N} ⇐⇒ X∗ ∈ A∗{1, 3N−1}. (2.5)
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Lemma 2.3. [18] Let A ∈ Cm×n, B ∈ Cm×k, C ∈ Cl×n and D ∈ Cl×k, and let M ∈ Cm×m and N ∈ Cn×n be
two positive definite Hermitian matrices, then

max
A(1,3M)

r(D −CA(1,3M)B) = min
{

r
(
A∗MA A∗MB

C D

)
− r(A), r

(
B
D

) }
, (2.6)

max
A(1,4N)

r(D −CA(1,4N)B) = min
{

r
(
C, D

)
, r

(
AN−1A∗ B
CN−1A∗ D

)
− r(A)

}
. (2.7)

Lemma 2.4. [12] Let A ∈ Cm×n, B ∈ Cm×k and C ∈ Cp×n, then

r
(
A, B

)
= r(A) + r(EAB) = r(B) + r(EBA), (2.8)

r
(
A
C

)
= r(A) + r(CFA) = r(C) + r(AFC), (2.9)

r
(
A
C

)
≤ r(A) + r(C), r

(
A, B

)
≤ r(A) + r(B), (2.10)

where the projectors are EA = Im − AA†, EB = Im − BB†, FA = In − A†A and FC = In −C†C.

3. Main results

Let

A j
i = AiAi+1 · · · A j, X

j
i = X∗i X∗i+1 · · · X

∗
j , 1 ≤ i ≤ j ≤ n

be as given in (1.1), and Mi ∈ C
mi×mi , i = 1, 2, . . . , n+ 1 are positive definite Hermitian matrices. Then,

from (2.3) in Lemma 2.2, we know that (1.5) holds if, and only if,

(An
1)∗M1A

n
1(Xn

1)∗ = (An
1)∗M1

holds for any Xi ∈ Ai{1, 3Mi}, i = 1, 2, . . . , n, which is equivalent to:

max
Xn,Xn−1,··· ,X1

r((An
1)∗M1 − (An

1)∗M1A
n
1(Xn

1)∗) = 0. (3.1)

Hence, we can present the equivalent conditions for (1.5) if the concrete expressions of the maximal
rank involved in (3.1) are derived.

Theorem 3.1. Let Ai ∈ C
mi×mi+1 , Xi = A(1,3Mi)

i ∈ Ai{1, 3Mi} and i = 1, 2, . . . , n. Let Mi ∈ C
mi×mi ,

i = 1, 2, . . . , n + 1 be positive definite Hermitian matrices and let A j
i = AiAi+1 · · · A j, 1 ≤ i ≤ j ≤ n be

given as in (1.1). Then,
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An{1, 3Mn}An−1{1, 3Mn−1} · · · A1{1, 3M1} ⊆ (A1A2 · · · An){1, 3M1}

⇐⇒ r



A∗n O · · · O
O A∗n−1 · · · O
...

...
. . .

...

O O · · · A∗2
(An

1)∗M1A
n−1
1 M−1

n (An
1)∗M1A

n−2
1 M−1

n−1 · · · (An
1)∗M1A1M−1

2


=

n∑
i=2

r(Ai). (3.2)

Proof. From (2.3) in Lemma 2.2 and the definition of the rank of the matrix, we can see that for any
Xi = A(1,3Mi)

i ∈ Ai{1, 3Mi}, i = 1, 2, . . . , n, the following three formulas are equivalent:

An{1, 3Mn}An−1{1, 3Mn−1} · · · A1{1, 3M1} ⊆ (A1A2 · · · An){1, 3M1}, (3.3)

(An
1)∗M1A

n
1(Xn

1)∗ = (An
1)∗M1 (3.4)

and

max
Xn,Xn−1,··· ,X1

r((An
1)∗M1 − (An

1)∗M1A
n
1(Xn

1)∗) = 0. (3.5)

□

Let X j
i = X∗i X∗i+1 · · · X

∗
j , 1 ≤ i ≤ j ≤ n as in (1.1). Then, from the formula (2.6) in Lemma 2.3 with

A = A1, B = Im1 , C = (An
1)∗M1A

n
1(Xn

2)∗ and D = (An
1)∗M1, we have

max
X1

r((An
1)∗M1 − (An

1)∗M1A
n
1(Xn

1)∗)

= min
{

r
(

A∗1M1A1 A∗1M1

(An
1)∗M1A

n
1(Xn

2)∗ (An
1)∗M1

)
− r(A1), r

(
Im1

(An
1)∗M1

) }
= min

{
r((An

1)∗M1A
n
1(Xn

2)∗ − (An
1)∗M1A1), m1

}
= r((An

1)∗M1A
n
1(Xn

2)∗ − (An
1)∗M1A1), (3.6)

in which by the row or column elementary block operations from the first equality to the second one,
we use the rank identities

r
(

Im1

(An
1)∗M1

)
= m1,

r
(

A∗1M1A1 A∗1M1

(An
1)∗M1A

n
1(Xn

2)∗ (An
1)∗M1

)
= r

(
O A∗1M1

(An
1)∗M1A

n
1(Xn

2)∗ − (An
1)∗M1A1 O

)
= r((An

1)∗M1A
n
1(Xn

2)∗ − (An
1)∗M1A1) + r(A1)

and
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r((An
1)∗M1A

n
1(Xn

2)∗ − (An
1)∗M1A1) ≤ r((An

1)∗) ≤ r(A1) ≤ m1.

From (3.6) and again by (2.6) in Lemma 2.3 with A = A2, B = Im2 , C = (An
1)∗M1A

n
1(Xn

3)∗ and
D = (An

1)∗M1A1, we have

max
X2,X1

r((An
1)∗M1 − (An

1)∗M1A
n
1(Xn

1)∗)

= max
X2

r((An
1)∗M1A1 − (An

1)∗M1A
n
1(Xn

2)∗)

= min
{

r
(

A∗2M2A2 A∗2M2

(An
1)∗M1A

n
1(Xn

3)∗ (An
1)∗M1A1

)
− r(A2), r

(
Im2

(An
1)∗M1A1

) }
= min

{
r
(

O A∗2M2

(An
1)∗M1A

n
1(Xn

3)∗ − (An
1)∗M1A

2
1 (An

1)∗M1A1

)
− r(A2), m2

}
= min

{
r
(

O A∗2
(An

1)∗M1A
n
1(Xn

3)∗ − (An
1)∗M1A

2
1 (An

1)∗M1A1M−1
2

)
− r(A2), m2

}
. (3.7)

By (2.9) in Lemma 2.4 we have
(
O, A∗2

)†
=

(
O

(A∗2)†

)
, thus

r
(

O A∗2
(An

1)∗M1A
n
1(Xn

3)∗ − (An
1)∗M1A

2
1 (An

1)∗M1A1M−1
2

)
= r[

(
(An

1)∗M1A
n
1(Xn

3)∗ − (An
1)∗M1A

2
1, (An

1)∗M1A1M−1
2

)
F(O, A∗2)] + r(A2)

= r[
(
(An

1)∗M1A
n
1(Xn

3)∗ − (An
1)∗M1A

2
1, (An

1)∗M1A1M−1
2

)
(I − (O, A∗2)†(O, A∗2))] + r(A2)

= r
(
(An

1)∗M1A
n
1(Xn

3)∗ − (An
1)∗M1A

2
1, (An

1)∗M1A1M−1
2 FA∗2

)
+ r(A2)

= r[(An
1)∗

(
M1A

n
1(Xn

3)∗ − M1A
2
1, M1A1M−1

2 FA∗2

)
] + r(A2)

≤ r((An
1)∗) + r(A2)

≤ r(A∗2) + r(A2)
≤ m2 + r(A2). (3.8)

Combining (3.6) and (3.7) with (3.8), we have

max
X2,X1

r((An
1)∗M1 − (An

1)∗M1A
n
1(Xn

1)∗)

= max
X2

r((An
1)∗M1A1 − (An

1)∗M1A
n
1(Xn

2)∗)

= r
(
(An

1)∗M1A
n
1(Xn

3)∗ − (An
1)∗M1A

2
1, (An

1)∗M1A1M−1
2 FA∗2

)
. (3.9)

Generally, for 2 ≤ i ≤ n, we can prove the following fact:

max
Xi,Xi−1,··· ,X1

r((An
1)∗M1 − (An

1)∗M1A
n
1(Xn

1)∗)

= r
(
(An

1)∗M1A
n
1(Xn

i+1)∗ − (An
1)∗M1A

i
1, (An

1)∗M1A
i−1
1 M−1

i FA∗i , · · · , (An
1)∗M1A

1
1M−1

2 FA∗2

)
AIMS Mathematics Volume 8, Issue 12, 29171–29181.
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= r
(
(An

1)∗M1A
n
1(Xn

i+1)∗ − (An
1)∗M1A

i
1, (An

1)∗M1A
i−1
1 M−1

i FA∗i , · · · , (An
1)∗M1A1M−1

2 FA∗2

)
,

(3.10)

where A1
1 = A1 and Xn

n+1 = Imn+1 .
In fact, (3.10) is true for i = 2 (see (3.9)). Now, assume (3.10) is also true for i − 1(i ≥ 3), i.e

max
Xi−1,Xi−2,··· ,X1

r((An
1)∗M1 − (An

1)∗M1A
n
1(Xn

1)∗)

= r
(
(An

1)∗M1A
n
1(Xn

i )∗ − (An
1)∗M1A

i−1
1 , (An

1)∗M1A
i−2
1 M−1

i−1FA∗i−1
, · · · , (An

1)∗M1A1M−1
2 FA∗2

)
.

(3.11)

Next, we will prove that (3.10) is also true for i. By formula (3.11) and (2.6) in Lemma 2.3 with
B̃ =

(
Imi , O, · · · , O

)
, Ã = Ai, C̃ = (An

1)∗M1A
n
1(Xn

i+1)∗,

D̃ =
(
(An

1)∗M1A
i−1
1 , −(An

1)∗M1A
i−2
1 M−1

i−1FA∗i−1
, · · · , −(An

1)∗M1A1M−1
2 FA∗2

)
and

Ẽ = (An
1)∗M1A

n
1(Xn

i )∗ − (An
1)∗M1A

i−1
1 , we have

max
Xi,Xi−1,··· ,X1

r((An
1)∗M1 − (An

1)∗M1A
n
1(Xn

1)∗)

= max
Xi

r
(
Ẽ, (An

1)∗M1A
i−2
1 M−1

i−1FA∗i−1
, · · · , (An

1)∗M1A1M−1
2 FA∗2

)
= max

Xi
r(D̃ − C̃XiB̃)

= min
{

r
(
Ã∗MiÃ Ã∗MiB̃

C̃ D̃

)
− r(Ã), r

(
B̃
D̃

) }
= r

(
(An

1)∗M1A
n
1(Xn

i+1)∗ − (An
1)∗M1A

i
1, (An

1)∗M1A
i−1
1 M−1

i FA∗i , · · · , (An
1)∗M1A1M−1

2 FA∗2

)
.

(3.12)

By the row or column elementary block operations of formula (2.9) in Lemma 2.4 we have,

r
(
B̃
D̃

)
= r

(
Imi O · · · O

(An
1)∗M1A

i−1
1 −(An

1)∗M1A
i−2
1 M−1

i−1FA∗i−1
· · · −(An

1)∗M1A1M−1
2 FA∗2

)
= mi + r

(
(An

1)∗M1A
i−2
1 M−1

i−1FA∗i−1
, · · · , (An

1)∗M1A1M−1
2 FA∗2

)
and

r
(
Ã∗MiÃ Ã∗MiB̃

C̃ D̃

)
= r

(
T11 T12

T21 T22

)
= r

(
τ11 T12

T21 T22

)
= r

(
(An

1)∗M1A
n
1(Xn

i+1)∗ − (An
1)∗M1A

i
1, ηi, ηi−1, · · · , η2

)
+ r(A∗i )

≤ r
(
(An

1)∗M1A
n
1(Xn

i+1)∗ − (An
1)∗M1A

i
1, (An

1)∗M1A
i−1
1 M−1

i FA∗i

)
+ r

(
(An

1)∗M1A
i−2
1 M−1

i−1FA∗i−1
, · · · , (An

1)∗M1A1M−1
2 FA∗2

)
+ r(Ai)

≤ r(An
1)∗ + r

(
(An

1)∗M1A
i−2
1 M−1

i−1FA∗i−1
, · · · , (An

1)∗M1A1M−1
2 FA∗2

)
+ r(Ai)

≤ mi + r
(
(An

1)∗M1A
i−2
1 M−1

i−1FA∗i−1
, · · · , (An

1)∗M1A1M−1
2 FA∗2

)
+ r(Ai),
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where

T11 =
(
A∗i MiAi, A∗i Mi

)
, T12 =

(
O, · · · , O

)
, T21 =

(
(An

1)∗M1A
n
1(Xn

i+1)∗, (An
1)∗M1A

i−1
1

)
,

T22 =
(
−(An

1)∗M1A
i−2
1 M−1

i−1FA∗i−1
, · · · , −(An

1)∗M1A1M−1
2 FA∗2

)
τ11 =

(
O, A∗i

)
,

and

ηk = (An
1)∗M1A

k−1
1 M−1

k FA∗k
, k = 2, 3, . . . , i.

In particular, when i = n, we get A1
1 = A1, Xn

n+1 = Imn+1 and

max
Xn,Xn−1,··· ,X1

r((An
1)∗M1 − (An

1)∗M1A
n
1(Xn

1)∗)

= r
(
(An

1)∗M1A
n
1(Xn

n+1)∗ − (An
1)∗M1A

n
1, (An

1)∗M1A
n−1
1 M−1

n FA∗n , · · · , (An
1)∗M1A

1
1M−1

2 FA∗2

)
= r

(
(An

1)∗M1A
n
1 − (An

1)∗M1A
n
1, (An

1)∗M1A
n−1
1 M−1

n FA∗n , · · · , (An
1)∗M1A

1
1M−1

2 FA∗2

)
= r

(
(An

1)∗M1A
n−1
1 M−1

n FA∗n , (An
1)∗M1A

n−2
1 M−1

n−1FA∗n−1
, · · · , (An

1)∗M1A
1
1M−1

2 FA∗2

)
.

(3.13)

Applying (3.13) with Lemma 2.4, we finally have

max
Xn,Xn−1,··· ,X1

r((An
1)∗M1 − (An

1)∗M1A
n
1(Xn

1)∗)

= r
(
(An

1)∗M1A
n−1
1 M−1

n FA∗n , (An
1)∗M1A

n−2
1 M−1

n−1FA∗n−1
, · · · , (An

1)∗M1A
1
1M−1

2 FA∗2

)

= r



A∗n O · · · O
O A∗n−1 · · · O
...

...
. . .

...

O O · · · A∗2
(An

1)∗M1A
n−1
1 M−1

n (An
1)∗M1A

n−2
1 M−1

n−1 · · · (An
1)∗M1A

1
1M−1

2


−

n∑
i=2

r(Ai).

(3.14)

According to the formulas (1.1), (3.3)–(3.5) and (3.14), we have

An{1, 3Mn}An−1{1, 3Mn−1} · · · A1{1, 3M1} ⊆ (A1A2 · · · An){1, 3M1}

⇐⇒ r



A∗n O · · · O
O A∗n−1 · · · O
...

...
. . .

...

O O · · · A∗2
(An

1)∗M1A
n−1
1 M−1

n (An
1)∗M1A

n−2
1 M−1

n−1 · · · (An
1)∗M1A1M−1

2


=

n∑
i=2

r(Ai).

(3.15)

From Lemmas 2.1, 2.4 and Theorem 3.1, we have:
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Corollary 3.1. Let Ai ∈ C
mi×mi+1 , Xi = A(1,3Mi)

i ∈ Ai{1, 3Mi}. Let Mi ∈ C
mi×mi be positive definite

Hermitian matrices i = 1, 2, . . . , n + 1, and let A j
i = AiAi+1 · · · A j, 1 ≤ i ≤ j ≤ n be given as in (1.1).

Then, the following statements are equivalent:

(1) An{1, 3Mn}An−1{1, 3Mn−1} · · · A1{1, 3M1} ⊆ (A1A2 · · · An){1, 3M1};

(2) r



A∗nMn O · · · O
O A∗n−1Mn−1 · · · O
...

...
. . .

...

O O · · · A∗2M2

(An
1)∗M1A

n−1
1 (An

1)∗M1A
n−2
1 · · · (An

1)∗M1A
1
1


=

n∑
i=2

r(Ai);

(3) R((Ai−1
1 )∗M1A

n
1) ⊆ R(MiAi), i = 2, 3, . . . , n;

(4) Ai(Ai)
†

Mi,Imi+1
M−1

i (Ai−1
1 )∗M1A

n
1 = M−1

i (Ai−1
1 )∗M1A

n
1, i = 2, 3, . . . , n.

Proof. According to Theorem 3.1, we get that (1) and (2) are equivalent since

r





A∗nMn O · · · O
O A∗n−1Mn−1 · · · O
...

...
. . .

...

O O · · · A∗2M2

(An
1)∗M1A

n−1
1 (An

1)∗M1A
n−2
1 · · · (An

1)∗M1A
1
1




M−1

n O · · · O
O M−1

n−1 · · · O
...

...
. . .

...

O O · · · M−1
2





= r



A∗n O · · · O
O A∗n−1 · · · O
...

...
. . .

...

O O · · · A∗2
(An

1)∗M1A
n−1
1 M−1

n (An
1)∗M1A

n−2
1 M−1

n−1 · · · (An
1)∗M1A1M−1

2


. (3.16)

Next, we will prove (3)⇐⇒ (2). From (3.16) and (2.8) in Lemma 2.4, we have

r



A∗nMn O · · · O
O A∗n−1Mn−1 · · · O
...

...
. . .

...

O O · · · A∗2M2

(An
1)∗M1A

n−1
1 (An

1)∗M1A
n−2
1 · · · (An

1)∗M1A1


= r


MnAn O · · · O (An−1

1 )∗M1A
n
1

O Mn−1An−1 · · · O (An−2
1 )∗M1A

n
1

...
...

. . .
...

...

O O · · · M2A2 (A1
1)∗M1A

n
1


= r


EMnAn(A

n−1
1 )∗M1A

n
1

EMn−1An−1(A
n−2
1 )∗M1A

n
1

...

EM2A2(A
1
1)∗M1A

n
1

 +
n∑

i=2

r(MiAi). (3.17)

AIMS Mathematics Volume 8, Issue 12, 29171–29181.



29179

According to (3.17) , we have r(MiAi) = r(Ai) and (3)⇐⇒ (2) if, and only if,

EMiAi(A
i−1
1 )∗M1A

n
1 = O, i = 2, 3, . . . , n. (3.18)

From Lemmas 2.1 and 2.4, we have EMiAi = Imi − (MiAi)(MiAi)† = Imi −PR(MiAi),N(A∗i Mi) and (3)⇐⇒ (2),
where i = 2, 3, . . . , n.

By using formula (3) and Lemma 2.1, we get (3)⇐⇒ (4) since

Ai(Ai)
†

Mi,Imi+1
M−1

i (Ai−1
1 )∗M1A

n
1 = PR(Ai(Ai)

†

Mi ,Imi+1
),N(Ai(Ai)

†

Mi ,Imi+1
)M
−1
i (Ai−1

1 )∗M1A
n
1

= PR(Ai),N(Ai(Ai)
†

Mi ,Imi+1
)M
−1
i (Ai−1

1 )∗M1A
n
1

= M−1
i (Ai−1

1 )∗M1A
n
1,

where i = 2, 3, . . . , n. □ □

From Lemma 2.2, we have X ∈ A{1, 4N} ⇔ X∗ ∈ A∗{1, 3N−1}, so from Theorem 3.1 and
Corollary 3.1, we have

Theorem 3.2. Let Ai ∈ C
mi×mi+1 , Xi = A(1,4Ni+1)

i ∈ Ai{1, 4Ni+1}. Let Ni ∈ C
mi×mi be positive definite

Hermitian matrices i = 1, 2, . . . , n + 1, and let A j
i = AiAi+1 · · · A j, 1 ≤ i ≤ j ≤ n be given as in (1.1).

Then,

An{1, 4Nn+1}An−1{1, 4Nn} · · · A1{1, 4N2} ⊆ (A1A2 · · · An){1, 4Nn+1}

⇐⇒ r


A∗1 O · · · O N2A

n
2N−1

n+1(An
1)∗

O A∗2 · · · O N3A
n
3N−1

n+1(An
1)∗

...
...
. . .

...
...

O O · · · A∗n−1 NnA
n
nN−1

n+1(An
1)∗

 =
n−1∑
i=1

r(Ai).

From Lemmas 2.1, 2.4 and Theorem 3.2, we have

Corollary 3.2. Let Ai ∈ C
mi×mi+1 , Xi = A(1,4Ni+1)

i ∈ Ai{1, 4Ni+1}. Let Ni ∈ C
mi×mi be positive definite

Hermitian matrices i = 1, 2, . . . , n + 1, and let A j
i = AiAi+1 · · · A j, 1 ≤ i ≤ j ≤ n be given as in (1.1).

Then, the following statements are equivalent:

(1) An{1, 4Nn+1}An−1{1, 4Nn} · · · A1{1, 4N2} ⊆ (A1A2 · · · An){1, 4Nn+1};

(2) r


N−1

2 A∗1 O · · · O An
2N−1

n+1(An
1)∗

O N−1
3 A∗2 · · · O An

3N−1
n+1(An

1)∗
...

...
. . .

...
...

O O · · · N−1
n A∗n−1 A

n
nN−1

n+1(An
1)∗

 =
n−1∑
i=1

r(Ai);

(3) R(An
i+1N−1

n+1(An
1)∗) ⊆ R(N−1

i+1A∗i ), i = 1, 2, . . . , n − 1;

(4) (Ai)
†

Imi ,Ni+1
AiA

n
i+1N−1

n+1(An
1)∗ = An

i+1N−1
n+1(An

1)∗, i = 1, 2, . . . , n − 1.

4. Conclusions

The reverse order law for the weighted generalized inverses of the multiple product of matrices has
been studied in this article by using the ranks of the generalized Schur complement. The work in this
paper was a useful tool in many algorithms for the computation of the weighted least squares technique
of matrix equations.
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