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1. Introduction

Let C™ be the set of all m X n matrices in the complex field. For any A € C™", we denote the
conjugate transpose, the rank, the range space and the null space of A by A*, r(A), R(A) and N(A),
respectively. In the remainder of this paper, we will adopt

Al = AAi - A, X = XX, X, l<i<j<n, (1.1)
where A; € C’""x_’""“ , X; EC’”’“X’"" and X; is c_:alled a we_ighted generalized inverse of A;, i = 1,2,--- ,n.
In particular, Aj. =A;, Al =A1A -+ A, Xj. =X, X =XX; - X5, j=1,2,...,nand X | =1,

For A € C™" let M € C™m N € C"™" be two positive definite Hermitian matrices. We recall
that a weighted generalized inverse X € C™" of A is a matrix that satisfies some of the following
equations [1,13]:

(1)AXA = A, (2) XAX = X, (3M) (MAX)" = MAX, (4N) (NXA)" = NXA. (1.2)

We say that X = AU3M ig a {1, 3M}-inverse or a weighted least squares g-inverse of A if X is a common
solution of (1) and (3M). Let A{l1,3M} denote the set of all {1,3M}—-inverses of A. We say that
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X = AY*M is a {1,4N}-inverse of A if X is a common solution of (1) and (4N). Let A{1,4N} denote
the set of all {1,4N}—inverses of A. The unique {1,2,3M,4N}-inverse of A ia called the weighted
Moore-Penrose inverse of A and is denoted by X = A(123M4N) — AL’N [1,23].

The reverse order law for the weighted generalized inverse of the multiple product of matrices has
been widely applied in the theoretic research and numerical computations areas ( see [1,2,4,5,8,9, 14,
23,24)).

For the very time, Greville [6] presented an equivalent condition for the reverse order law (AB)" =
BYA". Since then, many authors have studied this problem (see [3,4,7,10,11,15-17,19-22,25,26]). It
is well known that the core problem concerns with the reverse order law and whether conditions

AT R AU (g A AR (1.3)
hold, or whether conditions
An{i’ja"' ’k}An—l{i’ja"' ’k}Al{l’]7 ,k}g(AlAZAn){l’]’ 7k} (14)

hold, where (i, j,--- ,k) € {1,2,3M,4N}.
The purpose of this paper is to show some equivalent conditions for the following inclusions

AL 3M A, (L 3M 0} - - Al{LL3M ) € (A4As - - AL 3M ) (1.5)

and
AL AM, 3A {1, 4M,} - - - A{LL 4Mo) C (A4As - - AL, 4AM 0, (1.6)
where A; € C">"i+t j = 1,2,...,nand M; € C"™ j = 1,2,...,n+ 1 are n + 1 positive definite

Hermitian matrices.
2. Preliminaries

Lemma 2.1. [23] Let L, M be two complementary subspaces of C" and let Py y be the projector on
L along M, then

PLyA=A e RA)CL, 2.1)

APy =A & NA) 2 M. (2.2)

Lemma 2.2. [],23] Let A € C™", X € C™ and let M and N be two positive definite Hermitian
matrices of order m and n, respectively, then

X € A{1,3M} < A"MAX = A*M, (2.3)
X € A{1,4N} &< XAN'A* = N 'A", (2.4)
X € A{1,4N} & X" € A*{1,3N"'}. (2.5)
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Lemma 2.3. [I8] Let A € C™" B e C™* C e C* and D € C** and let M € C™" and N € C"™" be

two positive definite Hermitian matrices, then

A"MA A*MB B
AU py _
il(}g].ﬁ)l() r(D—-CA B) mln{ r( c D ) r(A), r(D) }, (2.6)
AN'A* B
_CAMAN By _ _
max (D - CA"VB) mm{ r(C. D), r( CN-LA- D) r(A)}. 2.7)
Lemma24. [12] Let A € C™" B e C™* and C € CP*", then
r(A, B)=r(A)+ r(EsB) = r(B) + r(EsA), (2.8)
A
r(C) =r(A)+r(CFy) =r(C)+ r(AF¢), (2.9)
A
r <r r(C), rlA, <r r(B), .
( C) <HA)+r(C), (A, B)<r(A)+r(B) (2.10)
where the projectors are E4 = I,, — AA', Eg =1, —BB', Fy=1,—A"Aand F- =1, - C'C.
3. Main results
Let
A{:AiAmmA,-, X{:X;*XZ‘+1--~X§, 1<i<j<n
be as givenin (1.1), and M; € C™*™i i =1,2,...,n+ 1 are positive definite Hermitian matrices. Then,
from (2.3) in Lemma 2.2, we know that (1.5) holds if, and only if,
(AD"MATXD) = (AD)'M,
holds for any X; € A{1,3M;},i =1,2,...,n, which is equivalent to:
max _ r((AD)"M, — (A" MATX])") =0. (3.1
Xannfla""Xl

Hence, we can present the equivalent conditions for (1.5) if the concrete expressions of the maximal

rank involved in (3.1) are derived.

Theorem 3.1. Let A; € C"*"w1, X; = AV e Af{1,3M)) and i =

1,2,...,n. Let M; € C">™

i=1,2,...,n+ 1 be positive definite Hermitian matrices and let A{ =AAi--A;, 1<i<j<nbe

given as in (1.1). Then,
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A1, 3M A, {1, 3M, -1} - - - A{1,3M1} C (A1Ay - - A{L, 3M )

A 0] o)
0 A 0 n
— r : : : =Y 1A, (32)
0 0 A i=2
(A M ATM; (A MATM - (AT M AM;!

Proof. From (2.3) in Lemma 2.2 and the definition of the rank of the matrix, we can see that for any
X = A51’3M") e A{l,3M;},i=1,2,...,n, the following three formulas are equivalent:

AAL3M A, {1,3M,_1}---A{1,3M,} C (A1Ay--- A1, 3M,}, (3.3)
(A" MATX]) = (AD)'M, (3.4)
and
_max (A5 My — (A5 MyAYCE})) = 0. (3.5)
O

Let ij =X/ X, - -X;f, 1 <i< j<nasin(l.1). Then, from the formula (2.6) in Lemma 2.3 with

i+1

A=A,B=1,,C=A)"MAX)" and D = (A])"M,, we have

max r((A5)" My = (A7) My ASCE))

min{r( AA A, )—r(A) r( I )}
@y @) A e,

min{ r((AD M AT — (A))'M,A)Y), ml}

r((AD)" MIATED)" — (A" MiAy), (3.6)

in which by the row or column elementary block operations from the first equality to the second one,
we use the rank identities

r( iy )—m
CONZT

ATMA, ATM, )

. 0 ATMI)
(AD"M AT (AD'™M,

’((A’f)*MIA';(X@* —(A"YMA, O
r((AD M AT — (AD)'MA) + r(A))

and
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r((A))" M AT — (AY)

From (3.6) and again by (2.6) in Lemma
D = (A])"M,A,, we have

M Ay) < r((ADY) < r(A) <my.

2.3 with A = Ay, B = I,,,, C = (A7) M;A’(X?)" and

max (AN My = (A" M AT

= n}élx r((AY) MiA; — (A MiATXD))

: { A5MHA,
= min\r

A*M, )—r(A) r( L, )}
(AT M AN (A1) My A, 2 T\(AY ML A,

= min{r 0 A M, )—r(A) m}
(AD) M AL — (Al MAY (A MIA, el
) 0 A;
= min . . s e 1= r(Ay), . 3.7
{’ (A5)" ML ALY — (A5 MIAT (A9) MlAlel) ) ’"2} G-D
. i 0]
By (2.9) in Lemma 2.4 we have (0, A;) :((A*)T)’ thus
2
- (0] Al )
(AN MATXE) — (AN MAT (A7) M A M5!

= 7]

(AN M AT - (AL MAL, (AN MIAMS") Foo, 4] + r(A2)
= rl((AD M AT — (AN MIAT, (AN MAMS') (I - (0, A3)'(0, AD)] + r(4y)

= r((AD"MAIXD — (AN MAT, (A MIAIM F i) + r(4y)
FA(AD (MAYXE) = MiAL, MiAM; F i ) + r(Ay)

< r((A]D") +r(Ay)
< r(A) +r(Ay)
< my + r(Ay). (3.8)
Combining (3.6) and (3.7) with (3.8), we have
max r((AY) My — (A M ATXT))
= max r((AT)"M Ay — (AT M AT(X))
= r((A’f)*MlA’I’(Xg)* - (A’f)*MlAZ, (A'{)*MlAlMZ‘IFA;). 3.9

Generally, for 2 < i < n, we can prove the following fact:
L max  r((AD M, — (A]) MiATE]))
isAi-1

= (AN MALL ) = (AD'MAL (A MAT M F
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= (AN MANKE ) = (AD'MIAL, (AN MAT M Faey -, (AN MA M Fyy),

(3.10)

i+1

where A| = A; and X" | =]

My41*

In fact, (3.10) is true for i = 2 (see (3.9)). Now, assume (3.10) is also true fori — 1(i > 3), i.e

max r((A") M, — (AD)*MATX])Y)

Xi-1,Xi-2,
= r(@Ay M1A7(X7) — (AN MAT, (A MATM\ Fye o, (AL MAIMG Fs).
(3.11)

Next, we will prove that (3.10) is also true for i. By formula (3.11) and (2.6) in Lemma 2.3 with

B=(L,, 0, -, 0), A=A, C=(A)MAIX,)",
D = ((A})"MAT!, (AN MATMZ Fye -, —(AY) MiA M3 Fy;) and
E = (A" M AKX — (A" M A, we have
xomax r((AY) My — (A M ATXT))
= mXE:XV(E, (A'f)*MlAil_zMi__llFAlil, SN (A?)*MlAlMZ_IFA;)
= max r(D - CX;B)
. A*M,A A*MB - B
= mln{r( G b )—r(A), r(b)}
= (AN MALEL ) = (AD'MAL (A MAT M Fyey -, (A1) MA M Fy).
(3.12)
By the row or column elementary block operations of formula (2.9) in Lemma 2.4 we have,
r(é ~ L, 0 0
p] = "\anyMAr (A MATPM A Fy o (AN MA M, Fy,
= mi+ (A MAPM Fre oo (AD'MIAM; ' Fy)
and
r(~*MiA A*M,-B)_r(T“ le)_r(Tll le)
C D Ty T Toy T
= (A" MAIKE ) = (A MAL mi iy, oo, o)+ (A
< (AN MALEE) - (ADMIAL, (A MAT M Fy)
+ (AN MAPM Fye o, (AD'MIAIMS'F o)
+r(A;)
< rAD + (AN MAPMI Fae oo (AD'MIAIMG Fiy) + 1(A))
< m+ (AN MATPM Fye o, (AD'MIAIMG Fas) + (A)),
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where
Ty = (AIMiA, AIM), Tio= (0, -, 0), Tor = (A MIAIGE, ), (AL M ALY,
Ty = (_(A?)*MlAli_zM,-—_l1FA;l, e _(AT)*MIAIMZ_IFA;)
T = (0, Al’.‘),
and

Nk = (A?)*MIAIIC_IMIZIFA,*C, k= 2, 3, ey i

In particular, when i = n, we get A} =A, X, =1, and
L max (A My — (A MALED)
= ”((A’f)*MlA?(XZH)* —(A1)"M, A, (A’f)*MlA'f_lM;lFA;, HR (A’;)*M]A%MQ_IFA;)

r (AL M AT — (AN ML AL, (AL MAT M, Fay, -, (A0 MATMG Fy)
r((AL) MAT M Fayy (AD'MUATM Fae e, (A MATMG Fy).

(3.13)
Applying (3.13) with Lemma 2.4, we finally have
max - r((AD)" My = (AD) MAGCED))
= (A" MAT M Fryy (AD'MUATM Fae e, (A MAIMG F )
A: 0 e 0
0 A e 0 "
-, : : : — Z HA;).
) 0 e Al i=2
AN MATIMY (A MATMY - (AD"MATM!
(3.14)
According to the formulas (1.1), (3.3)—(3.5) and (3.14), we have
A1, 3M3A{1,3M,, 1} - - - A{1,3M,} € (A1 Ay -+ - AL, 3M,
A o e 0
o A o "
= r : : : = > (A,
0 o e A i=2
AN MATMY (A MATMY - (A MA M
(3.15)

From Lemmas 2.1, 2.4 and Theorem 3.1, we have:
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Corollary 3.1. Let A; € C">minl | X, = A§1’3M") € A{1,3M;}. Let M; € C™>™ be positive definite
Hermitian matrices i = 1,2,...,n+ 1, and let A{ =AAj -+ Aj, 1 <i < j<nbegivenasin (1.1).
Then, the following statements are equivalent:

(1) AL 3M A, {1,3M, 1} - - - A{1,3M} € (A1Ay - - A1, 3M,};

AM, 0 0
0 A Moy e 0
@)r : : : = ;2 r(A);
0 0 e ALM, -
(A MAIT (AT MAT? o (AN MA]

G R(AT) MIAD CRMA), i=2,3,....m
@) AA), , MZYATY MAT = MTYATY MAT, i=2,3,...,n.
1> ml'+1

Proof. According to Theorem 3.1, we get that (1) and (2) are equivalent since

AnOMn A 1?‘4 e g M;! 0 - 0

. . . ' . 0] Mn_ll e 19)

' : : : L

0 0 e ATM, : : i

\amy mart (Any A2 (A'{)%MIA{ o 0 - M |
Ay 0 0
0 AL 0
=r : : : . G516
0 0 A5
(A MAT M (A MATM e (AD MAM,!

Next, we will prove (3) & (2). From (3.16) and (2.8) in Lemma 2.4, we have

A'M, ) .. 0]
0 A;_an—l . 0
0 0 . ASM,
(A MAT (AN MATE o (A MA
MA, O 0 (A7) MA
O Mo A, - O (A" MA"
=r . . . . :
o o e MaAy (A MAY
Epya, (A1) M A"
E A (An—Z)*M A n
_ M, 1A, .1 143 + Z r(MiAi)- (317)
: i=2
Ena,(A)) M A"
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According to (3.17) , we have r(M;A;) = r(A;) and (3) < (2) if, and only if,
Eya(ATY'MAT =0, i=23,...,n. (3.18)

From Lemmas 2.1 and 2.4, we have EMiAi = Im,- - (Ml'Al')(MiAi)T = Imi — PR(M,—A;),N(A;‘MI-) and (3) — (2),
where i =2,3,...,n.
By using formula (3) and Lemma 2.1, we get (3) <= (4) since
f —1 pi-1y* noo_ —1 o pi-1y* n
Ai(Ai)Mi’I’"M Mi (Al ) MlAl B PR(Ai(A')Li,Izﬂ,‘n )’N(Ai(Ai);’liJmia-l )Mi (Al ) MlAl
-1 i—1,\* n
= PR(AI-),N(A,'(AI-)LN’”. I)Mi (Al ) MlAl

MY AT M AT,

wherei =2,3,...,n. O m|
From Lemma 2.2, we have X € A{l,4N} & X* € A*{1,3N7!'}, so from Theorem 3.1 and
Corollary 3.1, we have

Theorem 3.2. Let A; € C™">"i+i | X; = A§1’4N"“) € Ai{1,4N;,1}. Let N; € C"™™ be positive definite
Hermitian matrices i = 1,2,...,n+ 1, and let A{ =AAj -+ Aj, 1 <i < j<nbegivenasin (1.1).
Then,

An{1a4Nn+l}An—1{1 4N }A {1 4N2} - (AIAZAn){1a4Nn+1}

AL O 0 NAIN (A
O A -+ 0 NAIN AN | =

— . 5 Zr(A).
0 0 - A NHA"NHH(A”)

From Lemmas 2.1, 2.4 and Theorem 3.2, we have
Corollary 3.2. Let A; € C"*™inl | X; = A§1’4Ni*‘) € A{1,4N;,1}. Let N; € C"™ be positive definite
Hermitian matrices i = 1,2,...,n+ 1, and let A{ = AjAis1--Aj, 1 <0< j<nbegivenasin (1.1).
Then, the following statements are equivalent:
(D) A{1, 4N, 1}A {1, 4N} - - Al{1L 4N} C (A1A - - AL, AN )

N;'AT 0 - 0 AINZL(AYY
o ¢ MmO AnN”( S
b O N_1;4* AZNH](A”) -
B)R(A", ‘II(A")*)CR(N;IA*) = 1,2,....n—1;

4) (A; )1 AA:’Jr1 NLADY = AL NTLAYD, i=1,2,...,n- 1
4. Conclusions

The reverse order law for the weighted generalized inverses of the multiple product of matrices has
been studied in this article by using the ranks of the generalized Schur complement. The work in this
paper was a useful tool in many algorithms for the computation of the weighted least squares technique

of matrix equations.
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