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Abstract
In this paper, original methods for determining such thermodynamic characteristics as solubility

product (Ks) or the activity product (KJ)of slightly soluble hydroxides and acids are

communicated. Developed methods for determining Ks and solubility S are based only on the pH
values of the saturated agueous solution for a known initial composition of the heterogeneous
mixture and the equilibrium constants of an arbitrary set of possible side reactions in the aqueous
natural systems. The determination of solubility S and solubility product Ks is also possible in the
presence of other hydroxides or acids of known concentrations. Deduced equations allow the
calculation of such characteristics, as the equilibrium concentrations of the components of slightly
soluble compounds in aqueous phase and the degree of precipitation y of the solid phase for various
initial concentrations of the components of the heterogeneous mixture which are known in the
process of preparing the mixture, requiring only experimental pH values of a saturated solution.
From the known experimental pH data, S and Ks were calculated for a series of hydroxides and
acids of arbitrary composition. The obtained results correlated well with the known tabular values.
Analysis of a number of real systems illustrated the deduced expressions, including calculations and
theoretical explanations.
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INTRODUCTION

Thermodynamic modeling is extensively used for a number of applications from research on the
environmental crucial processes to regulatory necessities and policy decisions concerning
authorization for industrial and agricultural wastes, quality and composition of natural waters,
wastewater etc. On the other hand, in order to provide a theoretical basis for environment risk
assessment and pollution remediation, the thermodynamic tabular data, namely the equilibrium
constants or standard Gibbs energy for different reactions, are necessary.

In determining the solubility product (Ks), two types of experimental data are usually used: (a) the
solubility is studied as a function of the initial concentrations of the compounds in solution, or (b)
the solubility data are supplemented by the equilibrium concentration data or the activity of one of
the solution components, more commonly the pH ( pH = -loga,,. ) [1-3]. In the second case, some

information on the initial concentrations becomes superfluous and therefore some of them are not
usually communicated.

Currently, the study of the quantitative characteristics of heterogeneous systems, including
solubility products, is mainly performed with physical-chemical methods, among which the most
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efficient is the potentiometric method. One of the strictest methods of determining Ks is the method
of measuring the activity of all ions that form the precipitate [4]. This method allows the
investigation of sparingly soluble compounds in both dilute and concentrated solutions, as well as in
the presence of other electrolytes. However, this method is related to some assumptions, inevitable
when measuring the activities of precipitate ions. In addition, the task of creating stable and
reproducible ion-selective electrodes is entirely solved only for a small number of cations and
anions.

In the case of determining the activity of all the precipitate ions ai, the obtained constant is

thermodynamic (the product of activity K?). For example, for the slightly soluble compound
BmAn(s):

Ke=ap.a,

A"
If the expression for the solubility product includes the equilibrium concentrations of the solid
phase components, then this constant is called the concentration constant (Ks):
Ks =[B™]"[A™]"
In this case the measured activities (for example, the pH of the solution, a,. =10"°") are

recalculated in concentrations or ion concentrations are necessary to measure so as to exclude the
influence of activity coefficients [5]. This correction can be avoided by using ,,mixed” constants
(K™, the expression of which usually contains the H* and OH- activities and the equilibrium
concentrations of other species. Usually, the use of concentration constants is preferred, because
more often it is necessary to know the concentrations of the components, and not their activities.
Mixed constants are used less often, but they are very convenient for calculating chemical equilibria
in chemical analysis, because the pH value is usually determined by the potentiometric method.

In this paper, a new method for determining the solubility product Ks, the solubility S (or the
residual concentration of the metal ion Cj, ) and the degree of precipitation y of slightly soluble
hydroxides and acids is proposed. The new method is based only on the potentiometric
measurement of the equilibrium pH value of the heterogeneous systems as a function of the initial
concentrations of the precipitate components, which are known in the process of preparing the
mixture. The equilibrium constant, determined in this way, is in fact a mixed constant. Based on the
equations, known in the electrolyte theory, one can easily obtain the values K2 or Ks.

RESULTS AND DISSCUTION
Solubility and solubility products of slightly soluble hydroxides
In the case of formation of a slightly soluble hydroxide of the composition M(OH)xs)), the
following set of reactions that occur simultaneously is examined:
M(OH)m@) + mMH* = M™ +mHz0,  Ks = [M][H] " (1)
M +iH,0=M(OH)"" +iH", K; =[M(OH),[H] /[M] ()

The non-ideality of the system can be taken into account with the help of approved methods,
passing from concentrations to the activities of soluble species [5, 6]. The mass balance (MB)
conditions for system (1) - (2) are usually formulated in the form of equations for calculating
solubility:

S =[M, +[MOHL...+[M(OH) ], = EIM(OH) J, = [ML(L+ EK[HI' =M1, (3

Here the consequence of the law of mass action is used (2):

[M(OH)]s = Ki[M]s[HTI
Thus, the solubility is the total concentration of all metal ion species in solution, formed as a result
of the dissolution of the solid phase particles (denoted by the subscript ,,S”). The expression in
parentheses in equation (3) shows the coefficient am of the metal ion hydrolysis side reactions.
When writing the MB equations (3) it is taken into account that the solid phase does not belong to
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the homogeneous system (saturated solution). The equation contains three unknown quantities S,
[M] and [H], two of which need to be determined experimentally.
Here it will be revealed that the MB equations are more informative and useful, which directly
include the experimental quantities, measured within the residual concentration (RC) method [7]:
Cy =ACy, +Cj, (4)
Con =ACon +Cou (5)

[1¥EEl
|

where ACi = ni/ V; nj shows the amount of ion in the precipitate in a unit volume V, mol/L; C/

is the residual concentration of ion “i” in the liquid phase, mol/L;C{, symbolizes the total molar
concentration of the metal ion in the mixture and the excess concentration of the hydroxyl ion in the
mixture is noted as C3,, [7]:

Ch = ZIM(OH)] =[M] 1+ K HI" |~ [M1a, ©

Con =[0H]—[H]+§i[|\/I (OH); 1=Ky [H]™ _[H]+[M](§iKi[H]ij (7)
Thus, according to the stoichiometry of the hydroxide precipitate M(OH)m(s),

ACon = MACwm (8)

The initial concentrations of the precipitate ions are known a priori in the process of preparing the
initial solutions. Their ratio will be noted by k = C3,, /C?, , from where

c3,, =kc, 9
It is obvious that the residual concentration of the metal ion (6) coincides with the solubility only in
the case k > m (then the index “S” in equation (3) can be omitted). The substitution of relations (8)
and (9) in (5) gives:

kCy = mAC,, +C&,, (10)
Then, equation (4) is multiplied by m and the obtained expression is subtracted from (10). Finally,
one gets:

(k—=m)Cy = Coy —mCy =[OH]~[H]+[M]ZiK[H]" —n[M](1+§Ki[H]i) (11)

Therefore, following the operated transformations of the system of equations (4) - (5), the MB
equation is obtained, which contains only two unknown quantities [M] and [H], one of which must
be measured. The latter is easily determined by the potentiometric method. Based on the obtained
equation (11), a series of tasks of the direct and indirect problems of the chemical equilibrium
theory can be solved, which have both theoretical and practical value. Thus, solving the equation in
relation to the equilibrium concentration of the metal ion [M] gives (Ko = 1):

(k—m)Cy ~[OH]+[H]

SO TICIY

(12)

By calculating the am coefficient, the equilibrium concentration Cj, is determined, therefore the
solubility S of hydroxide as well, according to the equation:

Ci, =S =[M]a, (13)
After that, it is easy to calculate the degree of precipitation of the metal ionym:

¢ _cr ac, SKIHT'+ay|[OHT+[HD/CY k]

My T (i ~m)K[H]" 9
i=0

Using equation (7) to compute value [M] (12) and a certain pH, C;, is also easily determined.
Finally, by combining (1) and (12), the calculation equation for Ks is obtained:
K. - (k—m)Cy —[OH]+[H]

T E-mK[H]™

(15)
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Therefore, the relation (15) allows the calculation of the Ks value only based on the experimental
pH value, the tabular values Ki being known. When the Ks value is known under the predominant
conditions of a unique hydroxocomplex M(OH);, then by the equation (15) its hydrolysis constant
Ki may be calculated.
Under the conditions of polynuclear hydrolysis:

iM + jH,0 = Mi(OH); + jH*, Kij = [Mi(OH);][H]}/[M]*
the MB equations are formulated as follows:

Ciy =[M1+ X Xi[M; (OH)1=[M1+ X ZiK [M][H]”

i=1j=1 i=1j=1
Con =[H]-[OH]+ X ¥ j(OH);]=[OH]+[H]+ ¥ ¥ jK;[MT[H] " .
i=1j=0 i=1j=1

After a series of transformations, one gets:
(k=m)Cy; =[H]-[OH]+ X = (j—mi)K;[MITHT ™. (16)
i=lj=
Consequently, even in this case, for a certain pH value, an equation with a single unknown [M] is
obtained. In the absence of cation hydrolysis, the equations (7), (13) - (15) have the form:

Cow =[HI-OHL  Cf, =[M]=[c5, +(m—k)c§ J/m
u=im S K <[t +m-kch ).

If the initial concentrations of the precipitate components are taken in stoichiometric ratio, i.e. k =
m, then the last equations are considerably simplified:
Con

C,, =[M]=C.,,, =1- ,
v =[M] OH Y mC,?,,

_ Cly _[OH]-[H]
©omH]" m[H]"
As an illustration of the applicability of the deduced equations, the “Ni(NOz)> — NaOH — H.0”

system will be examined. Table 1 shows the results of the experiments, obtained in [8]. Under the
studied conditions, the basic salts are not formed on the whole range of the

k = CRaon / Crigno,), Values. Consider the possibility of the following reactions (I = 0, t = 25 °C):
Ni?* +H,0 = NiOH" + H", logK,, = —9.86
Ni®* +2H,0 = Ni(OH), +2H*,  log,, = -19.0
Ni®" +3H,0 = Ni(OH); +3H",  log,, = -30.0
Ni*" +4H,0 = Ni(OH);” +4H"*,  log,, = —44.0
2Ni*" + H,0 = Nip(OH)* + H",  logK,, =-10.7
4Ni** +4H,0 = Ni,(OH);* +H*,  logK,, = —27.74

The hydrolysis constants (Kj) for 1 = 0 were obtained from results of Baes and Mesmer [9]. The
equilibrium concentration of nickel ion was calculated from equation (16), given the form:

a,[Ni®*]+a,[Ni**]+a,[Ni*1+a, =0,

where
a, = 4K ,[H ]74(1_ méH )
8, = 2K, [H]*1-2mg,, )

[ ZKIHT -3,

8, = K [HI T —[H]+(m, —k )5,
ms,, = ACon
ACy
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The residual concentration C,; was determined from the equation:
Cni = [Ni2+]aNi ,
where

4 S 24 1 :2413r 1y 1-4
aNi:1+i§1Kli[H] + 2K, NI I[H] ™ +4K,INi“ T [H] .

The obtained equations allow drawing conclusions regarding the character and accuracy of the
existing experimental data. As can be seen from Table 1, there is a good correlation between the
experimental values and those calculated for a range of values k:0.25+1.8. At the same time, the
experimental values Cf; practically coincide with the calculated values of [Ni?*] in the whole range
of values k. Bulatov indicated that the nickel content was determined using dimethylglyoxime (L)
in the solution, obtained after mixing the initial mixture (for one hour) with the subsequent
elimination of the solid phase [10]. Perhaps, the possible thermodynamic process with the
participation of nickel hydroxocomplexes

INi;(OH)@ 1 121 + A H* = NiLyg, + I H,0

| | |
was established slowly, and therefore the authors of the cited paper determined basically the
concentration of nickel ions after the reaction:

Ni%* + 2L = NiLy).
In order to assess the contribution of a certain chemical species in the C,; value, the molar fractions
of the hydroxocomplexes were calculated:

CA[Ni(OH);1 Ky [Ni# T H]!
" Chi - Ay
flo=1-T X ;.

i-1j=1

Table 1. The results of the analysis and calculation for the system ,,Ni(NO3), — NaOH — H.O”,
t=25+0.1 °C, CJ; = 0.01mol/L.

Analysis [8] Results of calculation

k C!, -10°, mol/L pH ms,, cl, -10°, mol/L  [Ni#*]-10% mol/L
0.25 8.65 6.85 1.85 8.65 8.644
0.5 7.44 6.95 1.96 7.45 7.444
0.75 6.2 7.0 1.97 6.20 6.189
1.0 93 7.1 1.97 93 920
1.25 3.63 7.2 1.97 3.66 3.651
15 2.36 7.3 1.97 2.39 2.383
1.6 1.86 7.45 1.97 1.88 1.875
1.7 1.35 7.6 1.97 1.37 1.367
1.8 0.87 8.0 1.98 0.91 9.034 - 101
1.9 0.37 9.5 1.98 0.87 3.531-10%
2.0 - 10.25 2.00 1.942" 209 - 10"
2.1 - 10.7 2.00 1.633" 23810
2.25 - 11.1 2.00 2.238" 6.214 - 10
25 - 11.4 2.00 3.453" 1.553 - 10"
3.0 - 11.6 2.00 7.467" 9.422 - 10"

The evidence of Ni?* hydroxocomplexes was performed within the range of values of k:2.0+3.0.As
can be seen from Table 2, the complex Ni,(OH);" is formed in significant quantities only for k =

2.0 (11.8% of Cy;). The molar fraction of the species Ni2(OH)3* is practically zero for all k values.
The value of K™ for the reaction
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Ni(OH)z2@) + 2H* = Ni?* + 2H,0
was determined by the equation
K;T]ix — [Ni2+]a;2+
for the range ofk:2.0+3.0. The average obtained value logkK{* =16.06+0.08 from only the pH

equilibrum data practically coincided with the value logK? =16.11, calculated by Baes C. F and

Mesmer R. E. [9] from the solubility data, which was measured over two hours after nickel
hydroxide deposition.

Table 2. Results of the calculation of the solubility product of nickel hydroxide for the system
,,Ni(NO3)2 — NaOH — H.0”, t=25+0.1 °C, Cg; = 0.01 mol/L.

k* pH L, fNii(OH)j () log K™
mollL ™oy @1 12 (L3 (L) (44)

2.0 10.25 0.05 0.022 0.053 0.685 0.122 0 0.118 16.12
2.1 10.7 0.051 0.002 0.018 0.652  0.327 0 0.001 16.03

2.25 111 0.053 0 0.005 0.440 0.554 0.001 0 15.99

2.5 11.4 0.055 0 0.001 0.284 0.713 0.002 0 15.99

3.0 11.6 0.06 0 0.001 0.200 0.796 0.003 0 16.14
log K =16.06 +0.08,

The average value
S, /X =0.5%

*Experimental data [8];
**For the reaction Ni(OH)zs) = Ni2* + 20H", log K =-11.94+0.08.

Solubility and solubility products of slightly soluble acids
In the saturated solution of the sparingly soluble acid HnA ) (where A™ is the acid anion) it is
possible to derive the following concomitant equilibria:

H,As =nH"+ A", Ks =[H]"[A] (17)
. o [H;A]

AV 4 jH Y =H AT K =— 1 (18)
‘ " [AlHY

H,O=H"+O0H", K, =[H][OH] (19)

Next to the equations of the reactions the respective equilibrium constants are written. It will be
admitted that the composition of all species participating in equilibria (17) - (19) is known. Taking
into account the formation of the solid phase of stoichiometric composition HnAs), for the
heterogeneous system “solid phase - saturated solution”, the conditions of the mass balance can be
formulated as follows:

C2=P+C,, (20)

Ch=X[H,Al= [A](1+ _ZKJ-[H]jj =[Ale, (21)
j=0 j=1

Co =nP+C, (22)

where by P is noted the amount of acid precipitated in one liter of solution (mol/L). According to
the stoichiometry of the precipitate in the same volume P moles of anion and nP moles of hydrogen
ions precipitate. The quantity « in equation (21) is the coefficient of protonation reactions (18). The
initial concentration of ion i in the heterogeneous mixture and its residual concentration in solution
are denoted by Cj and C/, respectively. In practice, titrated solutions of strong acid (HCI) or
alkaline base (NaOH) are added to study the S(pH) dependence in investigated mixtures. Then the
equation of the proton condition [6] in the system can be written as follows:

C} +Chaon =NCa +Ciig (23)
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CP +[OH]=[H]+ _le[HjA] (24)
J:
Solving the system of equations (22) - (24) gives:
Ci =nCy +Clig ~Craon =NP+[H]-[OH]+ X j[H Al (25)
j=1
Then, multiplying equation (20) by n and subtracting it from (25), gives:
Ch ~NC =Cliet ~CRaon =[H1-[OH]+ X jIH ; Al-n % j[H, A] (26)
i= i=

From the expression of the protonation constant K; follows:

[HIA] = Ki[A][H]
With the help of the last relationship, the following transformations will be performed
(=0, Ko=1):

J_glj[H,-A] = [A]Elj[K,-[H]J =[Al9, (27)

3 IHAI=[AT S K [HT =[Ala (28)
9-na = ¥ (j=nK,[H]
z

Substituting the expressions (27) - (28) and solving in relation to [A], it is obtained
_ Cj —nCi —[H]+[OH]

(A = @9)
Hence,
0 ne0
<. <1 S ncg_ngOH] (30)
and
S —[Ala = gf‘na (€8 —nCY —[H]+[OH]). (31)

When researching the solubility of acid in water (CJ, =nC?2), usually[OH] = 0. Then equations (29)
and (31) are simplified:
[H] [H]™ a
Al= , K¢ = . S=[H . 32
LA d—na * na-9 [ ]na—9 (32)
Thus, the solubility and the solubility product can be calculated from the pH value of the saturated
solution, measured using a pH meter. Based on known experimental pH values for a range of

sparingly soluble acids (Table 3), their solubilities and solubility products were calculated. Table 4
shows the protonation constants of the acid anions and the known Ks (or K ) values. The solubility

of acids in water, determined in other works, is presented in Table 5. As can be seen, the calculated
values S and Ks correlate satisfactorily with the tabular data obtained previously.

Table 3. Experimental data on solution pH and calculated values of S and pKs = -logKs [11, 12]

Acid pH t, °C [ S, mol/L pKs
Benzoic (B") 2.92 22 1.30 - 102 241107 5.82
2.90 22 1.40- 107 2.64 107 5.80
2.85 22 0.1 3.31- 107 5.70
Salicylic (Sal*) | 2.50 21 3.30- 10 1.25- 107 18.59
2.48 21 1.30- 107 1.35-10%? 18.55
2.44 21 0.1 1.59 - 102 18.47
2.46* 20 0.1 1.46 - 102 18.51
EDTA (B)(Y*) |2.75 23 0.1 1.25-10% 25.12

*Reference [13]

It should be noted that when using the proposed method, it is necessary to observe a number of
precautions: 1) the initial composition of the solution must be known exactly; 2) when using salt
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bridge chains for potentiometric measurements of pH at values less than 3 o the value of the
diffusion potential is of essential importance.

The calculation of S and Ks for the system “Salicylic acid (H2Sal) -saturated aqueous solution” will
be examined in more detail. Possible equilibria in this system are indicated in the Table 4. The pH
values of saturated aqueous solutions were determined in the absence of other acids and bases,

therefore CJ = nC3. Then equations (20) - (22) take the form:
__[HP g HI+ K[HT* + K,[H]®
2+ K,[H]' 2+ Ky[H]
The Ky constant was recalculated at the respective ionic strength using the extended Debye-Hiickel

equation. The activity coefficient of the hydrogen ion fy was calculated according to the Kielland
equation:

S

0.506- 1*/2
14297-1V7
The concentration of hydrogen ions was determined using the equation:
[H] = 10PH / fy.

If instead of equilibrium concentration the activity a4 = 10" is used, then a mixed constant is obtained:
KM —a3 /(2+K,ay).

The activity product was calculated according to Vasiliev's equation:

(2+1)x0.506x (1)? x (-2)? x |2

logf, =

logks =logK; - 1+1.6x 172 A
or using the Davies equation:
1/2
logKJ = logK — (2 +1)x 0.506x (1)* x (-2){#—0&} (B).

For the examined conditions the calculation according to equations (A) and (B) gives practically the
same results.

Table 4. The values of the equilibrium constants used in the calculations

Reaction t, °C I logK(or logKs) Reference
Y+ + H" = HY* 20 0.1 10.26 [14]
Y4 + 2H" = HoY?% 20 0.1 16.42 [14]
Y4 + 3H* = HsY 20 0.1 19.09 [14]
Y4 + 4HY = HpY 20 0.1 21.09 [14]
Y+ + 5H* = HsY* 20 0.1 22.69 [14]
Y+ + 6H* = HeY?* 20 0.1 23.59 [14]
Sal* + H* =HSal 25 0 13.52 [15]
Sal? + 2H* =H,Sal 25 0 16.56 [15]
B +H"=HB 25 0 20 [15]
HiYs =Y+ + 4 H* 20 0.1 -25.13 [16]
H.Sals) = Sal* + 2H* 21 0 -18.52 [11]
HBis) =B + H* 22 0 -5.89 [11]
HBis) =B + H* 25 0 -5.77 [17]
Table 5. Tabular values of the acid solubility in water
Acid pH t, °C S, mol/L Reference
EDTA 2.86 - 0.72- 103 [18]
EDTA Saturated solution (s.s.) 25 1.70 - 107 [19]
Salicylic S.S. 20 1.30 - 107 [20]
Salicylic S.S. 25 1.59 - 107 [20]
Benzoic S.S. 20 2.38-10° [20]
Benzoic S.S. 23.5 2.62-10° [21]
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CONCLUSIONS

Novel methods for determining such thermodynamic characteristics as solubility product (Ks) of
slightly soluble hydroxides and acids are displayed. Developed methods for determining Ks and
solubility S are based only on the pH values of the saturated aqueous solution for a known initial
composition of the heterogeneous mixture and the equilibrium constants of an arbitrary set of
possible side reactions in the aqueous natural systems. The determination of solubility S and
solubility product Ks is possible when other hydroxides or acids of known concentrations are
present. Derived equations permit the calculation of a series of characteristics, as the equilibrium
concentrations of the components of slightly soluble compounds in aqueous phase and the degree of
precipitation y of the solid phase for different initial concentrations of the components of the
heterogeneous mixture, known in the process of preparing the mixture, requiring only experimental
pH values of saturated solution. From the known experimental pH data, S and Ks were calculated
for a number of hydroxides and acids of arbitrary composition. The obtained results correlated well
with the accepted tabular values. Analysis of a number of real systems exemplifies the validity of
derived equations.
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