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Abstract. The interactions of charged particles with carbon nanotubes may excite
electromagnetic modesrin _the electron gas produced in the cylindrical graphene shell
constituting the nanotube wall. This wake effect has recently been proposed as a
potential novelhumethod of short-wavelength high-gradient particle acceleration. In
this work,. the excitation of these wakefields is studied by means of the linearized
hydrodynamiemodel. In this model, the electronic excitations on the nanotube surface
are described treating the electron gas as a 2D plasma with additional contributions
tosthe fluid ‘momentum equation from specific solid-state properties of the gas.
General expressions are derived for the excited longitudinal and transverse wakefields.
Numerical results are obtained for a charged particle moving within a carbon nanotube,
paraxially toits axis, showing how the wakefield is affected by parameters such as the
particlé velocity and its radial position, the nanotube radius, and a friction factor,
which can be used as a phenomenological parameter to describe effects from the ionic
lattice. Assuming a particle driver propagating on axis at a given velocity, optimal
parameters were obtained to maximize the longitudinal wakefield amplitude.
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1. Introduction

Carbon nanotubes (CNTs) were discovered by S. Iijima in 1991 [1{rand they. can
be thought of as a sheet of graphene (a hexagonal lattice of carbon) Telled into a
cylinder. CNTs can exhibit metallic or semiconductor properties depending omnytheir
rolling pattern (i.e. on their radius and geometrical angle). Thus,.as a eonsequence
of their unique thermo-mechanical and electronic properties and dimensional flexibility,
CNTs have been widely studied in both theoretical and experimental aspects. As a
hollow structure, CNTs may be used for transporting and focusing ¢harged particles
similar to crystal channeling. In particular, experimental results‘on 2 MeV He™ ions [2]
and 300 keV electrons [3] channeling in CNTs have been reported.

On the other hand, solid-state wakefield acceleration using crystals was proposed in
the 1980s and 1990s by T. Tajima and others [4-6] as an alternative particle acceleration
technique to sustain TV /m acceleration gradients. Jdn the original Tajima’s conceptual
scheme [4], a longitudinal electric wakefield is exeited by a laser (laser driven) in the
crystal so that a properly injected witness beam may bé& accelerated. Similarly, the
ultrashort charged particle bunches (beam driven)can excite electric wakefields so that
the energy loss of the driving bunch can bestransformed into an increment of energy
of a witness bunch. However, the angstrom-size,channels of natural crystals pose a
limitation for the beam intensity a¢eeptance and the dechanneling rate. In this context,
CNTs can obtain wider channels in two dimensions and longer dechanneling lengths [7,8],
which together with their remarkable electronic properties, larger degree of dimensional
flexibility and thermo-mechanical strength, make them a robust candidate for TeV/m
acceleration. Consequently, carbon nanestructures (CNTs or even graphene layers) are
currently being widely studied\&)r wakefield acceleration [9,10].

Wakefields in CNTs/are excited through the collective oscillation of electrons on
the nanotube’s surface, oftén referred to as plasmons. This excitation arises from
the interaction between, the driving bunch and the CNT, leading to the generation of
these wakefields. Thetelectronic excitations on the single-wall CNT surface produced by
the interaction with charged particles have been theoretically studied using a dielectric
theory [11-13]sa hydrodynamic model [14-16], a two-fluid model [17, 18], a quantum
hydrodynamic model [19] and a kinetic model [20-23]. However, while these articles
mostly explore properties such as the energy loss and stopping power or, at most,
evaluatg the indueed surface electron density and/or induced potential [16,22,23], they
do not address the induced longitudinal and transverse wakefields, which could provide
accgéleration and focusing, respectively, for a witness charge.

Thus, 'this article is motivated by the need to study the wakefields excited by
chargedyparticles moving paraxially inside CNTs. Furthermore, this article presents
analytical expressions that enable the rapid optimization of CNT parameters. This
optimization aims to achieve the maximum longitudinal wakefield for applications in
particle acceleration.

This work is organized as follows. In Sec. 2 the general expressions are derived
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for the longitudinal and transverse wakefields excited by the interaction of aharged
particle with a CNT in the realm of the hydrodynamic model. This modelthas been
chosen because of its simplicity and its good agreement with the dielectric formalism.in
random-phase approximation [15]. In Sec. 3, after investigating the influence of different
model parameters in terms of dispersion relations, the CNT parametets are optimized
to achieve the highest longitudinal wakefield for a given driving velo€ity. Finally, the
main conclusions of this study are presented in Sec. 4.

2. Linearized hydrodynamic theory

In this work, a linearized hydrodynamic theory [14, 15, 18] is adepted, in particular a
model which includes single-electron based excitations omsnanotube surfaces and was
described by Wang and Miskovic in [15], although we will use'the SI units instead of
atomic units. In this theory, a single-wall CNT isamodelled as an infinitesimally thin
and infinitely long cylindrical shell with a radius@. The delocalized electrons of the
carbon ions are considered as a two-dimensional free-eléetfon gas that is confined over
the cylindrical surface of the CNT with & uniform surface density ng. It is considered
a driving point-like charge () travelling parallel to the z-axis inside the tube with a
constant velocity v (see Fig. 1). Consequently, its position as a function of time ¢ is
ro(t) = (ro, po, vt) in cylindrical céordinates. As a consequence of the presence of the
driving charge @), the homogeneous electron gas will be perturbed and can be modelled
as a charged fluid with a velocity. field u(r,, #)rand surface density n(r,, t) = no+ni(r,, t),
where r, = (a, pq, 2,) are the coordinates of a point at the cylindrical surface of the tube
and nq(r,,t) is the perturbed density per unit area. In the linearized hydrodynamic
model, it is assumed that the perturbed density n; and the fluid velocity u are small
perturbations (the validity of{this linear approximation is demonstrated in Appendix
A). As the electron, gas is ¢onfined to the cylindrical surface, the normal component
to the surface of the tube of the velocity field u is zero. Since the carbon ions are
much heavier than the, electrons, the time scale associated with the ionic motion is
orders of magnitude slower than that of the electronic motion. Hence, for the purpose
of investigatingsthe wakefield dynamics, the ionic motion can be neglected [24, 25].

yi

Figure 1. Scheme of the considered charge @ travelling parallel to the z-axis inside a
tube.
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In the linearized hydrodynamic model, the electronic excitations on the tube wall
can be described by three differential equations: (i) the continuity equation

—anl (o, ) +noV) - u (ro,t) =0, §8)
ot
(i) the Poisson’s equation
VAB(r, 1) = — [ens (v, 1) 0(r — a) — Q3 (r Kl 2)
0

and (iii) the momentum-balance equation

ou (r,,t) e a B

P = 0 (1) — STy 0 t) + V)]~ (). (3)
where we have retained only the first-order terms'in n; and u. In these equations,
r = (r, p, z) is the position vector, V = f"%%—cﬁ%%—l—i%, VJ = cﬁ%%—i—i% differentiates

only tangentially to the tube surface, ® the electric scalar potential, e the elementary
charge, m, the rest mass of the electrong gy the vacuwm electric permittivity and o the
Dirac delta. Equation (3) shows the sum of fourdifferent contributions. The first term in
the right-hand side is the force on electrons on the nanotube surface due to the tangential
component of the electric field generated by,the driving charge () and the consequent
perturbed density n;. The second and third terms are related to the parts of the internal
interaction force in the electromigas. In particular, the second term takes into account
the possible coupling with acoustic'modes defining the parameter a = v%/2 (in which
vp = h(2mng)Y?/m, is the Fermi velocity of the two-dimensional electron gas; h is the
reduced Planck constant) ¢and the,third term is a quantum correction that arises from
the functional derivative of the Von Weizsacker gradient correction in the equilibrium
kinetic energy of the,electron. fluid [18] and describes single-electron excitations in the
electron gas, where ‘the parameter § = %(%)2 has been defined. The last term is
introduced to satisfy the non-conservation of the system and represents a frictional
force on electrons due to seattering with the ionic-lattice charges, where ~ is the friction
parameter. The friction"parameter may be also used as a phenomenological parameter
to take intolacceunt the broadening of the plasmon resonance in the excitation spectra
of differentimaterials [11].

Taking int@ account that the electric potential vanishes at »r — oo and is finite
at thesorigin /= 0, the potential can be expanded in terms of the modified Bessel
functions [, (r) and K,,(z) of integer order m (i.e. a Fourier-Bessel expansion). The
totabypotential inside the nanotube (r < a) can be calculated as ®;, = ®¢ + D;,q with
the Coulomb potential ®; due to the driving charge and the induced potential ®;,4; due
to thepperturbation of the electron fluid on the CNT surface. The total potential outside
the nanotube (r > a) will be denoted as ®,,;. Thus, the Fourier-Bessel expansion of
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these three components is

1
(I)O(rv 2 C) 47'('60 ||I' _ rOH 47‘( 50 Z / (4)

lk§+zm p— SOO)[ (‘k’rmm) m <|k’7'max) )

znd( 2 C

+oo 400
47T2 Z/ dk eReHme=e) L (1kfrg) I (Rl (K),  (5)

Q= [
B, 9, C) = Z / dk +mte=e0) 1 W) (k1) Br(k),  (6)

47T5

where k is the wavenumber, a comoving coordinate ¢»= z — vt has been defined and
Tmin = MIN(7r,79), rmax = max(r, 7). The unkuown eoeffigients A,,(k) and B,,(k) can
be calculated if the following boundary conditions are imposed: (i) the continuity of the
electric potential at the nanotube surface

(I)i'ﬂ<rﬂ 2 C)\r:a = (I)O’Ut(r? 2 <) |T:a ’ (7)

and (ii) the discontinuity of the radial'@@mponent of the electric field due to perturbed
density n; of the electron fluid

aéout(ra 2 C) N a¢in(ra 2 C) _ €ny (aa @, C) (8)
87‘ b 8r re—a o )
Thus, the coefficients Ap,(k)dandt B,,(k) are given by the following non-dimensional
functions: P2 (12 2102 K2 (11
+
o o e (8 4 ) K () o
D (k)
Do (k) + Qa® (k* +m?/a®) Kin(|k|a) In(|k|a)
B.(k) = d , 10
() Dk (10)
where (2, =4/ % is the plasma frequency,
Do) = kv(ko + i) — w2, (k). (11)

and

wiile) = <k2+—> +5<k2+7z—22>2+912,a2 (k2+7:—22> m(Ela) L (kla).  (12)

Consequently, the resonant excitations occur when kv = w,, (k) if the damping or friction
factor v vanishes.
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On the other hand, the longitudinal and transverse electric wakefields inside the
tube are, respectively,

0%, e
L im(o—o) ) :
W.(r,0,0) =~ 5" 47r250 Z / dk ke (L (1lrmim) Ko (b6 Pas) sin ()
m ([klro) Im([k|r) [Re [Ap (F)] sin(kC) +Tm [A,, (k)] cos(k€)]) =
- ZO%_LV;14_Lv;%
(13)
~
Wlrp.Q) = —2om = 000 & 3 /+Oodk
S = T e T e Ar?ey —~ )
[Kle™ @) 1, (|Klro) I, (|Klr) [Re [A (K)J@as(kC s [Ay, (k)] sin(kC)]
= Wyo + Wy + Wi,
(14)
where I! (x) = dI,(x)/dx and the properties/Re[Ay, (k)] = Re[A,(—k)] and
Im [An (k)] = —Im [A,,,(—Fk)] were considered; Re and Im denote the real and imaginary

part, respectively. The previous integrals have been separated in three different terms:
the first terms W,y and W,q come from the Coulomb potential and the other terms
W.1, W, and W1, W,o from the indueed.potential. To reduce the computational time
and prevent artificial numerical errorsy a cutoff for large wavenumbers £ has been
introduced in the numerical itegration. Tthis important to note that the third terms
W,o and W,s can be analytically integrated (cf. Appendix B) if the damping factor
vanishes (y — 07):

N
62 +o0 oo
Waa(r, ¢, ¢) = Z / dk ke™ =0 L, (|klro) L (|k|r)Im [Ay, (K)] cos(k¢) =

4%280

ﬂ12
Z M0 ke Ly (Kint0) L (k) Q2a (k3n+—2>
a

0|
ok

QWEO

x Iy, (kma) cos (kmC) ,

k=km

(15)

Wi e e Z/ b [0 L, ([klro) L ([kfr) Em [ Ay (k) sin(k¢) =

7”2
Z Ly () £ (o) 020 (124 7 )

2760

OZm

x K2 (kna) o

sin (km() ,

k=Fkm

(16)
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where it has been defined the quantity Z,,(k) = Re[D,,(k)] = (kv)? — w? (k) and k,, are
the (positive) roots of Z,,(k), i.e. the condition of the plasma resonance k,,v =w,, (k)

3. Results and discussion

As it can be deduced from Egs. (15)-(16), the roots k,, given by thesplasma resonance
are essential to describe the behaviour of the wakefields. For this reason,/this section
begins with a detailed analysis of the dispersion relation.

3.1. Dispersion relation

In the following calculations, unless otherwise indicated it is assumed that the surface
electron density of a single-wall carbon nanotube can be.approximated by the electron-
gas density of a graphite sheet: ny = n, = 1.53 x[10*'m32 [15,26]. Figure 2 shows
the dispersion curves wy,(k) for the first modes at different CNT radii. If the radius
is too small, the first mode m = 0 does not satisfy the Lesonance condition for high
velocities, while modes with m > 0 have a solution k,, for those velocities, as seen in
Fig. 2(a) at @ = 1nm. If the CNT radius, increasesy the resonance condition can be
satisfied for a wider range of high velocities,asitsis depicted in Fig. 2(b) for a = 100 nm.
Furthermore, it can be seen that the modes twyy, (k) €onverge for a sufficiently large value
of the wavenumber k. Therefore, if the resonamnce condition k,, is sufficiently large, then
all modes will have a similar value of £,,.nNote that a large value of k,, indicates that
the associated wavelength of theswakefield (A, = 27/k,,) will be smaller. Moreover, if
the surface density ng increases, them the dispersion curves increase and the resonance
conditions are obtained for higher k,,.

30 7 Fa . — 8 . :
I e ; )
! / (@) a=1nm 7t / / (b) @ =100 nm
25 i / / /
-'. L PO CELLELLLE / //
............ I.,......../.,........ 6t /I ,
! ; /
. 20 F il // 4 / /
- ! - S 5h / /
. i / P 4 /
n / /L0 N -7 n ! / >
© bFemdeelo bl -~~~ o) /I / 5
e v/ IR
T P m=0 v / ’/L";“' 0
E i —m= = s ——m=
!y S 3 3F 47
3 10 F I.I / m=1 | 3 [ z‘,.‘ ——=-m=1
i // ......... m=2 || | ; /// ......... m=2
i, . m=3 2*// // PR, m=3 |1
5 !.’// —0.1ck]| | p —0.1ck
i) - -—-0.3ck 14 == =0.3ck |7
/ /
7, [ 0.5ck ) —mee 0.5ck
0 . ‘ . : 0 . . ‘
0 0.2 0.4 0.6 0.8 1 0 0.05 0.1 0.15 0.2

k (nm™)

Figure 2. Dispersion curves w,,(k) for several angular-momentum modes for (a)
a = 1nm and (b) a = 100nm. The resonances k,, are the intersection of the kv lines
(plotted for v = 0.1¢,v = 0.3¢ and v = 0.5¢) with the dispersion curves wy, (k).

Furthermore, it is analysed the fundamental mode wy(k), since it is the only mode
which contributes for a particle travelling on axis (or if the wakefield is calculated on
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1050

1040 L

»n 1030
N O
3
L= Pid ——e o term
2 /// —-——-3term
104V [ //// ......... therm o
s w3(k)
e (kv)?4v=0.1c
1010 I L L !
10° 108 100 102 10"
k (m™

Figure 3. Dispersion relation w?(k) and contribution from the different three terms
of Eq. (12) for a = 1 nm.

L

axis). Figure 3 depicts the dependence of the fundamental mode wy(k) of the resonant
frequency on the wavenumber k for a CNT, with a radius a = 1nm as well as the
contribution of the three addends in Eq. (12). Ttiean be observed that the contribution
from the 2, term dominates for low'walues of k, whereas the contribution from the
term is dominant for larger values of ‘ku Nevertheless, there is an intermediate region,
101°m~! <k <10 m™!, where the three ¢ontributions exhibit considerable similarity.
The resonance condition k,, for agiven velocity v is given by the intercept of (kv)? (a
parallel line to the a contribution) with.w? (k). Hence, the resonance condition cannot
be satisfied if v < a, where a =UF /v/2. In general, two resonances k,, can exist (as seen
in Fig. 3 for v = 0.1¢) and then the contribution from both resonances must be summed
in Egs. (15)-(16) (cf. Appendix B). However, the contribution from the resonance with
a larger value of k,, 18, in general, totally negligible taking into account the exponential
behaviour of the Bessel funetion K, (z) = \/2e™* for z — oo and the factor ‘%L,;" };:lkm
that decreases rapidly for high values of k,,. Therefore, by resonance condition we
practically mean- the first root k,, (the resonances shown in Fig. 2). Consequently,
for high velgcities v,.the, resonance condition k,, is obtained (if it is satisfied) in the
region where the (2, term dominates and contribution from the parameters o and
is negligible. Thus; the parameters a and § only become important if the resonance
condition, is obtained in the intermediate region.

3.2., Electric wakefields

In the following calculations, it is considered that the point-like charged particle is a
protonyi.e. () = e. Figure 4 shows the three different contributions to the longitudinal
wakefield (cf. Eq. (13)) for different driving velocities. It can be seen that the Coulomb
term is only important near the driving particle, whereas W,; and W,y are responsible
for the plasmonic excitations and are practically identical, except in the proximity of the

Page 8 of 18
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80 T : |
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ol l"m Ve (Coulomb term) —.—.—.. W, i 240 - |~ — =W, (Coulomb term) —.—.—. W, "T
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2
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(b) v =10.10c

Figure 4. Longitudinal wakefield contributions on axis (r = 0) for a proton travelling
on axis (ro = 0)satidifferentvelocity values: (a) v = 0.05¢, (b) v = 0.10c, (c) v = 0.15¢
and (d) v =0.20¢. The CNT radius is ¢ = 1nm and the friction parameter is
v = 0.01Q, in cases (a) and (b), and v = 0.0001€2, in (c) and (d). Note that the
driving proton is at.¢= 0.

driving particle.. Moreover, the wavelength of the wakefield increases with the velocity
Besides, the wakefield amplitude
decreases as/the protonspeed increases since we are approaching to the velocities that

v as it was deduced from the dispersion relation.

do not satisfy the resonance condition. The friction parameter v produces an exponential
decay ofthe wakefield (W, +W,,) with the distance behind the driving charged particle.
For this reason, the value of 7 has been diminished in Fig. 4(c)-(d) in order to see the
plasmonic exeitations. Thus, when the friction parameter vy is very small, W, follows a
cosine pattern and the longitudinal wakefield can be approximated by W, ~ W,y +2W .4
(W5 ealeulated using Eq. (15)), as shown in Fig. 5.

Figure 6 depicts an example of the longitudinal and transverse wakefield inside a
CN'T. Here, to better appreciate the wakefield details, only the contribution from the
plasmonic excitation is shown, taking into account that the Coulomb contribution is

negligible except near the driving particle. In Fig. 6 one remarkable thing is that
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1 ' Wz (=100,
- 'WZO+2W22

W_ (GV/m)

4120 -100 -80 -60 -40 -20 0
¢(nm)

Figure 5. Comparison between Eq. (13) for small fnand the approximation using Eq.
(15) to calculate W,o for a = 1nm and v =0:1c.

plasmonic wakefields increase with the radial distance r because of the dependence on
I,(|k|r) and I/ (|k|r) (both increasing functions with/the argument) of W, and W,
respectively. A similar reasoning can be used to show that the wakefields are higher if
the particle travels off axis (9 # 0), although, in this case higher order modes (|m| > 0)
should be computed. These effects beeome.more important for lower velocities, since
the value of the resonance wavenumber increases.

W, +W_, (GV/m)
o
(4]
W_+W_, (GVim)

0 s 10 5 0 GV/m 0 48 10 5 0 GVim
¢ (nm)

Figure 6. (a) Longitudinal and (b) transverse components of the plasmonic wakefields
inside a CNT considering the following parameters: a¢ = 1nm, v = 0.05¢ and
v/= 0.01€2,,.

Furthermore, it is interesting to note that there is a phase offset of 7/2 between the
longitudinal and transverse wakefields. These results agree with the Panofsky-Wenzel
theorem [27] and are similar to what is observed for wakefields excited in homogeneous
plasmas in the linear regime [28]. As a consequence, there are periodical regions
where the witness charged particles can simultaneously experience both acceleration
and focusing (if they travel off-axis), as it is depicted in Fig. 7.
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21 Figure 7. Wakefields (including the Coulomb term) at r = a/2 for ¢ = 1nm,
22 v = 0.05¢, v = 0.01€, and ry = 0. The red (blue) arrows indicate the regions where
23 a positive (negative) witness charged particle,would experience both acceleration and
24 focusing simultaneously. 4

25

26

;é 3.3. Optimization of the CNT parameters

gg As pointed out in the previous section, the plasmonic excitations can be approximated
31 by 2W,, when the friction parameter,y converges to zero in the considered system.
32 Therefore, Eq. (15) can be used to efficiently optimize key parameters, such as no,
;2 a and v, to enhance the longitudinal wakefield amplitude. Concretely, this section is
35 focused on the plasmonic excifation ¢reated on axis by a proton travelling on axis, i.e.
36 r =ry = 0. Figure 8(a) depicts:the amplitude of W,5 as a function of the radius a. The
;73 maximum of the wakefield increases with the surface density ng and moves to smaller
39 radii a. It is also worth noting that these plots do not depend on the surface density if
40 both the radius and the wakefield amplitude are normalized to the plasma wavelength
2; Ay = 27mc/$), and thepeakumaximum W5, respectively (see Fig. 8(b)). Thus, there is
43 an optimum radius (in units of \,) for a given driving velocity regardless of the surface
44 density ng. This optimum radius (a/A,)™*" is proportional to the driving velocity v, as it
22 can be seen it Fig, 9(a). On the other hand, Fig. 9(b) shows the peak maximum W3%*
47 as a function of@ for different surface densities. The maximum wakefield is obtained for
48 lower velocities (aslong as they satisfy the resonance condition) and increases with the
49 surface'density.. Thus, driving particles with low velocities can excite more efficiently
50 ’ . .. ..
51 plasmonic medes in CNTs. However, at very low velocities the resonance condition
52 cannot be Satisfied. As a result, the curves in Fig. 9(b) do not originate at v = 0.

53 [ summary, for a given velocity, the maximum longitudinal wakefield is obtained
gg for the optimum CNT radius given by Fig. 9(a) and a surface density as high as possible.
56 Finally, it is important to remark that for high velocities we should take into account
57 the relativistic effects which are not considered in this manuscript. Nevertheless, it is
gg worth mentioning that a behavior qualitatively similar to that shown in Fig. 8(b) was
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Figure 8. (a) Amplitude of W, as a function ofithe radits a for different values of
no and v (ny, = 1.53 x 10 m~2 is the electron-gas demsity of a graphite sheet). (b)
Amplitude of W5 (normalized to the maximum of Fig. 8(a)) as a function of a/\,.
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Figure 9. (a) Optimum radius and (b) maximum longitudinal wakefield associated as
a funetion of vrfor/different surface densities (ny = 1.53 x 102° m~? is the electron-gas
density of a graphite sheet).

also observed in Fig.4of [9], where particle-in-cell (PIC) simulations were used with a
driving bunchiéomposed of 1 GeV electrons (with an energy spread of 1%). In that case,
the maximum wakefield was obtained for a/\, ~ 0.10, a value quite similar to what was
obtainediin Fig! 9(a) as v — ¢. Therefore, the CNT radius optimization carried out in
thig manuseript might provide a good approximation of its value.

4. Conclusions

The linearized hydrodynamic model in conjunction with the Poisson’s equation has been
used to study the electric wakefields generated by a point-like charge travelling parallel
to the axis in a CNT. General expressions have been derived for the longitudinal and
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transverse wakefields and their dependencies on the surface density, the CN'T radius and
the velocity of the driving charged particle have been numerically studied and related
to the dispersion relation. It has been shown that the friction parameter produces
an exponential decay of the excited plasmonic modes. If the friction, is negligible,
the plasmonic excitations can be approximated by twice the Eqs. 415)-(16).">This
approximation for the longitudinal wakefield was used to perform™an eptimization
of the CNT radius (in units of the plasma wavelength) for a given driving velocity.
Interestingly, at least at a qualitative level, the results agree with theose obtained in [9]
through PIC models. Hence, the linearized hydrodynamic model ﬁght be used to
obtain an approximation of the optimum radius without requiring time-consuming PIC
simulations. While in the hydrodynamic model the CNT wall is a cylindrical shell,
and the driver is a point particle, PIC simulations in a 8D (or quasi-3D) geometry
require a volumetric region populated with particles; and:the beam with a finite size.
Hence, as one tries to set the PIC simulation aimihg to mateh the scenario described
by the hydrodynamic model, a thinner wall thickness.and. a smaller beam (if compared
to the CNT internal radius r;,) are required. For a. constant volumetric charge density,
reducing the CNT wall thickness (w = 7,4=7;,) impliesreducing the number of available
electrons as well. Then, for a constant internakradius r;,, the amplitude of the excited
wakefield is damped as r.,; — 1;,. Because there i8mo clear correspondence between the
CNT radius and the surface density in theshydrodynamic model and the tube aperture
and volumetric density in the PIC code, approximations and assumptions might be
required to properly benchmark the hydrodynamic model with PIC simulation results.
In future works, a systematic.quantitative comparison will be performed to analyze
similarities, differences and limitations of both methods.

It is worth mentioning'that the wakefields generated by a point-like charge could
be used as a Green’s function tofcompute the wakefields excited by a driving bunch
with an arbitrary charge distribution. On the one hand, it has been shown that a
single proton may excite, GV/m wakefields in CNTs with nanometric radii. However,
if we consider a béam with'a certain number of protons with low velocities (provided
that the beam sgize is small enough to simply consider the sum of the contribution of
each single particle)ythé linear approximation may not be valid (see Appendix A).
Furthermore, the obtention of beams with such small sizes can prove to be extremely
challengings, On the/other hand, an ultra-relavistic proton may excite wakefields on the
order of 1 MV /m in CNTs with radii ~ 100 nm. Consequently, an ultra-relativistic,
high-charge proton beam may be able to excite ~ 1 TV/m wakefields (i.e. more than
three orders of magnitude higher than those obtained with conventional RF cavities), as
longas its energy is enough to prevent Coulombian explosion from space-charge effects.
As the optimal radius and wavelength associated with these wakefields are estimated
to be,= 100nm, it would be also easier to obtain beams which can be propagated
inside the CNT and witness beams which fit in the periodic regions where they can
experience acceleration and focusing for ultra-relativistic driving velocities. Moreover,
ultra-relativistic driver particles would allow to mitigate space-charge effects and avoid
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the dephasing between the witness beam and the wakefield excited by the driver during
the acceleration. Hence, the use of nano-structures may open new possibilitiesito obtain
ultra-high particle acceleration gradients.
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Appendix A: Study of the validity of the linear approximation

The linearized hydrodynamic model is based on the assumption that the perturbed
quantities n; and u are very small (cf. Egs. (1) andy(3)). In this Appendix we are going
to study if the linear condition n; < nyq is fulfilledsthroughout the results shown in the
manuscript. The perturbed density n; can be/obtainedsas a Fourier-Bessel expansion
as [15]:

“+oo “+oo
noe N
ni(r, ¢, ¢) = —4725§m ) / dk e®eHime=2o 1 (|k|ro) C(k), (17)
where
2 272
K

Do (k)

For instance, the perturbedidensities associated with the wakefields depicted in Fig.
4 are shown in Fig. 10. It iséshown that the perturbed density satisfies the condition
ny < 2 x 1073ng inallsthe ¢ases (i.e. the linear approximation is fulfilled). Note that,
as the driver is travelling on-axis, the perturbed density just depends on the comoving
coordinate (.

Evidently, if.the perturbed density increases, the electric potential and the excited
wakefields areshigher.. Thus, Fig. 11 depicts the amplitude of the perturbed density
oscillation for the optimum radii shown in Fig. 9(a). It can be seen that the linear
approximation'is fulfilled except for the lower velocities when n; < ng. Nevertheless,
it is known that the analytical expressions that describe the beam-driven wakefields
in homogeneous plasmas in the linear regime hold reasonably well even in cases of
nonlinear regime [29]. Therefore, the linear assumption’s range of validity for deriving
approximations of the excited wakefields might be more extensive, with the linear
regime serving, at the very least, as a predictive tool. Consequently, we can conclude
thatythe linear approximation may be a good prediction even for the results obtained
with the lower velocities. As the perturbed density n; is proportional to the driving
charge @), the main limitation of the linear model will appear if we consider a driving
charge representing a macroparticle with the charge of a certain number of protons (or
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Figure 10. Perturbed density n;/ng for a proton travelling on axis (ro = 0) at

different velocity values: (a) o= 0.05¢, (b) v = 0.10¢, (c) v = 0.15¢ and (d) v = 0.20c.
The CNT radius’is as=)1 nm and the friction parameter is v = 0.01€2, in cases (a) and

(b), and v =/0.0001€2, in (c) and (d).

electrons), since in thatiease the perturbed density n; can become much larger than

ng. However, it is'worthmoting that the linear approximation will be valid even for an

ultra-relativistié'driver with the charge of 10° protons if ng = n,.

Appendix B: Demonstration of the expression of WW,, and W,, in the limit

v — 0

We are going to demonstrate the expression for W, since the demonstration for W4 is
totally analogous but exchanging I,,(k,,r) — I! (k,r) and cos(k,,() — sin(k,,¢). The

resolution of the integral is as follows:
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10°
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Figure 11. Perturbed density amplitude n; /fig associated with the optimum radius
shown in Fig. 9(a) for different surface densities (ny =153 x 102° m~2 is the electron-
gas density of a graphite sheet).
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(19)
where we have used that in the limit v — 0" the function to integrate is an even
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: function, the relation Im [D,, (k)] = kvy o v and the following properties of thie Dirac
6 delta:

7

8

5 5(z) = Tim (%) , (20)
10 y—=0+t T \T* + vy

11

12 6(f(x) = D1 (@)l 6 (@ —za), with [ (2a) =0, f(z,) ADW  (21)
14 ’

15 In Eq. (19), k., are the positive roots of Z,,(k) = Re[Dy, (k)}=kv)* — w2 (k).
16 As it is explained in Sec. 3.1 (cf. Fig. 3), the function Z,,(k) has a maximum of two
1; roots, but the contribution from the root with a large value is‘tetally negligible. Thus,
19 Eq. (19) becomes Eq. (15) if only the first root is considered.
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