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Precision Train Positioning in Tunnel with Leaky

Coaxial Cable
Lu Yin, Member, IEEE, Tianzhu Song, Qiang Ni, Senior Member, IEEE, Quanbin Xiao, Yuan Sun, Wenfang Guo

Abstract—High precision train positioning is a crucial compo-
nent of intelligent transportation systems. Tunnels are commonly
encountered in subways and mountainous regions. As part of
the communication system infrastructure, Leaky CoaXial (LCX)
Cable is widely equipped as antenna in tunnels with many
advantages. LCX positioning holds great promise as a technology
for rail applications in the upcoming B5G (beyond-5G) and 6G
eras. This paper focuses on the LCX positioning methodology and
proposes two novel algorithms along with a novel communication-
positioning integration signal. Firstly, a novel algorithm called
Multiple Slot Distinction (MSD) LCX positioning algorithm is
proposed. The algorithm utilizes a generated pseudo spectrum
to fully utilize the coupled signals radiated from different slots of
LCX. This approach offers higher time resolution compared to
traditional methods. To further improve the positioning accuracy
to centimeter-level and increase the measuring frequency for fast
trains, a novel communication-positioning integration signal is
designed. It consists of traditional Positioning Reference Signal
(PRS) and a significantly low power Fine Ranging Signal (FRS).
FRS is configured to be continuous and superposed onto the
cellular signal using Non-Orthogonal Multiple Access (NOMA)
principle to minimize its interference to communication. A two-
stage LCX positioning method is then executed: At the first
stage, the closest slot between the receiver and LCX is estimated
by the proposed MSD algorithm using PRS; At the second
stage, centimeter-level positioning is achieved by tracking the
carrier phase of the continuous FRS. This process is assisted
by the closest slot estimation, which helps mitigate interference
between neighboring slots and eliminate the integer ambiguities.
Simulation results show our proposed LCX position methodology
outperforms the existing ones and offer great potentials for future
implementations.

Index Terms—Train Positioning, 5G/6G, leaky coaxial cable,
fine ranging signal, non-orthogonal multiple access.

I. INTRODUCTION

SMART rail is an important part of intelligent transporta-
tion system, with high precision positioning services as its

foundation. The widely used balise and cross inductive loop
provide precise positions only when the train passes them [1],
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[2]. Tachometer equipped on trains cannot output absolute
positions and are prone to accumulative errors [3]. Global
Navigation Satellite System (GNSS) can provide continuous
absolute positions with accuracy of meter level. It can even
achieve centimeter-level accuracy if enhanced by RTK (Real-
time kinematic) or 5G systems [4], [5]. However, GNSS is
easily blocked which makes it unavailable in undergrounds or
tunnels.

Leaky CoaXial (LCX) cable is a type of antenna that
radiates and receives electromagnetic waves through a series
of dense slots cut on its outer conductor layer. It is widely
employed in tunnels as it offers advantages such as easy
installation, uniform coverage and reduced inter-cell inter-
ference [6]. It is an effective way to broadcast positioning
signal through LCX in tunnels to overcome the coverage
problem. Theoretically, LCX could broadcast any wireless
signals (including GNSS-like signal, communication signal,
etc.) within its bandwidth. In practical applications, 5G net-
works provide the native support for positioning and have the
potential to outperform GNSS due to the wider bandwidth,
stronger power, denser network, etc [7], [8], [9]. Furthermore,
since LCX is typically installed for communication systems,
utilizing communication signals for positioning via LCX offers
additional benefits in terms of performance, cost and multi-
system maintenance considerations.

In industry, the 3rd Generation Partnership Project (3GPP)
has given the requirements for train positioning both outdoor
and in tunnels at the latest release [10]. Although there are
studies that have studied 5G train positioning using ordinary
antennas [11], [12], [13], there remains a lack of research
focusing on positioning via LCX, which is insufficient to meet
the current and future requirements for the rail use cases.

The LCX positioning can be classified into the fingerprint-
based method and time-based method. Received Signal
Strength Indicator (RSSI) or Channel State Information (CSI)
is adopted as the fingerprint features to identify the positions
by comparing the different feature patterns before and after
a train passes [14], [15], [16]. In time-based methods, [17]
proposes a Time-of-Arrival (TOA)-based LCX positioning
method by using both the direct wave and the reflected wave
from the end of LCX. But it is under the assumption of
perfect time synchronization between Base Station (BS) and
receiver, which is hardly implemented in practical uses. An
additional BS is placed at the end of LCX to avoid the impact
of imperfect time synchronization and high propagation loss of
the reflected signal in [18]. The MUltiple-SIgnal-Classification
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(MUSIC)-based LCX positioning methods treat the frequency
samples as the antenna array elements in conventional MUSIC.
Then, a pseudo spectrum is generated by using steering
vectors with different time delays and the noise sub-spaces
decomposed from the received signal to estimate the time
delay of signal [19], [20], [21]. However, the signals radiated
from different slots on LCX couple to each other [22], [23].
The interference between the slots will cause signal distortion
at the receiver side. Because MUSIC requires the coexistent
sources to be uncorrelated, it cannot properly differentiate
the signals from neighboring slots, leading to a low time
domain resolution. Meanwhile, the positioning signals used in
current researches are PRS-like1, which must be broadcasted
in a small amount of time slots to avoid occupying too many
communication resources [24], [25]. This not only limits its
ranging accuracy as the intermittent signal is hardly tracked,
but also leads to low measuring frequency because of the
long interval between two positioning frames, which cannot
meet the accuracy and real-time requirements of fast train
positioning [10], [26]. Although higher positioning accuracy
could be achieved by placing two LCXs perpendicular to each
other [27], it cannot be implemented in tunnels.

To tackle the above problems, we aim to develop a brand
new centimeter-level two-stage LCX positioning methodology
with the design of a novel signal waveform to meet the future
requirements for the rail use cases in the upcoming B5G
(beyond-5G) and 6G eras. To the best of our knowledge,
there is little comprehensive research on the LCX positioning
from signal to algorithm level which makes our work very
challenging. The main contributions of this paper are:

1) We propose a novel Multiple Slot Distinction (MSD)
algorithm for LCX positioning. Different from the tra-
ditional MUSIC-based algorithm, which estimates time
delay based on the orthogonal relationship between
signal and noise sub-spaces in frequency domain, the
position is estimated directly in MSD algorithm by
searching for the peak of a position-related pseudo
spectrum with high time resolution. This pseudo spec-
trum is generated by the revealed relationship between
the receiver’s position and the coupled signals in time
domain.

2) We design a novel communication-positioning integra-
tion signal that is highly compatible with the 5G/6G
system to achieve a centimeter-level ranging capability
without interfering communication much. A full-power
PRS along with a significantly low power positioning
waveform, called Fine Ranging Signal (FRS), works to-
gether to realize a two-stage positioning. Both PRS and
FRS could be configured within the 3GPP framework.
PRS is employed as a pilot to estimate the closest slot
between LCX and receiver through MSD algorithm. FRS
is continuous and superposed upon the cellular signal2

based on the Non-Orthogonal Multiple Access (NOMA)

1PRS stands for the Positioning Reference Signal in 4G and 5G systems.
2The cellular signal is the same as the communication signal mentioned

above. To avoid confusion, we use cellular signal to represent the PRS and
the signal for communication purpose, which is denoted as Communication
Signal (CS), from now on.

principle to minimize its interference to communication.
Then, a centimeter-level LCX positioning method is
developed by tracking the carrier phase of FRS with
the help of the closest slot estimation to reduce the
interference between neighboring slots and eliminate the
integer ambiguities.

3) A series of analyses are done to evaluate the perfor-
mance of the proposed LCX positioning methodology.
The results show our proposed two-stage LCX position-
ing method along with the novel PRS+FRS waveform
has a great improvement of ranging/positioning accuracy
than traditional methods. Furthermore, FRS causes a
negligible Bit Error Rate (BER) loss, indicating that FRS
causes little interference to CS.

4) The potential of the proposed LCX positioning method-
ology with redundant infrastructure is explored. The
system is expanded to a dual-LCX setup. Analysis and
simulations show that the redundant infrastructure can
improve the positioning accuracy and robustness of the
system, while allowing for 2-Dimensional (2D) posi-
tioning ability. The redundant infrastructure can offer
valuable implications for various scenarios.

The rest of this paper is organized as follows: Section II
gives the background knowledge of LCX and a typical LCX
positioning scenario. Section III proposes the MSD algo-
rithm for LCX positioning. Section IV describes the proposed
two-stage LCX positioning method in detail by designing a
novel communication-positioning integration signal and in-
troducing a carrier phase integer ambiguity elimination algo-
rithm. Section V evaluates the performance of the proposed
methodology. Section VI discusses the proposed methodol-
ogy’s performance potential with redundant infrastructure.
Finally, the conclusions are given in Section VII.

II. PRELIMINARY

A. The properties of LCX

Jacket

Outer Conductor

Inner Conductor

Insulator

Slot

𝑑

Fig. 1. The Structure of LCX.

Slots are cut on the outer conductor of an LCX as Fig.1
shows. The slots are often arranged periodically with a dis-
tance of d, allowing for the leakage of surface and radiated
waves. A small portion of the transmitted energy will be taken
by the radiated wave from each slot. The inclined angles of the
slots affect the electric field distributions around LCX. Vertical
slots are used in this paper because there is only electric field in
longitudinal direction. Other cases can be studied in the same
way by decomposing electric fields into different directions
[22]. Then, the electric field around LCX can be considered as
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Fig. 2. A typical 5G/6G LCX positioning scenario.

the superposition of a series of magnetic dipoles that represents
each slot, which can be expressed as [23]:

E =

M∑
i=1

E(i)

=

M∑
i=1

E
(i)
0

e−jKr(i)

r(i)
sin

(
θ(i)

)
(1)

where M is the amount of slots. E(i) is the electric field
distribution at slot i with the intensity of E(i)

0 . r(i) and θ(i) are
the distance and angle between the field point and the center
of slot i, respectively. K = 2πf/c is the propagation constant
of electromagnetic wave in free space, where f and c are the
electric wave frequency and the speed of light, respectively.
Define α(i) and β(i) as the amplitude attenuation and the phase
variation of the electric field intensity at the center of slot i,
respectively. Then, the electric field intensity is:

E
(i)
0 = E0 · α(i) · e−jβ(i)

(2)

where E0 = E
(1)
0 is the electric field intensity at the first slot.

The amplitude attenuation is related to the LCX’s longitudinal
attenuation constant (α0 in dB/100m) and the path distance as:

α(i) = 10−
( α0

100
×d(i−1))
20 = 10−

α0d(i−1)
2000 (3)

The phase variation is related to the path distance and the
LCX’s propagation constant Kr, which, in turn, is determined
by the material of LCX. The phase variation is expressed as:

β(i) = Krd (i− 1) = K
√
εrd (i− 1) (4)

where εr is the LCX’s relative permittivity. Please notice that
there are two types of propagation constant: one (K) is for
the wireless channel, the other (Kr) is for the wired channel
in LCX.

B. LCX positioning scenario

Consider a typical 5G/6G LCX positioning scenario for train
positioning as Fig.2 shows. An LCX is placed parallel to the
straight rail at a distance of h, on which M slots are cut with
the slot spacing of d between their centers. BS is placed on the

start/end of LCX to transmit communication and positioning
signals. The train is running with a speed of v. Define the
projection of the first slot on the rail track as the origin. The
receiver at position p is equipped with dual antennas located
at p1 = p and p2 = p+ da, respectively. The dual antenna is
used to eliminate the geometric ambiguity explained in Section
IV-C. The antenna and LCX are assumed at the same heights.

III. THE PROPOSED MULTIPLE SLOT DISTINCTION
ALGORITHM

In this section, a novel Multiple Slot Distinction (MSD)
algorithm is proposed to estimate the train position. Firstly,
we construct a position-based LCX channel matrix. Then, the
position is estimated by searching the peak of a generated
pseudo spectrum.

A. Constructing position-based LCX channel matrix

Define fc as the carrier frequency, ∆f as the sub-carrier
spacing, fn = fc + n∆f as the signal frequency at sub-
carrier n. The LCX channel h [n] ∈ C2×1 for sub-carrier n is
decomposed into three parts to reveal the relationship between
the antenna’s position and the received signal as:

h [n] = Ξ [n] Γ [n]Ψ [n] (5)

where Ξ [n] ∈ C2×M represents the response vectors of
receiving antennas:

Ξ [n] =
[
ξ(1)n (p) , ξ(2)n (p) , ..., ξ(M)

n (p)
]

(6)

Γ [n] ∈ CM×M represents the LCX channel attenuation
matrix:

Γ [n] = diag
{
γ(1)n (p) , γ(2)n (p) ..., γ(M)

n (p)
}

(7)

and Ψ [n] ∈ CM×1 represents the vector of time delay:

Ψ [n] =
[
ψ(1)
n (p, v) , ψ(2)

n (p, v) , ..., ψ(M)
n (p, v)

]T
(8)

For the response vectors of receiving antennas, antenna 1
is defined as the phase center of the dual antenna. Then, we
have the response vector ξ(i)n (p) ∈ C2×1 as:

ξ(i)n (p) =
[
1, e−j 2πc

fn
dasin(θ(i))

]T
(9)
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where θ(i) is azimuth angle between the antenna 1 and slot i.
According to the geometric relationship in Fig.2, it satisfies:

θ(i) = arctan

(
h

p− (i− 1) d

)
(10)

For the LCX channel attenuation matrix, it consists of two
parts: wired and wireless attenuation. For the wired part, it
only depends on the structure of the LCX. Then, the wired
attenuation is just numerically equal to (3):∣∣∣γ(i)wired,n

∣∣∣ = 10−
α0d(i−1)

2000 (11)

The wireless part depends on the structure of the LCX and the
antenna’s position. According to the geometric relationship in
Fig.2, The distance between the antenna and slot i is:

r(i) =

√
(p− (i− 1) d)

2
+ h2 (12)

Then, after taking (10) and (12) into E(i) in (1) and rearrang-
ing items, the wireless attenuation can be derived as:∣∣∣γ(i)wireless,n (p)

∣∣∣ = h

h2 + (p− (i− 1) d)
2 (13)

Now, combining the wired part and wireless part, we have the
LCX channel attenuation:

γ(i)n (p) =
∣∣∣γ(i)wired,n

∣∣∣ ∣∣∣γ(i)wireless,n (p)
∣∣∣ (14)

For the vector of time delay, it represents frequency domain
phase shift. The time delay depends on the signal’s propaga-
tion path and the material it travels in. It consists of wired
part τ (i)wired =

√
εrd(i−1)/c and wireless part τ (i)wireless (p) =√

(p−(i−1)d)2+h2/c. Notice that there are different relative
speeds between the antenna and slots. Therefore, the Doppler
frequency of slot i for sub-carrier n is:

f
(i)
d,n (v) =

vfn
c

cos
(
θ(i)

)
(15)

Combining their corresponding frequency domain phase shift,
we have:

ψ(i)
n (p, v) = e

−j2π
[
fnτ

(i)
wired+

(
fn+f

(i)
d,n(v)

)
τ
(i)
wireless(p,v)

]
(16)

B. Position estimation through pseudo spectrum

The LCX channel matrix for all sub-carriers H ∈ CN×2 is:

H = [h [0] ,h [1] , ...,h [N − 1]]
T (17)

where N is the amount of sub-carriers. When a known
sequence x = [x [0] , x [1] , ..., x [N − 1]]

T ∈ CN×1 is trans-
mitted via LCX for each sub-carrier n = 0, 1, ...N − 1, the
received signal y [n]∈ C2×1 for sub-carrier n is:

y [n] = h [n]x [n] + n [n] (18)

where n ∈ C2×1 is the additive noise vector for sub-carrier n.
Our goal is now to estimate position p from the received signal
for all sub-carrier y = [y [0] ,y [1] , ...,y [N − 1]]

T ∈ CN×2.
It can be observed from Section III-A and (17) that the

LCX channel matrix is only related to the receiver’s position
and speed under a certain LCX structure. Denote hn (p, v) as

the function of h [n] with respect to p and v. Then, a pseudo
spectrum is generated as:

PS (p, v) =
1∑N−1

n=0 ||y [n]− hn (p, v)x [n] ||2
,

p ∈ [0, (M − 1) d] , v ∈ [0, vmax] (19)

where ∥•∥2 denotes the process of Euclidean norm. vmax is
the maximum speed of the train. It is obvious that the pseudo
spectrum peaks around the actual position and speed:

(p̂, v̂) = argmax
p,v

PS (p, v) (20)

Notice that the signal from each slot attenuates rapidly in
free space. As a result, only the closer slots have significant
impacts on the received signal. For the slots that are close
to receiver, their Doppler shifts are close to 0 according to
(15), which do not significantly affect the pseudo spectrum.
Therefore, (20) degenerates to:

p̂ ≈ argmax
p

PS (p, v = 0) (21)

The estimation position can be obtained by searching the
peak of (21).

IV. A TWO-STAGE LCX POSITIONING METHOD

The error of (21) depends on the resolution of positioning
signal. To further improve the positioning accuracy, signal
with higher phase/time resolution and the corresponding po-
sitioning algorithm must be designed. In this section, a novel
communication-positioning integration signal for LCX posi-
tioning with centimeter-level ranging capability is proposed.
Then, using the novel signal waveform, a two-stage LCX
positioning method based on the MSD algorithm is introduced.

A. Foundation: A novel communication-positioning integra-
tion signal for LCX positioning
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Fig. 3. Signal Structure of the novel communication-positioning integration
signal for LCX positioning.

As shown in Fig.3, the proposed novel downlink
communication-positioning integration signal is composed of
traditional PRS and a significantly low power continuous FRS.
FRS is superposed upon the existing cellular signal using
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NOMA principle to mitigate its interference to communica-
tion. Both the PRS and FRS waveforms could be configured
within the 5G/6G context, through 3GPP TS 38.211 [25].
Pseudorandom codes are employed for spreading gains and
carrier phase integer ambiguity elimination. The specific pa-
rameters for their configurations will depend on the positioning
requirements.

Define P and B as the power and bandwidth, respectively.
Without loss of generality, we assume: 1) The bandwidths
of PRS, FRS and CS are identical, i.e. BPRS = BFRS =
BCS = B; 2) The sub-carrier frequencies of PRS and FRS
are identical, i.e. ∆fPRS = ∆fFRS = ∆f ; 3) The power
of PRS and CS is identical, i.e. PPRS = PCS . In addition,
to ensure the continuous transmission of FRS, the parameters
for its configuration needs to satisfy:

- The size of the downlink FRS resource in the time domain
LFRS = 12;

- The combination of repetition factor and time gap{
TFRS
rep , TFRS

gap

}
is one of {4, 4}, {8, 8}, {16, 16} and

{32, 32}.

As FRS uses similar parameters to PRS, minimal adjust-
ments are required in the higher layers such as LTE Position-
ing Protocol (LPP) [28] and Radio Resource Control (RRC)
[29] to incorporate the communication-positioning integration
signal into the 5G/6G system.

Because FRS is continuous, receiver can not only track
the carrier phase for centimeter-level ranging accuracy, but
also measure at any time within its calculation capacity,
which is important for safety-critical applications in fast train
positioning. Notice that in practical applications, some time
slots are allocated to uplink communication or reserved [30].
As a result, the actual amount of time slots allocated to
downlink signal is related to the practical communication con-
figurations, which may cause discontinuous FRS transmission.
However, accurate measurements are still obtainable by using
intermittent signal tracking algorithms [31], [32], as long as
the downlink occupies more time slots than the uplink and
reserved ones.

Although FRS has the ability of high accuracy ranging
and frequent measuring, traditional PRS is still necessary
in our LCX positioning method for the following reasons:
The tracking of FRS needs a rough position information to
eliminate the signal interference between neighbor slots and
fix the carrier phase integer ambiguity; The MSD algorithm
hardly provides satisfactory rough position with low power
FRS. Detailed explanations will be demonstrated in Section
V-A.

Better than the ordinary NOMA system [33], as FRS is
open to all users, it can be subtracted using Successive
Interference Cancellation (SIC) after its first acquisition. Then,
the interference of the FRS to PRS and CS is vanished
under the assumption of perfect SIC. On the other hand,
If the communication users (C-User) do not will to recover
FRS for executing SIC under the consideration of power and
computation consumption [34], the interference of the additive

FRS to CS will lead to BER degeneration as:

∆BER =

Γ

[
erfc

(
γPCS

PFRS + 2N0B

)
− erfc

(
γPCS

2N0B

)]
(22)

where Γ and γ are determined by the modulation and coding
schemes [35]. N0 is the single-sided Power Spectral Density
(PSD) of the environment noise. Comparing to the NOMA
communication system in which the superposed CS is much
stronger than FRS, there is much lower interference to the
full-power CS in our proposed signal.

B. The first stage - Closest slot estimation by MSD algorithm

The first stage of LCX positioning is estimating the closest
slot between the receiver and LCX. Notice that the pseudo
spectrum is searched at a searching step ∆p. Because there are
only a limited amount of LCX slots (M slots), it’s reasonable
to set ∆p = d. Therefore, the slot index corresponding to the
peak (noted as ηl) is the closest slot estimation. Then, the
rough position estimation of antenna l could also be obtained
by:

p̂l = (ηl − 1) d (23)

C. The second stage - FRS boost: centimeter-level LCX posi-
tioning algorithm

The second stage of LCX positioning is tracking the carrier
phase of the continuous FRS for centimeter-level measuring.
Because the FRSs from different slots are highly coupled, it
will cause severe fluctuations on the received signal, leading
to inaccurate carrier phase measuring. Thanks to the closest
slot estimation ηl obtained from the first stage, the interference
from other slots could be reduced as:

ŷ
(ηl)
FRS [n] =

q (l) {yFRS [n]−Ξ [n] Γ [n]U (ηl)Ψ [n]xFRS [n]} (24)

where ŷ(ηl)
FRS [n] is antenna l’s received FRS for sub-carrier n

after interference reduction. xFRS [n] and yFRS [n] ∈ C2×1

are the transmitted FRS symbol and the received FRS for sub-
carrier n, respectively. q (l) ∈ C1×2 and U (ηl) ∈ CM×M are
defined as the antenna selection vector and the slot selection
matrix, respectively. They satisfy:

q (l) =

{
[1, 0] l = 1

[0, 1] l = 2
(25)

U(nl) = diag

 1, ..., 1︸ ︷︷ ︸
1∼(ηl−1)

, 0, 1, ..., 1︸ ︷︷ ︸
(ηl+1)∼M

 (26)

Then, antenna l’s estimated received FRS for all sub-carrier
ŷ
(ηl)
FRS∈ CN×1 is expressed as:

ŷ
(ηl)
FRS =

[
ŷ
(ηl)
FRS [0] , ŷ

(ηl)
FRS [1] , ..., ŷ

(ηl)
FRS [N − 1]

]T
(27)
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According to (24)-(27), it is clear that only the signals
radiated from slot ηl are kept while the others are eliminated.
Although the closest slot estimations may have errors, the
kept signals are still strong enough to provide accurate phase
measurements as long as the errors are not too large.

There are two types of measurement at the receiver: the
carrier phase ϕ in meter measured by a Phase Locked Loop
(PLL) and the code phase C in meter measured by a Delay
Locked Loop (DLL) [36]. The carrier phase is measured in
fractions of a wavelength, which allows for more precise
positioning compared to code phase measurements. However,
the receiver cannot directly determine the exact number of full
cycles that have occurred. It can only measure the accumulated
phase with respect to a reference point. The inability to
directly determine the integer number of cycles leads to integer
ambiguity k in carrier phase measurements.

Therefore, the key to high precision positioning is solving
the integer ambiguity of carrier phase. In the LCX positioning
scenario, because the signals radiated from different slots
are used to reduce the interference from other slots, cycle
slips occur frequently at each measuring. Conventional method
cannot fix the integer ambiguity as it needs to be re-estimated
every time when the closest slot changes. Therefore, we
introduce a novel integer ambiguity estimating method by
using the closest slot estimations to compensate the cycle slips
and obtain the integer ambiguities in real-time.

The observation equations are built upon the relationship
between the observed phase measurements and the geometric
model in Fig.2. As the phase shift of the signal is not only
related to the propagation path but also the material that the
signal travels in, the phase shift of the wired and wireless
part can be expressed as

√
εrd(ηl−1)/λ and

√
(p−(ηl−1)d)2+h2/λ,

respectively. In addition, since the system doesn’t require time
synchronization between the BS and the receiver, clock offset
of the receiver dts can affect the phase measurements as well.

With the above elements, the observation equations of the
carrier and code phases can be established as:√
h2 + (pl − (ηl − 1) d)

2
+
√
εrd (ηl − 1)− klλ+ dts = ϕl

(28)√
h2 + (pl − (ηl − 1) d)

2
+
√
εrd (ηl − 1) + dts = Cl (29)

Because the PRS transmit intermittently, linear interpolation
is used to predict the closest slot during the intervals of
PRS. Notice that (28) and (29) are underdetermined with one
antenna. Therefore, dual antenna is used to obtain more obser-
vations. Another function of dual antenna is the elimination of
geometric ambiguity. As Fig.4 shows, there are two possible
position solutions when positioning with only one antenna,
which leads to the geometric ambiguity. However, it can be
eliminated with the additional equation provided by another
antenna with the geometric relation:

p2 = p1 + da (30)

𝑠𝑙𝑜𝑡 𝑖

BS

x

Possible 

propagation path 2

Possible 

propagation path 1

Possible 

receiver position 1

Possible

receiver position 2

Rail

Fig. 4. The geometric ambiguity with one antenna.

Taking (30) into (28) and (29), the observation equations of
all antennas can be written as (31). Note f(p, dts, k1, k2) = z
as the function form of (31), where z = [C1, C2, ϕ1, ϕ2]

T

is the measurement vector. Then, (31) is solved through the
improved Extended Kalman Filter (EKF) where we use the
slot estimation to predict the priori position. The EKF is in
the form of the following set of equations:

ζ̂−t = ζ̂t−1 + ut (32)

V−
t = Vt−1 +Q (33)

Kt = V−
t G

T
t

(
GtV

−
t G

T
t +R

)−1
(34)

ζ̂t = ζ̂−t +Kt

(
zTt −Gtζ̂

−
t

)
(35)

Vt = I−KtGt (36)

where the footnote t represents time instance. Implementing
(31) and the slot estimation into the filter, the elements in the
improved EKF are as follows.
ζt = [pt, dts, k1,tλ, k2,tλ]

T is the state vector at t. ut is the
control vector calculated by the slot differences between t and
t− 1:

ut =


[d(η1,t−η1,t−1)+d(η2,t−η2,t−1)]/2

0
⟨d (η1,t − η1,t−1) /λ⟩λ
⟨d (η2,t − η2,t−1) /λ⟩λ

 (37)

⟨•⟩ stands for rounding. Q, R and Vt are the covarience of
process noise, observation noise and estimate covariance at t,
respectively. Gt is the Jacobian matrix of f (pt, dts, k1,t, k2,t)
at t:

Gt =



pt−(η1,t−1)d√
h2+(pt−(η1,t−1)d)2

1 0 0

pt+da−(η2,t−1)d√
h2+(pt+da−(η2,t−1)d)2

1 0 0

pt−(η1,t−1)d√
h2+(pt−(η1,t−1)d)2

1 −1 0

pt+da−(n2,t−1)d√
h2+(pt+da−(η2,t−1)d)2

1 0 −1

 (38)

Kt is the Kalman gain at t. I is the identity matrix.
Having obtained the float solutions of ambiguity k̂1,t and

k̂2,t, the next step is to solve the integer ambiguity. Firstly, note
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

√
h2 + (p− (η1 − 1) d)

2
+
√
εrd (η1 − 1) + dts = C1√

h2 + (p+ da − (η2 − 1) d)
2
+
√
εrd (η2 − 1) + dts = C2√

h2 + (p− (η1 − 1) d)
2
+

√
εrd (η1 − 1)− k1λ+ dts = ϕ1√

h2 + (p+ da − (η2 − 1) d)
2
+

√
εrd (η2 − 1)− k2λ+ dts = ϕ2

(31)

ât =
[
p̂t, d̂ts

]T
and b̂t =

[
k̂1,t, k̂2,t

]T
as the non-integer and

integer state elements, respectively. Then, we have:

ζ̂t =
[
ât, b̂t

]T
(39)

Vt =

 Cov (ât, ât) Cov
(
ât, b̂t

)
Cov

(
b̂t, ât

)
Cov

(
b̂t, b̂t

) 
=

[
Sât

Sâtb̂t

Sb̂tât
Sb̂t

]
(40)

And the integer ambiguities can be solved with:

b̌t = min
bt

(
b̂t − bt

)T

S−1

b̂t

(
b̂t − bt

)
,bt ∈ Z (41)

An elliptical-shaped search space is constructed to solve (41).
Its shape and size are determined by the covarience Qb̂t

and
a constant χ2 as:(

b̂t − bt

)T

S−1

b̂t

(
b̂t − bt

)
≤ χ2 (42)

The shape of the elliptical search space is very thin due
to the strong correlation between the float ambiguity solutions
caused by the close proximity of the two antennas, which may
lead to searching failure [16]. Integer Gauss transformation is
employed to decorrelate the ambiguities. Denote the transfor-
mation matrix as W. Then, bt, b̂t and Qb̂t

are transformed
as:

wt = Wbt (43)

ŵt = Wb̂t (44)

Sw = WSb̂t
W (45)

Taking (43)-(45) into (41) and (42), we have:

w̌t = min
zt

(ŵt −wt)
T
S−1
w (ŵt −wt) (46)

(ŵt −wt)
T
S−1
w (ŵt −wt) ≤ χ2 (47)

Next is to determine the size of the search space (i.e.
the value of χ2 ). The search range can be narrowed down
by theoretically calculating the possible value of the integer
ambiguities with the slot estimation. According to Fig.2, when

antenna l is near slot ηl, the ambiguity of the received signal
should be in the range of:

k ⊆ (⟨(
√
εrd(ηl − 1) + h) /λ⟩ ,〈√
εrd (ηl − 1) +

√
h2 +

(
ξ
d

2

)2
 /λ

〉 (48)

where ξ ∈ Z+ is a range coefficient whose value is determined
by the closest slot estimation accuracy. The more accurate
closest slot estimation is, the smaller ξ should be to exclude
more unnecessary integer ambiguity candidates. To calculate
χ2 , we can use the midpoint of the possible ranges by
substituting χ2 into (47):

kupper =

〈
(
√
εrd

([
η1,t
η2,t

]
− 1

)
+

√
h2 +

(
ξ
d

2

)2

)/λ

〉
(49)

klower =

〈(
√
εrd

([
η1,t
η2,t

]
− 1

)
+ h

)
/λ

〉
(50)

kmid = (kupper + klower) /2 (51)

χ2 = (ŵt −Wkmid)
T
S−1
w (ŵt −Wkmid) (52)

Now, the transformed integer ambiguity w̌t can be solved by
searching in the search space of (47). Then, applying inverse
transformation b̌t = W−1w̌t, the integer ambiguity for carrier
phase is obtained and the estimation accuracy of none-integer
state elements can be further improved with the solved integer
ambiguity:

ǎt = ât − Sâtb̂t
S−1

b̂t

(
b̂t − b̌t

)
(53)

Sǎt = Sât
− Sâtb̂t

S−1

b̂t
Sb̂tât

(54)

Elements in ǎt and Sǎt are then updated back into ζ̂t and Vt

for future EKF instances. In order to avoid searching failure
due to the inaccurate float ambiguity solution at the beginning
of the filtering iteration, the integer ambiguity should only be
solved after a few iterations.

The proposed two-stage LCX positioning method is sum-
marized in Fig.5.

V. PERFORMANCE EVALUATION

In this section, we present simulation results to show the
performance of the proposed MSD algorithm, the proposed
two-stage LCX positioning method and the interference of
the FRS to communication signal in order. We set up the
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Fig. 5. Flow graph of the proposed two-stage LCX positioning method.

simulation parameters as in Table I. Railway tunnel is em-
ulated using the Clustered Delay Line (CDL) model for
LCX channel based on [37] and [38]. For each scenario,
simulation is conducted with Monte Carlo method for 100
runs. Define SNR = PCS

N0B
as the communication-signal-to-

noise-ratio, FCR = PFRS

PCS
as the communication-to-FRS-ratio

and EFNR = PFRS

PCS+N0B
= FCR

1+SNR−1 as the equivalent FRS-
to-noise-ratio for later use. The MUSIC-based positioning
method is used as the benchmark for the performance analysis.
The detail of its implementation can be seen in Appendix.A.

TABLE I
SIMULATION SETUP

Train speed v 60km/h
Relative permitivity of LCX εr[39] 1.26

Transmission attenuation of LCX α0[39] 9dB/100m
Distance between LCX and the rail h 1m

Carrier frequency fc 3500MHz
Sub-carrier spacing ∆f 30kHz
PRS Comb size KPRS

comb 4
Number of consecutive OFDM symbols of PRS LPRS 4

PRS resource set slot periodicity TPRS
per 640

PRS resource repetition factor TPRS
rep 1

The time gap of PRS TPRS
gap 1

FRS Comb size KFRS
comb 2

Number of consecutive OFDM symbols of FRS LFRS 12
FRS resource set slot periodicity TFRS

per 16
FRS resource repetition factor TFRS

rep 16
The time gap of FRS TFRS

gap 1

Without loss of generality, we use the bandwidth of 10MHz,
25MHz and 50MHz as representatives to evaluate the impact
of bandwidth on our proposed algorithms in the following
subsections. Using the sub-carrier spacing of ∆f = 30kHz,
the corresponding relationships between bandwidth and the
number of Physical Resource Blocks (PRBs) allocated for
positioning are as follows: 10MHz corresponds to 24 PRBs,
25MHz corresponds to 65 PRBs, 50MHz corresponds to 133
PRBs [40].

A. Performance of MSD algorithm

Fig.6 shows the comparison between the MSD and the
MUSIC-based positioning method with different bandwidths
when d = 4cm. It’s clear that the proposed MSD algorithm has
higher positioning accuracy than the MUSIC-based method
with the same bandwidth. It also shows that the performance
of the MSD algorithm improves as bandwidth increases. This
is because with larger bandwidth, more available frequency
points are calculated in (19), which results in higher time
resolution. In addition, it can be observed that the performance
of the MSD algorithm becomes saturate when SNR becomes
larger as the dominate factor becomes the signal resolution
rather than the noise. Therefore, the MSD algorithm can
provide consistent positioning performance in relative high
SNR.

Moreover, it shows that the performance degrades signif-
icantly in severe SNR. This is because as SNR decreases,
shown in Fig.7, the peak may drift or appear in other places,
resulting in large errors. Therefore, PRS is necessary in
the proposed communication-positioning integration signal as
the low power FRS is not suitable in MSD algorithm to
obtain the satisfactory rough position which is essential to the
slot interference reduction and integer ambiguity elimination.
Particularly, PRS can be used in the accuracy insensitive or
energy sensitive applications, like passenger guiding, because
the computation of MSD algorithm is much lower than carrier
phase tracking.

Fig.8 shows the comparison between the MSD algorithm
with different LCX slot spacing when B = 25MHz. It’s
obvious that the LCX slot spacing doesn’t significantly affect
performance of the MSD algorithm. This is because the effect
of the LCX slot spacing on pseudo spectrum has already
been identified as (19) shows. Therefore, the proposed MSD
algorithm can work regardless of the LCX structure.

B. Performance of the proposed two-stage LCX positioning

In the first stage, the closest slot is estimated. Define slot
deviation as:

∆η = |ηc − ηe| (55)

where ηc and ηe are the index of the actual and estimated
closest slot, respectively. The average slot deviation of all
Monte Carlo runs is calculated to evaluate the performance of
closest slot estimation. Fig.9 shows the average slot deviation
by the proposed MSD algorithm with different bandwidths
and LCX slot spacing when SNR = 0dB. It’s obvious that
the slot estimation is more accurate with larger bandwidth
because the positioning accuracy is higher. However, notice
that the accuracy of the closest slot estimation decreases as
LCX slot spacing gets smaller. This is because with smaller
slot spacing, there are more slot candidates to choose from.
Although the positioning accuracy of MSD with different LCX
slot spacing is similar, it’s less likely to find the actual index
of the closest slot. It’s also shown that although the closest
slot estimation may not be perfectly accurate, the deviation is
small, which will not significantly impact its ability to remove
the interference between slots for FRS positioning.
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Fig. 6. The comparison between the MSD algorithm and the MUSIC-based positioning method with different bandwidths (d = 4cm).
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Fig. 7. The normalized pseudo spectrum with different bandwidths under
different SNRs. The y-axis on left and right are the y-axis of SNR = 0dB
and SNR = −30dB, respectively.

In the second stage, FRS is used to obtain higher positioning
accuracy. Fig.10a shows the RMSE of the proposed two-stage
LCX positioning method under different communication SNRs
and FCRs when B = 25MHz and d = 4cm. It is clear that the
RMSEs are at centimeter-level and increase when SNR and
FCR increase because either of them leads to higher EFNR as
Fig.10b shows.

Fig.11 shows the positioning accuracy of the proposed
two-stage LCX positioning method with different bandwidths
and slot spacing when SNR = 0dB and FCR = −25dB.
It can be observed that smaller LCX slot spacing leads to
better positioning performance. This is because the position-
ing performance is affected by the geometric structure of

-30 -25 -20 -15 -10 -5 0 5 10 15 20

SNR (dB)

0

1

2

3

4

5

6

R
M

S
E

 (
m

)

d=4cm
d=6cm
d=8cm

0 5 10 15 20
0.59

0.6

0.61

0.62

0.63

Fig. 8. Comparison between the MSD algorithm with different slot spacing
(B = 25MHz).

the system. As (31) is established based on the geometric
relationship that is related to slot spacing, the amplification
of measuring error from the smaller LCX slot spacing is
smaller than the larger ones. Detailed deduction can be seen
in Appendix.B. In addition, it can be seen that the positioning
accuracy of our proposed method improves as the bandwidth
gets larger. It is unsurprising because higher bandwidth results
in more accurate slot estimation and more accurate phase
measurement. Notice that the performance improvements of
larger bandwidths are relatively small especially when slot
spacing is small. This is also due to the smaller measuring
error amplification from smaller LCX slot spacing as (71)
shows. Since the carrier phase measurements are already very
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Fig. 9. The performance of closest slot estimation with different bandwidths
and slot spacing (SNR = 0dB).

accurate, its improvement isn’t going to greatly affect the
performance of positioning.

C. Interference of the FRS to communication signal

Fig.12 evaluates the interference of the FRS to communica-
tion signal with BER. It is clear that the curves with different
FCRs are very close to the one where FCR = −∞dB ( i.e.
no FRS ), which means the FRS causes little interference to
communication signal. In addition, as mention earlier, the C-
user can remove the interference of FRS using SIC if needed.
Then, the BER degeneration caused by FRS will be vanished.

VI. EXPLORING THE SYSTEM’S POTENTIAL: POSITIONING
WITH REDUNDANT INFRASTRUCTURE

In certain scenarios, multiple LCXs may also be deployed
for improved communication reliability and coverage within
the tunnel environments. To explore the potential of the
proposed system, building upon the original focus of high
precision train positioning with one LCX, we expand our
research to see how our proposed methodology performs with
redundant infrastructure. Specifically, in this section, we inves-
tigate how an additional LCX affects the system’s positioning
accuracy, robustness, and explore its possible extension to 2D
positioning. We will describe how our system can be extended
in detail, present the corresponding simulation results and
analyze their possible applications.

A. Improvement in positioning accuracy and robustness

As Fig.13 shows, an additional parallel LCX is placed on
the other side of the tunnel to provide an additional signal
channel to the receiver. Denote s = 1, 2 as the index of the
LCX. η(s)l is the estimated index of the closest slot between
antenna l and LCX s. h(s) is the vertical distance between
LCX s and the antenna. Without loss of generality, assume

the two LCXs are the same (with the same slot spacing d and
permitivity

√
εr) and define the projection of LCX 1’s first

slot on the rail track as the origin.
To extend the original algorithm into 2 LCXs, 4 additional

equations that are related to the other LCX will be added
into (31). The equation set can be rewritten as (56), where
d
(s)
ts is the clock offset between the receiver and LCX s and
k
(s)
l is the carrier phase ambiguity of the signal from LCX s

received by antenna l. Notice that (56) contains 8 equations
(4 equations for s = 1 and another 4 for s = 2) and the
equations for each LCX are established independently with
the measurements from each signal channel.

When the signals from both LCXs are available, the position
of the train can be obtained by solving (56) through the EKF
methodology described in Section IV-C. The details of (33)
to (52) will need to be adjusted accordingly to solve the
additional equations in (56). The detailed adjustments for EKF
are listed in Appendix.C.

Fig.14 shows the positioning performance of the dual-LCX
setup. It’s unsurprising to see that the redundant observations
provided by the other LCX can improve the overall positioning
accuracy of the system. Specifically, the additional LCX is
able to improve the RMSE by 14.5%. In scenarios that require
precise monitoring and control, such accuracy improvement is
significant.

In addition to improving accuracy, the dual-LCX setup
can also improve the robustness of the system. For example,
when considering train operations, it is common to observe
scenarios where two trains pass each other. These instances
are a regular occurrence and necessitate careful coordination
to ensure smooth and efficient operations. If there is only one
LCX, the positioning accuracy of the opposite train may be
compromised because the train closer to the LCX could block
the signal.

The dual-LCX system is able to handle such scenario.
Although the dual-LCX system in Fig.13 only contains one rail
track, it can be applied to scenarios with multiple rail tracks
as well. Each train can utilize the proposed methodology for
positioning, with the only difference being the change in the
coordinate system. When there is only one train in presence,
the positioning accuracy is improved by the additional LCX.
When the other train blocks the signal, the system is still able
to obtain centimeter-level positioning accuracy positioning
result by solving (31) through the measurements from the
unblocked LCX, which ensures the positioning system to
remain robust and reliable.

Notice that alternative methods such as vehicle-mounted
Inertial Navigation Systems (INS) can be employed to ensure
the safety of the train through multi source fusion as well [41],
[42], but they are out of the scope of this paper.

B. Extension to 2D positioning

The additional LCX also enables the system’s ability to
conduct high-accuracy 2D positioning by providing additional
measurements. In Fig.13, the x-axis represents the direction
along the rail track, while the y-axis represents the vertical
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(a) The RMSE. (b) The EFNRs on the corresponding grids.

Fig. 10. The proposed two-stage LCX positioning accuracy with different SNRs and FCRs (B = 25MHz, d = 4cm).
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Fig. 11. The proposed two-stage LCX positioning accuracy using FRS with
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direction relative to the rail track. Different from Section VI-A,
the vertical distance between LCX s and the antenna needs
to be calculated with the y coordinates of the receiver and
the LCX. Denote (px, py) as the coordinate of the receiver
and p

(s)
LCX as the y coordinate of LCX s. Then, (56) can be

adjusted to (57) for 2D positioning.
The receiver position (px, py) can be solved through the

improved EKF. The details of the adjustments in EKF for 2D
positioning are listed in Appendix.D.

Fig.15 shows the performance of 2D LCX positioning.
It can be seen that the system still provides high accuracy
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Fig. 12. The BER with different FCRs under different SNRs in tunnel
scenario.

positioning performance after being expanded into 2D. Notice
that the accuracy in y direction is higher than x direction.
It’s because the measuring error will result more positioning
error in x direction rather than y direction, which is shown
in Fig.16. It’s also unsurprising to see that the accuracy of 1-
Dimensional (1D) positioning is higher than 2D positioning.
This is because for 1D positioning, the error in y direction is
eliminated by the prior knowledge of rail track information
during the calculation.

As trains move along their rail tracks and the trajectories
of these tracks are generally known, 1D positioning to locate
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(56)


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(57)

the train’s position on the track is sufficient. However, in cases
such as junctions or accident monitoring where the exact track
information is unavailable, the 2D positioning ability becomes
necessary to determine the train’s location accurately.

2D positioning also offers valuable implications on car sce-
narios such as 5G/6G-based Connected Automated Vehicles
(CAV) as well. Such scenario introduces complexities related
to lane-specific positioning and tracking. Therefore, precise 2D
positioning becomes crucial for effectively managing traffic
flow and ensuring optimal safety measures. When the 2D po-
sitioning methodology is applied in cars, x-axis will represent
the direction along the lane, and the y-axis will represent the
vertical direction relative to the lane. Simulation shows that the
2D LCX positioning accuracy in the y direction is sufficient
to differentiate the lanes that the car is driving on. Although
tunnels for cars are now commonly equipped with conven-
tional antennas for communication and positioning, because
the methodology in this paper has significant advantage in 2D

positioning accuracy, it is compelling to deploy multiple LCXs
for such scenario in the future.

VII. CONCLUSION

In this paper, we presented a feasibility study for a
centimeter-level train positioning methodology using LCX as
antenna for the upcoming B5G/6G rail use cases in intelli-
gent transportation systems. A low-complexity Multiple Slot
Distinction (MSD) LCX positioning algorithm is proposed
to obtain a decimeter-level accuracy. Simulation results show
that our proposed MSD algorithm outperforms the traditional
MUSIC-based LCX positioning methods. To further improve
the positioning accuracy to centimeter-level and increase the
measuring frequency for fast train, a novel communication-
positioning integration signal is designed. This signal super-
poses a significantly low power Fine Ranging Signal (FRS) to
the traditional cellular signal using Non-Orthogonal Multiple
Access (NOMA) principle for a continuous transmission.
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Fig. 15. The cumulative distribution functions (CDF) of positioning error of
the expanded 2D two-stage LCX positioning method (B = 25MHz, d = 4cm,
SNR = 0dB and FCR = −25dB).

Then, the full-power Positioning Reference Signal (PRS) in
traditional cellular signal along with the proposed FRS works
together to realize a two-stage positioning: At the first stage,
the closest slot between the receiver and LCX is estimated by
the proposed MSD algorithm using PRS; At the second stage,
carrier phase of the continuous FRS is tracked for centimeter-
level positioning, using the new slot interference reduction and
integer ambiguities elimination algorithms with the help of
the closest slot estimation. The numerical results show our
proposed two-stage LCX positioning method along with the
novel PRS+FRS waveform improves the positioning accuracy
dramatically than traditional methods. And FRS causes a
negligible Bit Error Rate (BER) loss which means FRS has
little interference to Communication Signal (CS). Lastly, the
method’s positioning potential with redundant infrastructure

xRail

y

Range of 
positioning error

Range of measuring error

LCX 1

Range of 
measuring error

Measurement 1

Measurement 2

BS

Signal 
Channel 1

Signal 
Channel 2

LCX 2

Fig. 16. The relationship between measuring error and positioning error.

is explored. Analysis and simulations shows that the redun-
dant infrastructure can improve the positioning accuracy and
robustness of the system, while enabling its 2-Dimensional
(2D) positioning ability.

APPENDIX

A. The implementation of the MUSIC-based positioning
method

The MUSIC-based positioning method considers the signal
from the closest slot as the primary source, while regarding the
signals from other slots as multipath components. It utilizes
the TOA estimation MUSIC algorithm to estimate the time
delay and solve the position based on geometric relationships.
The relationship between one antenna’s received signal yM ∈
CN×1 and the transmitted signal x ∈ CN×1 can be expressed
by:

yM =

Ms∑
ms=1

|αM,ms |aM (τM,ms)⊙ x+ n (58)

where ⊙ represents the process of Hadamard product. Ms is
the amount of sources. αM,ms is the complex attenuation of
the signal from source ms. n ∈ CN×1 is the additive noise
vector. aM (τM,ms

) ∈ CN×1 is a column vector composed
of Fourier operators that are related to the time delay of the
signal from source ms, which is expressed as:

aM (τM,ms
) =

[
e−j2πf0τM,ms , ..., e−j2πfN−1τM,ms

]T
(59)

To estimate the time delay with the received signal yM, the
correlation matrix of yM is required, which is expressed by:

RM = E
{
yMyH

M
}

(60)

where E {•} represents the ensemble average, and H rep-
resents the Hermitian transpose. Define Ryy’s eigenval-
ues and eigenvectors as ϱ1, ϱ2, ..., ϱN (ϱ1 ⩾ ... ⩾ ϱN ) and
ς1, ς2, ..., ςN , respectively. The eigenvectors of Ryy can be
divided into signal space ES = [ς1, ς2, ...ςM ] ∈ CN×M and
noise space EN = [ςM+1, ςM+2, ...ςN ] ∈ CN×(N−M). Then,
the pseudo spectrum PS (τM) is generated using the noise
space EN and the Fourier operator with different τM:

PM (τM) =
aHM(τM)aM(τM)

aHM(τM)ENEH
NaM(τM)

(61)
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And the peak of PM (τM) is the desired time delay:

τ̂M = argmax
τM

PM (τM) (62)

Then, based on the geometry of the system model in Fig.2,
the TOA of the received signal is:

τ̂M =
1

c
(εrp+ h) (63)

And the position can be obtained with:

p =
1

εr
(cτ̂M − h) (64)

For dual antenna, the position can be obtained by solving:{
τ̂
(1)
M = 1

c (εrp+ h)

τ̂
(2)
M = 1

c [εr (p+ da) + h]
(65)

where τ̂ (l)M is the TOA estimation of antenna l.

B. The amplification of measuring error with different LCX
slot spacing

Based on (28), the relationship between pl and ϕl can be
expressed as function g (ϕl) :

pl = g (ϕl) = (ηl − 1) d

±
√
(ϕl + klλ−

√
εrd (ηl − 1)− dts)

2
+ h2 (66)

Defining the carrier phase measuring error as ∆ϕl, the rela-
tionship between the measured carrier phase ϕ̃l and the actual
one ϕ̌l can be expressed as:

ϕ̃l = ϕ̌l +∆ϕl (67)

Then, the solution p̃l at measurement ϕ̃l is:

p̃l = p̌l +∆pl = g
(
ϕ̌l +∆ϕl

)
(68)

Expanding (68) in a Taylor series about carrier phase at ϕ̌l,
we have:

p̃l ≈ g
(
ϕ̌l
)
+
∂g (ϕl)

∂ϕl

∣∣∣∣
ϕl=ϕ̌l

∆ϕl (69)

where ∂g(ϕl)
∂ϕl

is:

∂g (ϕl)

∂ϕl
=


ϕS,l−dts√

(ϕS,l−dts)
2+h2

pl ≥ d (ηl − 1)

− ϕS,l−dts√
(ϕS,l−dts)

2+h2
pl < d (ηl − 1)

(70)

where ϕS,l = ϕl + klλ − √
εrd (ηl − 1) is the equivalent

wireless propagation measurement. And the positioning error
is expressed as:

∆pl = p̃l − g
(
ϕ̌l
)
=
∂g

(
ϕ̌l
)

∂ϕl

∣∣∣∣∣
ϕl=ϕ̌l

∆ϕl (71)

And the derivative of ∂g(ϕl)
∂ϕl

with respect to ϕl can be
expressed as:

∂2g (ϕl)

∂ϕ2l
=


h2

[(ϕS,l−dts)
2+h2]

3/2
pl ≥ d (ηl − 1)

− h2

[(ϕS,l−dts)
2+h2]

3/2
pl < d (ηl − 1)

(72)

Therefore,
∣∣∣∣ ∂g(ϕl)

∂ϕl

∣∣∣
ϕl=ϕ̌l

∣∣∣∣ increases with ϕS,l. As the range

of ϕS,l with larger LCX slot spacing is wider, for the same
measuring error ∆ϕl, the positioning error ∆pl increases with
larger slot spacing.

C. EKF equations for dual-antenna positioning

The adjusted EKF equations for dual-antenna positioning
are as follows.

The state vector ζt at time instance t in (32) is expressed
as:

ζt =
[
pt, d

(1)
ts , d

(2)
ts , k

(1)
1,tλ, k

(1)
2,tλ, k

(2)
1,tλ, k

(2)
2,tλ

]T
(73)

The control vector (37) is expressed as:

ut =



1
4

∑2
l=1

∑2
s=1

(
η
(s)
l,t − η

(s)
l,t−1

)
d

0
0〈

d
(
η
(1)
1,t − η

(1)
1,t−1

)
/λ

〉
λ〈

d
(
η
(1)
2,t − η

(1)
2,t−1

)
/λ

〉
λ〈

d
(
η
(2)
1,t − η

(2)
1,t−1

)
/λ

〉
λ〈

d
(
η
(2)
2,t − η

(2)
2,t−1

)
/λ

〉
λ


(74)

The Jacobian matrix (38) is expressed as:

ρt (l, s) =
pt −

(
η
(s)
l,t − 1

)
d√(

h(s)
)2

+
(
pt −

(
η
(s)
l,t − 1

)
d
)2

(75)

Gt =



ρt (1, 1) 1 0 0 0 0 0
ρt (2, 1) 1 0 0 0 0 0
ρt (1, 1) 1 0 −1 0 0 0
ρt (2, 1) 1 0 0 −1 0 0
ρt (1, 2) 0 1 0 0 0 0
ρt (2, 2) 0 1 0 0 0 0
ρt (1, 2) 0 1 0 0 −1 0
ρt (2, 2) 0 1 0 0 0 −1


(76)

The non-integer and integer state elements in (39) are noted
as:

ât =

[
p̂t,

ˆ
d
(1)
ts ,

ˆ
d
(2)
ts

]T
(77)

b̂t =

[
ˆ
k
(1)
1,t ,

ˆ
k
(1)
2,t ,

ˆ
k
(2)
1,t ,

ˆ
k
(2)
2,t

]T
(78)

The upper and lower range of the integer ambiguity (49) and
(50) are expressed as:

ση =


η
(1)
1,t

η
(1)
2,t

η
(2)
1,t

η
(2)
2,t

 (79)

σh =


h(1)

h(1)

h(2)

h(2)

 (80)
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kupper =

〈
(
√
εrd (ση − 1) +

√
σ2

h +

(
ξ
d

2

)2

)/λ

〉
(81)

klower = ⟨(
√
εrd (ση − 1) + σh) /λ⟩ (82)

D. EKF equations for 2D positioning

The adjusted EKF equations for 2D positioning need to be
adjusted to include y direction. The changes are as follows.

The state vector (73) is adjusted to:

ζt =
[
px,t, py,t, d

(1)
ts , d

(2)
ts , k

(1)
1,tλ, k

(1)
2,tλ, k

(2)
1,tλ, k

(2)
2,tλ

]T
(83)

The control vector (74) is adjusted to:

ut =



1
4

∑2
l=1
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η
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0
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(1)
1,t−1

)
/λ

〉
λ〈

d
(
η
(1)
2,t − η

(1)
2,t−1

)
/λ

〉
λ〈

d
(
η
(2)
1,t − η

(2)
1,t−1

)
/λ

〉
λ〈

d
(
η
(2)
2,t − η

(2)
2,t−1

)
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λ
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(84)

(75) is adjusted to:

ρt (l, s) =


px,t−

(
η
(s)
l,t −1

)
d√(

py,t−p
(s)
LCX

)2
+
(
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(
η
(s)
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)
d
)2
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(s)
LCX√(
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(s)
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(
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(
η
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)
d
)2


T

(85)

The non-integer state elements (77) is adjusted to:

ât =

[
p̂x,t, p̂y,t,

ˆ
d
(1)
ts ,

ˆ
d
(2)
ts

]T
(86)

(80) is adjusted to:

σh =


py,t − p

(1)
LCX

py,t − p
(1)
LCX
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(2)
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