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The article shows that transient chaos phenomena can be observed in
a generalized memristor Chua’s circuit where a nonlinear resistor is in-
troduced to better model the real memristor behaviour. The flux-charge
analysis method is used to explain the origin of transient chaos, that
is attributed to the drift of the index of the memristor circuit invariant
manifolds caused by the charge flowing into the nonlinear resistor.

Introduction: Certain classes of nonlinear dynamical systems are found
to display transient chaos, i.e. they show complex dynamics only on a
finite time interval and eventually and often suddenly they tip to a steady
state with periodic or convergent dynamics [1–3]. This phenomenon
can be related for instance to the presence of slowly drifting parame-
ters caused by internal or external factors acting on the systems. Tran-
sient chaos is relevant to model a wide variety of phenomena in dif-
ferent fields as chemistry, neuroscience, medicine, ecology, and climate
research and fluid dynamics. We refer the reader to the special issue [4]
for a review of recent advances in the theory and application of transient
chaotic systems. A nice application of transient chaos in the neural net-
work field is described in the classic paper [5], where this phenomenon
is used for implementing a simulated annealing scheme aimed at im-
proving the search ability and optimization capabilities of discrete-time
Hopfield neural networks.

Since the first electronic realization and theoretic investigation in the
eighties [6], Chua’s circuit became a prototype to display quite complex
dynamics and many bifurcation phenomena [7]. Its simple electronic
structure has made it possible to use Chua’s circuit in several ways, e.g.
to generate analogic pseudo-random signals, to build up experiments for
investigating secure communication techniques, to develop image pro-
cessing applications via arrays of Chua’s circuits. Recently, a number
of contributions investigated the implementation of Chua’s circuit using
memristors [8, 9]. The memristor, theoretically introduced by Chua [10]
as the fourth basic circuit element in addition to the resistor, capacitor
and inductor, is nowadays considered as a device with a key role for
emerging computing paradigms [11–13].

Recent contributions in the literature [11, 14] have developed a tech-
nique, named flux-charge analysis method (FCAM), to analyze a class
of nonlinear dynamical circuits with linear resistors, capacitors, induc-
tors and ideal memristors. FCAM is based on analyzing the circuit
in the flux–charge domain instead of the standard voltage–current do-
main. FCAM permits to show that for structural reasons the state space
of such circuits can be foliated in invariant manifolds and, as a con-
sequence, there is coexistence of infinitely many different attractors,
a phenomenon termed extreme multistability. As a relevant example,
the state space of Chua’s circuit with an ideal memristor can be fo-
liated in infinitely many invariant manifolds and each manifold can
be identified by an index depending upon the initial conditions [8].
The same index appears as a constant forcing term in the equations in
the flux-charge domain obtained via FCAM. Therefore, by changing
the index we obtain different dynamics and there is coexistence of
convergent, periodic and chaotic attractors for a fixed set of circuit
parameters.

Goal of this paper is to show the existence of transient chaos phenom-
ena in a class of generalized memristor Chua’s circuits where a nonlinear
resistor is added in parallel to the ideal memristor. Such a nonlinear resis-
tor can be used to better model the behaviour of real memristor devices
implemented in nanotechnology [15-17]. Otherwise, the resistor can be

Fig. 1 Memristor Chua’s circuit (MCC) with a locally active flux-controlled
memristor

deliberately introduced in a circuit with ideal memristors to achieve the
desired transient chaos phenomena.

The considered class of generalized memristor Chua’s circuits have
fixed parameters and obey an autonomous system of differential equa-
tions in the standard voltage–current domain. Therefore, it is unclear
when remaining in this domain why there is transient chaos. On the
other hand, by using the analysis in the flux-charge domain developed
via FCAM, it is possible to unveil the reason why there is the birth of
transient chaos. This is attributed to the charge passing through the non-
linear resistor that causes a slow drift of the index of the invariant mani-
folds where the dynamics of the memristor circuits evolves.

Memristor Chua’s circuit: Consider the circuit in Figure 1, obtained
from Chua’s circuit by replacing the nonlinear resistor (Chua’s diode)
with an ideal locally-active flux-controlled memristor. This is named
memristor Chua’s circuit or MCC. Let vM (resp., iM ) be the voltage
(resp., current) in the memristor and also consider the memristor flux
ϕM (t ) = ∫ t

−∞ vM (σ )dσ and charge qM (t ) = ∫ t
−∞ iM (σ )dσ . The mem-

ristor obeys the constitutive relation qM = q̂M (ϕM ) = −aϕM + bϕ3
M ,

where a, b > 0.
In the standard (v, i)-domain, MCC satisfies the fourth-order system

of differential equations

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

C1
dvC1

dt = vC2−vC1
R − q̂′

M (ϕM )vC1

C2
dvC2

dt = vC1−vC2
R + iL

L diL
dt = −vC2

dϕM

dt = vC1

(1)

for t ≥ t0. The state variables in the (v, i)-domain are the two capacitor
voltages vC1, vC2, the inductor current iL and the memristor flux ϕM . The
corresponding initial conditions are vC10 = vC1(t0), vC20 = vC2(t0), iL0 =
iL(t0) and ϕM0 = ϕM (t0).

Let us consider the function � : R4 → R of the state variables in the
(v, i)-domain given by

�(vC1, vC2, iL, ϕM ) = ϕM + Rq̂M (ϕM ) + LiL + RC1vC1.

It can be checked that the time derivative of � along the solutions of (1)
vanishes for all time. Hence, we have

� ( vC1 ( t ), vC2 ( t ), iL ( t ), ϕM ( t )) = � ( vC10, vC20, iL0, ϕM0)
.= �0

for t ≥ t0. This means that � is an invariant of motion (or first-order
integral) for the dynamics in the (v, i)-domain.

Define the sets

M ( �0) = { ( vC1, vC2, iL,�M ) ∈ R
4 : � ( vC1, vC2, iL, ϕM ) = �0}

(2)

where �0 is any real number. Each set is a three-dimensional invariant
manifold for the dynamics of (1), i.e. if a solution of (1) starts on a given
manifold M(�0) at t0, then it is constrained to stay on M(�0) for all
subsequent times. Hence, the state space R

4 in the (v, i)-domain can be
decomposed (foliated) in ∞1 three-dimensional invariant manifolds and
each manifold is identified by �0, that is referred to henceforth as the
manifold index.
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Fig. 2 Bifurcation diagram of MCC depicting local maxima and minima of
the voltage vC1 as a function of the index �0 of the invariant manifold

To obtain the dynamics of MCC on each invariant manifold, it is con-
venient to write the equations in the (ϕ, q)-domain. To this end, con-
sider for each element the incremental flux ϕ(t; t0) = ∫ t

t0
v(σ )dσ and

charge q(t; t0) = ∫ t
t0

i(σ )dσ . By integrating (1) between t0 and t ≥ t0,
and using the change of variables ϕ̄C2(t ) = ϕC2(t; t0) − LiL0 and q̄L(t ) =
qL(t; t0) + C2vC20 − ϕM0/R + LiL0/R, we obtain in the (ϕ, q)-domain
the third-order system in the state variables ϕM , ϕ̄C2 and q̄L given by

⎧⎪⎨
⎪⎩

RC1
dϕM

dt = ϕ̄C2 − ϕM − Rq̂M (ϕM ) + �0

RC2
dϕ̄C2

dt = ϕM − ϕ̄C2 + Rq̄L

L dq̄L

dt = −ϕ̄C2.

(3)

Note from the first equation that the index �0 of the manifold, which
is a function of the initial conditions for the state variables in the (v, i)-
domain, appears as a constant forcing term in the equations describing
the dynamics in the (ϕ, q)-domain.

As usual, introduce the adimensional parameters of Chua’s circuit
given by α = C2/C1 and β = R2C2/L. Choose normalized values R = 1
Ohm and C2 = 1 F, and let α = 10 and β = 15, so that we have C1 =
0.1 F and L = 1/15 H. Moreover, for the memristor, let a = 8/7 and
b = 4/63. Figure 2 depicts the bifurcation diagram of MCC obtained
with MATLAB, showing local maxima and minima of vC1 as a func-
tion of the index �0 of the invariant manifold. Note that for low values
of �0 there is a stable equilibrium point that undergoes a Hopf bifur-
cation with the birth of a stable cycle at �0 = −0.078. Such a cycle
remains stable for increasing values of �0, until it becomes unstable at
�0 = −0.0648 where a first period-doubling occurs, which generates
a stable cycle of twice the period. As �0 is further increased, MCC
displays a period-doubling sequence route to chaos [18]. Indeed, for
�0 ∈ (−0.0648,−0.050) we observe a cascade of period-doubling bi-
furcations followed by the birth of a single-scroll chaotic attractor. All
these different dynamics coexist for MCC for the considered fixed set of
circuit parameters.

Generalized memristor Chua’s circuit: In this section we consider a
generalization of MCC where a nonlinear resistor satisfying iR = îR(vR)
is added in parallel to the ideal memristor (Figure 3). Such a circuit
is named generalized MCC or G-MCC. The considered combination
of an ideal memristor and a nonlinear resistor, which corresponds to
an extended memristor model [], is useful to model a relevant class of
real memristor devices. In particular, when the resistor has a rectifying
characteristic, it can account for the diode-like effects at the interface
between the memristor metal and insulating material [15-17]. It is
shown in [17] that by massaging the parameters of the ideal memristor
and those of the rectifying nonlinear resistor, it is possible to accurately
reproduce the asymmetric pinched hysteresis loops presented by a class
of real memristors in response to a sinusoidal input signal. This is in

Fig. 3 Generalized memristor Chua’s circuit (G-MCC) where a nonlinear
resistor is added in parallel to the ideal memristor

contrast to the symmetric hysteresis loops displayed by ideal memristors
as in MCC.

The equations describing G-MCC in the (v, i)-domain are given by
the fourth-order system in the state variables vC1, vC2, iL and ϕM

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

C1
dvC1

dt = vC2−vC1
R − q̂′

M (ϕM )vC1 − îR(vC1)

C2
dvC2

dt = vC1−vC2
R + iL

L diL
dt = −vC2

dϕM

dt = vC1

(4)

for t ≥ t0. By integrating these equations between t0 and t ≥ t0, and us-
ing the same change of variables as that previously introduced, we ob-
tain in the (ϕ, q)-domain the fourth-order system in the state variables
ϕM , ϕ̄C2, q̄L and qR(t; t0) = ∫ t

t0
îR(σ ) dσ given by

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

RC1
dϕM

dt = ϕ̄C2 − ϕM − Rq̂M (ϕM ) + �(t )

RC2
dϕ̄C2

dt = ϕM − ϕ̄C2 + Rq̄L

L dq̄L

dt = −ϕ̄C2

dqR

dt = îR
(

1
RC1

(ϕ̄C2 − ϕM − Rq̂M (ϕM )

+�0 − RqR(t; t0)))

(5)

where we have let

�(t ) = �0 − RqR(t; t0). (6)

Note that the constant index �0 of MCC in the first equation of Equation
(3) is replaced by the time-varying quantity � in the first equation of
Equation (5), i.e. � plays the role of a dynamic manifold index of G-
MCC.

Manifold drift and transient chaos: We have seen in Section 2 that the
dynamics of MCC evolves on a given manifold whose index �0 is deter-
mined by the initial conditions for the state variables in the (v, i)-domain.
MCC can be considered as a ‘frozen’ dynamical system whose bifurca-
tion diagram obtained by varying the index �0 is in Figure 2. The di-
agram shows different dynamics, i.e. convergent, periodic and chaotic
dynamics, for different values of �0. Now, consider G-MCC and sup-
pose the nonlinear resistor is such that its charge qR(t; t0) is slowly drift-
ing with time. Then, according to Equation (6) and the first equation in
Equation (5), this causes a slow drift of the index � of the manifold and
so we expect to observe a sequence of bifurcations along the diagram in
Figure 2 for the G-MCC dynamics.

Diode-like nonlinear resistor: Suppose that the nonlinear resistor has a
rectifying diode-like characteristic. For simplicity we approximate the
characteristic with the nonlinear function

iR = îR(vR) =
{

0, vR < vth

imax, vR ≥ vth
(7)

where vth > 0 is a threshold and imax > 0 is the saturation value of
the current.

Note that, by construction, we have îR(vR) ≥ 0 for any voltage vR,
hence the charge qR(t; t0) into the nonlinear resistor is monotonically in-
creasing and, according to Equation (6), this charge causes a decrease
of the index � of the invariant manifold. If we further assume that the
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Fig. 4 Vertical axis: local minima and maxima of vC1 for G-MCC with a
diode-like nonlinear resistor. Horizontal axis: time in normalized units

current in the diode has small values for the voltages in G-MCC, we con-
clude that the diode causes a slow negative drift of the invariant manifold
index � as time passes.

In order to illustrate this phenomenon, choose as an example vth =
0.5 V, and imax = 20 μA. Suppose that the initial value of the index is
�0 = −0.05 at t0 = 0. Figure 4 depicts the time-domain behaviour of
G-MCC as obtained by means of MATLAB simulations. In particular,
it shows local minima and maxima of vC1 as a function of t in normal-
ized units. It can be seen that at the start G-MCC displays a single-scroll
chaotic dynamics corresponding to values of the index �0 = −0.05 or
slightly lower. Then, G-MCC undergoes to a sequence of inverse period-
doubling bifurcations causing the death of chaos. For larger values of
time G-MCC exhibits a periodic behaviour. By comparing Figure 4
with Figure 2, it can be checked that, as expected, G-MCC actually
runs dynamically through the bifurcation diagram of MCC starting
from �0 = −0.05 and going towards lower values of the manifold in-
dex. Correspondingly, G-MCC shows a transient chaos behaviour where
the initial single scroll attractor eventually transforms into a periodic
attractor.

In addition to better modelling the behaviour of real memristor de-
vices, nonlinear resistor as in Equation (7) may also be deliberately in-
troduced to obtain the desired transient chaos phenomena. Moreover, we
note that if we use in G-MCC a reverse diode satisfying

iR = îrev(vR) =
{

0, vR > −vth

−imax, vR ≤ −vth
(8)

then qR(t; t0) would be a monotonically decreasing function of time
thus causing a drift towards higher values of the index � of the man-
ifold. Finally, it is observed that analogous transient chaos phenom-
ena have been observed with simulations also when the nonlinear re-
sistor (7) is replaced by a Shockley diode with characteristic iR(vR) =
IS (exp(vR/ηV T ) − 1), where IS > 0 is the reverse bias saturation cur-
rent, V T is the thermal voltage and η is the ideality factor.

Conclusion: The paper has studied transient chaos phenomena in a gen-
eralized Chua’s circuit with memristor (G-MCC) where a nonlinear re-
sistor in parallel to an ideal memristor is used for better modelling a
real-memristor behaviour. The origin of transient chaos is ascribed to
the charge flowing into this resistor. Namely, by using the flux-charge
analysis method, it is shown that when the resistor has a diode-like char-
acteristic, its charge causes a drift of the index of invariant manifolds.
As a consequence, G-MCC can undergo a sequence of bifurcations from
chaos to a periodic behaviour, a phenomenon that can be referred to as

transient chaos. Future work will be devoted to analyze theoretically the
bifurcation phenomena of G-MCC using tools as the harmonic balance.
Moreover, we will investigate the use of G-MCC as a source of transient
chaos for improving the optimization capabilities of neural networks in
solving optimization problems.
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