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CONVERGENCE ANALYSIS OF LEAPFROG FOR GEODESICS*
ERCHUAN ZHANGT# AND LYLE NOAKES*

Abstract. Geodesics are of fundamental interest in mathematics, physics, computer science, and
many other subjects. The so-called leapfrog algorithm was proposed in [L. Noakes, J. Aust. Math.
Soc., 65 (1998), pp. 37-50] (but not named there as such) to find geodesics joining two given points
zo and x1 on a path-connected complete Riemannian manifold. The basic idea is to choose some
junctions between zg and x; that can be joined by geodesics locally and then adjust these junctions.
It was proved that the sequence of piecewise geodesics {7y*}1>1 generated by this algorithm converges
to a geodesic joining o and x1. The present paper investigates leapfrog’s convergence rate Ti,n of
ith junction depending on the manifold M. A relationship is found with the maximal root A, of a
polynomial of degree n— 3, where n (n > 3) is the number of geodesic segments. That is, the minimal
Ti,n is upper bounded by A, (14 c4), where c4 is a sufficiently small positive constant depending on
the curvature of the manifold M. Moreover, we show that A, increases as n increases. These results
are illustrated by implementing leapfrog on two Riemannian manifolds: the unit 2-sphere and the
manifold of all 2 X 2 symmetric positive definite matrices.
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1. Introduction. Let zy,x; be given points in a smooth m-dimensional path-
connected complete Riemannian manifold M. By the Hopf-Rinow theorem, zy and
x1 can always be joined by a (minimal) geodesic in M. Geodesics are of fundamental
interest in mathematics and many other areas. In mathematics, geodesics are fun-
damental in studies of the geometry of a manifold, such as the Rauch comparison
theorem [2] and Toponogov’s triangle comparison theorem [7]. Geodesics are also
essential in applications such as geodesic regression (generalized from linear regres-
sion) and principal geodesic analysis (generalized from principal component analysis),
which are widely used in data analysis and computer science [6, 23, 5, 4].

When the geometric structure of the manifold M is very well understood, some-
times all geodesics can be given in closed form. Usually, however, it is necessary to
determine geodesics as solutions to a 2-point boundary value problem for the 2m-
dimensional nonlinear system of geodesic equations. Initial value problems for such
systems are routinely solved by numerical methods, but boundary value problems
require a lot more work.

1.1. Leapfrog. The leapfrog algorithm [15] for finding a geodesic joining xg,z1 €
M proceeds as follows. Suppose that a piecewise geodesic v : [0,1] = M from xq to x1
has n geodesic segments, with any three successive junctions y;_1,¥y;,y;+1 contained
in some geodesically convex subset of M. Then v is determined by an (n — 1)-
tuple (y1,y2,---,Yn—1) of junctions, and we set yo := x¢ and y, := x1. Then, for
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Fic. 1. An illustration of leapfrog for 3 junctions: choose 3 initial junctions y%, y%, and yé;
then y% is moved to the midpoint y% of the minimal geodesic joining xo and y%, y% is mowved to the
midpoint yg of the minimal geodesic joining y% and y%, and y% is moved to the midpoint y% of the
minimal geodesic joining y% and x1. This process continues unless some stop criterion is satisfied.

1 =1,2,...,n — 1, y; is adjusted by moving y; onto the midpoint of the minimal
geodesic joining y;_1 and y;11, as in Figure 1.

This generates a sequence of piecewise geodesic curves Q = {v*:[0,1] — N,k > 1}.
Denoting the ith junction of 4* by yf, with y% =z and y* = 2, yf is the midpoint
of the minimal geodesic joining y¥ ; and yf;ll. As proved in [15] the limits y° :=
limg oo yf almost always exist, and these allow us to construct a geodesic y*° from
2o to x1. The number n of geodesic segments is determined by the effectiveness
of methods to find geodesics joining y* ; and yf{ll. Usually this is done by single
shooting, which works well if a good initial guess can be made for the initial velocity
of the geodesic. For instance, when n is moderately large, consecutive junctions need
not be too far apart. Then good linear estimates can be made using coordinate charts.

Regarding the endpoint geodesic problem, Bryner in [1] proposed two numerical
schemes, the shooting method and path-straightening, to compute endpoint geodesics
on Stiefel manifolds by considering them as submanifolds of the Euclidean space.
From the perspective of matrix-algebra, Zimmermann in [26] derived a method for
evaluating the Riemannian logarithm map on the Stiefel manifold with respect to the
canonical metric. Later, Zimmermann and Hiiper in [27] provided a unified method
to deal with the geodesic endpoint problem on the Stiefel manifold with respect to a
family of metrics. In [22], Sutti and Vandereycken discussed the convergence of the
leapfrog algorithm as a nonlinear Gauss—Seidel method on the Stiefel manifold.

Recently the present authors proposed an alternative algorithm to find geodesics
joining two given points [18]. Like leapfrog, this method also exploits single shooting
to find geodesics joining junctions. The key difference is in the way that junctions are
adjusted, and there does not seem to be much difference in performance of the two
methods (if anything, leapfrog is preferable). Leapfrog has also been adapted to find
optimal trajectories in optimal control problems [8, 9].

Apart from the applications mentioned above, leapfrog is also used for finding
extremals of Lagrangian actions [19] in physics, where the Lagrange mechanic sys-
tems may include double pendulum, obstacle avoidance, and navigation problems,
to name a few. In data science, for the problem of fitting multidimensional reduced
data, leapfrog can work as an iterative scheme that selects the missing knots by
minimizing a nonlinear multivariate function [10, 11]. In computer vision, a 2D ver-
sion of leapfrog is proposed to recover an unknown surface from 3 noisy camera im-
ages [17] and applied to photometric stereo reconstruction [16]. In engineering, the
leapfrog method is shown to produce optimal paths of a mobile robot by solving some
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nonlinear equations [13, 14]. In finance, many real-world problems are too compli-
cated to lead to analytical solutions; computational algorithms including leapfrog are
essential tools for dynamic optimizations in modeling economic growth [3].

In [15] it is shown that the sequence of piecewise geodesics {y¥}r>1 generated
by leapfrog almost always converges to a geodesic joining xo and x; (there is always
a subsequence that converges to a geodesic). However, there has been no study of
convergence rates

i Yy
Tip = lim — o —t>
k—oo d(yi,yi )

9

where d : M x M — R is the Riemannian distance. In practice, the 7;, seem to
increase dramatically with n (it is a mistake to choose n unnecessarily large). In
Theorem 2.4, we present an upper bound for the convergence rate of the L., norm
of the vector of errors at all junctions, which may imply an upper bound for 7; ,, but
not very tight.

To state our main result, we introduce, for variable s,

1 n— n— n— n—2 n— n—
pn(s) = ————[16 (u} ™% = p7%) = 8 (w72 — 2 7%) + (ui ™" = p2 )],
Mg — -
where o = $EV2=s VQSQ_S It will turn out that p,(s) is a polynomial in s with real roots

when n > 4 (see Lemma 3.4). The central result of the present paper is given as
follows.

THEOREM 3.1. Suppose every three consecutive junctions in the leapfrog algorithm
are sufficiently close, the sectional curvature of the manifold M is bounded, and A, is
the largest root of the polynomial p,(s). Then, there exists a sufficient small positive
constant ¢ € 10,1) such that

7= min T, <A (l4+cy).
n =, N Tin < n(l+cy)

Moreover, cy =0 if M has nonpositive sectional curvature.

The paper is organized as follows. In section 2, we present some local analy-
sis on the junctions, i.e., the relationship between d(yf“,yf"), d(yffll,yffl), and
d(yfﬂ,yf_f_l). Then we study convergence rates of leapfrog for n = 3,4, 5, preparatory
to the remaining cases where n > 6 in section 3. In section 3 we present some prop-
erties of the polynomial p,(s) including the recurrence relationship and real roots of
pn(s). The proof of Theorem 3.1 is given in section 4. In section 5, we illustrate our
results by using leapfrog to find geodesics joining given points in the unit 2-sphere
and in the manifold of all 2 x 2 symmetric positive definite matrices. A conclusion is
given in section 6.

2. Convergence rates for few junctions. In this section, we investigate con-
vergence rates of leapfrog when the number n — 1 of junctions is 2,3,4. As a key
building block, we firstly study the relationship between d(y*™, 4), d(y**},y2,),
and d(yf+17yff-1)~

Working in normal coordinates about xy (which we always do from now on),
Theorem 5.1 in [15] says that a subsequence of {¥* : [0,1] — M},>1 converges to
the geodesic v*°(t) = tz1. Assuming that the subsequence is the whole sequence (as
shown in [15] for most circumstances), the junctions yzk on v* converge to Yo = %xl
on v*°. So by starting with & sufficiently large, we may suppose that, for some small
6>0,
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(2.1) ef =d(yf,y%) = 0(9),

P -

where d: M x M — R is the Riemannian distance function. Evidently e = ek = 0.
From now on, we suppose every three consecutive junctions in the leapfrog algo-
rithm are sufficiently close for the convenience of constructing our convergence theory.
Note that the two given endpoints are not close in general.
2.1. Local analysis. For the purpose of analyzing the local relationship between
ef“, effll, and ef '+ 1, we need to estimate the geodesic distance ef up to certain order
of §. The following useful lemma is taken from [12] (see Lemma 4.3.3 there).

LEMMA 2.1. Let M be a complete Riemannian manifold with a Riemannian met-
ric (-,-), U, (x")) any normal coordinate chart centered at s € M. If two points p and
q are sufficiently close to s, then the square of the geodesic distance d*(p,q) can be
written as

P (p.0)=lp~ al* ~ 5{R(a.p)p0) + O (Ip— all).

where ||-|| is the standard Euclidean norm, (R(q,p)p,q) := (R(Q, %)@, @), 5p and 53¢
are tangent vectors in normal coordinates, and R is the Riemannian curvature tensor
on M.

Note that the term (R(q,p)p,q) can be rewritten in terms of sectional curvature,
ie.,

(R(q.p)p-a) =K (p,q) - (Ipl*llal* — (p.0)?) ,

where K (p, q) is the sectional curvature and the Riemannian norm/metric is the same
as the Euclidean one since normal coordinates are chosen at s.

LEMMA 2.2. Let M be a complete Riemannian manifold, Axyz a geodesic triangle
in M (a triangle each of whose sides is a minimal geodesic), and p and q the midpoints
of the geodesics xy and xz, respectively. Suppose Axyz is sufficiently small and
d(p,q) = O(6) = d(y, z); then there exist two sufficiently small positive constants c_
and cy such that

(2.2) VT edly,2) < d(p.) < 3T erd(y, ).

Moreover, c;x =0 (c_ =0) if M has nonpositive (nonnegative) sectional curvature.

To increase the readability of this paper, we put the proof of Lemma 2.2 in
Appendix A.

LEMMA 2.3. For sufficiently large k, i = 1,2,...,n — 1, the geodesic distances

ef“, effll, and efH satisfy the following relationship:

1
(2.3) eyt < Vites (ei +efia) s

where ¢y € [0,1) is some constant. Further, cy = 0 if M has nonpositive sectional
curvature.

Refer to Appendix B for the proof of Lemma 2.3. For simplicity, we denote

K= %\/1 +c; and Kk:= %\/1 — ¢ from now on.

If we view the errors (e5, ek, ... ek ) as avector v¥ in R" =2, then the convergence

rate of the L., norm of v* is upper bounded.

(© 2023 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license
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THEOREM 2.4. Let 7o, be the convergence rate of the Lo, norm of the error vector
vk = (e ek, .. ek _); we have

N i ¢
2.4 =1
(24) T e oFle = 1-&

Refer to Appendix C for the proof of Theorem 2.4. In what follows, we will con-
sider the convergence rate of {7*} for small number of junctions by taking advantage
of Lemmas 2.2 and 2.3.

2.2. Analysis for n =3. We start with the simplest case where n = 3, i.e.,
initial junctions (yi,y3) are given.

THEOREM 2.5. The convergence rates of y¥,yb to y°,ys° are upper bounded by
1(1+ c4) and lower bounded by (1 —c_). Moreover, c; =0 (c— = 0) if M has
nonpositive (nonnegative) sectional curvature.

Proof. By Lemma 2.2, we have

(2.5) rek < el < ek,

@e’f+1 < e’2€+1 < me’f“.
Substituting (2.5) into (2.6) results in
@265 < e§+1 < KJ26§.
Substituting (2.6) into (2.5) results in

2 k
€1

IN

K e’f'H < Ii2€]1€.

Therefore, the convergence rate of y¥ is given by

k1
. ; 2 2
(2.7) i3 :klirgo Zef € [s*, K],
where i =1, 2. 0

Note that if there exists a kg such that ef =0 for k > kg, there is no sense in
k+1

. . . . . . €.
discussing the limitation limy_, .
k3

2.3. Analysis for n = 4. Suppose 3 junctions (yi,ys,y3) are given.

THEOREM 2.6. For n=4, we have the following estimation:
1 _ 1
T2,4§§(1+C+), Ty §§(1+C+)-

Moreover, cy =0 if M has nonpositive sectional curvature.

Proof. By Lemma 2.3, we have

(2.8) eMHl < ek,
(2.9) bt <k (elfJr1 + elg) ,
(2.10) et < et

© 2023 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license
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Substituting (2.8) and (2.10) into (2.9) yields
(2.11) eb Tt <2k2eh,

which implies 724 < 252, Then 7, < 2k? follows directly. Alternatively, we can
consider the linear combination 2xx (2.8) +2 x(2.9) + (2.10)/x, i.e.,

okl ok

(2.12) eh T+ B <ok? (e’g + 3) ,
K K
which indicates
k+1 , ettt
e +
(2.13) 77 < lim 2 B <92
k—o0 ko €3 0
ey + =

In general, the convergence rates 7 ,, and 72 ,, are close, so are 7,2, and 7,1 .
This is because

Hek ek+1 H@k
7k31 > 1k > kil = CTan < Ti,n < 67—27n7
Kes el T kes;
k+1 k+1 k+1
K€, _o €n—1 K€p_2 —
% < % > % = CTp—2,n < Tn—1,n < CTn—2n;,
Kep_a2  €n_1 k€3

T_c_ _ Ttc
where c= £ = °~ and ¢= £ =,/ are close to 1.
K 1+cy K l—c_

2.4. Analysis for n = 5. Suppose 4 junctions (yi,y3,y3,y}) are given.

THEOREM 2.7. For n=>5, we have the following estimation:

3+5
8

5 < (1+cy).

Moreover, ¢y =0 if M has nonpositive sectional curvature.

Proof. By Lemma 2.3, we have

(2.14) M < kek,

(2.15) eb™ <k (ef T +eb),
(2.16) eb T <k (AT +eh),
(2.17) Mt < ekt

Considering the linear combination k(14 kag) x (2.14) + (1 + ka2) x (2.15) +asx
(2.16) +agx (2.17) (az,a3 >0), one has

es T+ (an — kaz) e T +azef T < k* (1+ Kao) eh + 1 (1 + Kao) €f + Kkaseh.
We let

k2 (14 kag) (az — kaz) = k (1 + kag),
k2 (1 + Kag) az = Kasg,

_1£V5
— {GQ— 2k 0

_ —1+V5
az — 9:2  *

© 2023 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license
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Therefore, choosing positive as and a3, we find

k+1 k
5—-1 3+ Vb 5—-1
ekt esﬁ V5 kL < 72\[#;2 (e’§ + % 7\[ e’“) ;

2K2 €4

which means

k+1 V5—1 k+1
(2.18) 75 < lim el o + 27 4 < 3+\/5112. 0
k—o0 ek + \gm 2164 2

From the above three cases, we observe that if we can get a recurrence relationship
involving linear combinations of ekJrl and those of eF, it is possible to estimate the
upper bound of the convergence rate of leapfrog. In other words, we analyze the
convergence rate of some sort of norm of the error vector (6’5,6157...764271). Note
that Theorem 2.4 evaluates the convergence rate of the L., norm of the error vector,
where the upper bound may not be very tight. With this motivation in mind and
following the strategy used in the cases with few junctions, we will discuss how to
determine the coefficients of the linear combination in the general case in the following
section.

3. Convergence rates for remaining cases. We now consider the remaining
cases, where n > 6.

THEOREM 3.1. Suppose every three consecutive junctions in the leapfrog algorithm
are sufficiently close, and the sectional curvature of the manifold M is bounded. For

i=1,...,n—1, let 7; , be the convergence rate of Y toye, ie.,
k—‘,—l d k+1 00
Tin = hm — = lim (v, 9°)

—)OO@

koo d(yf,y7°)
Suppose A, is the largest root of the following polynomial:

(3.1)  puls) = —— [16 (1172 = u"=2) =8 (ui* — =) + (i — )],
Hi — H—

stvVs?2—s

where py = ==7—=. Then, there erists a sufficiently small positive constant cy €

[0,1) such that

7= min T, <A (1+cp).
n 2<i<n—1 L ( T +)

Moreover, cy =0 if M has nonpositive sectional curvature.

The proof of Theorem 3.1 is delayed until section 4. Here we discuss some prop-
erties of the polynomial p,(s).

Remark 3.2. Theorem 3.1 can be verified for n = 3,4,5 by the following calcula-
tions:

4 1
pg(s):16—;=0 = s=
1
pa(s)=16s—8=0 = $=3,

3++5
8 9

ps(s) =165 — 125 +1=0 = s=

which is consistent with Theorems 2.5, 2.6, 2.7.

© 2023 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license
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Remark 3.3. By the formula
pl = = (g — ) (W P A T ),

(3.1) can be rewritten as
n—3 ) n—4 ‘ n—>5 ‘
(3:2) Pals) =163 pi™ "l =8 pi™ Tl + Y o p Tl
i=0 i=0 i=0

It seems not so straightforward that we can view p,(s) (n >4) as a polynomial.
Readers may doubt whether all roots of p,(s) are real and located in [0,1). The
following lemma makes an effort to answer these questions and study its broader
properties.

LEMMA 3.4.
(1) For n>5, pa(s) satisfies the following recurrence relationship:
1
(33) pn(s) = Spnfl(s) - ZSPn72(S)>

which means py(s) is a polynomial with real coefficients.
(2) pn(s) (n>4) is a polynomial of degree n—3 and the coefficient of s"~3 (known

n

as the leading coefficient) is 16. The smallest power of s in p,(s) is [ 5] —2
and its coefficient is k(—%)’“?‘ if n=2k, (—%)]“2 ifn=2k+1. That is,

2k—4 1\ 3
165283 4 Z ajs’ +k (—4) sf2 p =2k,
j=k—1
(34)  pals)= Jzkfs

165252 + Z
o~

J

4 1\ F2
1a?sj + (—4) sh=2 n=2k+1,

where a? ’s are some real numbers.

(3) 0 is a root of pn(s) (n > 6) with multiplicity |§] — 2; i.e., there exists a

n

polynomial q,(s) of degree [ 5] —1 such that
(3.5) pu(s) = s 312, (s),
where 0% g,(0) = (|2 ]) 5 (=1)[31-3,
(4) For n>6, q,(s) satisfies the following recurrence relationship:
(36) 0n(5) = 5T 41— 1)

(5) qn(s) (n>6) has [§] — 1 distinct real roots.
(6) Forn >3, all roots of the polynomial p,,(s) are real and located in [0,1), which
means the largest root of p,(s) belongs to (0,1).

Proof. (1) By (3.2), we have

P (8) = pigpn_1(s) +16p™ 3 —8u"~* 4 >
= N’—pn—l(s) + ].GILL:'L__3 — 8[1,3__4 + ui—5’

which implies

1 n— n— n— n— 1 n— n—
(3.7)  pa(s)=5spn(s) + 8" 4 p7%) = A+ u27") + S (W + 7).

(© 2023 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license
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Again, by (3.2),

1 n— n— n— n— n— n—
(3.8)  puls) = pspn—als) + 16(u3 ™" + %) = 8(uf~ "+ pl70) + 77 4 27

Therefore, 2x(3.7)—(3.8) gives the recurrence relationship (3.3).

(2) By Remark 3.2, (3.4) holds for n =4 and n = 5. Suppose (3.4) is true for
n=4,5,...,m. Now we consider the case where n=m + 1.

(i) If m =2k, then

Pns1(5) = 5pn(5) = 35015

1\F3
=s (1682k_3+"'+/€ <—4> sk_2>
k—3
1 1
25 <1682k_4 +o 4t <—4> sk_3>

1\ *2
165224 ... 4 (_4) sk=2.

(ii) If m =2k + 1, then
1

p7rz+1(3) = Spm(s) - Zspm—l(s)

1\F2
=5 <16$2k_2 +- 4+ <—4> sk=2
k—3
1 1
— 78 (1682k_3 +--+k (—4> sk_2>

2k—1 1 . k—1
=16s +-+(k+1) ~1 s°T,

which completes this proof by induction.
(3) (3.5) follows from (3.4) directly.
(4) By (3.3) and (3.5),
1

@21 (8) = qar—1(s) — qucf?(s);
Q2k+1(5) = 5qar(s) — ifm_1(8),

which implies (3.6).
(5) We put the lengthy proof in Appendix D.
(6) It is sufficient to prove that when n > 6, p,(s) #0 for s >1 or s <0.
(i) If s=1, then

n

an—>5 = oan—>5 > 0.

Pn(s) =16(n —4) 8(n —3)

+(n—4)

oan—3 - 2n—4

(i) If s > 1, then pu4 > p— >0 and py > 5. Thus, we have

n— n— _ (E=\n—2
1624 — ") 1) >2u4 > 1
-3 ’

n— n— =244 —\n
8(,u+ 2_M7 2) 1_(%)

which means p,(s) > 0.

(© 2023 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license
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(iii) If s <0, then 0 < py < —p—, which implies

ok ek — (=) <0, kiseven,
My —p— . ks

pk 4+ (—p-)k >0, kis odd.

Therefore, we find
1 n— n— n— n— n— n—
Pu(s) = ———— [16(u] 72 — p72) = 8(pl % — 2 7%) 4 (i = )]
My = p—
) <0, niseven,
> 0, nis odd,
which completes this proof. ]

Figure 2 shows the polynomial p,(s) and its largest root for 6 < n < 10, from
which we can observe that the larger the n value, the larger the largest root of p,(s).

THEOREM 3.5. Let A, An—1 be the largest roots of p,(s) and p,—1(s), respectively;
then
(39) An > An_1.

Proof. We prove this theorem by induction on n. By Remark 3.2, we know
As > Ay > A3 >0.

Suppose A, > A,—1 holds for n = k; now we need to prove Ag11 > Ag. Suppose
Ak+1 < Ag. By (3.3),

1 1
Prt1(Ak) = Mk (Ax) — Z)\kpkA()\k) = —i)wcpkq()\k) <0,

where we have used the relation px_1 (M) > pr—1(Ak—1) = 0. Note that p,(s) is
increasing on [\, +00). Therefore, we get

(3.10) Per1(Ak) <O=pri1(Aer1) = Mg < A1,

which contradicts our assumption. 0

Remark 3.6. For s € (0,1), the polynomial p,(s) tends to the null polynomial
pn(s) =0 as n — oo, whose largest root disappears.

5

Fi1c. 2. The polynomial pn(s) (left) and its largest root (right) for n=6,...,10.
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4. Proof of Theorem 3.1. The main purpose of this section is to prove
Theorem 3.1, and we focus on 7,; < A, (1 +cq).
By Lemma 2.3, we have

(4.1) eV < kel

(4.2) eb ™ <k (ef T +eb),
(4.3) bt < (€§+1 + efj) ,
(4.4) eftl < kel Tl

Similar to the proof of Theorem 2.7, we consider the linear combinations (1 + kaz) X
(4.1) + (14 ka2) x(4.2) +a2x(4.3) + -+ an—2x(44) (a; >0,i=2,...,n—2),

k+1 k1 k1 k+1 k+1
es T+ (ag — kaz)es ™ + (ag — kag)ey ™+ 4 (an_3 — Kan_2)eiTh + an_sei ™)

<kE(1+ kag) e + v (1 + kag) ek + kageh + - + kan_sek o+ kan_sek .
We let

k2 (1 + kag) (a2 — kaz) = K (1 + Kaz),
k2 (1 + kag) (a3 — Kay) = Kag,

(4.5)
K2 (1 4+ Kao) (@p_3 — Kap_2) = Kan_4,

K2 (1 + Ka2) Gp—2 = Kay,_3.

Define a; = £ (1 + Kaz); then (4.5) can be rewritten as

(4.6) Aa=c,
where
1 —x3 i [ a; ] [ k2]
R a9 k1
—Kk a1 —kai as 0
A= ,a= ,C= ,
—K ar  —Kap Ap_3 0
L —K a1 | | Gn—2 | 0 |

which means
(47) a1:I€2(A_1)11+I€_1(A_1)12,

where (A~1);; is the (i, j)th element of the matrix A~!. Note that a; = k2 (1 + raz) >
x?; thus, A~ in (4.7) is meaningful.

Recall the following formula [24, equation (4.13)]: The inverse of a nonsingular
tridiagonal matrix T

di b
C1 dg bg
T = Co T . T . s
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is given by

(=1)H9b; b 101041 /0 ifi <,
(T7")i; =14 0i—10j41/0m ifi =j,
(=1)"Hej v cim10j_10i41/0m  ifi> ],

where the 6; satisfy the recurrence relation
0; =d;0;_1 —bj_1c;i_10;_o, 1=2,3,...,m,
with initial conditions 8y = 1,61 = d;, and the ¢; satisfy
¢i =didit1 — bicidiya, i=m—1m—2,...,1,

with initial conditions ¢,,11 =1 and ¢, = d,y,.
In our case,

T 0, i=1 1, i=1,2
b; = —K, =2, C; = ’ ! " d; = ’ ¢ " ’
. -k, 2<i<n-—3, <

—kay, 3<1<n-—23,

Then, straightforward calculations give 8 = 0; = 1,65 =a; — 2, and for 4 <i<n—2,

(48) 91‘ = alé’i,l — 52(1191-,2.
Rewrite (4.8) as follows:

0; — C0im1 =C_(0im1 — (40;—2) = 3 (03 — (1.02),
0; — (01 =y (01 — (0i2) = (73 (05 — (_6a),

where ¢, = (11-5-(137—4,@2@ and (. =2 VvaTm e ”az_%, which implies
. o03—C(_0 503 —(0
(4.9) 6 =2 ¢ 2 _ cim2% C+b2
G — ¢ G — -
Similarly, we can calculate that ¢,_o =a; and for i=n—3,...,3,
(4.10) ¢i = a1¢i41 — Ka1¢iqa,

which means

n—4 ¢n72 - C*anfl o Cn_4 ¢n72 - Cer)nfl

P=G T T TG
4= ("0 e e e s — Pn—2 — (4 Pn—1
" G — G- - G—¢ 7

and ¢y = ¢p3 — K> Pa. \
Then, we have (A1) = 22— and (A1) = 522 (4.7) is equivalent to

971,,2 9n—2 )

(4.11) a1 =
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which can be further simplified as

@%C_ (€272 = ¢m72) =262 (% = (270 + 1 (3 = ()] =0

Let puq = SEVE=s V;Ls; define a polynomial p,(s) as follows:

(4.12)

1

= ——— [16(p] 2 = p ) = 8 = )+ (= )]
My — p—

Dr(8):

ay
1+C+

Then, a; is a solution of (4.12) if and only if is a root of p,(s). Straightforward

calculations can further give

H_Sal - K;_l, 1=2,

(413) a; = i3 Cz—l—iicn—l—i )
3. = <i<n-2.
R e Ty 3sisn—2

If ay is the largest root of (4.12), then A, := 1j2+ is the largest root of p,(s). By

Theorem 3.5 and Ay = % > i, we can guarantee that a; >0 fori=2,... n—2if A\, is
the largest root of p,(s). Then

k+1 k+1 k+1 k+1
esth 4 (ag — Iia3)63+ + o+ (an—3 — Kan—2)e, 5+ an_ose, ]

<a (6]5 + (ag — Kaz)els + -+ (an_3 — Kan_2)ek 5+ 0171726:471) ,

which means

k+1 k+1 k+1 k+1
es '+ (ag —kag)es 4+ (A3 — Kan_2)€, 5+ an_2er ]
T koo eh 4 (ag — kag)el + - 4 (an—3 — Kap_2)ek _, +ap_oek_,

S a]p = An(l + C+).

7~ < lim

n

Therefore, we complete this proof.

5. Numerical experiments. In this section, we verify our convergence analyses
by implementing the leapfrog algorithm on two Riemannian manifolds: (1) the unit 2-
sphere S? and (2) the manifold of all 2x 2 symmetric positive definite matrices SPD(2).
With respect to the standard Euclidean metric, S? is a surface of constant positive
(41) sectional curvature. With respect to the affine-invariant metric [21], SPD(2) is a
Hadamard manifold, i.e., a manifold with nonpositive sectional curvature. Since the
geodesics on these two manifolds can be given in closed form, we can directly compute
the following quantity and compare with our theoretical results,

k+1 | oo k+1
(5.1) Tf — d(y; . ,ZOJ;' ) _& i
d(yz 7yi ) ei

where 1 <i<n—1and k>1.

5.1. Unit 2-sphere. Let S? := {(21,29,23)|27 + 22 + 22 = 1} be the unit 2-
sphere endowed with the standard Euclidean metric. Then the geodesic joining two
nonconjugate points 2 and y on S? is given by

_sin((1 - () sinfid(x,p)
o e = ) st 0)

where d(z,y) = arccos({x,y)) is the geodesic distance between x and y.
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In the experiment, we set xo = (0,0,1) and z; = (%, @,0). We choose equally
distributed points on the line segment joining x¢ and x; and then project them onto
the sphere as the initial junctions for the leapfrog algorithm. Figure 3 shows the
comparison results for n = 5 and n = 7. We can observe that 7, = 7, = A,.
Moreover, leapfrog gets slower if more junctions are used.

Now we change the initial junctions as follows: initial junctions are chosen as
points that equally divide the spherical coordinates, i.e., let (cosasin 3,sinasin g,
cos ) be the parameterization of a unit 2-sphere; then the initial junctions are equally
distributed in the sense of dividing the parameter space («a, ) equally. From Figure 4,
we find there is a (small) gap between the convergence ratio and the maximal root
of pp(s). For n =5, 7,5 — A5 = 0.7235 — 0.6545 = 0.0690; for n = 7, 7,7 — A7 =
0.8537 — 0.8117 = 0.0420. Therefore, 7;, = 7,, < Ap(1 + c4) for some ¢, which is
consistent with Theorem 3.1. By comparing Figures 3 and 4, we can observe that
different choice of initial junctions will result in different convergence rates.

5.2. Manifold of symmetric positive definite matrices. Let

a

SPD(2) := { [c Z] la>0,ab— ¢ >0}

- 0.9
—e—1f
—o— —o—}
v ——1}
——1} 4
As o—'
—e—ri
2 2 %
g g x
@ [
3 S
2 2
[ (7]
= =
Q [
> >
2 g -
o o
o o
0.78
. . . . 076 . . . . . .
6 8 10 12 14 2 4 6 8 10 12 14
Iteration Iteration

Fic. 3. Comparison of convergence ratio rf of the leapfrog algorithm on S? forn =75 (left) and
n="T (right).

0.78

G —o—r}| | :
0.6 s 0.86 1
—e—i
X 8 = 2 —e—=0

=)
3
N

o

3

N
o

o
2
Convergence ratio

Convergence ratio

o
@
&

0.66

0.64 L L L L L L 0.81 T T T T T T
2 4 6 8 10 12 14 2 4 6 8 10 12 14

Iteration Iteration

Fic. 4. Comparison of convergence ratio rf of the leapfrog algorithm on S? for n =15 (left) and
n="7 (right).
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0.83

; q

ok 082

i y—
i o

n 0.81 S °
067
T 08
0.665 q
0.79¢

0.664

0.68

q
0.675

titt |

Convergence ratio
Convergence ratio

[

0.655 o o

0.65

0.645 L . . . " L . 075 L . . . . L .
2 3 4 5 6 7 8 9 10 1 2 3 4 5 6 7 8 9 10
Iteration Iteration

Fic. 5. Comparison of convergence ratio rf of the leapfrog algorithm on SPD(2) for n =5
(left) and n="17 (right).

be the manifold of all 2 x 2 symmetric positive definite matrices, which is equipped
with the following affine-invariant metric:

(5.3) (U, 0) g := (72 5w, 272 % v)p,

where u,v € T,SPD(2), x € SPD(2), 2~ V/2 % u =z~ 2uz=1/2, (-,.)}, is the Frobenius
inner product. Then the geodesic joining two points z and y on SPD(2) is given by

(5.4) Yoy (1) = zexp(tlog(z~'y)),

where exp(-), log(:) are the matrix exponential and logarithm, respectively. The
geodesic distance between z and y is given by

(5.5) d(z,y) = v/tr((log(z~1y))?),

where tr(-) is the trace of a matrix. The differential geometry of SPD and its appli-
cations can be found in [21, 20, 25].

In the experiment, we set zg as the 2 x 2 identity matrix I> and 1 =[33]. The
initial junctions are chosen as y; = xg + %(:1:1 — o) with ¢ =1,2,...,n — 1. Figure 5
shows the comparison results for n = 5 and n = 7, from which we can observe that

+ =
T =T, =Mn.

6. Conclusions. Geodesics are of fundamental interest in theoretical studies and
applications. Noakes [15] proposed the so-called leapfrog algorithm to find geodesics
joining two given points on a complete path-connected Riemannian manifold and
proved the sequence of piecewise geodesics {7*} generated by this algorithm con-
verges to the desired geodesic. However, the convergence rate is not known in the
literature, to the authors’ best knowledge. In the present paper, we firstly analyze
the relationship between "l e and e¥ , by taking advantage of the estimation
of the geodesic distance. Then, by considering the relationship between a linear com-
bination of ef“ and that of e¥, we find that the fastest convergent rate of junctions
is upper bounded by A, (14 ¢4), where A, is the largest root of the polynomial p,(s)
(see (3.1)) and ¢4 €[0,1) is some small constant. Further, A, increases as n increases,
which somehow implies leapfrog is slower if more junctions are used. Finally, we verify
our theoretical analyses on the unit 2-sphere S? and the manifold SPD(2) of 2 x 2
symmetric positive definite matrices.

© 2023 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license



Downloaded 11/28/23 to 139.230.253.14 . Redistribution subject to CCBY license

2276 ERCHUAN ZHANG AND LYLE NOAKES

Note that our whole analyses heavily depend on Lemmas 2.2 and 2.3, which as-
sumes that junctions are reasonably nearby. However, it is hard to give the closeness
measure of junctions in practice. Beside, if we can present better estimations for the
constant ¢, , it is possible to refine the results in this paper, which could be our future
work. Other future research directions may include considering convergence rate of
the leapfrog algorithm for control problems and other optimization problems.

Appendix A. Proof of Lemma 2.2. Choosing normal coordinates at x, we

get p= %y and ¢ = %z By Lemma 2.1, we have

P(p,0) — 3(0,7) = 1 Ry, 2) +O("),

which indicates

Ppg) 11 (R(z9)y,2) >
d?(y, z) 416 d?(y, z) +0(0)

1 2< (z—y y) y z—y> 2
= —|yl*(R L) +0(
w6 AR\ =yl Tol) Tl Te=wr ) T O
1 2 Z—=Y Y 2 2
=—|yll"K(z —y,y 1—< > +O(0
1 117 >< EEFIRT )

1
< EHyIIQK(Z —y,y) +0(5?),

where K is the bounded sectional curvature. Since ||y|| is sufficiently small, there
exist sufficiently small constants c_,c4 € [0,1) such that

2
L _ @) 11

1= By, 44T
which proves (2.2).

Now we prove the case where M has nonpositive sectional curvature (the other
one is similar). By Toponogov’s theorem [7], we have

1 1 1
dz(va) < idz(zvx) + §d2(27y) - 7d2(xay)v

4
1 1 1

&*(y,q) < 5d*(y,2) + 5d*(y, @) = 74, 2),
1 1 1

dz(p7 q) S idz(p7 J}) + §d2(p7 Z) - de(va)v
1 1 1

d2(Qap) < §d2(an) + §d2(q7y) - ZdQ(xay)7

from which we eliminate d?(z,p) and d?(y,q); then

1 1 1 1 1
2d*(p,q) < s d*(p,x) + = d*(q,2) + s d*(y, 2) — <d*(z,y) — S d*(x,2)

2 2 2 8 8

1

= §d2(ya Z)7
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k41
Y;

k

k41 - — £y Y;
Uiy 4 . \‘ i+1

\\ J‘ | \

! %y \

’ 4 1

0 !

/—"\,

Y 7
e JT 0
Yi—1 Yit1

F1a. 6. An illustration of three consecutive junctions.

where we have used d(p,x) = 3d(z,y) and d(¢q,z) = 4d(z,z). Therefore, we get the
inequality d(p,q) < $d(y, 2).

Appendix B. Proof of Lemma 2.3. When i=1 or n — 1, this lemma follows
from Lemma 2.2 directly. Now we consider 1 <i <n — 1. Let z¥ be the midpoint of

the geodesic joining yffll and y77, (see Figure 6); then by the triangle inequality of
the distance function,

1
(B.1) ef“ <d (yf"‘1 k) + d( 28, y5°) < \/1 +cy (effll + 6f+1) ,
where we have used Lemma 2.2 twice in the last inequality.

Appendix C. Proof of Theorem 2.4. By Lemma 2.3, we have

e]fH < Kek,
eg‘H <k (e’f"‘1 + elgf) ,

e§+1 <K (6§+1 + efj) ,

k:+1 <I€( k+1+en 1)

k+1 k+1
< K€p—_2;
k+1
€2+ < K2ek + Kek,
k+1 o 3k | .2k k
es' < K%e; + K ez + Key,
k+1 -
en—tzgﬁn 26§+n3k +/€6n2+1€€
Then we get
_ _ 1— Kn—Q
max ekJrl < (kK" 24 KD 3+~--+/€2+K)> max ek g max ek
2<i<n—1 2<i<n—1 11—k 2<i<n—1
o om=2
which indicates the limitation of W is upper bounded by %

Appendix D. Roots of the polynomial g,(s). The main purpose of this
section is to prove that the polynomial ¢, (s) has [§] — 1 distinct real roots.
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LEMMA D.1. The polynomial q,(s) is given as follows:

k—2 O‘TQ —ak?
q2r(8) = &y 7qa(s) + (g6(s) — a4 qu(s))
ap — O
k=2 k=2
_ aliT? — ol
=" ?qu(s) + (g6(s) — a—qu(s)) ———,
a+ —

ok2 k2
Qort1(8) = 04]172(15(3) + (g7(s) — oy g5(s)) ——

ap — o
k—2 k—2
— (&% — Q_
=t 2g5(s) + (g7(5) — a—gs(s)) ———,
oy — o

where ai:ui—i, k>2.

Proof. We only prove the first expression, and the others are similar.

recurrence relationship (3.6), we have

_ 1 1
Q=S 2 q2k—2 16Q2k—4;

which implies
Qo — A Gor—2 = 0— (qor—2 — Qi gog—a) = & 3(gs — ayqu).
By induction, we get

G2k = Offzqzl + (g6 — @+qa) (o/fg +---+ aia’i"g*i +- affg)

_ k-2 O‘]-TQ —al™?
=i “qs+ (g6 — 0y qu)
Ot+ — X

LEmMMA D.2. For k>2,

gor (1 —8) = (=1)FLgor(s),

@or1(1—8) = (—1)F 2gopi1(s) + %(—1)k_1Q2k(8),

1

By the

which means all Toots of qar, are symmetric with respect to s = 5 and all roots of qay

are not symmetric with respect to s = %

Proof. Straightforward calculations show that

ga(1 —s)= — 165+ 8 = —qu(s),

gs(1 —5) = 165> — 205 + 5= g5 (s) — %q4(s),

gs(1—s)= 16s%2 — 16s + 3 = q6(s),

qr(1 —s) = — 165 +285% — 145 + Z =—qr(s) + %qﬁ(s).
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Then, by Lemma D.1,

(—1)F2(ak™? —ak7?)

(1= 5) = (~1)* 202 (-qa(8)) + (a0(5) ~ 0-a(8) > s
= ()P g (s),
Gor+1(1—s) = (—1)’6_20/372 <Q5(5) - ;%(8))
_1)k2( k2 _ k2
+ <—(J7(8) + %%(8) +a- (C]5(S) - ;CM(S))) L (Ci;r o) =)
(1) 21 (8) + 2 (—1) gk (5). 0

2

Note that any g, and ¢,+1 or ¢, and g,+2 do not share same roots; otherwise, all
polynomials share same roots by the recurrence relationship (3.6), which contradicts
with the fact that ¢4 and g5 do not share same roots.

n

LEMMA D.3. Suppose g, has [§]—1 distinct real roots on (0,1) when n <nq for
some integer ng. Let

0<(51<"'<(5k<17
0<b<--- <O <1,
0<’I71<"'<7]k_1<1

be roots of qag+t2, Qor+1, and qor, respectively. Then, these roots satisfy

0<bO1<m<-<0; < <Ojp1<---<mp—1 <O <1,

(D.2)
0<01<51<"'<0i<5i<0i+1<"'<9k<6k<1~

Proof. By checking roots of q4, g5, and gg, we can easily find

3—5 1 3 5
0<6,= \[<m:,<92: Jr\[<1,
8 2 8
3—5 1 3 5 3
0<6,= 8\[<51:Z<92: +8\[<62:Z<1.

Suppose (D.2) is true for integers until k. Now we consider the case of k + 1. Let

0<6] <<y <1,
0<O]<---<Op,, <1

be roots of gart4 and go3, respectively.
By the recurrence relationship gox13 = Sqak+2 — %Q2k+1, we have

1
Or <0r <1 = qor+3(0k) = _1q2k+1(5k) <0,
1
Or—1 <Ok—1 <0, = qor43(0k—1) = *ZqQkH(tgk—l) > 0.

Then, §; belongs to one of the following intervals:

(9;792-1-1)? (9;:—2’9;::—1)7 (9;;—479;::—3)7
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Suppose 0 € (055,05 _9,1) for some 0 <u < |%]; then 65— belongs to one of the
following intervals:

(QZ—Qu—1792—2u)’ (QZ—Qu—S’QZ—Zu—Z)’ (0;;—2u—5302—2u—4)’

By repeating this argument and the number of distinct real roots, we have 6;_; <
Ok—1 <O} <d <0, ,. By induction, we can verify

0<07 <61 <--- <O <0; <O < <0 <O <L

Similarly, by gog+4 = q2k+3 — $qok+2, We have

* * 1 *
Ok <Opi1 <1 = qorta(Op41) = _ZQQk+2(9k+1) <0,

1
Op_1 < 9;; <0, — q2k+4(92) = _iq2k+2<92) > 0.

Then, 65, ; belongs to one of the following intervals:
(Ok>0r11)s (Or—2,05-1), (Ok_4:05_3), -

Suppose 0}, 1 € (6% _oy: 05 _9y11) for some 0 <u < [%]; then 0} belongs to one of the
following intervals:

(5;:'—211.—1757:5—2’LL)’ (5Z—Qu—3362—2u—2)’ (5Z—Qu—5362—2u—4)3

By repeating this argument and the number of distinct real roots, we have §;_; <
O <0 <0, <9dj,,- By induction, we can verify
0<O] <0y <--- <07 <67 <O 1< <O <0 <L O

LEMMA D.4. Forn>9, 4<i<n-—25, g, satisfies

1 1-(=n" L 1/ 1-cy» e
anE (8 2 ) qi-&-l‘]n—i_i(S 2 ) qi9n—1—i | -

Proof. By induction on the recurrence relationship (3.6), we have

1-(=D™ 1
gn =35 2 dn—1 — Zan%
1=(=nn=t 1
gn—1=3S 2 dn—2 — 7qn-3,
4
1=(=pn=t 1
dn—i =S 2 An—-1—i — 7qn—2—i-
4
Multiplying the first equation by ¢y = 1, the se+clond equation by ¢; = s , and
, . —(cyntii .
the (i 4 1)th equation by ¢;, where ¢; = s1 = Ci_1 — ici,% and summing them

together gives

1-(-pn—? 1 1 1
gn =158 2 C; — Zcifl qn—1—i — ZCianzﬂ' =CiQn—i — 161'71%7171'-

By induction, we get ¢; = 11—6(51_(;1) = Qi+1, which completes this proof. O
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THEOREM D.5. The polynomial g, (n>4) has [5]—1 distinct real roots on (0,1).

Proof. By straightforward calculations, we can verify this claim is true for n =
4,5,6,7. Suppose it holds until n — 1; now we intend to verify the case of n.
(1) If n is odd, i.e., n=2m+ 1 for some m, then Lemma D.4 implies

1 =™ 1 14¢pm
qn = TG S 2 qm+1 - ZS 2 qm .
(i) If m is odd, i.e., m =2k + 1 for some k, then

1 2 1,
qn = 16 SQ2ok+2 — ZQ2k+1 .

By assumption, both gog12 and gox41 have k distinct real roots on (0,1). Let

O<(51<"'<5k<1,
0<b;<---<b,<1

be roots of garto and gog41, respectively; then Lemma D.3 implies
0< 6 <51<"'<0i<5i<9i+1<"'<9k<5k<1-
Since

1 1
4n(0) <0, qn(91)=ﬁ91q§k+2(91)>07 qn(51)=—aq§k+1(51)<0,

1 1
qn(0;) = 1*691'(1%;”2(91‘) >0, qn(d;)= _@qgk—&-l(éi) <0, ..., qu(1)>0.

By the mean value theorem, g, has 2k +1=m = [§] — 1 distinct real roots on (0,1).
(ii) If m is even, i.e., m = 2k for some k, then

1 2 L 5
qn = 16 do2k+1 — ZSQ% :
By assumption, goi41 and go, have k and k—1 distinct real roots on (0, 1), respectively.
Let
0<O < <O <1,
O<m < - <M1 <1

be roots of qar4+1 and qok, respectively; then Lemma D.3 implies
0<O1<m<-<0; < <Ojp1 <+ <M1 <O <1.
Since

1 1
qn(0) >0, qn(91)=—6*491qgk(91)<07 qn(771)=1*6qgm1(771)>0, e

1 1
qn(0:) = *6*49#1516(91') <0, qn(ni)= qukﬂ(m) >0, ..., qa(1)>0.

By the mean value theorem, g, has 2k =m = [§] — 1 distinct real roots on (0,1).
(2) If n is even, i.e., n =2m for some m, then Lemma D.4 implies

1 1
Qn—16Qm gm+1 4(]m71 .
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(i) If m is odd, i.e., m = 2k + 1 for some k, then by assumption and Lemma
D.2, ¢, has k distinct real roots on (0,1), which are not symmetric with respect to
s = % (note q2k+1(%) #0). Since all roots of ¢, are symmetric with respect to s = %,
therefore, ¢, has 2k distinct real roots on (0,1).

(ii) If m is even, i.e., m = 2k for some k, then
: (2 )
= — -5 .
q 16(12k q2k+1 qQ2k

By assumption, gor11 and gox have k and k—1 distinct real roots on (0, 1), respectively.
Let

0<b; < <O <1,
O<m < <M1 <1

be roots of gap 11 and gof, respectively; then Lemma D.3 implies
0<O1<m<-<0;<n; <Ojp1 <+ <mMp—1 <O <1.
Define Q :=2qoi+1 — Sq2r. We have

1

k—2
QO =21 =2 (=) . Q) =010 (01). Q) =2azxsa(m). -

Qi) = —0iq21(0:), Q(1i) = 2q2k+1(15)5 - - -,
Q1) = 2q2k41(1) — gar(1) =2(=1)* g1 (0) =272 > 0.

If £ is odd, then

Q(O) < Oa Q(el) < 07 Q(nl) > Oa Q(QQ) > Oa Q(W) < 07 Q(HS) < 07 Q(WB) > 07 s

If k£ is even, then

Q(O) > 07 Q(el) > 07 Q(nl) < 0) Q(92) < Oa Q(U2> > Oa Q(e?)) > 07 Q(WS) < 07 T

By the mean value theorem, @) has k — 1 distinct real roots on (0,1). Note that @ and
q2r do not share the same roots. Therefore, ¢, has k+k—1=2k—1=m—-1=[%]|—1
distinct real roots on (0,1). ad
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