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A B S T R A C T   

This paper presents the coalescence of microvoids embedded in an anisotropic copper single crystal using a 
micromechanics approach. Crystal plasticity framework was used to account for the anisotropy arising from the 
orientation and slip. A full 3D representative volume element (RVE) with void was considered to circumvent 
spurious loading. The constant load path parameters were enforced on the RVE using multi-point constraints. 
Various loading conditions that lead to necking were studied. The key finding from the present study is the 
interplay of the load path parameters (triaxiality and Lode parameter), material anisotropy, and initial void 
volume fraction on the void coalescence. It is noticed that at high triaxiality, the ductile failure mechanism is 
dominated by the necking mechanism, and at medium to low triaxiality, the ductile failure mode is a combi-
nation of shearing and necking mechanisms. It was observed that non-homogenous crystallographic slip mani-
fests the material anisotropic effects in void cell RVE across various crystallographic orientations. The crystal 
orientation [110] exhibited higher shearing than the orientation [100] and [111]. Further, material anisotropy 
significantly affected void morphology but not the void coalescence strains at high triaxial values.   

1. Introduction 

The mechanistic approach for ductile failure assessment of structural 
components enables the development of efficient predictive failure 
models [1]. Ductile failure in metals and their alloys can occur without 
or with voids. Necking down to a point and catastrophic shear along the 
single plane [2] or multiple planes [3] are ductile fracture mechanisms 
without voids. In the other case, microvoids form due to fracture or 
decohesion of secondary phase particles from the matrix [4]. The 
microvoids grow under the multiaxial tensile loading and fail without 
[5] or with coalescence [6]. In Orowan alternating slip failure, the 
microvoid initiates at the juncture of two shear bands, grows prismati-
cally, and fails without coalescence [5]. This study focuses on the ductile 
failure that occurs through void coalescence, which is one of the most 
important ductile fracture mechanisms [6]. 

Over the last five decades, several researchers have investigated 
ductile fracture using experiments [7–12] and phenomenological 
[13–22] models. Bluhm and Morrissey [7] performed ductile fracture 
experiments on a round Copper (Cu) bar under tensile loading. They 
detected the void nucleation using an ultrasonic technique and showed 
that the onset of void coalescence could be identified by a sudden knee 

on the load-deflection curve. Void nucleation generally occurs either at 
grain boundaries [8] or within the grain under different conditions. The 
nucleation of voids at the grain boundaries is often associated with the 
presence of inclusions [4,8,12]. On the other hand, void nucleation 
within the grain occurs in pure metals with no inclusions. The study by 
Noell et al. [9] on Cu demonstrated that it is possible to have voids 
nucleate inside the grain without inclusions because of vacancy 
condensation. Even in a polycrystalline Cu, when the voids originate at 
inclusion and are embedded in coarse grain [23], the void size is mini-
mal compared to the grain size. The voids in such a scenario develop as if 
they are embedded in a single crystal. 

Studying ductile failure in a single crystal has an added advantage in 
its well-established slip system. Therefore, investigation of the ductile 
failure of Cu single crystals can provide valuable insights into the 
development of ductile damage models [24]. Ward et al. [8] showed the 
presence of many small diameter (∼1 μm) microvoids and a few large 
diameter (∼100 μm) microvoids in the failure section using fracto-
graphic studies on Oxygen Free High Conductivity (OFHC) copper. They 
observed that the smaller voids were mostly benign in nature. Puttick 
[4] showed that the large microvoids enlarge until strain hardening of 
the material exhausts. The material softens because of the increase in 
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void volume fraction (f) [7]. The enlarged voids coalesce by thinning 
down the ligament length (LL) between the voids [10,11]. The fractured 
surfaces investigation showed that it has dimple structured or smooth 
shear surfaces, indicating a ductile failure [11]. 

Meanwhile, Gurson [13] developed an analytical yield locus for void 
cells based on the upper bound approach for cylindrical and spherical 
voids in a fully plastic flow matrix and an empirical locus for a matrix 
with a rigid section. Rice and Tracey [14] showed an exponential in-
crease in f (void growth) under high-stress triaxiality (T). While Huang 
[15] reworked the Rice and Tracey model and proposed two models for 
void growth, one for low values of T and the other for high values of T. 
The void growth approximation by Rice and Tracey underestimates by 
50 % for the values of T > 1. Pardoen and Hutchison [16] used one 
tuning parameter (q) and avoided the usage of the (phenomenological 
parameter) void volume fraction at the onset of coalescence (fc) to 
develop a micromechanics-based void growth model. The models by 
Rice and Tracey [14] and Huang [15] are based on rigid-plastic void 
cells, whereas Pardoen and Hutchison’s [16] model used axisymmetric 
elastoplastic void cells. Pardoen and Hutchison’s model provides better 
prediction over an extensive range of porosity, void shape, cell aspect 
ratio, triaxiality, and matrix flow behavior. The evolution of f has con-
tributions from the void growth of preexisted voids as well as the 
nucleation of secondary voids [17]. Chu and Needleman [18] proposed 
an approximate function to determine the contribution to f from void 
nucleation based on the normal distribution. It relates the void volume 
fraction of the secondary phase particles and inclusions, plastic strain, 
and nucleation strain. 

Gurson’s yield function included a simplified representation of 
damage and its evolution based on the initial void volume fraction (f0). 
It considers the shape of void to remain the same, i.e., spherical voids 
remain spherical and cylindrical voids remain cylindrical. Further, it 
was modified by Tvergaard [19] as Gurson-Tvergaard (GT) model by 
incorporating three calibration parameters (q1, q2, q3) to include the 
effect of void shape. The GT model is reasonably applicable until the 
void evolution is below fc. Tvergaard and Needleman [25] extended the 
GT model by accounting for final material failure after the onset of void 
coalescence through an inequality bifurcating the f before and after fc. 
The Gurson-Tvergaard-Needleman (GTN) model has been extensively 
adopted in the literature and provides the fundamental framework for 
damage-based modeling [26–28]. The GLD (Gologanu-Leblond-Devaux) 
model was developed by Gologanu et al. [20] by including the void 
shape effects in the Gurson model. Ragab [21] compiled analytical and 
finite element results on yield function models and developed a 
semi-empirical equation suitable for an extensive range of void shapes, 
materials, and triaxialities, with limitations on void shape. There are few 
studies on finding the void coalescence analytically; for example, Ker-
alaverma and Chockalingam [22] incorporated material anisotropic 
effects in Hill orthotropic rigid ideal plastic material and found closed 
form criterion for coalescence of cylindrical voids. The phenomenolog-
ical parameters in the above-mentioned analytical approaches [13–22] 
can be identified using micromechanics-based simulations. Other than 
crystalline materials, the anisotropic and nonlinear effects influence the 
material properties in several other classes of materials [29–31]. 

Numerical investigations on the representative volume element 
(RVE) were performed in the literature to overcome the difficult ex-
periments and to estimate the onset of void coalescence [32]. Koplik and 
Needleman’s [33] numerical work on elastic viscoplastic isotropic 
hardening material with a periodical array of spherical voids showed a 
shift in deformation from an axisymmetric state to uniaxial straining at 
the onset of void coalescence. Kim et al. [1] studied the effect of stress 
triaxiality (T) and initial porosity (f0) on void growth and coalescence 
using simple axisymmetric RVE with a spherical void embedded at the 
center. The phenomenological constitutive models with a 
finite-element-based framework in the above literature have several 
limitations, such as being restricted to isotropic materials. Advanced 
simulation techniques such as mechanistic-based crystal plasticity 

simulations [34–36] and molecular dynamics (MD) simulations [37–39] 
can overcome the limitations posed by the phenomenological frame-
works. MD simulations can capture the anisotropy and discreteness in 
modeling the porous nanomaterials, phase transformations, and tem-
perature effects. While crystal plasticity can capture the crystallographic 
slip and anisotropy efficiently. 

The present work used the 3D crystal plasticity framework to un-
derstand the role of void volume fraction and crystallographic-slip- 
driven shear deformation on void coalescence. Yerra et al. [35] esti-
mation of void coalescence was within 20 % of Thomason’s coalescence 
criteria. They observed that void evolution is strongly dependent on T 
[1,33,34]. However, at low T, Barsoum and Faleskog [10] showed that 
the T alone could not uniquely represent the triaxial loading [1,11]. 
They observed that the Lode parameter (L) significantly affects coales-
cence at low values of T. Guo and Wong [40] also found that the dif-
ference between the void coalescence strains for different L values is 
decreasing with increasing triaxiality. While Vishwakarma and Kerala-
varma’s multi-surface plasticity model predicts the onset of void coa-
lescence strain and its dependence on T and L. Their model predicts 
better for medium to high T only. Chouksey and Keralavarma’s [41] 
study revealed that void coalescence strains based on the critical dam-
age variable are inconsistent, as they are phenomenological in nature. A 
recent study by Guo et al. [42] estimated the void coalescence strain 
(Eeqc) under multiaxial loading using 3D crystal plasticity simulations 
and proposed a relation for estimating the onset of void coalescence 
strain as a function of the novel equivalent loading parameter. They 
observed that L strongly influences the onset of void coalescence strains 
at low values of T. 

The void coalescence mechanism depends on parameters like void 
geometry (f0, shape), void spacing, load path parameters (T and L), and 
material hardening [37]. The three types of void coalescences failure 
mechanisms: (a) necking, (b) shearing of inter void ligament, and (c) 
void impingement, strongly depend on the multiaxial loading condi-
tions. The void grows and coalesces in the axial direction in the case of 
necking, as shown in Fig. 1(a). Failure by the necking mechanism occurs 
only at high-stress triaxialities [35]. Void coalescence occurs in 450 to 
the axial direction for the case of shearing, as shown in Fig. 1(b), usually 
observed at low-stress triaxialities [35]. Barsoum and Faleskog [10,11] 
found that, generally, the failure is a combination of shearing and 
necking mechanisms that occurs at the low to medium stress triaxiality. 
Whereas in the case of void impingement, two voids grow and come into 
contact, as shown in Fig. 1(c). However, in practical applications, voids 
will coalesce before they come into contact with each other. Alterna-
tively, there are failure mechanisms with only the void growth stage but 
not void coalescence, i.e., in the Orowan alternating slip mechanism, the 
void will grow self-similarly until the failure, without coalescence [5], as 
shown in Fig. 1(d). This study focuses on the most common mode of void 
coalescence by necking. 

The present work aims to capture the ductile failure behavior in 
anisotropic FCC single crystals through the mechanism of void coales-
cence by necking. It is obtained through the following objectives: (i) To 
avoid spurious loading from partial RVE usage, i.e., capture full void cell 
to implement the multiaxial stress state accurately (ii) Enforce the multi- 
axial loading on the RVE using the simpler implementation of multi- 
point constraint (MPC) and load path parameters (T and L), i.e., using 
6 node implementation of MPC than existing 4 node implementation 
(Tekoglu [43]). (iii) Detect the easier method to capture the onset of 
void coalescence by necking (iv) Investigate the role of void volume 
fraction, load path parameters, material anisotropy, crystal orientation, 
and its interplay on the void coalescence strain and morphology. The 
void coalescence strains estimated from this study will be useful for 
developing phenomenological models [13,44]. The novelty of the pre-
sent work is to avoid spurious loading using six-noded MPC on a full 
RVE. Further, this study is the first of its kind to capture the effect of 
plastic anisotropy on the final void morphology and coalescence strain 
as a function of the slip system. 
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This work investigates ductile failure through void necking for Cu 
single crystal. The remainder of the paper is organized as follows. Sec-
tion 2 details the crystal plasticity framework and its implementation 
using the user subroutine in ABAQUS. Apart from the material model, 
the boundary value problem and implementation of constant load path 
parameters are also provided in Section 2. The effect of material 
anisotropy, load path parameters, and void volume fraction on the onset 
of void coalescence are presented in Section 3. Lastly, this study ends 
with major conclusions in Section 4. 

2. Methodology 

This section delineates the boundary value problem used to investi-
gate the void coalescence (Section 2.1), the methodology to enforce the 
constant load path parameters (T and L) in Section 2.2, and the material 
model: crystal plasticity framework for the viscoplastic single crystal 
material (Section 2.3). Finally, a mesh convergence study was per-
formed in Section 2.4 to obtain the optimum mesh size for the RVE. 

2.1. Boundary value problem 

The void coalescence through necking was studied in the present 
work using an RVE consisting of a 3D unit cell with a spherical void 
embedded at the center, as shown in Fig. 2. RVE-based simulations are 
generally used to investigate ductile fracture as a substitute for experi-
ments to understand complex failure mechanisms [33–35,42]. Using the 
RVE-based design of experiments, the effect of geometric parameters 
(void size and shape), load path parameters (T and L), and material 
anisotropy (initial crystallographic orientations and slip systems) can be 
investigated systematically. 

Earlier works used a one-eighth model of RVEs in their simulations, 
as they assumed greater material, loading, and geometric symmetry and 
were restricted to axisymmetric cases. However, the usage of one-eighth 
models cannot capture the anisotropy of the crystal [45]. This study 
presents the mechanistic modeling of deformation through a crystal 
plasticity framework to include anisotropy. Therefore, a full RVE model 
with periodic boundary conditions is used in the current work to 
incorporate the material, loading, and geometric anisotropy. 

The details of the RVE used in this study, along with boundary 
conditions, are shown in Fig. 2. The initial side lengths of the RVE were 
L10 = L20= L30= L0 and initial ligament lengths were of LL10 = LL20 =

LL30 = LL0, as shown in Fig. 2. A spherical void with an initial radius R0 

was embedded at the center of the RVE. The initial void volume fraction 
(f0) of the RVE can estimated as 

f0 =
4
3

π
(

R0

L0

)3

(1) 

The macroscopic stresses (Σ1,Σ2,Σ3) were applied on the faces of RVE 
with the help of displacements (UM1

1 ,UM2
2 ,UM3

3 ) obtained from the multi- 
point constraint (MPC); see Section 2.2 for details. The boundary con-
ditions applied on the faces of the RVE to maintain the constant load 
path parameters (T and L) are given below. 

ULeft
1 − URight

1 = UM1
1  

Fig. 1. Modes of ductile fracture (a-c) with void coalescence (d) without void coalescence.  

Fig. 2. Schematic of RVE used to study the void coalescence.  
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UTop
2 − UBottom

2 = UM2
2

UFront
3 − UBack

3 = UM3
3

(2)  

Where in the displacement (i.e., ULeft
1 , UM1

1 ), subscript denotes the di-
rection, and superscript denotes the face/node of the RVE. The equiv-
alent macroscopic stress (Σeq) on the RVE is given by 

Σeq =
1̅
̅̅
2

√

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(Σ1 − Σ2)
2
+ (Σ2 − Σ3)

2
+ (Σ1 − Σ3)

2
√

(3) 

The equivalent macroscopic strain (Eeq) is given by 

Eeq =

̅̅̅
2

√

3

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(E1 − E2)
2
+ (E2 − E3)

2
+ (E1 − E3)

2
√

(4)  

Where the macroscopic logarithmic strains Ei were given by 

E1 = ln
(

L1

L10

)

; E2 = ln
(

L2

L20

)

; E3 = ln
(

L3

L30

)

(5)  

Where L1 = L10 +UM1
1 ; L2 = L20 +UM2

2 ; L3 = L30 +UM3
3 were the current 

length of the cube sides. 
It is observed from the literature that the onset of void coalescence is 

influenced by geometrical parameters (void size and shape) and load 
path parameters (T and L) [35,43]. Furthermore, from our previous 
study [45], it was found that f0 and initial crystallographic orientation 
(ICO) significantly influences void evolution. Therefore, to study the 
effect of T, L, f0, and ICO on the onset of void coalescence, a wide range 
of possible values were studied, as given in Table 1. 

2.2. Enforcing constant load path parameters 

Apart from imposing the periodic boundary conditions on RVE, it is 
required to maintain the constant load path parameters (T and L) to 
investigate their effect on the onset of void coalescence. This section 
explains the multi-point constraint (MPC) equations used to maintain 
the constant load path parameters and their implementation using a user 
subroutine in ABAQUS. Tekoglu [43] implemented with the help of 
three springs connecting four nodes; however, implementation with four 
nodes becomes complex, enhancing the chances of error. This study 
implemented constant load path parameters using three springs con-
necting six nodes, as shown in Fig. 2. Implementation with the help of six 
nodes and three springs maintains the symmetry of the model and is less 
complex in nature. The macroscopic stresses (Σ1,Σ2Σ3) were applied on 
the faces of the RVE with the help of spring elements, as shown in Fig. 2. 
These applied macroscopic stresses were given by 

Σ1 =
F1

ARight
; Σ2 =

F2

ATop
; Σ3 =

F3

AFront
(6)  

Where ARight,ATop,AFront are the right, top, and front surface areas of the 
RVE, respectively, and given by 

ALeft = ARight =
(
L30 +UM3

3

)(
L20 +UM2

2

)

ATop = ABottom =
(
L30 + UM3

3

)(
L10 + UM1

1

)

AFront = ABack =
(
L10 + UM1

1

)(
L20 + UM2

2

)
(7) 

The forces F1,F2,and F3 applied on the faces of the RVE with the help 
of spring elements were given by 

F1 = K11ΔU1;F2 = K22ΔU2;F3 = K33ΔU3 (8)  

Where K11 = K22 = K33 = K are the spring constants of the springs be-
tween the node pairs M1-N1, M2-N2, and M3-N3, respectively, as shown 
in Fig. 2. The displacements imposed on the springs: ΔU1 = UN1

1 −

UM1
1 ;ΔU2 = UN2

2 − UM2
2 , and ΔU3 = UN3

3 − UM3
3 were obtained from the 

MPC subroutine to maintain the constant load path parameters. The 
relationship between the imposed macroscopic stresses is given by ratios 
R11 and R33, i.e., 

R11 =
Σ1

Σ2
; R33 =

Σ3

Σ2
(9) 

The load path parameters (T and L) were defined as 

T =
Σh

Σeq
; L =

2Σ2 − Σ1 − Σ3

Σ1 − Σ3
(10)  

Where the hydrostatic stress Σh is given by Σh = Σ1+Σ2+Σ3
3 . From the 

above two equations (i.e., Eqs. 9 and 10), the expressions for load path 
parameters (T and L) in terms of ratios (R11 and R33) were given by 

T =

̅̅̅
2

√
(R11 + R33 + 1)

3
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(1 − R11)
2
+ (1 − R33)

2
+ (R11 − R33)

2
√ ;

L =
1 + R11 − 2R33

1 − R11

(11) 

To maintain the constant load path parameters (T and L), the ratios 
(R11 and R33) should be kept constant as per Eq.11. To achieve this, Eq. 9 
was modified with the help of Eqs. 6 and 8. 

R11 =
Σ1

Σ2
= const→ΔU1 − R11

ARight

ATop
ΔU2 = 0  

R33 =
Σ3

Σ2
= const→ΔU3 − R33

AFront

ATop
ΔU2 = 0 (12) 

For a given load path (i.e., a given ratios R11 and R33), with varying 
vertical displacement on node N2 (UN2

2 ), remaining displacements (UN1
1 ,

UM1
1 ,UM2

2 ,UN3
3 ,UM3

3 ) were obtained by satisfying the constraints in Eq. 12, 
using the MPC subroutine in ABAQUS. Different combinations of load 
path parameters (T and L) were attained by varying the values of ratios 
R11 and R33. The various loading conditions and their corresponding R11 

and R33 values are listed in Table 2. For further information on the 
implementation of constant load path parameters, one can refer to [43, 
47]. 

2.3. Material model for viscoplastic single crystal 

This study used the crystal plasticity framework to incorporate ma-
terial anisotropy. Crystal plasticity models the deformation by explicitly 
considering homogeneous slip occurring at the microstructural level. 
This mechanistic approach accurately represents the triaxial boundary 

Table 1 
Factors influencing void coalescence and corresponding values used in this 
study.  

SL 
No 

Parameter Values Remarks  

1 Stress triaxiality (T)  
[46] 

1
3
,
2
3
,1,2, 

and 3  

(a) round bars: 0.3–0.5  
(b) thin specimens: 0.5–0.8  
(c) notched specimens: 0.5–1.5  
(d) near the vicinity of crack: ∼3  

2 Lode parameter (L)  
[10] 

-1, 0, and 1  (a) axisymmetric tension: − 1  
(b) plane strain: 0  
(c) axisymmetric compression: 1  

3 Initial void volume 
fraction (f0) 

0.005, 0.01 
and 0.05  

(a) voids due to secondary 
particles’ decohesion and 
particle cracking: 0.005–0.05  

(b) inherent voids: 0.005–0.05  
4 Initial crystallographic 

orientation (ICO) 
[100], 
[110], and 
[111]  

(a) vertices of the standard 
stereographic triangle: 

[100], [110], [111]  
(a) four-fold symmetry: [100]  
(b) two-fold symmetry: [110]  
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condition and provides a realistic model to investigate void coalescence. 
According to the multiplicative decomposition, the deformation 

gradient (F) was given by [48,49]. 

F = Fe.Fp (13)  

Where Fe is an elastic part of the deformation gradient consisting of 
elastic rotation and stretching, and Fp is a plastic part of the defor-
mation gradient consisting of plastic spin and deformation. The consti-
tutive behavior for the elastic part relating to Cauchy stress (σ) is given 
by 

σ = C : D (14)  

Where C is the fourth-order elastic constant tensor; D is the Green- 

Lagrange strain tensor and is given by 1
2

(
FeT Fe − I

)
; I is the fourth- 

order identity tensor. The velocity gradient is provided by 

Lt = Le +Lp =
{

ḞeFe − 1
}
+
{

FeḞpFp − 1Fe − 1
}

(15)  

Where Le and Lp are the elastic and plastic velocity gradients. The 
constitutive behavior for the plastic part is given by relating the velocity 
gradient with the shear strain rate (γ̇) 

Lp =
∑

α
γ̇α(sαmα) (16)  

Where sα,mα are the slip direction and normal of the slip plane of the slip 
system α in the deformed configuration. In this study, void coalescence 
in Cu single crystal is investigated. The Cu single crystal has a face- 
centered crystal (FCC) structure with twelve slip systems defined by 
〈110〉{111}. The evolution of shear rate (γ̇α) is related to the resolved 
shear stress (τα) given by power law, as given below 

γ̇α = ȧα
(

τα

gα

)⃒
⃒
⃒
⃒
τα

gα

⃒
⃒
⃒
⃒

n− 1

(17)  

Where n, ȧα represents the slip rate sensitivity exponent and the refer-
ence strain rate on the slip system α, respectively. The resolved shear 
stress on the slip system (τα) is given by 

τα = σ : sym(sαmα) (18)  

Where gα is the current strength of the slip system, and it evolves with 
strain hardening, as given by Eq. 19. 

gα =
∑

β
hαβγ̇β (19)  

Where hαβ(α ∕= β) = qhαα is the latent hardening modulus, β is activated 
slip systems. The self-hardening modulus hαα(α = β) is given by Peirce, 

Asaro, and Needleman [50]. 

hαα = h(γ) = h0sech2
⃒
⃒
⃒
⃒

h0γ
τs − τ0

⃒
⃒
⃒
⃒ (20)  

Where h0 is the initial hardening modulus, τs is the stage-I stress, τo is the 
initial yield stress, and γ is the cumulative shear strain on all the slip 
systems and given by 

γ =
∑

α

∫ t

0
|γ̇α|dt (21) 

The ABAQUS user material subroutine (UMAT) implements this 
complete finite-strain crystal plasticity framework. The material prop-
erties of the Cu single crystal used in this study are listed in Table 3 [49, 
50]. 

For more details on MPC implementation refer to Tekoglu’s work 
[43] and the details of UMAT implementation refer to Huang’s work 
[49]. The crystal plasticity framework is verified for the non-voided 
model Cu single-crystal model under a uniaxial tensile test with 
Huang [49]. After implementing MPC, results were verified whether 
constant load path parameters were maintained or not. 

2.4. Mesh convergence study 

The convergence of the FE simulations is influenced by the mesh 
density (i.e., element size). A coarse mesh will yield inaccurate results, 
while very-fine mesh incurs high computation costs. An optimal mesh 
with no appreciable change in the result with an increase in mesh 
density is preferable. In this study, the mesh convergence study was 
carried out using a full RVE model with f0 = 0.01, ICO = [100] and the 
loading conditions of T = 1, L = − 1, as shown in Fig. 2. 

The RVE model was discretized with hexahedral elements (C3D8 in 
ABAQUS) with different mesh densities, as shown in Fig. 3. The crystal 
plasticity framework and constant stress triaxiality were employed with 
the help of UMAT and MPC subroutine in ABAQUS. Simulations were 
performed by increasing the mesh density; the predicted results were 
plotted with the following mesh densities: 1016, 2528, 3728, 5120, and 
7632 elements. 

As the first step of mesh convergence, the applied equivalent stress 
(Σeq) vs. equivalent strains (Eeq) was compared in Fig. 4 for different 
mesh densities. The inset picture in Fig. 4 shows the enlarged view of 
strain values ranging from 0.1 to 0.2 along the x-axis and corresponding 
stress values. The inset figure shows that the model with 1016 elements 
is clearly deviating from the rest of the models and indicating huge 
convergence issues. Other than the 1016 elements model, all models 
predict similar stress-strain curves. 

Further, the displacement along the Y-direction (U2) at the periphery 
of the spherical void (highlighted in a red circle in Fig. 3) with respect to 
equivalent strain was given in Fig. 5. The models with 5120 and 7632 
elements showed the same results; the difference between the results of 
these models is less than one percent, but the time taken is 1.5 times 
more for the case 7632 elements. Similar convergence was observed for 
the f0 = 0.005, 0.05. Therefore, the model with 5120 elements was 
chosen for the simulations. 

3. Results and discussion 

In this section, the results of ductile failure by void coalescence 

Table 2 
Values of R11 and R33 to attain different load path parameters (T and L).  

Ratio R11 Ratio R33 Triaxiality (T) Lode Parameter (L)  

0.72  0.72  3  -1  
0.677  0.838  3  0  
0.7  1  3  1  
0.625  0.625  2  -1  
0.552  0.776  2  0  
0.571  1  2  1  
0.4  0.4  1  -1  
0.268  0.634  1  0  
0.25  1  1  1  
0.25  0.25  0.67  -1  
0.07  0.54  0.67  0  
0  1  0.67  1  
0  0  0.33  -1  
-0.316  0.314  0.33  0  
-0.5  1  0.33  1  

Table 3 
Cu single crystal material properties.  

Elastic properties Plastic properties 

C11 

(GPa) 
C12 

(GPa) 
C44 

(GPa) 
n ȧα h0 

(MPa) 
τo 

(MPa) 
τs 

(MPa) 
q 

168.4 121.4 75.4 10  0.001 514.5 60.8 109.5 1  
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through necking in Cu single crystal are discussed in detail. Here, 
methods to identify the onset of void coalescence and load path influ-
ence on the coalescence are presented in Section 3.1. The effect of ma-
terial anisotropy on void coalescence is detailed in Section 3.2. The size 
effects of initial spherical void size (R0) and ligament length (LL0) in 
terms of f0 on the onset of void coalescence are described in Section 3.3. 
The void morphology at the onset of void coalescence is presented in 
Section 3.4, as it decides the final form of the coalesced void. Finally, the 
effect of the Lode parameter is presented in Section 3.5. 

3.1. Void coalescence under tensile loading 

The onset of void coalescence is not straightforward to pinpoint from 
the stress-strain curve during ductile failure. In general, the onset of void 
coalescence is identified by different approaches, such as loss of load- 
bearing capacity, transition to uniaxial straining mode, a rapid rise in 
void volume (f), and thinning down of ligament length (LL→0) [46,51]. 
All these approaches to identify the onset of void coalescence are 

presented in this section in detail for Cu single crystal. 
The equivalent macroscopic stress (Σeq) vs. strain (Eeq) curves were 

generated for the several load path parameters (T and L) applied on the 
RVE (see Section 2.1) using the multi-point constraints described in 
Section 2.2 for the material model presented in Section 2.3. The 
equivalent stress (Σeq) and strain Eeq were calculated from the Eq. 3 and 
Eq. 4, respectively for every increment the vertical displacement of node 
N2 (UN2

2 ). Fig. 6(a) illustrates the Σeq vs. Eeq for Cu single crystal RVE 
with f0 = 0.01 and ICO = [100] under various tensile loading (L = − 1, 
1
3 ≤ T ≤ 3). Tensile loading (L = − 1) leads to void growth and causes 
void coalescence, whereas other cases (i.e., L = 0 and 1) lead to void 
shrinkage and collapse [26]. For other cases (i.e., ICO = [110], [111], f0 
= 0.001, 0.005, L = − 1), similar trends were observed, not shown here 
for brevity. 

The stress-strain curves in Fig. 6(a) increase linearly to reach their 
peak value, then drop down. The slope of the stress-strain curve in the 
elastic region is approximately the same for all the triaxial (T) loading 
conditions. However, the peak stress value decreased with an increase in 
T. Post peak shows the fall in the stress-strain curve, indicating the 
material softening due to the void growth. The decrease in the slope of 
the post-peak curve is rapid for high triaxial values (T∼3) and slow for 
low triaxial values (T = 0.33). The drop in slope indicates the rate at 
which the material loses its load-bearing capacity. The sharp knee in the 
stress-strain curve represents the void coalescence and is denoted by 
black open circles in Fig. 6(a). The sharp knee in the stress-strain curve 
was discernible for the case of high triaxialities, whereas at low triaxial 
values, it cannot be captured clearly. 

Fig. 6(b) describes the plot between logarithmic strain along 
direction-1 (E1) and equivalent strain (Eeq) for the same loading condi-
tions discussed in Fig. 6(a). The logarithmic strain E1 were calculated 
from the Eq. 5 in Section 2.1. With increase in Eeq a linear increment in 
logarithmic strain E1 was observed till a critical equivalent strain (Eeqc), 
beyond which E1 stayed constant. In other words, above Eeqc there was 
saturation in E1, hence Eeq vs. E1 became horizontal. This Eeqc repre-
sents the onset of void coalescence beyond which the deformation mode 
completely changes to uniaxial straining. This event of a change in 
deformation mode is the void coalescence, marked with a black open 
circle in Fig. 6(b). 

Fig. 6(c) depicts the graph between the ratio of the current void 
volume fraction (f) to initial void volume fraction (f0) and equivalent 
strain (Eeq) for the various loading conditions discussed in Fig. 6(a). The 
current void volume fraction (f) was calculated by subtracting the ma-
trix volume (summation over all integration point volumes) from the 
volume of the cube (L1×L2 × L3). A similar method was used by Kar-
anam et al. [45] for calculating f . With an increase in Eeq, there is a rise 
in the void volume fraction ratio because of the tensile loading. Initially, 
the slope of the curve is less; later, there is a sudden rise in the void 
volume, which denotes the onset of void coalescence. The event of the 
sudden rise in slope from low value to high indicates the onset of void 
coalescence. 

The geometric means of identifying the void coalescence is by the 
thinning down of the ligament length (LL→0). Thomason’s [52] criteria 
for the onset of void coalescence is based on the plastic limit load in the 
ligament length. Fig. 6(d) denotes the plot between the ratio of ligament 

Fig. 3. Cross section of the RVE at midplane along direction-1 for different element size.  

Fig. 4. Equivalent stress vs. strain graph for different mesh sizes for f 0 = 0.01, 
ICO = [100], and the loading conditions of T = 1, L = − 1. 

Fig. 5. Vertical displacement U2 vs. strain graph for different mesh sizes for f 0 
= 0.01, ICO = [100], and the loading conditions of T = 1, L = − 1. 
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length in the direction-1 to the initial void radius (LL1
R0

) and equivalent 
strain (Eeq), for the various loading conditions discussed in Fig. 6(a). The 
ligament length LL1 was calculated by subtracting the relative 
displacement between the two nodes (a-a′) from LL10, see Fig. 2. With an 
increase in Eeq, there is a linear drop in the curve, after reaching critical 
value, the drop was rapid. This point is denoted as the onset of void 
coalescence. The strain at which void coalescence starts (Eeqc) was 
approximately the same as all four methods discussed above. However, 
the deformation transition to uniaxial mode (Fig. 6(b)) is less ambiguous 
than the remaining methods. Therefore, Fig. 6(b) is widely used to 
identify the onset of void coalescence in unit cell simulations [33]. The 
obtained void coalescence strain (Eeqc) from Fig. 6(b) and corresponding 
Σeq,

f
f0, and LL1

R0 
were marked with a black open circle in Fig. 6(a,c,d), 

respectively. It is observed that void coalescence occurs earlier in the 
case of high triaxial values compared to low triaxialities. 

Fig. 3(a-d) shows that there is a rapid decrease in coalescence strains 
(Eeqc) with an increase in triaxiality. During the deformation under 
tensile loading, two main events happen a) strain hardening of the 
material and b) material softening due to void growth. The interplay 
between these critical events decides the material behavior of RVE. Once 
the material softening due to the void growth dominates, a sudden drop 
in the load-carrying capacity of the material is observed, leading to void 
coalescence. The rapid void growth at high triaxial loads leads to coa-
lescence at earlier strains. Rice & Tracy [14] and Zhu et al. [53] made a 
similar observation; they showed that coalescence strain decreases 
exponentially with increased triaxiality. For T = 0.33, these methods 

cannot capture coalescence clearly. For T = 0.33 & L = − 1, transition to 
uniaxial deformation is not observed, as loading itself represents the 
pure uniaxial. Moreover, at low triaxial values, the voids will coalesce by 
shearing mode (see Fig. 1(b)), similar to the observations of [16,43,54]. 

3.2. Void coalescence dependence on material anisotropy 

The influence of material anisotropy on the onset of void coalescence 
is presented in this section. The ICOs [100], [110], and [111] were 
investigated, as these orientations represent vertices of the standard 
stereographic triangle. Fig. 7(a&b) shows the plot between the macro-
scopic stress (Σeq) vs. strain (Eeq) of Cu single crystal RVE with f0 = 0.01 
under tensile loading (L = − 1) for the cases of high triaxiality (T = 3) 
and medium triaxiality (T = 1), respectively. For Fig. 7, the void coa-
lescence was identified by the transition to uniaxial mode on the strain 
plot (like Fig. 6(b)) and indicated with a black open circle. Low triaxi-
ality is not presented as it is difficult to capture the void coalescence for 
T < 1. The above simulation results show that ICO = [111] has the 
highest peak stress (Σeqp) compared to the remaining two ICOs (Σ[111]

eqp >

Σ[110]
eqp > Σ[100]

eqp ). The onset of void coalescence strain (Eeqc) is highest for 
the ICO = [110] compared to the remaining two ICOs (E[110]

eqc > E[100]
eqc 

>E[111]
eqc ). It is to be noted that though ICO = [110] showed the medium 

peaks stress, it has the highest ductility among all other orientations 
considered, i.e., void coalescence strains were high. The highest Σeqp for 
ICO = [111] is attributed to its high material hardening, and lowest Σeqp 

Fig. 6. Void coalescence at different T for ICO= [100], L= − 1, f 0= 0.01.  
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for ICO = [100] is attributed to its low material hardening caused by the 
favorable slip systems. 

In Fig. 7, the differences between the highest and lowest void 

coalescence strains (E[110]
eqc − E[111]

eqc ) for various ICOs considered are 
around 0.05 for high triaxiality (T = 3) and 0.6 for medium triaxiality 
(T = 1), respectively. These differences are more than ten times for 

Fig. 7. Material anisotropy effect on coalescence.  

Fig. 8. (a) Shear strain on each slip system (γα) and cumulative shear strain (γ) at the onset of coalescence T = 1; L = − 1; f0 = 0.01. (b) Shear strain on each slip 
system (γα) and cumulative shear strain (γ) at the onset of coalescence T = 3; L = − 1; f0 = 0.013. 
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medium triaxiality compared to high triaxiality. It indicates that the 
dependence of void coalescence strain on initial crystallographic 
orientation is less at high triaxiality (T = 3) and significantly increases 
with a decrease in triaxiality. 

Fig. 8(a & b) shows the shear strain on the slip system α (γα) on each 
of the 12 slip systems for three different ICOs, along with the cumulative 
shear strain (γ) for different ICOs at the onset of void coalescence for 
T = 1, 3, respectively at L = − 1; f0 = 0.01. In Fig. 8(a), the cumulative 
shear strain exhibits the following trend γ[110] > γ[111] > γ[100]. It is 
observed that the shear strain on each slip system (γα) for ICO = [110] is 
high for slip systems (111)[110], (111)[101], (111)[011], (111)[101], 
(111)[110] than other slip systems. This is because these five slip sys-
tems are more favorable for the slip than other slip systems. The com-
bined effect of these five slip systems contributed to more ductility of 
ICO = [110] than other orientations. Similarly, in ICO = [111], slip 
systems (111)[110], (111)[011], (111)[110], and (111)[101] have 
higher contribution than other slip systems; hence the total cumulative 
shear is more than ICO = [100]. 

Guo and Li’s [55] study on 5083-H116 aluminum alloy showed the 
highest peak stress for ICO = [111] (Σ[111]

eqp ), which is similar to our study. 
Whereas the highest ductility is for ICO = [100] (E[100]

eqc ), different from 
our study (E[110]

eqc ). A similar study on BCC single crystal was performed 
by Yerra et al. [35] and found that the highest peak stress for ICO 
= [110] and highest ductility ICO = [100]. Therefore, the effect of 
anisotropy on ductility significantly increases with a decrease in T. Fig. 8 
(b) shows the individual shear strain on slip planes and cumulative shear 
strain on the slip system for T = 3. It is observed that the shear strains 
are much lower (∼0.15) for T = 3 compared to T = 1. It is an indication 
that at high triaxiality, the necking is dominating phenomenon; as the 
triaxiality decreases, shear deformation comes into the picture apart 
from the necking. At very low triaxial values, shear deformation 
dominates. 

Fig. 9 summarizes the void coalescence strains (Eeqc) for varying 
triaxiality under different material orientations. It can be seen that the 
void coalescence strains (Eeqc) in tensile loading (L = − 1) decrease 
rapidly with an increase in triaxial value, as shown in Fig. 9. Material 
orientation effects the Eeqc significantly at low triaxial values. Material 
anisotropy effect on Eeqc is less significant at high triaxial value. Our 
estimations are qualitatively inline with the multi-surface model pro-
posed by Vishwakarma and Keralavarma (see Fig 15 of [56]); quanti-
tative comparison is not possible because of the different material 
models used. 

3.3. Void coalescence dependence on the initial void volume fraction 

To study the effect of f0 on the onset of void coalescence, three values 
of f0 (0.005, 0.01, 0.05) were considered (see Table 1), and the results 
were discussed in this section. Fig. 10(a) shows the plot between the 
equivalent macroscopic stress (Σeq) vs. strain (Eeq) for the different f0 

values considered under tensile loading with T = 3 and ICO = [100]. A 
high triaxial value (T = 3) is shown here; at high triaxial values rise in 
void volume is high (see Fig. 6(c)), and the effect of f0 can be studied 
clearly. The ICO = [100] is chosen because of its high symmetry 
compared to other ICOs. In Fig. 10(a), the stress-strain curve increases 
linearly, reaches its peak value, and drops down. It is observed that the 
highest f0 (0.05) has the lowest Σeqp, and with the decrease in f0 there is 
an increase in Σeqp. It is because the higher f0 the lower the available 
material to resist the loads. Therefore, the material softening due to the 
void growth is higher for f0 = 0.05, causing it to have the lowest Σeqp. 
The onset of the void coalescence is identified as discussed in Fig. 6(b), 
denoted with black open circles. It is found that the void coalescence 
strain (Eeqc) decreases with an increase in f0, i.e., Eeqc(0.005) 
> Eeqc(0.01) > Eeqc(0.05). The size of the void in higher f0 is bigger, 
material softening to void is high, leading to coalesce at earlier strains. 

Fig. 10(b) shows the plot between the ratio of the current void vol-
ume fraction to the initial void volume fraction ( f

f0) and equivalent strain 

(Eeq) for the same conditions discussed in Fig. 10(a). There is a rise in f
f0 

with an increase in Eeq, i.e., initially the rise is slow; later, the rise is 
rapid. Initially, the hardening behavior of the material makes it chal-
lenging to increase the void volume, hence the rise in f

f0 
is slow. Later, 

material softening due to void growth dominates, hence the rise in f
f0 

is 
rapid. The rise in the slope of the curve is higher for the small f0 (0.005) 
compared to the remaining f0 (0.01, 0.05). The rise in f

f0 
with an increase 

Eeq is exponential for low f0 (0.005,0.01) and it is almost linear for the 
case of high f0 (0.05). 

3.4. Void morphology at void coalescence 

The final form of the coalesced void gives the details on the mode of 
coalescence. This section presents void morphology at the onset of void 
coalescence. 

Fig. 11 shows the cumulative shear strain (γ) contours at the onset of 
the void coalescence of RVE with f0 = 0.01, ICO = [100] under tensile 
loading (L = − 1, 2

3 ≤ T ≤ 3). These cumulative shear strain plots were 
obtained by cutting the RVE at the midplane along the direction-1 (see 
Fig. 2). At high triaxial values (T = 3), the shear strain was localized 
around the void periphery, expediting the void growth process. At low 
triaxial values (T = 0.67), the shear strain was distributed over the 
entire crystal, hindering the void growth process. It is observed that the 
void grows into an oblate shape at high triaxial values and a prolate 
shape at low triaxial values. Budiansky et al. [57] studied the asymptotic 
geometries of initially spherical voids (see Figure 3.1(a) of [40]) and 
found a similar observation for linearly viscous materials. Further, the 
oblate sphere shapes at high triaxiality depend on the material anisot-
ropy; a detailed description of the void shape at the onset of void coa-
lescence is presented in the following paragraph. 

Fig. 12 shows the final coalesced void shape for oblate voids (T = 3, L 
= − 1) for f0 = 0.01. These plots were obtained at the onset of void 
coalescence by cutting the RVE with the help of cutting planes (i.e., 
plane-1, plane-2, and plane-3). The cutting planes are the midplanes 
along direction-1,2 and 3, respectively, as shown in Fig. 2. Here, each 
sub-figure consists of four images representing the void shape on plane- 
3, plane-1, plane-2, and the final void form in the clockwise order 
starting from the bottom left image (i.e., plane-1), respectively. Karanam 
and Chinthapenta [58] characterized the void shapes based on diagonal 
distortion and shape parameters; similar nomenclature is used here to Fig. 9. Fracture locus for Cu with f 0 = 0.01, L = − 1.  
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Fig. 10. Effect of f 0 on void coalescence for T = 3, L = − 1, ICO = [100].  

Fig. 11. Cumulative shear strain at the onset of void coalescence for ICO = [100], L= − 1.  

Fig. 12. Void shape at coalescence for different crystal orientations for T = 3, L= − 1.  
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present the void shape (see Fig. 11 of [58]). The final void shape of the 
ICO = [100] has an oblate shape in plane-1 and plane-3 and a diamond 
shape in plane-2. Whereas ICO = [110] has a hexagonal shape in 
plane-1, a rhombus shape in plane-2, and an ellipse shape in plane-3. 
ICO = [111] has an oblate spin in plane-1, a super spheroidal shape in 
plane-2, and an oblate shape in plane-3. From the previous section 
(Section 3.2), it is found that at high triaxiality, material anisotropy has 
less effect on coalescence strain (Eeqc). However, it is found that it has a 
profound effect on the shape of the final coalesced void. 

3.5. Effect of the tensile, plane strain, and compressive loading on 
coalescence 

Fig. 13 shows the plot between the logarithmic strains E1 and Eeq for 
different Lode parameters (L = − 1, 0, 1) on Cu single crystal RVE with f0 
= 0.01 at T = 3, Remaining f0 and T values were not presented for 
brevity. Fig. 13 illustrates the effect of the Lode parameter on the 
deformation and onset of void coalescence. In the figure, L = − 1, 0, and 
1 are denoted with an asterisk, triangle, and square markers, respec-
tively. The crystallographic orientations ICO = [100], [110], and [111] 
are marked with red, green, and blue colors, respectively. The curves in 
the figure change linearly with an increase in Eeq until it reaches a 
saturated value. After the saturated value, the curves become parallel to 
the horizontal axis, indicating void coalescence. These void coalescence 
points are marked with black open circles in the figure. 

Among the considered Lode parameters, L = − 1 has the lowest slope 
compared to 0 and 1. The lower the slope of the curve, the simpler it is to 
attain saturation and become horizontal. The void coalescence is 
observed for L = − 1, whereas coalescence is not observed for L = 0 and 
1. This is because L = − 1 causes the void growth that leads to coales-
cence, whereas L = 0 and 1 causes the void shrinkage that leads to 
collapse. This method is useful in detecting the void coalescence by 
necking, i.e., L = − 1. The effect of crystal orientation significantly 
changes with a change in Lode parameter values. At L = − 1, ICO 
= [100] has less slope, followed by [111] and finally [110]. Whereas for 
L = 0 and 1, ICO = [111] has less slope, followed by [100] and finally 
[110]. With the change in the Lode parameter value, the effect of ma-
terial anisotropy is significant on the deformation behavior. 

4. Conclusions 

Void coalescence in Cu single crystal was investigated using a full 
RVE with periodic boundary conditions. The spurious loading condition 
caused by the use of a one-eighth model by assuming the greater sym-
metry was overcome with the use of full RVE. Material anisotropy 
arising from the orientation and slip phenomenon was captured using 
the crystal plasticity framework. To study the effect of the load path on 
void coalescence, constant load path parameters were imposed on the 
RVE with the help of a 6-node multi-point constraint implementation. 
The crystal plasticity framework and multi-point constraint were 
implemented through the user subroutines in ABAQUS to capture the 
material anisotropy. 

Void coalescence criterion was identified using: (i) load carrying 
capacity, (ii) transition to uniaxial mode, (iii) rise in void volume frac-
tion, and (iv) thinning down ligament length. It was found that the shift 
in deformation to uniaxial straining mode was less ambiguous among all 
the methods explored in this study. The quantitative measure for 
detecting void coalescence (Eeqcorfc) were reported. The investigation of 
the triaxiality effect on void coalescence under tensile loading (L = − 1) 
revealed that void coalescence strains (Eeqc) and peak stress (Σeqp) were 
low for the high triaxial loading. On the other hand, low triaxial loading 
showed higher ductility and peak stress (higher Eeqc & Σeqp), i.e., 
Eeqc(T=0.67) − Eeqc(T=3) ~ 0.81. 

The effect of initial crystallographic orientation on Eeqc was less at 
high triaxial values (E[110]

eqc − E[111]
eqc = 0.05). Whereas at low triaxial 

values, the effect of material anisotropy was significant on Eeqc(E[110]
eqc −

E[111]
eqc = 0.6). The cumulative shear strain plot (see Fig. 8) revealed that 

slip systems (111)[110], (111)[101], (111)[011], (111)[101], (111) 
[110] were more favorable for the slip in the case of ICO = [110], 
causing it to have higher ductility. The interplay between triaxiality and 
material orientation revealed that Eeqc decreases rapidly with an in-
crease in triaxial value, irrespective of the orientation. 

At the onset of void coalescence, the void shape changes from oblate 
to prolate with a decrease in triaxial values for the tensile loading cases 
(L=− 1). At high triaxial values, material anisotropy has less effect on 
Eeqc, whereas it strongly influences the final shape of the void at the 
onset of coalescence. The initial void size (f0) influences the Eeqc such 
that coalescence occurs at an earlier strain in the case of higher f0, i.e., 
Eeqc(0.05) < Eeqc(0.01) < Eeqc(0.005). The rise in void volume (f) was 
higher for lower f0 and vice versa. The Lode parameter L = − 1 repre-
sents the tensile loading that leads to void growth and coalescence. 
Whereas L = 0 and 1 illustrate the void shrinkage that leads to void 
collapse. 

Though this study focused on Cu single crystal, it can be applied to 
any FCC material. However, extending this study to BCC crystal requires 
to rework on the slip system, as BCC has an entirely different slip system 
than FCC. The estimated coalescence strains provide useful insights into 
developing the anisotropic phenomenological models and are also useful 
in calibrating the existing phenomenological models, such as the 
modified GTN model. The limitation of the present study is that it can 
not induce the shear loads and can not capture coalescence under the 
shear mode, which is part of the future study. 
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