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Abstract—In this paper we propose an application of the Prony 
method as a filtering technique for distance relays. First, an 
overview of the Prony method is presented, then the distance 
relay model and the impact of non-filtered frequency components 
such as interharmonics and subharmonics by application of 
typical digital filters in the operation of the distance relay is 
shown. We apply a solution using Prony method as a filtering 
technique applied to distance relay algorithms. Finally, an 
analysis of the proposed algorithm using simulated signals is 
evaluated to validate the proposed distance relay algorithm in 
reach error and operation time of the relay, a distorted 
characteristic of the Mho distance relay is shown in the 
impedance plane.   

Keywords-distance relay; Prony method; interharmonics; 
subharmonics 

I.  INTRODUCTION 
The quality of the voltage and current signals are now a 

significant problem for the electric power system which affects 
the operation of the electric power grid, power consumers and 
manufacturers of electric/electronic equipment. The main 
problem in the quality of current and voltage signals is caused 
by the inclusion of equipment that its operation is based on 
power electronics, FACTS devices, series compensation and 
wind power plants in the power grid, these are the reason why 
certain additional requirements are necessary for a good quality 
of the energy in the electric power system. 

The voltage and current signals are expected to be purely 
sinusoidal with an assigned amplitude and frequency. The 
modern power converters generate a wide spectral band of 
frequency components which compromise the quality of the 
energy delivered, and by consequence there’s an increase in the 
power losses and the reliability of the electric power system is 
reduced [1]. In some cases, the large scale power converters 
systems generate in addition to the typical operational 
harmonics of an ideal power converter, non-characteristic 
frequency components as interharmonics and subharmonics 
will greatly deteriorate the power quality of the voltage and 
current signals [1-6].  

The estimation of these frequency components is very 
important in the power system protection schemes, that is why 
the characterization of this frequency components allows to 
compensate measurement errors in the electric protection 

system, such as distance relay. The frequency components as 
interharmonics and subharmonics could not be rejected by the 
distance relay digital filters (Cosine or Fourier filter) [8]. The 
main purpose of the conventional digital filters in distance 
relays is to estimate the fundamental frequency phasor of the 
electric input signals required by the relay, but when frequency 
components as interharmonics or subharmonics exist in the 
voltage and current signals, the conventional digital filters as 
Cosine or Fourier will cause an error in the fundamental 
frequency phasors estimate, and by consequence an error in the 
estimate of apparent impedance, this will compromise the 
performance of the distance relay causing underreach or 
overreach (fault detection problems). 

The Prony method seems to be a good alternative to get a 
correct apparent impedance measurement by estimating the 
fundamental frequency phasor of voltage and current [10-14]. 
This is the main focus of the analysis presented in this paper. 

II. THE PRONY METHOD 
Prony analysis (Prony's method) was developed by Gaspard 

Riche de Prony in 1795. Similar to the Fourier transform, 
Prony's method extracts desired information from a uniformly 
sampled signal and builds a series of damped complex 
exponentials or sinusoids. This allows for the estimation of 
frequency, amplitude, phase and damping components of a 
signal, by solving a set of linear equations for the coefficients 
of the recurrence equation that the signals satisfy. 

The Prony’s method has been studied as a power quality 
analysis tool [11] allowing to obtain better results in 
comparison with FFT, it has been also used in power system 
stability studies [15]. The algorithm and its practical 
implementation is shown in [10, 14].  

III. DISTANCE RELAY MODEL 
The distance relay operation is based on the phase 

comparison of two input signals, operation and polarization, to 
determine the trip condition. 

The distance relay models have a phase comparator that 
responds to the phase angle displacement between input 
signals [7]. The input signals of phase comparator are obtained 
using the electric signals measured by the instrument 
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transformers and design constants. The model of the distance 
relay is shown in (1). 

 
 
 
 

where S1 and S2  are the input signals to establish the trip 
signal; 1k  and 2k are the constants of the design; 1RZ is the 

impedance of the protected transmission line; and 2RZ   is the 
impedance multiplied by the current, resulting in a 
polarization voltage; rI and rV are the electric input signals 
which are estimated by the phasor estimation technique 
(Fourier filter or Cosine filter) to obtain the fundamental 
frequency phasor [8]. 

The phase relays are required for the detection of phase to 
phase faults, an important aspect in the distance relay design is 
that the correct values of rI and rV  has to be selected, in 
Table I the electric input signals that correspond to phase 
distance relay units is presented: 

 
TABLE I 

ELECTRIC INPUT SIGNALS FOR DISTANCE RELAY UNIT 

Unit 
Voltage (Vr) Current (Ir) 

Phase 

(AB) Van - Vbn Ia - Ib 

(BC) Vbn - Vcn Ib - Ic 

(CA) Vcn - Van Ic - Ia 

 

 
Figure 1.  Mho operation characteristic (Fundamental frequency). 

 
In Fig. 1 the Mho operation characteristic is presented in a 

tridimensional space of the impedance plane through time, the 
time is represented by the one cycle window length 
displacement. The estimated fundamental phasors of voltage 
and current are used for the relay (phase relay unit). The input 
signals Vr and Ir are used (see Table I) to form the operation 
characteristic and the phase comparator scheme. 

Is necessary to incorporate two stages of filtering to 
eliminate the unwanted frequency components as noise, 
harmonics and DC component, that are considered as a source 
of error that could affect the selectivity of the 

relay (see Fig. 2).  
 

 
Figure 2. Distance relay structure for input signals processing. 

 

There are two filter stages: analog and digital, intended to 
reduce the operation time in fault detection. Generally, the 
analog filter used is a Butterworth filter of 2nd or 4th order with 
a cut-off frequency of 360 Hz (see Fig. 3), this filter is 
preferred because it has flat response in passband and 
monotonically decreasing response  in stopband [9]. 

 

 
Figure 3. Analog and digital filter frequency response used in distance relays. 

 
The distance relay algorithms used for the fundamental 

frequency component estimation of voltage and current 
phasors use the Fourier or Cosine filter (see Fig. 3). The 
distance relay model is based on the fundamental frequency 
phasor, but due to the digital filters used in distance relays 
errors in the fundamental frequency phasor estimate can be 
present due to the existence of interharmonics and/or 
subharmonics in the voltage and current signals during the 
fault period. When this frequency components are present, the 
digital filter generates an error in the fundamental frequency 
phasors estimates of voltage and current. The distance relay 
model needs an ezact estimate of the fundamental frequency 
phasors of voltage and current during the fault period, so a 
correct estimate of the apparent impedance could be calculated 
by the relay.  

Due to the fact that distance relay algorithms that use 
Fourier and Cosine filters generate an error in the fundamental 
frequency phasors estimation of voltage and current signals, a 
characterization of the problem using the distance relay model 
in (1) its represented in (2) as follows: 
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where h1=fundamental frequency; i=interharmonics, i>1; 
s=subharmonics, s<1. The graphical representation of the error 
in the estimate it’s presented in Fig. 4, when interharmonics 
and subharmonics frequency components are present in the 
voltage and current signals.  An error in the fundamental 
frequency phasors of voltage and current will cause an error in 
the operation characteristic, the operation characteristic being 
formed by the comparison of signals from (1), and at the same 
time requiring the voltage and current phasors, so from (2) the 
resultant operation characteristic can be plotted (see Fig. 4). 

 
Figure. 4. Graphical representation of the error in apparent impedance 

estimation using digital filters. 
 

The operation scheme for a distance relay can be described 
as follows:  

1) Define the operational characteristic, selecting the 
design constants and the settings of the distance relay. 
This process is made off-line and is defined by the 
manufacturer of the relay. 

2) The electric input signals measured on-line from the 
instrument transformers (voltage and current) are used 
to estimate the fundamental phasor component.  

3) With the fundamental phasor component estimated, the 
comparison signals are formed and the trip condition is 
evaluated.  

4) The trip condition criterion is then performed to 
generate a trip signal. 

IV. DISTANCE RELAY ALGORITHM USING PRONY METHOD 
AS A FILTERING TECHNIQUE 

In this section the proposed distance relay algorithm using 
Prony method is presented. The Prony method has been 
studied as a power quality analysis tool [10-14] obtaining 
better results in comparison with FFT, also it has been used in 
power system stability studies [15]. The proposed algorithm 
for distance relay using Prony method estimates the signal 
parameters (amplitude, frequency, phase angle and damping 
factors) using one cycle window of data, so the real 
fundamental frequency of the voltage and current signals can 
be extracted during the first fault period and that the error in 
the phasor estimates (see section III) could be reduced.  

Consequently, if the Prony method could be implemented in 
distance relay algorithm it is necessary to obtain the order N of 
the linear prediction model (LPM). The order is obtained 

evaluating the mean square error (MSE) for one cycle window 
of data of  N=1,2...Ns, where Ns is the number of samples per 
cycle in one window of data. The MSE for each value of N is 
calculated and the MSE of lower magnitude is selected for the 
corresponding N value, so this value of N can be assumed the 
optimum estimate of the model signal parameters. The 
proposed distance relay algorithm is shown in Fig. 5, and is 
intended to estimate the real signal parameters during the first 
period of the fault.  

 
 

Figure. 5.  Proposed distance relay algorithm using Prony method. 
 

In Fig. 6 the Prony phasor magnitude of estimated 
fundamental phasors and the phase angle estimated with Prony 
are calculated and the compensated phasors are formed, the 
compensated phasors are used as the fundamental phasors in 
the distance relay model.  

 
Figure 6. Proposed distance relay algorithm using Prony method.                 

              

A. Formulation 
The formulation for the error compensation using the 

estimated phasors is presented as follows: 
 

 
 
where P1 is the fundamental component estimated with 

Prony. For the analysis of the proposed algorithm the Mho 
characteristic will be evaluated. The distance relay model for a 
Mho characteristic is: 

 

 

  

(3) 
1 1

1 1 1 1 1 1 1
V IP Pj j

P R PS k V e Z I eθ θα θ⎡ ⎤ ⎡ ⎤= ∠ + ∠⎣ ⎦ ⎣ ⎦
1 1

2 2 2 1 2 2 1
V IP Pj j

P R PS k V e Z I eθ θα θ⎡ ⎤ ⎡ ⎤= ∠ + ∠⎣ ⎦ ⎣ ⎦

1 1
1 1 1 1 1 1 1

V IP Pj j
P R PS k V e Z I eθ θα θ⎡ ⎤ ⎡ ⎤= ∠ + ∠⎣ ⎦ ⎣ ⎦

1
2 2 2 1

VPj
PS k V e θα ⎡ ⎤= ∠ ⎣ ⎦

(4) 



where 2 2 0RZ θ∠ = in (3) for a Mho characteristic and the 
distance relay model for the Mho characteristic is shown  in 
(4).  

V. ANALYSIS OF PROPOSED DISTANCE RELAY ALGORITHM 
The proposed algorithm presented in section IV is validated 

using voltage (Vr) and current (Ir) signals with interharmonics 
and subharmonics during the fault period (see Fig. 7), the 
signals were simulated in MATLAB® using a sample 
frequency of 16 samples per cycle, the simulated signals 
emulate a fault in a transmission line, the frequencies added 
during fault period were 60 Hz, 48Hz and 72Hz, this 
frequencies (subharmonics/interharmonics) are used due to the 
fact that this frequencies are not filtered by the digital filters 
used in distance relays (Cosine and Fourier filter). It should be 
mentioned that here  a phase distance relay unit is evaluated. 

 

 
a)                                              b) 

Figure. 7. Simulated signals with frequencies added during the fault period of 
60 Hz, 48Hz and 72Hz. a) Voltage signal. b) Current signal. 
 

 
Figure. 8. Estimated fundamental frequency phasors of voltage and current 
using Cosine filter when interharmonics and subharmonics are present in the 
voltage and current signals during fault period. 
 

The error in the estimated fundamental frequency phasors 
during the fault period can be observed in Fig. 8, where an 
alteration in the fundamental frequency phasor estimate is 
obtained due to the digital filters (Cosine or Fourier) used in 
distance relay algorithms when interharmonics or 
subharmonics exist in the voltage and current signals. 

In Fig. 9 the Mho characteristic is presented in a 
tridimensional space of the impedance plane using the voltage 
and current signals (Vr and Ir) of Fig. 7. A reach error of the 
relay due to the frequency components (sub-harmonics and 
inter-harmonics) can be observed in Fig. 9 b), the reach error 
percentage of the distance relay is 15.05% and its operation 
time is 3.1 cycles at this fault condition due to the frequency 
components of the input signals in Fig. 7.   

 
 

 

 
a)                                                        b) 

Fig. 9. Operation characteristic of a Mho distance relay when nonfiltered 
frequency components exists in electric input signals. a) Side view indicating 
transition stages. b) Fault period. 

 
The characteristics obtained for distorted signals allows to 

evaluate the reach error in the distance relay. The fault 
impedance trajectory in the impedance plane allows to 
evaluate the operation time of the relay. The error 
measurement due to asynchronous frequency components 
affects the reach and the operation time of the distance relay. 

 
 
 
 
 
 
 
 

 
 
 
 
Figure. 10. Compensated Mho operation characteristic fault period (Simulated 
signals). 

 
The reach error during the fault period in Fig. 9 is 15.05% 

and the reach error in Fig. 10 using the proposed algorithm is 
0.86% only. The operation time of the proposed algorithm is 
1.75 cycles and the Cosine filter 3.1 cycles, so a reduction in 
the operation time it’s achieved. The results confirm that the 
use of the proposed distance relay algorithm a reach error 
reduction in the relay is obtained and in consequence a 
reduction in the operation time. 

 

VI. SUMMARY OF RESULTS 
The time of fault detection of digital distance relays are 

approximately 2-4 cycles, so the error in the operation time is 
evaluated during the first cycle during the fault period, this 
means that the results of the error in the operation time are 
significantly lower (see Table II), also the error compensation 
in the apparent impedance estimation is done during the fault 
period (see Table III), and the  malfunction of the distance 
relay can be prevented. 

 
 
 

 

Fault  
Pre-Fault  

Error in 
estimation 

Fault  

Pre-Fault  

Error in 
estimation 

Fault  



 

TABLE II. FAULT DETECTION OPERATION TIME OF DISTANCE RELAY 
ALGORITHMS   

. 
TABLE III. REACH ERROR OF DISTANCE RELAY ALGORITHMS 

 

Event % Reach error 
 (Cosine filter) 

% Compensated reach 
error  

(Proposed distance relay 
algorithm) 

Simulated 
signals 15.05 0.86 

 

VII. CONCLUSIONS 
During a fault condition in a transmission line where the 

electric input signals (voltage and current) are contaminated 
with frequency components as interharmonics and/or 
subharmonics, an error in the apparent impedance estimation 
due to the digital filtering (Cosine or Fourier filter) technique 
will compromise the performance of the distance relay. 

It has been shown that the proposed distance relay 
algorithm causes a reach error reduction in the relay and in 
consequence an operation time reduction (see Table II and 
III).  

The percentage error results shown in Table III show 
significant improvement- the error compensation in apparent 
impedance measurement during the fault period and 
preventing a misoperation of the distance relay. The proposed 
distance relay algorithm reduces consequently the reach error,. 
The proposed algorithm of correction of errors caused by 
unfiltered frequency components opens the possibility for 
designing new families of digital filters for power protection 
systems.  

 

 

 

 

 

 

 

 

 

 

REFERENCES 
[1] Testa, A, “Interharmonics: Theory and modeling”, IEEE Transactions on 

Power Delivery, Vol. 22, No.4, October 2007, Pages: 2335-2348. 
[2] Madzarevic, V, Tseng, F.K,  Woo, D.H,  Niebuhr, W.D,  Rocamora, 

R.G, “Overvoltages on EHV transmission lines due to faults and 
subsequent bypassing of series capacitors”, IEEE Transactions on Power 
Apparatus and Systems, Vol. 96, No. 6, November 1977, Pages: 1847-
1855. 

[3] N. G. Hingorani, L. Gyugyi, Understanding FACTS Concepts and 
Technology of Flexible AC Transmission Systems, IEEE Press. 

[4] Bogdan Kasztenny, “Distance protection of series compensated lines 
problems and solutions”, GE Power Management, Markham, Ontario, 
Canada L6E 1B3, Spokane, October 2001. 

[5] Rui Melício, Victor M.F. Mendes, "Simulación de Convertidores de 
Potencia en Sistemas Eólicos", Instituto Superior de Engenharia de 
Lisboa, Información Tecnológica, Vol. 18(4), 25-34, 2007. 

[6] Thomas Ackerman, Wind Power in Power Systems, Wiley, 2005. 
[7] V. Cook, "Analysis of Distance Protection", John Wiley & Sons, 1985. 
[8] A.G. Phadke, J.S. Thorp, "Computer Relaying for Power Systems, 

Research Studies Press LTD, Second edition, Wiley, 2009. 
[9] Proakis, John G. & Manolakis, D.G. “Tratamiento digital de señales”. 

Madrid. Prentice hall. 1998.   
[10] T. Lobos, J. Rezmer, P. Schegner, ‘‘Parameter Estimation of Distorted 

Signals’’, IEEE Bologna, Power Tech Conference Proceedings, Vol. 4, 
No.1, June 2004, Pages: 1-5. 

[11] Zbigniew Leonowicz, "Parametric methods for time–frequency analysis 
of electric signals", Politechnika Wrocławska, Wroclaw University of 
Technology, Poland, 2006. 

[12] Li Qi, Lewei Qian, Stephen Woodruff, David Cartes, ‘‘Prony Analysis 
for Power System Transients’’, EURASIP Journal on Advances in 
Signal Processing, Vol. 2007, No.1, 2007, Pages: 1-12. 

[13] Michel Meunier, Francoise Brouaye, ‘‘Fourier transform, Wavelets, 
Prony Analysis: Tools for Harmonics and Quality of Power’’, 8th 
International Conference on Harmonics and Quality of Power ICHQP 
'98, Vol. 1, No.1, Pages: 71-76, October 1998. 

[14] Zbigniew Leonowicz, Tadeusz Lobos, and Jacek Rezmer, “Advanced 
Spectrum Estimation Methods for Signal Analysis in Power 
Electronics”, IEEE Transactions on Industrial Electronics, Vol. 50, 
No.3, June 2003, Pages: 514-519. 

[15] J. F. Hauer, C.J. Demeure, L.L. Scharf, ‘‘Initial results in prony analysis 
of power system response signals’’, IEEE Transactions on Power 
Systems, Vol. 5, No.1, February 1990, Pages: 80-89. 

[16] Gerhard Ziegler, "Numerical Distance Protection Principles and 
Applications", Siemens AG, Wiley, 2008. 

[17] A. R. Van C. Warrington, "Protective Relays Their Theory and 
Practice", volume two, Springer, 1978. 

[18] E.O. Schweitzer, III Schweitzer Eng. Lab., Inc., Pullman, WA, USA , D. 
Hou,”Filtering for protective relays” WESCANEX 93. 
'Communications, Computers and Power in the Modern Environment.' 
Conference Proceedings, IEEE, Pages: 15 – 23, May 1993.  

 

Estimation method Operation time 
(cycles) 

% Error in 
operation time 

Cosine filter 3.1 210 
Proposed algorithm      
(Simulated signals) 1.75 75 
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