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Abstract

Let 2 C R™ be of finite Lebesgue measure and 1 < p < oo. The grand Lebesgue space
Ly () (cf. [IS92]) and the small Lebesgue space L,(€2) (cf. [Fio00]) are rearrangement
invariant Banach function spaces. The classical Lebesgue space L,(2) is embedded in
L) (€), which again is embedded in every Lebesgue space L,_.(£2), 0 < ¢ < p—1. Similarly,
Lyic(€), € > 0 is embedded in the space L,(€2), which again is embedded in L, ().

We present a way to find their norms which are based on the decreasing rearrangement.
To get there, we define specific extrapolation and interpolation constructions and use them,
alone and in combination, in order to characterise the spaces. Finally, we compare them

to Lorentz-Zygmund spaces.
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Introduction

Let €2 C R™ be a set of finite Lebesgue measure, and let 1 < p < co. The norm of the
grand Lebesgue spaces Ly (§2) is given by

1 Ly (@) = ssuglew(/v |“dx) |

They were introduced by Iwaniec and Sbordone, cf. [IS92], and have proved to play an

important role in PDE theory (see e.g. [Sbo96], [FS98]). Their associate spaces, the small
Lebesgue spaces L,y (€2), 1/p+ 1/p’ = 1, were found by Fiorenza, cf. [Fio00], and have

also found several applications (see e.g. [FR03]). Their norm is given by

1

- S S ' —e) =

g| Ly ()| = inf 1nf5p5</gkx da:) .

lol L/ (@) = af St e
keN

In this work, we will mainly prove the norms using the decreasing rearrangement that

were found by Fiorenza and Karadzhov in [FK04]. We try to present this result as directly
and completely as possible. It turns out that it holds for u(Q) =1

11 Z(@)] ~ sup (1~ )" (/ 7 pds)

o] Lo ()] ~/01<1—1nt> (/ <>pds)’1’ “

The grand and small Lebesgue spaces can in fact be seen as a model for far more general
classes of spaces. In [CF05], these spaces were generalised by replacing 7= in the definition
of the grand Lebesgue spaces by 5;5%57 6 > 0, and the authors in [CFG13] even consider a
more general function §(g) (analogously for the small Lebesgue spaces). It is also possible
to define grand Orlicz spaces as in [CFKO08]. Or, the interpolation characterisations of
grand and small Lebesgue spaces could be used to define so called “abstract” grand and
small spaces, as conducted in [FKO04].

Disregarding the other possibilities we confine ourselves to the model case. The thesis
is organised as follows: In Chapter 1, we first outline the framework of Banach function
spaces in which we operate (following [BS88]), then we recall some interpolation theory
basics that we will need (following [BL76]).



2 Introduction

Chapter 2 presents a historical overview on grand and small Lebesgue spaces and the
question of duality. Its statements are compiled from different papers.

An extrapolation technique taken from [CK14] is introduced in Chapter 3. It is used to
characterise the grand and small Lebesgue spaces as extrapolation spaces of the classical
Lebesgue spaces.

The inverse approach is presented in Chapter 4, where we combine extrapolation with
interpolation techniques (following [FK04]). We prove a range of statements that the
authors gathered from much more comprehensive theories of interpolation and extrapolation.
Especially, two theorems on the equivalence of interpolation and extrapolation are given
in the language of the extrapolation constructions of Chapter 3. This finally leads to the
already referenced norms which allow to compare the spaces with Lorentz-Zygmund spaces.

We show examples to prove that these embeddings are proper.



1. Preliminaries

1.1 Notation and general theory of Banach function

spaces

In this work we examine Banach function spaces on subsets {2 of R™ of finite Lebesgue
measure. Without loss of generality we can assume that || = p(Q2) = 1. We write e.g.
L, instead of L,(Q?), L,, for L, ,(€2), and so on. Most of the time we use this notation
without recalling its meaning.

Furthermore, we consider the spaces in terms of equivalence classes, i.e. we identify f
and ¢ if f(x) = g(z), z € Q, p-almost everywhere. Since we follow the notation of Bennett
and Sharpley [BS88], all of these spaces are taken as subsets of M(£2), that is the space
containing all measurable functions on {2 that are finite u-a.e.

We let a Banach function space X, according to [BS88|, be determined by a Banach
function norm p : M4 — [0, 0o], where M denotes the measurable functions with values
in [0, 00], through g € X <= p(lg|) < oo for g € M. We quote the axioms that the
authors give for such p as we want to investigate specific spaces in this framework. Let yg
denote the characteristic function of a u-measurable subset E of €. It holds for all f, g,

fn (n € N) in M+Z

(P1) p(f) =0 <= [ =0 p-ae.
plaf) = ap(f) for any a > 0
p(f+9) < p(f) +plg)

We say that two expressions s(z) > 0 and t(x) > 0 are equivalent, say s ~ t, if there are
constants ¢y, ca > 0 such that for all it holds s(z) < ¢1t(z) and t(z) < cos(z). Sometimes,
we also write s(z) < t(z) (or s(z) 2 t(x) respectively) if only one inequality holds. By
X — Y, we denote that the Banach function space X is continuously embedded in Y, i.e.
IF1Y] S |If|1X]| and 2 C Y. In that sense, X =Y means that X — Y and Y — X i.e.

the norms of X and Y are equivalent.
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We restrict many definitions and propositions from the literature to the case 1 < p < oo,
or even 1 < p < oo. This is done as we do not need the more general case (the grand
and small Lebesgue spaces are usually defined for 1 < p < oo only) and in order to avoid
confusion, for example about the question on how to deal with quasi-Banach spaces.

The spaces L, for 1 < p < oo denote the classical Lebesgue spaces containing all

measurable g with finite norm

xpdx% if 1< 00
1| Ll = </n'f( ) ) =P (1.1)

esssup |f(z)] if p=oc.
e
Since we assume [2| = 1 < oo in our setting, we have L, < L, for p < ¢q. To see this, we

only need to apply Hoélder’s inequality with r = ¢/p, i.e.

171 Ll = </Q|f(fr)|pdx>; < (/Qldxf”p (/{Jf(@ﬁ@)t 1Ll (2

This computation also shows us that the norms of the embeddings between Lebesgue
spaces are uniformly bounded by 1.

We use a property shared by all the spaces considered here — that is the rearrangement
invariance. A Banach function space is said to be rearrangement invariant if its norm is
invariant under rearrangements. The decreasing rearrangement is defined as follows (cf.
[BS88]): Let the distribution function ps of a function f € M, be given by

prN) =p{r e Q:|f(x)] > A} for A >0. (1.3)
Then the decreasing rearrangement of f is defined to be
ff@) =inf{A>0: py(\) <t} for t>0 (1.4)

with the convention inf @ = oco. Note that in our case, it holds pf(A) < |2 = 1 and
f*(t) =0 for all t > 1. Now, for 1 < p < oo it holds [, |f(z)|" dz = fol f*(t)Pdt, and for
p = o0 it holds esssupq, |f(x)| = f*(0) (cf. [BS88, Prop. 11.1.8]).

Instead of the triangle inequality (P1) of the axioms for Banach function norms, a
quasinorm p satisfies a c-triangle inequality p(a + b) < c[p(a) + p(b)] with ¢ > 1. A
refinement of the scale of Lebesgue spaces due to (1.1) is given by the Lorentz spaces L, ,,

1 <p<oo,1<q< o0, which are defined via the quasinorm

Loy q dt%
e S8}
1F | Lnall = </ o7 o) t> holsase (15)

sup t# f*(t) if ¢=oc.

0<t<1
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For ¢ = 0o, these spaces are also called Marcinkiewicz spaces or weak-L,. If the parameters
p and ¢ are in the given range, the above definition produces spaces that are rearrangement-
invariant Banach spaces, cf. [BS88, Theorem IV.4.6]. In this book, the authors also give a
proof for the embedding

Ly, = L,, for 1<q<r<oo0, (1.6)

where the norms of inclusion are bounded by (p/q)"~9/7 if r < oo, else by (p/q)"/9. They
also state that for |2] < co (a part of this fact is proven in Chapter 2, another part in

Chapter 3)
L.s—L,, forany 1<p<r<oo, 1<g¢q,s<o0. (1.7)

Another refinement of the L, scale is given by the Zygmund spaces (cf. [BS88, Def.
6.11]) L,(logL),. Let 1 < p < 0o and —0o < a < oo or p = oo and a > 0. An equivalent

quasinorm on this spaces is given by

1 lnt“*tpdt%if() o0
1] Ly(log L) = </ SRR ) = (18)
sup (1+ |Int])*f*(t) if p=oc.

0<t<1

A third and last refinement is given by the Lorentz-Zygmund spaces, that generalise
the Lorentz and Zygmund spaces. The space L, (log L), is for 1 <p < o0, 1 < ¢ < o0

and —oo < a < oo determined by the quasinorm

1 1 q dt é
nt)%t» * — if
1] Lyallog L)a]l = </ (@ e (0] t> PREER gy

sup (1+ |lnt\)“t% 1) if g=o0.
0<t<1

It holds L, , = L, ,(log L) and L,(log L), = Ly p(log L),. Let 1 < py1,p2 < 00, 1 < g1, q2 <
oo and —oo < aj,a; < co. We have the embeddings (cf. [BR80])

P2 <1
LPLQI (10g L)al — Lpz,!m(log L>a2 if P1=D2, @1 < Q2 and a; > as

P1 = P2, q1>QQaHdCL1—|—q%>a2+q%_

We now cite the basic principles on the associate and dual space from [BS88, Chapter
I]. Let X be a Banach function space. The associate space X' is given by all g € M such
that the norm

IIQIX’IIZSUP{/QIfgldu:fEX 11X s1} (1.10)
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is finite. This space itself is a Banach function space. In this case, Holder’s inequality
holds for all f € X and g € X', i.e.

/Q\fgldué T ArEdl

Furthermore, it holds X” = X (cf. [BS88, Theorem 2.7]). If X, Y are Banach function
spaces, then X < Y implies Y’ — X'. The associate space can be, roughly speaking,
identified with a subspace of the dual space X* of X (cf. [BS88, Theorem 2.9]), which is
the space of all linear continuous functionals L : X — R (or C). We can compare them by
the following considerations: f € X is said to have absolutely continuous norm in X, if for

every sequence {F, }°°, of subsets of

If all f € X have absolutely continuous norm, then the space X is said to have absolutely
continuous norm. This is a necessary and sufficient condition such that the associate and
the dual space of X can be identified. If (X*)* = X then X is said to be reflexive, what
holds if and only if both X and X’ have absolutely continuous norm. As [BS88] do, we
denote by X the set of functions that have absolutely continuous norm in X, and by X°
the closure of the set of bounded functions f with u(supp f) < oo (i.e. Lo) relative to
the norm |- | X||. It holds [BS88, Theorem 1.3.11]

X*c XxXbcX. (1.12)

Let 1 <p<ooand 1/p+1/p) =1orp =1 and p’ = oco. Then the spaces L, and
L, are associate to each other. With the same notation and 1 < p < oo, 1 < ¢ < o0,
—00 < a < 00, it holds (L, 4(log L),)" = Ly 4(log L)_, (see e.g. [CFT04]). The quasinorms
(1.5), (1.8) and (1.9) become norms if we replace f* by f**(s) =1 [7 f*(x)dz.

1.2 Interpolation

The grand and small Lebesgue spaces appear in the context of questions on the properties
of linear operators. A powerful tool to deal with such problems has been proved to be
interpolation theory. We can “interpolate” between two spaces on which we know the
properties of an operator 7" in such a way that these properties are carried over to the
interpolation space.

Here are the details: We mostly follow [BL76] unless otherwise specified. Let Ay,
Ay be two Banach spaces. We call {Ag, A1} an interpolation couple if there is a linear
Hausdorff space A with A; C A, ¢ = 0,1. For such a couple let us define Ay + A; as

consisting of all a € A that can be represented as a = ag + a1, a; € A;, i = 1,2, with
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llag | Aol| + ||a1 | A1|| < oco. Let its norm be given by

laf Ao+ Aifl == _inf fao| o]l + flax | A (1.13)
aié)Aq;l
Furthermore, we equip Ag N A; with the norm
lla] Ao N Ay := max(||a| Aol [|a|Asl]). (1.14)

These spaces are Banach spaces too, cf. for example [BL76, Lemma 2.3.1]. Note that, if
Ap — Ay, then Ag = AgN Ay and A; = Ag + Ay (in the sense of equivalent norms).

Definition 1.1. Let {Ag, A1} and {By, B;} be interpolation couples. Then we denote by
L({Ag, A1},{Bo, B1}) the set of all linear operators

T A0+A1 —>B0+Bl with Tk =T G,C(A],“Bk), ]{‘:O,l (115)

Apg

Throughout this work, we make use of the following common notations, but we do not

further refer to category theory.

Notation 1.2 (cf. [Tri95]). Let %, denote the category that consists of the class of all
complex Banach spaces A, B, ... as objects, and the sets L(A, B) as morphisms.

Let %5 denote the category that consists of the class of all interpolation couples
{Ao, A1},{Bo, B1},... as objects, and the sets L({Ag, A1}, {Bo, B1}) as morphisms.

A space A € € is called interpolation space between Ay and Ay, (Ag, A1) € 6y, if
AgNA — A= Ag+ Ay and T:A— Aforall T € L({Ao, A1}).

An interpolation functor is a functor F : 5 — %1, such that F(Ag, A1), F(By, B;) are
interpolation spaces between (Ag, A1), (B, B1) € %, respectively, and F(T) = T for all
T € L({Ao, A1}, { By, B1}).
We consider two general families of interpolation functors, i.e. the K- and the J-method
of interpolation, also known as the real interpolation method. Let (Ag, A1) € % and t > 0.
K(t,a) := K(t,a; Ag, A1) := a:ialgli ([lao | Aoll + t|la1 | A1l]), ae€ A+ A (1.16)

ai
a;EA;

J(t,a) == J(t,a; Ag, A1) = max (|la|Aol,t]a]A1]), ac€AyNA  (1.17)

If it is clear from the context w.r.t. which couple (Ag, A1) the functionals are considered,
then we frequently use the first notation that does not explicitly mention the couple.
K(t,a) and J(t, a) are positive and increasing functions of ¢, while K is concave and J is
convex ([BL76, Lemmas 3.1.1 & 3.2.1]). It is easy to see that for any ¢ > 0 K(¢,a) is an

equivalent norm on Ay + Aj, and J(¢,a) is an equivalent norm on Ay N A;.
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For a € AgN Ay and ¢t > 0, s > 0, we have (cf. [BL76, Lemma 3.2.1])
t ) t
J(t,a) < max (1, ) J(s,a) and K(t,a) < min <1, > J(s,a). (1.18)
S s

Letnow 1 <p<oocand 0 < f <1lorp=oocand0 <@ <1. Then the space (AO,AI)Q’C,
consists of all a € Ay + Ay such that the norm

P

o dt\ »
. (/ K (t,a)]" ) if 1<p<oo
la | (Ao, Av)g |l == \Jo t (1.19)
sup t9K(t,a) if p=oo
0<t<oo

is finite. The space (Ao, Al)gp is defined as consisting of all a € Ay + A; that can be
represented as a = [;° u(t) ¢ (convergent in Ay + A;) with u(t) € AgN Ay, all ¢ > 0, such

t
that )
>0 e\ »
(/ [0t u(t)))” t) if 1<p<oo
0

sup t~J(t, u(t)) if p=oo

0<t<oo

(1.20)

is finite. Its norm is given by the infimum of (1.20) taken over all possible representations
a= fooo u(t) %. It is also possible to derive equivalent discrete norms for both spaces. For
the J-method, we have (cf. [BL76, Lemma 3.2.3])

1
inf (Z 20 J(2¥, a) p>p it 1<p<oo

la] (Ao, A || ~ § = uzl[ |

inf sup279J(2",a) it p=o0.

a=%X,u, v

(1.21)

As the K-functional is a norm on Ay + A; and (A, Al)’ofq — Ay + Ay, it is clear that

it can be estimated by the norm of an interpolation space. More precisely, it holds:

Proposition 1.3 ([BL76, Theorem 3.1.2]). Let (A, A1) € 62, 0 <0 <1 and 1 < ¢ < o0.

We have (with the convention oo = 1)
1
K(t,a) < (00) 41" la] (Ao, A1) . (122

Proof. We follow the computation in [Har10]. With ¢=% = g [ 77% 9T we have

e ([ 2

00 dr z 1
(/ r—eqm,am) < (0a) lla| (Ao, A1), . -
t

Q=

tK(t,a) = (0q)

Qe

< (0q)
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It turns out that the /- and J-method lead to the same interpolation spaces (in the
sense of equivalent norms), as Lemma 1.4 holds. Thus, it is common not to distinguish
between K- and J-interpolation spaces and also to omit the I or J in the designation.
However, many of our statements hold only for one of the methods as the norms are
equivalent, but not equal. Hence, we usually explicitly denote which method is meant,

except in those cases when the specific norm is not important for the statement.

Lemma 1.4 (The fundamental lemma of interpolation theory). Let a € Ay + A;. Assume
that

K(t
lim K (1, a) = Tim 229 ¢ (1.23)
t—0 t—oo t
Then, for any € > 0, there is a representation a = Y u, (convergence in Ag + A1),
VEZ

u, € Ag N Ay, such that
J (2" u,) <3(1+¢)K (2", a), vE L.

Example 1.5 ([Har10]). We often deal with the interpolation and extrapolation of the
classical Lebesgue spaces. Here is the most basic example. Let 1 < ¢ <ooand 0 < < 1.
Then it holds in the sense of equivalent norms

(L1, Loo)og =L

194

We now cite a couple of statements that we frequently use: That are a simplified

reiteration theorem and a list of formulas for the K-functional.

Theorem 1.6 (Reiteration theorem [BL76, Theorem 3.5.3]). Let (Ag, A1) € 62, 0 < 0; < 1,
i =20,1 and 0y # 01. Then it holds for arbitrary 1 < q,qo,q1 < 00 and 0 <n <1

(Ao, A)sgans (Ao Aorar) = (Aoy Aoy with 0= (1= )+ 61
.4
Theorem 1.7 (The Holmstedt formula [BL76, Theorem 3.6.1)). Let (Ag, A1) € 6,. Let
0<by<b; <landl< q1,q2 < 00. Put A =60, — 907 and take X]‘ = (Ao,Al)ngj fO?“
j=0,1. Then for alla € Ag+ Ay and t > 0 it holds (we put K(s,a) = K(s,a; Ao, A1))

¢ - o L
Koo X0~ ([ fronta]” ) [ wea)]” )7 0
0 § tx §
Corollary 1.8 ([BL76, Corollary 3.6.2]). In the situation of the previous theorem, it holds
forallt >0 and a € Ag + Ay

_1_ a0

t1—=0g
K(t,a; Xo, Ay) ~ t / [S_GOK(S,a;AO,Al)}qO ds (1.25)
0
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and

0 . ds\ @
K(t,a; Ag, Xq) ~ (/1 [5*91[((5, a;AO,Al)}q S) ) (1.26)
t

01 S

Corollary 1.9. Let (A, A1) € €>. Then for alla € Ag+ Ay andt > 0
t 00 K
K(t,a) N/ K(s,a)ds—l—t/ K(s,a) ds (1.27)
0 s . s s

N/o K(s,a)is (1.28)

~ [
Nt/ K(s,a) ds. (1.29)
. 5 s



2. Direct approaches to grand and

small Lebesgue spaces

This chapter is mainly intended as a historical overview of grand and small Lebesgue spaces,
restricting to those approaches that do not explicitly use interpolation or extrapolation
theory (this motivates the chapter’s title). After giving the definitions we compute some
equivalent norms, state basic properties and consider the question of duality. It is due to
this procedure that the statements below were compiled from different sources.

As the Lorentz spaces appear in some equivalent norms of our spaces, we start by
a short lemma comparing them with Lebesgue spaces. Similar statements are given in
[FK04, p. 663] and [ET96, Section 2.6.2, eq. (12)] (the latter includes a proof too).

Lemma 2.1. For 1 <p < oo and any 0 < e < p—1 it holds uniformly w.r.t. €

L llg] Lptell < gl Lpepll < c2llg [ Lpracl] (2.1)

andfor0<6<%

s |9 Lp-oell < g Lp—cpll < callg| Lp—<|- (2.2)

Proof. By the monotonicity of Lorentz spaces (1.6), we know that

)
g1 Lprepll < e llg | Lpsep

p+e PoTe
191 Zysell = 191 Lyseprell < ( )

and g Lp—&p” < |lg| Lp—a,p—an = |lg| Lp—aH =c4llg] Lp—6||-

Since we have a finite measure space, i.e. |Q2] = 1, the Holder inequality with r = I’J;% and

I pt2e

r 2¢e

gives

Lo o e dt)?
||9 | Lp-&-&p“ = (/ {tpﬁg (t)} t)
0

1

1 P2 1 p+2e p(p2+52€)
([ v a)™ ([ s
0 0

p+2e
2(p+e)

<ca, as 0< <%

= C2 Hg | Lp+25H-
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- it gives

For r = pp2€ and 1’ = 2,
! 1 _« 1 e p—712€
g | Lp—acl| = (/ gt dt)
0

1 » 1 o=n)
1 de\» _ p—2e p(p—2¢)
< (/ [tpffg*(t)}p t) (/ t Aro) dt)
0 0

=3 19| Lp—cyll- 0

2.1 Grand Lebesgue spaces

Definition 2.2 (Grand Lebesgue spaces). Let for 1 < p < oo the space L, consist of all
g € Mg such that the norm

lg1 Lyl = sup &7~ llg| Lp—]| (2.3)

0<e<p—

is finite.
Theorem 2.3. Let 1 < p < oo. The space L,y is a Banach function space.

Proof. We only show what is not trivial. Let f, g, f, (n € N) be in M.
(P1) f+glLlpyll < sup er=([lf [ Lp-ll + [lg] Lp—c[)
O<e<p—1

_1 1
< swp & f| L+ sw 27 g L.

0<e<p— <e<p—
(P2) g < f prae. = ere|g|Ly.| < eme||f|Lye] for 0 <e<p—1 =
lg | Lyl < [[f [ Ly ll-
(P3) Take 0 < f,, / f p-a.e. For every 0 > 0 there exists 0 < g5 < p — 1 such that

1

1T Lyl <5

| Lpes || + 6.

Since the p-norms are Banach norms, || f, | Ly—c|| / ||f | Lp—c,]|, hence there is ns € N
with ||f| Ly—c;|| < || fa| Lp—c;|| + 6 for all n > ng. With e¥/?=9) < p— 1, & < p— 1, this
yields

1

11 Lol < &5 ™ [ fn | Lp—esll +0 < [l fu [ Ly || + 0

for all n > ns and it follows || f, | Ly)|| 7 ||.f| Lyl by taking 6 — 0. O

These spaces were first introduced by [IS92], where the embedding properties of
Proposition 2.4 were proven and an application was given. It turned out that (roughly
speaking) the Jacobian J(z, f) = det D f(z) of a function f : Q — R™ is locally integrable
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if Df belongs to L,). This was already known for the weak-L, and the Zygmund space
in the following embeddings, but the grand Lebesgue space was shown to be the biggest
space of functions having this property. The name grand Lebesgue space appears, to our

knowledge, in [Sbo96] for the first time in literature.

Proposition 2.4 (Basic embeddings). Let 1 < p < co. Then the following holds.
(i) L, = Lpy = Ly forany0<e<p—1
(7t) Ly = Lpoo = Ly

(iii) L, — L,(log L)*% — Ly

Proof. We do not cite the direct proofs of (ii) and (iii) that can be found in [IS92], as they
are not difficult while at the same time using different approaches than we do, e.g. the
Orlicz norm for the Zygmund spaces. From our later characterisations of grand and small
Lebesgue spaces, the embeddings can be easily deduced, cf. Section 4.5. We only give the

argument for statement (i).

() By (12) we have ||| Ly < sup 77calf | Lyl < cap 1| Lyl Secondly, for any
<e<p—
O<e<p—1

T Lpell ~ em= If [ Lp—cll = sup ex= [f | Lp—c]| = [If [ Lyl 0

<e<p—1

Example 2.5. We give an example for the first embedding of the previous proposition,
other examples follow in Section 4.5. Let 2 = (0,1) be equipped with the Lebesgue
measure, 1 < p < oo and f(t) = £,

(i) Then f(t) ¢ Ly, but f(t) € Ly, because

1 1 [(p\r-s 1
e |[f [ Lyl = 7= () =pr=<p for 0<e<p—1.
19

(ii) Take E, = (0, %) and f, = xg,f. Then

1 € 5

1 = 1\ 209 Inp—<Inn )

Il = sw < ()77 (2)77 2 eplig 220 = pi >0,
O<e<p—1 £ n e—0 p—e€

This shows, that f(t) = 77 does not have absolutely continuous norm in L,), as is
indicated in [Fio00, Prop. 3.6]. For this reason, we immediately have Proposition
2.6 below.

(iii) Take any sequence {f,}>>, with f, — f p-a.e. and f,, € L. Then, there is an
interval (0,7,) C Q where f,(t) < %t_%, hence f(t) — fu(t) > %t_%, 0<t<m,.
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Therefore,

1

1 1
- Tn e p—e >

If = ful Lyl > sup = </ P dt> > S0
0 2 0 2

<e<p—1
b
We conclude, that f ¢ L.
Proposition 2.6. The space L,y does not have absolutely continuous norm.

We use the following equivalent norms several times in the sequel, so we prove them

now. They are given without proof in [FKO04].

Lemma 2.7. For any 0 < ¢y < min(1,p — 1), it holds

(2.3) 1 1
g | Lp)” =" sup e |g] Lpﬂ?H ~ sup e |g] Lp*é” (2.4)
O<e<p—1 O<e<p—1
1
~ sup e? |g| Ly (2.5)
0<e<eo
1
~ sup ¢g°r ||9|Lp—6,p||- (2.6)
0<e<eg
Proof. Consider
1
gp;E —= Episii —= gﬁ = eXp <€lng> . (27)
v p(p—¢)

With eln(e) - 0, we see that €In¢ is bounded from below and above on the interval
(0,p — 1). Therefore, the expression (2.7) is bounded from below and above as, while here
the bounds are bigger than 0. Thus we have e7% ~ 7. This proves the equivalent norm
(2.4).

Take any 0 < g9 < min(1,p — 1) and let ¢ = %, then

1 o\”
sup v flg|Lpell = sup | ) llgl Lyl
o<p—

0<e<eo
L G 1
> cqr sup o7 lg[ Lyl ~ llg] Lyl
0<o<p—1
by the monotony of Lebesgue spaces (1.2). The reverse inequality is obvious and the norm
(2.5) is proven.
For the replacement of ||| L,—.|| by ||-| Ly—cpll, we use the second formula of Lemma

2.1 and compute starting from (2.5)

1 (2.2) 1 1
||9|Lp)H ~ sup (2¢)r ||9|Lp—2s|| < ¢ sup e¢r Hg‘Lp—e,pH <c sup er ||9|Lp—6,p||~

S
0<e<eo/2 0<e<en/2 0<e<eo

The reverse inequality follows immediately from (2.2) and the norm (2.6) is proven. [
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2.2 Small Lebesgue spaces

Definition 2.8 (Small Lebesgue spaces). Let 1 < p < oo and 1/p + 1/p’ = 1. The space
L, contains all g € M, that can be represented as g = 3 yen gk, gr € My for k € N, such

that the norm -
_1
lg| Ll := inf > inf e [lgi | Ly |- (2.8)

is finite.
Theorem 2.9. Let 1 < p < oo. The space L, is a Banach function space.
Proof. We only show what is not trivial. Let f, g be in M.

(P1) First, for g = > gr and f = Y fx, take hoy := gr and hg_1 := fi for all k € N,
hence h = g + f with h =>,, h,,. Then

o0

1
> inf e 7= hy | Loy || =

/_
ne1 O<e<p’'—1

0 1 s 1
: — o : — o=
l;k;il}f_lg o llgkIL(pf—e)'ll+;0<g2£,715 = e I L ey Il

Taking the infimum over all representations h = Y-, h,, implies

> __1 > 1
lg+fILol <> _inf &7 = lge| Loyeyll + > _inf & 7= [lfi| Loyl
k=1 k=1

— 0<e<p'—1 e<p’'—1

for any representation g = Y, gx and f = >, fr. If we now also take the infima over all
those representations, it yields ||g + f | Ll < |9 Lol + If | Lol

Second, assume that ||f|Le| = 0. Then, for any 6 > 0 there is a representation
[ =22k fi with
> 1
> b e Ml Loyl <
k=1 . ——————

>c2 || fe | Ll

Thus, it is f = 0 as L; is a Banach function space and we have

£ VLall = 12k fiel Lall < 32 i | Lall < cs6.

k=1

(P2) By [Fio00, Lemma 2.1], for ¢ < f = Y, fr with fi, > 0, all £ € N| there is a
decomposition g = Y-, g with 0 < g, < f, all K € N (we omit the computation that proves
the statement, as it is fully given in the reference). Then it holds ||g | Ll < ||f | Ll by

00 ) 0o )
i - < ; -
k;lo<€1£l£/71€ pee ”gk | L(p/_a)l” — 1;10<51££,716 pe ||fk | L(p’—&‘)’H'
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(P3) This is the proof of [Fio00, Corollary 2.8]. Consider g; € M, with 0 < g; 7 ¢
p-a.e. and E, C Q chosen by E, = {z € Q : g(x) > n}. Then xg, —— 0 pra.e. Set
F, = Q\ E,, hence min(g,n) > gxp,. Since g = gxr, + gXE&,, it holds

lg| Lol = llgxr, + 9xe. | Lol < llgxe. | Lol + 9xE, | Lol
= |lg| Lol = llgxr. [ Lol < lgxe, | Lepll —0

n—o0

where that last limit holds due to Proposition 2.10 that is proven below. Now, for any
e > 0 there exists N € N such that

_ (P2)
191 Lopll — & < llgxry | Lol < min(g, N) [ Lol < g | Lll-

Asmin(g, N) € Lo < Lp41, it holds min(g;, N) —— min(g, N) in L, by the dominated
j—00

convergence theorem, and hence in L, as L,y < L,. Therefore, there is J € N such

that for all j > J

191 Lpll = 2& < [lmin(g, N) [ L[| — & < [fmin(g;, N) | Lo |l < [lg; | Lol < llg| Lol B

Proposition 2.10. The space L, has absolutely continuous norm.

Proof. We follow the proof in [Fio00, Lemma 2.6] and show that (1.11) holds. Let E,, C Q
with xg, — 0 p-a.e., and let g € L(,. Choose any decomposition g = >-; g, with

o0

1
i =
kz::lo<€1£l£,*1€ P ||gk | L(p/_E)/H < 00.

_1
Let ayy := infoccap—16 7= || XE,. 9k | Lgr—ey|| for all k,n € N. Since >°; ar; < oo and

Ak ——— 0, all kK € N, it holds >, ax — 0. Therefore,

oo
IXE.9] L(p“ < kz—:lakﬂ g 0. [
These spaces were first introduced in [Fio00] as associate spaces to L,). To be precise,
in this paper the author uses the space given by Definition 2.8 as auxiliary space to define

the small Lebesgue space by consisting of all measurable functions such that

1 1
lg| Lyyll = sup |[¥| L], I<p<oo and -+ - =1,
0<y<|g| p p
wEL(p/

is finite. In [FRO3], the authors prove the monotone convergence theorem for the spaces of
Definition 2.8. Making use of this fact, the equivalence of L,y and L, is explicitly shown
in [CFO05].
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Theorem 2.11 (Monotone convergence theorem for L, [FR03, Theorem 2]). Let { f,}n,
be a monotone nondecreasing sequence in Ly with sup,cy || fo | Lg|| < 00. For f =

SUp,,en fn 1t holds
(i) [ €Ly
(ii) fu /' f peace.

(iii) fo — f in L.

Proof. The proof of the theorem is based on the idea that for f, < f,, and f,, = >, f¥),
one can find a decomposition of f, such that f*) < f%*) for all k € N (see also the proof
of Theorem 2.9). This permits to estimate | fn, — fu| Lo || by ||fon | Loyl = [[fn | Lol
what becomes small as || f, | Ly || is convergent. Some more precise work is needed in the

process to derive something like (roughly speaking)

1
CES T Lall” = NE T Lall™) 7 S AT Lall = IFS T Lol

We leave out the details that are thoroughly given in [FR03]. O

The still somewhat complicated expression (2.8) can be motivated by the later on
proven Holder inequality (2.12). Similar to Proposition 2.4, for € > 0 it is easy to prove
that L,y < L¢ — L,. We give more embeddings and examples in Section 4.5.

Just as for the grand Lebesgue spaces, we prove some equivalent norms that turn out

to be useful in the sequel.

Lemma 2.12 (Equivalent norms). For any 0 < ey <p' —1 and 1 < p < 00, it holds

s 1
Ll ~ inf inf & ¥ L, . 2.9
ol Loll~ if 3% inf & llgu | Lovel (2.9)
s _1
~ inf Y inf e ¥ ||gk| Lyl (2.10)

g:Z 9k —1 0<e<eo

s 1
~ inf inf e ¥ Loyl 2.11
g=ngkz::10<5<50 g | p+ ,pH ( )
Proof. The main steps of the proof are taken from [FK04, Lemma 3.1].
It holds & 7% ~ 5_i, as the boundedness of the expression (2.7) shows. Next, we
define v(¢) by (p —¢) =p+(e), i.e. for 0 <e < p’ — 1 we have

W —cf =p+ g(p‘”Q)z:pw(s) with (e) > e(p—1)° = cpe.

l—e(p—1
It does not hold v ~ ¢, as [FK04] suggest. We rather have for any g, € M,

(12)

_ L . _ L . —L
o0 e T llgrl Lyl 2 inf e llgi [ Lpieyell 2 ) _Inf e ¥ [lg | Lpe]|-
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The last step is clear if ¢, > 1 by the embeddings of Lebesgue spaces (1.2). However, if
¢, < 1, then we first replace the variable of the infimum by &’ := ¢,e, which runs from 0 to
¢p(p’ — 1), and the statement follows. On the other hand it holds with € < ¢, v(¢)

_1 1 . _1 . _1
ocdnf e gk sl < &7 b (€)™ Ngr] Lo ll ~  Inf 777" llgi | Lo |

1
< i v :
< b 77 gkl Lol

This proves the norm (2.9).

Now we show that the choice of ¢y is arbitrary and hence that the limits of the infimum
can be exchanged with any 0 < g9 < p’ — 1 instead of p’ — 1. Look at ¢ = p;—;l. Obviously,
it holds

L 1
] — . -
oJdnf eF gs | Lpsell ZO<€1£1£_16 7\ gk | Lpsel|-

On the other hand,
1
inf & 7 ||gy| L mt (2) 7 (gl L
odnf & T llo [ Lpsell = inf AT ) llgw [ Lpeg]
(1.2)

1 1
coq” inf o ¥ ||gr | Lpio|.

1.2
<
0<o<p’'—1

_1 . _1
Therefore, | inf e # llgi [ Lpsell ~ _inf &5 [lgn | Ly—ey -

It is left to prove the norm replacement of ||- | L,ic|| by ||- | Lptep||. Using Lemma 2.1,
(2.1) yields

_a . _a
inf & ¥ [|gr [ Lpsepll < C inf e ¥ [[gr | Lyt

0<e<eq 0<e<eq
=C-27 inf (22) 77 [lge | Lysac]
< inf &7 flge] Lpecl.
The second inequality follows immediately from Lemma 2.1. O

2.3 Duality

Let us now come to the central statement of this chapter, that for 1/p + 1/p’ = 1 the
spaces Ly and L, are associate to each other. The proof follows the steps of [Fio00]
including the modifications indicated by [CF05]. Our aim is to show that the norm (2.3)
of Ly is equal to the associate norm of L, given by (1.10). After showing the Holder
inequality, we prove the equality for special functions and then generalise to the whole
spaces. We also try to fix a problem that occurs in Fiorenza’s proof of our Lemma 2.14

when choosing the appropriate function g.
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Theorem 2.13 ([Fio00, Theorem 2.5]). Let 1 < p < oo and f € Lyy. Then the following
Hoélder inequality holds

1 1
/Q folde < 171 Lol | Lisll for o+ =1, (2.12)

Proof. Let g =31 gr be any decomposition with measurable g, £ € N. Then it holds for
felyand0<e<p—1

/Q Fodl di < 1F | Lyl Hgk!L@—e)'H

:</|f!p5du> . (/’gk‘ ><p:>,
< IF 1Lyl e “</|gk|pg dﬂ><p5>’,

Here we can take the infimum over €. Therefore

/!fgldué S 1 fg] dp
Q k=1 Q

< i =] (p—e) v
<3, ([l ) T 1)

and (2.12) follows by again taking the infimum over all possible decompositions g =
2k k- O

Lemma 2.14 ([Fio00, Lemma 2.9]). Let f € Lo,. Then there exists g € Lo, such that

/Q Faldi= 11 Lyl llg | Lol

Proof. The inequality < is an immediate consequence of Theorem 2.13. On the other
hand, as f € L, ere N f | Lp—c|| — 0 hence there is 0 < 0 < p — 1 such that
e—

_1 1
||f|Lp)|| = Sup ¢gr7e ||f|Lp—€H =ore Hf‘Lp—cTH'
O<e<p—1

Ifo <p—1, take g = f<5—_;>’ € L. Else, take ¢ = 1. Then in the classical Holder

inequality it holds in fact equality, i.e. (with the convention (p — o)’ = oo for p — o = 1)

/Q 9l die = 1f | Lpoll 19| Loy -
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If o <p—1, then

1 . _L
IF T L Hlg | Loyl < o7 | f | Lyl - _inf 7= [lg[ Lp—zyll

O<e<p—1

1 1
<o I Lyl -0 g | Lyl = | sl
Otherwise, it holds with g = 1 and, thus, ||g| Lp—oy| =1

1 . 1
11 Lyl g | LIl < o7== (1 f [ Lp—oll - _inf 16 =g [ Loy

0<e<p—

<@=DIfI L tim &7
=0=DI |l = /|f|du [isslan o

Corollary 2.15. Let f € Ly,). Then

1| Lyl = sup{ [1dlanz g€ Ly Lo < 1}. (2.13)

Proof. W.lo.g., let f > 0 p-a.e. Let f, = min(f,n), hence f, € Ly, 0 < f, 7 f and
fo | Lyl 7 |f | Lpy||. Then by Lemma 2.14 we have g,, € Lo foralln € N, ||g, | Lyy|| =1
(if not then divide g, by its norm in L, ), such that

/Q Fugal dit = (L] Lyl

Now, for any 0 > 0 there exists n € N with || f, | Ly || > || f| Lyl — 6. Finally,

Hf\LmH—5</Q|fngn!du§/9\fgn\du

and the statement is true as ¢ can be taken arbitrarily small. O]

Theorem 2.16 (Associate spaces [Fio00, Theorem 3.5]). The space L,y is associate to

Ly and vice versa.
Proof. This is an immediate consequence of Corollary 2.15. ]
Corollary 2.17. The spaces Ly and L, are rearrangement invariant Banach spaces.

Proof. 1t is obvious from the definition that the grand Lebesgue spaces are rearrangement
invariant. Then the small Lebesgue spaces being its associate spaces are rearrangement
invariant too (cf. [BS88, Corollary 11.4.4]). O

Corollary 2.18. The spaces Ly and L, are not reflexive.

Proof. This is clear due to Proposition 2.6. [



3. Extrapolation approach

Extrapolation spaces are, in a certain sense, constructions inverse to interpolation spaces:
whereas interpolation begins with two Banach spaces (Ag, A1) € %5 to construct a scale of
spaces Ay € 61, 0 < 0 < 1, extrapolation begins with a scale to construct spaces Ay and
Aj that can be interpreted as its endpoints. The grand Lebesgue spaces are easy to derive
from such constructions, and the same is possible for the small Lebesgue spaces too. In
Chapter 4, this leads to some further norms for L,y and L, via the additional application

of interpolation techniques.

There is no standard framework of extrapolation, but a number of authors have
developed techniques. We mostly follow [CK14], but in the next chapter we also refer to
the more general theory of [KMO05] that is based on [JM91], as this is the context in which

our final results appeared first in literature.

3.1 Abstract extrapolation spaces

Definition 3.1 (Compatible [CK14]). We call a family of Banach spaces {Yj}pco, © C [0, 1]
compatible if there are Yp, Y7 with

Yo=Yy—=Y, =Y, for 0<fO<n<l, 60,neO (3.1)

and the norms of inclusion between the spaces with indices in © N (0,1) are uniformly
bounded.

Definition 3.2. Let {Yp}yco be a family of compatible Banach spaces. Let 0 < 6 < 1
be such that for some € > 0 it holds (0,6 +¢] C ©. Let 1 < ¢ < 0o and ¢ be a function
satisfying

(i) ¢ is monotone, positive and continuous
(i) #(0) ~ (21 52

1
(iii) </ o(t)? (125) < oo ifg< oo, else sup p(t) < oo.
0

o<t<e
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Then we define the space Yy(logY)? , as consisting of all b € () Y, for which the
ne(0,0+¢]

following norm is finite:

(/05[ (0 18] Youdl)” ‘“) e

161 Ya(log V)% || =
if ¢g=o0

sup @(t) [|b] Yoe]
O<t<e
Proposition 3.3 (Basic properties). In the situation of Definition 3.2 the following
statements concerning Yy(log V')t . hold:
(i) The choice of ¢ with (6,0 + <] C © is arbitrary.
(ii) For any 0 <n < 0+ ¢ it holds Yy(logY)S , — Y.

(iii) If 0 € ©, 0 > 0, then Yy — Yp(logY)?

(iv) Take J € N such that (6,0 +277] C ©. Then an equivalent norm on Ys(logY) , is

given by

=

10| Yy(log V)7 || ~ (Z { Hb|Ycrn||} ) with o, :=0+27". (3.4)
(v) Yo(logY)? , is a Banach space.
Proof. In [CK14], (ii) and (iv) are proven. Here we give the proofs for all statements.

(i) Let € # ¢ with (6,0 +¢],(0,0 + £'] C © be given. W.lo.g. € < &'. Let ¢ satisfy

condition (3.2) for /. Now prove the equivalence of the norms induced by ¢ and €’ i.e.

’

</0[ () 1b] Youll]” dt) N </0[ () 161 Youd] dt)

The direction “<” is obvious, for the other direction it holds with ¢ being the uniform

boundary of the norms of inclusions according to Definition 3.1

([l <>||b|n+t||}th) e o
<clolvaedl ([ 07 )
< [Tt 1o voel]! dt)

1
’ =
q

q dt
o) 1 Yerel)" )

< dr)
~ el ([ o0 )
0

T

Q=
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(ii) As the norms of inclusion in (3.1) are uniformly bounded, it holds ||b|Y; || < c|[b| o]
for any t with 0 <t <n—60. Let b € Yy(logY)? , then

.0
n—0 d _1 n—0 d 1
s ([ £ T [ ¢ dt\ 7
il < ([ ) ([ e i)
0 t 0 — t
<c||b] Yot
=c1>0

1
n—~0 dt\ ¢
q
<a( [ e o] ) < i von
0

) 1o vatou ) < e ([ toto o1 vale dt) = ctolmil ([ etr )’

<oo by (3.2)

(iv) We can assume that 277 < ¢ by (i). As ¢(t) ~ ¢(2t), there are c1, c; > 0 such that
forn>J
ap(27) < pt) < ep(27™) for 27T <t <27

Thus, we compute

1
2—n £ q

et o1+ [

10| Yy(log V)7 Il = (Z [ (t )||b|y0+t||]q dt)

2—n—1

~ (X ez miva, ]q)é.

n=J

(v) Take a Cauchy sequence {b,}nen in Yp(logY)? and show that it converges in
Yp(logY')7 , using the norm (3.4) with J as given there. Let 6 > 0. Choose ng € N
by |lbn — bn | Yo(log )5 [l < § for n,m > nq.

Let j > J and 0; = 6 +277. By Yj(log Y)%, = Y, and the completeness of Y, we
know that there is &’ € Y;, with b, — V. As Y, — Y,,, it holds ¥/ € Y, and all &’
are the same because of the uniqueness of the limits, hence b := ¥, j > J.

For j > J, there exists m(j) > ng such that
1

16— bm | Yo, | < 25c for m >m(j) with c¢= (Z @(Z_j)q> : (3.5)
j=J

The last expression is finite because of condition (3.2) and ¢(t) ~ ¢(2t). Now for N > J
let my = Bax m(j). We calculate for n > ny:

1 1
Mink. q

(i[ )b = bu | Yo ] ) = (i[ ) by — n+b—me\Y0jH}q)

Jj=J
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1

< (Z [0 Iy — b Yaju]q) (e o= b 17 1])

<< by (3.5)

< lbm y —bn | Yo(log Y)E 4l

5
t5=0

|

<

This estimate holds independent of the choice of N. If we now take N — oo this yields
16— b, | Yo(log V)T || < 0 for n > ng. O

Definition 3.4. Let {Yj}oco be a family of compatible Banach spaces (cf. Definition 3.1).
Let 0 < 6 < 1 such that for some € > 0 it holds [# —¢,0) C ©. Let 1 < ¢ < oo and ¢ be a

function satisfying

(i) 1 is monotone, positive and continuous

(i) 9 (t) ~ o (2t)
(iii) <A€¢(t)—q/ Cit) " <oo ifg>1, else sup ¥(t)™ < oo.

o<t<e

(3.6)

Then, we define the space Yy(log Y);,q as consisting of all b € Y] that can be represented
as b= [ w(t) % with w(t) € Y, such that

([ woom-p ) i 1<a<w

sup ¥(t) [[w(t) | Yo if ¢q=oc.

0<t<e

(3.7)

is finite. The norm ||-|Yy(logY’), | is given by the infimum of (3.7) over all possible

representations of b.

Proposition 3.5 (Basic properties). In the situation of Definition 3.4 the following
statements concerning Yy(logY'), . hold:

(i) The choice of € with [0 —¢,0) C © is arbitrary.
(ii) For any 0 —e < n < 0 it holds Y, — Yp(logY),, ..
(iii) If0 € ©, 0 < 1, then Yy(log¥);, = Y.

() Let J € N with [#—277,0) C © be arbitrary. Then an equivalent norm on Yp(logY), ,

s given by

1

o] Yollog Y )5~ int (Z [w(27) |Iba | Y3, ]q) with A, = 0-27". (3.8)
= n \n=J

(v) Yo(logY), , is a Banach space.
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Proof. The proofs of (i) to (iv) are similar to Proposition 3.3, (ii), (iii) and (iv) are also
proven in [CK14]. That is why we only prove (v).

(v) We use the fact that Yy(logY'), , is complete if and only if (cf. [BL76, Lemma 2.2.1])

> 1Iba | Yo(log V)l < 00

n=1

= JbeYp(logY),,: [[b— < bn|Ye(logY), | —=0.

Hence, take a sequence {by },en in Yy(logY), . with 3=, [[b, | Yo(logY), || < co. Choose
for n € N decompositions b, = 3, bl where j > J and b € Yy, with A\; =6 — 277, such
that

(Z{ W(27) (1B, | VA, ] )q < lon | Yo(log Yy |l +27 (3.9)

It follows that for any j > J

A (Z o | Ya(log )5 [l +2- )<oo
n=1

1
(277)
and hence, as Y), is complete, there is &/ € Yy, with [/ —32,<,, 0] [ Y3, | —— 0. Set

b:=73; b. As it holds by the generalised Minkowski’s inequality for mﬁmte series (cf.
[HLP99, p. 123]) for any m € N

1

(Z[ NN~ Y b | Vi, ])S(i[ p(27) Z 167, Ys, ||])

Q=

(3.9)

[w(277) Hbz;mju}q) < oo

we conclude that

q

b = S b | Yo(log )y, H<(Z[ PRI = Enm b |V, M) o 0 O

The cases ¢(t) = t* and ¥(t) =t~ respectively (a > 0) are of particular importance

in the following investigations. We write in these cases
Yo(logY)S, =Yp(logY)f, ~ and  Yy(logY), , = Ys(logY),,. (3.10)

The nomenclature of the spaces Yp(log )7, and Yp(logY), , can be seen from the Propo-
sitions 3.7 and 3.8 below, or even better from the earlier paper [CFT04] where similar
constructions were used: Finding equivalent norms for the Lorentz-Zygmund spaces

L,,(log L), based on the L, spaces only was the motivation to introduce these spaces.
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3.2 Examples

We now characterise specific spaces as abstract extrapolation spaces, these are the grand
and small Lebesgue spaces, but also the Zygmund spaces. Therefore, we extrapolate the
scale of Lebesgue spaces, but we also give a construction using Lorentz spaces. The former
allows us to extend statements about Lebesgue spaces to grand and small Lebesgue spaces.
The characterisation of Zygmund spaces is useful in order to compare them to the grand
and small Lebesgue spaces.

We start by a short lemma that is repeatedly used in the current and the next chapter,

whenever a supremum and a logarithm appear.

Lemma 3.6. Let 0 < p<o00,0<eg<1and0<t<1. It holds with constants depending

only on p and ¢
sup e ~ (1 —1Int)7>. (3.11)

0<e<eo
Proof. We show that Supﬁ ~ (1 —1Int) with constants independent of ¢. For those ¢ with

—Iﬁ < gg it holds

1 1
< —— = —eplnt < ep(l —1Int),
sup tPe L
0<e<eg plnt

whereas for —Iﬁ > gg, for any 0 < € < g9 we have t > exp (—é) and therefore

1 1 e e
sup tPe sup exp(—1)e ey ~ &
0<e<eg 0<e<eo

On the other hand, t°(1 — Int) =5 0 for any ¢ > 0, and hence t°(1 — Int) is bounded for
ﬁ
0 <t<1byc e (this is an easy calculation). Now with ¢ = pe this finally yields

sup et?(1 —Int) sup e(ep)ter!

O<e<e 0<e<e — — 1
1—Int= 0 < 0 <p tegor=t ___—
sup t¢Pe sup t¢Pe sup t¢Pe

0<e<eop 0<e<eg 0<e<eo

Extrapolation of Lebesgue spaces

In the following we set © = [0, 1] and Yy = L%(Q) for # € ©. This is a compatible family
of Banach spaces according to Definition 3.1, as we have already computed by (1.2).
Proposition 3.7. Let 1 < p < oo and a > 0. Then it holds in the sense of equivalent

norms
Yi(log Y)!, = Ly(log L) (). (3.12)

P

Proof. The proof is taken from [ET96, Theorem 1, Sec. 2.6.2].
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Let 0 <e<1-— 119 and set z% = % + t. We define an auxiliary norm by

€ o p dt
1] Xpall = </ 11 2] ) P (313)

sup e ||f | Ltfl,oo(Q)Ha p = 0.
o<t<e

The idea of the proof is to show that this norm is equivalent to both sides of (3.12),
beginning with || f | Xpall ~ [If [ Ly(log L)a]-

We apply the definition of the Lorentz norm and Fubini to derive for p < oo

Hf’XpaHp ll- qu”/ tap/ tpf pdS*

1
o 2
Fubini [% e gyp / =1 qt ds +
0 0

1

o

f*(s)? /t“plstpdt ds.
0

—_— ———
~(1—Ins)~?P, as both
expressions are bounded
from below and above.

For the first part of the integral, we have

1 5 o In(s). 1 —eplns
/2 f*(s)p/ tar=lgtp dt ds T 13(”/2 £ (s)” (—plns)“”/ P LT dr ds.
0 0 0 0

As it holds (1 —Ins)™® ~ (—1Ins)~% for 0 < s < 5 and

epln2 —eplns
0 < cap = / TP leTTdr < / 7% e dr — T'(ap) < oo,
0 0 s—0
we conclude that ||f| X,all ~ || f | Lp(log L),||. For p = oo, we use Lemma 3.6 to see that

I | Xooall = sup f*(s) sup ¢*s’
0<s<1

0<t<e
~ sup f(s)(1 —1Ins)™ = [|f ] Loo(log L) -a()]|
0<s<1
To prove that || f|Xpal ~ ||f|Y1 (logY)f Il, note that p* = p — vt with p < v < p*.
Therefore, we infer from Lemma 2. 1 that

cr [l [ Lpzeoll < WS | Ly p (N < 2 [1f ] L ()] u

We only state the extrapolation construction to get the Zygmund spaces with positive

second index. A proof is given in [ET96].
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Proposition 3.8. Let 1 < p < oo and a > 0. Then it holds in the sense of equivalent
norms

= L,(log L),(2). (3.14)

Yi(logY),,
p 9.
We now come to the representation of grand and small Lebesgue spaces by the spaces

Yp(logY)?, and Yy(logY'), .. Recall that we extrapolate the family {L%}0<9<1
Proposition 3.9 (The grand Lebesgue space as extrapolation space). Let 1 < p < oo. It

holds, in the sense of equivalent norms
(3.15)

Lp) =Y (log Y)ir .
Proof. This equivalence is established in [FK04] and [CK14], while we stick to the argument

of the latter. We have

If 1Y1(QogY)T |l = sup tr 1A 1Yl = Sup, tfIL,,
P 0<t<-; (p )

0<t<

= sup tr Hf|L 22 |-
0<t<; Tpi
then € : (0,p'™") = (0,p — 1) and t(¢) = ;. By p—e > 1 it holds

Set e(t) = £; L,
p < p(p —€) < p?, therefore th ~er. We replace the parameter and the limits and get

9
Yi(logY)T = su _— L, .
171730081 ) = s (o) 11
w1 Lyl ~ 171
O<e<p—1

~

[]

as this is the norm (2.4) from Lemma 2.7.

Proposition 3.10 (The small Lebesgue space as extrapolation space). Let 1 < p < o0

and % + z% = 1. It holds, in the sense of equivalent norms
(3.16)

Ly =Yi(logY)3 .

P

\\H

Proof. Again, we follow the proof of [CK14]. We compare the norm (3.8) of Y1 (log Y)

with the norm (2.9) of L,. By

we have
(3.8) . > n . o

~" inf 2¢ || fn | Yo, || = inf 27 || fo | L__» . (317
| ] > 27 || fu | Vol f=ann;] 1ol Lzl (3:17)

I 1Y1(og )3 |
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Here, we let € be defined by ﬁ = p+e. We assume that J € N is sufficiently large so that

9272 |
Py —1 and 27/ <~ foralln>J (3.18)

6:1—2—"10 D

This is allowed, as it was stated in Lemma 3.5 that different J lead to equivalent norms,

given that J is big enough.

Let f be in Y1(logY)7 . It holds (2")1/1’/ > (p?e~ Y)Y n > J, by (3.18). Therefore,
we have for f,, € L. ’

n 2 _ 1 . _ 1
2l L | 297 €7 ol Ll 2 ¢ _inf & 1] L]

and by shifting the summation index in (3.17)

B (3.17) ) e . . (2.9)
171V os¥)y 11 =" e dnf 3o b & Wil Lpeell 17| Lo

Conversely, let f be in L. We can find a representation f = 3 g and numbers

keN
0<ep<p —1with
o1 oo L
P L <2 inf inf iy L . 1
];% 19k | Lpte, || < gi%gk,;o%?pwg 7 |l gr | Lpyel (3.19)

Now we assign the gj to the smallest spaces Y, , n > J, they belong to. Let I, for n > J
be the set of indices k such that

An—1 < p—&—lak <A = Y)\n_l - LP+5k - Y)‘" it n>J (320)

1 1 . B
pp' -1 < pFer < As 7 Lp—&-ak — Y)\J if n=J.

Then f,, := Y per, gk € Ya,, n > J, because using the uniformly bounded (by ¢) inclusions
of the Lebesgue spaces and the fact that the e~ */?" are bounded from below yields

1o 1Yol < 32 Nae YAl < e X2 Mg | Lpser I < ¢ N | Lpll < oo (3.21)
kel, kel

Then it holds f = 3 f,. From (3.20) we see that for k € I,,, n > J

n>J
1 27n+1p2 2p2 _L, n
e < —p=——""—< e 2T = g P >, 27
FS . PTiCoe, s 12977 k Pt
—_——

::c;'}/ <oo by (3.18)
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and g, 7" > (p/ — 1)~Y¥ for k € I;. This finally yields

(3.19) o0 (3.21) o0

IF 1Ll 2 32227 220 Nkl Loee |l 20 2227 fn Yol 2 1F Y2 (ogY)s . O
n=J keI, n=J P

Extrapolation of Lorentz spaces

Now, in a last step, we extrapolate for 1 < p < oo the scale {Yy}pco, © = [0, 1], that is
given by Yy = L%p for 0 <0 <1andYy= L., Y, = L;. Then all Yy are rearrangement
invariant Banach spaces according to [BS88, Theorem 1V.4.6] (we avoid the spaces Lo,
and L, , as they do not have this property). At the same place it is claimed without proof
that L,, < Lg, for 1 < ¢ <r < oo if the underlying measure space is finite. We give a
proof here to guarantee that we can use the scale {Yy}gco for extrapolation. We have to
admit that the norms of the inclusions Yy — Yy and Yy — Y7, 6 € ©, are not uniformly
bounded. This could be of importance if we wanted to extrapolate at § = 0,1, as the
statements (iii) of Prop. 3.3 and 3.5 do not hold at the endpoints of the scale. In [CK14],
the stronger requirements needed to fix this problem are specified, while we omitted them
for the sake of simplicity. We do not want to extrapolate the scale of Lorentz spaces at

f# = 0,1 and can ignore the upcoming problems.

Lemma 3.11. Let 1 < p < oo and the scale {Yg}geo, © = [0, 1] be defined as given above,
re. Yy = L%’p for0 <60 <1 andYy= Ly, Yy = Li. This scale is a compatible family of

Banach spaces.

Proof. As the other inclusions are readily seen by (1.6) and (1.7), let us only show that
L,,— L, for 1 < ¢ <r < oo with norms of inclusions bounded uniformly w.r.t. g,r. It
holds 0 < é — % < 1, hence for t < 1 we have /7 = (tl/q_l/T> t1/7 < /7. This yields

1 :
1zl < ([ o) ) = 112 a

Proposition 3.12 ([FK04]). Let 1 < p < oo and the scale {Yp}gco be as in Lemma 3.11.

It holds, in the sense of equivalent norms,
Lp) =Y (log Y)i_ oo" (3.22)

Proof. This follows from the same argument as in the proof of Proposition 3.9, using the

norm (2.6) from Lemma 2.7. O
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3.3 Compactness

The characterisation of grand and small Lebesgue spaces as extrapolation spaces allows us
to extend statements on compact embeddings of Lebesgue spaces. This shall be proven in
the following two theorems and applied afterwards to an example from [CK14].

By Ux, we denote the closed unit ball in the Banach space X.

Theorem 3.13. Let X be a Banach space and {Yy}oco a compatible family of Banach
spaces. Let ¢ be satisfying condition (3.2) and 0, ¢ such that (0,0 + €] C ©. If the linear
operator

T: X — ﬂ Y,

0<n<6+e

is compact if taken as T : X — Y, for all 0 <n < 0+ ¢ and satisfies

1

(£ le@MITIX = Yo ll') <00 if 1<q<00

(3.23)
lim o(27") [T X = ¥,,[ =0 if q=o0

n—oo

with o, = 0 + 277, then T : X — Yy(logY')7 , is compact.

q

Proof. The following proof is taken from [CK14]. For 6 > 0 arbitrary, we show that there
is a d-net for T'(Ux) in Yp(log V)T . As (3.23) holds, there is N > J with

1
(z [so<2">||T|Xwan|uq) <5 1<q<oo

n=N+1

(3.24)
p2T|X =Y, | <§ n>N if ¢=o0

AsT: X — Y, ,n > Jis compact by assumption, we can find for arbitrary £(d,n) > 0
an £(6,n)-net for T(Ux) in Y,, for all J <n < N, i.e. there exist finite sets W (d,n) C Y,
with

TUx)c J e@,n)Uy,, +y with )= dp(2=m)N1/a
yeW (8,n) e(o,n) = ] if q=o0.

As all W (4, n) are finite, there are finitely many possible choices C; = {y,}2_;, y, € W (5, n).
Now for every C;, look at the set

D, = T(Ux) N ﬂ 5 n Uycn + Yn-

J<n<N

As for all z € Uy and J < n < N, there is a y,, € W(d,n) such that Tx € €(6,n)Ux + yn,

at least one D; contains Tx. Hence, not all of the D; are empty. If it is not empty, then



32 3. Extrapolation approach

choose one argument w; € Uy such that Tw; € D; and let W be the (finite) collection of
all those w;.

Now look at the D; containing T'x. As it is non-empty, there is w; € W with w; € D;.
Hence, Tw; and Tz are both contained in €(d,n)Ux + y, with y, € C;, J <n < N, for

one specific choice C;. Therefore, it holds
|Tx — Tw; | Yy, || < 2e(0,n), J <n<N. (3.25)

Therefore, putting Minkowski’s inequality, (3.24) and (3.25) together yields that W is the
wanted d-net for T'(Ux), as for 1 < ¢ < oo

| T2 — Ty | Yy(log V)%, || = (Z [p(2™) T2 — Ty | YUHHF> 2005/06/28
n=J
N q q [e%s) q %
< (Slemir-talvl) « (¥ e jra-taiv) )
n= N < T2 | Yo I+ 1T Yo |
ST | X =Yoo, [+ T X—=Yo, ||
1 1
N q 0o q
_n q —-n q
< (Z {90(2 )||T1‘—Twz‘|Yon||} ) +2< > {90(2 )||T|X—>Yan“} )
n=J n=N-+1
1/q
<(Slevnr) - =
n=J
<6
and for ¢ = oo
[Tz — Tw; | Yy(log V)7 |l = SUp 27" || Tx — Tw; | Yy, || 2005,/06/28ve

< sup 9(27") ||[Te — Tw; | Yo, || +sup (27") [Tz — Tw; | Yy, || <6 O
n>N

J<n<N

< L2 T X=Yoy, ||

SIS

Theorem 3.14. Let X be a Banach space and {Yy}oco a compatible family of Banach
spaces. Let 1) be satisfying condition (3.6) and 0, € such that [0 —e,0) C ©. If

T7:Y" — X

is compact if restricted to T : Y, — X for all 0 —e < n < 0 and satisfies

(§ 127" | T | Yy, — X||]q/>q' coo if 1<q<oo

n=

(3.26)
lim ¢~ 27") |T[Y), = X[ =0 if ¢g=1

n—o0

with A, = 0 — 27", then T : Yy(logY'),; , — X is compact.
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Proof. This proof is taken from [CK14] too. As (3.26) holds, for any 6 > 0 there is N > J
with

7

( 5 w-%mumm%XW’)Q <1 if 1<g<oo

=N+1 (3.27)
vIEeITIY,, - X[ < n=N if ¢=1.
Now choose arbitrary
N )
{6,}Y_, 6, >0  with > b= 3 (3.28)

AsT :Y,, — X is compact, let V,, for J < n < N be a finite d,-net for T'(2¢~1(27")Uy, )
and set V = >V, (which is finite as all V,, are finite).

Let now y € Yy(logY'), , and |[ly|Ys(logY), || < 1. Using the equivalent norm (3.8)
for Yy(logY'),, , with A, = 0 — 27", there is a representation (with the obvious modification
for ¢ = o0)

Q=

Y= Yn, Yo €Yr,  with (Z[ mﬂmﬂ>gz
n=J =J

By this choice it holds ||y, |Ya, || < 2¢71(27"), all n > J, hence y, € 2¢~1(27") Uy, .

Therefore, for J < n < N there is v, € V,, with ||Ty,, — v, | X|| < J,, by the choice of the

on-net V,,. Now choose v € V with v = ZQLJ Up,.-

Therefore, putting Minkowski’s inequality, (3.27), (3.28) and Holder’s inequality to-
gether yields that V' is the wanted d-net for T (Uyg(bgy)zZ ), as for 1 < ¢ < oo it holds

(with the obvious modification for ¢ = c0)

') N N
HTy—v!XHZ!IZTyn—Zvn|XIISIIZTyn—vnIX!HHZTanXH
n=J n=J n>N
s2||Tyn—vn|Xu+Z Ty, | X| 7 27 - (27"
n>N —
Sén < HT'Y)\”—>X|| Ily’ﬂ ‘ Y/\n”
) o q g _ v
<ot eI ) (X [T IT Y, - x)”
n>N n>N
1) )
<—42.-=9§
<5 t2g
and for ¢ =1
) ) “1/0-n
7y - X =2+ (z " >||yn|m|) (supw 12 >||T|YAﬁX||)
n>N n>N
1) )
< —42.—=) ]
_2+ 4
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Remark 3.15. If we take a bounded Q@ C R", 1 < p < n/k, k € N, and set p* =
np/(n — kp), then for p < g < p* the Sobolev space W;(Q) is compactly embedded in
L,. This is shown for example in [EE87]. From Theorem 3.13 and Proposition 3.9 we
immediately conclude that the embedding Wj(ﬂ) — L, (Q) is compact (cf. [CK14,
Corollary 4.3]).



4. Interpolation approach

The aim of this chapter is to characterise the grand and small Lebesgue spaces as interpo-
lation spaces. This requires some preparations which are made in Sections 4.1 and 4.2. We
start by introducing weighted interpolation spaces that are more general than the spaces
defined in Chapter 1.

4.1 Interpolation with weights

Definition 4.1 (Weighted interpolation spaces). Let (Ag, A1) € 62 and 1 < p < co. Let
w : (0,00) = [0,00) be a continuous weight with w # 0. The space (Ao, A1)}, consists of
all a € Ag + A; such that the norm

” (/ w(t) K (1, a: Ao, A4,)] it) i 1<p<oo
= 0

sup w(t) K(t,a; Ag, A1) if p=oo

0<t<oo

la | (Ao, A1)y,

is finite. The space (Ag, A;)7  consists of all a € Ay + A; that can be represented by

w,p

a= [;7u(t) 9, u(t) € AgN Ay, such that

1
o de\
</ [w(t) J(t,u(t); Ao, A1)]” t) if 1<p<o0
0
sup w(t) J(t, u(t); Ao, Ay) if p=oo
0<t<oo
is finite. The norm ||| (Ag, A1)y || is given by the infimum of this expression taken over

all possible representations.

Obviously, for w(t) =t 0 < 0 < 1, we have (Ag, A1 )uwq = (Ao, A1)gq-

The weighted interpolation spaces have a couple of properties in common with the
classical Lions-Peetre spaces. Different approaches can be found in literature, an extensive
theory is given e.g. by [BMRO1] or [Gus78], but even the question of equivalence between
the £ and J method is more complex than what is dealt with here. We largely leave
open the question of what can be generally assumed about the weight w so that the
corresponding spaces have “good” properties. We state only some lemmas that we need in

the sequel.
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Lemma 4.2. Let (Ag, A1) € €5 and 1 < g < oo. Let w: (0,00) — [0,00) be a continuous
weight.

(i) It holds for v : (0,00) — [0,00) with v(t) =t w(t™)

(Ao,Al)qu = (AhAO)U’Cg and (Ao, Ay ) (AhAO)

(ii) Let Ay — Ay and

(/OOO [mm(u)w(t)}qf)q < 0. (4.1)
Then for all f € (Ao, Ay )wq, it holds
111 Co A0S~ [ oo e ] ) (12)

Proof. (i) Tt holds K (t,a; Ay, A1) = tK(t7,a; Ay, Ag) and J(t, a; Ag, A1) = tJ(t71 a; Ay, Ay),
hence we compute for the -method similarly to [BL76] (the proof for the J-method is

practically the same)

1
o AN
171 Clos 4005 = ([ Totocte s s, o)) t)
s=t! = 1y -1 a ds
= [w(s™)s™ K (s,03 A1, o))" ) = 1] (A, Ao},
0
(ii) The fact is stated in [FKO04], a proof is outlined there as well. The first inequality is

obvious and holds with constant 1. For ¢ > 1, it holds K (¢, f) ~ ||f | Ao|| uniformly w.r.t.
t as A; — Agy. Thereby

171 (A A1) 2 ( !
£ ( >}‘”f) +erllf |4l

s/ E) e ([ o] £ 114

:</0[ oren] $) ve [T <>||f|Ao||}th) (43

Q=

INE

4>
=
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Again, since A} — Ay, hence Ay = Ay + A; (in the sense of equivalent norms), it holds for
t<1

t<1 ¢ &
Aol < inf A Al < - inf A t Al =-K(, f).
U1l < c it Ul o+ 0 1 2 g 1ol ol+ 411 = 06
€A i€A;

(4.4)
We conclude that

171 (A Al < ( [ vt ) “)é e ( / 'l e K 1) @tu>é

0

<o [ uto <tf>}th) . 0

Lemma 4.3 (K-J equivalence: special case). Let (Ao, A1) be a Banach pair. Let the
weight w : (0,00) — [0, 00) be such that

w*(s) = /OO min (1, Z) w(t) dt <oo for s>0. (4.5)

t

Let the weighted interpolation spaces be given as from Definition 4.1, then it holds, in the
sense of equivalent norms,

(Ao, Ar)yyy = (Ao, Ar)ile s

wl_

Proof. The fact is stated in [FK04, p. 659] without a proof.
Let a € (Ao, A1)g., with a = [~ u(t) 9, u(t) € Ao N Ay

ol (o A0S, = [ K(tayul)

K is norm
/ / K(s,u(s ds dt
(1.18) t ds dt
< / w(t)/ min (1, ) J(s,u(s)) &
0 0 S s t
i [ o t dt ds
b / J(s,u(s))/ min (1, ) w(t) — = lla| (Ao, A1)Z. 4|
0 0 S s

t

=w*(s)

Now let a € (Ag, A1)k,. By the Holmstedt formula and the dominated convergence
theorem, it holds

K K
K(t.a (128/Ksa 30 and (t,a) (159)/ (s,a) ds

S t—oo

Therefore, we can apply the fundamental lemma of interpolation theory, Lemma 1.4,
and obtain a representation a = _,cz u; such that for any e (note that w* from (4.5) is

monotonically decreasing)
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> ., ds e i ., ds
= [ Jsu)wi(s)—= 3 [ Jsuls)w(s) —
0 S A e ’

la] (Ao, Ar)Z

Fund. Lemma el . .
cs(l+e) Y K(2,a) w'(2)

j=—o0

<etre) [ [ R0 min (10) wio F
Fubini 1+5/ </Ksa —I—t/ s ' K(s,a) ?) w(t)it'

Here we apply the Holmstedt formula (1.27), that is

o d
/Ks a —I—t/ s K(s,a) —SNK(t,a),
¢

S

and derive ||a|(Ag, A1),

(Ao, A1)l O

In the subsequent characterisations of grand and small Lebesgue spaces, we use the
commonly known embeddings of interpolation spaces as they are given in [BL76]. However,
since we need the dependence on the parameter 6, we prove a couple of embeddings that

take this into account.

Lemma 4.4 ([BL76, Theorem 3.4.1]). Let (Ag, A1) € G2 and 0 < 0 < 1. The constants in

the following inequalities are independent of 6.
(i) lla| (Ao, Aol < 07 [la| (Ao, A, || for 1 < p < oo,
(i) Nla| (Ao, AN < 03 lla] (Ao, A for 1 < p < q < oo.
Now, suppose that Ay — Ap.
(iii) lla] (Ao, A1)fjall < 07 la| (Ao, AV, || for 1< p < oc.
(iv) 1| (Ao, A g, ll < 07 lla] (Ao, A1) o ell for 1 <p <00 and 0< 0 < L.

Proof. In [BL76], the statements are proven without explicit constants. We modify the

proofs accordingly.

() flal (Ao, A)Soll = sup £7K(t,a) S (Bp)F fla] (Ao, AV, |

0<t<oo

) </ooo RG] [ K(e) ] Cf)

—_———
(1.22) 1
< (0p)P lla| (Ao, A1)f I

< (0p)r 7 lla] (Ao, Al lla | (Ao, Av)g, |l
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(iii) By A; < Ap and the definition of the K functional, we have K(t,a) < ¢ ||a| Aol.
As Ay = Ayg + A; for any ¢ > 0 (in the sense of equivalent norms) and K(1,a) is an
equivalent norm on Ay + Ay, it holds |la|Ag|| < ¢ - K(1,a), and by (1.22) it holds
K(1,a) < (6p)7 |la| (Ao, A1), . Hence,

© Ly » dt © dt
lal (Ao, A)gponll = [ ¢z t7K(t,a)  —+ [ 72 K(ta)  —
0 ———— t 1 1a,_/ t

<1§2>(9p)% la| (Ao, A1)l <cpf? |la| (Ao,A1)y

MBS

1
<, 07 ||a (Ao,Al)’apr (/ t
0

e
t ) t

B[N
SSIN)

i
=y 0 [la| (Ao, Ar)g -

(iv) Similarly to (iii), with ¢ independent of § we have K(t,a) < c||a| (Ao, Al)’ffg/looﬂ

and compute

N[

||a|<Ao,A1>'f_9,p||:< [ o R dt>p

<lla | (A0,A1) /5 oo <cllal (Ao, ADK 4, |
1 . 1
o dt _ dt\»
< C/”CL| (AO?Al)Ilca/Q,ooH(/ t2pt+/ t(@ 1p t) .
0 1
ST

Since 2 < % <3for0<6< %, the statement is proven as we have
2 1\ (12-0)"
P — P 1
—+—) =|-——=] ~0 7. O
(5+1-4) (91-9)

4.2 'Two theorems on the equivalence of interpolation

and extrapolation

In [KMO05], the authors take effort to prove certain equivalence statements not only for
interpolation and extrapolation of Banach spaces, but of quasi-Banach spaces as well by
appending certain conditions. We omit all specifications needed for this purpose and limit
ourselves to a less general study that suffices for the spaces of Chapter 3.

Now that we want to extrapolate scales of interpolation spaces, we need to make sure
that the constructions Yy(logY)? , and Yjy(logY'), , are well-defined in such a case — this
corresponds to an adequate choice of the interval © such that the scales are compatible in
the sense of Definition 3.1.
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Lemma 4.5 (Compatibility of the K-interpolation scale). Let (Ao, A1) € G with Ay — Ay,
andlet1 < ¢ < oo. Let © = [0,n)U{1} with0 < n < 1. The scale {Yy}oco. Yo = (Ao, A1)y,
for0 <0 <n, Yo= Ay, Y1 = Ay is a compatible family of Banach spaces.

Proof. 1t is clear that for any 6y < 0; in © we have (cf. [BL76] for this fact)

AO — (Ao,A ) (A[),A ) — Al

0o,q 01,9

Our aim is to prove that the embeddings between the interpolation spaces are uniformly
bounded. Let 0 < 6y < 0; < n. As Ay — A;, we have K(t,a) ~ t]a| Ay for ¢ < 1.
Therefore it holds with ¢ independent of 6y, 61

1 o0
_ —01 q dt —0 q dt
||a|(AO7 )gquq /O{t K(t,a)} t+/1 { % K(t,a)} 7
Stllal Arll =t=%.¢%0—01
1 oo
dt dt
<cllal iy [ 0070 S [Tl a) <
0 t 1 t
1- ' de > q dt
= q q(1—00) -0 ar
ettty [0 L [Tl ra)
1 [e.e]
0 q dt _0 q dt
Scl—'f] i [t OK(t,a)} t+/1 [t OK(t,a)} =
1 g q dt
<c T [t oK(t,a)} = ||a|(Ao,A1)90q|| 0

Theorem 4.6 (Equivalence of abstract spaces and weighted interpolation). Let (Ag, A1) €
Gy with Ay — Ay and 1 < q < oo, and let 0 < 0 < 1. Choose n such that § <n < 1. Let
{Vitico, © = [0,n) U{1} be given by Y; = (Ao, A1), for 0 <t <n and Yy = Ay, Y1 = Ay

Let ¢ be a function satisfying condition (3.2), and let € > 0 be such that (0,0 +¢] C ©.
Define the weight w by

c ds .
=) (s ! ) if g < oo
w(t) = </0 [ ( )} 5 for t>0. (4.6)
sup £~ (s) if q=o00
0<s<e

Then it holds w(t) < oo and, in the sense of equivalent norms,
Yy(logY)7:, = (Ao, A1),

Proof. The fact is stated in [KMO05, p. 74] without proof. We prove the statement for

q < 00, the other case follows by the same arguments. The weight w is finite, as ¢ satisfies
(3.2). It holds

17196006l 2 ([ i) 151 o ] )
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Kmgihod ( / (s / T [k )" & d)
o ([ [ 43
([T Koo ) .

Lemma 4.7 (Compatibility of the J-interpolation scale). Let (Ag, A1) € G2 with Ag — Ay,
and let1 < g < oo. Let © = {0}U(n, 1] with 0 < n < 1. The scale {Yy}oco, Yo = (Ao, A1)7,
forn <6 <1,Yy= Ay, Y1 = Ay is a compatible family of Banach spaces.

Proof. As for the K scale, we only need to show that the embeddings are uniformly
bounded. It is readily seen that the discrete norm of (Ag, A1)y,

to the continuous norm with constants independent of § (cf. [BL76, Lemma 3.2.3]).

1)a, 0 <0 <1, is equivalent

Let n <6y <6, <1. As Ay — A;, we have J(t,a) ~ ||a|Ao|| for t < 1 uniformly w.r.t.

t. Take any decomposition a = Y ez uk, ur € Ap, and choose another decomposition

a =3 ez vj by

0
> w if j=0, v; =0 if j <0, v; =uy if j > 0.

k=—oc0

Then we have with ¢ independent of 6, 6,

J is norm q >
lla | (Ao, A1)i I < 22 (2 )T < ( Yoo JMu) | 4+ 27 (28w
j=0 k= ‘“/—’ k=1 _5—kogq
% <clla] Ao =
q
Ao‘—>A1 ( Z J —90k . 290k> + Z 2—k90qJ<2k7 Uk)q
k=—o00 k=1

a
q’

Holder ( Z 90— k90qJ ) ( Z 2k90q> _i_ika@oqt](zk’uk)q

k=—o00 k=—o00 k=1

:(1 2—1@0<I’>
1 7
<e(rmar) 22w

»Q\‘,Q

Notice that the decomposition a = 3_, v; is appropriate, i.e. vy € Ay, if the above right
hand side is finite. By taking the infimum over all possible decompositions a = Y, us such

that this is the case, we conclude that

L
q

1
lal (Ao, A7l < ¢ (157 ) " lla] (Ao, A, 0

—92-nq
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Theorem 4.8 (Equivalence of abstract spaces and weighted interpolation). Let (Ao, A1) €
Gy with Ay — Ay and 1 < q¢ < oo, and let 0 < 6 < 1. Choose n such that 0 <n < 6. Let
{Yi}ieo, © = {0} U (1, 1] be given by Y; = (Ao, A1)Y, forn <t <1 and Yy = Ay, Y1 = Ay,

Let 1) be a function satisfying condition (3.6), and let € > 0 be such that [0 —€,0) C O.
Define the weight w* by (set % + % =1)

s [s0-t17 dt v
1 l ] ) if ¢>1
o (s) = (/0 ztt) t | for  s>0. (4.7)
OS<1;I<)£ ¢(t) Zf 1= !

Then it holds w*(t) < co and, in the sense of equivalent norms,

Yo(logY)y , = (Ao, A1)7.

7q.

Proof. We modify the proofs of Theorems 2.1, 2.2 and 2.3 in [KMO05].

Let f € Yp(logY), . Select a decomposition f = [; g(t) S with g(¢) € Yy_¢ such that

([ o150 13- dt) < 211f | Yo(log V)3,

Similarly, for any g(t) € Yp_, take v(t,s) € AgN Ay with g(t) = [;° v(t,s) 9 such that

(/000 [st’eJ(s,v(t, 8))}(1 ?)2 < 2||g(t) | (onAl)ézt,qH-

Now let u( fo , hence by the definitions and Fubini it holds f = fo Cls .
It is seen below that J(s,u( )) < oo and hence u(s) € AgN A; as J(s,-) is an equlvalent
norm on AgN A;. For the same reason we know that the J-functional satisfies the triangle
inequality. Making use of this fact and then applying Holder’s inequality yields

J(s,u(s)) < /05 J(s,v(t, s)) Cit = 05 fe(fg J(s,v(t,s)) - ;}(;; it

2 ([ oroeon 8 ([ ] %)

We conclude that

1£ 1 (Ao, AL

|<<// t)s"0J (s, 0(t, ))}qgtltisf 2005,/06/28ve
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Fubin (/ng(t)q (/OOO [s0(s, u(t, 5))]” ?) it) L <Allf [ Yallog Yy |

<2|lg(t) | (Ao, A1)7, II9

As all of the above expressions are finite, we have J(s,u(s)) < oo and the decomposition

of f is chosen appropriately.

Now let f € (Ag, A1)+, Select a decomposition f = [ u(s) 4 with u(s) € AgN A,
such that

([ @ty ) < 201 A
Let
¢(t5):M for 0<t<e (4.8)
9 t .

’ —1 ’
89—1& ] q dt /8 [Sﬁ—t ] q dt
(t,s)! — = — — | =1 4.9
2 [ o (/ o) 1) \L o] 9
For ¢ = 1, note that ¢ is continuous by (3.6) and therefore w* and ¢ are. Hence for ¢ = 1
and 0 < ¢; < 1 there is an interval I(s) C (0,¢), 0 < s < 0o, such that ¢; < ¢(t,s) <1 for

t € I(s). Let |I(s)| be the length of the interval I(s), then we define a partition of the
unity by

O(t, ) = {W’S)q/ = (19 e (.8 x(0.00.  (410)

Tk () i g=1

Let g(t) = [ ®(t, s) u(s) <, then

© g )t s g [°
f:/ uls) 849)// (t, 5) u(s) L 45 P /g(t)t.
0 0

In the course of the following computations it is seen that [g(¢) | (Ao, A1)7_, |l < oo,

therefore ¢(t) € Yp—;. Now we have for 1 < ¢ < oo (the other case works the same way)

I 1¥allog )il £ [ [000) o) | (o A0l

2o [Tl et ue) 7

=d(t,s) J(s,u(s))
ubini c t— q dt d
P [ st [ pws e S

——— S

:Z@EZ; by (4.8)

_ /OOO [w*(s)J(s,u(s))]q/OE E((fj))r ‘f C;S. (4.11)
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Now for ¢ > 1 we recall the formula (¢ — 1)g = ¢/, hence by (4.10) and (4.9) it holds

5 @(t,S) q ﬁ_ € (q/il)qg_ € q/ﬂ_
/0 [(Jﬁ(t,S)] t _/0 o(t:5) ; —/0 ot s) — =1

For ¢ = 1, it holds

This yields

o ds .
I Yattow gl < (2 [ wetsue ) <l (o i) O

4.3 Grand Lebesgue spaces

We want to replace the scale used to obtain the grand Lebesgue space through extrapolation
by interpolation spaces, such that the assumptions of Theorem 4.6 are satisfied and we can

derive a norm using the non decreasing rearrangement f*. We need the following lemmas.

Lemma 4.9. It holds with constants independent of 6 for 0 <6 <1 and1<qg<p<

1 1 1-6 6
(1= 0)7 I1f [ (L, Lp)g,ll ~ Ilf | Loyl for . + > (4.12)

Proof. The proof is taken from [FK04].

Let n be given by % = 1%’7, then by Example 1.5 we have L, = (L,, L ) . Hence, we
can apply the Holmstedt formula (1.26) with ¢; = p and 6; = 7,

m S

1
oo d P
b ([ s, o) )
.

Then

R e ds dt
A= O (L LS P~ (=) [ 1070 [ [k iy, 1)) <2
t

7 s t
u lnl o — S dt d
bt (1—9)/ s ”K(s,f;Lq,Loo)]p/ L(1-6)p 5
0 0 t S
[ S —
:p(1170) gnp(1—0)
1 p ds

o R L L) S U L P
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For r given by 1 = 1%;79 we have (Ly, Loo)Y, ) = L,,, and we see that

no,p —

1_1-(1-3)¢ 1-0 0 .
ro q g p

Lemma 4.10. For any 0 < g9 < min(1l,p — 1) and 1 < p < oo, it holds
1
11 Ll ~ sup &2 ||| (L, Lp)i—e ool (4.13)
0<e<ep

Proof. We follow the proof of [FK04].
Take Lemma 4.9 with 1 < g<p,r=p—¢,0 < e < 1. Then we determine 6 as in

(4.12) by
Lo_1-0,0 9:< 1 _1><pq>.
p—e q p p—¢c q)\q¢-p

If welet 0 <n<1begivenbyn=1-— %, as it is done in the proof of Lemma 4.9, we

derive .
p— ST 2T e
(e —p)n (e —=p)n
where 11 o 1 << ( )17 and hence a ~ 1 uniformly w.r.t. €. Now, we use the norm (2.6)

and see by Lemma 4.9 that

lg| Lyl ~ sup v llg| Ly pll ~ sup > [l (Lg, L)yl

0<e<eo 0<e<eo

Lemma 4.4 (i) states that ev 19| (Lgs L) aepll = cpallg ] (Lgs Lp)Y gz ool hence

gl Lyl 2 sup ¥ llg| (Lg Lp)¥ ae ol
0<e<eg

We know from Lemma 4.4 (iv) that v llg|(Lg, L )1 oég’p|| < ¢pallg| (Lg, L )1 ae/QOOH

hence on the other hand

Lemma 4.4

1
g1 Lol < cpa sup e [lg] (Lgs Lp)ae /ool

0<e<eo
1 1
= QPCP:CY Sup ¢er Hg | (LQ’ Lp)llc—oaa,oo”
0<E<60/2
1
< C;,a sup &r ||g|(quLp)11C—s,oo”‘ []
0<e<eo

This norm is essentially the norm of an extrapolation space where we have extrapolated
a scale of interpolation spaces. Therefore, we can now formulate the interpolation charac-
terisation for the grand Lebesgue spaces as follows using the equivalence of interpolation

and extrapolation.
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Theorem 4.11. Let 1 < p < oo and 1 < q < p. Further, let 0 < g9 < min(1,p — 1),
g0 <1 <1andYy= (L, Ly)yo for 0 <0 <mn, Yy= L, and Yy = L,. Thus, {Yy}oco with
© =[0,n) U {1} is a compatible family of Banach spaces by Lemma 4.5. It holds

Ly) = (Lqg, Lp)g,oo = Yo(log Y)Iﬁoo (4.14)
(in the sense of equivalent norms) with

w(t) = sup 1 ev. (4.15)

0<e<eo

Proof. By Theorem 4.6 it holds

(Lp, Ly)y oo = Yo(logY)T _ for w(s) = sup teb.

0<e<eg

From Lemma 4.2 (i) we know that (Lg, L,)5 o = (L, L)k o with

w(t) =t )= sup t=Lew

0<e<eg

and the second equality in (4.14) is proven. We immediately get the first equality by

Def. 1 (4.13)
I/ 1Yo(logY)T || = sup v ||f|YC]] =" |[f I Lyl O
p’ 0<e<eo N——
=1f 1 (Lp: L) Sl

= £ 1 (La:Lp) T e ool

Corollary 4.12. Let 1 <p < oo and 1 < g < p.

i) It holds in the sense of equivalent norms L,y = (L., L,)~ _ forw(t) =t~'(1—1Int _%,
P) q P/w,00
0<t<l1.

(ii) It holds
1| Lyl ~ Sup (1—Int)" (/ 7 pds> . (4.16)

| f | Lyl ~ sup (1—Int)” (/ (s pds) Ctlt (4.17)

Proof. (i) Take w(t) from (4.15). It holds by Lemma 3.6

w(t) =t" sup ter ~t (1—Int)"5 for 0<t<l,
0<e<eo
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Since we have

dt ! dt o dt
/ min(1,t) w(t) — /(1—lnt)P+/ ot — < o0,
¢ t t

we derive from Lemma 4.2 that we need to consider w(t) only for 0 < ¢ < 1, hence it holds

£ 1yl ~ sup w(OK(E S Ly, L) ~ sup w(OK(E fi Ly, L)

0<t<1

~ sup t (1 —Int) v K(t, f; Ly, Ly). (4.18)

0<t<1

(ii) [FKO04] give an argument that we present in detail. We take the following formula
that has been proven by Holmstedt, cf. [Hol70, Theorem 4.1]: Let 1 < ¢ < p < oo and
1-1 —% (note that a > 1). Then (the upper border of the second integral is 1 as [Q2| = 1)

K(t, f; Ly, Ly) ~ (/0 f*(s)? ds)q +t </ta f*(s)pds>p (4.19)

for 0 <t < 1. Write 8 = a™! < 1. Take any 0 < € < B(1 — 1/p). As in that case,

t=P+(1 —In tﬁ)_% is monotonically decreasing for 0 < ¢ < 1, we have

Y1) (/f qu) zt—5</ot[t—5+€(1—1ntﬂ)—if*(s)}qu>é
Sw(/o [sHH44(1 = fins)” ;f*(s>]qu>2

=t° (/0 [s%(l — fIn S)fif*(s)}qsqe T) '

Holder 1 1 t ds ‘
< tF < sup s#(1 —fln s)wf*(s)) (/ s )
0<s<t 0 S

—_————
=)'
< ¢qe SUD 3%(1 —f[ln s)_%f*(s) (4.20)
0<s<1
= Cge SUD (23)%(1 — fln 25)_%f*(25).
0<s<%

Note that the expression (4.20) is in fact an equivalent quasinorm of the Lorentz-Zygmund
space L, «(log L)_1. We use this later on, cf. Section 4.5. Now, by the monotonicity of

f*, it holds

1
P

f(2s) = s (/ 8 f*(2s)? dx) ’ |Ql§:1 s < [ (x)? dx) ’ : (4.21)
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Therefore, by taking the supremum over the previous inequality and changing variables

t? — t and s® — s respectively, it holds

sup t (1 —Int)” </ fr(s qu) < ¢pge sup (1—Ins)” (/ F( pdx) (4.22)
0<t<1 0<s<1

Finally, we conclude by (4.18) and (4.19) that

Hf\Lp)Hwosgpt (1—1Int)" [(/ (s qu) +t</f pds)]
>Os<1tl£)11—lnt </f pds)

and

1Lyl S sup ¢7'(1 —Int)” (/ (s qu) + sup (1 —1Int)~ (/f pds)
0<t<1 0<t<1

(4.22)
< sup (1 —1Int)™ (/f pds)
0<t<1

(4.16) now follows, if we again change the variable in the supremum t — t°, as with
constants depending only on S it holds (1 — f1n t)_% ~(1—In t)_%, 0<t<l.

(iii) We take the Holmstedt formula (1.24) for (Ag, A1) = (L1,Ls) and Xy = L, =
(L1, Lo )l/q gand Xy = L, = (Ll,Loo)’f/p,,p. Then, we apply the formula (cf. [BL76,
Theorem 5.2.1])

Ko, it L)~ (| PGy ds)i (123

and derive the following formula that Holmstedt also used in his proof of (4.19) (cf. [Hol70,

eq. (4.5)]):
K(t, f: Ly, L) ~ ( / f**<s>qu)q it ( [ ds> '

This is the same formula as (4.19), except that f** is now in the place of f*. As f** is
monotonically decreasing, just as f* is, we can use the same reasoning as in (ii) to prove

the remaining norm (4.17). O
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4.4 Small Lebesgue spaces

Before we can establish the main theorem of this section, which provides an interpolation
characterisation of small Lebesgue spaces, we need the following two lemmas, which give

us another norm for L.

Lemma 4.13. [t holds with constants independent of 0 < 6 < 1

1 1 1-6
07 | f 1 (Lr, Loo)y, | ~ | f | Lol for i : (4.24)

9

Proof. We again use formula (4.23). Now, by = , we calculate directly:

- 11 (o LS, 2 0 [ 10K 0 L >Tﬁ

oo t" dt
4. / por / £4(s) ds & / / 6= f*(s)" ds —
0 0
e [e%¢] T d
S / / O~ f*(s)" ds —
o Jo T
Fugini / f* (S)T/ ‘97_—9—1 drds
0 s
oo o0 d
— / sfef*(s)’”ds — / Slfef*(s)ris
0 0 s

1_1

=t e ds .
A O T =
0 s
Lemma 4.14. For any 0 < gg < min(1,p’ — 1) and 1 < p < o0, it holds

g1 Ll Ngl%f Z inf & [|ge | (Ly, Loo) 731 (4.25)

9k 10<a<

Proof. We follow the proof of [FKO04].

TakeLemma413W1thr—p,q-p+5 O<e<landf=1- —75w1th7~1.

It follows ||gx | Lptep| ~ ev llgk | (Lp, Loo) Recalling the norm (2.11), we see that

el

91 Lol ~ lnf Z inf ¥ ||gzc|Lp+ep||~gHzl:f Z inf ge | (L, Loo)5e -

This needs to be compared with the norm (4.25).

For the first inequality, we show that with constants independent of ¢ it holds

1
&7 [lgr [ (L, Loo)5

’YE 7p

IS llg | (L, Loo)s.

75,1”'

(4.26)
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Let us start by

Lemma
1 4.4(i1) 141
e [lgn | (L Lol < eyeme’ ™% [lgi | (Lpy Loo) S |
= 42 [lgn | (Lp, Loo)2 1 I (4.27)

We notice that in the proof of Lemma 4.3, none of the constants of the estimates depends

on the weight w. If we take w(t) = t~7¢, then it holds according to (4.1)

1 [ dt o dt 1 1
w*(s) = / et — +/ 7 — =5 —+ < 00
s Jo t s t ve 1—ne¢

Note that 0 < ve < %, therefore we have with constants independent of &

1 1 2
<< = wh(s) ~ e T
e  ve(l—ng) e

We can apply Lemma 4.3 and conclude that with constants independent of

g | (L, Loo Sl ~ €7 Mlgie | (L, Loo)5 |- (4.28)

Putting (4.27) and (4.28) together, we get (4.26). We come to the second inequality. For

Lo, — L, on finite measure spaces, it holds by Lemma 4.4 (iii)
1
9w | (Lps Loo)epoall < ey €77 Mlgie | (Lpy Loo)ye I
Combining this with (4.28) yields

inf lge | (Lp, Loo)scall < inf i | (Lp, Loo)Se |

0<e<eo T 0<e<eo/2
J— 3 ‘7
= odnf_ gk | (Lps Loo)yepon
(4.28) 1
< 0<1?<f€0 Cpy EP Hgk | (Lp7 LOO>'Ist,p||' H

Theorem 4.15. For 1 < p < oo, let 0 < g¢ < min(l,p’ — 1), 0 < n < 1—¢ and
Yy = (Loo, Lp)jy forn <6 <1,Yy = Lo and Yy = L,. Thus, {Yy}eco with © = {0}U(n, 1]
s a compatible family of Banach spaces by Lemma 4.7. It holds

[~

L = (Lp, Lo)J. y = Yi(logY) ] (4.29)

,1
P

~|

(in the sense of equivalent norms) with

= sup $ei | (4.30)
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Proof. From Theorem 4.8 we have

1 @ e
(Loo, Ly)ge; = Yi(logY)7 |, with (L sup i -
P U*(S) 0<e<eq 57?
By Lemma 4.2 (i) it holds (Ly, Leo)J ¢ = (Loos Lp)3e 4 With
1 t t . L
= = sup — = sup te?

w*(t) U*(t_l) O0<e<eq tl—eg™ 3’ 0<e<eg

and the second equality of (4.29) is clear.

From now on we follow [FKO04]. We have proven another norm in the previous Lemma
4.14. The remaining arguments are split it into two steps: First, we show L, C (L, L o) 1
and second, Y (log Y)’l C L.

Let g € L(,. We choose gr € (Lp, L )Ek 1, k€ N, with g = >, gx and, thereby, €5 such
that

o0

1
inf ¥ lgi | (Ly, Loo) | > - Z% lgw | (Lp, Loo)Zall- - (4.31)

N2 ! 0<e<eg

g1 Lol 2

Then take u,; € L, N Lo, v € Z, with g, = >, uy, for all k and

> 27 (2% w) < 29k | (Lps Loo)Z 4 - (4.32)

V=—00

Let u, = Y uyx. Then we compute

0 Jisnorm 2 ©
g (Lp, Loo)menll € >0 w*(2)J(2"w,) = > w Z Y, k)
v=—00 v=—00 k=1
e’} o0 _1 1
< Y u) | €, P27V sup e 2vem
N V;m z:: ¢ ( g 1<mI<)OO )
< Y W) swp P2 S IR )
v=—00 0<e<eop k=1
=1
%
= Z Ek Z 2 VEkJ 'U/Vk>
v=—00
(4.3 2) 1 (4.31)

< ZZ%FH%I(LWLOO)Q,N S 8llgl Lol

Let g € Y1(logY)7 . We use the norm (3.8) and have for any J with 277 < g¢ (the

last step is only an index shift)

lg [Y1(logY) s | ~ g:%f > 27 |lgj | (Loo, Lp)i g5 4l

95 j=J

—(LpLo)] |
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> inf Z inf & ¢ ||gj|(LP7LOO)g1||

g= Z g] 0<E<€

(4.25)
= inf Z inf 5 v ||gk|(Lp7L )el”

Ll []
EIp NS | Lol

Corollary 4.16. Let 1 < p < 0.

(i) It holds Ly, = (Ly, Loo)<, for w(t) = (1—Int)77, 0 <t < 1.

||f]L(pH~/O (1-Int)" (/f Pds>p§“. (4.33)

(iii) For f*(s):= % [J f*(x)dx it holds also

v d
Hf|L(pH~/ (1—1Int)" (/ (s pds> tt (4.34)

Proof. (i) As we stated in Lemma 4.2, we need to consider w(t) only for 0 < t < 1 as
Lo, — L, and can choose the weight for ¢ > 1 arbitrarily provided that it satisfies (4.1).
Hence, assume throughout the proof that for 0 < gy < min(1,p’ — 1) as in Theorem 4.15

(i) It holds

(1-Int)"» if O<t<l
w(t) = (4.35)
¢<o if ¢ > 1.

Then (4.1) holds as

e ! © . dt
/ min(1,¢)w )t /(1—lnt) dt—i—/ t7507<oo.
1

By Theorem 4.3 it holds (L, Loo)X 1 = (Lp, Loo)3- , with w*(t) derived as in (4.5). We
compute w*(s) starting from w of (4.35). First, consider the case 0 < s < 1.

> t dt
w*(s) = / min (1, ) w(t) —
0 S t
1 ]
t dt dt
:/ min<1,> (1 —1Int)” P+/ 0 —
0 S t 1 t
o] 1—x 1
e=1cnt / min (1, ¢ ) x rdr+ 1
1 s €o

1-Ins N 1 oo ) 1
TP d:c—i—/ el rdr + —
1 S 1-Ins €o
1 [~ ., 1 1
=p(1—Ins)? —p' + - / e fx rdr+ —. (4.36)
1-Ins €o
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As
o0 o0 1 o0
1—2z -z _—= 11—z
/ e der < / e fx rdr < / e “dx
1-Ins 1-Ins 1-Ins
82 [ee) L 1
= 5 < e Prrdr < os,
1-Ins

we can divide (4.36) by p’ and have
1 11
(1—Ins)7 — (1—3—> <w(s) < (1—Ins)? — (1--)

and therefore w*(s) ~ (1 —In s)i for 0 < s < 1. Now, if we replace p by p’ in Lemma 3.6,

we derive .
w*(s)wﬁ, 0<s<l1.
sup s¢er
0<e<eo

On the other hand, for s > 1 we have

1 [t 1 [ 0o
w*(s) = 3/ (1 — lnt)_% dt + S/ =50 dt + / 4—¢0 (it
0 1 s

= C—p 1 o - 1 } iS*EO
S 1-— €0 1-— Eo S €0
1 1 1
= (c — ) sty — NN
1-— €0 60(1 — 80) sup s° cr
0<e<eo

We conclude that w* is essentially the weight from Theorem 4.15, hence it holds in the
sense of equivalent norms L, = (Ly, Loo)i 1 = (Lp, Loo)S

ii) Starting from the previous statement and the definition of interpolation sSpaces, we
g
see that

> At remmat2 [ dt
If1 Lol ~ / K (t, f5 Ly, Loo) w(t) — "0 / K (t, f; Ly, Loo) w(t)

1
428 / (1—1Int)” (/ ()P ds) dt
0 t
1 1 d
tPNT/ (I—=In7)" (/ fr(s pds) T
0 T

(iii) We first use the monotonicity of f*(¢) and estimate:

/f** pds—/[ ] dsz/ot[f%s)i/os durds:/otf*(s)pds.

2f*(s)
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For the other direction, we slightly modify the proof of Hardy s inequality in [HLP99,
Theorem 327a). Let n > 0, fx(s) := min(f*(s),n) and F,(z) = [; fi(s)ds, therefore
F,(z) = O(z) for z — 0. We have

/O<F"(x)> dx:—ll Fn(x)pci(ml_p)dm

x b= 0

G (F())
P 0+p_1/0 ) ) de

<0 as Fp(z)~z, z—0

< /Ot (F"f)y_l f2(x) da
s ) ' ([ e dx>’1’ |

Dividing by the second factor of the right hand side and raising the result to the power of

[(52) ar< (20) [ ieras

If we take n — oo here, we derive

[rorse [ row)eos(ef frome <

Remark 4.17. As it has been indicated for the Lorentz-Zygmund spaces in Chapter 1,

p yields

the expressions (4.16) and (4.33) that use the decreasing rearrangement f* are in fact

quasinorms. However, the expressions where f* is replaced by f** are norms.

4.5 Embeddings

As it has been indicated in Chapter 2, we use the now obtained quasinorms (4.16) and
(4.33) to give examples for the strict embeddings between the known spaces that are

intermediate spaces of L, and L,_. or L,,. respectively, € > 0 arbitrary.
Corollary 4.18 ([FK04, Remark 4.3]). Let 1 < p < co and § > 0. Then it holds

Lpoo = Ly) = Lyso(log L) 1 (4.37)

Ly(logL)_1 < Ly < Ly(logL)_1_j. (4.38)

1
P

All of these spaces are embedded in L,_. for 0 <e <p—1, and L, is embedded in each

one of them.
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Proof. (4.37) and (4.38) are stated without a proof (except for the fourth and last embed-
ding) in [FK04]. The embeddings between Lorentz-Zygmund spaces and Lebesgue spaces

have already been proven or can be seen easily. We refer to [BR80] for the details, e.g..

The second embedding of (4.37) is already shown in the proof of Corollary 4.12, as we
have estimated expression (4.20) via (4.21) by the norm (4.16). The first embedding is
the one that has already been stated in Proposition 2.4, we prove it as follows: For any
0 <t < 1it holds

(1-Int)" (/f pds) (1—lnt);</tl[f*(3)3;}ps—ld5>;

Holder 1 1 1
< (1—=1Int)"» sup f*(s)s» (/ st ds)
t

t<s<1

D=

— ———
1
=(—Int)P

—Int \? BNt
- (1 - lnt> o, 7(s)es
and by taking the supremum over all ¢ we conclude that ||f|Ly,)| < [|f ] Lpooll-

For (4.38), consider first

1

1 | » »
150~ s ([ [0 =m0 ) as)

< s ([T -mort ) a)
- (/0 [(1 — 1n3)_%f*(3)}p ds)p = | Lp(logL)_%H_

Second, we use the norm (2.6) and interpret ||f|L,_.,| as a function of € in L, ((0, €p)),
which is continuously embedded in Ly/(14ps),((0,€)) for § > 0 by (1.7). Finally, we apply
the equivalent norm (3.13) for the Zygmund spaces that we have already used in the proof
of Proposition 3.7. With 1% = ]% + ¢, hence p* = p — ve with 7 ~ 1, this reads as

(2.6)
1 [ Lyl "~ ,Sup &7 [|f | Ly—e,ll

<e<eg

(L.7) £o 1is p de » N 0 i p de
2 ([T 2l LY~ ([ 01 ] £
(3.13

)
1£1Zy(l0g L) s . a
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Example 4.19. Let 2 = (0,1) and 1 < p < oo. The inclusions in Corollary 4.18 are sharp
as we show by the following examples. The first example is taken (with modifications)
from [Gre93, Example 2.3]. The examples (ii) to (iv) are taken from [FK04, Remark 4.4].

(i) We are looking for f; € L,(log L)_1 with f; ¢ L, . By (4.38) we then know that
f1 € L. Let us assume that for 0 <t <1

fi(t) = Z agxm, Wwith Ep = [mgi1,me), ax >0
k=1

where {m;}32, is a monotone sequence of numbers in (0,1) with my — 0. We
—00

choose my and a;, for k > 1 by

1
1-k3 k\?
my =€ and ar,=1—1] .

myg

Then

| f1] Lpooll = sup t%fl(t) > lim myra = lim k» = oo
0<it<1 k—oc0 k—o0

and on the other hand, as (1 — Int)~! is monotonically increasing, it holds

£ Lp(log L) || = (0 1f1_(121t ) (i - 1f1—(131tdt>

ME4+1
1

a? P
Z my — mk+1 T

1 —lnmk

We could also compute directly that

I f1] Lyl = sup (1—1Int)” </ fis pds)

< sup (1 — Inmy)” i( £i(s )pds)p

IN

1

2 kE\r S |
o3k =3k—1y < L .
Y (S A) <

i MS i

keN

1 1 1 1

1\? (&M — My g 1\? (k(k+1)\?
= — Ei < — — 7 )
§2§<k3) ( - ”) —i‘gg(ks> < 2 =0

n=1

(i) fo(t) =t 7(1—Int)r € Lypeo(log L)_1, but fo & Ly.

| fo] Lpcllog L) sl = sup t5(1—1Int) vt 5(1—Int)r =1 < 00

0<t<1
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3=

1
I f2| Ly Zli_rg(l—lnt)_% (/ (1—lns)ds> = lim(1 — Int)? = 0o
t

S t—0

(iii) f5(t) = e Ly, but f3 ¢ L,(log L)_% as

! P ([0 )
Ifs] Ly(log L)_s || = (/ (1—Int) 1! dt) =Lt (/ dx) N,
P 0 1 X

(iv) fa(t) = t_%(l —Int)*, 0 <a<disin Ly(log L)_%_(; for 6 > 0, but fs & L.

1 1
' S dz\ ?
Hf4|Lp(10gL>_1_5||:</ (1—In¢)~t=0ew t) —1:”(/ o (=a)p w) >
p 0 ) T

1 d %
1f4] Ly 2;%(1—1110—% (/ (1—lns)°‘p8> ~1lim(1 — Int)* = 0o
t

S t—0

Corollary 4.20 ([CK14] and [CF05]). Let 1 <p < oo and 0 < § < min(1,p —1). Then it
holds

Lya(log L) = Ly = Ly, (4.39)

Ly(log L)1 s < L = Ly(log L) (4.40)

All of these spaces are embedded in L,, whereas Ly, . is embedded in each one of them for

e > 0.

Proof. This can be seen from Corollary 4.18 by taking associate spaces and replacing p’
by p. The associate spaces of Lorentz-Zygmund spaces can be derived e.g. as the authors
in [CFT04] do. O

Example 4.21. Let Q = (0,1) and 1 < p < co. We only give one simple example that does
not cover all embeddings in Corollary 4.20. For v > 0 we consider f,(t) = v (1—Int)=t=7
(cf. [CFG17, p. 678]). Then f, € L, if and only if v > 0, as

1 ¢ 3
rodt
| fy I Ll = / (1— lnt)_% </ 571 (1 —Ins)~P0+Y) ds) -
0 0

1

1 00 P
v=lzhns / (1—1In t)*% </ 2 P(1+7) dx) dt
0 1-Int t

1 dt i [ d
~/ (1 —1Int) 7 (1 —lnt) 0+ 2 =L t/ L
0 13 1 T
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At the same time f, € Ly(log L)1 5, 6 > 0, if and only if v > 6, as

1 !
1o | Ly(log L) 1 4]l = ( / (1 = Ing) PH Ty dt)
P 0

1 % 00 %
— </ (1— 1nt)—1+p(5—7) dt) T=1cInt (/ 7p(6=7) dT)
0 t 1 T

Furthermore, fo € Ly, and f, € L,1(log L), if and only if v > z%‘ For Ly(log L) and
P P
L, 1, we are in the same situation as for L,, i.e. f, is contained in these spaces if and only

if v > 0 (we omit the computations, that are similar to the previous ones).
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