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Zusammenfassung

In dieser Arbeit werden die Grundlagen von zwei haufig auftretenden Merk-
malen unserer Naturgesetze untersucht: Eichsymmetrien und Quantisierung.
Durch die Betrachtung dieser Merkmale im mathematischen Rahmen von
Homotopie-Algebren wollen wir neue Methoden zur Berechnung physikalischer
Observablen beschreiben, insbesondere in der Kosmologie und der Quanten-
mechanik.

Zunichst befassen wir uns mit dem Problem der Eichredundanzen, die
es schwer machen zu erkennen, welche Grofien eine physikalische Bedeu-
tung haben. Im Jahr 1980 erreichte Bardeen dieses Ziel in der kosmologis-
chen Storungstheorie zu erster Ordnung. Die Frage, ob dieses Verfahren auf
die perturbative Expansion von Eichtheorien aller Ordnungen ausgedehnt wer-
den kann, ist seitdem jedoch offen geblieben. Wir zeigen, dass die Um-
formulierung von Eichtheorien in eichinvariante Felder als ein Transfer von
homotopie-algebraischer Strukturen verstanden werden kann. Unter Verwen-
dung dieses mathematischen Rahmens erweitern wir dann die Giiltigkeit der
Bardeen-Variablen auf perturbative Eichtheorien zu allen Ordnungen.

Nach der Einfiihrung eines systematisches Verfahrens fiir die eichinvariante
Storungstheorie betrachten wir die Berechnung von Observablen in der Dop-
pelfeldtheorie um zeitabhdngige Hintergriinde. Indem wir die Doppelfeldtheorie
um zeitabhédngige Hintergriinde quadratischer und kubischer Ordnung erweit-
ern und die quadratische Wirkung in den eichinvarianten Variablen ausdriicken,
schaffen wir eine Grundlage fiir zukiinftige Berechnungen, insbesondere zur Un-
tersuchung des Einflusses massiver Stringmoden in kosmologischen Hintergriin-
den.

Zum Schluss betrachten wir einen anderen Ansatz zur Berechnung von
Erwartungswerten in der Quantenmechanik. Obwohl die Pfadintegralfor-

mulierung der Quantenmechanik fiir den Fortschritt der Quantentheorie von
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entscheidender Bedeutung war, fehlt ihr immer noch eine strenge mathematis-
che Definition. Die Reduktion eines unendlich-dimensionalen Raums von klas-
sisch erlaubten Trajektorien auf einen Erwartungswert, der lediglich eine Funk-
tion der Anfangs- und Endrandbedingungen ist, hat jedoch eine homotopiealge-
braische Interpretation. Mit Hilfe des Batalin-Vilkovisky-Formalismus, der eng
mit Homotopie-Lie-Algebren verwandt ist, entwickeln wir einen homologischen
Ansatz zur Berechnung von Quantenerwartungswerten. Als Beispiel betrachten
wir den harmonischen Oszillator und zeigen, dass unsere Methode auch im Kon-
text der Quantenfeldtheorie in gekriimmter Raumzeit verwendet werden kann,

indem wir den Unruh-Effekt berechnen.



Abstract

This thesis examines the underpinnings of two frequently manifest features of
our laws of nature: gauge symmetries and quantization. By studying these fea-
tures through the mathematical framework of homotopy algebras, we aim to de-
scribe new methods towards the computation of physical observables, in partic-
ular for cosmology and quantum mechanics.

First, we deal with the problem of gauge redundancies, which make it difficult
to discern which quantities have physical meaning. In 1980, Bardeen introduced
a procedure to achieve this goal in first order cosmological perturbation theory.
However, the question whether this procedure can be extended to the pertur-
bative expansion of gauge theories to all orders has remained open since then.
We show that, in general, the reformulation of gauge theories in gauge invariant
fields has the interpretation of transferring homotopy algebraic structure. Util-
ising this mathematical framework, we then generalize Bardeen’s procedure to
perturbative expansions of gauge theories to all orders in perturbations.

After establishing a systematic procedure for gauge invariant perturbation
theory, we set up the stage for computing observables in double field theory
around time-dependent backgrounds. Double field theory not only has T-duality
as a manifest symmetry, which is expected to be important in string cosmology
proposals, but is also (in its weakly constrained form) a description of massive
string modes, and hence is a suitable arena to investigate the imprint of massive
string modes in cosmological backgrounds. By expanding double field theory
around time-dependent backgrounds to quadratic and cubic order and express-
ing the quadratic action in terms of gauge invariant variables, we provide a basis
for future computations.

Finally, we describe a different approach for computing expectation values in
quantum mechanics. Though having been essential for the progress of quantum
theory, the path integral formulation of quantum mechanics still lacks a rigorous
mathematical definition. However, the act of reducing an infinite-dimensional
space of classically allowed trajectories into an expectation value which is merely
a function of the initial and final boundary conditions does have a homotopy
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algebraic interpretation. Through the Batalin-Vilkovisky formalism, which is
closely related to homotopy Lie algebras, we build a homological approach for
computing quantum expectation values. We demonstrate our method for the
harmonic oscillator and we show that our method can also be used in the context

of quantum field theory in curved spacetime by rederiving the Unruh effect.
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Chapter 1

Introduction

1.1 Motivation and Overview

In the development of modern physics, symmetries have become guiding prin-
ciples in the way we characterize the laws of nature. A key discovery in the late
1800s, the speed of light was found to be the same regardless of the reference
frame. Shortly after, physicists realized that Maxwell’s equations of electromag-
netism are invariant under what came to be known as Lorentz transformations.
Between 1905 and 1907, special relativity was born with two postulates: the speed
of light is the same in all inertial reference frames, which are frames that move at
constant velocity relative to each other, and the laws of physics must be the same
in all inertial reference frames.

In 1918, Noether paved the way for physicists to look at symmetries as not
physical consequences but rather as features from which physics can be derived.
Noether’s first theorem states that for every continuous global symmetry of an
action of a theory there is a conserved current. She gave us the intuition that
symmetries give rise to physical laws. Since then, many symmetries and conser-
vation laws were uncovered.

Moreover, it was realized that a kind of symmetry, called gauge symmetry, can
simplify the formulations of our fundamental theories, such as general relativity
and electromagnetism. Gauge symmetries are symmetries of the way we char-
acterize theories: observables are measured relative to a reference value called
a gauge, and our laws of physics must stay the same regardless of the choice
of gauge. Unlike global symmetries, which imply conserved quantities, gauge
symmetries are local symmetries that are redundancies of our formulations. De-
spite their redundancies, they have helped us attain the most concise descrip-
tions of the four fundamental forces: general relativity, whose gauge group is the
group of spacetime diffeomorphisms, and the Standard Model, which contains



U(1) x SU(2) for the electroweak interaction and SU(3) for the strong interac-
tion. With gauge symmetries, new particles were predicted and experimentally
measured. Most recently, the Higgs boson, hypothesized through symmetry ar-
guments, was verified almost 50 years after its prediction. In addition, the ob-
servation of gravitational waves and their two polarizations predicted through
gauge symmetry have attested to the applicability to general relativity. In our
quest as theoretical physicists to find a unified description of nature and an-
swer unsolved problems, we have constructed theories with more complicated
symmetries, such as supersymmetry, supergravity theories and string theories.
Though we have yet to experimentally verify our new theories beyond the Stan-
dard Model plus general relativity, it is likely that symmetries will continue to
play an important role along the way.

Although gauge symmetries have been helpful for finding new physics, the
redundancies that accompany them have been obstacles in computing observ-
ables necessary to test our theoretical models of the universe. Symmetries and
redundancies are two sides of the same coin. On one side, a system has a symme-
try when it remains unchanged after the application of a particular set of trans-
formations. On the other side, this is a redundancy in the formulation; there are
different ways of describing the same physical system. Different solutions to an
equation of motion are equivalent and related through a symmetry transforma-
tion. In electrodynamics for instance, the magnetic field is unchanged with the
addition of a curl-free vector field to the electromagnetic potential. Such redun-
dancies have caused problems, especially in the quantum realm where many of
our research questions in theoretical physics lie.

Redundancies make it difficult to quantize a theory. It is easy to see the prob-
lem via the path integral formulation of quantum mechanics, from which quan-
tum field theory and hence the Standard Model are built upon. In the path inte-
gral formulation of quantum mechanics, a particle can take any path on its way
from point A to point B, as long as its trajectory preserves the endpoints. Each
path is not equally likely— the contribution of a path depends on the action eval-
uated on that path— but there is an infinite sea of classically allowed trajectories.
In order to find the probability amplitude of a particle travelling from point A to
point B, one must take the weighted average of its possible paths. Although the
path integral lacks a mathematically rigorous definition, it has the power to suc-
cessfully compute observables. Quantum field theory uses the same technique,
with the integral taken over all possible field configurations that preserve the
boundary conditions. For a theory with gauge redundancy, one must sum over



all gauge-inequivalent field configurations. For this reason, theoretical physicists
must often face the challenge of wandering through the forest of gauge redun-
dancies and follow only the invariant paths. The primary objective of this thesis
is to shed light inside this beautifully symmetric but mysteriously redundant for-
est and unearth its reliable routes.

Taking a bird’s eye perspective, the problem of untangling redundant formu-
lations can be seen as classifying redundant objects into equivalence classes. Once
one determines the appropriate equivalence classes— the ones which are physi-
cally relevant — one only needs to find a representative of the class. By choosing a
representative, one fixes a gauge. Ideally, this choice leads to a convenient com-
putation of observables, but it may not be obvious how to make this choice.

No matter what method may be used to overcome redundancies and solve
for observables, one must be able to produce the physically relevant data of the
theory. This can be described in a rather general way. Considering a free theory

(without interactions), an observable belongs to the kernel of the linear map,
do: f— & (1.1)

where f is the space of fields and £ is the space of equations of motion. For
instance, in electromagnetism, dy acts on the gauge field A,

d(A), = 0A, — 3, (3" Ay). (1.2)

For on-shell fields, the RHS of (1.2) must be zero. The off-shell fields which do
not satisfy the equation of motion play a role in the quantum theory. The gauge
redundancy of fields is encoded by the linear map,

di: g f (1.3)

where g is the space of gauge parameters. This means that given a gauge param-
eter, one can map to a field by its gauge transformation in terms of the gauge pa-
rameter. Taking electromagnetism again as an example, d; would act on a gauge
parameter A as

01(A)y = 9. (1.4)



Because of gauge invariance of the equation of motion, dy acting on a field which

comes from a gauge transformation must be zero:
dpod; =0. (1.5)

Consequently, given an on-shell field A which satisfies the equation of motion
doA = 0, when shifted by a gauge transformation, e.g. A + 914, it still satisfies
the equation of motion. Thus, by taking out the field configurations that are pure
gauge transformations, one obtains the physically relevant observables which be-
long to the quotient space,

H := Kerdy/Imo; . (1.6)

One approach to deal with redundancies besides fixing a gauge is to reformu-
late the theory in terms of gauge invariant variables. This method was developed
by Bardeen in the 1980s in the context of cosmological perturbation theory [1]. In
this method, one examines the gauge transformations of the fields in the theory,
and builds gauge invariant combinations. We can view this as some sort of pro-

jection from the space of fields ¢ to a space of gauge invariant fields ¢:

p:¢p— . (1.7)

Once the theory is rewritten in terms of the gauge invariant variables, the gauge
redundancy is eliminated. One can then proceed to compute observables with-
out worrying about any redundancies. At the level of the free theory, without
interactions, expressing the theory in terms of gauge invariant variables sounds
promising. However, Bardeen’s procedure does not have a prescription for tak-
ing into account higher order interactions in perturbation theory.

Since perturbation theory is ubiquitous in theoretical physics, one cannot help
but wonder if there is any way to improve Bardeen’s procedure to be able to ap-
ply it at all orders in perturbations. The complexity arises because one needs to be
able to take products of fields, or products of fields and gauge parameters— for in-
stance, the gauge transformations of the fields would take on a non-linear piece.
This requires the definition of an algebraic structure on the free theory. Conse-
quently, the reformulation of the interacting theory in terms of gauge invariant
variables should also have an algebraic structure. We know that any reformula-
tion should reproduce the physically relevant data of the theory. If we can find
a modification of p : ¢ — ¢, such that the gauge invariant perturbation theory

gives rise to the same physical observables, then we will have a successful gauge



invariant reformulation of an interacting theory. To study algebraic structures of
perturbation theories which are equivalent in a way that maintains the physical
data belongs to the realm of homotopy algebras.

Roughly speaking, a homotopy algebra is a more generalized notion of an
algebra, in that its multiplication rules only hold up to some error terms. It is
easier to see this with an example. For instance, an associative algebra (4, -) is an

algebra whose multiplication is associative in that
a-(b-c)=(a-b)-c, abceA. (1.8)

A homotopy associative algebra is an algebra whose associativity does not hold

in general, but rather up to an error term:
a-(b-c)—(a-b)-c=Aa,b,c), (1.9)

where A (called the associator) can be thought of as a total derivative. Because
of this failure to uphold the usual multiplication rules, one does not define iso-
morphisms of homotopy algebras, but rather quasi-isomorphisms (which we will
define later in section 1.3). As Vallette put it neatly: ”Algebra is the study of algebraic
structures with respect to isomorphisms....Homotopical algebra is the study of algebraic
structures with respect to quasi-isomorphisms...”[2]. The homotopy algebras that we
will be considering in this thesis are homotopy Lie algebras called L., algebras.
In contrast to a Lie algebra, whose product obeys the Jacobi identity, for an Lo,
algebra the Jacobi identity is only satisfied "up to homotopy". !

The study of homotopy algebraic structures of open and closed string field
theory began in the 90s. It was shown that open string field theory has a homo-
topy associative (A«) algebra, while closed string field theory has a homotopy Lie
(L) algebra [3-5]. In 2016, Sen found a prescription for a consistent truncation
of closed string field theory for massless modes [6]. It turned out that the alge-
braic structure of this effective field theory is an L« algebra. For further reviews
see [7-9]. Lo algebras have since made their presence known in more conven-
tional gauge theories such as Yang-Mills theory and Einstein gravity [10, 11]. In
addition, it is closely related to the Batalin-Vilkovisky (BV) algebra, the structure

IThe term homotopy comes from topology. Two functions are homotopic if they can be con-
nected by a continuous path of continuous maps. Topological structures are homotopy equivalent
when there exists a continuous map f which has an inverse g up to homotopy,i.e. fogand go f
are homotopic to the identity map. Our usage of the term relates to the structures these notions
induce on certain algebraic invariants associated to topological spaces, namely homology.



behind the BV formalism which deals with the gauge redundancies of quantum
field theories [12, 13].

By considering the homotopy algebraic structures of our gauge theories, we
can view their reformulations in terms of gauge invariant variables as a so-called
homotopy transfer, the transfer of homotopy algebraic structure from the original
gauge redundant theory to the gauge invariant theory. Through this interpreta-
tion, we gain a systematic understanding of how theories can be expressed in
terms of gauge invariant variables. As we will illustrate in this thesis, homotopy
transfer is at the core of reducing extraneous information in a theory to a smaller
space of physically meaningful data.

After reformulating a theory in terms of gauge invariant variables, one can
wonder whether homotopy algebras can also be applied to the computation of
observables, especially at the quantum level. Indeed, one can think of computing
quantum expectation values as a problem which also involves the reduction of
superfluous data— like the infinitely many allowed trajectories of a particle to
travel from one point to another — to observables. Using homotopy algebras as

our guide, we introduce a new partial reformulation of quantum mechanics.

Outline of the Thesis

In this thesis, we will explore the application of homotopy algebras in two major
areas of theoretical physics: cosmology and quantum mechanics. In section 1.2
we will dive deeper into how homotopy algebras can encode gauge theories. In
section 1.3 we will review mathematical concepts needed to understand the ho-
motopy algebraic machinery that will be applied to physics later. In chapter 2 we
will extend Bardeen’s procedure to higher orders in perturbation theory by ap-
plying what is called the homological perturbation lemma. We will demonstrate
how the new procedure works for Yang-Mills theory and gravity on flat and cos-
mological backgrounds. We reproduce an important result in cosmological per-
turbation theory which is the Mukhanov-Sasaki action for the gauge invariant
scalar perturbation known as the Mukhanov variable.

In chapter 3, our procedure will be applied in the direction of new physics,
namely for double field theory on cosmological backgrounds. Double field the-
ory is a string-inspired theory which is manifestly invariant under T-duality, a
duality of closed string theory [14-17]. It is a point-particle theory, not a theory of



a strings, formulated on a doubled spacetime. Upon eliminating half of the space-
time coordinates it coincides with the low-energy sector of closed string theory:
the graviton, antisymmetric B-field, and the dilaton. The expansion of double
field theory on cosmological backgrounds to quadratic and cubic order and the
identification of gauge invariant variables are the first steps towards the goal of
learning whether strings could have an imprint in cosmological observations.

In chapter 4, we will advance to the quantum arena. Although there has been
a lot of progress made for addressing the quantization of gauge quantum field
theories through the Batalin-Vilkovisky (BV) formalism, we will have a close look
at the intermediate step: quantum mechanics. In particular we will study the
quantization of a theory with no gauge symmetries at all, namely the harmonic
oscillator in one dimension. It turns out that the same mechanism that takes a
gauge redundant theory and reformulates it in terms of gauge invariant variables
can be used to sum over all the paths that a particle can take between an initial
and a final position and compute a physical observable which is the expectation
value. This leads to a new reformulation of quantum mechanics based on the BV
formalism.

Chapters 2 to 4 are heavily based on the content of the author’s publications.
The results presented in this thesis have been published in the following papers:

[18] Christoph Chiaffrino, Olaf Hohm, and Allison F. Pinto. Gauge Invari-
ant Perturbation Theory via Homotopy Transfer. JHEP, 05:236, 2021. doi:
10.1007 /JHEP05(2021)236.

[19] Christoph Chiaffrino, Olaf Hohm, and Allison F. Pinto. Homological
Quantum Mechanics. 12 2021. arXiv: 2112.11495.

[20] Olaf Hohm and Allison E. Pinto. Cosmological Perturbations in Double
Field Theory. 7 2022. arXiv: 2207.14788.

It is important to acknowledge that the novel mathematical approaches in [18]
and [19] were mostly developed by the coauthor, Christoph Chiaffrino. The au-
thor has contributed to the more applied aspects of these works, most notably,
the applications to cosmological perturbation theory and the computation of the
Unruh effect using the new methods. The results from [20] that are described in
chapter 3 of this thesis were predominantly obtained by the author.



1.2 Physics in Terms of Homotopy Algebras

The main ingredients of a gauge theory are its gauge fields, equations of motion,
and its gauge symmetries. For linear theories, these objects are typically elements
of vector spaces. For example, a scalar field is an element of C*(M), the vector
space of all smooth functions on a manifold M, and the electromagnetic vector
potential is an element of the vector space of differential one-forms. Given a
gauge theory, one often separates its free part, whose equations of motion are
linear differential equations, from its interacting part, whose equations of motion
are non-linear. In the Lo, algebra formulation of a field theory, one organizes the

free theory into a sequence of vector spaces related via linear maps,

gauge parameters — fields — field equations — Noether identities

(1.10)

and the interactions of the full theory are given by multi-linear maps on these

spaces. Let us elaborate on how these structures encode field theories. For sup-
plementary material, see the reviews [21-23].

The sequence in (1.10) is an example of a chain complex. A chain complex

(V,,9) is a sequence of vector spaces V;,
AN Vs 9, 1% 9, Vo 9, V.1 9, ... (1.11)
where the differential 9; is a map which takes an element in V; and maps it to an

element in V;_; and squares to zero:
d;_10; = 0. (1.12)

The subscript i is a label called the degree. The chain complex is an example of a
graded vector space, which we will define in the next section.

How does this chain complex actually encode a free theory? Let us first assign
the convention that the vector space V; is the space of gauge parameters, V) is
the space of fields, V_; is the space of field equations, and V_; is the space of
Noether identities. The differential acting on a gauge parameter is defined to be
the infinitesimal gauge transformation of a field with respect to that parameter to
lowest order in perturbations. Given a gauge parameter A € Vj, the differential
di acts as

oA =bp¢ (1.13)



where the gauge transformation 6,¢ is a linear function of A. The differential

acting on a field is defined to be its equation of motion:
dop = E(¢) . (1.14)
The condition for the differential squaring to zero requires:
90011 = E(6,) = 0. (1.15)

This makes sense because it means that the equations of motion are gauge invari-
ant. For a free theory, the Noether identity is a linear function of the equations of
motion and is identically zero when the equation of motion is written explicitly

in terms of the fields, as it should be:

d-190¢ = d1E(¢p) = f(E(¢)) = 0. (1.16)

One can obtain the action by defining a non-degenerate pairing (-, -). The action
for the free theory is given by

1
S=5(9,9). (117)
Varying the action with respect to the fields,
0S = (0¢ ,E). (1.18)

0S = 0 gives us the field equations E = 0. In this way, the chain complex de-
scribes the free theory, and with a suitable inner product, one can construct the
free action.

To see how this works with an explicit example, let us check these relations
for a simple free theory with gauge symmetry— Maxwell’s theory. Let us use the
same convention for labelling the vector spaces as we did previously, and define
the chain complex starting with V; as the space of gauge parameters:

5} 0 o0_
Vi S5 Vv, % v, = V.,

(A} {Ar} {Eus {f}

(1.19)
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The differentials act as

(01A) = 3y, (1.20)
JA)y =0A, —3,(3Ay), (1.21)
9_1(E) = d,EF. (1.22)

We can check that the differential squares to zero:
80(81/\);4 = 80(8;4)\) = o, A — 8,4(8"8,/)\) =0, (1.23)

We define the inner product (f, g) to be

(f.8) = /f'g d*x. (1.25)

The action is then ,
5= [ AuDAr @A) dx, (1.26)

which, by integrating by parts, yields the familiar form of Maxwell’s action
s—_1 [y prop 1.27
=71 X uv (1.27)

where F,, = 9, Ay — dy Ay, is the field strength.

We have now organized a free theory into a chain complex. To define the
tull theory with interactions, one incorporates multi-linear maps. For example,
if we equip Maxwell’s theory with the appropriate products, we obtain Yang-
Mills theory which has 3-gluon and 4-gluon vertices. For instance, the gauge

transformation for the field gains a non-linear term:
Ay = ayA + [Ay,)\] , (1.28)

where [+, -] is the Lie bracket. So the 2-bracket acting on one field and one gauge
parameter is
bh(A,A) = [AF,A]. (1.29)

By inspecting the equations of motion, one can read off the 2-bracket acting on
tields
bh(A,B) = 9,[AY, B! + [o" A" — 9" A", B,] + (A + B) (1.30)
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and the 3-bracket
bt(A,B,C) = [A,, [BY,CM]] + permutations . (1.31)

One can show that the algebra of Yang-Mills theory is a so-called L. algebra.
An Lo, algebra is a generalization of a Lie algebra, where the Jacobi identity is

satisfied up to an error term. The error term involves a higher product:

ba(b(0,0), 2) + (—1)lba (ba(2, ), ) + (—1) by (b (w0, 2), 0)
= — bi(b3(v,w,2)) — b3(b1(v), w,z) — (=1)lbs(0, by (w), 2) (1.32)
_ (_1)\U|+|w‘b3(v, w,b1(z)),

where |v] is the degree of v. The factors of —1 are present because of the grading
of the algebra, which will be clarified in the next section. These definitions are
in the b-picture of the L, algebra, meaning that the products b; have degree —1
[11]. Since the terms on the RHS of (1.32) look like a total derivative, one says
that the Jacobi identity is satisfied “up to homotopy”. For an L« algebra, this re-
lation extends to higher products, meaning there is a Jacobi identity for b3 which
is satisfied up to terms involving a higher map b4, which satisfies another identity
involving a bs, and so on. An L, algebra is a chain complex equipped with mul-
tilinear maps which satisfy a generalized Jacobi identity. Since there are infinitely
many products with infinitely many entries, one may wonder whether one can
define an L, algebra in closed form. In fact, this can be done and the cleanest
way to define an L, algebra is through its coalgebra. For this reason we start the
next section by reviewing coalgebras, whose defining operations are coproducts,
which take in one input and yield two or more outputs, and are thus in a sense
dual to algebras. Although the coalgebra picture may be structurally simpler to
work with, the algebra picture is still important and perhaps more intuitive.

An interacting theory is encoded through equipping an L., algebra on the
chain complex which describes the free theory. The action for fields ¢ € Xj in the
full interacting theory is given by

5= 5(0,20) + 50,020, 0) + 0 @0 0)) +- g 000 9))

(1.33)

and the equations of motion are given by

E =39+ sba(9) + 3ibs(9,0) + - = 0. (134
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Using this Lo, algebra framework, let us now sketch how reformulations are
described. Given a reformulation of a physical theory, the physically relevant
data must be preserved. Just as we described the physical observables as the
quotient space (1.6) of the kernel of the equations of motion modulo gauge trans-
formations, it is easy to see that the physical observables of the chain complex
(Vs,9) are in its homology

HQ(V.) = Kerao/lmal , (1.35)

where dy maps fields in Vj to equations of motion in V_; and d; maps gauge pa-
rameters in Vj to fields. As hinted earlier, the reformulation of a theory in terms
of its gauge invariant variables has a mathematical meaning, and in the language
of L algebras, it constitutes an operation called homotopy transfer. One starts
with a chain complex with an L algebraic structure, and we ask whether this
algebraic structure can be transferred such that the homologies are equivalent.
The conditions that are needed for the transfer are given by the homotopy trans-
fer theorem, which will be explained in the next section. Once we verify that the
algebraic structure can be transferred, we can determine the non-linear correc-
tions to the gauge invariant variables through a recipe given by the homological
perturbation lemma. This will be discussed in more detail in section 1.3.2.

In order to build a quantum formulation, one can make use of the Batalin-
Vilkovisky (BV) formalism, whose underlying structure is the BV algebra which
is closely related to L. algebras. In fact, the BV algebra is often used to derive a
quantum L algebra [24]. In our work, we apply the BV formalism to compute
quantum expectation values. The BV formalism was originally invented to make
sense of path integrals over gauge redundant field configurations. It is a gener-
alization of BRST quantization and allows for the quantization of theories that
could not otherwise be quantized via BRST, such as theories with open gauge al-
gebras where the algebra of the gauge transformations is closed only when the
equations of motion are satisfied. Unlike with BRST quantization, the BV for-
malism has an underlying algebraic structure on which one can apply homotopy
algebraic techniques. In section 1.3.3 we will define BV algebras and briefly dis-
cuss how they are related to L« algebras.
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1.3 Mathematical Preliminaries

1.3.1 Coalgebras

Coalgebras are dual to algebras in the sense that its defining operation is a co-
product, which takes in one input and gives out two or more outputs. Although
this operation being the opposite of a product might seem unusual, the notion of
a coalgebra comes naturally from an algebra. An algebra (V,b) over a field K is
a vector space V with a bilinear product b : V® V — V. Consider the dual vec-
tor space V*. One can ask, what structure does the product induce on the dual
space? The product induces the map:

AV =-VeV*, (1.36)
where A is defined by
AN (v,w) = AMb(v,w)), forall v,w € Vand A € V*. (1.37)

We consider associative algebras with a unit. From these properties, one can

induce conditions on the coproduct. From associativity one can verify that
(A®id)o A= (id®A)oA. (1.38)
Since the algebra has a unit, one can show
(id®e)oA=id = (e®id) oA, (1.39)

given the map € : V* — K, which is also called a counit. We now give the formal
definition of a coalgebra. A coalgebra (W, A) over a field K is a vector space W
with a coproduct A which satisties (1.38) and (1.39).

As an aside, a notable appearance of the coproduct in physics is in quantum
mechanics, namely in the addition of angular momenta. Consider two particles,
each one being an irreducible representation of the algebra su(2). The total sys-
tem of these two particles is a tensor product representation. The tensor product
representation decomposes into a sum of irreducible representations and the total
angular momentum operator acts as a coproduct.

Just as we can have homomorphisms of algebras, we can have cohomomor-

phisms of coalgebras. Given two coalgebras, S; = (W, A1) and S, = (W, Ay), a
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coalgebra morphism f : S; — S, preserves the above properties of the coproduct
if:
(f®f)ohr=Dy0f (1.40)

and
€eof=e€1, (1.41)

where €1 and €, are the counits of coalgebras S; and Sy, respectively. Analogous
to a derivation on algebras satisfying the Leibniz rule, a coderivation D is a linear

map D : W — W which satisfies the co-Leibniz rule,
AoD = (D®id+id® D)o A. (1.42)

If a coalgebra is equipped with a coderivation which squares to zero, it is called
a differential coalgebra.

Let us now consider coalgebras on a graded vector space. A graded vector
space V is a vector space that can be decomposed into a sum of vector subspaces
Vi,

V=V, (1.43)

and n is called the degree. The notion of a graded vector space is rather general.
One can take any vector space and assign labels to its subspaces. For example, R?
can be a graded vector space— one could label the elements on the x-axis by degree
“blue” and the elements on the y-axis by degree “orange”. Another example of a
graded vector space is the tensor algebra T(V'), which is the sum of all nth tensor

powers of V

T(V)= vo". (1.44)
nelN

This has a natural grading, where the degree-n subspace is the nth tensor power
of V,
T(V)= T"V,  where T'V=V"", (1.45)
nelN
The product is the map b : T"V @ T"V — T"t"V. Hence the tensor algebra is a
graded algebra.
Given a tensor algebra, one can define two distinct coalgebra structures. The

first one is the cofree coalgebra which is dual to the algebra T(V*) in the sense
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that was described at the beginning of this section. It is defined by the coproduct
Aoy vy) = Z(Ul---vi)®(vi+1~--vn), (1.46)

where v; € V and the tensor product in T(V) has been omitted. The brackets
(v1---vp) and (vy,11 - - - vy) are set to the 1. For example,

Av)=1Rv+0v®1,

(1.47)
Alvw) =1® (vw) +vRw+ (vw) ® 1

where v,w € V. This coproduct gives all the possible splittings of the object
v - - - Uy into two parts and preserves the order of the elements. It also preserves
the grading, meaning that the sum of the degrees of the objects on the LHS is the
sum of the degrees of the objects on the RHS.

The second coalgebra is defined by the coproduct

n—1
Avr--on) =3, Y, (Vo) Vo) © (Vo(is1) Vo)) (1.48)
i=1 geS(i,n—i)

where S(p,q) is a permutation of p + g elements called an unshuffle. A (p,q)
unshuffle is a permutation that preserves the order of the first p elements and the
order of the second g elements. An example of an unshulffle is the bridge shuffle
or a riffle of cards, where one takes a deck of cards, splits it into two decks, and
shuffles the two decks together but maintains the relative order in each deck. The
above coproduct (1.48) is defined in two steps. The first is its definition acting on
a degree 1 object,

A(v) =v®1+1®v, where veV CT(V). (1.49)

The second step is to demand that the coproduct is a homomorphism of algebras
A:T(V) = T(V)®T(V) (the tensor product of two algebras over fields is also
an algebra),

A(v102) = A(v1) @ Av2), v1,02 € T(V). (1.50)

With these two definitions, one can extend (1.50) on elements of degree n. The

property of the coproduct being an algebra homomorphism defines what is called
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a bialgebra.”

In the above examples, we have seen that from a vector space, one can build
a tensor algebra. When the vector space itself has no explicit grading, one can
make the tensor algebra a symmetric algebra, by imposing invariance under per-
mutations. However one could also consider the vector space with a grading,
from which a graded symmetric algebra can be defined.

A graded symmetric algebra S¢(V, ) is defined as

S°(Ve) =P Vi (1.51)

n>1

where A is the graded symmetric product and V, is a graded vector space. The
graded symmetric product respects the grading by following the Koszul sign
rule,

onw = (=1)PIPly A, (1.52)

where v and w are homogeneous elements in V,, and |v| and |w| are their respec-
tive degrees. For the graded symmetric product of inhomogeneous elements, one
extends this rule linearly.

One can obtain a graded symmetric coalgebra defined by the coproduct,

A:SE(Va) — S5(Va) @ S(Va), (1.53)
n—1
Ar A= Nog) = Y. e(@) (o) A AVe() @ (Vg(ixy A A Vg(n)) s
i=1 ceS(in—i)
(1.54)

where e(0) is the appropriate sign following the rule in (1.52), i.e.
01 On = e(0)Vg(1) " Vg (n) s (1.55)

and S(i,n — i) are (i,n — i)-unshuffles. The i = 0 term corresponds to 1. In

particular, on a degree 1 element v € V,, the coproduct acts as

Av)=v@1+(-1)Plov=v—0v=0. (1.56)

2In fact, bialgebras appear elsewhere in physics, e.g. Hopf algebras which can be applied in
renormalization techniques in quantum field theory[25, 26].
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For our purposes, let S°(V,) be equipped with a coderivation of degree —1
which squares to zero,

D:S%(V,) = S¢(V.,), D*=0. (1.57)

If one restricts the coderivation to degree n and projects to V., one obtains the

products
b, : VI = V,, (1.58)
of degree —1. These products can be extended to the graded symmetric coalgebra
by defining
Dk(vl/\-'-/\vn) = Z e(a)bk(vg(l),...,va(k))/\~~/\v(,(n), forn < k.

oeS(kn—k) (159)

One can show that Dy is a coderivation on S°(V, ). Now we are ready to define an
L algebra.

An L, algebra is a graded vector space Vo with the products b, taken from
the coderivation acting on the differential graded symmetric coalgebra given by
(SC(V.), A, D). By the nilpotency of the coderivation D, we can derive relations
among the products b,. The first three are:

0 =02, (1.60)
0 = by (b2(vw)) + ba(by (0)w) + (—1) I (0by (w)) , (1.61)
0 = by(ba(v,w),z) + (=1)Flba(ba(z,0), w) + (=1) b, (by (w, 2), 0)
+b1(b3(v,w,2)) + b3 (b1 (), w, z) + (—=1) b3 (v, by (w), 2)
+ (=) Py (v, w, b1 (2)), (1.62)

These relations continue to infinity and they are known as the Lo, relations.® The
first relation (1.60) states that by is nilpotent; this is the differential on V,. Thus,
we see that V, together with b; : Vo — V, defines a chain complex. This was
our starting point for defining an Lo, algebra in the previous section. The sec-
ond relation (1.61) states that b; acts as a derivation of by, and the third relation
(1.62) is the generalized Jacobi identity of by, as already introduced in (1.32). The
condition that the coderivation on the differential graded symmetric coalgebra

3In the literature one often finds these relations with different sign conventions in what is
called the [-picture, where the products [, have degree n — 2, see for instance [22].
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is nilpotent implies the generalized Jacobi identities satisfied by the multi-linear
maps of the Lo, algebra.

We began this subsection with an algebra on a vector space and finding a
coalgebra structure on the dual space. Then we discussed what would happen if
we had an algebraic structure on a graded vector space. Finally, we considered
the graded symmetric algebra and constructed a differential graded symmetric
coalgebra. Given a differential graded symmetric coalgebra (SC(V.),A, D), we

found an L algebraic structure on the graded vector space V.

1.3.2 Homotopy Transfer

Given an algebra (V, b) and a vector space W, can one transfer the algebraic struc-
ture from V to W such that the two algebraic structures are equivalent, i.e. iso-
morphic? The answer is yes, when there exists an isomorphism between V and
W. Let p : V — W be an isomorphism and i : W — V its inverse, then the

transferred product c on W is

c(wy, wp) = p(b(i(w1),i(wy))) - (1.63)

For algebras on chain complexes, the story is not so simple. A morphism
f:(Ve,d) — (W,,d) between two chain complexes, also known as a chain map,

is a family of homomorphisms f; : V; — W; that satisfy

fnflan - E_911](71 . (1.64)
This means that the following diagram must commute:

do

Vo
lf 0
W, —%

\
7

>V — -
|71

(1.65)

~
~

W_1_>

In general one does not have an isomorphism between chain complexes. How-
ever, it is sufficient to consider isomorphisms between the homologies of the
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chain complexes, because this is where the physical data live. Given a chain com-
plex (V,,d) the nth homology group is
Ker 9,

Hu(Ve) = 1 e (1.66)

One can show that a chain map induces a homomorphism on homology groups:
Hu(f) : Hi(Ve) — Hy(W,). If H,(f) is an isomorphism for all #, then the chain
map f is called a quasi-isomorphism. Quasi-isomorphisms of chain complexes
induce isomorphisms on homologies.

If there exist quasi-isomorphisms between the chain complexes, the algebraic
structure can always be transferred. The homotopy transfer theorem states that if
chain maps p : Vo —+ W, and i : W, — V, satisty the relation:

iop=idy —0doh—hoo, (1.67)

where i is a degree +1 map h; : V; — Vi;4, then p and i are quasi-isomorphisms
and therefore the algebraic structure on V, can be transferred to W,. W, is called
a homotopy retract of V,. The new algebraic structure on W, is equivalent to that
on V, up to homotopy, meaning that if V, is equipped with a Lie algebra, then the
transferred structure on W, is an L., algebra. This is exactly what we need since
the Lo structure is what we want to start with and what we want to transfer.

The chain complexes together with the quasi-isomorphisms and homotopy
map h,

(Ve,0), h é (W, 0), (1.68)
1

make up what is called a homotopy equivalence data. If in addition p oi = idy,
W, is called a deformation retract of V,. This condition is important when we
want to invoke the homological perturbation lemma, which will help us find how

these new transferred products act on W,.
Let us now figure out the expressions for the transferred products. For a 2-
product, it is easy to see that we obtain the same expression in (1.63). To find
the transferred 3-product, we have to consider all the possible ways of taking a

product in V,,

c3(wy, wy, w3) = p(bs(i(wr),i(wa),i(ws)))
+ by (h(bz(l(wl) ,Z(ZUQ))) ,i(ZU3)) (1.69)
+ e
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In order to find general expressions for transferring multi-linear products, there
is an efficient recipe that comes from the homological perturbation lemma. If
the multi linear products are small perturbations of the differential on a chain
complex, the homological perturbation lemma gives the necessary conditions for
transferring the algebraic structure of a perturbed chain complex.

Let us first state the homological perturbation lemma. Consider the perturbed
data with perturbation 4,

/

p -
(Va,d+6), W = (W,,d), (1.70)

1‘/

where the perturbed differential squares to zero
(0+0)*=0. (1.71)

The homological perturbation lemma states that the perturbed data is a homo-

topy equivalence data, if i/, p’, and I’ are written as [27]:

i =i—n(id+o6h)"'6i, p' =p—p(id+sh)~1oh,

;L o - L (1.72)
W =—h(id+6h)"h, 3= pdi+ p(id+ oh) 5.

By using the identities (id + 6h)~! = id — (id + 6h) 16k and (id + hé) ! = id —
h(id 4 6h)~15*, the expressions for i’ and p’ can be brought to simpler forms:

i'=(@G{d+hd)" Y, p' =p@d+oh)L. (1.73)

Because we are interested in the homotopy transfer of L., algebras, we want
8 to consist of the products b, : V' — V, except for the linear piece. However,
in order to define the perturbation as § = }_,,~, b,, the homological perturbation

lemma needs to be applied to coalgebras and coalgebra morphisms. In other

4To prove the identity, (id + h6) ! = id — h(id + 6h) 15, let a = (id + 6h)~!. Applying the
identity (id + dh)a = id on the left of ¢ yields

(id + 6h)ad = ad + ohad = 6.
Using this relation, it follows that

(id + h8) (id — had) = id + hé — had — hohad = id + h(5 — ad — 6had) = id..
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words, we need to consider the situation

(S6(Va), 0+ 8), 1 = (S°(WL),3) (1.74)

i
where d and ¢ are extended to act on §°(V,) as in (1.59). Then since d + § make
up a coderivation (1.57) which is nilpotent, the square-zero condition (1.71) is sat-
isfied. For ensuring the homotopy equivalence of coalgebra structures equipped
with coderivations, one cannot use the homological perturbation lemma alone,
since it only maintains that there exist quasi-isomorphisms between chain com-

plexes. However if one imposes extra conditions given by
hoi=0, poh=0, h =0, (1.75)

then W, is called a strong deformation retract of V, and the transferred structure
has the desired coalgebra structure [28]. Then the modified projection and inclu-
sion maps p’ and 7’ in (1.73) are cohomomorphisms. By lifting the maps (1.73) to
the graded symmetric coalgebras, one can derive the transferred products on W,.
This concludes our review of L« algebras.

1.3.3 BV Algebra

A BV algebra is a type of Poisson algebra, the algebraic structure that appears in
classical mechanics. In Hamiltonian mechanics, the possible configurations of a
system can be modelled as a (symplectic) manifold, and the space of real smooth
functions over this manifold is a Poisson algebra. In the BV formalism, in addi-
tion to the classical field content, one introduces opposite parity variables. Hence
the Poisson algebra acquires a grading and is promoted to a graded Poisson alge-
bra. Furthermore, the BV formalism gives rise to quantization by equipping the
graded Poisson algebra with an operator called the BV Laplacian. The resulting
algebraic structure is a BV algebra.

Let us first define a Poisson algebra. A Poisson algebra is an associative com-
mutative algebra (A, -) with a Lie bracket {—, —} that satisfies the Leibniz rule,
meaning that it acts as a derivation on the product -,

{a,b-c} ={a,b}-c+b-{a,c}, forany ab,ccA. (1.76)

The product {—, —} is called a Poisson bracket. This is the product that appears
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in Hamiltonian mechanics— the familiar Poisson bracket which acts on two func-
tions F(q;, p;, t) and G(g;, p;, t) on the phase space given by canonical coordinates
(4i,pi):

oF oG OF BG) . (1.77)

N
o5 (2060
{F.G) 1_21 dq; dp;  9p; 9g;

Following our previously discussed logic, let us add a grading to the Poisson
algebra (A,-,{—, —}). Now the product - is graded commutative which means:

a-b=(—=1)""p.qa, for abecA, (1.78)

where |a| denotes the degree of the element a. The Poisson bracket is assigned a
degree n meaning that
|{a,b}| = |a| +|b| +n. (1.79)

The grading changes the properties of the Poisson bracket, for example its anti-

symmetry,

{a,b} = —(—=1)(el=mbl+n) 15 g1 (1.80)

and the Leibniz rule in (1.76) modified as
{a,b-c} = {a,b}-c+ (=1)la+mPlp. £4 ¢} (1.81)
The bracket also obeys a graded Jacobi identity

{{a,b}, ¢} + (=) WIEED L, ¢}, 0} 4 (—1) IelEm et 0D {0}, by = 0.
(1.82)
There are various choices for the degree of the Poisson bracket. To define a BV
algebra, we will set n = 1.

A BV algebra is a graded Poisson algebra with Poisson bracket of degree +1
equipped with a nilpotent operator A of degree +1 which acts as a derivation for
{=-1

Aa,b} = {Aa,b} + (—1)""1{a, Ab}, (1.83)

and satisfies
Ala-b)=Aa-b+ (=D)la. Ab+ (=1){a, b} . (1.84)

Another way of stating the second condition (1.84) is that the Poisson bracket is
the failure of A being a derivation for the product -. In the context of BV algebras,
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the bracket { —, —} is often referred to as the anti-bracket, and the operator A is
called the BV Laplacian.
In the BV formalism, the graded vector space on which we define a BV algebra

is also a chain complex. The differential on the chain complex is given by
0 ={S,—} —ihA, (1.85)

where S is the action of the theory and has degree 0. The nilpotency of § gives a
condition on S, which is the so-called Maurer-Cartan equation:

%{S,S} _ihAS = 0. (1.86)

This is how the structure of a gauge theory is described: a BV algebra and an
action S which satisfies the Maurer-Cartan equation.

In the previous section, we mentioned that the BV algebra is used to derive
a quantum L algebra. Let us now briefly shed some light on this. An L« al-
gebra (V,,by,) is defined on a chain complex made up of fields, their equations
of motion, gauge parameters, etc.. The BV complex is actually the dual space: it
contains the functionals of fields and degree —1 objects (belonging to the space of
equations of motion) which are called anti-fields in the BV formalism. The classi-
cal part of the BV differential, Q = {S, —}, is the dual operator to the coderivation
D on the coalgebra from which one can define an Lo, algebra. One can see this
by expanding Q in a basis (x',z') where x are commuting variables and z are

anti-commuting variables:

) , ; 0
0= ZQlﬁ _ Zf]?y--jnzh . 'Z]"E, (1.87)

where f]’1 ;, are coefficients. These coefficients are related to the L brackets in
the basis e; of V,,
bu(ei, ..., e,) = /e (1.88)

= Jiy.in8
By adding a quantum part to Q and defining the full BV differential 6 = Q —
ihA and applying homotopy algebraic techniques, the BV formalism allows for a

procedure to find a quantum version of an L, algebra [3, 29].
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Chapter 2

Gauge Invariant Perturbation Theory

via Homotopy Transfer

In [1] Bardeen introduced a procedure to construct gauge invariant variables in
linear cosmological perturbation theory, which considers linear perturbations to
Einstein gravity around an expanding background spacetime. It is especially use-
ful to construct gauge invariant variables in this context, due to the complication
that both the perturbed spacetime and the time-dependent background space-
time are affected by coordinate transformations. Non-linear cosmological pertur-
bation theory remains a challenge, see for instance [30, 31], and even second-order
computations have been quite involved [32—40].

In this chapter, we will extend Bardeen’s procedure in order to express pertur-
bation theory in terms of gauge invariant variables to all orders in perturbations.
To this end we will interpret this construction through the L., algebraic frame-
work and we will see that this constitutes building a homotopy equivalence data.
By applying the perturbation lemma, we will show how to derive gauge invari-
ant variables to all orders in perturbations. Yang-Mills theory and gravity on flat
and cosmological backgrounds will be worked out as examples. The results in
this chapter are published in [18].

Before going into detail, let us summarize our general approach. Starting with
a free theory with a gauge field A, one can find the gauge invariant variables A,
for instance with Bardeen’s procedure to be reviewed shortly in section 2.1. Let
this be encoded by a map pg : ¢ — ¢ between the space of gauge fields ¢ and
the space of gauge invariant fields ¢. The crucial (yet perhaps unspectacular)
point to note is that any configuration of the gauge field will differ from its gauge

invariant configuration by a gauge transformation:

A = po(A) +5A, 2.1)
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where pg(A) = A. Then once we insert the expression for A into the action, the
pure gauge terms with § A will drop out, because the free action is invariant under
these (linearized) gauge transformations. The resulting action will be in terms of
the gauge invariant A.

In the homotopy algebraic framework, linear gauge transformations are en-
coded by themap d : X_1 — Xy, where X_ is the space of gauge transformations
and X is the space of gauge fields. The gauge transformation on the RHS of (2.1)

can be interpreted as the map 9 acting on some function of A:
A=py(A)+0-5(A). (2.2)

For degree reasons, one can infer that s(A) belongs to the space of gauge param-
eters X_1. We will see that s(A) is given by the homotopy map s : Xo — X_1
(called h in section 1.3 but in this chapter, i will denote metric perturbations)
and the equation (2.2) is the condition necessary for the homotopy equivalence
between the chain complex of the free theory to the gauge invariant complex. To
extend this to all orders in perturbations, we use the same logic to write the gauge
field in terms of its gauge invariant part plus a gauge transformation, but instead
of considering only infinitesimal linearized gauge transformations, we take finite
gauge transformations,

A=ep(A), (2.3)

where A is the operation that encodes the infinitesimal non-linear gauge trans-
formations and p(A) is the gauge invariant variable to all orders. We will show
how p is determined by perturbing the free part py by the interactions of the the-
ory using the homological perturbation lemma and why (2.3) is the correct object
that we can insert into the action to obtain the action in terms of gauge invariant
variables to all orders.

2.1 Gauge Invariant Variables

Let us review Bardeen’s procedure for constructing gauge invariant variables,
based on the original article [1] and the reviews [41, 42]. The first step to build-
ing gauge invariant variables is by splitting the perturbations into various scalar,
vector, and tensor modes, i.e. performing what is known as a scalar-vector-tensor
(SVT) decomposition. Then one inspects the gauge transformations for these

modes and combines them to obtain gauge invariant variables.
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We demonstrate this procedure with a simple example in Maxwell’s theory of

electromagnetism. Consider the action,
1 4 v
S[A] = —Z/d x F'E,,, (2.4)

where the field strength of the electromagnetic field A, is F,, = 9,A, — d, Ay

The action is invariant under the gauge transformations
A, = du/\. (2.5)

The gauge field can be split into its temporal and spatial components: A, =
(Ao, A;j). Then the 3-vector A; can be split even further into a divergenceless

vector and a gradient of a scalar
A=A +9;D. (2.6)

where 0'A; = 0. This decomposition in (2.6) is the familiar Helmholtz decompo-
sition of smooth bounded vectors in 3 dimensions. For this decomposition to be
well-defined, one needs to be able to express the components ® and 4; in terms
of the original field A;. By taking the divergence of (2.6), we obtain

0A; = AD, (2.7)
where A = 9'9;. Assuming the Laplacian A is invertible, we find that
O =A19A) (2.8)
which with (2.6) implies
A=A —9,A NI A)). (2.9)

The assumption of the invertibility of the Laplacian follows from the assumption
that all components decay rapidly at infinity. Concretely, to check that one can

invert the Laplacian, we need all harmonic functions to be zero, i.e.
Af=0, — f=0. (2.10)

Since the harmonic functions are bounded, one can show that they must be con-

stant, and therefore we can set their values to zero. Thus by this assumption, the
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Laplacian is invertible.

Let us check that this decomposition preserves the number of degrees of free-
dom, i.e. independent components. Since the divergenceless vector A; satisfies
one constraint, it has 2 degrees of freedom. The scalar modes Ag and @ each
have one degree of freedom. Together, Ap, ®, and A, encode in total 4 degrees of
freedom, which is exactly what we started with in Ay

Let us now take a look at the gauge transformations of these components un-
der (2.5). For Ag we simply take the zeroth component of (2.5), 6Ag = A (where
now the dot represents the time derivative). For the vector component,

0A; = 6A; + 9;(6®) = 9;A. (2.11)

By taking the divergence of both sides and inverting the Laplacian, we find
6® = A. It follows that the divergenceless components A; are gauge invariant.
Collecting all the gauge transformations:

SAg=A, A, =0, P=A. (2.12)
It is easy to see that one can build an additional gauge invariant combination:
d=A,—d. (2.13)

Finally, we are ready to rewrite the action in terms of gauge invariant variables.
After expanding the action in terms of the components, (Ag, ®, A;), reorganizing
the action, and integrating by parts, we obtain the manifestly gauge invariant

action,
S = % / d*x (A'DA; — d2d). (2.14)

By varying with respect to the new fields, the equations of motion are
OA;, =0, Ad=0. (2.15)

Here we see one of the advantages of this decomposition: it is easy to see which
modes of the gauge field are propagating degrees of freedom. We realize that A;
encodes the 2 propagating degrees of freedom of the photon. With the invertibil-
ity of the Laplacian, the equation of motion for ® is & = 0, signifying that the
scalar mode & does not propagate.

Another advantage is that the gauge invariant scalar and vector modes do not
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couple and thus their equations of motion are simpler to solve. Since a scalar can
only couple to a vector through its divergence, and in this procedure the diver-
gence of the vector mode is absorbed into the gauge invariant scalar perturbation,
the scalar-vector coupling does not appear in the manifestly gauge invariant ac-
tion. Ensuring the absence of these couplings can also be seen as a guiding prin-
ciple for performing the decomposition of the gauge field.

2.1.1 Linearized Gravity on Flat Space

We now perform the same procedure for linearized gravity on flat space. The
Einstein-Hilbert action is

5 — /d4x J/—gR (2.16)

where the ¢ is the determinant of the metric g,,, and R is the Ricci curvature scalar.

The metric is expanded around the Minkowski metric 77, as:

Suv = My + hyy - (2.17)

The action is invariant under the gauge transformations

0guv = Leguv = GP0pguv + 016  gov 4 0u8F g - (2.18)

From this we can find the gauge transformation of the fluctuation /. Let ¢* be
a first-order gauge parameter so the transformation generated by ¢* does not act

on the background. Hence the fluctuation of the metric transforms as:
O = (N + hyy) = Ohyy = 9,8y + 0y Gy - (2.19)

We first split the metric fluctuation into the following independent components
hy = (hoo , ho; ,hij). With the foresight that we want scalar, vector, and tensor

modes to eventually decouple in the action, we perform the decomposition:

hoo = —2¢,
hoi = Bi+9;B, (2.20)

~ 1
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where B; and E; are divergenceless,
0'B; = 0'E; =0, (2.21)
and Ei]- is transverse and traceless,
ohij=0,  &h;=0. (2.22)

To find the gauge transformations of the components, we also need to decompose

the gauge parameters into scalar and divergenceless vector parts:

&u = (80, Gi), gi=Ci+aix, (2.23)

where 97; = 0. With the decomposition of the gauge parameters, the gauge
transformations in (2.19) can be written as:

6hoo = 280,  Ohoi = (i+0ix,  Ohij = 9;0j+0,C; +20:0jx.  (2.24)
One can then deduce the gauge transformations of the components (2.20):

6¢p = =&, 6Bi=1¢;, OB =jx+0,
- 1 (2.25)
(5]’11']':0, 5C:—AX, 5E1’:Ci, 5E:X.

In addition to the tensor modes Ei]-, there are three more gauge invariant combi-

nations:

Y, = E;— B;, E—C—G—%AE, ®=¢+B-E. (2.26)
We count in total 6 gauge invariant degrees of freedom: 2 tensor modes, 2 vec-
tor modes, and 2 scalar modes. E-j is symmetric so it starts with 6 independent
components, but it is subject to 3 transverse plus 1 traceless constraints in (2.22),
ending up with 2 independent components. ¥; starts with 3 components and is
subject to 1 constraint, thus having 2 independent components. However, from
general relativity we expect only the 2 tensor modes to be physical- these are the
two polarizations of the gravitational wave.

Let us now check this and write the action to quadratic order in terms of
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these gauge invariant variables. To quadratic order in fluctuations on a flat back-

ground, the action can be written as
1 4 uv

where Gy is the Einstein tensor:

1
Gy = Ruv = Ry, (2.28)

where Ryy is the Ricci tensor to linear order,

1
Ry = —E(th — apayhvp — apayhyp + ayavh) , (2.29)
where h = 1##"h;,,, and R is the Ricci scalar to linear order
R =n""Ryy = "0 hy, — Th. (2.30)

Replacing the metric fluctuation in (2.27) with its components (2.20) and reorga-

nizing the action into the gauge invariant variables (ﬁ Y;, ¥, @), we obtain

ijs

—~ 1 _. .
Spp = [ d*x lh”Dhi~— —YIAY + (4P — 2¥)AY + 69V ). (2.31)
4 )

Varying the action with respect to the scalars ® and ¥, we obtain the equations
AY =0, 4N(®—Y)+12¥ = 0. (2.32)

By the invertibility of the Laplacian, we infer that ¥ = 0. It follows that the sec-
ond equation of (2.32) becomes A® = 0, which then leads us to ® = 0. Similarly,
2; can also be integrated out. We are left with one equation of motion:

Ohi; = 0. (2.33)

This indeed describes the dynamics of the two propagating degrees of freedom
of the transverse-traceless gravitational wave.

It turns out that we can write the quadratic action in terms of the gauge in-
variant variables (2.31) in an even simpler fashion, by implementing the field
redefinition

1 3

d —» =9+ S¥ - EA*“{& (2.34)



31

With this redefinition, one easily arrives at

TR 1_.
Spp = / d*x (%hvmhﬁ — ST +4<I>’A‘P) : (2.35)

The last term can be made diagonal by using a second redefinition:
O, =29+ . (2.36)

Finally we obtain the diagonal form of the gauge invariant action:

Ta A 1_; 1 1

In this form, one can immediately see that & and ®_ (and hence ® and ¥) do
not propagate and that they can be integrated out.

This procedure can also be applied in the presence of matter perturbations.
For linearized gravity on flat space, the matter couplings are introduced via the

energy-momentum tensor TH:

Smatter = /d4x (h}lVGVV + %h}lvav> . (2.38)

If we perform an SVT decomposition of the energy-momentum tensor, we can ex-
pect to separate the matter couplings into purely scalar, vector, and tensor parts.
Let us decompose T as:

TOO =0

™ = q' + 99, (2.39)

T7 = I1Y + 0'TV + J/IT' + 0'd'I1 — 551]A1—I + pé7,
where aiqi =0and o,IT = (Sinif = 9,117 = 0. In addition, the energy-momentum
tensor must satisfy the conservation equation d,T*" = 0, which expressed in
terms of the above components is:

p+Aq =0,
§' +AIT = 0, (2.40)

2
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By inserting (2.39) into the full action with matter couplings, together with the

result in (2.31) we obtain

Smatter = / d*x Glfzifmfzij - %z%zi + (49 — 2¥)AY + 6¥Y
(2.41)

N —

+ Shy T — 5" — Dp — 3‘Yp) :

After performing the field redefinitions (2.34) and (2.36), integrating by parts, and
applying the conservation equations (2.40), the full action becomes

1~ ~ 1_; 1 1
Smatter = /d4x (Zhl]Dhi]' - EZZAZI' + §®+Aq)+ — Eq)fA(I),

1~ ;1 1
Il = Eigf = (@4 —@_)p — §(®++®_)(p—|—3p—2AH)> .

(2.42)

Since @, ®_, and X; can be integrated out, what we are left with is the equation
of motion for iz\,-]-:

o~

Chyj = —T1,;. (2.43)

2.1.2 Gravity on FLRW Backgrounds

Let us continue to determine the gauge invariant variables for gravity on
Friedmann-Lemaitre-Robertson-Walker (FLRW) backgrounds. The FLRW metric
is

ds® = df* — a(t)>y;dx'dx/ (2.44)

where a(t) is the scale factor and ;; is the spatial metric with constant curvature.
It is often convenient to define the conformal time # by

dt

dny = Gk (2.45)

Then the FLRW metric (2.44) can be rewritten as

ds? = a(t)?(dn® — 'y,-]-dxidxj) (2.46)
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We consider quadratic perturbations in an FLRW universe with minimally-

coupled scalar matter. The theory is described by the action,

S = /d4x NE {R = %gﬂvayxam = V(X)} (2.47)

where X’ denotes the scalar matter field and V(X') is its potential. The expansion

of the fields around the purely time-dependent background is as follows:

guv(1,x) = ﬂz(ﬂ)(’?w + huv (17, %)),

(2.48)
X(n,x) = XO() +o(n,x),

where 77 is conformal time, a(7) is the scale factor, X' (9) describes the background
matter, and ¢ is the matter fluctuation. The background dynamics are governed
by the Friedmann equations and the equation of motion of X'(0):

H? = 2 (2.49)
H+H> = %az(p —3p), (2.50)
XO 12X ® 4 22y (x0) = o, (2.51)

a

where the dot now denotes the derivative with respect to conformal time, H = 7

is the Hubble parameter, and the prime indicates a derivative with respect to
X0 p and p are the background density and pressure, respectively:

o = %a—228<0>2+v()c<0>), (2.52)
p = %azﬂoﬂ—v()c(o)), (2.53)

which satisfy the conservation equation
p+3H(p+p)=0. (2.54)

The gauge transformations (2.18) to linear order around the FLRW background

read:
Shyy = a72¢0d, () + 9y + 0y, 9 = EF,X0) (2.55)

We now begin the SVT decomposition of the metric and the gauge parameters
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as done in the previous subsection. First, we make the split of the fluctuations

(v, @) = (hoo, hoi, hij, @) whose components transform under (2.55) as:

Shoo = 2HGo + 28,

Shoi = &+ 9o,

Sy = —2HEo8j +29:C)
sp = —x0g, .

(2.56)

Using the same decomposition of the gauge parameter in (2.23), it follows that
the gauge transformations of the components in (2.56) can be re-expressed as:

Shop = 2HEo + 280,

Shoi = Ci+0i(X + Co),

Shij = —2HEdy + 238 + 20,9 ,
bp = —x0¢g,.

(2.57)

The metric fluctuation is decomposed as done previously in the flat space case
in (2.20). With (2.20) and (2.57), the gauge transformations of each irreducible

component of the metric fluctuation read:

6p = —HGy—Go, OB; = {j, 0B = X+ o,
. 1 (2.58)
(Shij:(), oC :H§0+§Ax, O0E; = (;, 0E = x.
By looking at which transformations cancel each other out, we can find invariant
combinations:
(hij, =i, ¥, @, ©) (2.59)
where
Y, = Ei—B;,

¥ = CH AE-H(B—E), ®=¢+HB-E)+B-E (260

O =¢+X9B-E).

Since the fluctuations are on an FLRW background instead of a flat one, note that
there are additional terms with the Hubble parameter entering in ¥ and ®, as
well as an additional invariant scalar from the scalar matter fluctuation.

Following the procedure, the next step is to rewrite the action in terms of the
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gauge invariant variables. Unfortunately, expanding the Einstein-Hilbert action
to quadratic order around a time-dependent background is already computation-
ally cumbersome, and to reorganize the terms into the gauge invariant terms is
quite tedious. For now, we proceed with these computations. However, in the
next section, we describe a new method which will drastically simplify the reor-
ganization of the action in terms of the gauge invariant variables.

In order to compute the quadratic action around FLRW we make use of the

vielbein formalism. The vielbein satisfies

eyaevbﬂab = &uv , (2.61)

and its inverse e, is defined by eaﬂeyb = 6,% and e "e,” = 6,". The Einstein-

Hilbert action can be expressed in terms of the vielbein as:
/ d*x /—g R = / dre( - }Lmbcnabc + %Q”bcﬂbw +0,00), @6
where e is the determinant of the vielbein and
Qe = ea'ep” (9ueve — dveuc), O, = Q0 (2.63)
are the anholonomy coefficients. The vielbein is expanded as
ey (n,x) = &"(n) +a(n)h"(17,x) , (2.64)
where

ey (n) = a(n) ((1) 5(,)a> (2.65)

is the background FLRW frame which satisfies éﬂ“e'vbiyab = uv, and

. hOO hozx ¢ B
hy = (hl-o hf‘) = (0 » (2.66)

is the (rescaled) fluctuation. Here we performed a 3 + 1 split of indices:
=01, a=(0ua)), (2.67)

and picked a gauge for the local Lorentz transformations with hio = 0. The com-

putation of the quadratic action requires up to second order in fluctuations of the
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inverse vielbein:
e = et —a(n)e hlet +a?(n)e he et . (2.68)

Writing this in components we can summarize the vielbein and its inverse as

0 « «
_ (e e\ _ 1+¢ B
e;ﬂ — (eif) eiﬂé> = a(ﬂ) ( 0 51'0( —’—hi“) 7

T L A o (1 — ¢+ 7 —B + ¢B + BIhs,

(2.69)

This vielbein leads to the same parameterizations of the first order fluctuations
of the metric that is standard in cosmology, namely in (2.20), with 1% identified
with B* = —h%5;% via the background vielbein, and with

To second order, we collect the fluctuations of the metric and its inverse:

goo = a*(=1-2¢—¢*+ B"By),
80i = az(B + Bahi"),
8ij = ﬂz(5ij+hij+h'“hja)

2.71)
g% = a7 (-1+2¢—3¢%),
gOi — Z(Bl 2¢Bl B]h‘aé i)
g = a72(6" — 2, (slal) 4 op, khkvg (glali)y .
The SVT decomposition in (2.20) translates to that of h;* as
h* = h® + 9;E* + 9,0“E + 6 (C — 1AE) (2.72)
1 - 1 1 1 1 3 7 .
with 7% satisfying the constraints:
Sm =0, 9nM = 0. (2.73)

Similarly, the vector B* is decomposed as:

BY = B4+ 93"B, 9,B* = 0. (2.74)
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Inserting the decompositions into (2.62), we compute the full action with mat-
ter coupling (2.47) to quadratic order. The linear terms of the action drop out,
assuming the background field equations are satisfied. The quadratic action is:

1.... 1 P | .. 1 ) ]
S = / d*x az{zh”hij + Zhi]-Ah” + Eajh”akhik + E(h; — hoo)d/0 1

+ %hOiAhOi - %(aih(’i)2 + "Wy + 9'hoih/
1
4
— %(H + 2H?) 13, — Hhooh;' + 2Hhgod' ho;

(];lii)z — jihiiAh]'j + %hiiAhOO
(2.75)

1-2 1 _12 " 0)y 2
T @7+ 5 9be — SaTVI(X )

— %X(O)q)(l’loo + hii + ZaihOi) + QZV/(X(O))QD}IO()} .

By inserting the Bardeen variables in (2.60), after a tedious computation the

quadratic action can be organized into its gauge invariant form:
4 o [L1xiis T o~ ] i L 00242
S = [d*xa” {—h hjj+ —hAhj; — Z5AY +4YAD — 2¥AY + - XV
477 4 52 2
. 1. 1 1
—6(¥ + H®)? + §@2 + 5,000 — Eazv"(zc“)))@2
+ X000 (b +3¥) — 2azv’(x<0>)®q>} .
(2.76)

In section 2.5 we will return to cosmological perturbation theory and show how
our method systematizes this computation.

2.2 Homotopy Transfer to Gauge Invariant Variables

As explained in section 1.2, the data of a free theory can be encoded in a chain

complex, i.e.

) 0 )

y X1 —— X_o, (2.77)

Xl > XO

where Xj is the space of gauge parameters, Xy is the space of fields, X_; is the
space of field equations, and X_, is the space of Noether identities. Once the free
theory is in terms of the gauge invariant fields, it has no gauge symmetry, and
this property should be reflected in the chain complex. The chain complex of the
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gauge invariant free theory would take the form:

0

0 > Xo » X1 —— 0 (2.78)
where Xj is the space of gauge invariant fields and X_ is the space of their cor-
responding equations of motion. If no gauge symmetries are present, then there
are no Noether identities either, leaving zeroes at the ends of the complex.

Let us now relate the chain complexes of the free theory data X, and its gauge
invariant data X.. We define a projection py : Xe — X, from the chain complex of
gauge fields to the chain complex of gauge invariant variables. Here the subscript
0 is assigned because we are dealing with objects of the free theory instead of
the full interacting theory. For example, in Maxwell’s theory, in degree 0 the

projection acts as

Ay = po(Ay) = (Ao, Aj) = (D, 4)), (2.79)
where ® and A; are defined in (2.13) and (2.9) respectively. In degree —1, the
projector is defined by

EF = po(EF) = EF — (0,0'A" 1 (3,EF)) (2.80)

so that the space X_4 consists of 4-vectors with zero divergence, i.e. BVE"V =0,
which ensures that the projection to the space of Noether identities in degree —2
is trivial. The inclusion map iy : Xe — X, takes a gauge invariant object and treats
it as an element of the original space (as X, is a subspace of X,). For example,
ig(A,) = A, and ig(E*) = EF. By definition, the projection and inclusion maps
satisfy ppip = idg and are chain maps, meaning they satisfy (1.64). The chain

complexes and the morphisms can be represented by the following diagram.

Xl J \XO J >X_1L>X_2

,-Oupo o] |po 9 ioum z-oupo (2.81)

It is easy to derive the new differential d on the gauge invariant chain complex,
by using the chain map property (1.64) and that pgip = idx:

3 = 8]901'0 = poaio . (2.82)

We proceed to determine the interacting theory in terms of gauge invariant
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variables. We recall the homotopy transfer theorem which states that if we have
quasi-isomorphisms between X, and X,, then the algebraic structure on X, can
be transferred to X,. For iy, py to be quasi-isomorphisms, there needs to exist a
homotopy map s of degree +1 such that

ioOpOZidX—aOSO—Sooa. (283)
Let us consider this relation for the Maxwell example:
iopo(Ap) = Ay = Ay — 9u(so(A)) (2.84)

where we have assumed that sy acting on objects of degree —1 yields zero. By
using (2.79), (2.6) and (2.13) to rewrite A, as

Ay = (D A)=(A)— D A —0P)=A,—0,D (2.85)
and by recalling the definition for ® in (2.8), we can deduce so(A):

so(A) =& = A" 1(9;A"). (2.86)

2.3 Applying the Homological Perturbation Lemma

Now that we have established a homotopy equivalence data of the free theory
(Xo,0) and the gauge invariant complex (X.,d), we can utilize the homologi-
cal perturbation lemma to determine the gauge invariant variables to higher or-
ders in perturbations. We recall the discussion around (1.74). Let the products
by : X" — X, which encode the non-linear interactions be the small pertur-
bation 6 = Y -, by to the differential in the chain complex (X,,d). In order to
apply the homological perturbation lemma, we lift the maps by and 0 to act on
the graded symmetric coalgebra S°(X,). Assuming that we have a strong de-
formation retract given by the conditions (1.75) (in addition to ppip = id), the

perturbed projection and inclusion maps are given by

i=(14500) Yy, p=po(l1+dsy)t, (2.87)
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where i and p are coalgebra morphisms. To realize the expressions for i and p,
we first lift the chain maps pg and iy to coalgebra morphisms, which is straight-

forward since they are linear.

po(x1 A+ Axp) = po(x1) A=+ A po(xn) (2.88)

where py on the LHS is a cohomomorphism S¢(X,) — S°(X,) and py on the RHS
is the chain map X, — X,. Similarly, the inclusion map is lifted to a cohomomor-
phism S¢(Xe) — S°(X,):

io(xy Ao Axy) =dg(xq) A Nig(xn) (2.89)

The lift of the homotopy map sg requires a few steps. First we define its action on
tensor powers h;, : X$" — X\

hn(x1® -+ @ xy) =80(x1) Axa A+ Axn + (=) o po(x1) Aso(x2) Axz A+ Axy
+ ...+ (—)x1+"'+x”*11‘0 o po(xl) VANKIERWAN i() o po(xn,l) VAN S()(xn) .
(2.90)

Then we define a map g, : X" — X" which accounts for the graded sym-
metrization: .
qn (x1 FANCIIRIVAN xn) = m Z j:xa(l) X xa(n) (291)

toEeS,

By defining the composition,
hy o gy s XO™ — X" (2.92)
we have a well-defined homotopy map sp : 5°(Xe) — S°(Xe):

so:=Y_ hpoqn. (2.93)

n>1

The expressions for the perturbed maps p and i are expanded order by order in
k. The inverses in (2.87) are defined as a geometric series, (1+x) ™! = ¥, o(—x)".
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Let us work out what p would be for Yang-Mills to second-order in fields, mean-

ing that we would have to implement the b, map in (1.30).
— POb2SO(A A B)
1 . .
= —Posz(So(A) AB+ ANso(B) +s0(A) Nigpo(B) +iopo(A) Aso(B)) (2.94)

_ _%po([(l +iopo) (Au),s0(B)] — [s0(A), (1 +iopo)(B)]),

where |-, -] is the Lie bracket of the Yang-Mills gauge algebra. We know that the

gauge invariant part is the projection of the gauge field:
A=p(A). (2.95)

For the above example, to quadratic order in fields,

A = p(A) = po(Ay) — 3po([(1+iopo) (Ay),s0(B)] ~ [s0(A), (1 + iopo) (B))

= polA) + spolso(A), (1-+ iopo)(A,)].
(2.96)

Let us check that this is indeed gauge invariant. By taking the linear variation of
the quadratic term,

2 Polso(@u), (1+iopo) (Aw)] + 3 polso(A), (14 iopo) (2,1)]

_ %po([/\, (1 + iopo) (Ay)] + [s0(A), 9uA])

n (2.97)
= 5790([7\/ (1 +1i0po) (Ap)] — [(1 —iopo) (Au), Al)
= —PO([AW/\])
The variation of the linear term gives:
po(0uA + [Au, A]) = po([An, A]), (2.98)

which cancels with the variation of the quadratic term.

Now that we have obtained the gauge invariant variable A = p(A) to all or-
ders in perturbations, we want to find a suitable replacement of the gauge field
in terms of the gauge invariant variable, A(A), to obtain a manifestly gauge in-
variant action S[A]. Even though our end result would only depend on the gauge
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invariant fields, the inclusion map i : Xy — Xj, which views the gauge invariant
tield as a member of the larger gauge variant space, does not provide enough
information. This is because the action is originally defined on gauge redundant
tields and these have more degrees of freedom than their gauge invariant projec-
tions. For example, the gauge invariant variable in Maxwell theory A, has only 2
degrees of freedom and the other 2 degrees of freedom in A, turn out to be pure
gauge (see the discussion at the beginning of section 2.1). In other words, the
space of gauge fields X is of the same size as the space of gauge invariant fields
Xo plus the space of pure gauge fields, which we now denote as Y. By finding a
sort of extension to the inclusion map which accounts for the pure gauge fields

F: XO @& Yy — Xp, (2.99)

one can reinsert the forgotten gauge degrees of freedom together with the invari-
ant ones into the action.

We expect the map to be given by the finite gauge transformation
Ay =eMA,, (2.100)

where Ay is the operator defining the infinitesimal (non-linear) gauge transfor-
mations. Upon inserting this expression into the action, by gauge invariance, the
pure gauge terms will drop out and we will be left with the action in terms of the
gauge invariant variable. We will now illustrate how the above is the appropriate
map and how this fits into our L, framework.

Let us first consider what properties this map F should satisfy in general. Part
of it is given by the inclusion i : Xy — Xo and the other part should produce a

pure gauge piece:

F: XQEBY()—)X(),

) L (2.101)
(A @) = i(A)+j(A ).

For Maxwell theory as an example, the gauge field can be written (as in (2.85))

Ay = Ay +0.40, (2.102)
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so the map F is specified by i(A,) = A, and j(A,, ¢) = 9,¢. The inverse of F is

P_1:X()—>X()EBY0,

(2.103)
A (p(A),q(A)),

where p is the projection and g encodes the rest of the gauge degrees of freedom.
In the Maxwell example, this just represents the rewriting

Ay = po(Ay) +0uq0(A) . (2.104)
and since according to (2.85) and (2.86) the projection acts as
po(Ay) = A, = A, —0,(A71(3;AY), (2.105)
by inserting this into (2.104) we can deduce go(A):
qo(A) = A1 (9;A"). (2.106)

go(A) coincides with the homotopy so(A) but is a degree zero map. What we
want to find is a map F = i + j whose inverse is given by F~! = (p,q) where i
and p are the full inclusion and projection maps given by the perturbation lemma
(2.87). At the linear level, we see that it is relatively straightforward to find the
maps j and ¢. To account for the full non-linear theory, our ansatz is F : Xy ®
Yo — Xo

F(A,, ) =eA,. (2.107)

We will show that this is the correct expression by using the example of Yang-
Mills theory.

Before we proceed, let us comment about the invertibility of these maps. At
the linear level, we know that F is invertible because the spaces Xy @ Yy and X
are isomorphic. At the non-linear level, we are dealing with morphisms of Le
algebras, so the proof of invertibility is more involved, however it can be shown
that an Lo, algebra morphism is invertible if its linear piece is [43].

For Yang-Mills, the infinitesimal gauge transformation is given by

Dyp(Au) = 9+ [Ay, 9], (2.108)
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which upon inserting into (2.107) to quadratic order yields

A . A 1
Au=TF(Au ) = Aut0up + [Ap 9] + 5 [0up ¢] +--- . (2.109)

The inverse map is

FHA) = (p(A),9(A)), (2.110)

where p(A,) = fly and q(A) can be computed order by order (as is typically done
for inverting Lo, morphisms). For instance, by applying go in (2.106) to both sides
of (2.109), the first term on the RHS vanishes because of the divergenceless vector
constraint 9, A# = 0, and the second term is q(d,¢) = ¢. Then by bringing A,
to the right and ¢ to the left hand side, (2.109) becomes

A 1
¢ = 4q0(Ap) = qo[Aw @] = 5q0[9ud, 9] - (2.111)

We now view ¢ as a function of A, and identify ¢(A) as g(A). Then by writing
AM and ¢ to linear order in A, by recalling homotopy relation in (2.84) and that
to leading order qo(A) = so(A),

q(A) = qo0(Au) — o [iopo(Au),s0(A)] — %qo [(1 —iopo) (Ap),s0(A)]

= qo(Au) — %qo[(l +iopo) (Ay),s0(A)] . (2.112)

Thus we have computed our ansatz for g to first non-trivial order.
Let us check whether the maps that we have defined are indeed inverses of
each other, with i and p given by the perturbation lemma (2.87), namely that

F U F(Awe) = (p(F(A$),q(F(Au ) = (Ap¢). (2.113)

Since we have already computed g such that q(F(A,, ¢)) = ¢, we must only
check the identity with p. To lowest order, we apply po to F (Ay, $) in (2.109) and
rearrange to have AH on the LHS:

N N 1
A= po(Ax) — po [Aw‘ﬂ - EPO [ay4’r (P} . (2.114)
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Expressing A, and ¢ in terms of A, to linear order gives

Ay = po(Ay) — poliopo(An), so(A)] — %Po [(1—iopo) (Au),s0(A)]

= po(Ay) — %Po[(l +iopo) (Au),s0(A)], (2.115)

which is exactly the correct expression of AV to quadratic order in (2.96). Thus our
ansatz in (2.107) is compatible with the definition of the perturbed projections and
inclusion maps. We have shown that this works for quadratic order in Yang-Mills,
but one can in principle repeat these steps for higher orders.

In addition to being able to express the action in terms of gauge invariant
variables to all orders, one can also ask what the effective equations of motion
are. Recall the general formula for the perturbed coderivation given by (1.72).

0 = podig + po(id + dso) " Ldig. (2.116)

In order to simplify this expression, we make use of the geometric series

o0

(id 4+ dsp) 1 = Y (—ds0)". (2.117)

n=0
In the case of Yang-Mills, the gauge invariant complex only consists of elements
in degree 0 and —1 since there are no gauge symmetries left, and this implies that
d can only be nonzero when acting on degree zero elements. Since ¢ is a degree

—1 map and sp acting on degree —1 elements is zero, the second term on the RHS
of (2.116) reduces to

(o]

po(id + ds9) " 1ig = po Y_ (—ds0)"dig = podip - (2.118)
n=0

Finally, the perturbed coderivation is obtained:
0= Poaio + pO(SiO = po(a + (S)io . (2.119)

This states that the equation of motion of the gauge invariant variable A is com-
puted by inserting A into the equation of motion of the gauge field A. The result-
ing equation of motion is simplified compared to the original one, since the gauge
invariant variable has fewer degrees of freedom and obeys some constraints, e.g.
the divergenceless constraint 9;A’ = 0 in Yang-Mills.
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This concludes the description of our procedure for finding the action in terms
of gauge invariant variables. Although we have developed the procedure for
gauge invariant perturbation theory to all orders, it can also be applied at the level
of the free theory. In the next sections, we will demonstrate this for linearized

gravity and cosmological perturbation theory.

2.4 Linearized Gravity

We now take linearized gravity and its gauge invariant variables which we de-
scribed in section 2.1.1 and provide its homotopy algebraic interpretation. First,

we organize the theory in the chain complex

X, -5 X, 5 ox, 5 X,

{Cu} M} {Ew} {Fu}

where the differentials act as

(2.120)

9(¢)uv = 9ulv + Gy ,
3w = Gpu(h), 121)
d(E)y = 0"Eyy.

In (2.26) we have identified the gauge invariant variables, ;, ¥, ®, along with
hl]
We would like to define the gauge invariant chain complex X,. Let us define

the projection p : Xy — X as
p(huw) = by, (2.122)

where
hoi = =%, hoy = —20 . (2.123)

Although it might not be obvious that this is a good projection, we can check
that it is, by seeing whether we can write the original metric field as the gauge

invariant field plus a pure gauge term:

hyw = hyy + 0Py + 9ty . (2.124)
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We find that with (2.122) and (2.26), the pure gauge field is given by
Yu = (Yo, ¢1) = (B— L, E; + ;). (2.125)
The inclusion i : Xy — X is defined in the usual way:
i(hy) = hyy . (2.126)

Let us proceed to find the homotopy retract from X, to X,. We will find the
homotopy map s can be found by evaluating the homotopy retract condition in
(2.83) on elements of each degree. On degree zero elements which are the fields:

(id —ip) () = hyy — hyy = Outpy + 0u Py = (V) v, (2.127)

where we have treated 1, as an element of X;. By comparing this with (2.83) and
assuming that s acting on elements in X_; is zero, we find that the homotopy
map acts as

s(h) = 1. (2.128)

For elements of degree 1, namely the gauge parameters, we compute

(id —ip)¢u = Cu = s(9C) (2.129)

where p(¢) = 0because we project down to gauge invariant variables, and s(&) =
0 since there are no elements of degree 2. Therefore we have

s(0¢)y = &u (2.130)

For the homotopy map on degree —2 elements, we must first find the pro-
jection from X ;1 to X_1. The elements of X_; must be divergence-free Lorentz
tensors

HEw =0, (2.131)

since the space of Noether identities X_, must project to zero. The projection
which satisfies this condition is

— B Eoo EO]' — a]'A_l(aVEV())
Eig — 0;A™ (aVEvo) Ez] — 28(,A_ E)VE])V + BZBJA_ (E)VBVEW)

(2.132)
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With this we can compute the homotopy relationon E € X_;,

_ 0 —9;A"1(d"E
(= ip) (Bl = () 1 n ) o
JiA1(d"Evg) 20,071 ('E;),) — didiA 29V Ey) ) (2.133)
= S(0E)uw ,
where we have assumed s(E) = 0. Since d(E), = 0"E,,, we can define the

homotopy map on degree —2 objects as

S(F) _ S(F)O() S(F)()] _ 0 a]'A_lFO (2.134)
" \s(Fo s(F)y ARy 20;A71F) — 0:0;A 29, F1) ) T

We check that this is the correct expression by evaluating the homotopy relation
onFe X
(id —ip)(F)u = o(s(F))u +s(0F), = Fy. (2.135)

Since s(0F) = 0 and by using (2.134),

0 's(F);
d(s(F))y = 90"s(F)yu = Zos((l;))(;(: I gfsg;)

_ Fo
B aiA_l(aOF()) + aiA_l(aij) + F — aiA_l(aﬂFV)>

(2.136)

as it should be. We have now finished specifying all the homotopy maps which
satisfy the homotopy relations and have defined the homotopy retract from the
free theory to the theory in terms of gauge invariant variables. In order to com-
pute gauge invariant variables to higher orders, one would require the higher
products § = ) -, by from the higher order perturbation theory and apply the

homological perturbation lemma to these maps.

2.5 Cosmological Perturbation Theory

In this section we give the homotopy retract of cosmological perturbation theory
to quadratic order around an FLRW background and extend the discussion in
section 2.4. Recalling the initial description of the theory in section 2.1.2, our
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space of fields Xp must now include the matter field ¢ in addition to the metric

field .. The differential acts on the gauge parameters as

a(g)yv = aygv + avgy —2H G ,

2.137
a(g)o = _X(O)CO 7 ( )

where the e indicates the component in the direction of the scalar field ¢. We
define the projection from X to X as:

p(Mw =hw, pp=0, (2.138)

where

hij = hij— 2¥6;, hoi = —%;, hoo = —2®. (2.139)
and (X;, ¥, P, ©) are defined in (2.60). We check that the original fields can be

written in terms of the projected fields plus pure gauge terms:

hyv = }_lyv + aylpv + avlpy - 2H¢0’7yv ’ (2-140)
p=¢— X0y, (2.141)

where
Yu = (Yo, ¢1) = (B—EE; +9;E) . (2.142)

In order to find the homotopy map s : Xo — X;, we compute

(ip —id) (hw/) = Ew/ - hyv = —ay’Pv - avlpy + 2H ot = —a(lp)yv , (2.143)
(ip —id)(9) = ¢ — ¢ = X Vo = —3(y)a, (2.144)

from which we can infer:

S(h)ﬂ = 77”# € Xl/

(2.145)
s(@) = e € Xy,

and s on degree —1 elements is zero.

One can repeat the computation for the projection and homotopy maps for
the spaces just like for the flat space case. However, let us turn to discussing
the computation of organizing the action (2.75) into gauge invariant form. The
computation is dramatically shortened by substituting the fields with their pro-
jections plus pure gauge terms, (2.140) and (2.141), into the action. All the pure
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gauge terms drop out by gauge invariance. The remaining terms containing the
gauge invariant variables are also simplified due to the constraints on the pro-
jected fields, given by

ohy—Lo;(h';) =0,  9hp=0, (2.146)

which can be deduced from the constraints on the SVT components of h,, in
(2.21) and (2.22). We recover the manifestly gauge invariant action in (2.76).

To provide a consistency check with the literature, in order to compare with
the results of [41], we set to zero all modes except the scalar modes and decon-
struct the scalar Bardeen variables in (2.76), i.e. by expressing them in terms of
the scalars (C, E, B, ¢, and ¢) as in (2.60). We indeed reproduce the quadratic
action (10.68) obtained in [41].

As a final check we use our action (2.76) to re-derive the Mukhanov-Sasaki
action for the scalar modes. It turns out that the dynamics of the three scalar
modes ¥, ®, © can be reduced to the dynamics of only one mode known as the
Mukhanov variable. To start our derivation, we again set all the modes in (2.76)
to zero except for the scalar modes, and introduce the following combination of
gauge invariant variables,

x(0)

W=0+fY, where f= - (2.147)

Substituting © in terms of W and ¥, the action (2.76) takes the form:

1., 1 1
S:/d4xa2 SWE 4 S WAW — a2V
2 2 2
1
+4YAD — 2¥AY — fFYAW —I—Efz‘I’A‘I’
1, : , 2H 2H?> 6X\,_,
S —H42H 4+ -
+2f< +2H + T = T f>‘1’

LW+ F¥) + 2V FEW 4 3EWE + (% [ 6) (¥ + HO)?
— fA(H+2H)¥® + XYW — 2a2V’W<I>} ,
(2.148)

where the superscript on the background quantity X'(®) has been omitted for
readability. We first absorb the dependence of ® and ¥ by performing the field
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redefinition,

_ 1o fo f

The action then reduces to a function of ¥, Y, and W:

1 1 : 2H?> 2H
_ 4 2 2y 2 2
s— [dixa { W +2WAW+2(—aV —2H +4H +F_F)W
1 . H . i
+4YAY + <§f2 —6) H2Y? + (X - EX)YW— XYW}.
(2.150)

With the invertibility of the Laplacian, we make use of another field redefinition

T%T:F—%A_l[(%f2—6>H2Y+ (x—gx)w_xw}, (2.151)

which simplifies the second line of (2.150) into a form in which I'and Y are clearly
auxiliary:

S = /d4xa { W2+;WAW+;<—a2V”—2H+4H2+2Hi22—%)Wz
+ 4FAY} .
(2.152)
Let us now introduce the Mukhanov variable v = aW and diagonalize the last

term in (2.152) by defining
b, =a(T1Y), (2.153)

to obtain

13
5_/d4 { oAD 4 - S0 +§—v FDAD, — D AD_ } where 7z = af.

(2.154)

Finally, we can eliminate the auxiliary fields ®; and ®_ with their equations
of motion and the invertibility of the Laplacian to obtain the Mukhanov-Sasaki
action,

5 — /d4x {lvAv 4o %vz} . (2.155)
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This concludes the re-derivation of the Mukhanov-Sasaki action for the gauge

invariant scalar mode.
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Chapter 3

Cosmological Perturbations in
Double Field Theory

In this chapter, we apply our homotopy algebra methods to cosmological pertur-
bations in double field theory. Before going into detail, let us introduce double
field theory and our motivations for studying it especially for cosmological ap-
plications. The defining symmetry of double field theory is T-duality, which is
a duality exhibited by closed string theory. Let us briefly address the difference
between dualities and symmetries. Both share the notion of equivalence under
transformations. However, a symmetry transformation leaves a physical system
invariant, whereas a duality transformation relates two different descriptions of
a system or two different theories.

T-duality relates the mass spectra of the closed string on toroidal backgrounds
of radius R and 1/R. We recall that a closed string on a toroidal background is
not only described by its momentum but also its winding number, the number of
times it can wind around periodic dimensions. Upon quantization, momentum
takes discrete integer values, which can be easily seen by applying the translation
operator in the periodic directions. Let us consider the simple case of a closed

string in a spacetime with one compactified dimension. Its mass spectrum is

2
M? = p? +w? + Z(NL+ Ng —2)
(3.1)

2 2p2
R 2
- mIXIZ + (NL+NR_2)1 n,m,N;, Ng € Z,

TR o
where o/ is the inverse string tension, /R is the momentum quantum num-
ber, mR/a’ is the winding quantum number, Ny and Ny are the number of left-
and right-moving oscillatory modes which obey the so-called level-matching con-
straint

Nr — Np =nm. (3.2)
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The mass spectrum (3.1) is invariant under the exchange:

DC/

n<m, R<—>E. (3.3)

This implies that closed string theory on large tori shares the same physics as that
on small tori as long as the momentum and winding modes are switched. This
equivalence is called T-duality. The above transformations belong to the group
Zy. One can extend this example to compactification on a d-torus, where the
corresponding T-duality transformations belong to the group O(d, d; Z). Because
this invariance appears only upon compactification and is not manifest as a sym-
metry in the action, one often refers to T-duality as a hidden symmetry of string
theory.

The way T-duality relates physics on large (compact) spaces of radius R and
small spaces of radius a'/R is partly what makes string theory an attractive per-
spective to answer questions in cosmology [44—48]. For example, string gas cos-
mology, a model based on a gas of strings, offers an alternative scenario to infla-
tion and proposes a resolution to the Big Bang singularity [44, 46, 47, 49, 50] (see
[51-56] for more recent material). Making measurable predictions of cosmolog-
ical observables by applying string theory alone has not yet been successful, in
particular, string theory does not provide an equivalent of the Friedmann equa-
tions. However, it may be advantageous to use a field theoretical description
of the background spacetime (instead of the worldsheet). Double field theory is
the corresponding field theory which is manifestly invariant under T-duality and
thus it is desirable to study its cosmological perturbations.

In the next section we give a short introduction of the general formulation of
double field theory. More extensive reviews of double field theory can be found
in [57-59]. After this introduction, we will expand the theory to quadratic and
cubic order around time-dependent backgrounds, and reformulate the quadratic
theory in terms of gauge invariant variables. This will provide a basis for the fu-
ture computation of observables in cosmological double field theory. The results
in section 3.2 have been published in [18] and the results in sections 3.3 and 3.4
have been published in [20]. Many passages have been adapted from [18] and
[20].
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3.1 Overview of DFT

Double field theory is defined on a doubled spacetime!, given by coordinates
XM = (%, xi), where i = 1,..,d. x' are coordinates which are conjugate to
momentum, and ¥; are conjugate to winding. The derivatives are denoted as
dp = (0,9;). Indices are raised and lowered by the O(d, d) metric,

0 &
IMN = ((S-f 0]) : (3.4)
1

The O(d, d) metric is invariant under O(d, d) transformations
hyh =1, heO(dd). (3.5)

The fields in double field theory are the generalized metric H j;n and the dilaton
¢, where the index M = 0,1, ...,2d. These are O(d,d) covariant objects, in the
sense that under an O(d, d) transformation &,

f(X) = f(X), X' =X, (3.6)

enabling double field theory to have a manifest global O(d,d) symmetry. The
generalized metric satisfies the constraint

HanHN? = 619, (3.7)

where HMN is obtained by raising indices with 7. Solving its constraint, the gen-
y g Ui g g

eralized metric can be parameterized in the following way,

4l — g™ by
HmN = : : (3.8)
<bikgk] gij — bixg"'by;

where g;; is the metric field and b;; is the antisymmetric B-field.

The diffeomorphisms on the doubled spacetime are called generalized diffeo-
morphisms. These are the gauge transformations of double field theory. Under
generalized coordinate transformations, XM — X/ M_ xM_ &M, where M is an

1For a more precise definition of doubled geometry, see [60, 61].
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infinitesimal parameter, fields transform according to the generalized Lie deriva-

tives Eg. On scalars these act as

Lef = Manf. (3.9)
On O(d, d) vectors,
LVM = gNoyvM 4+ KMy () VY, (3.10)
where
KMy (g) = oMen —ane™. (3.11)

For a general O(d, d) tensor ™,
LMy = o, Ty + KM (&) TEN + KR (6) T, (3.12)

It is worth noting that, upon the strong constraint which will be introduced next,

the generalized Lie derivatives form an algebra

[Le Lay) = Lig i) (3.13)

where [, -] is the C-bracket,

&1, )M = ¢loney! — %gmaM@é\] —(1¢2). (3.14)

This does not satisfy the Jacobi identity [62]. In fact, the gauge algebra of double
tield theory is an L, algebra [11].
Consistency of double field theory, including the gauge invariance of the ac-

tion, requires the constraint,
nmnoMoN f = oMoy f =20,0'f =0, (3.15)

for all objects in the theory. It is motivated by the level-matching constraint in
string theory (3.2). An immediate solution to the constraint is to demand that
all functions only depend on half of the coordinates, i.e. either x' or %;. This
version of the constraint is called the strong constraint, and hence (3.15) by it-

self is referred to as the weak constraint. Since the constraint (3.15) is O(d, d)
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invariant, all solutions can be related to this choice via an O(d,d) transforma-
tion. Upon eliminating half of the coordinates, one recovers the low-energy ef-
fective target space action of closed string theory; in this case, double field theory
can be thought of as a manifestly T-duality-invariant reformulation of the the-
ory of massless string modes. When one considers a weakly-constrained double
field theory, the functions can depend on more than half of the coordinates, and
thus one is not restricted to the massless string modes and instead can also de-
scribe massive modes. However, this becomes an obstacle when constructing a
full weakly-constrained double field theory beyond quadratic order. For instance
the cubic theory requires a modification of the point-wise product such that prod-
ucts of functions also obey the weak constraint. This is addressed in our work in
[20], but will not be discussed in this thesis.
The action of double field theory reads

1 1
Sprr = / d21X =29 <§’HMN8M’HKL8NHKL - EHMNE)NHKLBL”HMK

(3.16)
+ 4HMNY 1 pON g — 2aMHMNaN¢) .
It is invariant under the gauge transformations,
SeHmn = LeHmn = EorHmn + K" (&) Hon + K" (&) Hme
(3.17)

1
e = Lo = TMomg — §3MCM~

The gauge transformation of the dilaton is defined such that the quantity e~2¢
transforms as a scalar density. For the full double field theory, gauge invariance
of the action requires the strong constraint. However, for the quadratic and cubic
theories, as will be discussed later on in the chapter, only the weak version of the
constraint is needed for consistency.

The canonical formulation of the double field theory action was derived in
[63], via splitting the doubled coordinates into temporal and spatial components.
The dependence on the resulting "dual time" coordinates is eliminated so that all
fields depend on (t,XM) and the action is formulated on a (1 + 2d)-dimensional
space. This results in a theory with fields:

Hun, ®, n, NM, (3.18)

where H 1y is the spatial generalized metric, ® is the duality invariant dilaton, n
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denotes the lapse function ensuring time reparametrization invariance, and A"

denotes the doubled shift vector. The action reads

S = /dt/dZanech( — 4(th))2 — éDt’HMNthHMN + R(CI), HMN)) .

(3.19)
The covariant derivatives are defined as

1
Di=— (39— L) , (3.20)

where L is the generalized Lie derivative with respect to the generalized shift
vector N"M:

1
Ly® = NMyyd — ZoyNM,
N ME oM (3.21)

LyHpn = NoxHmn + K (M) Hin + K (V) Hiw -
The last term in the action (3.19) uses the generalized curvature scalar

R(®, Hary) = 4HMNOpdn® — dpdnHMN — 42MN0 ), DN D + 40y HMNON®

1 1
+ §HMN8M’HKL8N”HKL — E”HMNE)M’HKLBK’HNL .
(3.22)

For now we assume all fields to be subject to the strong version of the constraint
meaning that also terms of the form 9™ f 9,,¢ are set to zero.

In the following we will use a frame formalism for the spatial generalized
metric. We introduce a generalized frame or vielbein E M with inverse Ep4,
satisfying EAMEp® = 6,5, from which the generalized metric can be constructed
via

Hun = EM?En®Sas, (3.23)

where S 4p denotes a positive-definite (tangent space) metric to be given momen-
tarily. The flat indices split as A = (a,4). The frame field is subject to the con-
straint that the "flattened" version of the O(d, d) metric (3.4) is block-diagonal:

g 0
Gap = EaVEsNun = ( gb G ) / (3.24)
b

with no further constraints on the (generally spacetime dependent) metrics G,

and G.;. Thus, the local frame transformations comprise the group GL(d,R) x
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GL(d,R). The metric G 45, which is used to raise and lower flat indices, has signa-
ture (d,d), and so we can assume without loss of generality that G, is negative-
definite and that G is positive-definite. Then, the metric S 45 is defined as

o _gub 0
Sip = ( . gﬂ-,> . (3.25)

Finally, we give the symmetries of the action, which is invariant under O(d, d)
transformations and generalized diffeomorphisms. The transformation rules can
be inferred from [64]. The gauge parameters are &°, &y, &, and A5, all depend-
ing on coordinates (t, X™), and act infinitesimally via

SEAM™ = L:EA™ +nE°DiEA™ + AaPEpM,
on = nfDin + n?Dy® + eMoym,

SNM = Mgy 4 9 M — > HMNYNE® + LM,
6@ = nZ’Dyd + LD

(3.26)

We are now ready to expand the theory around flat backgrounds as well as time-

dependent ones.

3.2 DFT on Flat Space

3.2.1 SVT Decomposition

Let us start with the expansion of double field theory around flat space. The fields

can be split into their constant background and fluctuation parts:

E M(£,X) = EaM —haB(t,X)EgM(t), (3.27)
d(t,X) = ©+ ¢(t,X), (3.28)
n(t,X) = a(1+¢(t,X)), (3.29)

NM(t,X) = AM(1,X). (3.30)

Here we have taken the background value of the shift vector to be zero. The
background tangent space metric G4p constructed as in (3.24) will be used to
raise and lower flat indices, while the background E4M and its inverse will be
used to flatten and unflatten indices. In the following we will often omit the bar

on the background quantities. A gauge (using A from the frame transformations)
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has been chosen such that h;, = h;; = 0 and h 48 is solely described by the
components

hy = —hy, . (3.31)

This equality follows from the fact that (3.24) is block-diagonal. Let us define the
derivatives,
Dy = E Moy = (Dy, Da) . (3.32)

The weak constraint (3.15) is re-expressed as
Af = —2D"D,f = 2D"D;f . (3.33)

This shows that despite the doubling of spatial coordinates, there is a unique
Laplacian A.

The double field theory action (3.19) expanded to quadratic order around flat
space yields

S = / dt / 42X ne_ch( — 4(Dyg)? — D™Dy

+8DD, ¢ — 8D 9Dy — 8D, Dyh™ + 4D, pDh™  (3.34)

— 2D°RYDyhye + 2Dh® Db g — ZDEh“EDZ—,haC—> ,
where the covariant time derivatives (3.20) act as

1 1
D;p = 0t + =D, A" + =D A",

1= opT 2" (3.35)
Dyl s = 3l 5 — Do Az + Dy A, .

As unbarred and barred indices are consistently contracted the above action has
a manifest SO(d); x SO(d)g invariance in addition to the O(d,d) duality. The
action is invariant under the gauge symmetries with parameters (¢&,, &z, ¢, &),
given by

Oh; = Dol — Dyéa,
op =&,
1 1
69 = —5Dal" — 5 Dal’, (3.36)

(5Aa - éa + Da(CO + CO) ’
6Az = &+ Da(8o — ).
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There is a gauge symmetry for gauge symmetries since gauge parameters of the

form
éa - DEIX ’ éﬁ - Dﬁ% ’ 60 - _X ’ (337)

where x is an arbitrary scalar, do not generate a transformation of fields.
Note that the derivatives (3.35) are invariant under gauge transformations
w.r.t. (s, €a). They are also invariant under ¢y transformations thanks to the weak
constraint (3.33). This leaves ¢ transformations as the only symmetry linking the
terms in the first line of (3.34) to the rest of the action. The total invariance, sub-
ject to the weak constraint (3.33), is easy to verify. It should be emphasized that
at the level of the free theory one does not have to worry about how to imple-
ment the weak constraint (3.33) on products of fields, since under an integral, e.g.
[ D*fDsg = — [ fD"D,g through partial integration, and thus it is sufficient that
all fields and gauge parameters satisfy the constraint [15].

In the following we will follow our procedure for rewriting a theory in terms
of gauge invariant variables for linearized double field theory. We start with a

scalar-vector-tensor (SVT) decomposition:

h,; = h,;+ DyBs — DyB, + D,DjE,
Aa - Aa + DHA, (338)

.Aﬁ :Aﬁ+DﬁA/

;=0, D°B,=D'B;=0, DA, =D"A;=0. (3.39)

Since there is no SO(d) x SO(d)g invariant way to take a trace of /1,;, we do not
have an additional scalar component as we do in (2.20) in standard gravity. The

gauge parameters are decomposed as:
Ca - ga + Da/\r (fzi - Ca + DﬁA/ (3-40)

where
D, =D"; =0. (3.41)
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We can now collect the gauge transformations of the various components:

5/};“5:0, (SBa:ga, 5Bﬁ:€ﬁ/ 5E:)1_/\,
bAi=Cla, SAa=0a,  SA=A+GHE, A=A+G0-0 (4
5¢:}LA(A—Z), op =&,

In addition to the gauge invariant tensor mode ﬁ,ﬂ;, we can find two vector modes

and two scalar modes which are gauge invariant:

A\a:Aa_Bu/

Az = Az — Ba,

Y=g (A-A+E), (3:43)
1

We notice that compared to standard gravity on flat space, there is one more
gauge invariant vector mode, coming from the vector component of the B-field.
However, we do not obtain an additional scalar mode corresponding to the dila-
ton. Let us check that the number of gauge invariant variables agrees with what
we expect given the number of gauge redundancies. Choosing d = 3 for definite-
ness, there are 17 off-shell field components in total:

hg: 9 As: 3 Az: 3 ¢: 1 ¢: 1. (3.44)

The gauge parameters ¢,, ¢z, Co, ¢V generate a total of 3+3 +1+1 = 8 gauge
redundancies, and subtracting the redundancy in the gauge symmetries (3.37),
we have seven gauge redundancies. Therefore we must have ten gauge invariant

components, which matches with the above gauge invariant variables:

10 = 4(h;) + 2(A,) + 2(Az) + 1(¥) + 1(P). (3.45)
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3.2.2 Chain Complex of Double Field Theory

Let us define the chain complex of the free theory to set up the homotopy retract

to gauge invariant variables. The chain complex reads:

X 5 x5 ox, 5 ox, 5 ox, 4 ox,

{x} {c} {¥} €} 19} {o}

where X is the space of trivial gauge parameters, which here are scalars y, X;

(3.46)

is the space of gauge parameters ¢, and X is the space of fields ¥. The gauge

parameters and fields are organized in terms of components:

a haE
- ;
¢ = ‘o €eX;, Y=|9¢|eX. (3.47)
2 A
Az

Next, X_; is the space of field equations £, which have the same index structure
as fields, and X_ is the space of Noether identities, which have the same index
structure as the gauge parameters. Finally, X_3 is the space of Noether identities
for Noether identities, which have the same index structure as the trivial gauge
parameters and are thus scalars.

We now list the differential maps 0. First, looking at the trivial gauge trans-
formations (3.37), we define d, : X, — Xj,

Dax

Dax

—X
0

A(x) = €X. (3.48)

Second, from the gauge transformations (3.36) we define 97 : X; — Xo:

DaCE - Dl'agﬂ

50

(&) = | —1Dal" — 1Dal" | € Xo. (3.49)
¢a+ Da(Go +¢°)

&+ Da(Zo—29)
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Next, we obtain the differential dy : Xo — X_1 which encode the field equations

5111_7 haE
2 ¢
54, =0d| ¢ | € X_q, (3.50)
&a A,
gﬁ Aﬁ

which we have derived by varying the quadratic action (3.34),

gal_i = at(DthaE) - ZDﬁDl_ng + Ral_ﬂ
E=TR,

1
1 -
Ea = Da(Drop) + EDb(DthaE) ,

1
& = Da(Dio) — EDb(Dthbﬁ) ,
with the spatial curvatures,

R = —A¢ + D,Dyh,

1 C C_ (3.52)
Rap =2 | =585 — DaDhg + DD hae + 2DaDyp |

It is easy to check the gauge invariance of the equations of motion (3.51), i.e.

dp 0 91 = 0, with the gauge variations
1
5(Dihgp) =2DaD5e’,  8(Dig) = —5AL°. (3.53)
We next observe that the curvatures (3.52) obey the identities

D*R,; —2D;R =0,

. } (3.54)
D'R,;+2D,R =0,
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which can be used to derive the Noehter identities for £, defining the differential
8_1 : X_1 — X,21

(3€)" ‘Z,”E DE™ 4+ 2DE,, — 20,E°

e | @] _ 84’ _ | Dyet™ - 2D, +20i7 | (355)
(9€)o g*" D,E% + D;E7
(2€)0 g‘f D& — D& — &,

The combinations in (3.55) yield zero upon inserting £ given by (3.51), verifying
d_10dg = 0. The last differential 0_; : X_; — X_3 is defined by

ga
gﬁ — 1 a 1 a
gO

The expression on the RHS vanishes identically upon rewriting G as the expres-
sion on the RHS of (3.55), i.e. d_p 00d_; = 0. This completes the construction of
the chain complex and verification that the differential is indeed nilpotent.

3.2.3 Homotopy Interpretation

We are ready to construct a homotopy retract from the chain complex to the
chain complex of gauge invariant variables. In contrast to conventional grav-
ity, we have gauge symmetries for gauge symmetries, and although in principle
one might think that these extra spaces are projected to something non-zero but
trivial, in the following we will show that the homotopy relations pan out with

pp=p=0, Xx={0}=X. (3.57)

First we treat the homotopy relation on degree 2. The gauge transformations
of the gauge parameters (3.48) decompose with (3.40) as

5,00=0, 5,7 =0,
SxGo=—X, 6,&°=0.
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We can combine the components into the gauge invariant gauge parameters,

Fr=gty pea Xy,

2
_ﬁ: ﬁ_l a A
"= %D (A=A), (359)
50550+§()\+;\),

P=g

With this combination, we can express the gauge parameters into an invariant

piece plus pure gauge piece,

gtz ga + D* f
a % a
¢ = Clo|® _+ D.f , (3.60)
%o So—f
¢ ¢
where .
= 5(/\ +A). (3.61)
Written more concisely using the differential,
E=C+a(f). (3.62)

If we define the homotopy map s acting on gauge parameters as

s(¢)=1f, (3.63)

and by defining s(x) = 0, the homotopy relation on Xj is satisfied:

(id —ip)(x) = x = s(9x) - (3.64)

Before defining the homotopy map sg : Xg — X; from fields to gauge parame-
ters, for consistency of notation let us denote the gauge invariant quantities with
a bar and rename (3.43),

Ijlal;:/};al_)’ (I_):qD, 4_):‘1}, Aa:A\a, Aﬁ:;{d- (365)
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We then define the projection pg : Xo — X these quantities,

using the notation (3.47). It follows by a simple computation that the original

fields are can be written in terms of their projections as

hap = hop + DaFy — DyFa
o=¢+I,
1 1.
@ = ¢ — 5DaF" = SDaF", (3.67)

Aa:Aa"‘Fa‘i‘Da(ﬁO"_Fo)/
AaZlea-f-Pa-l-Dﬁ(ﬁo—Fo),

where the pure gauge F terms read

1
Fa:Ba_EDaE,
1
Fﬁ:Bﬁ—‘l__DﬁE,
) 2 (3.68)
~ 1 _

We can deduce the homotopy map sg from fields to gauge parameters

FIZ
F?
so(¥) =1~ | - (3.69)
Fy
jal
Acting sy on a field that is pure gauge yields the invariant part (3.59) of the gauge

parameter:

s(08) = ¢ . (3.70)

Then with (3.57), (3.62), and (3.63), we see that the homotopy relation on ¢ € X;
is satisfied

(id —ip)(Z) = & =9(s(£)) +s(95) = of +¢. (3.71)
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Lastly, the homotopy relation on ¥ € X, reads

(id — ip)(¥) = ¥ — ¥ = 3(F) = 3(s(¥)), (3.72)

where we used (3.67) and (3.69). It is satisfied if we take the homotopy map to act
trivially on the space of field equations,

5.1 =0. (3.73)

At this point, we have established a homotopy retract from the sub-complex
Xy — X1 — Xp to the gauge invariant complex.

Let us now extend the homotopy retract to the entire chain complex, which
will need two more new non-trivial homotopy maps. As is the case for Yang-Mills
theory and gravity, the spaces of Noether identities and the Noether identities of
Noether identities are projected to zero:

X_z = X_3 = {0} ’ p-2=pP-3= 0. (374)

In degree —1 the projector p_1 : X_1 — X_1 is non-trivial and projects onto the
space of tensors that satisfy the Noether identities identically. These are defined

by € = p(&), where

E.5+2D, A1 (3E); — 2D AT(9E),

ab a

+4D,DyA ((3'5)0 — %DC(BE)C — %D5(85)5> ,

0= (3.75)
4

where the components of (d€) are defined in (3.55). Consequently, one can con-
tirm that the relations in (3.55) hold identically:

0= DE™ +2D%E, — 28,E°,
0 = DyEM —2DE, + 20,87,
0= D"+ Dié",

0= D,E" — Dz&" — 0:y .

(3.76)
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Now that the projections have been defined, we will now find the remaining
homotopy maps.

Assuming the homotopy from the space of field equations to the space of
fields to be trivial, s(£) = 0. In order to find the homotopy map on the space
of Noether identities X_1 let us evaluate the homotopy relationon £ € X_1:

(id — ip)(§) = € — & = 5(3E) . (3.77)

By inspecting the expression of the projection (3.75) in terms of £, we can imme-
diately write the homotopy map:

$(G),5 = —2DaA1G; + 2D ATIG, — 4D, Dy A2 (g’o — %DCQC - %ngf) ,
S(g)cp = 0,
s(g)(,, =0,

(3.78)

Next we evaluate the homotopy relation on G € X_; and recalling (3.74),
(id —ip)(G) = G = 9(s(G)) +35(3aG) . (3.79)
The first term on the RHS can be computed with (3.55) and (3.78):

D,A7Y(Gy + 1D°G. — 1D?G:)
DaA~Y(Go + 3D°Ge — 3D°G;)
0
0

3(s(G)) = G +2 (3.80)

Looking back at (3.56) we infer that the failure of d(s(G)) to give back G involves
0G. This implies that (3.79) is satisfied if we define a non-trivial homotopy map
s: X_3— X_» as follows

DaA_lp
DA
0
0

s(p) = -2 (3.81)
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Lastly we verify that the homotopy relation holds on p € X_aj:

(id —ip)(p) = p = 9(s(p)) , (3.82)

using dp = 0, (3.56) and (3.81). We have finally completed the proof of the homo-
topy retract from the entire chain complex (3.46) of linearized double field theory
on flat space can be to the complex Xy — X_; of gauge invariant fields and their

tield equations, where all redundancies have been eliminated.

3.2.4 Gauge Invariant Action

By replacing the fields with their projections, we can express the quadratic double
field theory Lagrangian (3.34) in terms of the gauge invariant variables.

—

. ~_1 fa 1 -~ -~ ~= ~

L=—4d* 1" Ohy;+ SATDA, — S ATAA; — 4DAD +4YAD, (3.83)

where [ = —8—22 + A. Following a similar diagonalization procedure as we have
of g g p

done in conventional gravity, we perform the field redefinition
Y5 =¥Y-d+A1D, (3.84)
which removes the ®? term, resulting in the Lagrangian,

~T o~ 1 ~ —~ ~ o~
L=—h""0h;+-AAA, — ZA"AA; + 49 AD . (3.85)
ab 2

1
2
In this form, it is clear that only hab propagates, while the other modes could be
integrated out to eliminate them, i.e., in the vacuum case the Lagrangian reduces

to
L=—h"0h. (3.86)

We infer that the four propagating degrees in h are the spin-2 tensor modes with
two degrees of freedom, the scalar mode given by the B-field and the scalar mode
given by the dilaton.
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3.3 DFT on Time-Dependent Backgrounds

Now let us expand around a background that is purely time-dependent as fol-

lows:
EAM(t,X) = Ea™(t) = ha®(t, X)Eg™ (), (3.87)
O(t,X) = O(t) + ¢(t,X), (3.88)
n(t,X) = a(t)(1+ ¢t X)), (3.89)
NM,X) = a(t) AM(t,X). (3.90)

Again we will omit the bar on the background quantities for readability. We
assume that a gauge has been chosen for the (background) frame transforma-
tions for which G 43 is constant and does not depend on time. The corresponding
background version of the metric (3.25) is then also constant, which allows us to
raise and lower flat indices under time derivatives. As done previously for the
flat space case, we fix a gauge so that the independent fluctuation is given by
hp = —hg

a:

3.3.1 Background Equations

Inserting the above expansion into the action, one obtains to leading order an

action for the purely time-dependent background fields encoding their dynamics:
Sp = /dt / d*Xn~! e—”( —49* — étr(sz)) , (3.91)

where we employ matrix notation, with SMy the background generalized metric
with one index raised, and the dot denotes the time derivative. The field equa-

tions read
e 1 .
S+ 85°—-2 q>+§8tlogn S=0,
4 40 1 4D, logn — Str($2) =0, (3.92)

497 + £tr($?) =0,
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It will be convenient to express these equations explicitly in terms of the back-

ground frame field. We define

1
LsB = - EAMEE, (3.93)

in terms of which the equations of motion are

1. ; Poap 2 g
ELab - LaCch + Luch‘b - E@Lub — O, (394)
—4 4 49? + 4dd; logn + n® L,L;" = 0, (3.95)

402 — n?L,PL;" = 0. (3.96)

It is instructive to rewrite these equations in terms of derivatives that are co-
variant under background frame transformations with parameter A4% and time
reparametrization with parameter °. These transformations act on L 42, the lapse

function n and generic vectors V; and V; as

SLAP = &0;L 4% + %EM_\AB + A4 L — ACPLAC,
on = 0;(&%),
oV, = &80V, + ALYy,
8Va = %9Vi + AV

(3.97)

All other fields transform as scalars under & and as tensors under A 5. The
tirst line of (3.97) implies that L.’ and Lz’ transform as connections under back-
ground frame transformations, while L,” transforms as a tensor. We then have

the covariant derivatives

1

ViVe = =0V — Lo"Vy,
’il ) (3.98)
ViVa = Vs - LV;,
which transform covariantly in that
5 (ViVa) = &% (ViVa) + AV, 399

5(ViVa) = E0:(ViVa) + ALV
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(3.94) can now be written more compactly as
b 267 b
ViL,” — ECI)LH =0, (3.100)

or, equivalently,
Vi (L) = 0. (3.101)

In addition, upon adding (3.95) and (3.96) one obtains the useful equation

b —28% — Po;logn = 0, (3.102)

or, equivalently,
i (e—zq’n—lcb) — 0. (3.103)

3.3.2 Quadratic Fluctuations

Next, we assume that the background equations are satisfied, so that the terms
linear in fluctuations drop out. The action for the quadratic fluctuations is given

by
s :/dt/dZdX c, (3.104)
where
—2& 2 P ab ab 1 ab ab
L=mne —AT* +2¢ 4;1" — L% | — w w0 + E(wabw + wpw™)

1 = _
— 5 (KapK™ + KgpK™) + 4L (9K, + Thyp) + V@ (¢, 9, h)} ,
(3.105)

and we defined

(3.106)

with
KAB = KAB(.A) = DA.AB — DB.AA . (3.107)



74

K 4 p satisfies the identities:
DaKpc + DpKca + DcKap =0, (3.108)

DBKup — DoDBAg =0, (3.109)

the latter being a consequence of the strong constraint (3.15), which in terms of

this flattened derivative takes the form
DD, +DD; = 0. (3.110)

Also note that the flattened spatial derivatives and the covariant (time) derivative

satisfy the commutation relations:

[Da, V| Vg = —L,°D:Vg, (3.111)
[Da, V]V = —LiDc V. (3.112)

In the action we collected the terms with only spatial derivatives into V), de-

fined as

V@ (p,9,h;) = 8D GDyp — 8D @D, — 8Dy@Dh™ + 4Dy Dyh™ — 2D°WY Dyhye
+2DhDyh g — 2D°h™ Dyhye .
(3.113)

This can be rewritten in terms of
9x = 9L -9, (3.114)
which yields

V@ (¢, 9_,h;) = 2D°¢Dyp —8D"¢ Dy — 8Dy Dph®™® — 2D*WYDyhys
+2DhDyh g — 2D W™ Dyhge .
(3.115)

We next turn to the gauge invariance of the quadratic action, which for time-

dependent backgrounds is quite subtle even for the free theory. Under linearized
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gauge transformations one finds

8Ohyy = Dol — Dyla — &L,
1
00 = ~a,2’,

509 = &7 D"~ IDut", (3.116)

SO = Vg + "¢ + D*(8o +8°),
SOAT = Vig" + 1,7¢" + D"(20 - &),

where we performed the following rescaling of gauge parameters,
0 1 0
(f — EC ’ éo — 1’1(:0. (3.117)

It is also convenient to note that with respect to spatial generalized diffeomor-
phisms with parameters ¢M = E, Mg

AM = E M AA simplify as follows:

the gauge transformations for ¢ and

1
s = —EBMCM,

1 (3.118)
sOAM = g M.
n
The gauge transformations in (3.116) act trivially for the special case:
¢"=D%, & =D% Go=-Vix, (3.119)

where x is an arbitrary function. For 6(0_; this can be seen by inspection, for
60 g by the constraint (3.15), and for (% A? and §(%) A? by using the commutators
(3.111) and (3.112).

3.3.3 Canonical Formulation of the Quadratic Theory

In order to elucidate the gauge structure of the quadratic double field theory on
a time-dependent backgrounds we find it convenient to introduce a canonical
formulation. We begin by computing the canonical momenta of the fields ¢ and
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Pp = oL _ e 2P (— 8T + 8n'dg +4Lh ;) ,
58tq)
o o : . (3.120)
a0 — — p _ av __ a
"= o (—2¢L" —2w™) .

In the following we rescale the dot by a factor of n=!: f = n~19;f. It is also
convenient to rescale the canonical momenta by multiplying by the background
quantity e?®:

P,
PaE

2 : ab
e = —8I'+ 8¢ +4L""h 7,

mp;”_ ¢ ab (3.121)
e p = _ZgbLaE - ZwaE

S

Under the gauge transformations in (3.116), the canonical momenta transform as:

5Py = 4AE0 + 4L (D& — Dyia),

. X (3.122)
6P, = ADEL ; — 4D, D5E° — 21,5 (Del; — Dyl) + 215 (De&s — Dale) -

The Hamiltonian density is the Legendre transform of £, defined as follows:
H = ne 2 (Ppg+ PPhy) — L, (3.123)

which yields explicitly for the above fields

1 ;o1 B o -
H=n e_2q>{ — ZPM—,P‘”’ — EP?, — ¢L P + P (K 5 + Lo hy + Lihac)

1 . 1,
= 50MAY Py + OPPy + S (L"h) Py
— 4D (Lh 1) + Ly L h® 5 + L Ly ahy™ + 2L, P LK he
—2LPhK ; — 217K Ky
- 4LabKaE§0 - (LubhaE)z - V(Z)} .

(3.124)

In terms of this Hamiltonian density the complete quadratic action can be written
with the original fields and the canonical momenta in the following first-order
form:

s= [at [ dx[ne 2 (PPl + Pypg) — 1] . (3.125)
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Naturally, upon integrating out the canonical momenta one recovers the original
second-order action. Specifically, the equations of motion E = 0 following from
this action are encoded in the following components:

1 A DRV B
Ep, = gPp+ ¢+ 50mAM = &9 — L%y, (3.126)
1
Epss = EPuE + vthal_a — K5+ oL, (3.127)
E) = —ViP,+ 2P, +4L"K ; + 4Ad — 8A¢ +8D"DPh 5, (3.128)
. 1 7 .
Eip = —ViPoy + 2P — 5Ly Py + 2(L o) Lop + 4DPLy

— 2L L gha® — 2L, 0L h g + 4L, LyCh g + 2L, Ky 5 + 2L 5K e
+8D,Dy¢ — 4D, Dy — 2Ah 5 — 4Dy Dh j + 4DyDhye,  (3.129)

_ 1 = _ _
E, = —D'P; — 5DaPy + AL,; D¢ + 20,E D e — 2L,SDyhY%, (3.130)
1 - -
E; = D'P,, — 5DaPy — 4Ly DY@ — 2Lz Dgh®® + 2L "Dk, (3.131)
Ep = LyP" — &P, + 40LPh,; + 4A¢ — 4D DV . (3.132)

If one solves E P, = 0 and Ep,; = 0 for the canonical momenta and substitutes
the expressions into the action, one recovers the original Lagrangian (3.105). The
tensors defining the equations of motion above satisfy Bianchi identities G = 0
with the following components:

G = D,E* + D;E?, (3.133)
Go = D7E; — D"E, — Ey + 2DE, + ®E, — LPE,; + 40LE,
+4AEp, —4D°D'Ep 5, (3.134)

- . - 1 -
Ga = DYE 5 — ViE, +2&F, + L,"Ej + 5DaEq + 2L DEp
— 2L’ DEpg + 4L’ DyEp,, (3.135)
. 1 7
Gs = — DYEy; — V4 Ez + 2PE; + Li"E), + 5DaEy — 2L;°DYEpea
+ 2L DPEpy + 4La"DyEp,. (3.136)
For the explicit expressions for the E tensors in (3.126)—(3.132) the G tensors van-
ish identically. This fact expresses the Bianchi identities. Furthermore, the Bianchi
identities provide a straightforward proof of gauge invariance of the action, since

one may verify with (3.116) and (3.122) that the gauge variation of the action can
be written as the sum over the gauge parameter times the corresponding Bianchi
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identity:
50 — / dt / X172 (20G0 + E0Gg + E°Gy + E°Gy) = 0. (3.137)

3.3.4 Cubic Theory

We now turn to the cubic terms in the action obtained by expanding about a
generic time-dependent background to third order in fluctuations. The corre-
sponding Lagrangian reads

LB =p e_zq){Zw“Ewachd; + Zw‘J’wfhag — ZL“Ede_had-hd; — ZL“EKC‘{hCEhaJ

+ 4L ™ % + 20 AMAyh 5 + 8 (r — %b) AMo e

+ ALY g AMAph G — 20 W($, A, 9, 1) + VO (¢, 90, h)} ,

(3.138)
where we have grouped objects familiar from the quadratic action into
- 1 - 1 =
W((P, A, (P,h) = — 4F2 — wal;w”b + E (wabw”b + wﬁl—,w’lb) — E (KubKab + KﬁBKab>
b _
+2¢ <4gr — Lagwab) :
(3.139)
Moreover, we defined
VO (g, h) =T +U, (3.140)

where

T = 4h™ (D,h Dyh_; — Dyh**Dsh j — Dyh®Deh, ;)
+4¢_(DhDyh, g+ Dh zDh — DPh_Deh™ + 20 5 DD h? — 21 DPD:h™)
—16h,;9_D"DPp_ — 89> D" Dy,
U = 4¢_D"¢Dup + 8¢_¢pD Dy — 4pD ¢Dyp + 4h™*pD,Dyep .
(3.141)

We note that 7 matches the form of the cubic expansion of the double field theory
action around a constant background without space-time split in [65], with ¢_
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playing the role of the dilaton.
Finally, expanding the full gauge transformations (3.26) to first order in fields

(i.e. including all terms quadratic in fields and gauge parameters) one finds:

8Whyp = 0w,y + ENONh G + (D" — D& hae + (Dol — Do)y,
51 = 21(29) — AV +EMawg,
5(1)4, = T +Noye, (3.142)
S A" = 21 Dy 4+ 2¢DE° + EPDy A" + (D& — D) AP,
M AT = —2n¥ D0 — 29 D70 4 DR A7 + (D7Ep — Dpe™) AP
Gauge invariance of the action to cubic order in fluctuations requires

sWs@ 4 5056 =9, (3.143)

as the reader may verify with the above formulas by a straightforward but te-

dious computation.

3.4 Gauge Invariant Cosmological Perturbations

In this section we decompose the fundamental fields of double field theory into
irreducible components by performing an SVT decomposition. This is done for a
special class of FLRW backgrounds which we will describe in the first subsection.
After constructing the gauge invariant variables, we will express the quadratic
double field theory action in terms of them. This analysis extends what was al-
ready done for fluctuations with respect to a flat background in [18].

3.4.1 FLRW backgrounds

A general time-dependent metric G;;(t) and Kalb-Ramond B-field can be pack-
aged into
Eij(t) = Gyj(t) + By(t) - (3.144)

In order to write a general frame E 4™ (t) without gauge fixing one needs to intro-

duce on top of this two independent d-dimensional frame fields e,’(t) and &;'(t),
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for then we can write

g (B Eaf) _ L (Eued ey (3.145)
Ex Ed V2 gijea] e’

or, in matrix notation with E = (ExM), e = (e,') and & = (&;'),

E— \% (:Sf j) . (3.146)

This background satisfies the constraint (3.24) in that

—ele G 0
gAB:< Ca > . (3.147)

This parametrization of the frame preserves the full O(d,d) and GL(d) x GL(d)
covariance, since we have 3d? degrees of freedom (e, € and &), as it should be
for a frame with (2d)? = 4d? components satisfying the d* constraints (3.24) (i.e.,
the GL(d) x GL(d) covariant constraints that the off-diagonal blocks of (3.147)
vanish).

We now turn to the class of time-dependent backgrounds with the largest de-
gree of symmetry: the FLRW spaces with vanishing spatial curvature. These are
characterized by a single time-dependent function, the scale factor a(t). Specifi-
cally, since the B-field vanishes, the metric in (3.144) reduces to £;j(t) = a*(t)é;j. It
will furthermore be convenient to introduce two constant but otherwise arbitrary
bases or frames ¢,’ and &;' for the doubled spatial geometry. Since these bases
are unconstrained, the ‘tangent space’ metrics defined in terms of the flat spatial
metric by

Sab = eaiebjéi]' , Saib = _aiégjéi]’, (3.148)

are then independent constant metrics (of Euclidean signature). As usual, we
use ¢;; and 57 to lower and raise indices i,j, ..., while g,; and ¢*?, respectively
gz and g‘jb, are used to lower and raise indices 4,b, ... and a,b, .. .. Using the
frames ¢,’ and &5, together with their inverses denoted by e;" and &7, to convert
indices a,b,...and 4,b, ... toi,j,..., one may verify that the different operations

of raising and lowering indices are mutually compatible. For instance, in

it — (5ijeja _ g“bebi ) (3.149)
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the second equation follows by contraction with e, and using the inverse of
(3.148). Notably, there are tensors

el i=elel, gl i=eile! (3.150)
that connect unbarred and barred indices and that satisfy
8a58if =0,", etc (3.151)

With these objects we can write the full background frame as

My 1 fa(t)died —a (e,
Eam(t) = (a(t)5ijéﬁj a—l(t)éﬁi>' (3.152)

The corresponding tangent space metric then satisfies the constraint (3.24)
with the constant metric on the doubled tangent space

Gap = <_g”b 0 ) : (3.153)
0 8w

Note the relative sign in the upper-left block, which will lead to a change of con-
vention in raising and lowering indices later in 3.4.2. The differential operators

D4 are given by

D, =~ (a7 113, —a()ds) ,

D=4 <a’1(t)8,; + a(t)5a> ,

(3.154)

using the notation 9, = €,9;, 0, = e,'0;, and similarly for barred indices. Note
that despite the notation there is only one kind of momentum and one kind of
winding derivative: with (3.150) we have d; = ggbab and 0; = g,;béb.

We can next give the explicit form of the tensor L® in (3.93). Using (3.152)
one finds for its components

LP=Hgb, L¥=Hg' L!=L=0, (3.155)

with Hubble parameter .
H= g . (3.156)
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With this choice of backgrounds, the background equations of motion in (3.94)-
(3.96) become:

(H—-20H)g," =0, (3.157)
—4& +49% +dH? =0, (3.158)
4% —dH? =0. (3.159)

As done before in sec. 2, we can add (3.158) and (3.159) to obtain the equation
— & +29% =0. (3.160)

The equations of motion imply that the following quantity is conserved,

B %, (3.161)

since by taking its time derivative we have

_ (®H-dH) 29*H— $(29H)
b= H? N H?

=0. (3.162)

We note that since we are now considering a rather special class of back-
grounds, under a general O(d,d) or GL(d) x GL(d) transformation the back-
ground frame will of course not stay in the same class. However, under constant
or time independent GL(d) x GL(d) transformations the above backgrounds
transform into themselves, just with the frames e, and é;' rotated. The genuine
duality transformation left in O(d, d) is given by

a b 01 Fioy o roy L
h= (C d> = (1 0): E't)=EYt) & a(t)_w. (3.163)

This is the expected T-duality or scale-factor duality property of string cosmology.
A closer analysis in our work in [20] shows that the invariance group of generic
FRW backgrounds is given by the diagonal subgroup diag(O(d) x O(d)).

3.4.2 Scalar-Vector-Tensor Decomposition

We now take the backgrounds to be of the form (3.152) with scale factor a(t).
According to (3.155) we then have L.’ = L;? = 0, so that the covariant derivatives
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defined in (3.98) simplify:
vtvlz - Vg ’ vtV[j - V{j . (3.164)

As for double field theory on flat space we also have the spatial Laplacians that
are related by the level-matching constraint as follows:

A =2¢"D,D;, = 24" D; Dy . (3.165)

In contrast to flat space there is a new differential operator based on the tensor
(3.150):
O = 24,"D"Dj, = 2¢;°D, D", (3.166)

which satisfies the commutation relations:

Vi, Al =2HO,
Ve, ) 0 (3.167)
[V, O] =2HA.
Explicitly, these two Laplace-type operators are given by
A =a"2(t)0* + a?(t)d?,
~ (3.168)
O = —a 2(t)0* + a?(1)0?,
where
? =00, =679;0;, 0°=0"9; =600, (3.169)

are the independent spatial (Euclidean) Laplacians of the doubled space.

At this stage a comment is in order regarding our conventions for raising and
lowering indices. In the general frame formulation of double field theory the
tangent space metric G 4 of signature (d, d) is used to raise and lower flat indices.
For the FLRW backgrounds to be used here this metric takes the form (3.153) in
terms of the positive-definite (Euclidean) metrics g,; and g, respectively, which
will be used from now on to raise and lower indices (as alluded to after (3.148)).
Since G, = —gu this amounts to a change in convention. To be definite, let us
take the elementary fields of the theory to be given by

(P’ qp ’ haE ’ Aﬂl s Aﬁ ’ (3170)

i.e., these fields are considered to be metric-independent, as are the differential
operators dg, d,, etc., with lower indices. Any expression involving these objects
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with an upper index is then interpreted to mean that the index is raised with
g% or g‘ﬂ_’ , respectively. This change of convention leads to sign changes but has
desirable internal consistency properties. For instance, the Laplacians in (3.169)
are then also writable as 9> = 979, = 970; and 0> = 99, = 070;, as follows
quickly by recalling 9, = €,9;, 0, = €,'9;, and similarly for barred indices. As
a consequence, in all formulas to follow we may freely raise and lower indices
without having to worry about sign factors.

After this digression, we turn to the problem of decomposing the complete
list of fields (3.170) into ‘irreducible” components by performing a scalar-vector-
tensor (SVT) decomposition. For the A fields we write

Aa :Aa+aaA+éaA,

o (3.171)
Az = Az +0daA + 0z

D>ll

Here we see the first instance of an important novelty of a genuinely doubled field
theory on cosmological backgrounds: the SVT decomposition of a vector yields,
compared to standard gravity, an additional scalar mode, corresponding to the
possibility of subtracting the divergence with respect to winding derivatives, in
addition to ordinary derivatives. Correspondingly, the remaining vector mode is

now divergence-free (transverse) with respect to both derivatives:
A, =0"A, = 0"A; = 9"A; =0. (3.172)

Thus, each of the transverse vectors has d — 2 degrees of freedom. The logic here
is that one imposes as many constraints as possible on the remaining vector or
tensor mode. This ultimately guarantees the complete decoupling among tensor,
vector and scalar modes. Turning then to the tensor field /i ; we postulate the

decomposition

haE = il\ug + guEE + aaBE — BEBQ + éaBE — éEBa + 8aal;C + 5a55(f + 8a55D + éaaED ,

(3.173)
with now five independent scalar modes and four independent vector modes,
which are subject to the constraints analogous to (3.172), i.e., every divergence

vanishes:

0B, = 0B, = 9"B; = 0"B; =0, 0B, = 0B, = 9"B; = 90"B; = 0. (3.174)
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Similarly, the irreducible tensor mode obeys

=y =0, p=0h; =0,
o = 0 W s o . (3.175)
Qu=3dh;=0, Q;=03h;=0 Q=g;"ht =0.
These constraints are not independent but rather subject to
aa — al_ﬂ . éa — I_ﬂ N
Qa Qs Qa = 9°Q3, (3.176)

aaQa - égQEI éaQa - EQ

Let us verify that h; so written encodes the right number of (off-shell) degrees
of freedom. As for A, the vector modes B,, B;, B, B; together encode 4(d — 2)
degrees of freedom. The number of components of Eaz‘; is d> minus the number
of constraints. Since the constraints (3.175) in turn are subject to (3.176) we have
4d +1 — 4 = 4d — 3 independent constraints, so that /1 ; carries d2 — 4d + 3 degrees
of freedom. In total, together with the five scalar modes E, C, C,D,D and the
4(d — 2) vector modes, the irreducible components carry 4(d — 2) + d? — 4d + 3 +
5 = d? degrees of freedom, as it should be.

At this stage it is appropriate to briefly discuss the counting of degrees of free-
dom done above and to relate it to the familiar counting in, say, four spacetime
dimensions (for which 4 = 3). Consider, for instance, the Fourier expansion of a

vector mode in (3.171):

ZAa (k, k)l kxtka) (3.177)

As before we assume that the Fourier modes A, (k, k) are only non-zero provided
k-k = 0, so that the weak constraint is obeyed. The two constraints in (3.172)
yield

KAy (k k) =k As(k, k) =0, (3.178)

which implies that among the three components of A, (for d = 3) generically only
one survives. For instance, for k = (0,0,1) and k = (0,1,0), for which k -k = 0,
the constraints imply A, = A3 = 0, so that only A; remains as a physical degree
of freedom. So what happened to the familiar two polarizations of a spin-1 vector

mode in four dimensions? These spin-1 modes are still present for the special case
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that the individual modes carry only momentum or only winding, say in the form

Aa(x, %) = Y Aa(k)e™ + Y Ay (R)e T, (3.179)
k i

for which the level-matching constraint is trivially satisfied. Then for each of the
two terms one of the constraints (3.172) trivializes, so that the corresponding vec-
tor mode carries the expected two polarizations. Therefore, if we consider vector
modes that live only in x-space, or vector modes that live only in ¥-space, they do
carry the familiar two polarizations (effectively eliminating the additional scalar
modes). It is only for modes that both carry genuine momentum and winding
that the degrees of freedom organize differently. Similar remarks apply to the
tensor modes. Indeed, naively 7/1\115 carries zero degrees of freedom in four dimen-
sions, but if we consider tensor modes that live only in x-space, or only in #-space,
some of the constraints trivialize, so that they do carry the two polarizations of a
spin-2 mode.

Returning to our discussion of the SVT decomposition, let us verify that these
decompositions exist by proving that the SVT components satisfying the appro-
priate constraints can always be defined from the given fields (3.170). More pre-
cisely, this is the case if 9% and 9?2 are invertible operators, as we will assume in
the following. For instance, the scalar modes of /,; can be expressed in terms of
the original fields as:

QU

-1

C= qd_ 28_4(81185}1115) T4 28_2 (gl;ahﬂb - a_z(éaél_}haﬁ)) ’
- d—1- I 5 _ _
C=-—0%0""h) — ——0 2(g5"ha" — 9 2(3""h,)),
d . 2 ( ] ab) _ 2 (gb a ] ( ﬂb)) (3,180)
D =0"20"2(0"",;), D =0929"%d""hy),
E— % (g3°ha® — 020%0% ; — 37207 ;) .
The vector modes of i 4 in turn can be defined as
By = =9 2(3h,5 — ,50"E) + 3,C + ,D,
B; =9 %(0° ; — ¢.70"E) — 9;C — 0;: D,
b ( a 8ab ) b b (3.181)

where one should view the scalar modes in here as defined in terms of h_; via
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~

(3.180). Finally, h,j can then be defined by inserting these scalar and vector modes
(3.180) and (3.181) into (3.173) and solving for EZE. Similarly, the scalar and vector
modes of the vector fields A, and A; can be defined in terms of these fields as

A=0"2"4,), A=030"4), A=92A), A=02%"A;),

(3.182)

We will next determine the gauge transformations of the SVT components. To
this end we decompose the gauge parameters ¢, and §; into scalar and diver-

genceless vector components:
Co=Ca+0A+0ax, &= {a+0aA+0ax, (3.183)

where 07, = 0%, = 0%(; = 0°(; = 0. With this decomposition, the gauge
transformations (3.116) become:

1 - ~ i
Shyy=—2L; + 7 (40205 — a 1040 — 20500 — @ '9504)

1 - _ ~ =~ _
+ 72 (0405 (ar —a~1x) +ad,05(% — x) — a 10205(A + A)
—9405(a g +ar)),
s =¢°,
S =g + ﬁ( —a ' P(A+ A1) +ad’(x — X)),
. 1 . _ 71 ~
5 As =Ca— L5 + 94 (A ~ HA- %(ma‘))) +3, (x— Hx + %(co +¢0>) ,
. -1 v
6 A =Ca = La"Gy + 0y (R —HA+" (6~ co)) +3s (x— Hx+ (6~ ¢0>) .

(3.184)
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Comparing this with (3.171), (3.173) we can then read off the gauge transforma-
tion of the SVT components of the fields:

6hy;=0, OE=—He,

OB _EC 53___§§_ OB _Lg 53__LC_
a \/i ar a \/E ar a \/i ar a \/E ar
a1 - . a
0C=——+(A+A), oC=—(x—x),
ﬁ( ) ﬁ(x X)
1 - 1 -
6D = —(—a ‘g —al), 6D = —(al —a'y), 3.185
ﬁ( X ) 2( X) (3.185)

6A, = Ca— L, 6A; = Ca— L'y,

SA=A—HA - _(&q+&0),  6A=x—Hi+ (G +e),

-1
V2
-1

- = a
JA=A—HA+ —
V2

(0—2%), SA=x-Hx+
Note that the tensor mode Ea;, is gauge invariant.

3.4.3 Gauge Fixing

In order to verify that the number of gauge independent fields is as expected
(i.e. equal to the number of off-shell degrees of freedom minus the number of
gauge redundancies) we can impose simple gauge fixing conditions, as we do in
the following.

From the second line in (3.185) we see that {, and {; can be used to gauge fix

two vectors to zero, e.g.,

B,=B.=0. (3.186)

This fixes the gauge invariance under {,, {; completely and does not require any
compensating gauge transformations. Next, we observe with the last two lines in

(3.185) that ¢¥ and &y can be used to gauge away two scalars, say:
A=A=0. (3.187)

This again fixes the gauge invariance under ¢, &y completely, but now we require

compensating gauge transformations that determine these parameters in terms of
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the remaining scalar gauge parameters:

%(éﬁéo) =—x+Hx, \%(éo ~ &) = —x+Hy. (3.188)

We are now left with four scalar gauge parameters (A, y, A, X), so naively we
would expect that we can gauge away four more scalar field modes, but it turns
out that, due to the gauge for gauge symmetry, only three more scalar modes can
be gauged away. Let us pick the gauge that, say,

C=D=D=0. (3.189)

The first condition fixes, say, the parameter ¥ = x. The second gauge condition
can then be achieved by means of A, which in turn fixes the compensating gauge
transformation to be A = —a~2§ = —a~2x. Finally, the third gauge condition can
be achieved by means of A, which in turn fixes the compensating gauge transfor-
mation to be A = a~2y. In total we have reduced the gauge redundancy to one,

with independent parameter x and compensating transformations in terms of x:
X=X, A=—a"2y, A=a?x. (3.190)

However, from the third line of (3.185) we then infer that C is gauge invariant and

thus cannot be set to zero. Similarly, using (3.190) in (3.188) yields
Go=—v2a (¥ —Hy), &"=0, (3.191)

and with this it follows that the other remaining scalar modes (E, A and A) are all
gauge invariant and can thus not be gauged away. Thus, the apparent remaining
parameter x in fact does not act at all on the remaining fields. This is just a con-
sequence of there being a scalar gauge-for-gauge symmetry. Thus, we have fixed
the gauge redundancy completely.

Summarizing, the gauge independent fields can be chosen to be, for instance:

~

e tensor modes: h,p [d? —4d + 3],
e vector modes: As, Az, Ba, B; [4(d —2)],
e scalar modes: E,C,A,A,¢p, ¢ 6],

where we also included the two scalar modes ¢, ¢ that were present from the

beginning. We displayed in parenthesis the number of degrees of freedom, which
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adds to d? + 1. This is equal to the total number of off-shell degrees of freedom of
the fields (3.170), given by d? + 2d + 2, minus the number of gauge redundancies
for parameters ¢, ¢z, Go, CO, which is given by 24 + 1 (taking into account the one
gauge-for-gauge redundancy).

3.4.4 Gauge Invariant Variables

We now aim to rewrite the field variables and the theory in terms of gauge invari-
ant combinations of the SVT components. This is essentially equivalent to fixing
a gauge in the sense that the resulting gauge invariant variables are subject to
constraints that are formally identical to gauge fixing conditions. A gauge invari-
ant formulation may always be reconstructed from a gauge fixed one. We have
already noted that ﬁal—, gauge invariant. In addition, one can build the following

gauge invariant variables:

¢ =¢+ levt(a(A +A+V2aC) —a YA - A+V2a710)),

A, =A, — %Vt(aBa +a'B,) — LZL,ZE(LZBE —a'Bp),

A; =A; + %Vt(aBg —a1B;) + %Lﬁb(lle +a'By),

A=a(A+A+V2aC)+a Y (A—A+2a71C),

A =a(A— A—2aC —2v2aHC) + a (A + A+ v2a~ ¢ — 2122 HC)
+2v2D,

A =a(A— A—2aC —2V2aHC) —a (A + A — V2a'C +2v2a ' HC)
—2V2D,

C=D—-D-a*C+a2C,

—

B\a :_( Ba - ailga) ,

— N

~

a :—(ElBg + a_ll%) ,

N

P = L'a | aC)—a (A A te
qo—qo+2\/§<1>( (A+ A ++/2a0) YA - A+V2a710))

+ %(—azc +9%C),

s 1 _ w15 7 A
E=E —2\/§H(a(A+A+\/§aC) a Y (A-A+V2a710)),
(3.192)
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as follows with simple computations using (3.185). These gauge invariant vari-
ables are of course not unique, as any linear combination of gauge invariant fields
is also gauge invariant. Moreover, there is one relation among them: the scalars
Aand A satisfy

A+A=2V2C. (3.193)

We next aim to rewrite the quadratic double field theory action directly in
terms of gauge invariant variables that are linear combinations of (3.192). Given
that the latter take a rather complicated form, a priori this seems to be a difficult
task that, however, is simplified by the following trick: We use that the original
fields can be expressed in terms of specific combinations of the gauge invari-
ant fields plus terms that take the form of an infinitesimal gauge transformation
(3.116). Specifically, we claim that

Mg = hp+ DaFy — DyFa — F'Lyg,
Ay = Ay +E — L"F; + D, (Fy + F°)

Az = Ai+E — Li"F, + Da(Fy — FY), (3.194)
¢ = ¢+dF — 1D, F* — 1D;F?,
o =¢-F,

where the gauge invariant fields, denoted by a bar, are given by

(420,95 4 20,05 — 20,0, — a23,05)C, (3.195)

Ag = A, +“-0,(A— A+2V2HC) + (3. (A+ A+2V2HC),  (3.19)

4
-1 - . BN .
Ao = Aq + "0 (A — A+2V2HC) — (3:(A+ A+2V2HC),  (3197)
1 -~
¢ =9+ AC, (3.198)
5=0, (3.199)
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while the ‘effective gauge parameters’, denoted by F, are given by

1 . ~ ~ ~
0 1 -1
— — (a(A+ A+ V2aC) —a YA - A+V2a10)),
zﬁ( ( ) ( )
o :ﬁ(zfl(ﬁ +A)—a(A - A)),
-1
E, :%(aBa +a"'B,) + \/E: 0,(—3a°C — 2D +a~2C)
2 ; (3.200)
a -~

V2!

These quantities transform under gauge transformations as

(SFO — CO ,
0Fh=2¢o—11,
OF = Ca+0a(A = J5071) +0a (X + J5a1) = o — 507 at) + 50941,
. < 1 1 =
0F; = Ca+0a(A+ 50~ ') +0a (X + J5an) = &a+ Ea*laan 500
(3.201)
where the gauge-for-gauge parameter 7 is given by
Wzg( A —ah—alx—alg) . (3.202)

Using the expressions (3.200) and those for the gauge invariant variables (3.192)
one may verify that (3.194) are just identities. These identities are very useful,
however, since they decompose the fields into their gauge invariant parts plus
terms of the “pure gauge form’ (3.116).

We can now replace each appearance of a field in the quadratic action by its
right-hand side in (3.194). Gauge invariance then implies that the pure gauge
terms drop out, so that in effect we may simply replace each field by its gauge
invariant version, i.e., we just put a bar on each field. Afterwards we use the
expressions in terms of the SVT components, which in turn allows us to express
each divergence, trace, etc., of a tensor or vector in terms of appropriate scalar
modes, thereby achieving complete decoupling.
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In order to perform this computation it is convenient to first display the

quadratic Lagrangian (3.105) in terms of the derivatives d and o:

L= nez(b{ — 4¢% + 8D + H(2¢ + 4¢)g;°h,"
+ ha;;huE + ZHZhQEhaE — 2H2gac_gd'bhmjhb5

+ L(aéa/lg +a P Ay — ad" Ay 4 a7 10 A,) (—4¢ + 4D — 2Hg; h,)

V2

+ %H(m +20) (—ad Ay +a P Ay + a0 Ay + a9 Ay)

_ %AgAA‘j - %A”AAQ - %(aé“Aa a9 A? -
+V2AY (00" — a9 I — V2A%(ad® + a9y

— V2Hg, 2 A (adh,; — a~ 0%, ;) + V2Hg; AL (a0 heq 4 a3 he
— V2HA (a0 5 + a~ 0% ;) + V2HA(adh j — a='3h )

(aéd.Aa + a_laaAa)z

N =

+ h”BAhaZ—, + (a719" — ad")h, (a0 — ad®)h g
+ (279" 4+ ad")h 5 (a 9 + aég)h"c_} .
(3.203)

Following the above procedure one obtains the decoupled quadratic action in

terms of gauge invariant variables:
5— /dt / PXne 2 (Lr+ Ly + Ls), (3.204)

where L1, Ly and Lg denote the Lagrangians for the tensor, vector and scalar
modes, respectively. As emphasized before, the action should completely decou-
ple among these modes, as indeed it does. Specifically, the action for the tensor
modes is given by

A

&b Tab _spo o bjadf T ATab
Lt = hyh +2H h h"’ —2H gacgd_ h® hb5+ha5Aha , (3.205)
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while the action for the vector modes reads

~ 4 4~ 25 A Ba Y
Ly = — B:AB — B AB, — H2B,AB" — H2B,AB
+4H%g,P B0 B; — B, (A% — 02)B" — By(A2 — O?)B”

1~ ~ 1~ ~ ~ PN T~ ~ ~
— S AIAAT — SANA" — V2A")(B, + Hg,"By) + V2A")(B; + Hga"By) .

2
(3.206)

Note that while this action carries two more vector modes than in standard grav-
ity, the A modes are actually auxiliary as they may be eliminated by their own
equations of motions. Indeed, varying with respect to Aq and Az and assuming
A is invertible, we obtain

R A " (3.207)
Az = \/EA_lo(Ba + HgabBb) ,

which may be reinserted into the action to obtain:

B AR 2B 2% A Pu Y
Ly(B) =—BzAB — B AB, — H°B,AB" — H°B;AB
+4H%g;"BY OB, — B1(A2 — 0%)B" — B, (A2 — O?)B”

>~ o~ = - o~ >~ 7o~ =a -~
+ (B + Hga"By)A™10?(B + Hg™B.) + (B, + Hga"By)A™10%(B + Hg"Be) .
(3.208)

The action for the scalar modes is

) .. =2 ~ PN
Ls=— 45 +8bpdh + dE +2dH(§ +29)E +

+ %Ao(zép— 20¢ + dHE) + %EA(H
- \/TEH/T(AZ —02)C+ : A(N? —O?)A — ?E(AZ —0)C + lﬁ(Az — %A

6
+ 49AP — 4PAP + (d — 2)EAE +2(¢p — 29)OE — = (¢ — 29) (A% — 0?)C.

E(A2— o1)E + %HZC(AZ _ Y

W |

$+29) + E)
V2

—~

Here, A, and A are auxiliary fields. Varying the action with respect to these fields
yields '
(A2 —0*)(—V2C+A) =0, (3.210)
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1 ~ ~ 2 N PN ~ 2 - A
g(A2 —0?)(A—2v2HC) + \/7—0(2(,) —29¢ +dHE) + \/T_A(H(qb—i—Z(p) +E)=0.
(3.211)
Since A2 — {2 = 49202 and 92 and 92 are invertible, we can solve for A and A\,
A=2C, (3.212)

A =2v2HC — v2072572(0(2§ — 2d¢ + dHE) + A(H($ +2§) + E), (3.213)
and re-insert these into the action, which yields

L5 = (@~ DE +2(d ~ DHG +2)E + (C(a2— 2)C

+2C0(2¢ — 20¢ + dHE) +2CA(H($ +2§) + E)
+(d —1)H?§? — 4H?*$p§ — AH>@* + d*H?E? + 4dHPE — 4dHOEP
TAD ASA S SA s -~ o~ = ]. -~ ~ ~
+49AP —49AG + (d — 2)EAE +2(p — 29) 0 — S(¢ — 29)(A% — 0*)C
1
2
T, o A om o asq IR
-5 (H($ +29) + E)o 20 2(a*0* + a*0*) (H(¢ +29) + E)
— (2§ — 2d¢ + dHE)92972(a*3* — a~*0*) (H($ +29) + E).

(2¢ — 2&¢ + dHE)9 20 2(a*d* + a~*9%) (24 — 2d¢ + dHE)

(3.214)

We close this section by pointing out that the definition of gauge invariant
variables can be extended to cubic order, using our procedure of gauge invariant
variables described in Chapter 2. As before, the cubic action in terms of these
variables takes the same form as the gauge fixed action, but with the fields being
the fully gauge invariant ones. We will leave the details to future work.
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Chapter 4
Homological Quantum Mechanics

Let us now turn to the application of homotopy algebras to quantum mechan-
ics. In this chapter, our goal is to compute physically relevant observables in
quantum mechanics, namely, quantum expectation values. Traditionally these
are computed via the canonical formulation or the path integral. In the canon-
ical formulation, one defines the state of a quantum system in terms of vectors
in a Hilbert space. Observables, such as position, momentum or energy, are no
longer numbers as in classical mechanics but are rather self-adjoint operators on
the Hilbert space. A measurement of an observable is an expectation value, which
is computed by taking an initial state, acting on it with the operator correspond-
ing to this observable, and projecting the result onto a final state. In the path
integral formulation, one computes expectation values by summing over all the
paths a system can take when evolving from its initial to final state. The paths
are weighted by exp(iS/h) where S is the action of the system. Since the path in-
tegral works with the Lagrangian instead of the Hamiltonian, it is advantageous
to canonical quantization by preserving symmetries of the system, and thus has
been essential in the development of quantum field theory. However, summing
over infinitely many paths lacks in mathematical rigour. Our partial reformu-
lation presented in [19] circumvents this issue by computing expectation values
algebraically instead of through analysis. It has yet to be a full reformulation,
since we only demonstrate our method for computing expectation values for the
harmonic oscillator and its perturbations. As a first step towards an extension to
quantum field theory, we apply our method to rederive the Unruh effect in the
context of quantum field theory in curved spacetime. Whether our method can
be applied broadly in quantum field theory, especially for gauge theories, still

remains an open question.
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Given the tools and systematics that we have learned about so far, to accom-
plish our goal of computing quantum expectation values, we might think of com-
puting the cohomology of the algebraic structure which encodes the theory, be-
cause that is where we expect to find our physical observables. To start with,
we observe that the cohomology of the L, algebra of the theory does not provide
sufficient information, since this corresponds to the classical configurations of the
system that satisfy the equations of motion. In order to do quantum mechanics,
additional structures seem to be required — for us this is the BV algebra. As men-
tioned in 1.3.3, the BV algebra is defined on the space of functionals F (V') which
is dual to the vector space V underlying the theory. Although at first glance it
might seem unintuitive to work with functionals in the dual space, it is not sur-
prising when one recalls that the path integral does the same — it is indeed a
functional integral.

Nevertheless, the resulting expectation value is a function, namely of the ini-
tial and final boundary conditions which live in R?" for a quantum mechanical
system with n degrees of freedom. Instead of computing the functional integral,
in our approach, we reach the resulting function by defining a projection from

the space of functionals to the space of functions of boundary conditions,
P: F(V)— F(R?). (4.1)

Our claim is that given a functional F, its quantum expectation value is given by
its projection P(F) whose inclusion to the space of functionals is a member of the
d-cohomology class of F, i.e.

I(P(F)) = F - 4G, (4.2)

where G € F (V). This turns out to be exactly the relation given by the homotopy
retract from the BV algebra to the space of functions of the boundary conditions.
After reviewing the standard formulation to establish notation, we will show how
to compute P(F) for the harmonic oscillator and compare our results with the
standard path integral.

The notion that the cohomology of the BV differential is related to quantum
expectation values had already been developed for the finite-dimensional model

in section 2.3 of [66] and in [67]. The quantum mechanical system described by

n the finite-dimensional model, the action is a function instead of a functional and so the
path integral is over R instead of an infinite-dimensional space of functions.
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the action )

S(x) = Eaxz, (4.3)
is considered as an example. It can be shown that the cohomology of the BV

differential computes the expectation value of polynomials x" as defined as

f dx xnefaxz/Zh
- [ dxxe—ax?/2n

(x")

(4.4)
a——ia
where the substitution 2 — —ia is performed after integration. One starts by
defining the BV complex on the graded vector space given by the space of func-
tions of the form

F(x, x%) = f(x) + x7g(x), (4.5)

where x* is an anti-commuting number and f and g are polynomials. The space
in degree zero is given by the functions that have ¢ = 0 and the space in degree
—11is given by the functions that have g # 0. The BV Laplacian is

9

= — 4,
A oxox* (4.6)

and the bracket is given by

0,a0b  da d;b

{ab} = ox*dx  Ox ox* (4.7)
The BV-differential corresponding to this action is
o .. &

o= —axafk + lhaxax* . (4.8)

Let us compute the cohomology. First we find the kernel of § by applying J on
F(x,x*)in (4.5):
OF(x,x*) = —axg(x) +ihg'(x). (4.9)

Setting this to zero, we find that g(x) = ¢ix*/2h js a solution but is not a polyno-
mial, so g(x) must be zero. Thus the kernel of ¢ is given by the functions F(x, x*)
where g(x) = 0:

keré = {F(x,x") = f(x)}. (4.10)
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Next we find the image of §. We take a look at how ¢ acts on functions where
f(x) =0and g(x) = x", i.e. functions G(x, x*) = x*x™:

0G(x,x*) = —ax" " 4 ihna" L. (4.11)

In cohomology, we therefore have

n+

ax™ ~ i1 (4.12)

Inserting n = 0 into (4.12), we see that x ~ 0. If n = 1, then x2 ~ %. Forn = 2,
we deduce that x> ~ %x ~ 0. And for n = 3, we get x* ~ 3(%)x2 ~ 3(%)2,

Continuing the pattern, we have

0 for n odd
x" o~ S\ 3
<ﬂ> m—1)(n—=3)----- 1 for n even

a

(4.13)

These are the cohomology classes for x" for all n. Each polynomial x" can be
represented by one number, and this is the expectation value (x") (see for instance
p- 14 in Zee’s textbook [68]). In our formulation, we will extend this to infinite-
dimensional models for computing expectation values for the harmonic oscillator

with respect to position and momentum eigenstates, as well as coherent states.

Path integral

In order to compare our formulation with the path integral formulation, we
would like to briefly review the path integral and establish some general nota-
tion.

Consider a non-relativistic particle moving in one dimension with the Hamil-

tonian )
p

Hix,p| = —+V(x), 4.14

wpl =2 V() @19

where x = x(t) and p = p(t) are its position and momentum respectively

parametrized by time t and where V(x) is an arbitrary potential. In the path in-
tegral formulation of quantum mechanics, the amplitude of measuring a particle

at a final position x(tf) = x given its initial position x(t;) = x; is

x(t)=x
(xplxi) = / (t')f_x "D expl(iS[x]/). (4.15)
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where § is the classical action functional S[x] = [ dtL[x, %] = [ dt (px — H[x, p]).
The functional integral [ Dx sums over all paths x(t) which begin at x(t;) = x;
and end at x(ts) = xy.

Suppose we have a function F(x) which defines an operator F(£) in the

Schrodinger picture in the sense that

A

B(%) = /dx Ix) (x| F(x). (4.16)

where |x) are the eigenstates of %, i.e. £|x) = x|x). One can show that the
expectation value of F(%) is given by
o x(tp)=xy ,
(| B(8) ) = / Dx F[x] exp(iS[x] /1) . (4.17)
X

(t)=x;

Wick contractions

In our work we will reproduce Wick contractions using a homological approach.
In the standard formulation, when computing vacuum expectation values of
products of field operators, one often uses Wick’s theorem. Just as position and
momentum operators of the quantum harmonic oscillator can be rewritten in
terms of creation and annihilation operators, field operators ® are split into its

creation part & and annihilation part ®:
D =Pt 4+, (4.18)

where ®~ annihilates the vacuum, ®~ |Q)) = 0. Wick’s theorem dictates how to
organize time-ordered products of operators. Time-ordering of a product places
an operator to the right of another if it is defined at an earlier time, so that the
time at which an operator is defined in the product increases from right to left.

For a product of two operators, time-ordering yields
T(@(x)2(y)) =P (x)@" (y) + @~ (x)2 ™ (v)
+O(ty — ) (PT(Y)P (x) + P (1)@ (x)) (4.19)
+0O(t — 1) (PT ()P (y) + @~ ()27 (v)),

where O is the step function. Wick’s theorem says that the time-ordered product

is the normal-ordered product plus Green’s functions. A product of operators ®
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is normal-ordered when all the @ operators are on the left of ®. For example,

N(@(x)®(y)) = @ ()" (y) + 2T ()@ (y) + T (y)@ (x) + ()P (v)-
(4.20)
One can show that the time-ordered product can be given as

T(P(x)@(y)) = N(@(x)®(y)) — iGr(x —y), (4.21)

where Gr is the Feynman propagator. When evaluating the expectation value
with respect to the vacuum, the normal-ordered product vanishes since the an-
nihilation operators are on the right. Wick’s theorem shows how to extend this

result to compute products of an arbitrary number of field operators.

(QT(P(x1) - - P(x4)|Q) = Y Gp(xi, — x3)Ge(xi, — x3) -+ - Gp(xi, , — xi,) -

pairs

(4.22)

4.1 Homological approach

Let us now describe our general approach. We would like to do quantum me-
chanics for a theory with an action of the form,

S[g] = ttf dtL(p(t),$(1),1), where @(t) € C¥([t; tf]). (4.23)

i

The free theory can be organized into a chain complex (V,0):

0 > V0 » VI —— 0, (4.24)

where VY and V? are vector spaces C®([t;, t¢]) of the smooth functions on the
interval [t;, t]. The differential d acting on a field ¢ € VY yields its equation of
motion, i.e.

o = EL(op(t)) € V1, (4.25)

where EL(¢(t)) = 0 are the Euler-Lagrange equations. The fields in V° are as-
signed even degree and the elements in V1 called anti-fields, have odd degree.
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Let us define functionals on V,

Flp,¢7] = /dh s dtgdsy - ds f(t et 51,80 @(0) - @) (s1) - 97 (s1),

(4.26)
where ¢(t) € V% and ¢*(s) € V! and the coefficient functions f(t1, ..., t,s1, .--51)
are totally symmetric in ¢; and totally antisymmetric in s;. The vector space F (V)
of these functionals admits a grading,

F(V)=-—-@FV)20FV) e FWV)°, (4.27)

where the degree of a functional is given by minus the number of ¢* it contains,
|F| = —I. The BV complex is defined by equipping F (V) with the BV differential
6 = Q — ihA, where

0= ["aEL(p()—2—, and A= [Tar— O
z (1) b 0p(t)gr(t)’
and ¢ is a degree +1 map since Q and A both decrease the number of ¢* by 1.
One can check that 6> = 0 and that in addition, Q%> = 0. One may notice that the
definition of ¢ is different from what we expect from the definition in (1.85). For
A to satisfy (1.83) and (1.84), the Poisson bracket is defined as

(4.28)

F F
{F,G} = OF 06 0F0G (4.29)
0p* o o o9
With (1.85) and the above definition, we expect Q to be of the form
6S 6
y=_22° 4.
{§,-} 59 59" (4.30)

However, g—g and the Euler-Lagrange equations are only equal up to boundary
terms. For traditional applications of the BV formalism, the specific form in (4.30)
is important, and in fact there is an extension of the BV formalism, called the
BV-BFV formalism [69, 70] which deals with boundary terms.? For our purposes,
however, what we define in (4.28) is sufficient.

Given the BV complex (F(V),6) of the theory, we would like to compute

2In particular the symplectic form which induces the bracket {—, —} is no longer invariant
under Q due to boundary terms, but this is irrelevant in our formulation since we do not consider
the symplectic form.
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expectation values of functionals with respect to initial and final boundary con-
ditions corresponding to position or momentum eigenstates in the canonical for-
mulation, for example,

_ Wt T(E(R))|x: 1)

(T(F(2))) = Wit (4.31)

where £ |x; t;) = |x;t;). Let us stress that the words "operator" and "state" are only
used in the context of comparing our method to the canonical formulation, and
that these concepts are non-existent in our formulation. As sketched at the begin-
ning of this chapter, the expectation value is given by the projection to the space of
functions of boundary conditions. To define this projection requires some steps.
Our procedure starts by establishing a homotopy retract from the chain complex
of the free theory (V,d) to the space of the boundary conditions, also called the
phase space R?. Then, we lift this homotopy retract to a homotopy retract on the
dual complexes. By applying the perturbation lemma, we can incorporate the in-
teracting theory structure and the quantum piece of the BV differential to finally
obtain the cohomology of J. In the following we elaborate on each of these steps.

We begin by considering only the free theory without interactions. We build
a chain complex of the on-shell functions, namely, solutions to the free equations
of motion parametrized by boundary conditions. As an example, let ¢y« ; be a
unique solution with the boundary conditions,

(4’xixf(ti)r47xixf(tf)) = (xi/xf) ’ (xi/ xf) < RR?. (4.32)

In other words, for every pair of boundary conditions, we can map to a solution

of the equations of motion, hence defining the inclusion map,
RP =V, (x,x0) = (9,¢7) = (¢x,,0). (4.33)
For a field in V, we can project to its boundary values,

p:V =R, (9,0%) = (¢(t), d(ty)). (4.34)

Elements in V! map to 0 because on-shell fields trivially satisfy the equations of
motion, so there are no equations of motion left in the phase space. We can also
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consider more general boundary conditions, namely the projections

p:V—=R?,
: : (4.35)
¢ = (@ip(ti) + bip(ti) , app(ty) + bpo(ty))
Summarizing the above data into a diagram, we have
0 —— VO 2 vl —— 0
l,, lo (4.36)
0 —— R> —2— 0 > 0

The two chain complexes are homotopy equivalent if there exists a homotopy
retract between them. This means that their cohomologies are the same and in
this case it is obvious since the phase space is the cohomology of 9. The homotopy

retract requires the existence of a homotopy map, &, of degree —1, which satisfies
iop=id—hod—doh. (4.37)

Acting on elements in VY, the third term on the RHS of the equation vanishes

since there is no V1. Thus for objects in V?, we have the relation
iop=id—hood. (4.38)

Acting (4.37) on elements in V!, we will have 0 on the LHS and the second term
on the RHS vanishes since there is no V2. Thus, V! elements, we have the relation

id=doh. (4.39)

Equation (4.39) might look familiar. Given a differential operator L(t), the
Green'’s function K(t, s) is a solution to the equation L(#)K(t,s) = é(t —s), where
d(t — s) is the Dirac delta function. In our case, the Green’s function for the dif-
ferential operator d is the integral kernel of the homotopy map h. In other words,
we define the map 1 : V! — VU for any function f € V!,

WA = [ dsK(t9)fs), (4.40)



105

where K(t, s) is defined such that

P(t) = /t 'tf dsK(t,s)f(s) (4.41)

is a solution of
dp = f. (4.42)

This observation will become useful later on when we compare our formalism to
the path integral.

Now that we have established the homotopy retract from (V,9) to the phase
space (R?,0), we will lift the maps to act on the space of functionals F (V). First

we lift the inclusion and projection maps. These are defined by the pullbacks:

i F(V) = F(R?),  i*(F):=Foi. (4.43)
p*  F(R?) — F(V), p*(f):=fop. (4.44)

I1=p*, P=i*. (4.45)

The differential on the space of functionals F (V') is the free, classical piece of the

BV differential, which we call Qg. The homotopy map on this space satisfies

QuH(1)[¢] = tg] — IPt[g] (4.46)
and
HQo(t)[¢*] = t[¢"], (4.47)

where t[¢] is the evaluation functional that takes in a function ¢ and returns ¢(t),
ie. t[p] = ¢(t). Consequently, to define the homotopy map on any functional in
F(V), the homotopy map is defined to act on products of t[¢] and t[¢p*] as

1 ok ) ek
H(FG) = S(H(F)G + (=) p"i*(F)H(G) + (=) "“{H(G)F + (=) p"i" (G)H(F) }.
(4.48)
This definition of the homotopy map satisfies

QoH + HQp = id — IP (4.49)

on products FG, as long as it holds on F and G individually, meaning that the
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action of H on any functional can be successively reduced to its action on t[¢]
and f[¢*] in (4.46) and (4.47). In summary, a homotopy retract from (V,0) to
(R2,0) gives rise to a homotopy retract from (F(V), Qo) to (F(IR?),0).

What we are really after is a homotopy retract from (F(V),d) to (F(R?),0).
We can apply the homological perturbation lemma, with the interaction term
Q1 = {S1, —} and the quantum piece —ifiA as a perturbation:

0=0Q+1, n = Qr —ihA. (4.50)

The homological perturbation lemma gives us the homotopy retract
(F(V),6,H") — (F(R?),0) with the new projection and inclusion maps.

PP=PY (—yH)", I'=1I. (4.51)
n>0
The inclusion map remains unperturbed because of degree reasons, and in the
dual picture it implies that p is unperturbed. This means p is untouched by inter-
actions.
With these new projection and inclusion maps, given a functional F € F(V),

let us define
f= P’(F), F .= I'P’(P). (4.52)

The homotopy retract tells us that
F-F =(1-TIP)(F)=H(F)). (4.53)

This means that F and F’ are in the same cohomology class with respect to . For
a functional F € F(V), we can find a member of its 6-cohomology class that can
be written as F/ = I'(f) = p*(f) for a function f on phase space R?. Our claim is
that the expectation value of F in (4.31) is equal to the function f = P'(F):

cony - GHITE@ls
(T(E@)) = ey = f). @59

We can apply this method for more general boundary conditions and this will be
discussed in 4.2.4.
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4.1.1 Uniqueness of the Expectation Value

Let us prove that the expectation value that we have computed in our approach
is unique. Concretely, we would like to prove that there is a unique function
f € F(R?) such that there is a functional F’ in the same cohomology class of F
such that F’ = p*(f). The proof can be outlined in the following way:

1. Establish that the cohomology of the complex with the classical piece of the
BV differential H(F(V), Q) where Q = Qo + Qj is isomorphic to the co-
homology of the complex with the full quantum interacting BV differential
H(F(V),0) where 6 = Q — ihA.

2. Show that the cohomology H(F(V), Q) is isomorphic to the space of func-
tionals of solutions which satisfy EL(¢) = 0.

3. Show that p* : F(R?) — F(V) is a one-to-one map when the image is
restricted to functionals on solutions.

Then p* is a one-to-one map between the space of functions F (IR?) and the space
of functionals of solutions which is isomorphic to the cohomology H(F(V), Q).
Thus there is a one-to-one map between F (IR?) and the cohomology H(F(V), Q).
Let us now describe each of these steps in detail.

Step 1. We recall the homological perturbation lemma discussed in 1.3.2. The ho-
mological perturbation lemma ensures that given the original equivalence data
(F(V),Q0),H — (F(R?),0), the perturbed data (F(V),d),H — (F(R?),0)
is a homotopy equivalence data as defined in (1.68). Since the perturbed
projections and inclusions are quasi-isomorphisms (just like the unperturbed
ones), by definition they induce isomorphisms on cohomology. Therefore the
cohomologies of the original and perturbed complexes must be isomorphic
H(F(V),Q) ~ H(F(V),9).

Step 2. First, let us clarify what we mean by the space of functionals of solutions.

Let us define the space of solutions, £ C V defined as
£ ={¢ € VYIEL(¢p(t)) = 0} . (4.55)

The functionals that take in the solutions as an input belong to the space F(£).
This is defined in the following way. Since £ is a subspace of V?, any functional
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on V9 can be restricted to a functional on &, defining the projection,
r: F(V%) — F(€), Fw Fle. (4.56)

We assume that any functional in F (&) can be obtained via r and that the map
r has a right-inverse, so that any functional on & extends to a functional on V°.
In general, r is not a bijection since it may have a non-trivial kernel, but upon

modding out the kernel we have an isomorphism:

F(V9)

kerr

~ F(E). (4.57)

Next, we show that the cohomology of (F(V), Q) in degree 0 is equal to the
space F (&) and that the cohomology in degree —1 vanishes. We start with the
functionals of degree 0. Since functionals of degree 0 contain no anti-fields, by
recalling the definition of Q in (4.28) it follows that they are annihilated by Q.
Therefore, ker Qo = F(V?) when restricted to degree 0 (here the subscript de-
notes the degree, i.e. Q; : F(V)! — F(V)i*1, and should not be confused with
the free part of Q).

In degree 0, the image of Q consists of functionals of ¢ proportional to the
equation of motion. To see this, consider a functional of degree —1,

t
G_1 = /t.f ds¢p™(s)g-1[¢,s], (4.58)

where g_1[p,s] = [dt1---dtxfo1(t1, ... b, 5)P(t1) - - - ¢(t). By applying Q in
(4.28) on G_1, we obtain

i
Q(G1) = — [ dEEL(g(1))g1[g: 1] (459)
When restricting to £, the above expression vanishes. Assuming that any func-
tional in the kernel of r is of the form (4.59) (see appendix B in [71] for a discussion
on this assumption), for a suitable function g_1, the image of Q_; is equal to the
kernel of r, im Q_; = kerr. Therefore, the cohomology in degree 0 is

_ kerQp F(V) _

0
HQ =00, ker =7 (4.60)

where we have used (4.57).

For the computation of the cohomology in degree —1, the kernel of Q consists
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of the functionals which satisfy Q(G_1) = 0. We observe that the RHS of (4.59)
has the form of the variation of the action. Setting the variation to zero, we can
interpret the action to be invariant under the transformation d¢(t) = g_1[¢, t].

Computing Q acting on functionals of degree —2, which have the form

Go= / ds1dsp¢™ (s1)¢" (s2)g—2[@, 51, 52] (4.61)

Q(G_») yields functionals of the form G, above where

t
g1l0t] = [ dSEL(s)galgsit], galos ] = —galptsl.  (G62)

Under the gauge symmetries interpretation, these functionals g_, correspond to
the trivial gauge symmetries. Therefore the cohomology ker Q_;/im Q_, contain
the non-trivial gauge transformations. Since we are only considering models
without gauge symmetry, the cohomology in degree —1 vanishes. This argument
can be applied to cohomologies in arbitrary negative degree. Therefore, the
cohomology of (F(V), Q) is given by the cohomology in degree zero (4.60). This
concludes the proof that the cohomology of the complex (F(V), Q) is equal to
the space of functionals of on-shell functions F(&).

Step 3. Now we must prove that p* is a one-to-one map when the image is re-
stricted to F(&). p* is defined in (4.44) as p*(f) = f o p, so we must show that p
in (4.34) is invertible on the space of solutions £. This will imply that the pullback
p* is invertible on F(&).

The projection p to the boundary conditions evaluates a solution at the bound-

aries t; and f:
i€ =R, p(gp) = (9p(ti) Pplty)). (4.63)
The inclusion i to the space of solutions is
itR*—= &, i(x,y):=duy (4.64)
where ¢,y is a solution, EL(¢,,) = 0, with the boundary values

Pry(ti) =x, and Pry(tr) =y. (4.65)
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It is easy to show that poi =id and i o p = id. First,

poi(x,y) = P(‘Px,y) = (4’x,y(ti)r¢x,y(tf)) = (x,y), (4.66)

where the last equality follows from (4.65). To show thatio p = id,

top(¢p) =i(p(ti), pp(ts)) = g, t).pp(t5) = Pp s (4.67)

since Py, (1), (¢ /) is indeed the solution with the boundary values
Py (1), (1) ( i) = ¢p(ti) and ¢y (1) 9, ( tf)(tf) = ¢p(ts). Therefore p is a one-
to-one map between the space of solutions £ and R?.

From the identities poi = id and i o p = id and the definitions (4.44) and
(4.43), it follows that p*i* = id and i*p* = id. Therefore, p* is a one-to-one map
when the image is restricted to F(&).

4.1.2 Homotopy Retract for Harmonic Oscillator

Here we give an example of the homotopy retract for the harmonic oscillator on
which we will apply our methods and compare our results with the standard
formulation. For the harmonic oscillator, the differential 9 : VO — V1 acts as

0 = P+ w?¢. (4.68)

We consider the initial conditions for solutions given by (¢(t;), ¢(t;)), which de-

fines the projection from V to R?.

p: V=R, p(p) = (o(t:), $(t;)). (4.69)

The inclusion map takes a pair of boundary conditions in R> and maps it into a

solution in V0 written as
i(gq,p) =gcosw(t—t;)+ gsinw(t —t). (4.70)

For the boundary conditions given by p in (4.69), the homotopy map h : V1 — V0
is
by
- / dsK(t,9)f(s), 4.71)
ti
where

K(ts) == 0(t — s)m“i((];s), (4.72)
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where 6 is the step function. The homotopy map can be extended to the full
complex V by defining h(¢) = 0 for ¢ € V°.

Let us comment that the homotopy depends on the boundary conditions that
are chosen for the projection. For instance, one can also choose the projection

corresponding to Dirichlet boundary conditions,

p(¢) = (¢(t:), ¢(tf)), (4.73)

and the corresponding inclusion is

: sinw(ty —1) sinw(t —t;)
' = X; . 4.74
l(xl, xf) xlsinw(tf — ti) + foil’lCU(tf — ti) ( )
The Green’s function is then
sinw(t—s) sinw(t—t;) sinw(ty —s)
=0(t - - 47
Kop(t;s) = 0(t =) sinw(ts —t;) w ’ (4.75)
which yields the homotopy map
ot sinw(t—s) sinw(t—t;) [ sinw(ts —s)
h(f) = /ti L e Y /t ds fls)——L—. @76)
The Green’s function satisfies the boundary conditions,
KDD(ti/S) = KDD(tf/S) =0. (477)

These ensure that there is a strong deformation retract (1.75).

We lift the homotopy retract from the space of functions to the space of func-
tionals (F(V), Qqp), where

Q= [ ) + o) 50 @78)

ti op* (t)

The projection and inclusion maps between the chain complex (F(V), Qp) and
the chain complex of functions (IR?,0) as prescribed in (4.43) and (4.44) are

P(F)(q,p) = Fli(q,p),0], (4.79)
I(f)lp, ¢*] = f(p(p)) = f(P(t:), p(t:)), (4.80)
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where i is defined in (4.70). The homotopy map is defined on the functionals as

gb]—/dsmw /dsKts (s),
H(t)[¢*] :=0,

(4.81)

and is extended to the whole space F (V) by its action on products (4.48).

4.1.3 Perturbation Lemma

We would like to show that by using P’ : F(V) — F(R?), f = P'(F) computes
the expectation value and compare our formalism to the path integral approach.
We will apply the homological perturbation lemma in two steps, first consider-
ing the quantum part of the perturbation and then the interacting part, using the
finite-dimensional cases in [66, 72, 73] as guides. We will see that the quantum
perturbation will give rise to what are equivalent to Wick contractions, and by
adding the interacting part we will reproduce the full path integral for the quan-
tum interacting theory.

Without taking interactions into account, the perturbation to Qg is 7 = —ifiA.
There will neither be a induced differential on IR?, nor a perturbation to the inclu-

sion I, however the perturbation to the projection is

Py =P} (ihAH)", (4.82)
n>0
where we denote the perturbed projector by P; since later we will consider a
second perturbation to be denoted P,. In order to compare with the standard
formulation, we would like to write out explicitly how this expression acts on
F (V). Though we could in principle use the definition of H in (4.48), it turns out
that we can obtain a more user-friendly version by first decomposing the space
F (V) into on-shell and off-shell functionals.
Let us recall that the maps i and p defined in (4.33) and (4.34) relate the space
of fields V to the phase space IR?>. We decompose the space of fields,

V=ip(V)& (id—ip)(V) =V, &V, . (4.83)

where V), is the “physical” space of on-shell fields which project to solutions to
the equations of motion, and V,, is the “unphysical” space of off-shell fields. Any
field can be written as ¢ = ¢, + ¢, where ¢, is a solution to the equations of
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motion. Applying the homotopy relation on degree zero elements in (4.38), one
can see that ¢, depends on the choice of homotopy. Moreover, it satisfies the same
boundary conditions as the Green’s function used to construct the homotopy, e.g.
for Dirichlet boundary conditions (4.77), ¢u(t;) = ¢u(tf) = 0. On the dual space
of functionals, (4.83) induces the decomposition

F(V)=:Fp® Fu, (4.84)

where F, = F(V,) is the space of functionals depending on ¢, only and F, is
the space of functionals that contain at least one ¢, or at least one ¢*.

Given our decomposition, we also need to define how derivatives act on the
functionals F [4) ¢*]. In other words, we would like to decompose the functional

derivative ; <P( ) into the functional derivative in the direction of V}, and V;, (the

functional derivative w.r.t. ¢* remains the same because we do not decompose

the anti-fields). The functional derivative ( ) is defined as

op

5P[<P ¢*] _ d ;
/ g0 =541t = ge|_ Flo+es ] (4.85)

where ¢ € V. Since V), is isomorphic to R?, let us label the on-shell fields as ¢,y
with (x,y) € R%. Then the functional derivative in the direction of V, is simply

given by partial derivatives along directions in the phase space:

d d

(0xF)[¢, ps] := de F[¢+4’p;x+s,y1 P-], (ayF) (] == de F[4)+4)P}X,]/+€/ Px] -

e=0 e=0
(4.86)

The functional derivative in the direction of V,, is written as
pOElp97] _ d .

dtg = — Fl¢p + €qy, , 4.87
/ Qu( 54)” ) = de - [P+ egu, ¢7] (4.87)

where ¢, € V,,. We are ready to decompose 5 ( j into dx, Jy, 5 ( FTGE Let us briefly

op
neglect the ¢* dependence and write F[¢] as a functional F [4)“, x,y], where ¢y, x, y

are seen as functions of ¢:

Flp] = Flou(¢), x(¢), y(9)] - (4.88)

¢u takes the function ¢ and subtracts the part which is projected to V;,, and x and
y map ¢ to its projected part in V, and maps the result to the coordinate x and
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y in the phase space IR%. The functional derivative can then be expressed by the

chain rule,

) / Opu(s) 0 dx 9 dy o
—— = [ ds + ¥ t+ =—. (4.89)
o(t) 0p(t) oguls) ~ og(t)ox — o¢(t) oy
To define how the homotopy acts on the functionals, we first define
Vi = /dtdsqf"(t)K(t -2 (4.90)
h ° 7 5¢u (S) 4 M

where K is a Green’s function for the harmonic oscillator. We will see that, up to
a rescaling, this implements the homotopy action on functionals in F;,. We recall
the differential Qg corresponding to the free theory,

5
(1)

where we used ¢ = ¢, + ¢, and that ¢, satisfies the equations of motion and thus

Qp = / dt ($u(t) + Wu(t)) (4.91)

drops out. We can compute the anticommutator of Qg and V},,

{1Qo, Wi} = /dt {%(t)% +<p*(t)5¢;%} =N, (4.92)

which counts the total number of fields ¢, and anti-fields ¢* in the functional:

N(¢u(tr) -~ pu(te)9” (bes) -~ - 97 (k) = npu(tr) - - Pu(ti) 9™ (tir1) - - @7 () -
(4.93)
We claim that on the space F;, of functionals that are at least linear in ¢, or ¢*,

on which N is a positive operator, the homotopy map is implemented by
H,:=N"1v,, (4.94)

where we have identified N with its eigenvalue (which is always positive on F,
so N~!is well-defined). Indeed, the homotopy relation is then satisfied:

{Qo, H,} = N"HQy,V,} =N"IN=1id, (4.95)

recalling that the subspace F,, is projected to 0. Finally, we can extend H, to a
homotopy H on the total space F (V) = F, ® F, by declaring H to be zero on
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Fp € F(V). We then have {Qo, H} = id — IP, which defines a strong deforma-
tion retract from F (V) to F,.

Having defined a more convenient lift of the homotopy map H we can now
work out how to apply (4.82) on functionals. Since P; is of degree zero, it is zero
on functionals with at least one anti-field. Thus we consider functionals of fields
only, and with the definition of the Laplacian A in (4.28) and H in (4.94), AH acts

as

& 1
AH:/dtdsKt,s —_——. 4.96
) o) N (496
Since the action of 54;% reduces to ‘%% when it is integrated against a function
satisfying the boundary conditions of V, 3 as does K (t,s), we can define
52
C::/dtdsKt,s v 4.97
) 5504 4
and rewrite (4.96) as
AH =C 1 . (4.98)

N
Let us now recall our decomposition of the functionals F[¢y, x,y]. Any func-
tional in (V') can be written as a superposition of functionals of the form

Flpu, x,y] = ¢ultr) - ultm)f(x,y), (4.99)

for fixed ty, ..., ty, and for f(x,y) polynomial in x and y. Thus the effect of P; in
(4.82) on all functionals can be deduced from its effect on F by linearity. Since
P(¢,(t)) = 0, the only non-zero contribution to P; in (4.82) comes from the term
where },~o(ihAH)" eliminates all fields ¢,. Recalling the action of N in (4.93),
this can only happen when m is even, i.e., m = 2k, for which only the term with
n = k contributes. We then find with (4.98)

PL(F) = F(xy)(HC) 5 -+ (IHC) 55 (1HC) o gulh) -+ gtz

N
— g (5€) ot gultan).

(4.100)

3This follows from setting g(t) in (4.85) to g, (t) and comparing the expression with the defini-
tion in (4.87).
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This implies that on arbitrary functionals we have

Py = Pexp <%C> . (4.101)

We can identify the operator C with the operator dp in lemma 3.4.1 in [72] that
generates Wick contractions. P can be interpreted as a normal ordering opera-
tion and P; implements Wick’s theorem. In 4.2.2 we will compute the two-point
function with respect to coherent states of the harmonic oscillator, where we will
reconfirm that P; indeed results in Wick contractions.

We have seen that the quantum perturbation to the differential Qg gave us
the Wick contractions. Now we will apply the perturbation lemma a second time
to combine our result for P; with the interacting piece Q; and compute the per-
turbed projection:

Py=PoY (~QiH)". (4.102)
n>0

We would like to reproduce the full interacting path integral as defined in theo-
rem 3 of [73] as

~ Py (F exp (%SI))
Dy (F) = 7 , (4.103)
with normalization
Z = Pyexp (%SQ ) (4.104)

by following the proof in [73] for our model. The proof consists of three steps:

1. Show that
Dol=id. (4.105)

2. Show that
132 - P = p2H25 + p25H2 . (4.106)

3. Show that the two terms on the RHS of (4.106) vanish.

Now let us navigate through each of these steps.

Proof of step 1. First, consider the numerator of (4.103) acting on an element
F = I(f), where f € F(R?). Recalling the properties of a strong deformation
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retract (1.75), HI = 0. Applying the expression for P; in (4.82) on I(f) exp(iS;/h),

G2 A (1) - Zoan (106%))

n>0
-SI -SI
- P(I(f) Z(ihAH)”e17> - PI(f)P< Z(ihAH)”e’?) = PI(f)Z
n>0 n>0
= fZ.
(4.107)
For the third equality, since HI = 0 the action of the sum is }_,~(iRAH)"I(f) =

I(f). Then for the fourth equality we used the fact that P is an algebra morphism,
i.e. P(FG) = P(F)P(G). Last we used the property PI = id. Thus D, o I = id.

Proof of step 2. We use the homotopy retract relation for P,
id—IoP,=Hyod+ o Hy, (4.108)

where 6 = Qo+ Q; — ihA and Hy = HY ,~o(ihA — Qp)". We apply D, to both
sides of (4.108) and use the identity from step 1 (4.105). Then,

Dy, — P, = DyHpd + P,6H, . (4.109)

Proof of step 3. Since D, is non-zero only in degree zero, it follows that the first
term on the RHS of (4.106) vanishes: ,H>5 = 0. For the second term, we show
that ZP,6 = 0, and with the invertibility of Z, D5 = 0. Let us decompose the BV
differential as 6 = dy + Qj, where 6y = Qp — ihA. We assume that S; does not
contain derivatives. We then write Q; = {Sj, -} due to the absence of boundary

terms. For a generic functional F, we compute

50 (eFSTF) = 6o (e#®1)F + ehS16)F — in{erSt, F}
— ¢#S150F + en51{ S, F} (4.110)

i

= eiSISF .
Here we used that ¢ acts as a derivation of the product,
—ih(=1)F{F,G} = §(FG) — 6FG — (-1)FF4G . (4.111)

The first term in the first line of the RHS of (4.110) vanishes because & (6%5 N =0,
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which follows because both Sy and S; contain no anti-fields. For the third term
in the first line on the RHS we used {eX,F} = ¢X{X,F} for any degree-zero
object X, which follows from the graded Leibniz rule (1.81). In the last line we
reconstructed & from the decomposition § = &y + {Sy,-}. Acting ZP, on F, we
have

ZPy(8F) = Py (5FehS1) = Pyéy(etSIF) =0, (4.112)

where we used (4.110) in the second equality and for the last equality P;dyp = O,
i.e. that P; is a chain map with respect to Qg — i1A, as implied by the perturbation
lemma. This concludes the proof of P, = ;.

With this last proof, we have been able to reproduce the expression for the full
path integral for the interacting theory. The quantum perturbation to the projec-
tion resulted in Wick contractions for the free theory, as one would expect. The
non-linear interacting perturbation to the projection computes expectation val-
ues with respect to the free theory with functionals F weighted by the interacting
part eiS1. This is what we expect- this gives rise to the computation of Feynman
diagrams.

4.1.4 Path Integral

In the previous proof, we showed that the projection we have defined P, is equal
to the expression P, in (4.103) which was defined in [73], but without explicitly
showing how (4.103) is equal to the path integral. To close this section, we mo-
tivate the expression by starting from the path integral and reorganizing it to

compare with what P, computes:

W TEIgD sty Jyl - POFIII™  p(reisn

_ s ") —p(F). (4113)
(v tylx; t:) f;’((t‘;;):;y Depet S9! py(er®)

We first split the actionas S = Sp + S;, where Sy = f %4>2 — %wngz and S; is the
non-linear piece. Instead of integrating over functions with boundary conditions
(x,y), we can choose to integrate over functions with simpler boundary condi-
tions (0,0), and add the contribution coming from the solution with the generic
boundary conditions. Concretely, let us decompose the functions ¢ = ¢, + ¢,
and choose the reference boundary conditions,

Pu(ti) = pu(ts) = 0. (4.114)
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¢y is the unique classical solution ¢, = i(x(t;), y(ts)) with generic boundary con-
ditions

Pp(ti) = x, Pplty) =y, (4.115)

Assuming that the integral measure is invariant under constant shifts, substitut-
ing ¢ = ¢, + ¢p yields Dp = D¢,,. We compute

Pu(ts)=0 W20
<]/,' tf| P[(P] |x; ti) = / D¢, F [‘Pu + ¢y ] (Pu+¢p]eh » 2(4’u %)685(%) )
Pu(ti)=0
(4.116)
where ) .
S = 5¢p(t)dp(ts) = 5Pp(ti)Pp(ti) - (4.117)

Because we chose the boundary conditions (4.114), S does not depend on ¢, and
the phase ¢9°(%) can be scaled out of the path integral:

Pu(ty)=0 i i (12— 2e?
(its| Elp] | ti) = zBS(pr)/ (t)=0 Dy Flpu + p) eh1190 9l Jii 2tgu—wien)
1 (4.118)
The expression for the normalization factor is obtained with F = 1:
Pu(ty)=0 i i1
(yitylas b)) = 250 | <t.>fo Dep, erSildwtlen b 200 g 119)
We claim that the projection P in (4.101) is equivalent to the integral
Pu(ts)=0 i1 200

PUF) = [ DguFlgu+ gyl ot B 10D (4.120)

In the standard formulation, the integral on the RHS of (4.120) can be computed
by using Wick contractions. Since we have shown that P; is the operation which
generates Wick contractions, as long as we use the appropriate Green’s func-
tion, P;(F) computes this integral. The result is a function on phase space R?
parametrized by the boundary conditions imposed on ¢,. If we accept the above
claim, then it is easy to see that (4.118) and (4.119) can be written in terms of P,
and consequently

te)= i .
ff( / yDGDF[QD]ehS[‘” _ Py(FeSt)
f<p stbef Py(ehS1) |

(4.121)
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where the phases ¢/5(#») in the numerator and denominator have cancelled each
other out. This concludes the comparison of the homological formulation with
the path integral.

4.2 Harmonic oscillator

In this section we apply the homological formulation to the one-dimensional har-
monic oscillator. In particular we compute two-point functions with respect to
position eigenstates and with respect to coherent states. Since for a free theory
all expectation values can be computed in terms of the two-point function using
Wick contractions, which can also be generated using our formulation, we only
show the computation for two-point functions. We then check our results using
the canonical formulation of quantum mechanics. Much of this section has been
adapted from [19].

4.2.1 Homological Computation for Position Eigenstates

The BV differential for the quantum harmonic oscillator reads

° +ih &
TRORSTROITOIN

We want to compute the two-point function, meaning that we would like to com-

5= /t‘tf dt {((ﬁ(t)—l—wch(t)) (4.122)

1

pute the expectation value of the functional for fixed t,s € RR,

Flg,¢"] = ¢()o(s) - (4.123)

In order for F/ = f o p to be in the same cohomology as F there should be a G
such that F — F' = G, where G has degree minus one. Let us assume Dirichlet
boundary conditions. The perturbation lemma immediately gives us the function
f as follows:

f=P(F), P=iexp (—%C) , (4.124)

where C is (4.97) defined in terms of the Green’s function with Dirichlet boundary

conditions,
52

C= /dtdSKDD(t,S)W,

(4.125)
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where Kpp is the Green’s function defined in (4.75). Note that here P, = P; since

we are considering the free theory. We thus have

f=i (1 - %c) PHP(s) (4.126)

using that the higher-order terms in 7 vanish when acting on the functional
(4.123) with two ¢. For the second term on the right-hand side we need to use
(4.125) to compute

C(p(t)¢(s)) = 2Kpp(t,s) , (4.127)

for which one uses that Kpp is symmetric. To evaluate then f(x,y) the first term
in (4.126) maps (x, y) via the inclusion map (4.74) to a solution ¢, with boundary
conditions ¢,(t;) = x and ¢,(tf) = y and then evaluates the functional on this
solution. Doing so yields

floy) =11

r=t,s

sinw(r —t;) sinw(tp —r) | .
{sinw(tf — ti)y + sinw(tf — ti)x ihKpp(t,s) . (4.128)

Thus we have computed the normalized two-point function,

YIT(F)|x)

TR flxy). (4.129)

4.2.2 Homological Computation for Coherent States

Here we will perform the computation of the two-point function with respect to
coherent states. In the language of the canonical formulation, coherent states are

the eigenstates |z) of the annihilation operator a. Let us use the convention
alz) =zlz), (z|la" = (z|z, forallzeC. (4.130)

With this convention, (Z| is the hermitian conjugate of |z), where Z denotes the
complex conjugate of z. For this computation we would like to use the Feynman
propagator. This means that we want to derive an inclusion ir and projection
pr, such that {9, h¢} = id — if o pp, with the homotopy map being the Feynman
propagator

—iw(t—s)

()0 =i [ dsf(o)

2w

plw(t=s)

=t hy (f)(t) +h-(f)(t).
(4.131)

—i—i/:fdsf(s)

2w
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Because hp(f) is complex, even when f is real, it is not sufficient to work with the
tield space V; we must work with the complexified field space V & C.

Let us now compute {9,h¢}. Since (4.131) is a Green’s function it satisfies
(02 + w?)hp(f)(t) = f(t). On equations of motion ¢ + w?$ we find

hi(+w?P)(t) = z‘% - i%e‘iw(f—fﬂ + @ - 4’(2ti)e—fw“—fi>, (4.132)
h (¢ + w?P)(t) = —i% + i%eiw(f—fﬂ + @ _ (P(ztf)eiw(t—tf) o (4.133)

and so for the sum

hef + @) (6) =9(0) ~ 5 (9(1) - L ) eriete-w

1w

_1 (f(tf) + JM) elw(t=ts), (4.134)

2 1w

We next define new (complex) functionals a(t) and a'(t) by

¢(t) = i(a‘L(t) +a(t), @) = i\/?(f(f) —a(t)). (4.135)

2w

These expressions are motivated by the mode expansion of the harmonic oscilla-
tor, but we should emphasize that here these are just regular functions, not quan-
tum operators. In particular, the function a' is just the complex conjugate of the
function a, with the notation just reminding us of the usual raising and lowering

operators. In terms of these we have

he(¢+ W) (t) = p(t) — o (a(ti)e*i‘*’(t*f” + a*(tf)ef“’(*‘ff)) . (4.136)

2w
This suggests that we define a projector pr : V@ C — C2 by
¢ (a(ty),a’(ts), ¢*—0, (4.137)

and the inclusion i : C2 — V° ® C by

(x,y) — 1/ % (xe*i“’(t*ti) +yei“’(t*tf)> , (4.138)

with zero image in V. With these definitions we have pr o ir = id.
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We can check whether it is reasonable that pr gives rise to correlators with
coherent states by looking again at the two-point function. By either applying the
perturbation lemma or going through the same steps as in the previous section,
we find that the representative F’ of the cohomology of F = ¢(t)¢(s) satisfying
F' = foppis given by

P/ = — ith(t,S)
h —iw(t—t; iw(t— —iw(s—t; iw(s—
+ E(a(ti)e (t—t;) —|—a+(tf)e (t tf)) (a(ti)e (s—t;) +a+(tf)e ( tf)) _
(4.139)

We therefore claim that

fla,z) — W TOO) |2) 140)

where

f(w,z) = —ihKg(t,s) + %(Zeiw(tti) + weiw(tftf)) (Ze—iw(sft,') i weiw(sftf)) .
(4.141)
It is straightforward to verify equation (4.140) in the familiar operator lan-
guage of quantum mechanics, as we do now. We first recall that Wick’s theorem
implies

T(¢p(t)¢p(s)) = —ilKp(t,s) + N(Pp(£)¢(s)), (4.142)

where N is the normal ordering operation. We have the operator relation

$(t) = 1/ 5 (a(t;)e 1) 4 at () (1)) (4.143)

where a and a' are now interpreted as the creation and annihilation operators of
the harmonic oscillator, satisfying the familiar commutation relations. Usually
the above expression appears in textbooks for t; = {; = 0 and normal ordering is
defined with respect to a := a(0) and a' := a'(0). But this is the same as normal
ordering a(t;) and a*(t), since they only differ from a and a' by phases. We can

now compute

(w| N(¢(t)¢(s)) |2) (4.144)

by evaluating a(t;) at z and a' (¢ ) at w. This follows because N moves all anni-

hilation operators to the right, where we can then use a(t;) |z) = z|z). Similarly,
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when creation operators are on the right, we can use (w|a’(tf) = (w| w. There-
fore,

(@ N9 () [2) = -

w(ze—iw(t—ti) +weiw(t—tf)) (Ze—iw(s—fi) _|_weiw(s_tf)) (z|w) .

(4.145)
Combining this with (4.142) then proves (4.140).

In case of the Feynman propagator, this result explains why the perturbation
lemma gives Wick’s theorem via the projector P; (and P) in (4.101) can be inter-
preted as normal ordering. Recall that P = i* evaluates functionals on-shell, with
boundary conditions specified by the inclusion map i. this is just what we did
in (4.145). We evaluated ¢(t)¢(s) on the solution with a(t) = z at t = ¢t; and
a'(t) =watt =t - Of course, there is nothing special about the two-point func-
tions considered here, and so the perturbation lemma says that P; is really Wick’s

theorem squeezed between coherent states.

4.2.3 Comparison with the Canonical Formulation

In the previous two sections we applied the homological recipe to compute cor-
relators with respect to position eigenstates and with respect to coherent states.
The respective projectors were given by

p(9.¢") = (p(t), ¢(tr),  pr(¢¢") = (alti),a’(t5)). (4.146)

Using Wick’s theorem, for pr it was straightforward to see that our approach
agrees with the operator language. For p, however, it is harder to verify that f
defined via F’ = f o p actually computes the correlator with respect to position
eigenstates, although our formal path integral manipulations above suggest that
this must be so. The general claim following from the homological approach is

(Yt T(@(8)¢(s)) [x; 1)

flow) = (s bl )

, (4.147)

where f is the function whose pullback p*(f) equals F = ¢(t)¢(s) in cohomology.
Our goal in this subsection is to check this statement using the standard formal-
ism of quantum mechanics. Since the operator computation is quite involved, for
simplicity we set x = y = 0. Then, the result we have computed with the pertur-
bation lemma (4.128) equals the Green’s function Kpp(f,s). Let us recompute the
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result, calling it g(¢,s), and try to produce the identity,

(y =0t T(Pp()(s)) |x = 0 ;)

— ihKpp(t,s) = (y = 0;t[x = O;t;)

=:g(t,s), (4.148)

using the canonical formulation.
We will use the coherent states as a basis. Given a general state |i), its overlap

with a coherent state (z| gives a holomorphic function in z,

9(z) = (zly). (4.149)

The inner product of two such states is

(P1]y2) = / &%z 1 (2)pa(z)e . (4.150)

The Hilbert space equipped with this inner product is called the Segal-Bargmann
space. The identity can be written as

1
1= / Pze 7 12) (2] . (4.151)
The creation operator acts by multiplication since

zZla" ) =zp(z) = (@'y)(2) =zy(z). (4.152)

We can then deduce from the inner product (4.150) that 4 acts by differentiation,
ie. 3 3

Flalg) =9 = @)E) =) @1
As a consistency check we note that [4,4"] = 1 in this representation. Since the
vacuum state |0) is annihilated by 4, the vacuum is represented by ¢ (z) = (z|0)
that is in fact constant (and equal to one if we normalize it). Likewise, the nth
excited state is 1

(z|n) = \/72”, (4.154)

while a coherent state reads
(z|lw) = . (4.155)
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We now come back to the original goal of this section, i.e. establishing the

identity (4.148) in the operator language. To do so, we use Wick’s theorem

T(¢p(t)p(s)) = —ilKp(t,s) + N(p(£)$(s)), (4.156)

where Kr is the Feynman propagator and N denotes normal ordering. Using this
in (4.148), we find

=0t N(p(t)g(s)) [x = 0;ti)

[y = 0; tf|x —0:8) (4.157)

Q(t,s) = —ihKg(t,s) +

In order to compute the overlap involving the normal ordering, we express it in
terms of coherent states using (4.151). We then need to express |x = 0) in terms
of coherent states. For an arbitrary state |¢) we have

(x|p) = /dzze Z (x]z) (z]y) . (4.158)

This formula can be reduced to an integral over the reals. For example, one can
show that [74]

(x|p) = p(x) = Ce‘xz/Z/dy e V2 (x +iyly) (4.159)
where C is some constant and (x + iy| is a coherent state, and so
(x| = Ce"‘z/z/dye_yz/2 (x +1y| . (4.160)

In particular,

(x=0] = C/dy e V2 (iy| . (4.161)

We now use this in (4.157) to compute g(¢,s). We first compute the denominator
Z:=(y=0;tflx = 0;t;) = (y = 0 n ) |x = 0), (4.162)

where we used the time evolution operator with respect to the Hamiltonian H =
hew(ata + %) of the harmonic oscillator. Thus, using (4.161), we will need the time
evolution of a coherent state. Defining T = t; — t;, we need to compute ein T |z),
which can be done by inserting a complete set of eigenstates |n) of the Hamilto-
nian and using the overlap (4.154). With this, we find /1 7 |z) = e T e~ TZ).

Defining A := ¢~ T we thus have ¢'# T |z) = A2 |Az). Using this together with
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(4.161) we have:

Z =C2\2 /dyldyze_(y%”%)/z (iya| — iAyr)

=2\ 2 / dyydyge™ (V2 VD /2 A, (4.163)
S I
VA—A3'

where we performed the Gaussian integral, and C; := 271C? is another constant

that will cancel in the end. Next we turn to the numerator of (4.157). Expanding

¢(t) in terms of ladder operators,

P(t) =1/ %(aJrei“’t + ae it (4.164)

and using this in (4.157), we need to compute expectation values of operators

quadratic in @ and a'. For example, we find that

<]/ =0; tf| ﬂ+ﬂ |x =0; tl> = Cz)\*% /dyldyz /\ylyz ef(y%+y%)/2+)‘yl]/2

Cl)\% 22 (4.165)
- (1-A2)2  1-A%
Similarly, we have
eiZwti
(y = 0;t¢lata’ |x = 0;t;) = —Zﬂ. (4.167)
i 7 1- )2

Since the operators are normal ordered we do not need to compute
(y = 0;t¢|aa® |x = 0;£;). We can now use the above to compute the normal or-

dered correlator in (4.157), for which we find after some algebra

; e 2l —1 jiw(t+s) g2t -1 ,—iw(t+s)
g(t,s) = —ihKg(t,s) — hm(Zw) e — hl —2 (2w) e
2 ‘ .
2 () ) g i),

(4.168)
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In order to relate this to Kpp we rewrite the Feynman propagator,

—iKp(t,s) = (2w)710(t — s)e ) 4 (2w)710(s — t)elw =)

| 4.169
= —iKg(t,s) + (2w) e 169

where Kgr(t,s) = 0(t — S)M is the retarded propagator. This yields

2w
; ity —1 jiw(t+s) g2t -1 ,—iw(t+s)
g(t,s) :—thR(t,s)—hl_Az(Zw) e —hl_/\z(Zw) e
. 2 .
+ hl — (2w)flezw(tfs) + hl i‘ v (zw)flefzw(tfs)
w(t+s—t;—tf) — w(t—s+tr—t;
iRt s) 4+ in i~ tf) — cos e Fh)
smw(tf — ti)

(4.170)

where we reintroduced #; and t; through A = e~ =) We can now make use
of the identity

cosw((t—t;)+(tf—s)) —cosw((t—t;) = (tf—s)) = —2sinw(t —t;) sinw(t; —s),
(4.171)
to arrive at

(y =0t T(p(t)p(s)) |x =0;t;) _sinw(ty —s) sinw(t—t;)
(y = 0;tf|x = 0;t;) = —iKg(t,s) +if w sinw(tr —t;)
= —ihKDD(t,S),

(4.172)

which is what we wanted to show.

4.2.4 General Boundary Conditions

In the previous subsection we exemplified our approach using two differ-
ent projectors, which where given by ppp(¢) = (¢(t:), ¢(tf)) and pr(¢p) =
(a(t;),a’(tf)). Our computations showed that these determine different types
of correlation functions.
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We now want to generalize to arbitrary linear boundary conditions. More

precisely, we look at boundary conditions of the form

x = ag(t;) + b2, y =co(ts) + d@ , (4.173)

where the numbers (a,b, ¢, d, x,y) can in general be complex. The numbers (x, y)
parametrize solutions to the equations of motion. In this way, we obtain a projec-

tor

p:C™([titf]) ®C — C?,
o(tf) (4.174)

w .

‘Pgi),w(tf) +d

¢ — (ap(t;) +b

As usual, we extend p to V* ® C by setting p|;,n = 0. We recover ppp when

(a,b) = (c,d) = (1,0), while pr is given by (1,b) = (¢,d) = (\/%,i\/g).

A solution with boundary conditions (4.173) is given by

_ yasinw(t —t;) —ybcosw(t —t;) + xcsinw(ty —t) + xdcosw(ty —t)

Prlt) = (ad — bc) cos w(t; — £;) + (ac + bd) sin(t — ) ‘
(4.175)
This solution defines an inclusion
i C?—VigcC,
(4.176)

(X, 4) — Pry-

which we extend to V*® via the inclusion V% < V*. To find the homotopy / from
the identity to i o p, we note that the homotopies hpp and hr satisfy the boundary
conditions (4.173) with x = y = 0. So our ansatz for the homotopy h(f) is the
unique solution to ¢ + w?¢ = f satisfying p o h = 0. It is given by

N0 = [ K + [ Kes), @177)

where

Ki(t,S) :Kf(s, t)
_(asinw(s —t;) —becosw(s —t;))(csinw(t — tf) —dcosw(t —tf))
B (ad — be)w cos w(ty — t;) + (ac + bd)wsinw(ts — t;)

(4.178)
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In kernel notation, we have
K(t,s) = 0(t —s)K;(t,s) + 0(s — t)K¢(s, t). (4.179)

Note that K(t,s) is manifestly symmetric in its arguments. A lengthy computa-

tion now shows that

h( + w?g)(t)
¢(t:) csinw(ty —t) +dcosw(ts —t)
=p(t) — ( ¢(ti) +b w )(ad be)cosw(ty —t;) + (ac + bd) sinw(tf —t;)
‘/’(tf asinw(t —t;) —bcosw(t —t;)
_ (C w ) ad — be) cos w(ty — t;) + (ac + bd) sinw(ty —t;)
(4.180)

as well as i(f) + w?h(f) = f. Therefore, the homotopy relation {3,h} =1 —iop
is satisfied.

One application using these more general projectors and homotopies would
be the computation of correlators with in- and out states living in different rep-
resentations of the Hilbert space. For example, one could choose (a,b) = (1,0)
and (c,d) = (0,1). In this case, the homotopy satisfies Dirichlet boundary con-
ditions at t = t; and Neumann boundary conditions at t = t;. The associated
representative of the cohomology then uses position eigenstates |x; f;) as in-states

and momentum eigenstates (p; t| as out-states.

4.3 Unruh Effect

In this section we present the first application of the homological formulation
in the realm of genuine field theories. Specifically, we apply our homological
method in the context of quantum field theory on curved spacetime by provid-
ing an alternative derivation of the Unruh effect: the quantum effect according
to which the number of particles detected depends on the observer [75]. In the
vacuum state an inertial observer in Minkowski space sees no particles, while in

the same state a uniformly accelerated observer sees a thermal bath of particles.
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4.3.1 Generalities and Homotopy Retract

Let us begin with a brief review of general features of uniformly accelerated ob-

servers in two-dimensional Minkowski spacetime with metric
ds? = dr? — dx2. (4.181)

The trajectory of an observer is then parametrized by x*(7) = (t(T), x(7) ) , where
T is proper time, so that the 2-velocity u/ (t) = dx(t)/dT satisfies the normaliza-
tion condition

Hutfu” =1. (4.182)

The Lorentz-invariant condition for the acceleration being constant is expressed
in terms of a* (t) = u*(7) as

nwa (T)a" (1) = —a*, (4.183)

where 4 is a constant. The trajectory of a uniformly accelerated observer satisfy-

ing these two conditions can be written as
1. 1
HT) = p sinhat, x(T) = B coshat. (4.184)

Next, let us relate the inertial frame to a frame that is comoving with the ob-
server. This means that denoting these coordinates by (£, ¥) the observer’s world-
line is a vertical line ¥ = 0, so that the observer is indeed at rest in this frame. The
Rindler coordinates having this property are defined by

t = a'e" sinhaf, (4.185)
x = a '™ coshaf, (4.186)
and the inverse relation
- 1 x4+t
f= —In——r7y, 4187
2a n x—t ( )
1
f=In [a?(x* — 17)]. (4.188)

From these relations one finds the metric in Rindler coordinates,

ds? = (dt)? — (dx)* = 2 [(dF)? — (d%)?], (4.189)
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which is thus conformally equivalent to the Minkowski metric.
We now consider the action of a massless scalar field ¢ in a 1 4 1 dimensional

spacetime,
1 v
- E/olzx /88" ,p 00, (4.190)

where g,y is the metric and g is its determinant. In the inertial frame,

_ % [ dtdx[(@:9)* — (2:)?] (4.191)

The action in the accelerated frame takes the same form:

1 -
— o [ didz[(0) - (3:9)7], (4192)

as a consequence of the conformal invariance of the action (4.190) in two di-
mensions and the Rindler metric (4.189) being conformally equivalent to the

Minkowski metric. The equations of motion are
$—92¢=0, (4.193)

o2 — 039 =0, (4.194)

where the dot denotes the partial derivative with respect to time t. Note that as
a scalar we have for the coordinate-transformed field ¢(, ¥) = ¢(¢, x), so that in
the second equation we could replace ¢ by ¢.

As a preparation for the homotopy retract we have to introduce the Fourier
transform with respect to the spatial coordinate, both in inertial and Rindler co-

ordinates:

too dx too d¥

e(t) = | Ee_ikxqb(t,x), ¢ (F) = » \/__llxgb(f %). (4.195)

Note that even though in the second integral we could replace ¢(f, ¥) by ¢(t, x),
the Fourier mode ¢y as a function of k of course differs from ¢; as a function of I.

The inverse relations are

(tx)— +ooi
(P 4 - oo \/ﬁ

Since the scalar functions on the left-hand sides are equal (more precisely, we

Rz

. —+00
it / = =@ (419%)

have ¢(t,x) = ¢(£(t, x), X(t,x))), we have two different expansions of the same ¢



133

into Fourier modes:

+oo . +o0 1 . -
pitx)=| %elk’%pk(t) =/ %eﬂx(f@@(t(t,x)). (4.197)

We will also use the following change of basis for the Fourier modes and their

time derivatives:

¢r = \/22 (a'p +ar), ¢ = ,/2?) (', +b), (4.198)
Qbk =1 %(Cﬁ_k - Elk) ’ 8;431 = M h? (b+ bl) ’ (4199)

where w;, = Vk2, Q) = V2. The inverse relations read:

Q; /. . QO (- .
b = \/%((Pz + Qilaﬂl)z) , b= \/%((Pz - Qila#l’z) - (4.201)

As for the harmonic oscillator these relations are motivated by the familiar def-
inition of creation and annihilation operators, but we emphasize that also here
these are just functions.

We now discuss the homotopy retract, beginning with the chain complex
defining the theory:

]

0 > V0 > VI —— 0. (4.202)

Here the space of fields and the space of anti-fields are given by
= C®([ti, tf] X R), Vi =T11C*([t;, te] X R). (4.203)

The notation indicates that the (anti-)fields depend on t, restricted to the interval

[ti, t£], and the space coordinate x living on the full real line R. The differential is
A(9) = (3 — )9 (4.204)

The important new feature in field theory is that the projector p : V* —
C*(R) x C*(R) no longer maps to a finite-dimensional space like R? but to
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infinite-dimensional functions spaces, however, with functions of one less coordi-
nate. Specifically, the projector evaluates the functions a and a' defined in (4.200)
at t; and ty, respectively:

¢ (ax(t),af(tp)),  ¢* 0. (4.205)

Next, we need to define the inclusion map i : C®°(R) x C®(R) — V that takes
two functions in momentum space, say c(k) and d(k), and produces a field in V°
(i.e. in the present example a scalar field in two-dimensional Minkowski space).
The proper inclusion map satisfying p oi = 1is given by

oo gk h . ,
(C, d) — 4)(C d)(t,x) = T otk _(d(_k)ezwk(t—tf) i C(k)efzwk(t—ti)) .
’ —c0 /27T 2wy
(4.206)
The homotopy map h : V! — V9 is defined, for any f € V!, in terms of the

Green’s function of the operator 9 — 92:

tf +o00
h(f)(t, x) :/ ds dyK(t—s,x—vy)f(s,y), (4.207)

t; —00

where the kernel is explicitly given by

—+o00
K(t—s,x—y):/ dl

: _ N\ p—iw(t=s)+il (x—y) _ 0\ yiwy(t—s)—il(x—y)
n 47tw11(@(t s)e +O(s—t)e ).

(4.208)
Indeed, one can verify that with the above definitions for projector, inclusion and
homotopy the homotopy relation 0h + hd = 1 — ip is satisfied. To this end one
needs to assume that ¢(t, x) and 9x¢(t, x) vanish at x = —oco and x = +o0.
For completeness we also display the important operations of the dual space
of functionals on which the BV algebra is defined. The BV complex F(V*) is
equipped with the differential,

t )
Q= /tifdt/w dx ((t, x) +9%¢(t,x)) (4.209)

_0
op*(t,x)
In addition, the BV-differential is defined as

. . B tr ®© ) )
5=Q—inA, = —/ti dt /_oo W ) T (4.210)
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For a functional F[¢,¢*] in F(V*), we obtain the pull-back functional in
FIC®(R) x C*(R)] defined by

i*(F)(c,d) = (Foi)(c,d). (4.211)

Similarly, the pullback of a functional f in F[C®(RR) x C®(IR)] with respect to the
projection is the functional in F(V*) given by

P ()¢ 97) = (fop) (7). (4212)

4.3.2 Number Expectation Value

To derive the Unruh effect, one assumes that the number of particles measured
by an accelerated observer is given by the expectation value of the number oper-
ator with respect to Rindler space, i.e., with respect to creation and annihilation
operators defined with the Fourier modes in Rindler space. More precisely, one
computes

Ne == (Ng) = (0] Biby |0) (4.213)

where by and 13;: are the Rindler space annihilation and creation operators defined
in analogy to (4.201), and |0) is the Minkowski vacuum state. This state is defined
so that it is annihilated by the inertial frame operator 4y:

A ]0) = 0. (4.214)

For definiteness we take the Heisenberg picture operators b and b' to be at time
f = 0 (which is equivalent to t = 0 for all x). The usual textbook computation
involves relating the creation and annihilation operators of the accelerated and
inertial frames through Bogolyubov transformations. We provide an alternative
approach which does not require finding the Bogolyubov transformations. In-
stead, our strategy is to define the functional F[¢] of the massless scalar field ¢
to be given by biby, with b} and by being defined in terms of the classical field ¢
via (4.201). Following our approach for the harmonic oscillator in sec. 4, we then
find f(c,d) such that F/ = f o p is in the same cohomology class as F[¢]. Then

f(c,d) computes the expectation value

flod) = tim A TEDR0) )

lim e , (4.215)
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where |c) and |d) are coherent states with respect to 4y, i.e.,
a [c) = c(k) |c) , (4.216)

and analogously for |d). Here we take the limit f — 0 after performing the com-
putation, as opposed to setting f = 0 from the beginning, since some care is
needed in order to deal with the step functions entering the Green’s function.
Note that the result does not depend on whether one takes the limit from above
or from below, which follows from the symmetry of the Green’s function. Finally,
in order to find the expectation value of the Rindler number operator with respect
to the Minkowski vacuum, we setc = d = 0, i.e.,

N = £(0,0). (4.217)

The choice ¢ = d = 0 is the analog of the equation (4.214) specifying the
Minkowski vacuum.

We begin by expressing the functional b] (f)b,(0) in terms of ¢(t, x). By taking
the Fourier transform of (4.201), one obtains by and b} in terms of ¢ and 9;¢:

(D) / dre [ L (4>+ t4>) (4.218)
t(7 o kx| i
bi(F) = / drely [ (4; _ Q—ka;gb) . (4.219)

For the second equation we use the chain rule to obtain

op = at cp -|— 8 dx¢ = ™ cosh(af)¢p + ™ sinh(af)d ¢ . (4.220)

Note that this is only valid when x > |t| since the Rindler coordinates only cover
this part of the Minkowski spacetime. With (4.218) — (4.220), we can explicitly
write out the functional F[¢] = b] (F)b,(0):

Flgl = [ dx [ dge 0 2% (900, 00900.0) + e 9(t, 00900,
+ —e"F0) (cosh(af)d(0,y)d(t, x) + sinh(af)d(0, y)dxe(, x))

~ e (cosh(al)g(0,)(1, ) + sinh(aF)g(0,1)2:9(1,)) )
(4.221)
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where of course t and x on the right-hand side must be viewed as functions of
(£, %).
We apply the perturbation lemma to find f(c, d), by using P; in (4.101),

P =i*exp (—%C) , (4.222)

where the functional derivatives in the C operator are now with respect to ¢(¢, x):

52

C = [dtdxdsdyK(t—s,x - , 4223
VKUY ot vap(sy) 42239
and K(t —s,x — y) is given in (4.208). Applying P; on F[¢],
Pi(F)(¢,d) = i"F(c,d)
—ih / dx/d (K(t,x —y) — Le”yatK(t,x —y)
Oy
- ﬁe ¥H+9) [ cosh(af) 99K (t, x — y) + sinh(af)9;0xK(t, x — y)]
k
_ Qie [ cosh(af)9:K(t, x — y) + sinh(af)d,K(t, x — y)}) :
k
(4.224)

There are no further terms in the expansion of exp (—%C) because F[¢] only
contains two ¢s. Let us start by treating the first term on the right-hand side of
(4.224). Since we set ¢ = d = 0, the inclusion to the space of fields (4.206) is
i(0,0) = 0. Therefore, with (4.211), the first term on the right-hand side of (4.224)
vanishes:

i*F(0,0) =0. (4.225)

Next, we take the limit t = f = 0. After inserting the derivatives of K(t,s), using

(4.208), and writing these in terms of Rindler coordinates, we obtain

£(0,0) = 1 (F)(0,0)

— ik(£—7) yila=' (e —eW)
/ dx/ dy / 4 o2 167T2wl ¢ X (4.226)
1 el w w
14— a(x+7y), 2 %I ax 1 ay)
( + Qie o wiowt
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We now perform the change of variables:

u=-e", L= dz, (4.227)
au

1
—du =di. 4.228
, du=dj ( )

Then f(0,0) takes the form

_ * * = ika '(Inu—Inov) Oy ila—' (u—v)
£(0,0) /0 du/o do /_Oo dle 167‘[21126016 X

(4.229)

Evaluating the integrals over u and v,*

£(0,0) = /_0; dl ir(- %)F(%)(—l)ik/“. (4.231)

471202, a a

As a consistency check, one may verify that the integrand in (4.231) coincides

with the expression in equation (8.43) of [76]. By using the identity for Gamma

functions, "
27ta eTtlkl/a
T(ik/a)]? = a - 4232
| (1 /61)‘ ksinh(?tk/a) |k| (627r|k\/a o 1) 7 ( 3 )
we obtain
00 1
— (2m|k|/a _ —1/

£(0,0) = (e 1) . d/ Sreac,’ (4.233)

as long as we choose (—1)*/7 = e~7lkl/a_ The expectation value of the number of
particles observed by an accelerated observer is a Bose-Einstein distribution with

the Unruh temperature
ha

- 27TkB ’

where kg is the Boltzmann constant. The divergent integral in (4.233) is also

(4.234)

present in the conventional derivation of the Unruh effect (see, e.g., chapter 8

4For this computation we used the integral identities:

/00 Jx eiAln(x)einx—l _ (_iB)—iAr(iA) ) /°° dx eiAln(x)ein _ (iA)(_iB)—l—iAF(iA) )
JO 0
(4.230)
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in [76]) and is interpreted as the infinite volume of the entire space.
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Chapter 5

Outlook

Having investigated the applications of homotopy algebras to gauge theories and
quantum mechanics, let us mention some questions that might branch out from
this work.

In chapter 2 we have constructed a procedure to derive an action of a gauge
theory in terms of gauge invariant variables. However, the procedure is far from
complete; as we have seen in section 2.5, it can still be a challenge to identify
which gauge invariant variables are dynamical. When reducing the scalar part
of the quadratic action on FLRW backgrounds, it took a considerable amount of
tield redefinitions in order to arrive at the Mukhanov-Sasaki action. Within the
L algebraic framework there seems to be no systematic procedure to finish the
analysis. Perhaps it may be feasible to define a projection to a complex of solu-
tions to the constraints, in the same way that we can project to a theory of gauge
invariant variables or to the homology of a chain complex. Then one would be
left to find the field redefinitions needed to reorganize the action in a system-
atic way. If successful, one could apply this new method to the gauge invariant
quadratic expansion of double field theory developed in chapter 3 towards the
process of computing observables.

In chapter 3 we have given a gauge invariant quadratic expansion of dou-
ble field theory on time-dependent backgrounds. As mentioned before, the next
step in the program of applying double field theory to cosmology would be to
compute correlation functions from both the quadratic and the cubic theory. By
comparing these with the cosmic microwave background data, one could even-
tually test different cosmological scenarios. Our findings show that in contrast to
general relativity, in double field theory the degrees of freedom are distributed
differently among scalar, vector and tensor modes. This suggests that observa-
tional signatures would be different from those predicted by general relativity
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coupled to ordinary matter. It would be helpful to develop more systematic tech-
niques to investigate this.

In addition, in the long run, it would be desirable to construct a more realistic
cosmological model. For instance, it would be important to add further matter,
perhaps initially in the form of a generic duality invariant energy-momentum
tensor. Eventually one would need to incorporate real observational parameters.

In chapter 4 we have presented a partial reformulation of quantum mechanics.
We have demonstrated that our approach works for the harmonic oscillator and
its perturbations. However, we have yet to apply our approach to theories with
gauge symmetries, such as Yang-Mills theory. We expect to find an extension to
theories with gauge symmetries, since the BV formalism was invented for gauge
theories in the first place.

Furthermore, our homological formulation is not just defined for perturbation
theories but can in principle be applied to non-perturbative problems. Since per-
turbation theory is only applicable for theories with weak coupling, but not for
strongly coupled physics such as quantum chromodynamics, it would be worth-
while to investigate to apply the homological formulation to non-perturbative
problems.

An additional follow-up project for the homological approach would be to
consider systems with spin. Since spin is a purely quantum quantity and does
not have a classical equivalent, our method of setting up the classical theory with
the chain complex and upgrading to quantum theory might not be sufficient.
In order to have a complete reformulation of quantum mechanics, it would be
necessary to be able to describe systems with spin.

As a final remark, it might be interesting to map out the connections between
homotopy Lie algebras and Hopf algebras in the context of quantum field the-
ory. For instance we have seen that gauge theories have L, algebraic structure,
and upon quantization, the BV formalism and the highly related BV algebras be-
come important structures. Beyond this, the Hopf algebras dictate the algebraic
structure of Feynman diagrams and play a key role in renormalization [25, 26]. It
would be fascinating to study the possibility of bridging together all of these al-
gebraic structures for a more mathematically sound foundation of quantum field
theory.



142

References

[1]

2]

3]

[4]

[5]

[6]

[7]

[8]

[9]

James M. Bardeen. Gauge Invariant Cosmological Perturbations. Phys. Rev.
D, 22:1882-1905, 1980. doi: 10.1103/PhysRevD.22.1882.

Bruno Vallette. Algebra+homotopy=operad, 2012. URL https://arxiv.
org/abs/1202.3245.

Barton Zwiebach. Closed string field theory: Quantum action and the B-V
master equation. Nucl. Phys. B, 390:33-152, 1993. doi: 10.1016/0550-3213(93)
90388-6.

Barton Zwiebach. Oriented open-closed string theory revisited. An-
nals of Physics, 267(2):193-248, 1998. doi: https://doi.org/10.1006/aphy.
1998.5803. URL https://www.sciencedirect.com/science/article/pii/
S50003491698958031.

Hiroshige Kajiura and Jim Stasheff. Homotopy algebras inspired by classi-
cal open-closed string field theory. Communications in Mathematical Physics,
263:553-581, 2006. doi: https://doi.org/10.1007/s00220-006-1539-2. URL
https://doi.org/10.1007/s00220-006-1539-2.

Ashoke Sen. Wilsonian Effective Action of Superstring Theory. JHEP, 01:
108, 2017. doi: 10.1007 /JHEP01(2017)108.

Korbinian Munster and Ivo Sachs. Quantum Open-Closed Homotopy Alge-
bra and String Field Theory. Commun. Math. Phys., 321:769-801, 2013. doi:
10.1007 /s00220-012-1654-1.

Harold Erbin, Carlo Maccaferri, Martin Schnabl, and Jakub Vosmera. Classi-
cal algebraic structures in string theory effective actions. JHEP, 11:123, 2020.
doi: 10.1007/JHEP11(2020)123.

Daiki Koyama, Yuji Okawa, and Nanami Suzuki. Gauge-invariant operators

of open bosonic string field theory in the low-energy limit. 6 2020.


https://arxiv.org/abs/1202.3245
https://arxiv.org/abs/1202.3245
https://www.sciencedirect.com/science/article/pii/S0003491698958031
https://www.sciencedirect.com/science/article/pii/S0003491698958031
https://doi.org/10.1007/s00220-006-1539-2

143

[10] Anton M. Zeitlin. Homotopy Lie Superalgebra in Yang-Mills Theory. JHEP,
09:068, 2007. doi: 10.1088/1126-6708 /2007 /09 / 068.

[11] Olaf Hohm and Barton Zwiebach. L., Algebras and Field Theory. Fortsch.
Phys., 65(3-4):1700014, 2017. doi: 10.1002/prop.201700014.

[12] I. A. Batalin and G. A. Vilkovisky. Gauge Algebra and Quantization. Phys.
Lett. B, 102:27-31, 1981. doi: 10.1016/0370-2693(81)90205-7.

[13] I. A. Batalin and G. A. Vilkovisky. Quantization of Gauge Theories with
Linearly Dependent Generators. Phys. Rev. D, 28:2567-2582, 1983. doi: 10.
1103 /PhysRevD.28.2567. [Erratum: Phys.Rev.D 30, 508 (1984)].

[14] W. Siegel. Superspace duality in low-energy superstrings. Phys. Rev. D, 48:
2826-2837,1993. doi: 10.1103/PhysRevD.48.2826.

[15] Chris Hull and Barton Zwiebach. Double Field Theory. JHEP, 09:099, 2009.
doi: 10.1088/1126-6708/2009/09/099.

[16] Olaf Hohm, Chris Hull, and Barton Zwiebach. Background independent ac-
tion for double field theory. JHEP, 07:016, 2010. doi: 10.1007 /JHEP07(2010)
016.

[17] Olaf Hohm, Chris Hull, and Barton Zwiebach. Generalized metric formula-
tion of double field theory. JHEP, 08:008, 2010. doi: 10.1007/JHEP08(2010)
008.

[18] Christoph Chiaffrino, Olaf Hohm, and Allison E. Pinto. Gauge Invariant
Perturbation Theory via Homotopy Transfer. JHEP, 05:236, 2021. doi: 10.
1007 /JHEP05(2021)236.

[19] Christoph Chiaffrino, Olaf Hohm, and Allison E. Pinto. Homological Quan-
tum Mechanics. 12 2021. arXiv: 2112.11495.

[20] Olaf Hohm and Allison F. Pinto. Cosmological Perturbations in Double Field
Theory. 7 2022. arXiv: 2207.14788.

[21] Tom Lada and Jim Stasheff. Introduction to SH Lie algebras for physicists.
Int. ]. Theor. Phys., 32:1087-1104, 1993. doi: 10.1007/BF00671791.

[22] Tom Lada and Martin Markl. Strongly homotopy Lie algebras. 6 1994.



144

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

Branislav Jur¢o, Lorenzo Raspollini, Christian Simann, and Martin Wolf.
Le-Algebras of Classical Field Theories and the Batalin-Vilkovisky Formal-
ism. Fortsch. Phys., 67(7):1900025, 2019. doi: 10.1002/prop.201900025.

Christopher Braun and James Maunder. Minimal models of quantum ho-
motopy Lie algebras via the BV-formalism. |. Math. Phys., 59(6):063512, 2018.
doi: 10.1063/1.5022890.

Dirk Kreimer. On the Hopf algebra structure of perturbative quantum field
theories. Adv. Theor. Math. Phys., 2:303-334, 1998. doi: 10.4310/ATMP.1998.
v2.n2.a4.

Alain Connes and Dirk Kreimer. Hopf algebras, renormalization and non-
commutative geometry. Commun. Math. Phys., 199:203-242, 1998. doi:
10.1007 /s002200050499.

M. Crainic. On the perturbation lemma, and deformations. arXiv Mathemat-
ics e-prints, art. math /0403266, March 2004.

Johannes Huebschmann. The sh-Lie algebra perturbation Lemma. arXiv
e-prints, art. arXiv:0710.2070, October 2007.

Martin Markl. Loop homotopy algebras in closed string field theory. Com-
mun. Math. Phys., 221:367-384, 2001. doi: 10.1007 /PL00005575.

Viatcheslav F. Mukhanov, L. Raul W. Abramo, and Robert H. Brandenberger.
On the Back reaction problem for gravitational perturbations. Phys. Rev. Lett.,
78:1624-1627, 1997. doi: 10.1103 /PhysRevLett.78.1624.

L. Raul W. Abramo, Robert H. Brandenberger, and Viatcheslav F. Mukhanov.
The Energy - momentum tensor for cosmological perturbations. Phys. Rev.
D, 56:3248-3257, 1997. doi: 10.1103/PhysRevD.56.3248.

Kouji Nakamura. Second-order gauge invariant cosmological perturbation
theory: Einstein equations in terms of gauge invariant variables. Prog. Theor.
Phys., 117:17-74, 2007. doi: 10.1143/PTP.117.17.

K. Giesel, S. Hofmann, T. Thiemann, and O. Winkler. Manifestly Gauge-
Invariant General Relativistic Perturbation Theory. I. Foundations. Class.
Quant. Grav., 27:055005, 2010. doi: 10.1088/0264-9381 /27 /5/055005.



145

[34] K. Giesel, S. Hofmann, T. Thiemann, and O. Winkler. Manifestly Gauge-
invariant general relativistic perturbation theory. II. FRW background and
first order. Class. Quant. Grav., 27:055006, 2010. doi: 10.1088/0264-9381/27/
5/055006.

[35] Jan Weenink and Tomislav Prokopec. Gauge invariant cosmological pertur-
bations for the nonminimally coupled inflaton field. Phys. Rev. D, 82:123510,
2010. doi: 10.1103 /PhysRevD.82.123510.

[36] Tomislav Prokopec and Jan Weenink. Uniqueness of the gauge invariant
action for cosmological perturbations. JCAP, 12:031, 2012. doi: 10.1088/
1475-7516/2012/12/031.

[37] Jaiyul Yoo and Matias Zaldarriaga. Beyond the Linear-Order Relativistic Ef-
fect in Galaxy Clustering: Second-Order Gauge-Invariant Formalism. Phys.
Rev. D, 90(2):023513, 2014. doi: 10.1103/PhysRevD.90.023513.

[38] Guillem Domeénech and Misao Sasaki. Hamiltonian approach to second or-
der gauge invariant cosmological perturbations. Phys. Rev. D, 97(2):023521,
2018. doi: 10.1103 /PhysRevD.97.023521.

[39] Zhe Chang, Sai Wang, and Qing-Hua Zhu. Note on gauge invariance of
second order cosmological perturbations. Chin. Phys. C, 45(9):095101, 2021.
doi: 10.1088/1674-1137 /ac0c74.

[40] Zhe Chang, Sai Wang, and Qing-Hua Zhu. Gauge Invariant Second Order
Gravitational Waves. 9 2020.

[41] Viatcheslav F. Mukhanov, H. A. Feldman, and Robert H. Brandenberger.
Theory of cosmological perturbations. Part 1. Classical perturbations. Part

2. Quantum theory of perturbations. Part 3. Extensions. Phys. Rept., 215:203—
333, 1992. doi: 10.1016/0370-1573(92)90044-Z.

[42] Hideo Kodama and Misao Sasaki. Cosmological Perturbation Theory. Prog.
Theor. Phys. Suppl., 78:1-166, 1984. doi: 10.1143/PTPS.78.1.

[43] J.L. Loday and B. Vallette. Algebraic Operads. Grundlehren der math-
ematischen Wissenschaften. Springer Berlin Heidelberg, 2012.  ISBN
9783642303623. doi: 10.1007 /978-3-642-30362-3.

[44] Robert H. Brandenberger and C. Vafa. Superstrings in the Early Universe.
Nucl. Phys. B, 316:391-410, 1989. doi: 10.1016/0550-3213(89)90037-0.



146

[45] ] Kripfganz and H Perlt. Cosmological impact of winding strings. Classical
and Quantum Gravity, 5(3):453, mar 1988. doi: 10.1088/0264-9381/5/3/006.
URL https://dx.doi.org/10.1088/0264-9381/5/3/006.

[46] Ali Nayeri, Robert H. Brandenberger, and Cumrun Vafa. Producing a scale-
invariant spectrum of perturbations in a Hagedorn phase of string cosmol-
ogy. Phys. Rev. Lett., 97:021302, 2006. doi: 10.1103 /PhysRevLett.97.021302.

[47] Robert H. Brandenberger, Ali Nayeri, Subodh P. Patil, and Cumrun Vafa.
String gas cosmology and structure formation. Int. . Mod. Phys. A, 22:3621—
3642, 2007. doi: 10.1142/50217751X07037159.

[48] M. Gasperini and G. Veneziano. String Theory and Pre-big bang Cosmology.
Nuovo Cim. C, 38(5):160, 2016. doi: 10.1393 /ncc/i2015-15160-8.

[49] Robert H. Brandenberger. String Gas Cosmology. 8 2008. arXiv: 0808.0746.

[50] Robert H. Brandenberger. String Gas Cosmology: Progress and Problems.
Class. Quant. Grav., 28:204005, 2011. doi: 10.1088/0264-9381/28/20/204005.

[51] Robert Brandenberger, Renato Costa, Guilherme Franzmann, and Amanda
Weltman. Dual spacetime and nonsingular string cosmology. Phys. Rev. D,
98(6):063521, 2018. doi: 10.1103 /PhysRevD.98.063521.

[52] Robert H. Brandenberger. Beyond Standard Inflationary Cosmology, pages 79—
104. 4 2020. doi: 10.1017/9781108655705.005.

[53] Heliudson Bernardo, Robert Brandenberger, and Guilherme Franzmann.

String cosmology backgrounds from classical string geometry. Phys. Rev.
D, 103(4):043540, 2021. doi: 10.1103/PhysRevD.103.043540.

[54] Heliudson Bernardo, Robert Brandenberger, and Guilherme Franzmann. So-
lution of the Size and Horizon Problems from Classical String Geometry.
JHEP, 10:155, 2020. doi: 10.1007 /JHEP10(2020)155.

[65] Carmen A. Nufiez and Facundo Emanuel Rost. New non-perturbative de
Sitter vacua in a’-complete cosmology. JHEP, 03:007, 2021. doi: 10.1007/
JHEP03(2021)007.

[56] Robert Brandenberger. String cosmology and the breakdown of local ef-
fective field theory. Nuovo Cim. C, 45(2):40, 2022. doi: 10.1393/ncc/
2022-22040-9.


https://dx.doi.org/10.1088/0264-9381/5/3/006

147

[57] Barton Zwiebach. Double Field Theory, T-Duality, and Courant Brackets.
Lect. Notes Phys., 851:265-291, 2012. doi: 10.1007 /978-3-642-25947-0_7.

[58] Gerardo Aldazabal, Diego Marques, and Carmen Nunez. Double Field
Theory: A Pedagogical Review. Class. Quant. Grav., 30:163001, 2013. doi:
10.1088/0264-9381/30/16/163001.

[59] Olaf Hohm, Dieter Liist, and Barton Zwiebach. The Spacetime of Double
Field Theory: Review, Remarks, and Outlook. Fortsch. Phys., 61:926-966,
2013. doi: 10.1002/prop.201300024.

[60] Izu Vaisman. On the geometry of double field theory. |. Math. Phys., 53:
033509, 2012. doi: 10.1063/1.3694739.

[61] Vincenzo Emilio Marotta and Richard J. Szabo. Algebroids, AKSZ Construc-
tions and Doubled Geometry. 4 2021.

[62] Chris Hull and Barton Zwiebach. The Gauge algebra of double field theory
and Courant brackets. JHEP, 09:090, 2009. doi: 10.1088/1126-6708/2009/
09/090.

[63] Usman Naseer. Canonical formulation and conserved charges of double
field theory. JHEP, 10:158, 2015. doi: 10.1007 /JHEP10(2015)158.

[64] Olaf Hohm and Henning Samtleben. Gauge theory of Kaluza-Klein and
winding modes. Phys. Rev. D, 88:085005, 2013. doi: 10.1103/PhysRevD.88.
085005.

[65] Olaf Hohm. On factorizations in perturbative quantum gravity. JHEP, 04:
103, 2011. doi: 10.1007/JHEP04(2011)103.

[66] Owen Gwilliam. Factorization algebras and free field theories. PhD thesis,
Northwestern University, 2012.

wen Gwilliam an eo Johnson-Freyd. How to derive Feynman dia-

[67] O Gwilli d Theo Joh Freyd. H derive Fey di
grams for finite-dimensional integrals directly from the BV formalism. 2
2012.

[68] A. Zee. Quantum field theory in a nutshell. 2003. ISBN 978-0-691-14034-6.

[69] Aberto S. Cattaneo, Pavel Mnev, and Nicolai Reshetikhin. Classical BV the-
ories on manifolds with boundary. Commun. Math. Phys., 332:535-603, 2014.
doi: 10.1007 /s00220-014-2145-3.



148

[70] Alberto S. Cattaneo, Pavel Mnev, and Nicolai Reshetikhin. Perturbative
quantum gauge theories on manifolds with boundary. Commun. Math. Phys.,
357(2):631-730, 2018. doi: 10.1007 /s00220-017-3031-6.

[71] Joaquim Gomis, Jordi Paris, and Stuart Samuel. Antibracket, antifields and
gauge theory quantization. Phys. Rept., 259:1-145, 1995. doi: 10.1016/
0370-1573(94)00112-G.

[72] Kevin J. Costello. Renormalization and effective field theory. 2011.

[73] Martin Doubek, Branislav Jurco, and Jan Pulmann. Quantum L, Algebras
and the Homological Perturbation Lemma. Commun. Math. Phys., 367(1):
215-240, 2019. doi: 10.1007 /s00220-019-03375-x.

[74] Brian C Hall. The range of the heat operator. The ubiquitous heat kernel, 398:
203-231, 2006.

[75] W. G. Unruh. Notes on black hole evaporation. Phys. Rev. D, 14:870, 1976.
doi: 10.1103 /PhysRevD.14.870.

[76] Viatcheslav Mukhanov and Sergei Winitzki. Introduction to quantum effects in
gravity. Cambridge University Press, 6 2007. ISBN 978-0-521-86834-1, 978-1-
139-78594-5.



149

w
_\

Acknowledgements

This thesis exists thanks to many people: my supportive, patient, and kind advi-
sor and mentor, Olaf Hohm; Christoph Chiaffrino with whom I enjoyed working;
Rui Coelho who has given me so much of his time to help me with math; Robert
Brandenberger, Roberto Bonezzi, Jilly Kevo, and Emanuel Malek, whose con-
scientious feedback and discussions have greatly improved this thesis, and the
Non-Standard Models team — Daniele Artico, Julien Barrat, Ilaria Costa, Claudio
Iuliano, Michele Galli, and Giulia Peveri — with whom I shared the joy of learning

how to communicate scientific research.



	1 Introduction
	1.1 Motivation and Overview
	1.2 Physics in Terms of Homotopy Algebras
	1.3 Mathematical Preliminaries

	2 Gauge Invariant Perturbation Theory via Homotopy Transfer
	2.1 Gauge Invariant Variables
	2.2 Homotopy Transfer to Gauge Invariant Variables
	2.3 Applying the Homological Perturbation Lemma
	2.4 Linearized Gravity
	2.5 Cosmological Perturbation Theory

	3 Cosmological Perturbations in Double Field Theory
	3.1 Overview of DFT
	3.2 DFT on Flat Space
	3.3 DFT on Time-Dependent Backgrounds
	3.4 Gauge Invariant Cosmological Perturbations

	4 Homological Quantum Mechanics
	4.1 Homological approach
	4.2 Harmonic oscillator
	4.3 Unruh Effect

	5 Outlook

