
Working paper 

2023-13 
Statistics and Econometrics 

ISSN 2387-0303 

 
 

Observability Analysis for Structural System 
Identification based on State Estimation 

 

Ahmad Alahmad, Roberto Mínguez, Rocío Porras, Jose Antonio Lozano-
Galant, Jose Turmo 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Serie disponible en http://hdl.handle.net/10016/12 

 
Creative Commons Reconocimiento-
NoComercial- SinObraDerivada 3.0 España  
(CC BY-NC-ND 3.0 ES) 
 

 



Observability Analysis for Structural System
Identification based on State Estimation

Ahmad Alahmada, Roberto Mı́nguezb, Rocı́o Porrasc, Jose Antonio
Lozano-Galantd, Jose Turmoa

aDept. of Civil and Environmental Engineering, Polytechnic University of
Catalonia, Barcelona, 08034, Spain

bDept. of Statistics, Univ. Carlos III of Madrid, Getafe, 28903, Spain
cDept. of Applied Mechanics and Project Engineering, Univ. of Castilla-La Mancha, Ciudad

Real, 13001, Spain
dDept. of Civil Engineering, Univ. of Castilla-La Mancha, Ciudad Real, 13001, Spain

Abstract

The concept of observability analysis (OA) has garnered substantial attention in
the field of Structural System Identification. Its primary aim is to identify a spe-
cific set of structural characteristics, such as Young’s modulus, area, inertia, and
possibly their combinations (e.g., flexural or axial stiffness). These characteristics
can be uniquely determined when provided with a suitable subset of deflections,
forces, and/or moments at the nodes of the structure. This problem is particu-
larly intricate within the realm of Structural System Identification, mainly due to
the presence of nonlinear unknown variables, such as the product of vertical de-
flection and flexural stiffness, in accordance with modern methodologies. Conse-
quently, the mechanical and geometrical properties of the structure are intricately
linked with node deflections and/or rotations. The paper at hand serves a dual
purpose: firstly, it introduces the concept of State Estimation (SE), specially tai-
lored for the identification of structural systems; and secondly, it presents a novel
OA method grounded in SE principles, designed to overcome the aforementioned
challenges. Computational experiments shed light on the algorithm’s potential for
practical Structural System Identification applications, demonstrating significant
advantages over the existing state-of-the-art methods found in the literature. It
is noteworthy that these advantages could potentially be further amplified by ad-
dressing the SE problem, which constitutes a subject for future research. Solving
this problem would help address the additional challenge of developing efficient
techniques that can accommodate redundancy and uncertainty when estimating
the current state of the structure.

Preprint submitted to Elsevier November 23, 2023
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1. Introduction1

In recent years, the field of Structural Health Monitoring (SHM) has experi-2

enced significant progress, marked by innovative methodologies such as the pi-3

oneering work of Liu et al. [1] in utilizing a multi-task deep neural network for4

simultaneous defect identification in tunnels. This momentum continued with5

Moghadam et al. [2], introducing a groundbreaking multiple-presence Influence6

Line (MP-IL) technique for bridge health monitoring, and Parisi et al. [3]’s study7

on automated damage location in a steel truss bridge using machine learning.8

Despite these technological leaps in SHM, the fundamental role of Structural9

System Identification remains indispensable. Traditionally, SHM tasks, such as10

damage detection , assume a priori knowledge of a structure’s properties, a pre-11

sumption that can be inaccurate due to uncertainties in materials, construction12

methods, or stress states [4, 5, 6]. Structural System Identification, as a valuable13

tool, enables the extraction of essential information about a structure’s dynamic14

and mechanical properties. This involves capturing the structure’s response to15

loading scenarios and applying various analysis techniques [7, 8, 9].16

The existing literature on Structural System Identification encompasses a wide17

range of methods, which can be classified into two categories [10]: Parametric and18

Nonparametric. Parametric methods follow a direct approach where actual sys-19

tem model parameters, such as structural stiffness, are used to represent physical20

properties. These methods explicitly incorporate the physical meaning of the pa-21

rameters. On the other hand, nonparametric methods characterize the input-output22

relation using a set of equations that may not have explicit physical interpreta-23

tions. These methods focus on establishing the relation between the input and24

output without directly using physical parameters. For example, nonparametric25

methods are used for movable bridge component monitoring [11], providing in-26

sights into structural integrity. Another instance is the dynamic time-delay fuzzy27

wavelet neural network model [12], effectively removing noise and capturing data28

dynamics for structural identification.29

Observability Analysis (OA) is a pivotal aspect within various scientific and30

engineering disciplines, serving as a critical tool for gaining insights into the in-31

ternal workings of systems. Rooted in control theory, observability is defined as32

the measure of a system’s ability to have its internal states revealed through the33
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examination of its outputs [13]. This principle has been extensively explored in34

the context of dynamic systems and networks [14], where the key focus in OA35

lies in the assessment of matrices that encapsulate the relations between a sys-36

tem’s states and its outputs. These matrices, such as the observability matrix or37

the measurement Jacobian, play a crucial role in guiding the analysis [15]. The38

fundamental question addressed is whether a system can be effectively observed39

or if additional measurements and adjustments are necessary [16].40

Lozano-Galant et al. [6] introduced the Observability Method (OM) as a novel41

parametric approach in the field of Structural System Identification. This method42

was pioneering in its utilization of OA for identifying unknown parameters of the43

stiffness matrix of a structural system when only a subset of deflections and nodal44

forces is measurable.45

The Observability Method leverages OA on the stiffness matrix of a structural46

system, which poses several challenges. One prominent challenge involves the47

necessity for symbolic analysis prior to examining the observability of the sys-48

tem. This analysis is performed to derive a modified stiffness matrix that links49

known variables with unknown variables. The symbolic analysis results in a sys-50

tem of nonlinear equations, wherein some unknown variables are interconnected,51

thereby intensifying the problem’s complexity. To mitigate the issue of nonlinear-52

ity, OM employs a recursive algorithm. The problem is tackled through a series53

of recursive steps, with the output of each preceding step serving as input for the54

next. This approach can be computationally intensive, potentially impractical for55

large systems, and may necessitate additional measurements to effectively handle56

the interconnected unknowns [6].57

In the paper by Nogal et al. [17], an innovative algorithm rooted in the OM58

is introduced, which integrates both symbolic and numerical techniques. This59

algorithm is designed for numerical damage identification in structural systems.60

The symbolic approach is applied to OA to mitigate numerical errors, addressing61

issues linked to the quantity of observed parameters and error accumulation in62

recursive steps. Concurrently, the numerical approach is employed to guarantee63

precise parameter estimation. In a separate investigation, the OM is augmented64

with the consideration of the effect of shear lag to enhance the accuracy of me-65

chanical parameter estimation for wide-flange box girder bridges, as discussed by66

[18].67

However, the methods proposed by Nogal et al. [17] and Sun et al. [18] have68

not adequately addressed the handling of measurement errors and uncertainties69

[19]. It is crucial to acknowledge that measured data obtained from sensors in-70

herently contains errors and uncertainties. These errors can arise from several71

3



sources, including limitations of the measurement devices themselves and envi-72

ronmental or structural conditions. For example, sensor noise, calibration inaccu-73

racies, temperature variations, and ambient vibrations can all introduce uncertain-74

ties into the measurement data [20]. These measurement errors and uncertainties75

can significantly impact the reliability of the Structural System Identification re-76

sults. They can lead to inaccurate estimations of structural properties and poten-77

tially distort the detection of structural damage. Therefore, careful consideration78

and handling of these errors are necessary to ensure the effectiveness and reliabil-79

ity of the outcomes [21, 22, 23].80

In a separate study conducted by Lei et al. [24], the research introduced the81

Constrained Observability Method (COM) to address the issue of partial observ-82

ability and to enhance the configuration of measurements in the context of the83

OM. Notably, the study unearthed critical insights into the factors contributing to84

partial observability, specifically identifying two key issues: (a) the occurrence85

of premature termination of recursive steps, and (b) the presence of redundant86

measurements. The findings from this research underscore the limitations of OM87

in handling redundant measurements and capitalizing on the surplus of sensors.88

This observation is particularly relevant in the contemporary context, where there89

is a growing trend toward utilizing low-cost sensors. Moreover, the study high-90

lights that the recursive nature of OM introduces additional complexity to the91

problem, emphasizing the need for further optimization and refinement in the pur-92

suit of more efficient structural system identification techniques. Subsequently,93

Peng et al. [25] introduced a novel decision-support tool aimed at establishing the94

optimal SHM+SSI strategy and enhancing estimation accuracy using COM. How-95

ever, it is important to note that this tool did not address the inherent issues within96

COM, such as its incapability to handle redundant measurements.97

In various engineering domains like traffic networks [26] and water distribu-98

tion systems [27], challenges related to OM have been effectively addressed using99

OA based on SE techniques. The success in these fields highlights the poten-100

tial for cross-disciplinary knowledge transfer and the adaptation of strategies for101

improved problem-solving and system analysis [28].102

Originally developed in the 1970s to characterize the electric state of complex103

power systems [29], State Estimation techniques have found application in water104

distribution systems as well, as demonstrated by Carpentier and Cohen [27]. Gen-105

erally speaking, a state estimator is an algorithm that computes the current state106

of a system through the combination of the information provided by on-line mea-107

surements and network flow equations. Importantly, SE take into account mea-108

surement errors and uncertainties associated with sensor data, ensuring that the109
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inherent inaccuracies are appropriately handled. Moreover, SE techniques lever-110

age redundant measurements or sensors present within the system. This redun-111

dancy plays a pivotal role in enhancing the accuracy and reliability of estimates112

for the system’s state variables [30].113

However, for any state estimator to function correctly, the measurement set114

should at least provide estimation of the state variables, which is the minimal set115

of variables that allows the status of the system to be fully characterized. Notably,116

not all configurations of measurement devices are valid for achieving full system117

characterization. The measurement set must ensure that all variables within the118

system can be infered from the system equations, i.e., the system must be observ-119

able. This explains, in general, the necessity of carrying out OA before using SE120

[31].121

There are additional reasons to make use of OA. State Estimation procedures122

enable the estimation of variables that are not directly measured by utilizing the re-123

lations among variables dictated by the physical equations governing the system.124

OA is a previous analysis of which variables are observable from the available125

measurement set which is monitored by the telemetry system, thereby enabling126

those regions of the system where SE would provide reliable results to be iden-127

tified. Moreover, OA is especially required if iterative methods based on least-128

squares are used, because those methods only work for observable systems, i.e. if129

any of the state variables are not observable according to the measurement config-130

uration, then it is not possible to obtain the estimate of the system [32]. The prob-131

lem is even more critical if mathematical programming or heuristic techniques,132

such as genetic algorithms, are used for minimizing the SE errors, because those133

procedures provide a solution for the SE problem even when the system might134

be unobservable and this might go unnoticed. For this reason, OA is quite estab-135

lished in power systems, where sensor placement problems are to be dealt with136

while conceiving and operating the network.137

Observability Analysis in SE can be assessed by checking whether the mea-138

surement Jacobian matrix is full rank [33]. This simple ”yes or no” approach is139

applied to all possible subsets of measurements to ensure the system’s observabil-140

ity. It serves as a foundational and essential method for evaluating the capability141

to determine the system’s state based on the available measurements. Researchers142

have explored different approaches to observability analysis in state estimation us-143

ing mathematical programming techniques. Notably, one approach, as referenced144

by Caro et al. [34], involved solving a well-behaved integer linear programming145

problem to address observability issues. Additionally, Habiballah and Irving [35]146

applied linear programming techniques to the problem of observability analysis in147
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the context of state estimation. Of all the available contributions in the technical148

literature, the algebraic proposal by Pruneda et al. [33] is especially suitable for149

Structural System Identification due to the possibility of simultaneously analyzing150

the observability of a set of available measurements and the remaining potential151

measurements in the system. This approach starts from the analysis of the full Ja-152

cobian matrix of possible measurements within the network and transfers columns153

to rows using a Gauss-based elimination technique to progressively express state154

variables as functions of available measurements. This method basically analyzes155

how the incorporation of any measurement affects the observability of both state156

and network variables. Therefore, the algorithm allows to check observability for157

the given subset, but also to identify critical and redundant measurements, thereby158

enabling identification of observable variables and islands if the system is not fully159

observable.160

In summary, implementing OA as a previous and complementary step to SE161

in a Structural System Identification problem answers the following questions: i)162

whether any set of measurements is enough to appropriately carry out SE, ii) how163

robust is that measurement set in the face of the potential loss of measurements,164

iii) which variables are observable and unobservable, and iv) how to locate new165

sensors in order to increase resilience against the loss of one or several assets.166

The primary objective of this study is to advance the field of Structural System167

Identification by introducing an innovative concept of OA grounded in the prin-168

ciples of SE. The study places a special emphasis on OA, addressing the intricate169

challenge of determining the observability of specific structural characteristics170

even in the presence of nonlinear variables and their complex interrelations. While171

the OM relies on symbolic analysis, the proposed method utilizes a numerical ap-172

proach, which is more computationally efficient. This increased computational173

efficiency substantially extends the applicability of the method to real large-scale174

structures. Furthermore, this study highlights the prospects for future research in175

solving the SE problem in the Structural System Identification field, which could176

pave the way for efficient techniques accommodating redundancy and uncertainty,177

thereby enhancing the accuracy of estimating the current state of the structure.178

The rest of the paper is organized as follows: in the first section an overview179

of the SE and OA problems is set out. Then, the structure of the measurement Ja-180

cobian matrix of the system for Structural System Identification is explored. Note181

that this matrix is the starting point for application of the OA method. The al-182

gorithm for OA is outlined in the following section. Subsequently, an illustrative183

example is presented to explore in detail what possible applications the methodol-184

ogy offers, followed by a case study on how the developed methodology could be185
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appliedtorealstructureswithacomparisontootheravailablemethods.Finally,186

relevantconclusionsaredulydrawn.187

2.STATEESTIMATIONINSTRUCTURALSYSTEMS:ageneraloverview188

Fora2Dstructureloadedinitsplane, modeledwithBernouillibeamele-
ments,thevectorofmeasurements, ,isconsideredwithinRm,encompassing
displacementsor/andforcesvaluesatnodes.Similarly,avectorofstatevariables,

,isaccommodatedwithinRn,wherethesestatevariablesareaminimalsetof
variablesinasystemthat,oncetheirvaluesareknown,providealltheessential
informationneededtocomprehendandforecastthesystem’sstateataspecific
moment.Thesevariablesenablethecalculationofallothersystemvariablesat
thatsame moment,facilitatingacomprehensiveunderstandingofthesystem’s
condition.Furthermore,thereexistsarelation,denotedas Rn Rm,between
thesemeasurementsandstatevariablesforaspecificsystem.Inthisparticular
case,thisrelationisaresultoftheapplicationofthestiffnessmethod,anditcan
beexpressedmathematicallyasfollows:

(1)

whichrepresentsasystemoflinearand/ornonlinearequations,where denotes189

theerrorsassociatedwithmeasurements.Theseerrorsareconventionallyassumed190

tofollowaGaussiandistributionwithzeromean,implyingunbiasedness191

,andavariance-covariancematrix [36].192

SEconsistsinfindingthemostlikelyvaluesofthestatevariables bysolving
thefollowing WeightedLeastSquares(WLS)problem:

Minimum TR− TR− (2)

Inthiscontext, correspondstotheoptimalsolutionofproblem(2).Itisimpor-193

tanttonotethaterrorsarescaledbytheinverseofthevariance-covariancematrix194

associatedwitherror measurements,which,duetotheirtypicalindependence,195

resultsinadiagonalmatrix. Asaresult,theobjectivefunctionisformulatedto196

minimizethesumofsquarederrors,asdefinedbyequation(1).Akeyadvantage197

ofthisapproachistheprioritizationofmeasurementswithlowerstandarddevi-198

ationerrors,facilitatingtheintegrationofsensorswithvaryinglevelsofquality199

intotheestimationprocess.200

Inthecontextofaddressingtheproblemoutlinedin(2),thenormalequations
method,asdescribedin[37],provestobeavaluableapproach. This method
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allowsforthedeterminationoftheoptimalsolutionforstatevariablesateach
iteration,denotedby Thesolutionisobtainedthroughtheiterativesolutionof
thefollowinglinearsystemofequations:

JT
νR− Jν ν JT

νR−
ν (3)

where isutilizedasaniterationcounter, ν representstheestimated201

statevariablesolutionatiteration ,Jν Rm×n standsfortheJacobian202

measurement matrixatthestateestimate ν,and ν correspondstothe203

vectorofmeasurementspredictedbythesystemmodelbasedonthestateestimate204

ν.205

Accordingtoequation(3),atheoreticalandsufficientconditionfortheexis-206

tenceofauniquesolutiontotheSEproblem(2)isthatthesystemisdetermined207

andcompatible.ThisimpliesthattheJmatrixmusthavefullrank,denotedas .208

ThefullrankJacobiancondition,whichmakesmatrixJT
νR− Jν invertible,

identifiesthesystemasobservableorunobservable.ThemeasurementJacobian
matrixplaysacrucialroleforthesystemtobeobservable. Besides,thematrix
maintainsthestructuralrelationsamongmeasurementsandstatevariablesevenif
theequation(1)islinearizedaroundanypoint bydifferentiating:

J (4)

Inthiscontext, representsthedifferentialmeasurementresidualvector,209

signifiesthedifferentialchangeinthesystemstate,and correspondstothe210

differentialchangeinerrors,ObservabilityAnalysisservesadualpurpose.It211

notonlyhelpsresolvethequestionofwhetherobservabilityisachievedbutalso212

enablestheexplorationofvitalinquiriesessentialforeffectivelymonitoringany213

givenstructure.214

Theinformationabouttheinterdependenciesamongmeasurementsandother215

variablesforOApurposesisconsolidatedinthemeasurementJacobianmatrixat216

anygivenstateforthestructuralsystem.Thus,thisanalysisisindependentwith217

respecttotheuncertaintyassociatedwithmeasurements,sinceitisonlybasedon218

therelationsamongvariablesduetothesystemtopology.Therefore,itisstandard219

practicetodefinethestatevariablesandexplainhowthemeasurementJacobian220

matrixcanbecomputedforanystructuralsystemassociatedwithstatus .221

3.STRUCTURALSYSTEM MODEL222

Inthecaseofstaticstructuralanalysis,astatementoftheequilibriumcondi-
tionstogetherwithstrengthofmaterialstheoryleadstoarelationbetweenforces
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anddisplacementsthathastheformofasystemofequations:

(5)

where isthestiffnessmatrix,and and arethecolumnmatricesof223

nodaldisplacementsandforces,respectively,inwhichthestiffnessmatrixisa224

singularmatrixthatleadstoasystemwithinfinitelymanysolutions.Itisrequired225

toaddsomeboundaryconditionsforobtaininganewsystemwithauniquesolu-226

tion.Notethatfromthephysicalpointofviewthismeansthatthestructureisnot227

amechanism,i.e.,itcannottranslateorrotateinthespace,theonlymovements228

allowedareduetothedeformationinducedbytheforcesactingonthestructure.229

Continuing,thecriticalaspectofselectingstatevariableswillbeexamined,230

emphasizingitspivotalroleinensuringprecisionandeffectivenessintheanalysis231

ofStateEstimation(SE).232

3.1.Selectionofthestatevariables233

Asetofstatevariablesrepresentstheminimalsetofvariablesnecessaryto234

computethevaluesofallothersystemvariablesusingthestructuralmodelde-235

finedbyequation(5).Consequently,theselectionofstatevariablesisnotunique.236

Instructuralsystems,thestatevariablesaretypicallychosenasthedisplace-237

mentconditionsassociatedwithnodalboundaryconditions andnodalexter-238

nalforces thatdifferfromthoseimposedbytheboundaryconditions,i.e.,239

n× n−r× r× ,wherethesuperscriptsindicatevectordimensionsand240

isthenumberofdegreesoffreedomassociatedwiththeboundaryconditions.241

3.2.Relationsamongnon-stateandstatevariables242

Equation(1)statesthatthereisafunctionalrelationamongmeasurementsand
statevariables.Thislinearrelationisderivedfromequation(5). Assumingthat
statevariablesareknown,therestofvariablescanbeobtainedfromequation(5)
bypartitioningthesystemofequationsasfollows:

r×n−r r×r

n−r×n−r n−r×r

n−r×

r×

r×

n−r×

(6)

InEquation(6),thesubindex correspondtotheunknownvariableswithinthe243

system,whilesubindex representsknownvariables.Thevariablesaredefined244

asfollows:245
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r× n−r
: Asubmatrixofthestiffnessmatrix thatrelatesunknowndis-246

placementstounknownforces.247

r×r: Asubmatrixofthestiffnessmatrix thatconnectsunknowndis-248

placementstoknownforces.249

n−r× n−r
: Asubmatrixofthestiffness matrix ,linkingknowndis-250

placementstounknownforces.251

n−r×r
: Asubmatrixofthestiffnessmatrix ,establishingconnections252

betweenknowndisplacementsandknownforces.253

n−r×
:Avectorrepresentingunknowndisplacements.254

r× :Avectorrepresentingknowndisplacements.255

r× :Avectorrepresentingunknownforces.256

n−r×
:Avectorrepresentingknownforces.257

Inordertosplittheunknownsandthestatevariables(knownvariables)the258

systemcanbewrittenequivalentlyasfollows:259

n−r×n−r n−r×r

r×n−r r×r

n−r×

r×

n−r×n−r n−r×r

r×n−r r×r

n−r×

r×

(7)

InEquation(7):260

:Nullmatrix.261

:Identitymatrix.262

wherematricesontheleftandrightsideoftheequalitycorrespondto and
,respectively.Thesematricesplayacrucialroleindefiningtherelationsbe-

tweennon-statevariablesandstatevariablesinthecontextofthestructuralsys-
tem. Matrices and areusedtocomputethenon-statevariables
asafunctionofthestatevariables bysolvingthesystemofequa-
tions:

n−r×

r×

− (8)

Notethattheinverse − existifboundaryconditionsareproperlychosen263

toavoidmechanisms.264

3.3. Definitionofthemeasurements265

FromaSEperspective,itisessentialtoconsidervarioustypesofmeasure-266

mentsrelatedtothevariablesdefinedearlier.Inthiswork,four measurement267
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typesareassociatedwiththepreviouslydefinedvariables:268

1. Measurementsofexternalforcesassociatedwithdegreesoffreedomnot269

constrainedbyboundaryconditions .270

2. Displacementsandrotationsassociatedwithdegreesoffreedomconstrained271

byboundaryconditions ,usuallythisvalueisnullbutitmighthavesome272

uncertaintyassociatedwithstructurefoundations.273

3. Displacementsandrotationsassociatedwithdegreesoffreedomnotcon-274

strainedbyboundaryconditions .275

4. Measurementsofexternalforcesassociatedwithdegreesoffreedomcon-276

strainedbyboundaryconditions .277

Thusthevectorincludingallpossiblemeasurementsinthestructuralsystem
correspondsto:

n× (9)

wherethetilde referstomeasurements.278

Obviously,inpracticalcases,notall measurementtypesareencompassed279

withinthevectorofmeasurements.Thisraisesthefundamentalquestionofwhether280

ameasurementsubsetisadequatefortheestimationofstatevariables.Inother281

words,observabilityanalysiswithintherealmofSEpreciselyaimstodeter-282

minewhetherproblem(2)canbeeffectivelysolvedgivenameasurementsubset283

m× n× .284

3.4.ThemeasurementJacobianmatrix285

ThemeasurementJacobianmatrix includesthefirst-orderpartialderivatives
ofallthevariablesthatcanbemeasuredinthesystemwithrespecttothenodal
heads,i.e.statevariables. ThestructureoftheJacobian matrixforageneric
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structuralsystemisasfollows:wrong

Jn×n

n−r× r×

n−r×

r×

n−r×

r×

(10)

Intheseequation, representsthetotalnumberofdegreesoffreedomwithinthe
structuralsystem,while representsthenumberofdegreesoffreedomassoci-
atedwithboundaryconditions.TheupperblockoftheJacobianassociatedwith
statevariablemeasurementsandstatevariablescorrespondtotheidentitymatrix
,whilethelowerblockcorrespondstothepartialderivativesoftheunknown

variableswithrespecttothestatevariables,whichcanbeobtaineddifferentiating
expressionfrom(8),beingthecorrespondingderivativesequalto − .
TheJacobianresultsin:

Jn×n

n×

n×

n×

(11)

Theprimaryobjectivehasbeentoacquireinformationaboutthecurrentstate
ofthesystem,particularlyintermsofforcesanddisplacements.However,inthe
contextofstructuralidentificationitismorerelevanttoinferthestiffnessofthe
elements,whichareimplicitlyusedtocomputethestiffnessmatrix .Inthis
paper,itisassumedthatallstructuralelementshavetheaxialandflexuralstiff-
ness and .Therelationbetweenstatevariablesandtherestofvariablesin
thestructuralsystemgivenbyexpression(8)presumestheknowledgeoftheele-
mentstiffness,Therefore,inthiscontext,theparametervector p× ,
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where representsthenumberofparametersconsidered,willbeincorporated
intotheSEproblem.Infact,theseparametersmightalsobeconsideredasstate
variables.Asaresult,equation(1)ismodifiedto:

(12)

whileproblem(2)becomes:

Minimum TR− TR− (13)

whereparameter constitutesadecisionvariableintheoptimization/estimation
problem.InthecontextofSEthisproblemistypicallyknownascalibration[26].
Finally,theJacobian(11)requirestobeupdatedasfollows:

Jn×n p

n× p×

n×

n×

(14)

wherematrix
∂

∂
correspondstothepartialderivativesofnon-statevariables

withrespectto parameters,whichhastobecomputed.Inthisparticularcase,a
nonlinearsystemisencounteredbecauseforcesareequaltotheproductofstiff-
nessanddisplacements.Thedifferentiationofthetwoexpressionsobtainedfrom
system(6)isperformedasfollows:

(15)

Byrearrangingterms,itispossibletoexpressunknownvariablesasfunctionsof
statevariablesandstiffnessparameters:

(16)
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From(16),therequiredelementsintheJacobianmatrixcorrespondto:

n×n

n−r×n−r n−r×r

r×n−r r×r

−

n−r×n−r n−r×r

r×n−r r×r

− (17)

and

n×p

n−r×n−r n−r×r

r×n−r r×r

− n−r×p

r×p
− (18)

Toconclude,itisessentialtoemphasizethatinordertoapplytheproposed286

technique,anumericalinstanceoftheJacobianmatrixJisrequiredtoparticular-287

ize(14)foranylikelyandrealisticphysicalstatusofthesystem asinequation288

(4). Besides,sincetheaimofthisworkistofocusonOA,itisalsopossibleto289

performtheanalysisassumingthatthecurrentvaluesofparametervector areall290

equaltoaknownvalue(e.g.theunity).Thisstrategyreducesnumericalerrorsde-291

rivedoftheapplicationoftheobservabilityalgorithm.Itshouldbenotedthatthe292

useofanalgebraicmethodanalyzesnotonlytopologicalbutalsonumericalob-293

servability.Nevertheless,itisunlikelytodetectunobservablenumericalsystems294

thatare,atthesametime,topologicallyobservable.295

3.5.Elementaryelementstiffnessmatrixandderivatives296

Inthecontextof2DstructuresloadedintheirplanemodelledbyBernoulli297

beamelements,theelementstiffnessmatrix (asdepictedinFigure1)corre-298

spondstothefollowingmatrix:299
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EA
L

EA
L

EI
L3

EI
L2

EI
L3

EI
L2

EI
L2

EI
L

EI
L2

EI
L

EA
L

EA
L

EI
L3

EI
L2

EI
L3

EI
L2

EI
L2

EI
L

EI
L2

EI
L

(19)

Inthiscontext,thevariablesaredefinedasfollows:300

and representhorizontalandverticaldisplacementsrespectively.301

representsrotations.302

istheelementstiffnessmatrix,anditscomponentsareassociatedwiththe303

displacementsandrotationsatbothnodes.304

representstheaxialstiffnessoftheelement.305

representstheflexuralstiffnessoftheelement.306

Thederivativeswithrespecttotheproducts and are,respectively,as
follows:

L L

L L

(20)
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Figure1:Nodeforces,moments,displacementsandrotationsforanelementary
horizontalbar.

and

L3 L2 L3 L2

L2 L L2 L

L3 L2 L3 L2

L2 L L2 L

(21)

Thecalculationofthestiffnessmatrixderivatives withrespecttothestiff-307

nessparameters ,asneededinexpression(18),becomesstraightforwardwhen308

usingthesepre-definedmatricesincombinationwiththetypicalassemblyprocess309

forconstructingthecompletestructuralstiffnessmatrix.Itisimportanttonotethat310

theassemblyprocessinvolvesintegratingtherelevantcoordinatetransformations311

fortheindividualelementswithinthestructure. Furthermore,itisworthhigh-312
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lightingthattheforcelabelscorrespondtothecorrespondingdisplacementlabels,313

allrepresentedincapitalletters.314

4. Algebraicobservabilityanalysis315

Thegeneralsolutionofthesystemoflinearequationsgivenbyequation(4)
is:

(22)

where isa null-spacematrixand a parametervector.Equation
(22)providesauniquesolutionifandonlyifnull-spacematrix isnil.Thus,
problem(13)iswellposedifandonlyif isnull.Row-wise,(22)is:

i i

k

j

ij j (23)

thus,variable i(orstatevariable i)isobservableifandonlyif ij ;316

otherwiseitisnot.317

Theobservabilityoftheremainingvariablesisakeyconsideration.Oncethe318

determinationhasbeenmaderegardingtheobservabilityofstatevariables,asas-319

sessedbytheJacobianmatrix,theobservabilitystatusofothervariablescanalso320

beestablished.IftheJacobianmatrix’srowcomponentsassociatedwithapar-321

ticularvariabledependonanynon-observablevariables(i.e.,thecorresponding322

columnsarenotnull),thenthatvariableisdeemednon-observable. However,if323

thevaluesassociatedwithnon-observablevariablesareallnull,thevariableis324

consideredobservablebecauseitonlydependsonobservablestatevariables.325

Additionalalgorithms,asproposedbyPrunedaetal.[33],areavailable,which326

notonlyfacilitatethecomputationofobservabilityassociatedwithstateandnon-327

statevariablesbutalsosupporttheidentificationofallobservablevariablesfor328

agivenmeasurementconfigurationandthecategorizationofmeasurementsinto329

differenttypes(essential,redundant,critical,etc.).Itisimportanttoconsiderthat330

intheJacobiandefinitionprovidedinthismanuscript,asillustratedinequation331

(14),allpossiblemeasurements(i.e.,allrows)aretakenintoaccount. However,332

fortheOA,onlyrowsassociatedwithvariablesbelongingtothemeasurementset333

shouldbeincludedinthecomputations.334
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5.Illustrativeexample335

TheexampleunderconsiderationwasoriginallyintroducedbyLozano-Galant336

etal.[38].Figure2providesavisualrepresentationofthesystem’slayout,which337

comprisesthreenodesandtwoelementarybeams.Thefirstbeamelement1isori-338

entedvertically,withalengthof6metersandmechanicalpropertiesrepresented339

by and ,whilethesecondbeamelement2isorientedhorizontally,with340

alengthof4metersandmechanicalpropertiesrepresentedby and .All341

mechanicalpropertiesaresettounitytoreducenumericalerrorssincetheirvalues342

donotimpacttheoverallresultsoftheanalysis.343

Inthiscontext,thevariablesaredefinedasfollows:344

• and representhorizontalandverticaldisplacements,respectively.345

• representsrotations.346

• and representhorizontalandverticalforces,respectively.347

• representsmoments.348

Imposedboundaryconditionsrequirespecificdisplacementstobesettozero,349

namely .Furthermore,theforcescorrespondingtodegreesof350

freedomnotconstrainedbytheseboundaryconditionsareknown.Specifically,351

, ,and .352

Thisinformationaboutboundaryconditionscouldbeconsideredasamea-
surementwithitsassociateduncertainty,oritcouldevenbeconsideredanerror
freemeasurement.Thesecondassumptionrequiresanspecialtreatmentduring
theSEinferenceprocessbut,sincefromtheobservabilitypointofview mea-
surementuncertaintydoesnotaffectresults,itdoesnotreallymatterhowthose
measurementsaretreatedfortheOA.Inthisexample,therearetwoadditional
sensorswhichprovidedisplacements and . Thetwobeamshavedifferent
mechanicalcharacteristics,sothevectorofparameterscorrespondsto

Statevariablesencompassacollectionofvariablesassociatedwiththebound-
aryconditionsandloadingcaseofthesystem,representedas:
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Figure2:Structurewithappliedloadandmeasureddisplacements.

Observablestatevariablesandparametersaretheoneswhosevaluescanbecal-
culatedbasedonthegivenboundaryconditions,loadingcase,andthemeasured
dataavailable.Thevectorofmeasurementscorrespondsto:

Themethodologyinvolvesthefollowingsteps:353

1. Computethestiffnessmatrixandthederivativeswithrespectto parame-
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ters.Thecorrespondingmatricesaregivenbelow:

K=

u1 v1 w1 u2 v2 w2 u3 v3 w3
















































u1
1
18
0 1

6
1
18
0 1

6
0 0 0

v1 0
1
6
0 0 1

6
0 0 0 0

w1
1
6
0 2

3
1
6
0 1

3
0 0 0

u2
1
18
0 1

6
11
36
0 1

6
1
4
0 0

v2 0
1
6
0 0 17

48
3
8
0 3

16
3
8

w2
1
6
0 1

3
1
6

3
8

5
3
0 3

8
1
2

u3 0 0 0
1
4
0 0 1

4
0 0

v3 0 0 0 0 3
16

3
8
0 3

16
3
8

w3 0 0 0 0 3
8

1
2
0 3

8
1

(24)

∂K

∂(EA1)
=

u1v1w1u2v2w2u3v3w3














































u1 0 0 0 0 0 0 0 0 0

v1 0
1
6
0 0 1

6
0 0 0 0

w1 0 0 0 0 0 0 0 0 0

u2 0 0 0 0 0 0 0 0 0

v2 0
1
6
0 0 1

6
0 0 0 0

w2 0 0 0 0 0 0 0 0 0

u3 0 0 0 0 0 0 0 0 0

v3 0 0 0 0 0 0 0 0 0

w3 0 0 0 0 0 0 0 0 0

;
∂K

∂(EA2)
=

u1v1w1u2v2w2u3v3w3
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1
4
0 0 1

4
0 0
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u3 0 0 0
1
4
0 0 1

4
0 0

v3 0 0 0 0 0 0 0 0 0

w3 0 0 0 0 0 0 0 0 0

(25)

∂K

∂(EI1)
=

u1v1w1 u2v2w2u3v3w3
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8
1

(26)
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2.Usingthepreviousmatrices,theinformationaboutstatevariablesandex-354

pressions(17)and(18),computethematricesUandVusedtocompose355

theJacobian(14).Thecorrespondingmatricesaregivenbelow:356

U=

W1 U2 V2 W2 U3 W3u1v1 v3
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(27)

3.ThefullJacobian(14)ofthisexamplecorrespondstothefollowingmatrix:

J=

W1 U2 V2 W2 U3 W3u1 v1 v3 EA1 EI1 EA2 EI2




































































































W̃1 1 0 0 0 0 0 0 0 0 0 0 0 0

Ũ2 0 1 0 0 0 0 0 0 0 0 0 0 0

Ṽ2 0 0 1 0 0 0 0 0 0 0 0 0 0
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Ṽ1
1
4

3
2

−1 1
4

3
2

1
4
0 0 0 0 0 0 0

Ṽ3
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(28)

whereboldfacedrowscorrespondtorowswhichshouldberemovedbecause357

theycorrespondtovariablesnotmeasuredinthesystem.358
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4. ComputationofthenullspaceassociatedwiththemeasurementJacobian,
i.e.expression(28)removingtheboldfacedrows,thefollowingresultis
obtained:

(29)

Notethataccordingto(29),allstatevariablesareobservablebutparameters
,becausethecorrespondingrowscontainelementsdifferent

fromzero(boldfacedelementsinmatrix ). Therefore,observablestate
variablescorrespondtoboldfacedvariablesinthefollowinglist:

5.Theremainingvariablesnotincludedinthestatevariablelist,oncetheob-359

servablestatevariableshavebeendetermined,canbeusedforidentifying360

additionalobservablevariablesbyemployingtheJacobian(14)(orexpres-361

sion(28)fortheexample).Forinstance:362

(a) Variable , , and arenotobservable,becausetheircorre-363

spondingJacobian’srowscontainsnon-nullelementsassociatedwith364

non-observablestatevariables and .365

(b) Variable and areobservablebecausetheyaremeasured.366
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(c) Variable , and areobservable,becausetheircorresponding367

Jacobian’srowscontainnullelementsassociatedwithnon-observable368

statevariables,i.e.thisvariabledonotdependonnon-observablestate369

variables.370

Insummary,theboldfacedvariablesinthelistareadditionalobservable
variables:

ThisresultistotallyconsistentwiththatobtainedbyLozano-Galantetal.[38].371

Todelvedeeperintotheproposedmethodology,ananalysisisconductedre-372

gardingtheenhancementofobservabilityforstiffnessparameters , ,and373

byintroducingsupplementarymeasurements. Thisaspectcanalsobead-374

dressedusingthepreviouslydiscussedJacobianmatrix:375

1.Itshouldbenotedthat,underthepresentmeasurementconfigurationand376

loadcase,itisnotfeasibletoestablishtheobservabilityoftheaxialstiffness377

. Thisisevidentfromthefactthatthecorrespondingcolumnofthe378

Jacobianmatrixisnull.Evenifallnodalvariablesweremeasured,itwould379

stillbeimpossibletodeducethevalueof .Theunderlyingissueliesin380

theinadequacyoftheloadingcase.381

2.Fortheflexuralstiffness ,measuring or wouldmakethevariable382

observable.Itisworthnotingthattheelementsrelatedtothevariables383

in(28)areonlynon-nullfor and ,withvaluesof8and-4,respectively.384

3.Fortheflexuralstiffness ,itisnotpossibletomakeitobservablewithout385

makingalso observable. Measurementsofvariables , and386

arepossiblecandidatesformakingthevariableobservable,however,these387

measurementsalsocontainnon-nullelementsrelatedto ,whichimplies388

thattwoadditionalmeasurementsmustbeincorporatedsimultaneously.389

Nonetheless,adherencetothesameapproachasoutlinedbyLozano-Galant390

etal.[38]willbefollowed. Firstly,a modificationisneededinthestructural391

model,transitioningfromtheconfigurationpresentedinFigure2totherevised392

layoutdepictedinFigure3.Thisadaptationintroducesanintermediatenodein393

thebeamelement2anddividesitintotwoequalbeamelementswithidentical394

mechanicalpropertiesrepresentedby and .theobservabilityoftheflex-395

uralstiffness, ,canbeachievedwhenmeasurementsaretakenforboththe396

verticaldeflections and atthenode3.397

Secondly,theaxialstiffness, ,canonlybeobservedwhenmeasurements398

of areavailable. Moreover,theloadcasemustbeadjustedtoactivatetheaxial399
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Figure3:Modifiedstructurewithappliedloadandmeasureddisplacements.

stiffnessofthebeamelement.Thiscanbeachievedbyapplyingahorizontalload400

atnode4ofFigure3withanon-zerovalue.Consequently,thedisplacement401

isalsomeasuredandwilldifferfrom .402

1.Inthisparticularcase,thefullJacobian(11)ofthisexamplecorrespondsto
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thefollowingmatrix:

J=

W1 U2 V2 W2 U3 V3 W3 U4 W4u1 v1 v4 EA1 EI1 EA2EI2
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ũ1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
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whereboldfacedrowscorrespondtorowswhichshouldberemovedbecause403

theycorrespondtovariablesnotmeasuredinthesystem.404

2.ComputationofthenullspaceassociatedwiththemeasurementJacobian
(30)removingtheboldfacedrows,providesthefollowingresult:

N =∅ (31)

Thisimpliesthatallstatevariablesareindeedobservable.Itisimportantto405

emphasizethat,accordingtothedefinitionofstatevariables,havingknowledgeof406

boththestatevariablesandthestiffnessparametersofthemodelenablesdeducing407

thevaluesofallothervariables.408
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IntheMATLAB-basedevaluationofbothmethods,whilethisresultisentirely409

consistentwiththefindingspresentedinLozano-Galantetal.[38],itisimportant410

tonotethatOMrequiredtworecursivestepstofinalizetheanalysisasshownin411

Figure4.412

Figure4:Modifiedstructure: OMrecursivestepswithcorrespondingobserved
variables.

6. Casestudy413

Thisexampleisdrawnfromatwo-spancontinuousbeampreviouslyexamined414

byNogaletal.[17]usingOM,asillustratedinFigure5.a.Thegirderpossesses415

across-sectionalareaof m andamomentofinertiaof m .Itsmaterial416

propertiesencompassamodulusofelasticity ,setat GN/m,andadensity417

equalto kg/m.TheFiniteElementModel(FEM)adoptedforthisstructure418

comprises61nodesand60beamelements.Thesebeamelementsarecharacter-419

izedbyflexuralstiffnesslabeled through andaxialstiffnessidentifiedas420

through ,asdepictedinFigure5.b.Itisworthemphasizingthat,within421

thecontextoftheOA,thesemechanicalpropertiesareconsideredtobeunknown.422

423

ThemeasurementsetupreplicatedtheconfigurationutilizedbyNogaletal.424

[17],encompassingtheacquisitionof60measurementsinvolvingbothdeflections425

androtations. Specifically,thissetupincludes58commonverticaldeflections,426

spanningfrom to and to ,inadditiontotwoseparaterotations:427

and .Theloadcaseentailstheapplicationofaconcentratedloadof100kN428
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Figure5:Casestudy:(a)Geometricrepresentationofthestructureanalyzedin
thecasestudyand(b)FiniteElement Model(FEM)ofthestructurealongwith
themeasurementconfiguration.

atnode16.FromtheStateEstimationperspective,theboundaryconditionsand429

knownnodalforceswereconsideredasmeasurements.430

Byemployingtheproposedmethod,theJacobianmatrixwascalculated.Sub-431

sequently,anexaminationofthenullspaceofthisJacobianindicatesthatallthe432

flexuralstiffnessvariableswithintherangefrom to forthebeamele-433

mentsareindeedobservable.Thisfindingisconsistentwiththeresultsobtained434

byNogaletal.[17].435

6.1. Comparisonamongmethods436

IntheevaluationofOMandtheproposedmethod,using MATLABandap-437

pliedtothesamecasestudy,theseverecontrastincomputationaltimebecameev-438

ident.OMdemanded40.24secondstocompletetheanalysis,whiletheproposed439
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method accomplished the task in a mere 0.11 seconds, signifying a substantial440

efficiency improvement and a 99.73% reduction in computation time.441

Table 1 shows that OM required 31 recursive steps to analyze the observability442

of all variables in this case study, with the number of steps aligning with the443

number of unknowns. In contrast, the proposed method efficiently obtained the444

results by directly computing the null space of the measurement Jacobian. The445

use of the measurement Jacobian provides a direct and more efficient approach to446

establishing the relation between state variables and measurements, eliminating447

the need for symbolic analysis, which introduces coupled variables. The proposed448

approach simplifies the identification of observable state variables while avoiding449

complications associated with the recursive process required to address coupled450

variables in OM.451

Table 2 provides a comprehensive comparison between the two methods. The452

analysis of this table reveals that the proposed method outperforms OM in several453

key aspects, including computational efficiency, and practicality. It streamlines454

the process of determining observable state variables, and potentially reduces the455

computational burden involved in the system analysis.456
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Table1: CaseStudy: OM’srecursiveprocesswithflexuralstiffnessvariables
observedateachstep.

Step Observedflexuralstiffnessvariables
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31

29



Table 2: Comparison of OA based on SE and OM.

Aspect Proposed Method OM

Symbolic Analysis No Yes

Recursive Analysis No Yes

Coupled variables No Yes

Computational Complexity Lower Higher

Computational Efficiency Superior Lower

Practicality Higher Lower
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7. Conclusions457

This manuscript introduces a groundbreaking application of OA based on SE458

within the realm of Structural System Identification, with a strong focus on the OA459

aspect. The study showcases the development of a specialized SE model designed460

for structural systems, establishing a clear connection between the system’s mea-461

surements and the underlying state variables and parameters through the Jacobian462

matrix.463

By harnessing the Jacobian matrix, the identification of observable state vari-464

ables becomes a straightforward and efficient process, eliminating the need for465

recursive analysis, which stands in huge contrast to the conventional OM. Instead466

of employing recursive process, this approach directly computes the null space of467

the measurement Jacobian to identify observable state variables. What sets this468

method apart is its numerical approach, which not only dispenses with the sym-469

bolic analysis required by OM but also reduces computational complexity. This470

feature streamlines the process, rendering it well-suited for real-world applica-471

tions.472

The efficacy of the method is demonstrated through an illustrative example and473

a case study involving a bridge structure. In both instances, it excels over OM in474

terms of computational efficiency and practicality. In the illustrative example, the475

proposed method effortlessly identifies observable state variables in a structural476

system, bypassing the need for recursion or symbolic analysis, as seen in the case477

of OM. The efficiency of the proposed method becomes even more evident in the478

case study, where OM necessitates significant computation time, primarily due to479

the escalating recursion steps required as the structural complexity increases. In480

contrast, the proposed method swiftly determines the observability of all relevant481

variables, resulting in a significant improvement in computational efficiency and482

a remarkable 99.73% reduction in computation time for this particular case study.483

In summary, this methodology stands out as a practical and efficient tool for484

evaluating observability in structural systems, offering substantial value to engi-485

neers and researchers grappling with complex structures. Notably, the proposed486

method has demonstrated its capability to effectively tackle numerous challenges487

that have traditionally hindered existing methods in the field of Structural System488

Identification. Its potential to streamline the analysis process and reduce com-489

putational overhead holds great promise for real-world applications of Structural490

System Identification.491
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