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Abstract

Vibrational analysis in engineering systems of axially travelling beams has attracted noticeable attention due to the many
applications, such as in robotic manipulators, cable tramways, textile fibres, and in general when there is the axial mass transport
of a continuous structure. This article studies the vibrational response of axially-travelling, functionally-graded, carbon nanotube-
(CNT)-reinforced beam structures, by investigating linear gyroscopic aspects, such as Argand diagrams. The distribution of CNT
fibres is assumed to vary along the thickness of the beam. The Hamilton principle is employed to obtain the coupled axial and
transverse behaviour of the beam, subjected to clamped-clamped boundary condition and additionally supported by a spring. These
equations of motion are then solved using the modal decomposition technique for the Coriolis-dependent axial and transverse
frequencies. For verification, the results are compared to the simplified case in the literature for CNT strengthened beams with zero
axial velocity, the dynamics of axially travelling beams, studies of the clamped-clamped boundary condition, and the effects on the
Argand diagrams, which have been performed. The Argand diagrams are plotted to examine the effects of varying axial speed on
the different linear characteristics of vibration. Variation of the volume fraction of the CNT and the spring support, has also been
considered, to understand its effects on the vibration characteristics. Results produced in this article are important in assisting in
the future design of engineering devices involving axially travelling systems.
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1. Introduction

Carbon nanotubes (CNTs) have attracted substantial attention since their inception in the early 1990s for their
mechanical properties lijima et al. (1993), such as thermal and electrical conductivity, low density and high strength,
with a Young’s modulus of 1 TPa Shirasu et al. (2017). These characteristics can be varied by the chirality and diameter
of the CNT, to optimise these properties for a specific application. Due to their extraordinary properties, they make an
excellent candidate as a reinforcement to current materials Popov et al. (2004). This paper investigates the dynamics
of a CNT reinforced axially travelling beam with intermediate spring support.

1.1. Functionally graded CNT reinforcement

There is interest in new reinforcements that can improve mechanical properties to the matrix without adding as
much weight to the material Drissi-Habti et al. (2021). Materials with a functionally graded reinforcement have a
variation in the composition of the reinforcement structure along the cross section. Specifically, FGCNT reinforcement
can produce beneficial properties Zhai et al. (2021). Utilising FGCNT reinforcement can maximise the size of the
wind turbine blades expanding potential energy extraction at a given wind farm location Zafar (2018).

Due to the exciting properties mentioned above and the wide variety of the applications, many papers have been
written on carbon nanotubes being functionally graded for CNT reinforcement Liew et al. (2015) & Khaniki (2022).
An exceptional use is the tailoring of the material for the application, as different forms of FGCNT reinforcement
allow for an altering of the natural frequency of the matrix, which can reduce harmonic resonance at critical operational
ranges Ansari et al. (2019) & Oz et al. (1999).

1.2. Applications of axially travelling beams

There are a wide variety of applications of axially travelling beams; for instance, food processing with roller-to-
roller systems, electronic printed flexible membranes, medical nano-robots, railway contact wires, and conveyor belts
Dahlberg et al. (2006). It is important to analyse the vibrational characteristics to avoid resonance, and hence wear and
damage Poornima (2021).

In these systems investigated, velocities have effects on the natural frequency Oz et al. (1999) and Pakdemirli
(1997). Understanding the critical velocities of the system is important, to ascertain if the operational speed of the
systems will induce undesired harmonic motion, as mechanical systems work under tight tolerances Swanson (2005).
Understanding the effects on these said systems will increase the service life of those machines. For systems with
lower original speeds, the chance of supercritical vibrations and hence complex dynamics, such as chaos, is larger
Ravindra (1998). Farokhi and Ghayesh (2016) examined what effect vibrations in lateral, transverse and longitudinal
directions had on axially travelling beams. It was concluded that increasing the velocity of the axially travelling beam
does not necessarily increase the possibility of chaotic motion Yang (2005) & Pellicano (2002).

1.3. Axially travelling functionally graded CNT reinforced beams

A number of papers deal with this area. For example, it was found that an increase in velocity increases the variation
of amplitude of vibration, resulting in misalignment and imbalance around the centre of rotation, leading to premature
wear to a system Yan (2020). It is shown that adding FGCNT reinforcement to a beam increases the natural frequency
Mohammadimehr et al. (2020) & Ong (2022).

The aim of this paper is to examine the dynamics of axially travelling FGCNT reinforced beams, with an
intermediate spring support on the beam; in other words, this paper aims at analysing the linear vibration characteristics
of CNT reinforced beams subject to an axial speed (which generates Coriolis terms). Understanding these properties
is critical to ensuring future materials manufactured with these functionally graded reinforcements are robust and meet
“fit for purpose” industrial applications, where a reduction of wear and fracture in industry is key to sustaining long
asset service life. This paper looks at a polymethyl methacrylate matrix with FGCNT reinforcement. Different volume
fractions and spring stiffness were analysed to understand what effect this has on the vibrational properties of the
beam. This is followed by analysis on increasing the velocity of the beam and how this affects the natural frequency.
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Fig. 1. (a): Clamped-clamped axially travelling beam with varying velocities, Fig. 1. (b): The four different configuration of CNT: of the
U, where £ is the spring support, x, is the location of the spring, b is the width FGCNT reinforced beam (a) UD; (b) FG-O; (¢) FG-V; (d)
of the beam and /4 is the height of the FGCNT reinforced beam. FG-X along the width and height.

Fig. 1. (a) shows the axially travelling CNT reinforced beam under clamped-clamped boundary condition, with an elastic support. Fig. 1. (b) is a
cross-sectional view of these axially travelling beams displaying their respective CNT reinforcement.

2. Axially travelling CNT reinforced beam model

The following equations describes the material properties of the FGCNT reinforced beam according to the rule of
mixture Wattanasakulpong et al. (2015)

p,(2)=(py £, )V, (2)+ 2, (1)
Er (Z):(CIESW _Em)VSW (Z)+Em’ (2)

where ¢, is the CNT efficiency parameter, subscripts m and SW represents the matrix, and single-walled carbon
nanotube (SWCNT), respectively. The volume fraction is represented by V' .

The volume fraction of the matrix is

V() =1-7,,(2). 3)
The following functions represent the different types of CNT distribution models for FGCNT reinforced beam Thomas
(2016):

v (Uniformly distributed),
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where p and o, are the densities of matrix and CNT, respectively.
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Based on the Euler-Bernoulli beam theory, the non-zero, linear strain and stress components are

v (x,1) OV (x0)
= -z —

xx 2 2 (5)
ox ox
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= ,.(zz) v (x )—z },(2 ) ’ ©
1-v ox ox

where v and v denotes axial and transverse displacements, respectively, and Z is in the thickness direction, as
shown in Fig. 1, “and E_ is the Young’s modulus of the FGCNT reinforced beam.

The kinetic energy (K . ) of the system (possess terms related to the axial speed) is

L 2 a a 2
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The potential energy (72'1) of system is the sum of the strain energy (n'E) and the spring stiffness energy (72':) in
which k& is the elastic spring stiffness. The following dimensionless parameters were introduced:
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where /2 denotes the beam’s thickness, and the subscript m represents the matrix’s material properties.
By using the generalised Hamilton principle, the following dimensionless equations of motion are determined:
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where star notation is dropped for simplicity.

where [ is a coefficient that denotes the mass moment of inertia

xx

1. =[[(py =)V, (2)+p,) (an
A
and 4, A,,and A, are stiffness parameters and are defined as
{AI,AZ’A} f (c.E,, Vy (2)+E,1{1,2,2°} a4, (12)

3. Solution method

The modal decomposition technique was used in order to solve the coupled dimensionless equation of motion;
more details for general form of this method for a system of equations of motion is depicted in Zhai et al. (2021).
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By employing the modal decomposition method (as a sub-class of an assumed-mode technique), the axial and
transverse vibration frequencies of the axially travelling FGCNT reinforced beam with an intermediate spring support
are determined.

4. Results and discussion

The CNT reinforced beam is modelled as a polymer with CNT fibres reinforced in a PMMA matrix. The material
properties for the matrix and the CNT reinforcement used to generate the numerical results in this paper are:
p, =1150 kg/m’, E =29 GPa, E,, =869 GPa, p,, =1740 kg/m’. The geometric properties of the beam are:

length, L =2m, and height, # = 0.1 m. Three different CNT volume fractions were considered in this paper which
are 0.11,0.14 and 0.28, with the CNT efficiency parameters of 0.149, 0.150 and 0.141, respectively Daikh et al. (2021).

- a)UD ~
T 130 . @ , = 10 . (h) FG-V ‘ .
E @
" L e
S 120+ - _*_*_*_‘,(,*,*: o V‘r*&_*_*w.ﬁ ettt
- P 100 b gt ]
5 —— - e
= e 2 *,.w”""
S 110} A 18 S
L - 4
E’- #™ g 9@ #
= . = 2 |
L 1 —
é 100 )&"W pmowm R EEEEN _5 _,.-l-rlrl-l'-'.*.
© * g = e PP P |
- i e —
£ ap ¥ " 8 et
= p; - e 8 oo s+ = e
@ ‘-0*4*'*.-‘ >
@ - B g
2 w0 1 ¢
0
= c
E * — (‘E W 4
S —— VSW 0.1 - — VSW =0.11
@
@ —=— V_, *=014|| & *=
—5 sw % —=— Vg, =014 |
= 60 * = 1 .2 o
[ —— Vg, =028 @ e VSW =0.28
E £
5 50 - ! . ! 5 40 . . . . .
1 1.5 2 25 3 0 0.5 1 1.5 2 2.5 3
Dimensionless spring constant, k* 10" Dimensionless spring constant, k* «10%
= ) FG-O - 4 FG-X
3 100 ) FG- : 5 150 . CL)
- - L et
° o} I Htedtey & 140 P
= e ol z A
g A 2 130} P 1
5 2 [} A
3 Il =] 2
o 80 Wl 1z e
£ )f,” ammuEEE T 1201 7 ]
. N = A
£ 70 F Val --l""._.-. il = e PR il T
§ ¥* .-.".d ,,_._Hna—oa*—o—o—r.—o-o—k’—'—' * ® 110 e e - ]
- = o -
& l" .r""-' - = ,ﬁ/ - - _f-t—*-ro*a—o—*f*"*‘“
2 / ] g twor et .
[ g >
7 @ J
f=
£ —— VSW*=011' £ - VSW*=U.11
w0 w i
k| Vg, r=014 8 =V, =014
f=
g ‘e S ‘e |
@ e VSW =0.28 g e VSW 0.28
@
£ £ | ! ‘ ‘
£ . . L . L g
0 0.5 1 1.5 2 25 3 1 1.5 2 25 3
Dimensionless spring constant, k* «10% Dimensionless spring constant, k* %10%

Fig. 2. Effects of increasing linear stiffness coefficient and CNT volume fraction on the real transverse natural frequency of axially travelling
clamped-clamped beam with dimensionless axial speed, ¢ = 1 for different FGCNT distributions: (a) UD, (b) FG-V, (¢) FG-O, and (d) FG-X.

Fig. 2 shows the results for transverse vibration for the CNT reinforced clamped-clamped beam, with a
dimensionless speed, ¢ of 1. Three different volume fractions are considered with an increasing spring stiffness and
constant axial speed. As the spring stiffness increases, the natural frequency increases. The addition of a spring support
results in an initial spike in the natural frequency of the beam, then a linear increase for higher values of k. Fig. 2b,
shows there is a similar trend to Fig. 2a; an increase in CNT volume fraction results in an increase in the transverse
natural frequency of the beam. FG-V reinforcement has an overall lower natural frequency as opposed to a UD CNT
reinforcement, for each of the respective reinforcement fractions. Fig. 2c illustrates the natural frequency of the axial
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travelling beam with FG-O CNT reinforcement and an intermediate spring support. As per Fig. 2a & Fig. 2b, here is
higher natural frequency for the same given spring stiffness. The overall natural frequencies for the FG-O beam are
lower for the same spring stiffness when compared to UD & FG-V with the same volume fraction of CNT
reinforcement. Fig. 2d shows the natural transverse frequency of the CNT reinforced beam with FG-X reinforcement.
In addition, with an increase to the spring stiffness &, there is a higher natural frequency. Comparing the same
reinforcement fraction and stiffness level from FG-X to the other types of reinforcement, yields the highest natural
frequency of these configurations.
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Fig. 3. Effects of increasing the dimensionless axial speed and CNT volume fraction on the real transverse natural frequency of a clamped-
clamped beam with linear stiffness coefficient, k"= 5000 for different FGCNT distributions: (a) UD, (b) FG-V, (¢) FG-O, and (d) FG-X.

Fig. 3 shows that for all volume fractions of CNT reinforcement, as axial speed increases, the vibrational frequency
of the beam decreases. In addition to a reduction in the beams’ natural frequency, there is a sharper decline for higher
dimensionless velocities. Fig. 3b exemplifies the natural frequency of an axially travelling beam with FG-V
reinforcement, using the same setting as for the UD FGCNT. There is a lower natural frequency for FG-V compared
to the same speed as the UD CNT reinforcement. Continuing with the same settings, only changing the FGCNT
reinforcement profile to FG-O in Fig. 3¢, yields a similar decrease in natural frequency when the dimensionless speed
is increased. There is an overall lower natural frequency for all dimensionless velocities compared to both UD and
FG-V reinforcements. FG-X reinforcement has the highest natural frequency for the same given dimensionless speed
when compared to the other CNT reinforcements.
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Fig. 4. (a) Real parts of the first three transverse vibrational Fig. 4. (b) Imaginary parts of the first three transverse vibrational
frequencies of an axially travelling isotropic beam, versus the  frequencies of an axially travelling isotropic beam, versus the dimensionless
dimensionless axial velocity, ¢ for linear spring stiffness &* =  axial velocity, c for linear spring stiffness " = 10,000.

10,000.

As shown in Fig. 4a and Fig. 4b, the real and imaginary parts respectively of the first three modes of vibration are
compared to dimensionless axial velocity. Fig. 4a and Fig. 4b show that the only contribution to the vibration is from
the real part, from when c is 0-8 dimensionless velocity. At 8, dimensionless velocity is the first occurrence of 0 natural
frequency for both real and imaginary components; this is therefore the critical velocity. At this point of 0 natural
frequency the system is no longer stable and has undergone the divergence phenomenon which is comparable to a
beam undergoing a compressive load and then buckling. After this there is a divergence in the imaginary component
for the first mode while the imaginary component of the second and third modes continue to not add to the transverse
natural frequency. Following this loss in stability the natural frequency then rises. This is due to gyroscopic effects for
higher dimensionless velocities. The system gains stability because of Coriolis force generating travelling waves in
the system. From this, both Fig. 4a and Fig. 4b exemplifies the fact that divergence is directly related to the
contribution, or lack of, from both the real and imaginary components. With a continued increase in the dimensionless
velocity in the unstable part of the graph, the first natural frequency then rises, and the first mode restabilises, where
there is a combination of the first and second frequencies when ¢ is 12. Then, once there is a combination of the first
and second real parts, there is a reduction in the natural frequency for any additional increase in the vibration. During
this period there is no addition from the imaginary component. Increasing the axially velocity further begins to show
instability, as the first real part of the natural frequency becomes 0. At this range there are also contributions from both
first and second imaginary modes as they combine, when c¢ is 14 dimensionless velocity.

5. Conclusion

This paper investigated the vibrational characteristics of axially travelling FGCNT reinforced Euler-Bernoulli
beams under clamped-clamped boundary condition with an intermediate spring support. CNT distributions of UD,
FG-V, FG-O and FG-X, have been considered for analysis. By utilising Hamilton’s principle, the equations of motion
were developed, and the natural frequencies were obtained via the modal decomposition technique. It is concluded
that the introduction of CNT reinforcement has the result of increasing the transverse natural frequency. FG-O has the
effect of increasing the natural frequency the least on the system when compared to all other reinforcement patterns,
whereas FG-X has the highest increase to the transverse vibrational frequency. In all cases, increasing the spring
stiffness increases the natural frequency for all beam reinforcement configurations, though to varying degrees for each
of the CNT reinforcement configurations. All CNT reinforcement increases the natural frequency of the beam when
compared to no CNT reinforcement at all, but when there is an increase to the speed of the axially travelling beam, it
has the effect of lowering the natural frequency of all CNT when compared to no speed at all. Increasing the volume
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fraction of CNT in the beam has the effect of increasing the natural frequency, but with an increase in speed the natural
frequency reduces.
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