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GAMMA-CONVERGENT PROJECTION-FREE FINITE ELEMENT
METHODS FOR NEMATIC LIQUID CRYSTALS:
THE ERICKSEN MODEL*

RICARDO H. NOCHETTO', MICHELE RUGGERIf, AND SHUO YANGS

Abstract. The Ericksen model for nematic liquid crystals couples a director field with a scalar
degree of orientation variable, and allows the formation of various defects with finite energy. We
propose a simple but novel finite element approximation of the problem that can be implemented
easily within standard finite element packages. Our scheme is projection-free and thus circumvents
the use of weakly acute meshes, which are quite restrictive in 3D but are required by recent algorithms
for convergence. We prove stability and I'-convergence properties of the new method in the presence
of defects. We also design an effective nested gradient flow algorithm for computing minimizers that
controls the violation of the unit-length constraint of the director. We present several simulations in
2D and 3D that document the performance of the proposed scheme and its ability to capture quite
intriguing defects.

Key words. liquid crystals, finite element method, I'-convergence, gradient flow, defect, energy
minimization

AMS subject classifications. 65N30, 35J70, 65Z05

1. Introduction.

1.1. Liquid crystals with variable degree of orientation. Liquid crystals
(LCs) are a mesophase between crystalline solid and isotropic liquid. They are a
host of numerous potential applications in engineering and science, in particular in
materials science [1, 5, 10]. Nematic LCs are made of rod-like molecules with no
positional order that tend to point in a preferred direction. LC materials are thus
anisotropic.

We consider the one-constant Ericksen model for nematic LCs with variable de-
gree of orientation [17], which lies between the Oseen—Frank director model and the
Landau-de Gennes Q-tensor model [16, 29]. The state of the LC is described in terms
of a vector field n and a scalar function s, which satisfy the constraints |n| = 1 and
—1/(d —1) < s < 1 for the space dimension d = 2,3. The director n indicates the
preferred orientations of the LC molecules, while s represents the degree of alignment
that the molecules have with respect to n, both in the sense of local probabilistic av-
erage. A schematic illustration of their meaning is given in Figure 1. The equilibrium

*Submitted to the editors DATE.

Funding: This project started while RHN and MR were in residence at the Institute for Compu-
tational and Experimental Research in Mathematics (ICERM) during the workshop Numerical Meth-
ods and New Perspectives for Extended Liquid Crystalline Systems in 2019 (grant DMS-1439786).
MR acknowledges partial support of the Austrian Science Fund (FWF) through the special research
program Taming complexity in partial differential systems (grant F65) and of the Erwin Schrodinger
International Institute for Mathematics and Physics (ESI), given during the workshop New Trends
in the Variational Modeling and Simulation of Liquid Crystals. RHN and SY acknowledge partial
support of the National Science Foundation (grant DMS-1908267).

TUniversity of Maryland, Department of Mathematics and Institute for Physical Science and
Technology, College Park, MD 20742, USA (rhn@Qumd.edu).

fTU Wien, Institute of Analysis and Scientific Computing, 1040 Vienna, Austria
(michele.ruggeri@asc.tuwien.ac.at).

§Yanqi Lake Beijing Institute of Mathematical Sciences and Applications, 101408 Beijing,
China, and Yau Mathematical Sciences Center, Tsinghua University, 100084 Beijing, China
(shuoyang@bimsa.cn).

This manuscript is for review purposes only.


mailto:rhn@umd.edu
mailto:michele.ruggeri@asc.tuwien.ac.at
mailto:shuoyang@bimsa.cn

33

w W
ot

(2 BN, G, BN ]
SR = O

o &®

> v gt Ut Ot Ot
~

61
62
63
64

2 R. H. NOCHETTO, M. RUGGERI, AND S. YANG

state is given by an admissible pair (s,n) that minimizes the Ericksen energy

(1.1) E[s,n] = %/Q(R|Vs|2+s2|Vn|2) +/Qw(s)

where k£ > 0 is constant; the constraint on s is enforced by the double well potential
1. We refer to [4, 21] for early analysis of the Ericksen model.

o) =

FiG. 1. Schematic illustration of n(z) and s(z), in microscopic scale near a fived x € Q C R%.
Note that s = 1 represents the state of perfect alignment in which all molecules in the local ensemble
are parallel to n. Likewise, s = —1/(d — 1) represents the state of perpendicular alignment. The
case s = 0 corresponds to a defect in the LC material, an isotropic distribution of molecules in the
local ensemble that do not lie along any preferred direction.

If s can be approximated by a nonvanishing constant, then the energy (1.1) re-
duces to the Oseen—Frank energy F[n| « fQ|Vn|2, whose minimizers are harmonic
maps and have been extensively studied, e.g., in [27, 14]. However, the simpler Oseen—
Frank model has severe limitations in capturing defects: It only admits point de-
fects with finite energy for d = 3. In contrast, the Ericksen model (1.1) allows for
n ¢ H'(Q) and compensates blow-up of Vn by letting s vanish, which is the mech-
anism for the formation of a variety of line and plane defects; see, e.g., [21] for a
proof of the fact that the singular set of a minimizer of (1.1) can have positive Haus-
dorff dimension. This physical process leads to a degenerate Euler—Lagrange equation
for n that poses serious difficulties to formulate mathematically sound algorithms to
approximate (1.1) and study their convergence.

1.2. Numerical analysis of the Ericksen model. Several numerical methods
for the Oseen—Frank model have been proposed [22, 3, 7, 9]. Finite element methods
(FEMsS) for the Ericksen model are designed in [6, 23, 24, 30, 15]; see also the recent
review [12]. In contrast to [6], a fundamental structure of (1.1) is exploited in [23, 24]
to design and analyze FEMs that handle the inherent degeneracy of (1.1) without
regularization and enforce the constraint |n| = 1 robustly. Stability and convergence
properties via I'-convergence are proved in [23, 24], pioneering results in this setting.
They hinge on a clever discrete energy that mimics the structure of (1.1) discretely
but, unfortunately, is cumbersome to implement in standard software packages and
requires weakly acute meshes. The latter ensures that the projection of discrete
director fields onto the unit sphere is energy decreasing, and thus compatible with the
quasi-gradient flow, but is quite restrictive and difficult to implement for d = 3 and
domains with nontrivial topology.

1.3. Contributions. In this work, we propose a projection-free FEM that avoids
dealing with weakly acute meshes. Without the projection step, the unit-length con-
straint |n| = 1 is no longer satisfied exactly but instead is relaxed at each step of our
iterative solver, a nested gradient flow. The latter guarantees control of the violation
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PROJECTION-FREE FEM FOR LIQUID CRYSTALS 3

of |n| = 1 and asymptotic enforcement of it. We summarize the chief novelties and
advantages of our approach as follows.

o Shape-reqular meshes. Partitions of (2 are assumed to be only shape-regular,
which allows for the use of software with general mesh generators such as Netgen [26].
Avoiding weakly acute meshes is important in 3D to deal with interesting but nontriv-
ial geometries as documented in section 5. An earlier work achieving this goal is [30],
which presents a mass-lumped FEM with a consistent stabilization term involving
s2Vn'n for the generalized Ericksen energy.

e Standard algorithm. Our novel discretization of (1.1) is straightforward, requires
no stabilization, and is easy to implement in standard software packages such as
NGSolve [26]. In contrast to [23, 24], our FEM does no longer exploit the structure
of (1.1), but its analysis does.

e I'-convergence. The analysis of our FEM hinges heavily on the underlying
structure of (1.1), which is fully discussed in section 2 and relies on the notion of
L?-gradient on m [18, Theorem 6.2]; see Proposition 2.1 below. Such a notion was
already used in [11] in the context of the uniaxial Q-tensor LC model. We prove
stability and I-convergence. Our results are similar to those in [23, 24, 30], but the
use of the discrete structure is new.

e Linear solver. We propose a nested gradient flow that, despite the nonlinear na-
ture of the problem, is fully linear to compute minimizers. The inner loop to advance
the director n for fixed degree of orientation s is allowed to subiterate. This turns
out to induce an acceleration mechanism for the computation and motion of defects.
For a recent acceleration technique based on a domain decomposition approach, we
refer to [15]. Our nested gradient flow iterations fall within the I'-convergence frame-
work provided a CFL-type condition is imposed on the discretization parameters (see
Proposition 4.3). However, well-posedness and stability of the algorithm are guaran-
teed without any such CFL restriction.

o Numerical experiments. We present several simulations in section 5. Some aim
to compare the new algorithm with the existing literature in terms of performance
and ability to capture defects. Other experiments explore 3D intriguing configurations
such as the propeller defect and challenging variations of the Saturn ring defect.

e Boundary conditions. Since we do not impose the unit-length constraint |n| = 1,
the treatment of boundary data could be simplified and their properties weakened.
This potentially affects the regularization procedure for the lim-sup property and the
possible presence of defects at the boundary of 2. We do not explore these issues in
this paper but rather in future extension to the Q)-tensor model.

1.4. Outline. The remainder of this work is organized as follows. In the next
subsection, we collect some general notation used throughout the paper. In section 2,
we describe the Ericksen model for LCs with variable degree of orientation and discuss
its key structure. In section 3, we introduce our discretization of the model and
state our I'-convergence result. In section 4, we present our iterative scheme for the
computation of discrete local minimizers. In section 5, we show numerical experiments
illustrating effectiveness and efficiency of our method, as well as its flexibility to deal
with complex defects in 3D. We postpone the proofs of most results to section 6.

1.5. General notation. We denote by N = {1,2,...} the set of natural num-
bers and set Ng := NU {0}. For d = 2,3, we denote the unit sphere in R? by
S4t = {z € R%: |z| = 1}. We denote by B,(z) the ball of radius r > 0 centered at
x € R%. For (spaces of) vector- or matrix-valued functions, we use bold letters, e.g.,
for a generic domain Q C R%, we denote both L?(Q;R?) and L?(€; R¥*¢) by L*(Q).

This manuscript is for review purposes only.
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4 R. H. NOCHETTO, M. RUGGERI, AND S. YANG

We denote by (-, -) both the scalar product of L*(€) and the duality pairing between
H 1((2) and its dual, with the ambiguity being resolved by the arguments. We use
the notation < to denote smaller than or equal to up to a multiplicative constant, i.e.,
we write A < B if there exists a constant ¢ > 0, which is clear from the context and
always independent of the discretization parameters, such that A < ¢B.

2. Problem formulation. Let Q C R¢ (d = 2,3) be a bounded Lipschitz do-
main. In the Ericksen model, the state of the L.C is described in terms of a unit-length
vector field n : © — S?~1 and a scalar function s : Q — (—=1/(d — 1),1). Equilibrium
configurations are minimizers of the energy F[s,n] = Fi[s,n]+ Es[s] in (1.1), where

(2.1) Eq[s,n] := %/Q (n|V5\2 + 52\Vn|2), Es[s] := /Qw(s)

The double well potential ¢ : (—1/(d — 1),1) — R>q satisfies the following proper-
ties [17]:

. v eC3-1/(d-1),1),

o lim, ;- ¢(s) = +oo=lm,, 1,41+ ¥(s),

e Y(0) > (s*) = minge(—1/(a—1),1) ¥(s) = 0 for some s* € (0,1),

o /(0) = 0.
In (2.1), Ei[s,n] is the one-constant approximation of the elastic energy proposed
in [17], while Es[s] is a potential energy which confines the variable s within the
physically admissible interval (—1/(d — 1),1). The presence of the weight s? in the
second term of F;[s, n] allows for blow-up of Vn, namely n ¢ H' (), in the singular
set X, where defects may occur:

(2.2) Yi={xe:s(z)=0}

To complete the setting, we define the set of admissible functions where we seek
minimizers of (2.1). Note that, allowing for a director n ¢ H' (), one encounters at
least two difficulties: On the one hand, it is not clear how to interpret the gradient of
n appearing in Eq[s,n]. On the other hand, the trace of n on the boundary of € is
not well-defined, so that one cannot impose Dirichlet conditions on n in the standard
way. To cope with these problems, following [4, 21], we introduce the auxiliary variable
u = sn. Then, the product rule formally yields that

(2.3) Vu=n®Vs+sVn.

Since |n| = 1, the identities Vn'n = 0 and |[n® Vs| = |Vs| are valid. It follows that
the above decomposition of Vu is orthogonal, i.e.,

(2.4) |Vul?> = In® Vs|? + s?|Vn|? = |Vs|* + 5% Vn/|?.

In particular, F1[s,n] can be rewritten in terms of s and u = sn as

~ 1
(2.5) Ey[s,n] = Eq[s,u] = 5/ (k= D|Vs|” + |Vul?).
Q
In the latter, the degree of orientation and the auxiliary field are decoupled. In
particular, this reveals that, for (s,n) such that Ei[s,n] < oo, u = sn € H'(Q) even
though n ¢ H'(Q).
We say that a triple (s, n,u) satisfies the structural condition if

1
(2.6) ~7-1 <s<l1l, |n|=1, and uw=sn ae. inQ.

This manuscript is for review purposes only.
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PROJECTION-FREE FEM FOR LIQUID CRYSTALS 5

In view of the above discussion, we are led to consider the following admissible class:
(2.7 A= {(s,n,u) € H(Q) x L™(Q) x H'(Q) : (s,n,u) satisfies (2.6)}.

For triples (s,n,u) € A, it is possible to characterize the gradient of n occurring in
E1[s,n] using a weaker notion of differentiability. To this end, we recall the following
definition [18, Theorem 6.2]: We say that n is L2-differentiable at z € , and we
denote its L2-gradient at x by Vn(z), if

£ ) - i) - )y - P dy=o6?) asr 0.
B, (z)

It is well known that the notion of L2-differentiability is weaker than the existence of
an L2-integrable weak gradient, in the sense that every H'-function is L?-differentiable
almost everywhere and its L2-gradient coincides with the weak gradient; see, e.g., [18,
Theorem 6.2].

In the following proposition, we establish that if (s,m,u) € A, then n is L*-
differentiable and the decomposition (2.4) holds almost everywhere outside of the
singular set ¥ in (2.2). Its proof will be presented in subsection 6.1.

PROPOSITION 2.1 (orthogonal decomposition). Let (s,n,u) € A. Then, n is
L2-differentiable a.e. in Q\ . In particular, its L*-gradient is given by

(2.8) Vn=s5'(Vu-n®Vs) ae inQ\X.
Moreover, the following identity holds
(2.9) |Vul?> = |Vs]? + s2|Vn> ae inQ\ .

This allows us to give a precise meaning to F1[s,n] in (2.1). Depending on the
context, we interpret Vn in the sense of L%-gradient in 2\ ¥ and fz s2|Vnl|? =0,
or we alternatively replace Q by Q \ ¥ as domain of integration or even use the
representation i [s, u] of (2.5).

Turning to boundary conditions, let I'p C OS2 be a relatively open subset of the
boundary such that |I'p| > 0, where we aim to impose Dirichlet boundary conditions.
These, in the context of LCs, are usually referred to as strong anchoring conditions.
To this end, given a triple (g,q, ) € WH®(R?) x L= (R?) x W (R?) satisfying the
structural condition (2.6), we consider the following restricted admissible class that
incorporates boundary conditions:

(2.10) A(g,7) == {(s,n,u) € A: slr, = g|r, and ulr, =r|r, }.

Overall, we are interested in the following constrained minimization problem: Find
(s*,n*,u*) € A(g,r) such that

(2.11) (s*,n*,u*) = argmin E[s, n].
(s,mu)eA(g,r)

To conclude this section, let dg > 0 be sufficiently small. Some of our results
below will require the following technical assumptions on the Dirichlet data, namely

1
(2.12) -7 +d <glz)<1-4p forallze R,

(2.13) g>d onlp,

This manuscript is for review purposes only.
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6 R. H. NOCHETTO, M. RUGGERI, AND S. YANG

and on the double well potential, namely

Y(s) > (1 —dp) for all s > 1 — 4y,

U(s) > (dil +50) for all s < fﬁ + 6o,

and 1 is monotone in (—1/(d—1),—1/(d—1)+dp) and in (1 —dg, 1). Note that (2.13)
implies that ¢ = ¢~ 'r is W' on I'p so that imposing the Dirichlet condition
n|r, = g|r, on the physical variable n is equivalent to imposing u|r, = r|r, on
the auxiliary variable w. Finally, the property (2.14) is consistent with the fact that
Y(s) > +ooass — —1/(d—1) and s — 1.

(2.14)

3. I'-convergent finite element discretization. We assume (2 to be a poly-
topal domain and consider a shape-regular family {7} of simplicial meshes of Q) (in the
sense of, e.g., [8, Definitions 3.3-3.4]) parametrized by the mesh size h = maxge7, hi,
where hx = diam(K). We stress that we do not require any mesh to be weakly acute
(we refer to [8, Remark 3.12] for a discussion of this assumption for d = 2,3). We
denote by N}, the set of vertices of 7,. For any K € Ty, we denote by P!(K) the
space of first-order polynomials on K. We consider the space of Tj-piecewise affine
and globally continuous functions

Vi o= {u, € C°(Q) : |k € PYK) for all K € T}

Let V5, := (V3,)4 be the corresponding space of vector-valued polynomials. We denote
by Ij, both the nodal interpolant I;, : C°(Q) — V}, and its vector-valued counterpart
Ih : Co(ﬁ) — Vh.

For s;, € Vj, and my, € V,, let the discrete energy be E"[sy,,ny] = E[sn, nn] +
Eg [Sh] with

1
(3.1)  ENMsp,mp] = 5/ (klny @ Vsp|? + 57| Vng|?), Ehsy] = / P(sp).
Q Q
Note that E" is consistent, in the sense that E"[s,n] = E[s,n] if (s,n,u) € A(g,).
We say that a triple (sp, np, upn) € Vi, X Vi, X 'V, satisfies the discrete structural
condition if
(3.2)

—T1 < sp(z) <1, |np(2)] =1, and wup(z) = sp(z)nu(z) for all z € N,.

In (3.2), the requirements prescribed by the continuous structural condition (2.6) are
imposed only at the vertices of the mesh, which is practical. Moreover, the unit-length
constraint for the director is relaxed, since m; may attain also values outside of the
unit sphere.

Let e > 0, g» = Iplg], and r,, = Iy[r]. We consider the following discrete
minimization problem: Find (s}, n),u}) € Ap.c(gn,rr) such that

(3.3) (sp,mp,up) = arg min Ep[sph, np],
(sh,mn,un)EAR,e(gn,mn)

where the discrete restricted admissible class is defined as

(34) Ah,s(gh,rh) = {(sh,nh,uh) S Vh X Vh X Vh :
(Shs n, wp) satisfies (3.2), |1y [[nal*] — 1|21 0) <,
sn(z) = gn(2), and up(z) = rp(2) for all z € N, NTp}.

This manuscript is for review purposes only.
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PROJECTION-FREE FEM FOR LIQUID CRYSTALS 7

In the following theorem, we show that the discrete energy (3.1) converges towards
the continuous one (2.1) in the sense of I'-convergence.

THEOREM 3.1 (I'-convergence).  Suppose that ¢ — 0 as h — 0. Then, the
following two properties are satisfied:
(i) Lim-sup inequality (consistency): Let Tp = 0. Let the assumptions (2.12)—(2.14)
hold. If (s,n,u) € A(g,r), then there exists a sequence {(sn,npn,up)} C Ap(gn,Th)
such that |np|pe@) = 1, sp — s in H(Q), n, — n in L*(Q\ %), up — u in
H(Q), as h — 0, and

(3.5) E[s,n] > limsup E"[s;,, ny].
h—0

(ii) Lim-inf inequality (stability): Let {(sp,nn, un)} C Anc(gn, Tr) be a sequence such
that E"sp,mp) < C and |np| g~ < C, where C > 1 is a constant independent
of h. Then, there exist (s,n,u) € A(g,r) and a subsequence of {(sn, nn,un)} (not
relabeled) such that s, — s in H'(Q), ny, — n in L*(Q\ %), up — w in H'(Q) as
h — 0, and

(3.6) E[s,n] < lim igf EMsp,np).

h—

The proof of Theorem 3.1 is deferred to subsections 6.2 and 6.3. The assump-
tion I'p = 9 in part (i) is needed to apply a regularization result from [23] (see
Lemma 6.2 below). The properties established in Theorem 3.1 are slight variations
of the properties required by the standard definition of TI'-convergence; see, e.g., [13,
Definition 1.5]. However, they still allow to prove the convergence of discrete global
minimizers.

COROLLARY 3.2 (convergence of discrete global minimizers). Let I'p = 09 and
suppose that the assumptions (2.12)—(2.14) hold. Let {(sp,np,un)} C Apc(gn, ) be
a sequence of global minimizers of the discrete energy (3.1) such that ||np| L~ ) < C,
where C > 1 is a constant independent of h. Then, every cluster point (s, n,u) belongs
to A(g,r) and is a global minimizer of the continuous energy (2.1).

4. Computation of discrete local minimizers. In this section, we propose
an effective algorithm to compute discrete local minimizers of (3.1). The method is
based on a discretization of the (nonphysical) energy-decreasing dynamics driven by
the system of gradient flows

on + 6, E" [s,n] =0,
Os + 53Eh[s, n] =0,

where 6, E"[s,n] and 6,E"[s,n] denote the Gateaux derivatives of the energy with
respect to the order parameters, i.e.,

(6 E"[s,n], @) = (6nEV[s,n],¢) = k(n® Vs, ¢ @ Vs) + (sVn, sVe),
<5SEh[s, n],w> = <5SE{1[5, n],w> + <63E§[s,n],w>
= k(N ® Vs, n® Vw) + (sVn,wVn) + (¢'(s),w).

Let us introduce the ingredients of the scheme. First, let

Vo :={vn € Vi : vp(z) =0forall ze N,NICp} and Vpp:= (Vh7D)d

This manuscript is for review purposes only.
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8 R. H. NOCHETTO, M. RUGGERI, AND S. YANG

be the spaces of discrete functions satisfying homogeneous Dirichlet conditions on I'p.
Given ny, € Vj,, we consider the subspace of Vi, p consisting of all discrete functions
with nodal values orthogonal to those of nj, at all vertices:

Kh[nh] = {¢h S Vh,D : nh(z) . ¢h(z) =0 forall z € Nh}

The space th[nh] can be interpreted as a discretization of the space of tangential vari-
ations K[n] := {¢ € H' (Q):n-¢=0ae. in Q}, which naturally occurs in the vari-
ational formulatlon of problems with a unit-length constraint; see, e.g., [8, Lemma 7.1]
for the harmonic map equation.

For the treatment of the double well potential, we follow a convex splitting ap-
proach (see, e.g., [31]): We assume the splitting ) = 9. — 9., where ). and 1. are
both convex and 1. is quadratic.

The time discretization of the gradient flow for the director and the degree of
orientation are based on the constant time-step sizes 7, > 0 and 75 > 0, respectively.
Moreover, we consider the difference quotient dtsﬁl = (S;L+1 $8)/Ts.

In the following algorithm, we state the proposed numerical scheme for the com-
putation of discrete local minimizers of (3.1). We assume that (2.13) is satisfied so
that imposing Dirichlet boundary conditions directly for the director is allowed. Let
tol > 0 denote a tolerance.

Algorithm 4.1 alternating direction discrete gradient flow
Input: s € Vi, nY € Vy, such that |nf(2)| =1 for all 2 € N, n(2) = rn(2)/gn(2)
and s%(z) = gn(z) for all z € N}, NT'p.
Outer loop: For all ¢ € Ny, iterate (i)—(ii):
(i) Inner loop: Given (n}, s}), let n)® = ni. For all £ € Ny, iterate (i-a)-(i-b):
(i-a) Compute t, = Kn[n) é] such that

) e+ Tn k(t @ Vsh, @, @ Vsh) + T (s VEL 58V )

(4.1) it i i i I
= —r({n,” @ Vsy, ¢, @ Vsy) — (5, Vn,",5,Vo,)

for all ¢, € KKp,[n M}
(i-b) Update nl AL nh +Tnt ;f,
until

(4.2) |E{L[s}“ nﬁl’eﬂ] — Ef[s}t, n;f” < tol.

If ¢; € Ny denotes the smallest integer for which the stopping criterion (4.2)

is satisfied, deﬁne n“r1 = l Litl

(ii) Compute sit! € V, such that s”l( ) =gn(z) for all z € N}, N\T'p and

(desit wp) + k(niT @ Vst nitt @ Vwy,)

4.3 '
(4.3) + (TR w0, VRt 4 (0 (s wp) = (@ (sh), wh)

for all wy, € Vi, p.

1€Ng "

In Algorithm 4.1, (-,-), denotes the scalar product of the metric used in the
discrete gradient flow (4.1) for the director. In this work, we consider the following
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two choices for (-, )., dictated by numerical convenience:

(4.4) (D, ). = (P, ) (L*-metric),
(4.5) (P, ) = (h*Vp,Vap) with 0 < o <2 (weighted H'-metric).

In (4.5), the H'-metric is weakened by a positive power of the mesh size h. Note that
the choice a = 0 corresponds to a full H!-gradient flow, which is not appropriate since
the director does not belong to H'(Q) in general (e.g., in the presence of defects).
On the other hand, if @ = 2, a standard scaling argument shows that the resulting
metric is equivalent to the L?-metric in (4.4).

In the convex splitting of v, we adopt a semi-implicit approach: The convex
and quadratic part 1. is treated implicitly, while the concave one 7). is treated ex-
plicitly. This leads to a linear and positive definite contribution to the left-hand side
of (4.3). Moreover, the resulting discretization is unconditionally stable (see, e.g., [23,
Lemma 4.1]). Altogether, both (4.1) and (4.3) are linear symmetric positive definite
systems in the unknowns tib’g and s}"'. The orthogonality constraint in (4.1) can be
imposed at the linear algebraic level by introducing a Lagrange multiplier associated
with it (see, e.g., the discussion in [8, Section 7.2.5]) or via a null-space method as
done, e.g., in [25, 23, 20]. In this work, we implement it using a Lagrange multiplier.

Although in most of our numerical experiments we will set 7,, = 75, we observed
that in some situations the flexibility of choosing different time-step sizes in (4.1)
and (4.3) is decisive in order to move defects in numerical simulations (see, e.g., the
experiment in subsection 5.3 below).

In the following proposition, we prove well-posedness and an energy-decreasing
property of Algorithm 4.1.

PROPOSITION 4.1 (properties of Algorithm 4.1). Algorithm 4.1 is well-posed and
energy decreasing. Specifically, for all i € Ny, the following assertions hold:
(i) For all £ € Ny, (4.1) admits a unique solution tz’é €Ky, [nﬁl’é] ;
(ii) The inner loop terminates in a finite number of iterations, i.e., there exists £ € Ny
such that the stopping criterion (4.2) is met;
(i) (4.3) admits a unique solution st € Vi, such that s (2) = gn(2) for all z €
Nh NITp.
(iv) There holds

I
BNy i = B [s), i) < - <Ts||dtsz+1|%z<m 7 letifﬂi)
=0
(4.6) .
(2 a4 23 B 19).
In particular, there holds Eh[s?l,nfjl] < E"[si ni] and equality holds if and only
if (syth,mith) = (si,mb) (equilibrium state).

Remark 4.2 (energy decrease). The right-hand side of (4.6) characterizes the en-
ergy decrease guaranteed by each step of Algorithm 4.1 and comprises two contribu-
tions: The term

4
- (TsttSZH 72() + ™ ZIWIIE)
£=0
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is the energy decrease due to the gradient-flow nature of Algorithm 4.1. The term

£
2 phig ikl il 2 hioi it
- (Ts EY[dsy my T 4+ 1y EY[sp, ty, }>
=0

is the numerical dissipation due to the backward Euler methods used for the time
discretization.

In practical implementations of Algorithm 4.1, the outer loop is terminated when
(4.7 |EMsit mp ] — Eh[sz,nﬁlH < tol.

Since the algorithm fulfills a monotone energy-decreasing property, the stopping cri-
terion is met in a finite number of iterations.

The approximations n}fl of the director generated by Algorithm 4.1 do not sat-
isfy the unit-length constraint at the vertices of the mesh, as in [23, 24]. However,
the following proposition, proved in subsection 6.4, shows that violation of this con-
straint can be controlled by the time-step size 7, independently of the number of
iterations. Moreover, the uniform boundedness in L*(2) of the sequence required
by the I'-convergence result (cf. Theorem 3.1(ii)) can be guaranteed if the discretiza-
tion parameters satisfy a suitable CFL-type condition. However, we stress that such
condition is not necessary for the well-posedness and the stability of the algorithm.

PROPOSITION 4.3 (properties of discrete director field). Let j > 1. The following
holds.
(i) Suppose that the norm induced by the metric (-,-). used in (4.1) is an upper bound
for the L?-norm, i.e., there exists C, > 0 such that

(4.8) Pnllr2(0) < Cull@nlls  for all ¢, € Vi p.
Then, the approximations generated by Algorithm 4.1 satisfy
(4.9) 1[I, * = 11|20y < Cr7n E"[s, m3),

where C1 > 0 depends only on C. and the shape-regularity of {Tn}.
(ii) Suppose Ty, fulfills the following CFL-type condition

Tho@ < C* if (-,-). is chosen as (4.4),

(4.10) oy mi;‘
Trhi " log hmin|* < C*  if (-, )4 is chosen as (4.5),
where hpin = mingey, hx and C* > 0 is arbitrary. Then, the approzimations

generated by Algorithm 4.1 satisfy
(4.11) [0 ||y < 1+ CoE"[s), np],

where Cy > 0 is proportional to C* > 0 in (4.10) with proportionality constant de-
pending on the shape-regularity of {Tn}.

To conclude this section, we discuss the design of Algorithm 4.1 with special em-
phasis on its nested structure and distinct roles of 7, and 7,. Obviously, 7, controls
the violation of the unit-length constraint according to (4.9), but the roles of subit-
erations in (4.1) and 7, in (4.3) is more subtle and deserves further elaboration. The
presence of defects is associated with values s} (z;) close to zero at nodes x;, which
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in turn act as weights in the equation (4.1) for the tangential updates tZE of the di-
rector field nZ’Z. The fast decrease to zero of si (z;), relative to the growth of Vn
in its vicinity, impedes further changes of nj (x;) because they are not energetically
favorable: The defect is thus pinned at the same location z; for many iterations.
Experiments with Algorithm 4.1 reveal defect pinning if 7,, = 75 and one step of (4.1)
per step of (4.3) is utilized. The subiterations within the inner loop (4.1) allow nz’e
to adjust to the current value of sj,. This mimics an approximate optimization step
but with unit length and max norm control dictated by Proposition 4.3. In contrast,
full optimization has been proposed in [23, 24, 30] instead of (4.1), followed by nodal
projection onto the unit sphere, whereas one step of a weighted gradient flow (4.1) has
been advocated in [11] for the Q-tensor model. On the other hand, since 75 penalizes
changes of si, smaller values of 75 relative to 7, delay changes of si in favor of changes
of n}. This does not fix the stiff character of (4.1), studied in [15], but does remove

defect pinning. Several numerical experiments in section 5 document this finding.

5. Numerical experiments. In this section, we present a series of numerical
experiments that explore the accuracy of Algorithm 4.1 and its ability to approximate
rather complex defects of nematic LCs in 2D and 3D. In both cases, these results
complement the theory of sections 3 and 4 and extend it.

We have implemented Algorithm 4.1 within the high performance multiphysics
finite element software Netgen/NGSolve [26]. To solve the constrained variational
problem (4.1), we adopt a saddle point approach. The ensuing linear systems are
solved using the built-in conjugate gradient solver of Netgen/NGSolve, while the
visualization relies on ParaView [2].

All pictures below obey the following rules. The vector field depicts the director
n, whereas the color scale refers to the degree of orientation s. Blue regions indicate
areas with values of s close to zero, which signify the occurrence of defects, while
the red ones indicate regions with largest values of s (s ~ 0.75 in our simulations),
where the director encodes the local orientation of the LC molecules. We generate
unstructured, generally non-weakly acute, meshes within Netgen with desirable mesh
size hg but the effective maximum size h of tetrahedra in 3D may only satisfy h ~ hg.
For the sake of reproducibility, we will specify hg when dealing with unstructured 3D
meshes.

We stress that, unlike FEMs proposed in previous works [24, 23], the energy-
decreasing property of Algorithm 4.1 (cf. Proposition 4.1) does not rely on meshes
being weakly acute. Except for simple 3D geometries, such meshes are hard, to
impossible, to construct. This is the case of the cylinder domain in subsection 5.3
and the Saturn ring configurations in subsection 5.5, for which mesh flexibility is of
fundamental importance to capture topologically complicated defects.

Throughout this section, we consider the double well potential ¥(s) = caw (¢c(s) —

Ye(s)) with

2 4, 64 3 2
(5.1) Pe(8) =635, he(s) := —16s" + 3 + 57s° — 0.5625,
where cqw > 0. Note that, for cqw, > 0, ¥ has a local minimum at s = 0 and a
global minimum at s = § := 0.750025 such that ¥ (s) = 0. Moreover, in view of
Proposition 4.3, we measure the violation of the unit-length constraint in terms of the

quantity

(5.2) ertn = || [l 2 = 1] |1 (o),
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where nfY denotes the final approximation of the director generated by Algorithm 4.1.
Furthermore, unless otherwise specified, we choose the L?-metric (4.4) in (4.1), and
we set the tolerance tol = 1076 in both (4.2) and (4.7).

5.1. Point defect in 2D. In striking contrast with the Oseen—Frank model, the
Ericksen model allows point defects to have finite energy in 2D: The blow-up of |Vn|
near a defect is compensated by infinitesimal values of s for the energy E[s,n] in (1.1)
to stay bounded. We examine this basic mechanism with simulations of a point defect
in 2D and study the influence of the discretization parameters on the performance of
Algorithm 4.1.

We consider the unit square Q = (0,1)2, and set k = 2 in (1.1) as well as cqw =
0.1(0.3)72 in (5.1). We impose Dirichlet boundary conditions for s and n on 99,
namely

(z — 0.5,y — 0.5)
[(z =05,y —05)|

(5.3) g=§ and q=r/g= on 9N.

To initialize Algorithm 4.1, we consider a constant degree of orientation s = § in Q
and a director n) exhibiting an off-center point defect located at (0.24,0.24). Due
to the imposed boundary conditions and for symmetry reasons, we expect that an
energy-decreasing dynamics moves the defect to the center of the square; see Figure 2.

F1G. 2. Point defect experiment of subsection 5.1: Plot of the approximation (s}b,ni) after the
first iteration (left) and of the final approzimation (shN,nﬁj) (right). The gradient flow algorithm
mowes the defect to the center of the domain.

In our first experiment, we consider a uniform mesh 7; of the unit square con-
sisting of 2048 right triangles. The resulting mesh size is h = v/227°. Moreover, we
set 7, = 7s = 0.1 and compare the results obtained for different choices of the metric
(-, )x in (4.1); cf. (4.4)—(4.5). Table 1 displays the outputs for each run. On the one
hand, we observe that using the L?-metric leads to the fastest dynamics in terms of
both number of iterations and CPU time. On the other hand, the violation of the
unit-length constraint is smaller for the weighted H'-metrics. For smaller values of o
in the weighted H!'-metric, Algorithm 4.1 terminates with a configuration exhibiting
defect pinning at an off-center location. The expected equilibrium state, depicted in
Figure 2 (right), can be restored when reducing the time-step size 7.

In our second experiment, we investigate the effect of mesh refinement and changes
of the time-step size on the results. To this end, we first repeat the simulation using
three uniform meshes with h = v/227°7¢ (¢ = 0,1,2); we set 7, = 0.127% in
agreement with the CFL condition in (4.10) for the L?-metric and d = 2. We collect
the results of computations in Table 2 (top), and observe that both min(s}') and err,
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metric N [ EMsY, n] | min(s)) | err, | CPU time
L? 60 2.984 0.0757 | 0.0404 64.83
weighted H', o = 2.0 | 67 2.944 0.0750 0.0370 98.65
weighted H', a = 1.9 | 65 2.938 0.0754 | 0.0362 111.69
weighted H', o = 1.8 | 67 2.932 0.0755 0.0353 130.17
weighted HT, a = 1.7 | 80 | 2.926 0.0760 | 0.0342 | 154.92
TABLE 1

Point defect experiment of subsection 5.1: Final outputs of Algorithm 4.1 for different choices
of metric {-,-)«, namely total number of iterations N, value of the energy E" [shN7 nhN] for the equi-

librium state, smallest value of the final shN, error in the unit-length constraint in (5.2), and the
CPU time.

decrease about linearly with h, whereas the energy E" [s,{b\] , nhN | slightly decreases. The
linear decay of err,, with respect to 7, established in (4.9) is not observed. This can
be explained by the increase of E"[s?,n)] upon refinement, attributable to the fact
that n% has a point defect while S?L is constant and does not compensate the blow-up
of Vny.

In our third experiment, we aim to empirically confirm the first-order convergence
of the error erry, in (5.2) with respect to 7, established in Proposition 4.3; see (4.9).
To this end, we consider a fixed mesh with h = v/227°, we set 7, = (0.1)27°¢
(¢ = 0,1,2) as well as tol = 107°7, in both (4.2) and (4.7). The computational
results, collected in Table 2 (bottom), confirm the expected linear decay of the error.

h N | EMsV,nl] [ min(slY) | err,, | CPU time
V227° | 60 2.984 0.0757 | 0.0404 64.83
V2276 | 61 2.940 0.0422 | 0.0232 592.23
V2277 | 133 2.939 0.0289 | 0.0100 | 7919.25

Tn erry,
(0.1)27> | 0.00610
(0.1)27% [ 0.00346
(0.1)2=7 | 0.001927

TABLE 2

Point defect experiment of subsection 5.1: Final outputs of Algorithm 4.1 for different uniform
meshes with mesh size h and time steps Tn, = Ch? (top) and different time step sizes T, with fized
mesh size h = /2272 (bottom,).

5.2. Plane defect in 3D. We simulate a plane defect in the unit cube Q =
(0,1)3 located at {z = 0.5}, according to [29, Section 6.4]. We set £ = 0.2 in (1.1)
and cqyw = 01in (5.1). We impose Dirichlet boundary conditions on the top and bottom
faces I'p of the cube

Il
>

(1,0,0) on 002N {z = 0},

r/g=(1
r/g=1(0,1,0) on IQ N {z = 1}.

q
q

I
>

g
g
The exact solution is n(z) = (1,0,0) for z < 0.5 and n(z) = (0, 1,0) for z > 0.5, while

s(z) =0 on z = 0.5 and linear on (0,0.5) U (0.5,1) [29, Section 6.4]. Our numerical
results are consistent with those in [23, Section 5.3]. To initialize Algorithm 4.1, we
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set s = § and nY to be a regularized point defect away from the center of the cube.
Figure 3 displays the three components of n’,i and Sﬁ evaluated along the vertical line
(0.5,0.5, 2) for iterations k& = 1,31, 79 computed on a uniform mesh with » = v/30.05
and 7, = 75 = 0.01.
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Fi1c. 3. Plane defect of subsection 5.2: Plots of the three components of nfl (first row) and plots
of s’fL (second row) for iterations k = 1,31,79. In the final configuration (k = N =79), the energy

is EP [shN, nhN] =0.247, min(sg) = 0.0101, and erry, = 0.0556. Moreover, there is a transition layer
between about z = 0.4 and z = 0.6, and sy s almost linear in (0,0.4) and (0.6,1).

5.3. Effect of x on equilibria. The value of the constant « > 0 in (1.1) plays
a crucial role in the formation of defects. For large values of k, the dominant term
in Eq[s,n] is fQ %|Vs|? that prevents variations of s. Typically s tends to be close
to a (usually positive) constant and the model behaves much like the simpler Oseen—
Frank model, where defects are less likely to occur (and no defects with finite energy
beyond point defects are allowed in 3D). On the other hand, for small values of &,
the energy is dominated by [, 5?|Vn|?, which allows s to become zero to compensate
large gradients of n, and defects are then more likely to occur. In this section, we
investigate this dichotomy numerically.

We consider a cylindrical domain €2 in 3D with lateral boundary I'p

Q={(z,y,2) €ER®*: (x —0.5)? + (y — 0.5)2 < 0.5%, 0 < 2 < 1},
I'p={(z,y,2) €R*: (x —0.5)> + (y — 0.5)> = 0.5*, 0 < z < 1},
and impose the Dirichlet conditions on I'p

(z — 0.5,y — 0.5,0)
(x — 0.5,y — 0.5,0)]’

(5.4) g=35 and q:r/g:|

The top and bottom faces of ) are treated as free boundaries and the double well
potential 1 is neglected, i.e., cgwy = 0 in (5.1). The analysis in [29, Section 6.5]
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predicts that minimizers of the energy exhibit a line defect along the central axis of
the cylinder if & is sufficiently small, whereas they are smooth (no defects) if k is
sufficiently large.

Figure 4 displays the final configurations obtained for x = 0.2 and k = 2. To
discretize 2, we consider an unstructured mesh generated by Netgen with hg = 0.05.
For both values of k, we set § as initial condition for the degree of orientation. For
k = 0.2, we set 7,, = 0.1 and 7, = 10~ and take as initial condition for the director
field an off-center point defect located at the slice z = 0.5. For k = 2, we set
Tn = Ts = 0.01 and initialize n?L as an off-center point defect located at the slice
z = 0.25. These computational results are consistent with those in [23] and confirm
the predicted effect of k [29, Section 6.5].

Fic. 4. Effect of k in subsection 5.3: Equilibria for k = 0.2 (left) and k = 2 (right). Both
pictures show s,]lv and n;:] on the slices z = 0.2,0.5,0.8. If k = 0.2, the final configuration exhibits a
line defect along the central azis of the cylinder; the final energy is E™ [s}ly, n}ly] = 0.806, min(shN) =
—7.33 x 1074, errp, = 0.0778, and N = 226. If x = 2, the z-component of the director is not
zero. This behavior is usually referred to as fluting effect or escape to the third dimension [29,
Section 6.5.1]. Moreover, the degree of orientation is bounded well away from zero; the final energy
is EM[s), nlV] = 2.635, min(s)Y) = 0.224, err, = 0.044, and N = 17.

5.4. Propeller defect. In this section, we investigate a new defect discovered
in [23, Section 5.4]. We consider a setup similar to the one discussed in subsection 5.3,
except that the domain is the unit cube = (0, 1)3, and we again set cqy, = 01in (5.1).
The top and bottom faces of the cube are treated as free boundary, while the same
strong anchoring conditions as in (5.4) are imposed on the vertical faces I'p of the
cube (lateral boundary). The initial conditions are s% = § for the degree of orientation
and an off-center point defect located on the slice z = 0.5 for the director. The domain
is discretized using an unstructured mesh generated by Netgen with hy = 0.025, and
we set 7, = 0.02. We consider the values k =2 and x = 0.1. For Kk = 2 and 75 = 0.2,
the computational results agree with those of subsection 5.3: The equilibrium state
is smooth and is characterized by a nonzero z-component (fluting effect).

For k = 0.1, the final configuration reported in [23, Section 5.4, Figure 5] con-
sists of two plane defects intersecting at the vertical symmetry axis of the cube, the
so-called propeller defect. Whether this was a numerical artifact due to the inherent
symmetries of the structured uniform weakly acute meshes used in [23] for simulation
was an intriguing open question that we now answer. Owing to the flexibility of our
approach regarding meshes, we repeated the experiment using an unstructured non-
symmetric mesh with 7, = 10~*. Our computational results confirm the emergence
of the propeller defect in Figure 5, which in turn displays the director field n} at
iterations k = 0,1, 2766 with colors indicating the size of SZ.
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FiG. 5. Propeller defect of subsection 5.4: Evolution of the order parameters on the top face of
the cube (z = 1). Plots of the initial state (s9,n9) (left), of the intermediate approzimation (s, m})
obtained after the first iteration (middle), and of the equilibrium state (siy, niy) after 2766 iterations
(right). In the nitial state, due to the off-center point defect at z = 0.5, there is a corresponding
region on the slice for z = 1 where m is aligned with z-direction. After the first iteration, in
which n is minimized for fited s = §, by symmetry the defect has moved to the center on z = 0.5.
Correspondingly, on the top surface of the cube, the region where m is aligned with the z-azis has
moved to the center. The final state is a propeller defect consisting of a planar X-like configuration
extruded in the z-direction. The final energy is E™[sN ,nN] = 0.592, min(s)) = —1.575 x 1074,
errp = 0.0265, and N = 2766.

5.5. Colloidal effects in nematic LCs. Colloidal particles suspended in a
nematic LC can induce interesting topological defects and distortions [19, 28]. One
prominent example is the so-called Saturn ring defect, a director configuration char-
acterized by a circular ring singularity surrounding a spherical particle and located
around its equator. Such defects are typically nonorientable and captured within the
Landau—de Gennes @Q-tensor model [11, 12], but the Ericksen model yields similar
orientable defects under suitable boundary conditions [24]. We confirm the ability of
Algorithm 4.1 to produce similar configurations.

In this section, we exploit the flexibility of Algorithm 4.1 regarding meshes,
together with the built-in Constructive Solid Geometry (CSG) approach of Net-
gen/NGSolve, to explore numerically the formation of Saturn-ring-like defects induced
by nonspherical or multiple particles.

5.5.1. One ellipsoidal particle. Let Q. = (0,1)% be the unit cube and let
Qs C Q. be an ellipsoid centered at (0.5,0.5,0.5) with axes parallel to the coordinate
axes and semiaxis lengths equal to 0.3 (z-direction), 0.075 (y-direction), and 0.075
(z-direction); €2, has an aspect ratio 1 : 4. The computational domain is then 2 :=
0.\ Q. Weset k=11n (1.1) as well as cqyy = 0.2 in (5.1). On 9Q = 9N, U I, we

impose strong anchoring conditions
(5.5) g=5ondQ, g=r/g=vondds;, and q=r/g=ng on .,

where v : 09, — S? denotes the outward-pointing unit normal vector of Q, and
N : 00 — S? smoothly interpolates between the constant values (0,0, —1) on the
bottom face and (0,0,1) on the top face of the cube (see [24, Figure 11]). These
boundary conditions are essential in order to induce the defect. The initial conditions
for Algorithm 4.1 are given by

(0,0,1) ze€Qand 23 > 0.5,
(5.6) sy =8inQ and n)(z)=1{(0,0,-1) ze€Qand 2z < 0.5,
q(2) z € 092,
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for z = (21,29, 23) € Nj. Figure 6 displays cuts of the final configuration obtained
using Algorithm 4.1 with an unstructured mesh with hg = 0.05 and time-step sizes
Tn = Ts = 0.01.

Fic. 6. Saturn ring experiment of subsection 5.5.1. Three different perspectives of the Saturn
ring defect around an ellipsoidal particle: slice z = 0.5 (left), a 8D view clipped at y = 0.5 (middle),
and a 3D view clipped at * = 0.5 (right). The blue ring surrounding the particle, the iso-surface
for s = 0.15, provides a good approximation of the defect. We stress that meither the distance
between the defect and the particle nor the defect diameter are constant, which is a consequence of
the anisotropic shape of the particle. The final energy is Eh[sflv,nflv} = 7.263, min(shN) = 0.0128,
errp, = 0.145, and N = 33.

5.5.2. Multiple spherical particles. We conclude this section with two novel
and challenging simulations involving multiple spherical colloidal particles. In both
cases, the domain has the form Q := Q. \ Q,, where Q. C R? denotes a simply
connected domain (representing the LC container), whereas Q; C ). denotes the
region occupied by spherical colloidal particles. We set k = 1 in (1.1) and cgy = 0.2
in (5.1). Moreover, boundary and initial conditions are suitable extensions to the
multiple particle case of (5.5) and (5.6) considered in subsection 5.5.1.

Figure 7 shows the equilibrium state corresponding to Q. = (0,1)% and a pair
of disjoint spherical colloids €2, with radii 0.1 and centered at (0.3,0.5,0.5) and
(0.7,0.5,0.5). Algorithm 4.1 employs an unstructured mesh with hy = 0.025 and
time-step sizes 7, = 75 = 0.0025. A novel fat figure “8” defect forms.

Figure 8 depicts the equilibrium state corresponding to . = (—0.1,1.1)® and
a colloidal region consisting of six spheres. The latter have radii 0.1 and centers
located at (0.2,0.5,0.5), (0.8,0.5,0.5), (0.5,0.2,0.5), (0.5,0.8,0.5), (0.5,0.5,0.2), and
(0.5,0.5,0.8) distributed symmetrically with respect to the cube center. Algorithm 4.1
utilizes an unstructured mesh with hg = 0.05 and time-step sizes 7, = 75 = 0.005.

6. Proofs. In this section, we present the proofs of the results discussed in
sections 2 to 4.

6.1. L2-differentiability of admissible directors. We now prove that any
admissible director field, despite not being in H' (), is L?-differentiable in 2\ X. We
refer to [11] for a similar argument for a line field.

Proof of Proposition 2.1. Since (s,m,u) € A, we have that s € H(Q) and u =
sn € H'(Q). Then, for almost all z € Q (specifically, for all Lebesgue points of
(s,u,Vs,Vu)), s and u are L?-differentiable and their L?-gradients coincide with
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Fic. 7. Two-particle experiment of subsection 5.5.2. Fat figure “8” defect around two spherical
colloids viewed from different perspectives: slice y = 0.5 (left), slice z = 0.5 (middle), and a 3D
view clipped at y = 0.5 (right). The blue ring surrounding the particle is the iso-surface for s =
0.12, which provides a good approzimation of the defect. The final energy is E® [shN,nhN] = 7.656,

min(sY) = 0.0146, erry, = 0.0972, and N = 57.
h

Fic. 8. Siz-particle experiment of subsection 5.5.2. Defect around six spherical colloids viewed
from different perspectives: slice y = 0.5 (left), slice z = 0.5 (middle), and a 3D view clipped at
y = 0.5 (right); the slice x = 0.5 is similar to y = 0.5. The blue ring surrounding the particles is
the iso-surface for s = 0.22, which provides a good approximation of the defect. Therefore the defect
appears to be a combination of a large Saturn ring defect around particles with center in the plane
z = 0.5 and a planar X-like configuration with axis x = 0.5,y = 0.5, —0.1 < z < 1. The final energy
is EM[s), nlV] = 12.562, min(s)) = —0.0079, errp, = 0.163, and N = 61.

their respective weak gradients for a.e. x € Q, i.e., as r — 0, it holds that

][ 15(y) — s(2) — Vs(a) - (y — 2) > dy = o(r),
B, (x)

f luly) — u(z) — Valo)(y — o) dy = o(r?):
B, (x)

see [18, Theorem 6.2]. For almost all z € Q \ ¥ (specifically, for all Lebesgue points
of (s,m,u,Vs,Vu) in z € Q\ %), in view of the identity (2.3), we define the quantity

Vu(z) —n(z)® Vs(m)

(6.1) Vn(x) = 5@)
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PROJECTION-FREE FEM FOR LIQUID CRYSTALS 19
Let » > 0. It holds that

][ In(y) — n(z) — Vn(z)(y — ac)|2 dy
By.(x)

L u —ulxr) — ulx — X 2
S S ) ) — Va0

[s(y) = s(@) = Vs(@) - (y — ) |*In(y)*dy

Vs ()] n(v) — nlo) 2y — z12dy = o(r2
OGP T, P @ Py =y = o6

as 7 — 0. This shows that Vn(z) is the L2-gradient of n at x. Moreover, (2.9) follows
from a direct computation. In fact, in view of (6.1), there holds that

s(@)*|Vn(@)]? = |Vu(z) - n(r) ® Vs(z)?

[Vu(@)? + n(z) @ Vs(2)* = 2Vu(@) : [n(z) @ Vs(2)]
= |Vu(2)]* - [Vs(x)],

where the last equality follows from the identities

d d
In(z) ® Vs(z)]* = Z ni(w)? (8js(a:))2 = (3js(x))2 = |Vs(z)?
and for a.e z € Q\ X
d
Vu(z): [n(z) ® Vs(z Z djui(x (i Z ) 9;5(x)
1,j=1 Jj=1
d
z)|?0;s( Z (z)[> 9;5(x)
ij= ) = 2
s(z) = Z (95s(2))” = [Vs(a)]*.
This concludes the proof. 0

6.2. Lim-sup inequality (consistency). We start with two results from [23]
that we state without proofs. The first one shows that the degree of orientation s
can be truncated near the end points of the domain of definition (—1/(d —1),1) of ¥
without increasing the energy E[s,n]. We refer to [23, Lemma 3.1] for a proof.

LEMMA 6.1 (truncation of s). Let the assumptions (2.12) and (2.14) hold. Let
(s,m,u) € A(g,r). For all 0 < p < 4y, define
. 1
$p(x) := min {1 - p, max{ ] +p, s(m)}} and  wu,(x) = s,(z)n(x)

for a.e. x € Q. Then, (s,,n,u,) € A(g,r) and E1[s,,n] < Eq[s,n], Es[s,] < Es[s].
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20 R. H. NOCHETTO, M. RUGGERI, AND S. YANG

A simple consequence of Lemma 6.1, based on the convergence of the charac-
teristic function x(s,—s} — xa as p — 0, is that [|(s,u) — (s, up)||g1(@)+e — 0 as
p — 0. The second result is about regularization of admissible functions but pre-
serving the structural condition (2.6) and boundary values. This is a rather tricky
two-scale process fully discussed in [23, Proposition 3.2].

LEMMA 6.2 (regularization of functions in A(g,r)). Let the assumptions (2.12)
and (2.13) hold, and suppose that T'p = 0Q. Let (s,n,u) € A(g,r) and p < §y such
that —=1/(d— 1)+ p < s(x) < 1 —p for a.e. © € Q. Then, for all o > 0, there
exists a triple (sS4, Mg, uy) € A(g,T) such that s, € WH(Q) and u, € WH(Q).
Moreover, there holds ||(s,u) — (S0, %s) | g1 (0)1+¢ < 0, [N = ngllp2\x) < o, and
—1/(d=1)+p < s,(x) <1—p for all z € Q.

We recall the following classical local inverse estimates (see, e.g., [8, Lemma 3.5]),
which will be used in several points of the upcoming analysis: For all vy, € Vj,
1<p,r<oo,and K € Ty, there holds

IVonllLe) < ChMlvnlliry  and  [lonllzece) < CAE" Pl | Lr i),

where C' > 0 is a constant depending only on the shape-regularity of {7}.

It is well known that the Lagrange interpolation operator I, : C(2) — V}, is not
stable in H'(Q) unless d = 1. We exploit stability in L°°(Q) to derive stability in
Whr(Q) for p > d.

LEMMA 6.3 (W1P-stability of Lagrange interpolant). Let v € W1P(Q) for d <
p < oo. Then
(6.2) IVIL[v]||lLe (k) < ClVY|lprxy  for all K € Ty,

where C > 0 depends only on the shape-regularity of {Tr}.

Proof. Let K € T, be an arbitrary element and let v = fK v. An inverse
estimate gives

IVI L, ey < VRNV I = Tkl ey S B0 =B 2 1

The Bramble-Hilbert estimate yields ||[v — Uk ||z () S h}(_d/pHVvHLp(K) and ends
the proof. 0

Applying a standard density argument in W1P(Q), for d < p < oo, we deduce
(6.3) lim [[v — I, [v]||[w1e) =0 for all v e WHP(Q).
h—0

We have collected all the ingredients to show the existence of a recovery sequence
(lim-sup inequality).

Proof of Theorem 3.1(i). For the sake of clarity, we decompose the proof into
seven steps.

Step 1: Regularization.
Let (s,n,u) € A(g,7). For all & € N such that 1/k < g, let 0 < o < 1/k be
sufficiently small. Applying successively Lemma 6.1 (with p = 1/k) and Lemma 6.2
(with 0 = oy), we obtain (sk,ny, ur) € A(g,7) satisfying (si, ur) € [WH(Q)]1 4
and —1/(d—1)4+1/k < s <1—1/k in Q for all k. Moreover, we have that

||(s,u) — (Sk,'UIk)HHl(Q)ler < o and ||n — nk||L2(Q\E) < og.
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PROJECTION-FREE FEM FOR LIQUID CRYSTALS 21

Since (s,n,u) € A(g,r), Proposition 2.1 guarantees that n is L2-differentiable a.e. in
Q\ %, with its L?-gradient given by (2.8) and that the identity (2.9) holds. The same
result is valid for ny a.e. in Q\ 3y, where Xy, := {z € Q : s5(z) = 0}.

We have convergence of the energy: E[sy,ni] — E[s,n| as k — oo. To see this,
we first observe that, thanks to (2.5), we have that

~ 1
Bl = Bafseus) = 5 [ (= )[Tsif + |V
Q

1 -
R 5/(5 )|V + |Vul? = Bifs,u] = Ei[s,n] as k — oo,
Q

Moreover, the monotonicity of ¢ in (—1/(d —1),—1/(d — 1) + &y) and in (1 — g, 1)
translates into ¥(si) > 0 increasing and converging pointwise to ¥(s), whence the
monotone convergence theorem gives

Es[si] = /Qw(sk) — /Qz/)(s) = Fy[s] as k — co.

Let € > 0 be arbitrary. The above convergences guarantee the existence of k € N
such that oy < €, |E[sg,ng] — E[s,n]| < € and |(Zr \ £) U (2 \ k)| < e. Let such a
k € N be fixed for the rest of the proof.

Step 2: Discretization.

Let sgp := Ip[sk] and wy p, := Ip[ug]. Let ngj, € Vi, be defined as

rn(2) = {Uk,h(z)/sk,h(z) =wup(2)/sk(z) L zeN,N(Q\Zk),

an arbitrary unit vector if z € N, N Y.

Note that, by construction, (s n, "k, Uk,s) satisfies the discrete structural condi-
tion (3.2) and |[nyp|/L~@) = 1. Moreover, since 0 = || I [|ngnl?] — 1) z10) < € as
well as spn(2) = gn(z) and ugp(2) = ri(z) for all z € N, NT'p, we deduce that
(Sk,h> ho,hs Wio,h) € Anc(gh, Th).

AN
""“A’AV
vy

Fic. 9. A schematic illustration of the mutual relations of the sets defined in Steps 1-2 of
the proof of Theorem 3.1(i) (lim-sup inequality). Note that the set Xy C Q is closed, as it is the
preimage of a closed set with respect to the continuous function sy, but it might be more topologically
complicated than in the picture.

Given § > 0, we consider the sets

Sko = {z € Q:[sp(x)| <0} and Q5= J{K € Th: KNS5 =0}
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Note that, by construction, there holds Q) 5 C Q\ ¥ 5; see Figure 9.
Let K € Tj such that K NX; s # 0. In particular, there exists zg € K N Xy 5.
For z7 € K arbitrary, the Lipschitz continuity of s yields

sk (21)] < |sk(zo)] + [s (1) = s (w0)| <&+ [[Vsgl|Le(oh-

Hence, Q\QZ’(; C X 25 provided h and § are such that h||Vsg|| =) < 0; see Figure 9.
Now, for any x € 9275, we infer that

|sk(2) = skn(@)] <llsk = sknlleian ) = llsk = Inlskll L= (ap ) S PIVSkllLe oz ),

whence
|sk.n(@)| 2 [sk ()] = |sk(2) = spn(@)| > 6 = Ch|[Vsi| g qr ) > /2

provided h and ¢ are such that Ch||Vsg||ge=q) < /2. Hence, for this range of
parameters, we can define ny := wugp/sk in QZ’(;. Note that, by definition, the
relation ny ;, = Ip[ny] in QZ)(; holds.

To conclude this step, we observe that the L?-gradient Vny, of n, exists a.e. in
Q \ Ek and

(6.4) / |vnk—vnk,h|25/ \vnk—vm|2+/ V7 — Vgl
Qh h h

k.8 Qk,& Qk,é

where Vny, and Vny, j, denote the weak gradients of ny, and mny, p, respectively, which
coincide elementwise with their classical gradients in QZ s- In the following two steps,
we will show that, for fixed k € N (cf. Step 1), both two terms on the right-hand side
of (6.4) converge to 0 if h,d — 0 in an appropriate way (note that we are completely

free to choose the speed of convergence of the parameters).

2=0.

Step 3: Proof of lim / [Tk — g |® + VR — Vg,
h,(S—)O Q’;;(s

Since ny p = In[ng] in Qﬁ s» @ classical local interpolation estimate yields that

PRLCE YD DR M\ (C A [ D T

I
k.5 KeT, KeTh
KNXy,s=0 KNy s=0

Similarly, there holds

/ |7 — el S Z h}l(’|D2ﬁk|‘i,2(K)'
Qs KeTn

KNXy,5=0
Moreover, in view of 1y, = ug,p/sk i QZ s, explicit computations reveal that
B = s; L D — 572 0, = s (B — Dyspon
iMk = S p Oilk,h — Sp p OiSk,h Uk,h = Si p \OiUk,h iSk,h TV ),
~ —1/ —1 ~ ~ —1
8jc’9mk = Sk,h (Sk,h 8jsk7h 81‘5]67}1 ng — é)ish 5‘jnk - Sk,h ajskvh 5‘iuk,h),

for all 1 <,j < d (note that the second derivatives of the piecewise affine functions
sk and uy j, vanish). Several applications of the generalized Hélder inequality, sta-
bility (6.2) in W1P of the Lagrange interpolation operator I, when d < p < oo, in
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conjunction with the lower bound |s; | > §/2 in QZ s and the uniform boundedness
of uy p in L°(Q), thus yield

||D2”~lk||Lz(K) S 573||V5k,h||§:8(1<)H“k,h||L4(K)

+ 0 skl o) (07 1Vl 0y + 02l i) I Vskall o) )
+ 072 Vsinllpa o [V nll Lk

SIEM2 (672 Vsl g (x) + 021V skl e ) | Vuskl| Loe 1)) -
Altogether, we thus obtain the estimate

> hz_(Q/Kmk*nk,h‘QS > h%{HDz:ﬁ’kHiZ(K)

KeTh KeTy
KﬁEk,(s:@ Kﬁzk,(s:@

_ _ 2
S P02 Vskl T ) + 6 2 Vskll Lo @) I Vurl L= @)

/’ |V'7Lk — Vnk7h|2 +
Qs

which yields the desired convergence, if hé 3 goes to 0 as h,d — 0.
Step 4: Proof of lim / g — ngl? + |Vny, — Vag> = 0.
h,(S*)O QZ&
We first observe that
[7x — 7| = llsppwnn — sy ull
ng —nyg Lr(Q) ) = Sk pWk,h — S Uk LP(Q} )
S0 %Mk = swnllocap ) lwenlloe@n ) + 07 ks — wkllpor )

S 5_2h||V3kHL°°(Q) + 5_1hHV“kHL°°(Q),

for all 1 < p < oo. This shows that [[nx — gl Lrn ) — 0 if §72h = 0 as h,6 — 0.

To deal with the gradient part, we resort to available expressions of Vny and Vny
to write

J

where

|Vn, — V’?lk|2 = / |S;1(V’uk —ng @ Vsg) — s,;}l(VuM —nE® V.Sk,h)|2

h h
k,8 Qs

<T) + 15+ T3,

T, = /h |S];}1(V’U,k — V'u,k,h)|2, Ty = /h ‘S,;}L(’?Lk @ Vspn—n, ® Vsk)|2,

k.8 Qs

7= [l = s (V= @ )
Q

h
k.6

Recalling again [sg|, [sg.n| > §/2 in QZV(S, as well as (6.2)—(6.3), the asserted conver-
gence follows from

71 S 672V (uk — Infur])l 20y
Ty S0 2 (IVsknlpsan )17k = mnlzan ) + Imsl sy ) IV sk = TnlsiDllzan )

T3 S 6 Ylsk — InlsilllZa o[ Vur — nk @ Vgl 710
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and the fact that the right-hand sides of these estimates converge to 0 for a suitably
faster convergence of h to 0 relative to that of §.

Step 5: Proof of lim /sih|Vnk)h|2 :/ 53|Vl
h,é—)O Q ’ Q

Xk

Let us assume that h,d — 0 in such a way (h sufficiently faster than §) that the
definitions and the convergence results established in Steps 2—4 are valid. Combining
Steps 3—4 gives

. . 2 _
(6.5) h%@o Q’,;JV”k Vngp|®=0.

In order to exploit this property, we split the integral under consideration as

(6.6) / Si h|Vnk7h|2 = / Si h|VTLk7h|2 +/ Si h|Vnk7h|2.
Q . \Qh '

) k,s

The fact that s, — si strongly in LP(Q2) as h — 0 for d < p < oo, according to
(6.3), together with s € L*(Q) uniformly in h, Vn, € L>(Q\ Xk 5) and (6.5),
yields

lim =0.
h,0—0

/ 3 Vngl? - / 3|V
ak on

k.5

Since Q\ X 25 C 92’5 C Q\ X5 (recall Figure 9), we deduce

lim il Ve nl? :/ 53|Vl
h,5—>0 Qﬁ,a O\Zp

Now, we consider the second term on the right-hand side of (6.6). Since £\ QZ,(; -
Ek,% and sthnk,h = V(sk,hnk,h) —Nk,h ®V8k,h, using Uk,h = Ih[sk7hnk7h], we see
that

/ sl Vg n)?
Q\Qﬁ,a

< / IV (snmin)? + / I ® Vspn|?
Yk,28

Yk,26

2

5/ |V (8k,nT0k,1) —th[Sk,h"k,h]\2+/ |Vug,p 2+/ IVsk,n
Yk, 268 3k, 268 3k, 268

Combining an interpolation estimate with the fact that s;; and myj are piece-
wise affine, and exploiting an inverse estimate to bound [[Vny ;| L= k) in terms
of [|ny,nllLee(r) = 1, yields

/E IV (sknmin) = VInlseamenl P S Y WD (sknmin)l72 0
k,26

KeTh
szk,zgﬂ)
SO RISkl a0 IVrkslliem) S D, IVskaliz):
KeTy KeTn
KNXg,25#0 KNX,25#0
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Using the W1P-stability (6.2) of the nodal interpolant with p > d for all elements
K € Tp, with K MY 25 # 0, we end up with the following as h,d — 0

/ 52 V1 S IV sy ooy + (V5825 o)
Q\QP & ' '

= [IVurl|Zos,) + 1 VsklLo(s,) =0

(cf. [18, Theorem 4.4](iv)), because the Lipschitz continuity of sj implies that all
elements K € Ty, with KNy, 25 # () are contained in 3y, 35 provided hd~! is sufficiently
small (cf. Step 2).

Step 6: Proof of lim /|le,h ®Vsk7h|2 = / |Vsk|?.
h,0—0 O (9]
We split the integral as

/ [P @ Vspnl” = / [T ® Vsgl® + / 1 @ Vsgn|?.
Q h Q\QF

k.8 Qs

Exploiting the identity ng 5, @ Vg n—nr @ Vs, = (Mg —ng) @ Vs +1 1, @ (Vg n—
Vi), and using the convergence results for sy, and ny ; in QZ,B from Steps 2-4, we
readily see that

lim |’I’Lk’h X Vsk,hP = /

|nk®Vsk\2:/|Vsk|2.
h,(s*)O Q;@L,é Q\zk O

Moreover, employing Q2 \ Qs C X, o5 together with (6.2) implies

/ [7g.h @ Vskp
Q\Qh

k,8

2 S IVskalZacs, sy S IVSkalTe (s S IVSElTr (s, 5)-

Finally, taking h,0 — 0 yields ||Vsk||Lr (s, 55) = IVSkllLe(s,) = 0, which leads to the
desired limit.

Step 7: End of the proof.
Let € > 0 be the arbitrary value fixed in Step 1. The triangle inequality yields that

[0 = nillzz\s) S Imkn = nellezor ) + 1760 = kllL2(s, 20\ 5)-

For the first term, the convergences in Steps 3-4 guarantee that |1, —ml[L2n ) <€
if h,§ are chosen properly and sufficiently small. For the second term, we have

[k,n — Mkl L2 (5 0p\s) < 2 8k25 \ D12 = 286 \ B2 as 6 — 0.

Since [E) \ Y2 < €!/2, we deduce that ||[ngn — nillp2o\s) S €+ €'/2 provided h, 6
are sufficiently small.

Next, recall that (sgp,wrn) — (sk, ux) in H1(Q2)1+9 as h — 0 (thanks to (6.3))
as well as E?'[sy, p, ny.n] — F1[sk, ny] as h,§ — 0 (thanks to Steps 5-6). Furthermore,
since —1/(d —1)+1/k < s; <1—1/k in Q, assumption (2.14) guarantees that 0 <
Y(sk,n) <max{y(—1/(d—1)+1/k),(1 —1/k)}. Hence, the dominated convergence
theorem implies that

tim 4 {sis] = Jim [ wid) = [ i o) = [ w0 = Bl

h—0
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Altogether, we can therefore find sufficiently small 6 > 0 and h > 0 such that
lskn = sllar@) < € lunn — wrlm@) < € Inen — nllrz@s) S €+ €72, and
|E"sk.n, men] — Elsk,ni]| < e Combining these inequalities with those estab-
lished in Step 1, we conclude that [[srn — sllgi(q) < 2¢, urn — ullgr(o) < 2
[k —nllr2\s) S e+e/2, and |E"[sg n, nin] — E[s, n]| < 2¢. Since € was arbitrary,
this shows that the sequence (sp, 7, un) == (Sk,hy Mk by Wkn) € Anc(gn, Th) satisfies
the desired convergence towards (s,n,u) € A(g,r) as well as limy, o E"[sp,np] =
E[s,n]. This implies the lim-sup inequality (3.5) and concludes the proof. ]

6.3. Lim-inf inequality: Stability. To show the lim-inf inequality, we first
prove that admissible discrete pairs (s, ny) with uniformly bounded energy are uni-
formly bounded in H!. In constrast to [23], we do not need to assume that 7 is
weakly acute.

LEMMA 6.4 (coercivity).  Let {(sp,nn,un)} C Vi X Vi, x Vy, satisfy u, =
Iy[spmp] and |np(z)] > 1 for all = € Ny. Then, there exists a constant C > 0
depending only on the shape-regularity of {Tn} and k such that

Cmas { [ Vaunll} s [V (snm)l132 s [ Vnl 2 < Eflon, .

Proof. Since ||np||p=x)y > 1 for all K € T, and Vs, is piecewise constant, it
holds that

||V5hH2LZ(Q) < Z ||nhH2Loc(K)HVSh||2LZ(K) = Z K| ||"h||im(K)\V5h\K|2
KeTh KeTh

2
S Y IVsulePlmaliz o = Imn @ Vsalfq) < ;E{L[Shanh]»
KeTy,

where the hidden multiplicative constant depends only on the shape-regularity of
{Tn}. Let wp = spnp and use the Holder inequality in conjunction with (6.2) for
p > d and an inverse estimate to obtain

~ p—2 ~ =2 ~ ~
IVIn[wn]ll L2y S K22 ([VIR[un]l|oexy S K (Vs pe gy S VUl L2 k)
for all K € T,,. Consequently, for u, = Ij[uy] we deduce
IVunle) S IVaLl720) S I © Vsnllze ) + 158 Vnnlizq) S B lsn, ).

This completes the proof. 0

We are now ready to extract convergent subsequences and characterize their lim-
its.

LEMMA 6.5 (characterization of limits). Let {(sp,npn,up)} C Ape(gn,Tr) be a
sequence such that EY[sp,ny) < C and |ng||p=) < C, where C > 0 is a constant
independent of h. Then, there exist a triple (s,n,u) € A(g,r) and a subsequence (not
relabeled) of {(sn,nn, up)} satisfying the following properties:

e As h — 0, (Sh,un,spny) converges towards (s,w,u) weakly in H*(Q) x
H'(Q) x HY(Q), strongly in L*(Q) x L*(Q) x L*(), and pointwise a.e.
in €

o ny, converges towards n strongly in L*(Q\ ) and pointwise a.e. in Q\ X as
h— 0 and e — 0;

This manuscript is for review purposes only.



813
814
815
816
817
818
819
820
821
822
823
824
825

827
828
829

830

831
832
833

834

835
836

839

840

841
842
843
844
845
846
847

PROJECTION-FREE FEM FOR LIQUID CRYSTALS 27

o n is L2-differentiable a.e. in Q\'X and the orthogonal decomposition |Vul|? =
|Vs|? + s2|Vn|? is valid a.e. in Q\ S,
where £ C Q is given by (2.2).

Proof. For the sake of clarity, we divide the proof into three steps.

Step 1: Convergence of {sn}, {un}, and {spny}. Since the energy EM[s;, np]
is uniformly bounded, Lemma 6.4 (coercivity) gives uniform bounds in H'(Q) x
H'(Q) x H'(Q) for the the sequence {(s,un, spny)}. With successive extractions
of subsequences (not relabeled), one can show that there exists a limit (s,u,u) €
HY(Q) x H'(Q) x H'(Q) such that (sp,ws,spmp) converges to (s, u, %) weakly in
HY(Q) x H'(Q) x H*(Q), strongly in L?(Q) x L*(Q) x L*(Q), and pointwise a.e. in
Q. Moreover, weak H'-convergence guarantees attainment of traces, namely s = g
and u = u = r on I'p. To see this, note that g, = I;,[g] — g in WHP(Q) for p > d,
according to (6.3), and so in H!(£2). Therefore s, — g5, € Ha () satisfies

sh—gn —s—g € Hy (),
because Hi () is closed under weak convergence. Hence s = g on I'p in the sense

of traces, as asserted. Dealing with u, and @, is identical. Since wp = Ip[spnp],
interpolation and inverse estimates, yield

[ = snmnlfey S Y ilD?(snmn)llze k)
KeTh
Z hKHV(Shnh)||L2(K) h? E1 [sn, mn] < Ch2.
KeTh

This shows that sy, and wp, converge strongly in L> (Q) towards the same limit i.e.,
u = u. Moreover, spn;, converges to u weakly in Hl(Q) and pointwise a.e. in ).

Step 2: |s| = |u| a.e. in Q. The triangle inequality yields

wnl® = snlll ) < lunl® = Inlun*] [ L@
+ 1 [lunl® = Isal*] 1l ) + llsnl® = In [Isa?] 1 o)

For the first and third terms on the right-hand side, standard interpolation estimates
yield

sal® = In[lsnl?] 1) S B2 IVsnlaay Ilunl® = Influn®] i) S B Vunlza)-
On the other hand, since {s,} is uniformly bounded in L>°(2), we infer that

I In [lunl® = Isn?] i) = [ [Isal*(Innl? = D] 21
< lsnll7 oo () 1M [In8]* = 1]l 210y < ellsnllFo () — 0,

ase — 0. As|sp| — |s| and |up| — |u| a.e. in Q, we conclude that |s| = |u] a.e. in Q.

Step 3: Convergence of {n,}. We now define n : Q — R3 as n = s lu in

Q\ ¥ and as an arbitrary unit vector in Y. Step 2 implies, by construction, that
|n| = 1 a.e. in Q. This shows that (s,n,u) satisfies the structural condition (2.6),
ie, (s,n,u) € A

We now observe that s(z) # 0 for a.e. x € Q\ X by definiton of ¥. Since
sp(z) = s(z) as h — 0, if h is sufficiently small (depending on z), then sp(x) # 0 is
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valid. Consequently,

i.e.,, mp — m pointwise a.e. in Q\ X. Since {n},} is uniformly bounded in L*(2), the
Lebesgue dominated convergence theorem yields nj, — n strongly in L*(Q\ X).
Finally, the L2-differentiability of n and the orthogonal decomposition of Vu,
both valid a.e. in '\ X, follow from Proposition 2.1 (orthogonal decomposition). This
concludes the proof. O

We are now in the position to prove the lim-inf inequality.

Proof of Theorem 3.1(ii). The sequence {(sp,nn,un)} C Ap(gn,rn) satisfies
the assumptions of Lemma 6.5 (characterization of limits). Hence, we can apply it
to obtain subsequences (not relabeled) converging to the respective limits (s, n,u) €
A(g, 7). Moreover, since also the sequences {n;, ® Vs, } and {s,Vn;,} are uniformly
bounded in L?*(Q), there exist subsequences (not relabeled) and functions M, N in
L?(Q) such that nj, ® Vs, — M and s, Vn;, — N weakly in L?(©2). Combining the
equality s, Vn, = V(spny,) — ny @ Vsy, which is valid in every element of 7y, with
spmy — u weakly in H'(€), helps identify the limits N = Vu — M.

Let ® € C°(Q2\ X) be an arbitrary d x d tensor field. We can thus write

(np @ Vs, —n @ Vs, ®)o\s = ((np, —n) @ Vsy, P)ors + (n ® (Vs — Vs), @)\ s.

We note that mj, — m strongly in L?(2\ ¥) implies

(np, —m) @ Vsp, @) < [0 — 120 I Vsill L2 @) | Rl L= @\x) — 0,

whereas s;, — s weakly in H'(Q2) yields (n ® (Vs;, — Vs), ®)o\s — 0. Hence, we
infer that (ny, ® Vs, —n ® Vs, ®)g\s — 0, whence nj, ® Vs, = n ® Vs weakly
in L*(Q\ ¥). This in turn identifies the limit M = n ® Vs, and gives thus the
identity N = Vu —n ® Vs a.e. in Q\ 3. We deduce that Vn = N/s, where Vn
is understood in the L2-sense according to Proposition 2.1. Exploiting the fact that
norms are weakly lower semicontinuous, along with |n ® Vs|? = |Vs|? a.e. in Q\ X,
and Vs = 0 a.e. in X, it holds that

o - K 1
hin_:(r)lf Elsp,mp) = hzn_%lf {anh ® vsh“%ﬁ(ﬂ) + 5H5hVnh||2Lz(Q)}
L K 1
2 hzn;gf {5\\7% ® Vsl Z2ins) + §||3hvnh||2Lz(Q\2)}
K 1
2 5ln® Vsl Z2m) + §H5V"||i2(sz\z) = Ei[s,n].

Since s, — s a.e. in Q and v is continuous, ¥(sp) — ¥ (s) a.e. in Q. The Fatou lemma
yields

Bals] = [ wio) = [ Jim vtsn) < timint [ (o) = timint B

Altogether, we thus obtain the lim-inf inequality (3.6). This finishes the proof. ]

6.4. Properties of the numerical scheme. To start with, we prove well-
posedness and stability of Algorithm 4.1.
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Proof of Proposition 4.1. Let i € Ng and ¢ € Ny. For fixed s € Vj (resp.,
ni' € V},), the left-hand side of (4.1) (resp., of (4.3)) is a coercive and continuous
blhnear form on Vh p (resp., on Vi, p). Therefore, the variational problem admits a
unique solution tl’ € Kpln - Z] (resp., s}j’l € V,,) by the Lax—Milgram theorem. This
shows part (i) and (iii) of Proposition 4.1.
Choosing the test function ¢, = 7, tﬁf = n}f“ nﬁl’é € Kh[nzl] in (4.1) yields

2+ (g @ Vs, (0 = nif) @ Vsi)a

+ (s, VT s Vng T —np))a = 0.

7'n||tM

Using the identity 2a(a — b) = a® — b? + (a — b)?, valid for all a,b € R, we obtain
67)  Bllsioni ] = Bl i+l + 7 By sh, 1] = 0.

In particular, El[si ni‘™] < El[si nb" is valid. Since El[si nb] > 0 for all
i € No, the sequence { E}[s, nh ]}geNo is convergent (as it is monotonically decreasing
and bounded from below). In particular, it is a Cauchy sequence, which entails that
the stopping criterion (4.2) is met in a finite number of iterations. This shows part (i)
of the proposition.

Let ¢; € Ny be the smallest integer for which the stopping criterion (4.2) is

satisfied. Recall that n}™ = nj{eiH and n}, = n}°. Summation of (6.7) over ¢ =
., ; yields
¢ 2
. "
(6.8)  El[sh,ny ) = El[shnb] + 1 Y 512+ 72 Y Els), ] =0.
£=0 =0
Choosing the test function wy, = Tsdtsﬁj' = 52“ Slﬁ € Vi,p in (4.3) and performing

the same algebraic computation as above, we arrive at
El [s Hla nzﬂ} - E{Z[Sh» ZH] + Tsttsh ||L2(Q) + 75 E1 [dtSZH nZH]
+ (We(si™) = ve(sh), st = sh)a = 0.
Applying [23, Lemma 4.1], which yields the inequality
By syt — By [sy] < (We(sy™) — vilsi)s it — si)a
we obtain

El [s Hla nzﬂ} - E{L[Sh» ZH] + s HdtSZH”LZ(Q + 75 El [dtSlH n;:rl]

+ E3[sy] = E[sh] <0.

Adding the latter with (6.8), and exploiting cancellation of Ef[s},n}"], we deduce
£
g T B ) < Zut ‘1272 ZEHsz,tz"]
- TSHdtSh 7200 — T2 BT disy Tt m ] <0,
This shows (4.6) and concludes the proof. d
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We recall that Algorithm 4.1 does not enforce the unit-length constraint of th

e

director field niL We finish this paper with a proof that violation of such constraint is

controlled by 7, and that ||n{L|| Lo () is uniformly bounded provided the parameters

h and 7, are suitably chosen.
Proof of Proposition 4.3. Let j > 1. Summation of (6.9) over i = 0,...,j —
yields

j—1 ¢

(6.10) E"s, )+ 7 > > 1t 12 < EM[sh,mi).
=0 ¢=0

1

Moreover, the tangential update ti’e( ) is perpendicular to nh (z) for all z € Ny,
whence nl ™ (2) = ni(2) + Tati (2) satisfies [ni T (2)2 = [nhf(2)2 + T2[t0E(2)]2

Iterating in ¢ and ¢ gives

i—1 ¢ i—1 ¢
], (2)]° = Inf () + 72 > D I @) =1+ 77 th’ CP =1
=0 0 =

=0 (=

Then, using the equivalence of the LP-norm of a discrete function with the weighted
¢P-norm of the vector collecting its nodal values (see, e.g., [8, Lemma 3.4]), for h,

being the diameter of the nodal patch associated with z € A},, we see that

J=1 4
, , y
Iallnf, Pl = Uiy S D he(Inf ()P =1) <7 > A2 D D It (=)
ZGNh ZGNh, =0 £=0
J=1 4
i 0
ST Y I8 @
=0 £=0
Combining (4.8) with (6.10) leads to
4 J-1 4
HZnlln71%] = Llzr@) S Cerp D0 D N8I3 < Curn B[, mj)],
=0 £=0

which turns out to be (4.9).

It remains to estimate Hn{LHLm(Q). Let us consider first the weighted H!-metric
n (4.5). Using a global inverse estimate (see, e.g., [8, Remark 3.8]) and the Poincaré

inequality, we obtain

j—1 ¢4
j 112 j 2 2 s 2
I e =1 = sl (I 1 < 72303 male ()
j—1 ¢ j—1 ¢
d
57721 1t ||L°°(Q)<Tnhr2nm|loghmln| ZZIIt ||2H1(Q)
i=0 ¢=0 i=0 ¢=0
i-1 4 _
< 72 2t og huinl* D Y (IR 2 V32
i=0 (=0

< T R2207% 10g hunin |* E"[s9,nY).

min

Therefore, (4.11) is satisfied if 7, h2=d- “|log hmin|? < C* with C* arbitrary. For the

min

L2-metric (4.4), the result follows analogously, provided that 7, h;fn <C*.
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