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The generalization of the transformation of the linear differential equation into a system of the first order equa-

tions is presented. The proposed transformation gives possibility to get new forms of the N-dimensional system of 
first order equations that can be useful for analysis of the solutions of the N-th-order differential equations. In par-
ticular, for the third-order linear equation the nonlinear second-order equation that plays the same role as the Riccati 
equation for second-order linear equation is obtained. 
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INTRODUCTION  
It is well known that the N-th order differential equa-

tion  
( ) ( 1)

1 1 0( ) ....... ( ) ( ) ( ) 0N N
Ny f t y f t y f t y f t−
− ′+ + + + =    (1) 

can be converted into an N-dimensional system of first 
order equations. There are various reasons for doing 
this, one being that a first order system is much easier to 
solve numerically as the most differential equations we 
encounter in physics, economics and engineering do not 
have exact solutions. 

The most common method is introducing a number 
of new variables  

( ) , 1, 2,..., 1m
my y m N= = −                      (2) 

and representing (1) as 
Y MY H′ = + ,                            (3) 

where ( ) ( )1 10,0..., ( ) , , ,..., ,T T
NH f t Y y y y −= − =  

0 1 2 1

0 1 0 ... 0
0 0 1 ... 0
... ... ... ... ...
0 0 0 ... 1

... N

M

f f f f −

 
 
 
 =
 
 
 
 

.              (4) 

This system of equations can be subjected to further 
transformations (see, for example, [1 - 5]).  

For the second order differential equation  
1 0( ) ( ) 0y f t y f t y′′ ′+ + = ,                     (5) 

there is a set of transformation that reduce this equation 
to the form ([6]) 

( ) ( ) , ( ) ( )y P t y Q t z z R t y S t z′ ′= + = + ,        (6) 
where ( )z t  is an additional unknown function. In the 
simplest case ( ) 0, ( ) 1P t Q t≡ ≡  we obtain the described 
above transformation (3). 

All these transformations assume that along with the 
unknown function ( )y t , ( 1N − ) additional functions 
are introduced.  

There is another kind of transformation that consists 
in presentation of the solution ( )y t  of the equation (1)  
or its derivatives as the sum of the N new unknown 
functions multiplied by the known functions1. By intro-
ducing N  new unknowns ( )ny t  instead of the one 

( )y t , we can impose ( 1N − ) additional conditions. 

                                                           
1 Usually, they are the WKB functions.  

Such approach can give new form of the N-dimensional 
system of first order equations, equivalent to the equa-
tion (1). For the case 2N =  it is widely used in a theory 
of electromagnetic waves in stratified media (see, for 
example, [1, 7-9]). It also was used for developing new 
solution methods of wave problems from the turning 
points [10]. In this work we propose some generaliza-
tion of this transformations2 [11]. 

1. TRANSFORMATION  
OF THE N-th-ORDER LINEAR 
DIFFERENTIAL EQUATION 

We represent the solution of the equation (1) as the 
sum of new functions 

1
( ) ( )

N

n
n

y t y t
=

= ∑ .                                 (7) 

By introducing N  new unknowns ( )ny t  instead of 
the one ( )y t , we can impose additional conditions. 
These conditions we write in the form  

1,
1

2,
1

( 1)
1,

1

( ) ( ),

( ) ( ),

......

( ) ( ),

N

n n
n

N

n n
n

N
N

N n n
n

y g t y t

y g t y t

y g t y t

=

=

−
−

=

′ =

′′ =

=

∑

∑

∑

                 (8) 

where , ( )m ng t  are the arbitrary continuous functions 
having continuous derivatives. 

If 

1,1 1,2 1,

1,1 1,2 1,

1 1 .. 1
( ) ( ) ... ( )

( ) 0
... ... ... ...

( ) ( ) ... ( )

N

N N N N

g t g t g t
D t

g t g t g t− − −

= ≠ ,    (9) 

then the representation (7)-(8) is unique. Indeed, from 
(7) and (8) we can uniquely find ( )ny t  as a linear com-
bination if ( )y t  and its derivatives. Equations (8) can be 
rewritten as 

                                                           
2 For the case 2N =  there are some other transfor-

mations of the equation (5) (see, for example, [4]). 
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( )

( )

1,
1 1

1,
1

1, 2,
1 1

2,
1

2, 3,
1 1

( ) ( ) ( ),

( ) ( )

( ) ( ) ( ) ( ),

( ) ( )

( ) ( ) ( ) ( ),

......

N N

n n n
n n

N

n n n
n

N N

n n n n
n n

N

n n
n

N N

n n n n
n n

y y t g t y t

y y g t y t

g t y t g t y t

y y g t y t

g t y t g t y t

= =

=

= =

=

= =

′ ′= =

′′′ ′ ′= = +

′+ =

′′′′ ′′ ′= = +

′+ =

∑ ∑

∑

∑ ∑

∑

∑ ∑

 

( )

( )

( 2) ( 3)
3,

1

3, 2,
1 1

( 1) ( 2)
2,

1

2, 1,
1 1

( ) ( )

( ) ( ) ( ) ( ),

( ) ( )

( ) ( ) ( ) ( ).

N
N N

N n n
n

N N

N n n N n n
n n

N
N N

N n n
n

N N

N n n N n n
n n

y y g t y t

g t y t g t y t

y y g t y t

g t y t g t y t

− −
−

=

− −
= =

− −
−

=

− −
= =

′ ′= = +

′+ =

′ ′= = +

′+ =

∑

∑ ∑

∑

∑ ∑

 

The final system of the first order difference equa-
tions has the form 

( )

1,
1 1

, 1, ,
1 1

1,
1 1

,

, 1 2,

( ),

N N

n n n
n n
N N

m n n m n m n n
n n
N N

N n n n
n n

y g y

g y g g y m N

g y L y f t

= =

+
= =

−
= =

′ =

′ ′= − ≤ ≤ −

′ = −

∑ ∑

∑ ∑

∑ ∑

(10) 

where 
1, 1 1, 2 2, 0... ( )n N n N N n N N nL g f g f g f t− − − − −′= − − − − − .  (11) 

In matrix form 
1 1( )Y t M FY M H− −′ = + ,                     (12) 

where ( )1 2, ,..., T
NY y y y= , ( )0,0..., ( ) TH f t= − , 

1,1 1,2 1,

2,1 2,2 2,

1,1 1,2 1,

1 1 ... 1
...

... ... ... ..
...
...

N

N N N N

N N N N

g g g
M

g g g
g g g

− − −

− − −

 
 
 
 =
 
 
 
 

,        (13) 

1,1 1,2 1,

2,1 1,1 2,2 1,2 2, 1,

1,1 2,1 1,2 2,2 1, 2,

1 2

...

...
... ... .....

...

...

N

N N

N N N N N N N N

N

g g g
g g g g g g

F
g g g g g g

L L L
− − − − − −

 
 ′ ′ ′− − − 
 =
 

′ ′ ′− − − 
 
 

.  (14) 

We would like to emphasize that , ( )m ng t  are arbi-
trary functions that fulfill the condition (9), and we do 
not demand that these functions separately are the solu-
tions of the equation (1), but their sum must be the solu-
tion of this equation. 

 

2. TRANSFORMATION OF THE SECOND-
ORDER LINEAR DIFFERENTIAL 

EQUATION   
Represent the solution of the equation 

1 0( ) ( ) ( ) 0y f t y f t y f t′′ ′+ + + =             (15) 
as the sum of two new functions 

1 2( ) ( ) ( )y t y t y t= + .                        (16) 
Additional condition we write in the form  

1 1 2 2( ) ( ) ( ) ( )y g t y t g t y t′ = + .                  (17) 
Making transformations that are given in section 2 

we can write such system of equations 

( ) ( ) ( )

( ) ( ) ( )

1 2
1 1 1 1 2

1 2 1 2 1 2

1 2
2 2 2 1 2

1 2 1 2 1 2

,

,

x x fy y g y y
g g g g g g

x x fy y g y y
g g g g g g

′ = − − −
− − −

′ = + + +
− − −

(18) 

where  
2

1 1 1 1 0 1
2

2 2 1 2 0 2

,

.

x g f g f g

x g f g f g

′= + + +

′= + + +
                      (19) 

The system (18) is the basis of the proposed trans-
formation in the case of the second-order linear differ-
ential equation (15). 

Let’s consider several cases when special choosing 
of 1( )g t  and 2 ( )g t  gives useful results. 

If we choose 
1,2 1,2 ( )g tρ= ,                           (20) 

where 1,2ρ  are the solutions of the characteristic equa-
tion 

2
1 0( ) ( ) 0f t f tρ ρ+ + = ,                        (21) 

then the system (18) takes the form 

( ) ( ) ( )

( ) ( ) ( )

1 2
1 1 1 1 2

1 2 1 2 1 2

1 2
2 2 2 1 2

1 2 1 2 1 2

,

.

fy y y y

fy y y y

ρ ρ
ρ

ρ ρ ρ ρ ρ ρ
ρ ρ

ρ
ρ ρ ρ ρ ρ ρ

′ ′
′ = − − −

− − −

′ ′
′ = + + +

− − −

(22) 

For the case 1( ) 0, ( ) 0f t f t≡ ≡  

0 0
1 0 1 2

0 0

0 0
2 0 2 1

0 0

,
4 4

.
4 4

f f
y i f y y

f f

f f
y i f y y

f f

 ′ ′
′  = − +

 
 
 ′ ′

′  = − + +
 
 

           (23) 

This is the well-known system that is a basis for a 
coupled wave model and WKB approximation [2, 3, 
12 - 16]. We would like to note again that 1( )y t  and 

2 ( )y t  separately are not the solutions of equation (15). 
Neglecting the second terms on the right-hand side 

of the equations (23), we obtain the well known WKB 
result 

1

1/4

0 1
1,2 1,2 1 0

0

( )
( ) exp

( )

t

t

f t
y y t i f dt

f t

  
′= ±       

∫ .     (24) 

If 1( )g t  and 2 ( )g t  are the two different solutions of 
the Riccati equation [17, 18]  

2
1,2 1 1,2 0 1,2 0g f g f g′ + + + = ,             (25) 

the system (18) transforms into 
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1 1 1
1 2

2 2 2
1 2

,

.

fy g y
g g

fy g y
g g

′ = −
−

′ = +
−

                   (26) 

For the homogeneous equation ( ( ) 0f t ≡ ) 

1

1,2 1,2 1 1,2( ) exp
t

t

y y t g dt
 

′=   
 
∫ .        (27) 

The derivative of the Wronskian of these functions 
equals  

( ) ( )

( ) ( ) ( )
1

1 1 2 1

2 2
2 1 2 1 1 2exp .

t

t

W y t y t

g g g g g g dt

′ = ×

  ′ ′× − + − +       
∫

   (28) 

Inserting the derivatives of 1,2g  from (25) into this 
expression, we obtain 

( )1W f t W′ = − ,                             (29) 
that proves the linearly independence of the functions 

1,2y . 
From the Riccati equations (25) we can find that 

( 1 2( ) ( )g t g t≠ ) 

( ) ( )1 2 1 2 1
1 2

1 g g g g f
g g

′− = − + −
−

.         (30) 

Denoting the difference of functions 1g  and 2g  as 

( )1 2 2g g iq− = ,                             (31) 
then from (30) and (31) we obtain 

1
1,2

1
2 2

fg iq q
q

′= ± − − .                   (32) 

The solutions (27) can be rewritten in the form that 
is commonly used in the phase-integral method [19, 20]  

1 1

1/2
1

1,2 1,2 1 1
( ) 1( ) exp
( ) 2

t t

t t

q ty y t i qdt f dt
q t

   ′ ′= ± −       
∫ ∫ . (33) 

Inserting (32) into the Riccati equations (25), we 
find the equation for the q  function  

( )

2
1,2 1 1,2 0 1,2

2
2 2 1 1

02

1 3 0,
2 2 44

g f g f g

f fq q f q
q q

′ + + + =

′
′′ ′= − + + − − − =     (34) 

which for ( )1 0f t ≡  takes the well-known form [20] 

( )3/2 1/2 0
2 1 0

f
q q

q
− − ′′ + − = .                 (35) 

If 1( )g t  and 2 ( )g t  are the solutions of the system of 
nonlinear differential equations 

1 1 1 0 2 1

2 1 2 0 2 1

0,
0,

g f g f g g
g f g f g g
′ + + + =
′ + + + =

                   
(36) 

then the system (18) transforms into the “strong” cou-
pling system 

( )

( )

1 2 2
1 2

2 1 1
1 2

,

.

fy y g
g g

fy y g
g g

′ = −
−

′ = +
−

                     

(37) 

The system (36) can be transformed into the Riccati 
equation 

2
1 1 1 1 0 1exp 0

t

t

t

g f C f dt g f g
  

′ ′ + − − + + =     
∫       (38) 

and the relationship between 1g  and 2g  is 

1 2 1exp
t

t

t

g g C f dt
 

′− = −  
 
∫ .                    (39) 

0C ≠  is the arbitrary constant. 

3. TRANSFORMATION OF THE THIRD-
ORDER LINEAR DIFFERENTIAL 

EQUATION   
Following the section 2, we represent the solution of 

the third-order linear differential equation (results of 
detail study of its solutions see in [21])  

2 1 0( ) ( ) ( ) ( ) 0y f t y f t y f t y f t′′′ ′′ ′+ + + + =      (40) 
as the sum of three new functions 

1 2 3( ) ( ) ( ) ( )y t y t y t y t= + + .                 (41) 
Additional conditions we write in the form  

1,1 1 1,2 2 1,3 3

2,1 1 2,2 2 2,3 3

( ) ( ) ( ) ( ) ( ) ( ),
( ) ( ) ( ) ( ) ( ) ( ).

y g t y t g t y t g t y t
y g t y t g t y t g t y t

′ = + +

′′ = + +
     (42) 

Applying transformations that are given in section 2, 
we obtain a system of the first-order linear differential 
equations 

( )
( ) ( )( ) ( )( )

( ) ( )( ) ( )( )

( ) ( )( ) ( )( )

1 1 1,1 1,3 1,2

2
1 2,2 2,3 1 1,1 1,3 1,2 4 1,1 2,1

2
2 2,2 2,3 2 1,2 1,3 1,2 5 1,2 2,2

2
3 2,2 2,3 3 1,3 1,3 1,2 6 1,3 2,3 ,

Dy y g D f g g

y g g x g g g x g g

y g g x g g g x g g

y g g x g g g x g g

′ = − − ×

 × − − − − + +  
 + − − − − + +  
 + − − − − +  

(43) 

( )
( ) ( )( ) ( )( )

( ) ( )( ) ( )( )

( ) ( )( ) ( )( )

2 2 1,2 1,1 1,3

2
1 2,3 2,1 1 1,1 1,1 1,3 4 1,1 2,1

2
2 2,3 2,1 2 1,2 1,1 1,3 5 1,2 2,2

2
3 2,3 2,1 3 1,3 1,1 1,3 6 1,3 2,3 ,

Dy y g D f g g

y g g x g g g x g g

y g g x g g g x g g

y g g x g g g x g g

′ = − − ×

 × − − − − + +  
 + − − − − + +  
 + − − − − +  

(44) 

( )
( ) ( )( ) ( )( )

( ) ( )( ) ( )( )

( ) ( )( ) ( )( )

3 3 1,3 1,2 1,1

2
1 2,1 2,2 1 1,1 1,2 1,1 4 1,1 2,1

2
2 2,1 2,2 2 1,2 1,2 1,1 5 1,2 2,2

2
3 2,1 2,2 3 1,3 1,2 1,1 6 1,3 2,3 ,

Dy y g D f g g

y g g x g g g x g g

y g g x g g g x g g

y g g x g g g x g g

′ = − − ×

 × − − − − + +  
 + − − − − + +  
 + − − − − +  

(45) 

where the following notations were introduced 
( )
( )
( )
( )
( )
( )

1 2,1 1,1

2 2,2 1,2

3 2,3 1,3

4 2,1 2 2,1 1 1,1 0

5 2,2 2 2,2 1 1,2 0

6 2,3 2 2,3 1 1,3 0

,

,

,

,

,

.

x g g

x g g

x g g

x g f g f g f

x g f g f g f

x g f g f g f

′= −

′= −

′= −

′= + + +

′= + + +

′= + + +

                 (46) 

If we choose 
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1,

2
2,

,

, 1, 2,3,
n n

n n

g

g n

ρ

ρ

=

= =
                                   (47) 

where nρ  are the solutions of the equation 
3 2

2 1 0( ) ( ) ( ) 0f t f t f tρ ρ ρ+ + + = ,               (48) 
then the system (45) takes the form 

1 1 1 1 1 2 2
1 3 1 2 1 2 3 1

3 2
3 3

1 3 2 1

2 2 2 1 1 2 2
2 2 3 2 2 1 2 3

1 3
3 3

1 3 2 1

3 3 3 1 1

1 1 1 1

1 1 ,

1 1 1 1

1 1 ,

y y y y

y f
D

y y y y

y f
D

y y y

ρ ρ ρ
ρ ρ ρ ρ ρ ρ ρ ρ

ρ ρρ
ρ ρ ρ ρ

ρ ρ ρ
ρ ρ ρ ρ ρ ρ ρ ρ

ρ ρρ
ρ ρ ρ ρ

ρ ρ

   
′ ′ ′= − + − + −   − − − −   

  −′− + − − − 
   

′ ′ ′= − + − + −   − − − −   
  −′− + − − − 

′ ′= − 2 2
3 3 2 3 3 2 1 3

2 1
3 3

3 1 3 3

1 1 1 1

1 1 ,

y

y f
D

ρ
ρ ρ ρ ρ ρ ρ ρ ρ

ρ ρρ
ρ ρ ρ ρ

   
′+ − + −   − − − −   

  −′− + − − − 

(49) 

where ( )( )( )3 1 3 2 2 1D ρ ρ ρ ρ ρ ρ= − − − . This system 
coincides with the one that was obtained in [2] by an-
other method. In the WKB approximation  

3 2
1 1 1 1 1

1 3 1 2

1 3
2 2 2 2 2

2 1 2 3

2 1
3 3 3 3 3

3 1 3 3

1 1 ,

1 1 ,

1 1 .

y y y f
D

y y y f
D

y y y f
D

ρ ρ
ρ ρ

ρ ρ ρ ρ

ρ ρ
ρ ρ

ρ ρ ρ ρ

ρ ρ
ρ ρ

ρ ρ ρ ρ

  −′ ′= − + − − − 
  −′ ′= − + − − − 
  −′ ′= − + − − − 

  (50) 

These equations have the solutions which coincide 
with results of asymptotic analysis (see, for example, 
[4]). 

If we choose the functions ,m ng  that are the solu-
tions of the following equations  

( )
( )
( )
( )
( )
( )

2
1 2,1 1,1 1,1

2
2 2,2 1,2 1,2

2
3 2,3 1,3 1,3

4 2,1 2 2,1 1 1,1 0 1,1 2,1

5 2,2 2 2,2 1 1,2 0 1,2 2,2

6 2,3 2 2,3 1 1,3 0 1,3 2,3

,

,

,

,

,

,

x g g g

x g g g

x g g g

x g f g f g f g g

x g f g f g f g g

x g f g f g f g g

′= − =

′= − =

′= − =

′= + + + = −

′= + + + = −

′= + + + = −

           (51) 

the system (45) takes the form 
1,3 1,2

1 1 1,1

1,1 1,3
2 1 1,2

1,2 1,2
3 3 1,3

,

,

.

g g
y y g f

D
g g

y y g f
D

g g
y y g f

D

−
′ = −

−
′ = −

−
′ = −

                            (52) 

From (51) it follows that functions ,m ng  are the three 
different solutions of the system of the first-order non-
linear differential equations 

2
1, 1, 2,

2, 2 2, 1 1, 0 1, 2,

0,
0.

n n n

n n n n n

g g g
g f g f g f g g

′ + − =

′ + + + + =
       (53) 

This system can be written as the second-order non-
linear differential equation 

( ) 2 3
1, 1, 1, 2 1 1, 0 2 1, 1,3 0n n n n n ng g g f f g f f g g′′ ′+ + + + + + = .(54) 

For the simplest case 2 10, 0f f≡ ≡ , 
3

1, 1, 1, 1, 03 0n n n ng g g g f′′ ′+ + + = .                  (55) 
In contrast to the Duffing equation (see, for exam-

ple, [22]), the equation (55) has no linear term propor-
tional to 1,ng .  

For the third-order linear equation the equation (54) 
(or system (53)) plays the same role as the Riccati equa-
tion for second-order linear equation. 

The functions 
1

1,exp
t

n n
t

y g dt
 

′=   
 
∫  are linear inde-

pendent, and the general solution of the homogeneous 
equation (40) ( 0f ≡ ) is 

1

3

1 1,
1

( ) ( ) exp
t

n n
n t

y t y t g dt
=

 
′=   

 
∑ ∫ .                    (56) 

There are other forms of system of the first order 
equations that can be obtained from the system (45) by 
choosing functions ,m ng . 

CONCLUSIONS  
We presented a transformation of the linear differen-

tial equation into a system of the first order equations. 
The proposed transformation gives possibility to get 
new forms of the N -dimensional system of the first 
order equations that can be useful for analysis of the 
solutions of the N th order differential equation. In par-
ticular, for the third-order linear equation the nonlinear 
second-order equation that plays the same role as the 
Riccati equation for the second-order linear equation is 
obtained. The new form of the system of first-order 
equations can also be used for finding WKB solutions 
of the linear difference equation with coefficients that 
vary sufficiently slowly with index. 
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О ТРАНСФОРМАЦИИ ЛИНЕЙНОГО ДИФФЕРЕНЦИАЛЬНОГО УРАВНЕНИЯ  
В СИСТЕМУ РАЗНОСТНЫХ УРАВНЕНИЙ ПЕРВОГО ПОРЯДКА  

Н.И. Айзацкий  
Представлено обобщение преобразования линейного дифференциального уравнения в систему разност-

ных уравнений первого порядка. Предложенное преобразование дает возможность получить новые формы 
N-мерной системы уравнений первого порядка, которые могут быть полезны для анализа решений диффе-
ренциальных уравнений третьего порядка. В частности, для линейного дифференциального уравнения тре-
тьего порядка получено нелинейное дифференциальное уравнение второго порядка, которое играет ту же 
роль, что и уравнение Риккати для линейного дифференциального уравнения второго порядка.  

ПРО ТРАНСФОРМАЦІЮ ЛІНІЙНОГО ДИФЕРЕНЦІАЛЬНОГО РІВНЯННЯ  
В СИСТЕМУ РІЗНИЦЕВИХ РІВНЯНЬ ПЕРШОГО ПОРЯДКУ  

М.І. Айзацький 
Представлено узагальнення перетворення лінійного диференціального рівняння в систему різницевих рі-

внянь першого порядку. Запропонована трансформація дає можливість отримати нові форми N-вимірної 
системи рівнянь першого порядку, які можуть бути корисними для аналізу розв'язків диференціальних рів-
нянь. Зокрема, для лінійного диференціального рівняння третього порядку отримано нелінійне рівняння 
другого порядку, яке відіграє ту ж саму роль, що і рівняння Ріккаті для лінійного рівняння другого порядку. 
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