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In this work we describe the procedure of estimation of regenerative beam blowup threshold current in an inho-
mogeneous accelerating section. The self-consistent problem of transverse motion of particles in the field of dipole
mode excited by the beam is solved. The distribution of dipole field near the structure axis and the energy variation
of beam particles were calculated before simulating the transverse dynamics. The threshold current for S-band in-
dustrial linac designed for radiation sterilization of medical products is estimated.

PACS: 29.20.E;j

INTRODUCTION

The phenomenon referred to as beam blowup (BBU)
was discovered due to observation of beam pulse short-
ening at the exit of accelerator at a pulse current above a
certain critical value. It was found that pulse shortening
is caused by beam destruction (particles are lost on
disks) with preceded asymmetric growth of beam trans-
verse dimensions. This BBU instability had been con-
vincingly identified as interaction between the beam and
the dipole deflecting mode, which is the next pass band
above the accelerating mode. A regenerative BBU (R-
BBU) is the BBU expected for a single-section linac.
Significant efforts, both experimental and theoretical,
were undertaken in order to study the detailed interac-
tion between the dipole mode and the beam and to de-
velop the methods of suppressing the R-BBU instability.
The excitation of dipole backward waves by the con-
tinuous beam in homogeneous travelling wave acceler-
ating sections is considered in Refs.[1-5]. The
bunched beams and accelerating sections with losses are
considered in Refs. [6 - 8]. Using different approaches
the quantitative characteristics of R-BBU phenomenon
such as the growth rate or e-folding time (inverse of
growth rate) and the threshold (starting) current were
evaluated. The R-BBU instability in tapered accelerat-
ing sections (the dipole modes are trapped) also was
investigated, see Refs.[5,9,10]. The computed de-
pendence of dipole mode growth rate versus beam cur-
rent in SLAC injector is presented in Ref. [9]. The for-
mula for estimating the R-BBU starting current was
obtained by using the standing-wave analysis: the con-
dition for oscillation is that the power extracted from the
beam be equal to the power dissipated in the structure
walls, see Refs. [5, 10]. The estimated value of starting
current for 10 MeV 25 kW industrial electron linac is
presented in Ref. [11]. It was noted that although the
obtained value of starting current of ~2 A is a rough
estimation, but a great margin is secured for 400 mA
operation.

In this work we describe the procedure of estimation
of regenerative beam blowup threshold current in an
inhomogeneous accelerating section. The self-consistent
problem of transverse motion of particles in the field of
dipole mode excited by the beam is solved. The distri-
bution of dipole field near the structure axis and the
energy variation of beam particles (energy varies due to
acceleration of particles) were calculated before simu-
lating the transverse dynamics.
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1. PROBLEM FORMULATION

A one-sectional electron linac with beam energy up
to 10 MeV (average beam power is 20 kW) is under
development in «Accelerator» Science and Research
Establishment (see Ref. [12]). Linac is designed for ra-
diation sterilization of medical products. The operating
frequency f,, is 2856 GHz. Travelling wave accelerat-

ing section with integrated buncher (phase shift per cell
at operating frequency is 2n/3) is the inhomogeneous
(tapered) disk-loaded waveguide. To estimate the R-
BBU threshold current we study the possibility of expo-
nential growth of dipole mode amplitude:

|h|~ e, a=0, (1)

where « is the growth rate of dipole mode amplitude.
The value of the threshold current is obtained from the
condition ¢ =0. If o <0, then the considered dipole
mode is not excited.

The frequencies and quality factors of the considered
dipole eigenmodes are listed in Table 2. In Figs. 1, 2 the
on-axis distributions of transverse components of elec-
tric and magnetic fields for the 1% and 5™ eigenmodes
are shown.
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Fig. 1. E, on-axis distribution of the 1" and 5" dipole
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The dependence of the energy of beam particles ver-
sus the longitudinal coordinate z at the initial part of the
accelerating section is shown in Fig. 3. This dependence
is obtained by simulating the longitudinal dynamics of
the beam particles in accelerating field.
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Fig. 3. Dependence of beam energy versus
the longitudinal coordinate z at the initial part
of the accelerating section

The region of accelerating section of length L (see
Figs. 1-3) includes drift tube, input coupler and 12 cells
of integrated travelling wave buncher. Since the consid-
ered dipole eigenmodes are trapped (see Figs. 1, 2), fur-
ther we will consider the region of length L as a cavity
(resonant volume) in which dipole modes can be excited
by the beam.

The case of parametric resonance will not be consid-
ered because for each of the five modes the following
condition is fulfilled: f,,/f,, #1.5.

We made several assumptions:

— the longitudinal component of the beam velocity is
much greater than the transverse one and beam current
density has only longitudinal component j.;

— the influence of dipole mode on longitudinal mo-
tion of particles is negligible and longitudinal dynamics
of the beam is assumed to be determined;

— the amplitude of dipole mode do not change during
the fly-time of one particle;

— at the entrance to the accelerating section the elec-
tron beam is continuous.

The interaction of beam particles with each of the
five dipole modes was considered.

ISSN 1562-6016. BAHT. 2020. Ne3(127)

2. EXCITATION OF THE DIPOLE MODE
BY THE BEAM AND EQUATIONS
OF PARTICLE TRANSVERSE MOTION

The electromagnetic field of dipole mode is
E=A(t)E,,, o
H=iB(t)H,,,

where A(r) and B(r) are the time-dependent coeffi-

cients, £, and H, are the spatial distributions of

res

electric and magnetic field of dipole mode, respectively.
The equations for A(r) and B(t) have the form

d’4 w, dd 1 dJ
—+ —tw, A=,
a Q. dt N, dt o)
d’B o, dB o,.J
—+w, B=———.

d 2 + d res
t Qres t

Here w,.; and O, are the dipole mode resonant fre-
quency and quality factor, respectively, N, is the dipole

mode norm N, = goj.Em E.dV =uojﬁ o HL AV,
v Vv

res

J =I J.E..dV, j. is the beam current density and
Vv

E . . is the longitudinal component of electric field.

We shall consider a particular polarization of dipole
eigenmode in the x-direction for which the longitudinal
component of electric field near the axis (in the vicinity
of electron stream) is of the form

E..="F.(zn). @

T
where F.(z,r,) is the longitudinal field distribution at
x=r, y=0, and 7, is the characteristic transverse

displacement.
Expression for current density can be written as
2rl,

o, N 5)
S0 (05(r-5 )5y ()52 ),

where /, is the beam current, NV is the number of parti-

cles on the dipole mode period.
It will be convenient to introduce the local time. The
dimensionless Lagrange time for k™ particle is

5
ag
Tk = wrestk = wr(:sto,k + 9[‘ YR (6)

[
where #,, is the moment of time when " particle en-
ters the cavity, S({)=v,/c, c is the velocity of light,

& =z/L is dimensionless longitudinal coordinate and

g =2l (7)

¢

c
The solution of the system of Egs. (3) is presented in
the following form:

A= hl(u) (t)eiw +h§u) (t)ei(uzt — 2Re(hl(") (t)ei(u,t ,
, , iy 8
B= hl(b) (t)em),t +h§b) (l)e’w — 2Re(hl(b) (t)em),t)’
where A" = " and
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Then from the system of Egs. (3) we obtain the sys-
tem of equations for 4 (¢) and i (¢):

dhl(u) (l) o e—i(o,t d_J

dt 2iw, N, dt’

(®) i (10)
dhl (l) ~ e—z(o,tJ

dt 2N

Consider the values of 4 (r) and A" (¢) at the
moments of time
t, =T, p, (11)
where 7 is the dipole mode periodandp =1, 2, 3, ....
Then from (10) we obtain:

t)

a a 1 ( it AT
hl( ) (tp) = hl( ) (tp—l )_ Zia)resN_res tj dt-e it Ea
(12)
O el K
LIV s -
We introduce the following notation
b) _ hl(a’b) (fp ) o r e/ (13)

(0)
and hp

system of difference equations is obtained

t,

1 o1 AJ
'[ df .e—m)mt -
2iw,, N,

res t,

For complex amplitudes hl(:’) the following

(@) _ 1(@) =70y _
hp —hp_le

(14)

t
: L
WD = BP0 - [ dr-e .
iN

res t -1

As ot (i) oty then
dt dt
tp
B = bl e % — j dt-e ' J —

res t -1

l —i, i, .
_W(e = (t,)=e " (1,0)), (15)

h® = p®) g1 _

jdl e

res t,

2iN

Only particles that leave the cavity to the moment in
time 7, are taken into account when calculating values of

A", hY. Finally we obtain the following system of dif-

ference equations for complex amplitudes 4" and A"

Npo ] )
hl(,”) =h1(1u_)le—7r/Qm +G Z J‘xk € F dE+
k=1+
+N(p-1)
Np 4 Nl d
LA W 1
k=1+ k=l+
+N(p-1) +N(p-2)
h;”) h(b) /0 _ (5 Z J‘x,’ne‘”‘Fz’ndf.
k=1+
+N(p- )
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Here x,, =x,/r, is the normalized transverse dis-

placement of k-th particle, xfn’d is the normalized trans-

verse displacement of k-th particle at the exit of the cav-
ity, F,, = F,/max(F,) and

L[ max F I (end)F(er/d)
Gothomax(F) o LuMEM
2Nr€bf;”€bN 4 fl‘”ebN N
where 0! is the longitudinal velocity of the particle

F,( end)

at the exit of the cavity, is F, at the exit of the

cavity.

It should be noted that for p =1 the fourth term on
the right-hand side of the 1% equation in Egs. (16) is
absentand A{*” =0.

To determine the dependence of transverse dis-
placement x,, on & for each particle, the system of

equations for dipole mode amplitudes (16) should be
completed by the equations of transverse motion. As
relativistic factor y depends only on the longitudinal
component of the beam velocity, the system of equa-
tions for transverse motion of k-th particle has the fol-
lowing form:

dq, . =_ﬂ.h_ Re(hf,"_)lei")EirE) )
S ¢y B
®) i (im)
_ Relnhe™ )2 ] ’ (18)
4
dx, = g s
dé

where f=v_/c and y = 1/\11 — % are the functions of
& (see Fig. 3), E' and H{™ are the on-axis distribu-
tion of electric and magnetic fields, respectively, Z, is
the vacuum resistance; 1+ N(p—1) <k < Np and

U7

iox , (19)
UZ,O
2L\e - L
K= |2| % g=Lh 20)
mc” fy Yo
Here v_, is the longitudinal velocity of the particles
at the entrance of the cavity, fS,=v,,/c,

= 1/ J1- ﬂoz , m, and |e| are the electron mass and

charge, consequently.
To solve the equations of transverse motion, the fol-
lowing initial conditions are used: ¢, (0)=0,

xk:tl,n (0) = 0 s xl,ﬂ (0) =1 :
Since the complex amplitudes of dipole mode h[(,"_)l

and 4, do not change during the fly-time of the parti-
cle and 7, is not a function of x,,, q,, (see Eq. (6)),

the system of Egs. (18) is linear.

A program for numerical solution of systems of
Egs. (16) and (18) has been written. It was tested on
dipole eigenmodes of pillbox cavity for which the ana-
Iytical expression of R-BBU threshold current can be
obtained.

ISSN 1562-6016. BAHT. 2020. Ne3(127)



3. PILLBOX CAVITY. TEST CALCULATION

Consider pillbox cavity of radius b and length d.
Beam particles are passing at the axis of the cavity with
constant longitudinal velocity v,. The electromagnetic
field distribution of x-polarized TM,,,,-mode near the
axis is

E= éZA(r)%cos(kHz) ~ At )kTsm(k z),
N (21)
=éyB(t) Ock cos(kHz)
where k. =v,/b, k =npld, p=0,1,2...,

®,,, =cyJk! + k] is the resonant frequency,
m-th root of the Bessel function J,.

Applying the Fourier transform to the left and right
parts of equations in system (3), we obtain the following
system of equations for amplitudes of Fourier harmon-
ics 4, and B, :

v, is the

_a) B + res B +a)rebBw - M’
res res (22)
_a) A + res A reé Aw — le(U s
g 5 res b ) res
: o
where N, = w[&J zdb*J; (v,),
4 o,
2, p=0,
0.p ={ P and
Lp>0

xX= %ﬂzx(bdcb , (24)
[ t
j.= —S—’i:[odtoé(t—t, (tg2))w. . (25)

It follows from the system of Egs. (22) that
A(o = ia)B{u / wres °
To obtain x; from Eq. (24) the following equation

of transverse motion of the particle should be solved
with zero initial conditions:

2x. d?- k
d_x;uz e [A(a U in(7pé)+
dé meyouo 2k, 26)
+B,e" —Lz)oc?;j cos(ﬂpf)j,

where 7=7,+60&, 7, =at, is the particle injection
phase at frequency @, 0 =dd /v, is the particle fly-
angle at frequency @ ; & =z/d is dimensionless longi-
tudinal coordinate.

After some transformations we obtain

o J

_resY o __

N B

res” @

o 0kd
2N, B

res @ 0
—ity

27)
igé)NCCOS(ﬂpf)df =A,,
where X =x,e
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The following characteristic equation for @ is ob-
tained from the system of Egs. (22):

0o,
2 res —COZ =A

res w*°

(28)
We seek the solution of characteristic Eq. (28) in the
form:
0=0,+00. (29)
Then using Egs. (27) — (29) we obtain (in linear ap-
proximation):

a =-Im(éw)=
_ o,  LZ Bk, (30)
- 2Qres+”5opvm']( ) 0 f(g)

Here E, =m/c’y, / |e| is the beam energy in volts,
B, =v,/c and

o) gy smo

/()= 5 5 ,(31)
where
0= wrebd , k;P) 1_9;/[3202 , (32)
Uy (1—19;)
(1-97) 0

If f(0)<0 the instability of the considered dipole

mode is absent at any current.
We obtain the expression for threshold current from
the Eq. (30) under the condition o =0 :
71'5 14 J ( ) a)

0,p" m k4res4 . (34)
L

" 20,7,8,/(0)

Fig. 4. Dependence of a vs current for TM;;y (b=4 cm,
d=20 cm) and TM;;; (b=4 cm, d=17.8 cm) modes
in pillbox cavity at beam energy of 1 MeV;
solid line — Eq. (30), circ. — systems of Egs. (16), (18)

The dependencies of o versus current for TM;;o and
TM;;; modes in pillbox cavity at electron beam energy
of 1 MeV are shown in Fig. 4. These dependencies are
obtained from numerical solutions of Eq. (30) and sys-
tems of Egs. (16), (18), where

&9



In[#|~n A"
-

res

o (35)

Threshold current values are given in Table 1.
Table 1

R-BBU threshold current for dipole modes in pillbox
cavity (b=4 cm) at beam energy of 1 MeV

Threshold current, A
d, cm TM, ;-mode TM,;;-mode
Eq.(34) |Eqgs.(16), (18) Eq.(34) |[Eqgs.(16), (18)
17.8 - - 6.04 5.92
20.0 2.06 2.07 - -

As one can see from Fig. 4 and Table 1 different
procedures give R-BBU quantitative characteristics that
are in good agreement.

4. SIMULATION

According to the problem formulation we have been
performed the numerical calculations of the systems of
Egs. (16), (18) for the first five dipole modes which are
trapped in the initial part of the accelerating section (see
Figs. 1,2). The dependencies of « versus current are
shown in Fig. 5. From Fig. 5 it follows that for the first
mode o, >0at />1,. For all other modes a, ; <0 at

any beam current. Thus only the first dipole mode can
be excited by the beam in the accelerating section (beam
energy variation is shown in Fig. 3). The R-BBU
threshold current value is shown in Table 2.
Table 2
R-BBU threshold current for dipole modes
in the accelerating section

d.m. fross GHzZ Ores I A
1 3.785729 9561.5 6.3
2 3.821361 9841.1 —
3 3.871112 10113 —
4 3.932035 10507 -
5 3.991609 11049 —

The estimated value of threshold current is ~6 A.
Since the value of operating current is 400 mA there is a
small possibility to obtain the unstable beam dynamics.
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Fig. 5. Dependence of a vs current for dipole modes
in the cavity
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CONCLUSIONS

The procedure of estimation of R-BBU threshold
current in tapered accelerating sections is presented. The
estimated value of threshold current for electron linac
which is under development in «Accelerator» Science
and Research Establishment is 6.3 A.
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OIIEHKA ITOPOT'OBOT'O TOKA IOIMEPEYHO HEYCTOMYMBOCTH ITYYKA
B HEO/IHOPO/THOI YCKOPSIIOIEN CEKITUN

H.U. Auzayxui, E.FO. Kpamapenko, B.B. Mumpouenko

OnmcaHa mpoleaypa OLEHKH IOPOTrOBOr0 TOKA MONEPEUHON HEYyCTOWYMBOCTH Iy4dKa B HEOTHOPOIHOM YCKO-
psromieit cexiuu. Perraercst caMmocoriacoBaHHas 3a/1a4a MMONEePEeYHOro ABWKEHHS YacTUI B MOJI€ AUIOIBHON MOABI,
KoTopast Bo30yxaercsi my4koM. PacripesiesieHue AUMONBHOTO MOoJsk BOJIM3M OCH CTPYKTYPHI M U3MEHEHHE SHEPTUU
YacTHll ObLIM PACCUYUTaHBI 10 MOJCIUPOBAHMS TIONEPEYHOI TUHAMUKH. [IpoBe/ieHa OlleHKa MOPOroBOro TOKA IS
MIPOMBIIIJICHHOTO JUHEWHOI0 YCKOpUTENs S-Auana3oHa, MpPEeJIHA3HAYEHHOI'o A paJAuallMOHHOW CTepHIM3alluU
MEIULUHCKON MPOIYKIUH.

OIIIHKA IMOPOI'OBOI'O CTPYMY NONEPEYHOI HECTIHKOCTI TYYKA
B HEOJHOPITHIM MTPUCKOPIOBAJIbHIN CEKIIII

M.I. Auzayvkuii, K.JO. Kpamapenko, B.B. Mumpouenko

OnwmcaHo MpoIeaypy OLiHKK ITOPOTOBOTO CTPYMY HOIEpEYHOl HECTIHKOCTI MTyYKa B HEOTHOPIJHIH TPHUCKOPIOBa-
JIBHIN cekuii. BupimryeTbesi caMoy3ro/pkeHa 3a1aua ImornepeyHoro pyxy Y4aCTHHOK Y ITOJTi IMTIONBHOT MO, sIKa 30Y-
JUKYETBCS IMTyIKOM. PO3IOIT TUITONBHOTO MOJIS MOOIHM3Y OCi CTPYKTYPH 1 3MiHA €HEprii YaCTUHOK OYJIu po3paxoBa-
Hi JI0 MOZIENIOBAaHHS TOTIepeYHOi AuHaMiku. [IpoBeieHO OIiHKY MOPOroBOro CTpyMy AJIsl HPOMHCIIOBOIO JIIHIHHOTO
MIPUCKOpIOBaya S-Jiarna3ony, MPU3HAYEHOro JUIsl paialliifiHOl cTepuiTizallii MeNYHOT POAYKILI.
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