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Parameter estimation of discretely observed interacting particle
systems
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Abstract

In this paper, we consider the problem of joint parameter estimation for drift and dif-
fusion coefficients of a stochastic McKean-Vlasov equation and for the associated system of
interacting particles. The analysis is provided in a general framework, as both coefficients
depend on the solution and on the law of the solution itself. Starting from discrete obser-
vations of the interacting particle system over a fixed interval [0, 7], we propose a contrast
function based on a pseudo likelihood approach. We show that the associated estimator is
consistent when the discretization step (Ay) and the number of particles (V) satisfy A, — 0
and N — oo, and asymptotically normal when additionally the condition A, N — 0 holds.
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1 Introduction

In this paper we focus on parametric estimation of interacting particle system of the form
dX)"N = b0y, XN W NVdE+ a (9, XN, @PNYaWE, i=1,., N, telo,T],
E(Xg’l’N, ...,Xg’N’N) = o X .. X Q- .

Here the unknown parameter 6 := (61, 62) belongs to the set © := ©1 x O, where ©; C RPJ, j =

1,2, are compact and convex sets; we set p := p1+ps. The processes (Wf)te[O,T], i1=1,...,N,are
independent R-valued Brownian motions, independent of the initial value (Xg ’I’N, . ,Xg ’N’N)

of the system and ,uf’N is the empirical measure of the system at time t, i.e.

N
E 5Xt9,i,N.
i=1

The model coefficients are functions b : Uy X Rx Py — R and a : Uy Xx R x Py — R, where Uy and
U, are two open sets containing ©1 and ©s, respectively, and Py denotes the set of probability
measures on R with a finite second moment, endowed with the Wasserstein 2-metric

67N D
My =

2=

1

L . 2 2
Wauv) = (| int [ o= yPmide.d)” 2)

The authors gratefully acknowledge financial support of ERC Consolidator Grant 815703 “STAMFORD:
Statistical Methods for High Dimensional Diffusions”.
*Unité de Recherche en Mathématiques, Université du Luxembourg
fDepartment of Mathematical Sciences, Aalborg University, Denmark


http://arxiv.org/abs/2208.11965v3

and I'(u,v) denotes the set of probability measures on R? with marginals ;1 and v. The under-

lying observations are
0,i,N\i=1,..,N
(th,n )j:l,...,n ’
where t;,, :=Tj/n and A, := T'/n is the discretization step. We assume that the time horizon
T is fixed, and N,n — oo.
The interacting particle system is naturally associated to its mean field equation as N — oo.

The latter is described by the 1-dimensional McKean-Vlasov SDE
dX) = b(61, X7, @) dt + a (02, X7, 1l )dWy, t €[0,T), (3)

where fi{ is the law of X! and (Wi)tefo,r) is a standard Brownian motion, independent of the
initial value X'g having the law ,ag := po. This equation is non-linear in the sense of McKean, see
e.g. [47,[48,57]. It means, in particular, that the coefficients depend not only on the current state
but also on the current distribution of the solution. It is well known that, under appropriate
assumptions on the coefficients a and b, it is possible to obtain a phenomenon commonly named
propagation of chaos (see e.g. [57]). It implies that the empirical law ,uf’N weakly converges to
iy as N — co. The McKean-Vlasov SDE in (3]) links to a non-linear non-local partial differential
equation on the space of probability measures (see e.g. [10]), which naturally arises in several
applications in statistical physics. Indeed, stochastic systems of interacting particles and the
associated McKean non-linear Markov processes have been introduced in 1966 in [47] starting
from statistical physics, to model the dynamics of plasma. Their importance has increased in
time, and a huge number of probabilistic tools have been progressively developed in this context
(see [10} 24} 45] [49], just to name a few).

On the other hand, however, statistical inference in this framework remained out of reach
for many years (except for the early work of Kasonga in [41]), mainly as microscopic particle
systems derived from statistical physics are not directly observable. Later on, McKean-Vlasov
models found applications in several other fields, in which the data is observable. Nowadays,
these models are used in finance (smile calibration in [36]; systemic risk in [27]) as well as social
sciences (opinion dynamics in [12]) or mean-field games (see e.g. [9] 21} 33]). Moreover, some
applications in neuroscience and population dynamics can be found respectively in [4] and [50].
At the same time, the interest in analysis of statistical models related to PDEs has gradually
increased. A clear illustration of that is provided by the works on nonparametric Bayes and
uncertainty quantification for inverse problems, as in [1, 53] [54].

Motivated by the increasing interest in statistical inference for McKean-Vlasov processes,
we aim at estimating jointly the parameters 61,6y starting from the discrete observations of
the interacting particle systems () over a fixed time interval [0,7]. Despite recent interest in
the study of the McKean-Vlasov SDEs, the problem of parameter estimation for this class has
received relatively little attention. In [59] the authors established asymptotic consistency and
normality of the maximum likelihood estimator for a class of McKean-Vlasov SDEs with con-
stant diffusion coefficient, based on the continuous observation of the trajectory. This has been
extended to the path dependent case in [44]. The mean field regime has been firstly considered
by Kasonga in [41], who studied a system of interacting diffusion processes depending linearly in
the drift coefficient on some unknown parameter. Starting from continuous observation of the
system over a fixed time interval [0, 7], he showed that the MLE is consistent and asymptoti-
cally normal as N — oo. This has been extended in [55] to the case where the parametrisation
is not linear, while Bishwal [6] extended it to the case where only discrete observations of the
system are available and the parameter to be estimated is a function of time. In [33] the au-
thors develop an asymptotic inference approach based on the approximation of the likelihood
function for mean-fields models of large interacting financial systems. Moreover, Chen [13] has
established the optimal convergence rate for the MLE in the large N and large T' case. Even in
this work the drift coefficient is linear and the diffusion coefficient is constant.



Let us also mention the works [31] 32], where parametric inference for a particular class of
nonlinear self-stabilizing SDEs is studied, starting from continuous observation of the non-linear
diffusion. Some different asymptotic regimes are considered, such as the small noise and the
long time horizon. The problem of the semiparametric estimation of the drift coefficient starting
from the observation of the particle system at time 7', for T — oo is studied in [5], while [17]
considers non-parametric estimation of the drift term in a McKean-Vlasov SDE, based on the
continuous observation of the associated interacting particle system over a fixed time horizon.

None of these works, however, consider the problem of the joint estimation of the drift
and diffusion coeflicients. Moreover, not only we are not aware of any work about parameter
estimation for interacting particle system where the diffusion coefficient can depend on the
solution and on the law of the solution itself, but in the majority of the above mentioned work
the diffusion coefficient is directly assumed to be constant. We consider a more general model,
as in ([IJ), motivated by several applications in which the diffusion coefficient depends on the
law. For example, this is the case in mathematical finance for the calibration of local and
stochastic volatility models, with applications connected to the Dupire’s local volatility function
(see [7, 37, [43]). Moreover, they are used to capture the diversity of a financial market, as in
[51].

We underline that the joint estimation of the two parameters introduces some significant
difficulties: since the drift and the diffusion coefficient parameters are not estimated at the same
rate, we have to deal with asymptotic properties in two different regimes. Another challenge
comes from the fact that both coefficients depend on the empirical law of the process. This
introduces some complexity compared to the case where a is constant.

A natural approach to estimation of unknown parameters in our context would be to use a
maximum likelihood estimation. However, the likelihood function based on the discrete sample
is not tractable in this setting, since it depends on the transition densities of the process, which
are not explicitly known. To overcome this difficulty several methods have been developed, in
the case of high frequency estimation for discretely observed classical SDEs. A widely-used
method is to consider a pseudo likelihood function, for instance based on the high frequency
approximation of the dynamic of the process by the dynamic of the Euler scheme, see for example
[25], 42, [60].

Our statistical analysis is based upon minimisation of a contrast function, which is similar in
spirit to the methods [25] [42] [60] that have been proposed in the setting of classical SDEs. The
main result of the paper is the consistency and asymptotic normality of the resulting estimator,
which is showed by using a central limit theorem for martingale difference triangular arrays.
The convergence rates for estimation of the two parameters are different, which leads us to
the study of the asymptotic properties of the contrast function in two different asymptotic
schemes. Moreover, to illustrate our main results, we present numerical experiments for two
models of interacting particle systems. Specifically, the first model is linear, while the second is
a stochastic opinion dynamics model. While it is feasible to express the estimator explicitly for
the linear model, the estimator for the stochastic opinion dynamics model is implicit and can
only be obtained numerically. Our results show that the proposed estimators perform well in
both cases.

We emphasize that our inference is made on the time horizon [0,7] with T being fixed.
It is well known that it is impossible to estimate the drift parameter of a classical SDE on a
finite time horizon. However, due to increasing number of particles, we are able to consistently
estimate the drift even when T is fixed. Moreover, it is worth remarking that our results apply
to the system of N independent copies of a diffusion process as a special case. Non-parametric
statistical inference for this type of system can be found for example in [14} [46] 20] (see also
references therein). Closer to the purpose of our work, [16, [19] discuss parameter estimation
from discrete observations of independent copies of a diffusion process with mixed (or fixed)
effects. Specifically, joint estimation of a fixed effect in the diffusion coefficient and parameters



of the special distribution of a random effect (or a fixed effect) in the drift coefficient of the
SDE is shown possible with the same rates of convergence in the same asymptotic framework
as ours. Interested readers can find further references about SDEs with random effects in the
aforementioned papers.

The outline of the paper is as follows. In Section [2] we present the estimation approach, list
the required assumptions and demonstrate some examples. Section [Blis devoted to main results
of the paper, which include consistency and asymptotic normality of the estimator. Section Ml is
devoted to numerical experiments. In Section Bl we provide the technical lemmas we will use in
order to show our main results. The proofs of the main results are collected in Section [6] while
the technical results are shown in Section [7l

Notation

Throughout the paper all positive constants are denoted by C or Cy if they depend on an
external parameter ¢g. All vectors are row vectors, || - || denotes the Euclidean norm for vectors.
We write f(0) = f(01,62) for § = (01,02). For r =0,1,..., we denote by C"(X;R) the set of r
times continuously differentiable functions f : X — R. We denote by 0, f the partial derivative
of a function f(x,y,...) with respect to z. We denote by Vg, f the vector (0p,, f,. .. ,(%mj 1),
j=1,2,and Vof = (Vg, f, Vg, f). We say that a function f : R x P; — R has polynomial growth
if

|f (@, )] < C(L+[af* + Wap, 60)) (4)

for some k,l =0,1,... and all (x, ) € R x P;, where P; denotes the set of probability measures
on R with a finite [-th absolute moment. For p € [1,00), the Wasserstein p-metric between two
probability measures p and v in P, is given as

1
o s _ P P,
Wogev) = ( nt [ o= ylPmide.d) "

where I'(i1, ) denotes the set of probability measures on R? with marginals y and v. Finally,
we suppress the dependence of several objects on the true parameter 6. In particular, we write
P =P E.=E% XN .= x0N x = X% N = 10N and iy := 5. Furthermore, we
denote by ﬂ, £>, L7 the convergence in probability, in law, in LP respectively. We also denote
the value a?(s,, 1) as c(f, x, 11).

2 Minimal contrast estimator, assumptions and examples

We aim at estimating the unknown parameter 6y = (6p,1,602) € ©° given equidistant discrete
observations of the system introduced in (). We study the asymptotic regime N,n — oc.

The estimator we propose is based upon a contrast function, which originates from the
Gaussian quasi-likelihood. Starting from discrete observations of the model there are difficulties
due to the fact that the transition density of the process is unknown. A common way to overcome
this issue is to base the inference on a discretization of the continuous likelihood (see for example
[29], [42] and [60] where classic SDEs are considered). This motivates us to consider the following
contrast function:

N
+ log ¢(62, thj_l’n , ,ug_l’n) }7

(5)

N
SN () = b | =
; ; Ape(B2, XN N )

ti—1n? Ptj—1n

n { (XN = XN = A0, XN )



for = (61,03). The estimator 6V = (4N

n,1»

0 72) of 0y is obtained as

0N € argmin SN ().
0cO
Comparing S,JLV (9) with the contrast function for parameter estimation for classical SDEs, the
main difference consists in the fact that we have now an extra sum over the number of interacting
diffusion processes. The interaction depends on the empirical measure of the system. The
dependence of the drift and diffusion coefficients on the measure can take a general form. In
order to meet this challenge and prove some asymptotic properties for é,]y we need to introduce
a set of assumptions. The first two assumptions ensure the system’s existence and uniqueness,
while the next two impose additional regularity conditions on the coefficients a and b.

A1l. (Boundedness of moments) For all k > 1,

/ 2|* o (dx) < Cy.
R

A2. (Lipschitz condition) The drift and diffusion coefficients are Lipschitz continuous in (x, ),
i.e. for all 6 there exists C such that for all (z,u), (y,v) € R x Po,

‘b(elaxau) - b(alayay)‘ + ’a(‘92a$aﬂ) - a((g?ayay)‘ < C(‘x - y‘ + WQ(M? V))

A3. (Regularity of the diffusion coefficient) The diffusion coefficient is uniformly bounded away
from 0:
inf 02, z, 1) > 0.
(HQ,Z',M)é%QXRXPQ C( 2% M)
A4. (Regularity of the derivatives) (I) For all (z,p), the functions b(-,z,u), a(-,x,p) are in
C3(U1;R), C3(Ug;R) respectively. Furthermore, all their partial derivatives up to order three
have polynomial growth, in the sense of (), uniformly in 6.
(II) The first and second order derivatives in 0 are locally Lipschitz in (x,p) with polynomial
weights, i.e. for all 0 there exists C >0, k,1 =0,1,... such that for all 1 + 19 = 1,2, hy,hy =
17 - D1, h17h2 = 17 -5 D2, (%M)a (y7 V) € R x 7)27
‘8” 9y’ b(al’ €L, :U‘) Opt 0y? b 91’ Yy, v ‘ + ‘8r1 8r2 (925 x, M) - 87"1 87’2 (925 Y, V)|

01,ny 01,hy 01,ny 01,hy 02 h,
< C(|x =yl + Walp, ) (1 + [ + [y[* + sz,éo) + Wé(v, 8))-

Remark 2.1. (i) It is possible to relax assumption [A2] on the drift coefficient to allow for a
locally Lipschitz condition in & with polynomial weights, cf. [22, Assumption 2.1]. In this setting
the boundedness of moments shown in our Lemma[5.T] can be replaced by [23, Theorem 3.3] and
the propagation of chaos needed in order to prove Lemma[5.2] would follow from [22 Proposition
3.1]. As a consequence the main results of this paper still hold.

(ii) AF(T) is sufficient to show consistency of the estimator 6. We require the additional
condition (IT) of [A4l to prove the asymptotic normality. O

We now state an assumption on the identifiability of the model and some further conditions
that are required to prove the asymptotic normality. For this purpose we define the functions

627'%' /’Lt)
c(bo,2, @, fit) ) -
J(6:) log c(0 dx)dt 7
) // S gt ) ) ), @

where recall that p; stands for ﬂto. The next set of conditions are the following assumptions.



AS5. (Identifiability) The functions 1,J defined above satisfy that for every e >0,

inf I1(0) >0 and inf J(02) — J(O > 0.
0€0:|61—00,1(|>¢ ( ) 926@2:”92*90,2”25( ( 2) ( 0’2))

A6. (Invertibility) We define a p x p block diagonal matriz X(6): = diag(XM (6p), 23 (6y))
whose main-diagonal blocks XU)(8y) = (E,g]l) (00)) are defined via

//@)M (60,1, , fir) 9g, ,b(00,1, T, fir) Fu(dz)dt, =1, k=1 n

c(bo,2,, [ir)
/ /@L)Qk 6702,36 Mt)@m (Bo,2, , fir)

(60,2, x, fir)

29 (6o): =

a(dx)dt, j=2,kl=1,... po.

We assume that det($9)(6p)) #0, j = 1,2.

AT. (Integral condition on the diffusion coefficient) At 6y o for all (x, ) the diffusion coefficient
takes the form

a(bo,2, T, p): /K:cy dy)

Jor some functions a, K € C*(R*;R), which satisfy |05} 02a(x,y)| + |05 052 K (x,y)| < C(1 +
|z|¥ 4 |y|") for some k, 1 =0,1,... and all Ty + 7y = 1,2, (z,y) € R2.

Assumptions [ATHAS] are required to prove the consistency of our estimator and are relatively
standard in the literature for statistics of random processes. However, Assumption [A5] deserves
some extra attention, as the quantities I(6) and J() are not at all explicit due to the presence
of ji;. Hence, it may be difficult to check Assumption [AH] in practice and the identifiability of
all parameters may not always be possible. In order to delve deeper into the topic, we refer to
Section 2.4 in [I8], where the authors have provided a thorough analysis. More specifically, for es-
timating the drift from continuous observations, they have identified explicit criteria that enable
obtaining both identifiability and non-degeneracy of the Fisher information matrix. Notably, for
a certain type of likelihood, they have established a connection between global identifiability and
non-degeneracy of the Fisher information, which is highlighted in [I8] Proposition 16]. It could
be interesting to understand if it possible to prove an analogous proposition in our context, even
if this is out of the purpose of the paper and it is therefore left for further investigation.

The additional conditions are needed to obtain the central limit theorem, even if they
are not of the same type. Indeed, [A6]is an invertibility condition which is always required when
one wants to prove asymptotic normality. In[A6] note that 9o, ,b(00,1, , fir) and Oy, , c(bo 2, , fir)
are respectively 9p, , b(00,1, 7, pt)|=5, and Op,, c(00,2, %, it)|=j,, Whereas fi; stands for i, On
the other hand, is a technical condition needed in order to obtain the first statement of
Lemma [5.31 We shed light to the fact that the bounds in Lemma [.3] are stated for 6y and
similarly we ask to to be valid exclusively for the true parameter value 6 2. Naturally, both
a and K in can be functions on ©2 x R? with the first argument fixed at g ».

We also remark that, in the case where the unknown parameter 6 appears only in the drift
coefficient, there is no need to add a further assumption on the derivatives of the diffusion
coefficient to estimate it, even if the diffusion coefficient still depends on the law of the process.

Example 2.2. A number of interacting particle models (and associated mean field equations)
have been analyzed in the literature. We highlight a few here to illustrate the scope of our paper.
We start by considering some examples where the diffusion coefficient is a constant on a compact
set that does not include the origin. This case has several applications (see (i) and (ii)). After
that, some more general examples are presented.

(i) The Kuramoto model is the most classical model for synchronization phenomena in large



populations of coupled oscillators such as a clapping crowd, a population of fireflies or a system
of neurons (see Section 5.2 of [I1] and references therein). Let N oscillators be defined by N
angles XZ’N, i =1,...,N (defined modulo 27, in this way they can actually be considered as
elements of the circle), evolving in ¢t € [0, 7] according to

N
axiN = —% ) " sin — X]MYdt + 9 2dW}.
7=1

This variant of the model satisfies our assumptions.

(ii) A popular model for opinion dynamics (see e.g. [12, [52]) takes the form
. 1 X . . . , ,
dxiN = -5 > 00, (|X0Y = XPVN)(XPY = XPN)dt + 00 2d W]
=1

fori=1,...,N, t € [0,T], where g, , () := 001,11(06,,,)(2), z € R, is the influence function
which acts on the “difference of opinions” between agents. To have our regularity assumptions
hold true in practice we can replace the function g, by its infinitely differentiable approxi-
mation as it is done in Section 5.2 of [55]. In [55] we also note that the proxy of ¢y, , depends
non-linearly on the parameter 6 1 2.

(ili) Another example is

N

dxp™ = (‘90,1,1 + — Z X7 - 00,1 3XZ >dt +00,21/1+ (XZ’N)2de

fori=1,...,N,t € [0,T]. We note that in the case 612 = 0 the interacting particle system
reduces to IV independent samples of a special case of the Pearson diffusion, which has applica-
tions in finance, see [26] and references therein.

(iv) We consider the dynamic of the system

N N
. 0 , : 1 A
aXiN = (G010 + 22 S0 XPN = 6013 X N )t + (021 + B022y| 2 D (X)) aw;
7j=1 7j=1
fori =1,...,Nint € [0,T], where both the coefficients b and a depend on the law argument. We
remark that the mean field limit of the above interacting particle system is a time-inhomogeneous
Ornstein-Uhlenbeck process. See [41] for the case 6y 11 = 62,2 = 0.

Some remarks are in order. Example (iv), where fy22 = 0, has been thoroughly discussed
in Section 4.1 of [1§], specifically, with regard to the restrictions on p9 and 6y ; that ensure the
latter parameter satisfies A5, A6. In examples (i), (iii) and (iv), where either 6y 21 or g 2,2 is set
to 0, it is obvious that A5, A6 hold for 6y 2 # 0. Finally, we note that in examples (i), (iii), and
(iv), where either 621 or 622 is set to 0, the drift and diffusion coefficients are respectively
linear and multiplicative functions of 6, which allows us to solve our estimator in closed form.

3 Main results

Our main results demonstrate the consistency and the asymptotic normality of the estimator
6y



Theorem 3.1. (Consistency) Assume that [AIHAS hold, with only condition (I) in[A4]. Then
the estimator 01 is consistent in probability:

AN P
Hflv—>90 asn, N — oo.

In order to obtain the asymptotic normality of our estimator we need to add an assumption on
the relation between the rates N and A,,. In particular, we require that NA,, — 0 as N,n — cc.

Theorem 3.2. (Asymptotic normality) Assume that [AIHAT hold. If NA, — 0 then

(\/N(éflvl —00,1), \/N/An(é,]k —6p2)) £ N(0,2(2(69))" ") asn, N — oo,

where
2((0p)) '+ = 2diag (M (6p)) ", (EP(6p)) )

with $U)(0y), j = 1,2, being defined in[AB.

As common in the literature on contrast function based methods, understanding the asymptotic
behaviour of SN (01,65) and its derivatives is key to obtain the statements of Theorems [3.1] and
In particular, we show that, under proper normalisation, the first derivative of S (61, 65)
converges to a Gaussian law with mean 0 and covariance matrix 23(6y) (see Proposition [6.2)),
while the second derivative converges in probability to the matrix (6y) defined in [A€ (see
Proposition [6.3]). These results lead to the statement of Theorem

The condition on the rate, at which the discretization step A, converges to 0, has been
discussed in detail in the framework of classical SDEs. In this context, one disposes discrete
observations of the trajectory of only one particle up to a time 7' := nA,, — oco. In [25] the
corresponding condition was T'A,, = nA2 — 0 as n — oo, which has been later improved to
nA3 — 0 in [60] thanks to a correction introduced in the contrast function. Finally, Kessler
[42] proposed a contrast function based on a Gaussian approximation of the transition density,
which allowed him to consider a weaker condition nAL — 0 for an arbitrary integer p. Similar
developments have been made in the setting of classical SDEs with jumps in [2] [3], B4 [56].

One may wonder if it possible to weaken the condition on the discretization step in the
context of interacting particle systems. For a system of independent copies of a diffusion process
with random and/or fixed effects, [15] (16, 19] require it in the same asymptotic framework as
ours. In [I6] also the rates of convergence of the estimators towards the parameters 61 of the
distribution of a random effect in the drift coefficient, and the fixed effect #5 in the diffusion
coefficient, are shown to be the same as ours. On the one hand, the condition NA,, — 0 allows
us to approximate the derivative of the contrast function with a triangular array of martingale
increments, as it is the case for classical SDEs. For this step, higher order approximations,
similar to those in [42], could potentially help us relax this condition. On the other hand, we
need it because of the correlation between particles and higher order approximations do not
seem to solve this issue. Thus, we leave this investigation for future research.

A recent paper [I8] establishes the LAN property for drift estimation in d-dimensional
McKean-Vlasov models under continuous observations and with diffusion coefficient being a
function of (¢, X;) only. The authors show that the Fisher information matrix is given as

T 1 1
(/ d 8917,6(62b)(9071,t,x,ﬂt)T891’l(c2b)(90,1,t,x,ﬂt)ﬂt(dx)dt> (8)
0 R

1<k,l<p:

(cf. [55] where the diffusion coefficient is an identity matrix). This is consistent with our Theorem
when restricted to drift estimation. In other words, our drift estimator is asymptotically
efficient. When considering joint estimation of the drift and diffusion coefficients, the LAN



property has not yet been shown, although the results of Gobet [35] in the classical diffusion
setting give some hope. Indeed, Gobet [35] has shown that for classical SDEs, in the ergodic
case, the Fisher information for the drift parameter is given by

o, ,b(00,1,7) Oy, ,b(00.1, 7)
:[190 — / 1,k ) 1,1 ) T dx
T3k R c(fo,2, ) (d)
for k,l =1,...,p1, while the one for the diffusion parameter is given by
69 6(90 2 x) 89 6(90 2, CC)
]:1090 — 2,k 14 2,1 5 d
(e ki /R (802, 7) m(dz)

for k,1 =1, ..., p2, where 7 is the invariant density associated to the diffusion. As Fgo modifies to
[®) for McKean-Vlasov models, one could expect that T% modifies to our asymptotic variance
as well. This is left for further investigation.

4 Numerical examples

We will now examine the finite-sample performance of the introduced estimator éév on two
examples of interacting particle systems.

4.1 Linear model

Consider an interacting particle system of the form:

N
01,2

dXZ’N = —<9171XZ’N + T
j=1

(N = xPN) ) dt + /Bzaw, (9)

where i = 1,...,N, t € [0,7], for some 61 = (011,012) € R? 611 #0, 011+ 612 # 0, O > 0
and [, zpo(dz) # 0. In this model, the parameter 61 determines the intensity of attraction
of each individual particle towards zero, while 6 » governs the degree of interaction, which is
the attraction of each individual particle towards the empirical mean. Notably, for 61 o = 0, the
processes (XZ’N)tE[QT}, t=1,...,N, are independent.

Recall that for 62 = 1, estimation of the parameter 6; from a continuous observation of the
system has been studied in [41], 55]. Since the drift and squared diffusion coefficients in (@) are
linear in 0 := (0,65), it is possible to find our estimator é,ﬁv in the closed form similarly as in
[411, B5]:

N N N N NN
NN _ An - Bn NN _ An Dn - Bn Cn (10)
n,1,1 7 PN N n,1,2 N2 NN
Dn - Cn (Cn ) - Cn Dn
where
1 N n 1 N n
N._ L Z i,N N i,N iN N._ L Z i,N iN iN
A - N ( ti—1,n ti—1 n)( tin tj—l,n)7 Bn - N th—ln( tin ti—1 n)7
i=1 j=1 i=1j=1
N n N n
A A .
N__HE: i,N N 2 N__nz N \2
Cn N (th—l,n tj 1,n) ’ Dn N : (th_l n)
=1 j=1 =1 j=1
: N . NIV kN
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To illustrate the finite sample performance of 0 , we choose § = (611,6012,62) = (0.5,1,1)
and po = d1 as in [55]. We simulate 1000 solutions of the system given by (@) using the Euler
method with a step size of 0.01. We obtain observations of the system — data sets for all
possible combinations of 7' = 50,100, A, = 0.1,0.05,0.01 and N = 50,100. Table Bl presents the
effect of N, A,, T on the performance of éN As N or T increases, the sample RMSE and bias
of HN 1 decrease, whereas that of 6N .2 do not change significantly. However, as A, gets smaller,

the performance of Hn,g improves, as well as that of 9n71,2

N = 50 100 50 100
(A, T)=  (0.1,50) (0.1,50) (0.1,100) (0.1,100)
o1 010 (0.00)  0.08 (0.00) 0.8 (0.00)  0.07 (0.00)
oy, 015 (-0.10)  0.13 (-0.10) 0.3 (-0.10)  0.12 (-0.10)
ox, 012 (-0.12) 0.2 (-0.12) 012 (-0.12) 012 (-0.12)
(A, T)=  (0.05,50) (0.05,50) (0.05,100) (0.05,100)
oy, | 010 (0.01)  0.08 (0.01) 008 (0.01)  0.07 (0.00)
o 12 012 (-0.05)  0.10 (-0.05)  0.10 (-0.05)  0.09 (-0.05)
ox, 0.06 (-0.06)  0.06 (-0.06)  0.06 (-0.06)  0.06 (-0.06)
(A,, T)=  (0.01,50) (0.01,50) (0.01,100) (0.01,100)
oy, | 011 (0.01) 008 (0.01) 009 (0.01) 0.07 (0.01)
oy, 011 (-0.02)  0.09 (-0.01) 009 (-0.01)  0.07 (-0.01)
ox, 0.00 (0.00) 0.0 (0.00) 0.0 (0.00)  0.00 (0.00)

Table 1: Sample RMSE (and bias in brackets) of 62 for § = (0.5,1,1) and different values of N,
Ay, T. The number of replications is 1000.

We note that the numerical results presented above for A, = 0.01 can be viewed as the
maximum likelihood estimation. Indeed, our contrast function up to a negative constant is the
log-likelihood function for the Euler approximation with the same step A,. Therefore, it is
difficult to improve upon the estimation provided in the last lines of Table Il Interestingly, the
performance of our estimator for A,, = 0.1 and A,, = 0.05 is quite similar to that of A,, = 0.01,
particularly with respect to the RMSE for the estimation of éév 1,1 and HAéV 12

One possible application of our Theorem is to test the hypothesis of noninteraction of
particles similarly as in [41]. Consider the null hypothesis Hy : 612 = 0 and the alternative
Hj : 012 # 0. According to Theorem [3.2] if NA,, — 0, then

VNN 5 = 012) 5 N(0,V(0)),

where
V(0) =255 (0)/(1 ()55 (0) — 21 ()25 9)),
and for all 7,7 =1, 2,

205 / /:U fe(dx)d
2(1)

1=7=1,

ij .
20, / / x—/y,ut dy)> fe(dx)dt, else,

can be explicitly computed in terms of the model parameters, see [41, [55].
and Theorem B.Il we have that

By using Lemma

P

VN ;:é,foD,fy/((D,fy —CMeN)y S V() asn, N — .
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Therefore, if NA,, — 0, under Hy, we can conclude that

ZY =0X, 5\ /NJVN £ N(0,1) asn, N — oo.

Thus, we reject Hy if
|Z;]LV| > Zaf2s

where a € (0,1) is the chosen level of significance and z, denotes the a-quantile of the standard
normal distribution.

Next, we examine the performance of the test statistic ZY. We simulate 1000 solutions of the
system given by (@) with poy = d1, using the Euler method with a step size of 0.01. Table2lreports
the rejection rates of Hy in favor of H; at a significance level of a = 5% using Z.Y for all possible
combinations of N,T" = 50,100, A, = 0.1 and 6 = (0.5,6,2,1), where 6; 2 = 0,0.1,0.25,0.5,
or 1. The empirical size is quite well observed. Rejection rates of incorrect Hy increase with
increasing 612 or N and T'.

1o (N,T)= (50,50) (100,50) (50,100) (100,100)

0 4.8 4.6 4.2 4.1
0.1 17.8 22.5 214 28.9
0.25 61.3 78.2 75.6 87.0
0.5 97.2 99.7 99.8 99.9
1 100.0 100.0 100.0 100.0

Table 2: Rejection rates (in %) of Hy : 012 =0 vs. Hy : 012 # 0 at level a = 5% with ZN for
0 =(0.5,612,1), A, = 0.1 and different values of N,T. The number of replications is 1000.

4.2 Stochastic opinion dynamics model

We now consider an interacting particle system that can model opinion dynamics:

N
aXPN = 3 (XY = XPNDOEN = XV )+ /B, (12)
=1

where i = 1,..., N, t € [0,T], and

0.01

Tl ) Mm@ 2R

g, (x) := 01 2exp < -
for some —1 < 611 <1, 612 >0, 6 > 0. The interaction kernel oy, (x) provides an infinitely dif-
ferentiable approximation to the scaled indicator function 61 2106, ,41) (z), x > 0. We interpret
that 61,1 governs the intensity of attraction of each individual particle towards the scaled em-
pirical mean of all the others within a distance 6 1 4+ 1. The position of each particle represents
its opinion, and over time, the opinions of particles merge into metastable ”soft clusters”. For
further information on this stochastic opinion dynamics model, see [55] and references therein.

Note that the squared diffusion coefficient is a multiplicative function of 65 which enables us
to express éfy o in terms of (éfy 115 éfy 172). However, the latter estimator is implicit and can only
be found using a numerical method. To illustrate the performance of 6N = (GA,JXLI, HATJXLQ, GATJXQ) we
choose the parameter 6 = (61,1,61,2,62) = (—0.5,2,0.04) as in [55], and the initial distribution
o = N(0,1) for each individual particle. We simulate 1000 solutions of the system given by
(I2) using the Euler method with a step size of 0.01. We obtain 1000 data sets for A, = 0.1
and all possible combinations of N,T" = 50,100 as in the previous subsection. Table [3 presents
the effect of N, T on the performance of Y. As N increases, the sample RMSE and bias of 62
decrease, whereas they do not change that much with increasing 7. We can also see that HAT]X 11

is more accurate than 6%, ,.

11



(N,T) = (50, 50) (100, 50) (50, 100) (100, 100)

oy, | 0.0340 (0.0159)  0.0263 (0.0145)  0.0280 (0.0154)  0.0206 (0.0137)
oy, 0.1652 (-0.1378)  0.1503 (-0.1347)  0.1526 (-0.1420)  0.1472 (-0.1416)
ox, 0.0027 (-0.0026)  0.0026 (-0.0025)  0.0033 (-0.0032)  0.0033 (-0.0033)

Table 3: Sample RMSE (and bias in brackets) of 9N for § = (—0.5,2,0.04), A, = 0.1 and
different values of N,T. The number of replications is 1000.

5 Technical lemmas

Before proving the main statistical results stated in previous section, we need to introduce some
additional notations and to state some lemmas which will be useful in the sequel.

Define F¥ := o{(W})ucio.: Xg’N; k=1,..,N} and E;[] := E[-|F})]. For a set (Y;erv) of
random variables and § > 0, the notation

Yol = Ri(AY)

means that Y;erv is FN-measurable and the set (Y;ZnN JA?) is bounded in L7 for all ¢ > 1,
uniformly in ¢,7,n, N. That is
E[|vg /a0 < ¢

for all ¢t,4,n, N, ¢ > 1.
We will repeatedly use some moment inequalities gathered in the following lemma.

Lemma 5.1. Assume [ATHAZ Then, for all p > 1, 0 < s < t < T such that t — s < 1,
i€{l,..,N}, N €N, the following hold true.

1. supyejo.r) B[ X7 7] < €, moreover, supye (o EIWE (1Y, 60)] < C for p < q.
2. B[|XN — X0V P < Ot — 5)5.

3. B | XN — XUV < Ot — 5) B Ri(1).

4 BWE (¥, p)) < C(t - 5)%.

5. Eo[WE (i, ul)[] < C(t — 5)2 Ry(1).

The asymptotic properties of the estimator are deduced by the asymptotic behaviour of our
contrast function. To study it, the following lemma will be useful.

Lemma 5.2. Assume[ATHAZ Let f: R x P, — R satisfy for some C >0, k,0l =0,1,... and
all (mau)a (y7 V) € R x Pl;

|f (1) = f(y,v)] < Cllz =yl + Walu, ) (L+ 2" + [yl* + W (1, 60) + Wi (v, 60)).  (13)

Moreover, let the mapping (x,t) — f(x, fir) be integrable with respect to fiy(dx)dt over R x [0,T].
Then

N n T
JAWS i P — N -
~ ZZf(XtJ’_]_VM,pg_M) — /0 /Rf(x,,ut),ut(dx)dt as n, N — oo.

i=1 j=1

It is worth underlining that the boundedness of the moments and the convergence of the
Riemann sums, which are obtained almost for free in the classical SDE case, are more complex
in our setting. In particular, the proof of Lemma consists now in three steps, the first

12



deals with the convergence of the proper Riemann sums, in the second step we move from the
interacting particle system to the iid system though the propagation of chaos property, while
the third step is an application of the law of large numbers.

Another challenge compared to the classical SDE case is gathered in next lemma. Indeed,
our main results heavily rely on the study of derivatives of our contrast function and so on the
moment bounds of its numerator. To accomplish this, we need to use It6’s lemma on the squared
diffusion coefficient as a function of the particle system’s state. Therefore, we must understand
how to express derivatives of a with respect to the measure argument. That is the purpose of
the extra hypothesis [AT] thanks to which the problem reduces to study the derivatives of K.
We recall that, in the sequel, we will denote by c(62,z, i) the value a?(6, z, ).

Lemma 5.3. Assumel[ATHAZ2. Then, the following hold true.
1. If also @ is satisfied, then
i\N i\ N i\ N ;
B, [(Xe ., — Xe, — Aab(00,1, X0 1) )] = Bpc(Bo2, Xyt ) + RE, L (AD).

2. By (XN~ XN Ab(Bo, XEN u Y)Y = 30262 (600, X0V 4N Y+ RE (A
. tj,n tj,n n 0,15 tj,n’utj,n nc ( 0,25 tj,n”utj,n tj,n n)

t+1n

Swlw

8. [Be,, (X5, = X0 = Anb(Bo,1, X5 i) Il = By, (A

j,n[ tj+1,n

).

We underline that [ATl is needed in order to prove that the size of the remainder function in

3
the first point is A2. Without it, the size of the rest function would have been A2, which would
not have been enough to obtain the asymptotic normality as in Proposition (see the proof
of [B6l)). The proof of the lemmas stated in this section can be found in Section [7l

6 Proofs

6.1 Consistency

Let us prove the (asymptotic) consistency of HN (Hn 1,9n72) component-wise. Our approach
is similar to that taken in the proof of [58, Theorem 5. 7] In particular, we consider a criterion
function § ~ S2N(6) as a random element taking values in (C(O;R),| - ||oc). The uniform
convergence of criterion functions is proved in the following lemma.

Lemma 6.1. Assume[ATHAZ, [AZ(I),[A5. Then as N,n — oo,

sup (—5 (61,65) — J(62)| B 0, (14)
(61,02)€0

sup ‘N (61,602) — SN (Bo,1,602)) — I(61,602)| = 0, (15)
(601,02)€©

where the functions I,J are defined in (@), (@) respectively.

Proof. 1t suffices to show the following steps:
1. %55(91,92) L J(03) for every (01,02) € ©.
2. The sequence (61, 62) — %55(91,92) is tight in (C(O;R), | - |co)-
3. L(SN(01,02) — SN (601,02)) <> 1(61,62) for every (61,65) € ©,
4. The sequence (61,62) = 3 (Sp' (61,02) — i (60,1, 62)) is tight in (C(O;R), | - [loo)-

13



Let us omit the notation for dependence on N, n, in particular, write X} for XZ’N, ¢ for Mév , 1
for tj,. Denote f(-, X}, us) by fi(-) for a function f, for example equal to h or g defined as

(b(60,1, , p1) — b(01,, p))?
0(927357#) ’

fOl“aHH:(al,HQ)€@1X@2:@,CIT€R,MEP2.

b(0o,1,x, 1) — b(61,, 1)

h(0,x, =
6,2, 1) (02711

(16)

g(0,z,p) =

e Step 3. We start proving that for every 6 = (61,6;) € ©1 X O3 = O,

1
N(Srjzv(alaHQ) - S (90 1,92 / / 9 x :U't it dm)d
Let us first decompose the left hand side as a sum of a main term and remainder. We have

(H + An( 1(90,1)—51%- L(01)))?

017 02 i — + (1Og C)i-_ (02)7
;le A”Ctj—1(92) b
where HZ thj L ng ) Anb%j_l(an) for all 4, j. We decompose
1
N(Sr]y(%,@z) — S (B0.1,02)) = I (0) + 2} (6), (17)
where
A N n A
= szhij_l(e)? n N Zzgtj 1 (18)
i=1 j=1 i=1 j=1
Then

¥ ) 5 1(9)

follows from Lemma if the function h(@,-) is locally Lipschitz with polynomial growth.
To check this assumption we note that the functions b(6p1,-) — b(61,), a(f2,-) are Lipschitz
continuous and have linear growth by [A2l We also recall that inf, , ¢(62,2,) > 0 by [A3l
Hence, h(0,-) satisfies the assumption of Lemma

It remains to show that .
pn (6) = 0. (19)

With H]Z = Bji» + A;., where
. t A A to A
B= [ 00—, Goads, A= [ aioa)aw,
ti—1 ti—1

for all 4, j, let us further decompose

Py (0) = pi1(0) + pnia(0), (20)

where

N n N n
prjxl(e) - N Z Z gtj_l (H)B]7 pT]XZ(H) - N Z Z gtj_l (H)Aj

i=1 j=1 i=1 j=1
It is enough to show that
P 1 (0) 2, k=1,2. (21)
First, let us show (2I)) in case k = 2. Note that for all i1 = 79 and j; # ja,

Elg | (0)Alg  (6)A%] =0 (22)
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follows from Etjl_l[A;-ll] = 0, whereas independence of Brownian motions implies (22]) for all
i1 # o and j1, jo. We conclude that

N n
El(ra(0))) = 2 D DL Ellgh,_, ()47 (23
i=1 j=1
Next, the It6 isometry gives
Bl )47 = [ B, (00 002)lds,

where E[(g2)§j_1(0)c§(00,2)] = O(1) uniformly in ¢;_; < s < t;,j,4 thanks to inf, , (62,2, 1) > 0
by [A3] linear growth of a(fy2,-), b(61,-) by [A2] and moment bounds in Lemma EI(1). We
conclude that E[(gij_ ) (0)14?)2] = O(Ay,) uniformly in 4, j, which in turn implies

E[(p)5(0))*] = O(N 7).

Finally, let us show (21]) in case k = 1. For this purpose, use

Ellg._,(0)BI]) < / " Ellgi (00 00) B, (60.1)1ds

ti—1
and then the Cauchy-Schwarz inequality. Note E[(g ) (0)] = O(1) uniformly in 7,4 follows
in the same way as above. Lipschitz continuity of b( 1,-) by [A2] and moment bounds in
Lemma [5.1(2) and (4) imply E[(bi(601) — b%) (00,1))?] = ) A,) uniformly in t;_1 < s <5, 7,1
We conclude that )
Ellpyall = O(AR).

This completes the proof of Step 3.

e Step 4. Recall the decomposition (I7), ([20). It is enough to show tightness of
0 IN(0), 0 py,(0), k=1,2.

Our approach to showing tightness of both sequences are based upon [40, Theorem 14.5]. We
need to show that for all N, n:

E[Stglp IVe Ly (0)]]] < C, E[Sgp\lvepﬁl(ﬁll] <C. (24)

The above bounds follow if for all N, n, and 7, j,t;_1 < s <'t,

E[Stglp IVehi,_, ()] < C, E[Ibi(%,l)lsgp IVegt,_, (O)II] < C, (25)

where h, g : © xRx Py — R are defined by (I8)). In Vg, h, Vg, g, k = 1,2, we note Vy, (b(6p,1,-) —

b(01,-)) = —Vg,b(61,-). Moreover, by the mean value theorem, |b(o,1,-)—b(61,-)| < Csupy, ||Va,b(61,-)]

for all §; € ©4, since O, is convex, bounded. Additionally using infg, ;. , c(62,z, 1) > 0 by [A3]
we get

Ve, 9(0,-)[ < CSUPHVel (01, )|, [Ve,9(0,-)[ < CS;lPHVel (01, - )HS;IPHV% a(f2,-)|l,
2
and
”velh(07 )” < CS;lp ”v91 b((gl? ')H27 HVGQh(07 )H < ngp ”V@lb(al, )H2 Sélp ”v92a(027 )”
1 1 2
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for all . We have the polynomial growth of supy, ||Vg,b(61,)|, supg, ||Ve,a(62,-)| thanks to
assumption [A4] and linear growth of b(6p1,-) thanks to[A21 The Cauchy-Schwarz inequality
and moment bounds in Lemma [5.1](1) yield (25]) and so (24)).

Following the approach of [39, Theorem 20 in Appendix 1], we want to show that for all N,n
and 6,0’ € ©,

Ellpn20)P] <O, Ellppa(8) — (0] < Cll6 —¢']5.

We note that the second relation implies the first one because ,07]:{ 5(0) =0 with ; =6y ; and O,
is bounded. In the same way as in (23) we get

N n
Ellpp2(8) — pu2(0)*] = % DD Elgr,, (0) — i, (0)) A,
i=1 j=1

where the It6 isometry gives

Ell(gi. ,(6)— g, (6) AL = / " El(gh(0) — gi,_,(6)%} (B02))ds.

ti—1

By the mean value theorem,

since © is convex. Then

E[Sl;p IVegt,_, (0)IIPc.(Bo2)] < C

for all t;_; < s < t;,7,4 and N,n follows in a similar way as the second bound in (25]) does
using, in addition, linear growth of a(6y 2, -), which follows from its Lipschitz continuity by [A2]

e Step 1. We want to prove that for every 6 € O,

A, T
SsX0) 50 = [ [ 6 mmid, (26)
0 R
where " )
C\Up,2, T, W
f(HQ,x,,U,) C(@Q,I’,M) + Ogc(027xau)

for every (0o, z,1t) € O2 x R x Py. For this purpose, in A, SN () let us decompose every term as

(thj - Xtij_l - Anb%j_l(el))2 i 7 :
Cf;jfl ) + Ay (log c)tj_1 (02) = Anftj_l (02) + T (27)
We can decompose rg» further with
Xt = X{ | —Anbi, (1) = Bi(61) + A, (28)
where . .
. J . . . J . .
B;(Hl) = / bé(ao,l)ds - Anb%j—l (91), A; == / a2(9072)dW;, (29)
ti—1 ti—1
note
. ty
By (47 = [ cltha)ds.
ti—1
We get
K 4 Hi,
rt = T s where 7}, = %, k=0,1,2, (30)
J kzo Js s Ctj_l(GZ)
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and

Hj,= (A% =By, [(A))%),  Hjy =247Bj(61) + (Bj(61))?,
Hj o =By, [(45)%] = Ancy,_, (002).

Our proof of (28] consists of the following steps:

N n
%Zzﬁjfl(%)ﬂﬂ%), %er;i,kio, k=0,1,2. (31)

i=1 j=1 i=1 j=1

Let us start from the convergence in (31 for k = 2. It is enough to show that sup; E[(_; 7’;72)2] =
o(1). We note that E[r} o1} o] = 0, j1 # jo, since Ey; ,[r},] = 0. We are left to show that
sup; ) _; E[(rj»’z)z] = o(1). Thanks to assumption [A3]it reduces to showing sup; >, IE[(H;Q)Z] =
o(1), where Etj_l[(H;72)2] = Etj_l[(A;-)4] — (Etj_l[(A;')2])2 leads to E[(H}72)2] < E[(A;)ﬂ for all
1, j. Furthermore, by the Burkholder-Davis-Gundy inequality and Jensen’s inequality,

E[(4})") < CE[( / é(002)ds) ] < 0A, / E[(c):(0h2))ds = O(AZ)  (32)

uniformly in 4, j, where the last relation follows thanks to linear growth of a(fo2, ) by [A2] and
moment bounds in Lemma [5.I(1). We conclude that sup; ; [(R; 5)2] = O(A2).
=

We now turn to the convergence in (BI]) for £ = 1. It is enough to show that n sup; g [|r;

1
o(1). Assumption [A3] implies E[|r} ;] < CE[|H] ,[] for all i,j, where sup, ; E[(A%)?] = O(A,
follows from (B2). Moreover, by Jensen’s inequality,

BICB 00 < 2 [ BI0L001) s+ 263E[0,, (0)F) = O(8%)

uniformly in 4, j, where the last relation follows thanks to linear growth of b(6y,-) for every 6,

. 3
by [A2] and moment bounds in Lemma[5.I[1). We conclude that sup; ; E[|r |] = O(A7).
Next, we consider the convergence in (B1I]) for k = 0. It is enough to show that n sup; ; E[|r§»70|] =
o(1). Assumption [A3l implies IE[|7“]0|] < CE[|H 0|] where

. tj . A
BT < [ Blei(0ha) ., (Boo)llds
-1
Lipschitz continuity of a(fp2,-) and Lemma EII(2) and (4) imply E[(a (6 2) — af;jil(eo,g))Q] =
O(A,) uniformly in t;_1 < s < tj,4,4. Finally, linear growth of a(fy2,-) and moment bounds
in Lemma [5.I(1) guarantee E[(a’(6p2) + af;j_l(ew))?] = O(1) uniformly in ¢;_; < s < tj,7,1.
. . 1
We conclude by Cauchy-Schwarz inequality that E[|c}(6p2) — cffj_ ) (6o,2)|] = O(A7) uniformly in

tji—1 < s <tj,j,4, whence sup, EHT;OH = O(Ar%z)-

The first relation in (31]) follows from Lemma if the function f(0s,-) is locally Lipschitz
with polynomial growth. To check this assumption, use |logy1 — logya| < |y1 — y2|/ min(y1, y2)
for y1,y2 > 0 and assumption[A3l Note b(61,-), a(fs, ) are Lipschitz continuous and have linear
growth by [A2] Hence, the function f(6s,-) satisfies the assumption of Lemma
e Step 2. We want to prove that the sequence %S,]@V(H) in (C(O;R), |- |lec) is tight. So we have

to show that for all IV, n,
[supvaak o)l <c.
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‘We have
Vo, Sy ZZCM k=12,
=1 j=1
where

2(thj - ng,1 - Anblifjfl(al))

i () = — : Vo, bi_, (61),
C],l( ) %] (92) 01 tjfl( 1)
. (X§ — X} L —A nbi 1(91)) 1 A
j2(0) = —— — X Vo,ci, , (02) + 17V9 ci,_, (02).
Bl 02) BN N
It suffices to show that for all N,n and i, 7,
E[sgp\lcj,kwnl] <C, k=12 (33)

Using [A3] and the Cauchy-Schwarz inequality, we get
E[Slglp I1¢5,1(O)]]] < C(E[S;llp 1Xi, = X, — Aby_ (61)1%])

N|—=
l\‘)\»—l

(E[sup [IVo, b, (01)[7])*,

NI

n

. C . 4 . , 1
E[Stglp I1GG.2(0)1] < A—(E[Sélplej = X{ = Aub_ (01)]']) (E[SélpHVezaij,l(%)Hz])Q
1 2

+ CE[SUP IVo,az,_, (02)]]]-

We use polynomial growth of supy, ||[Vg,b(61,-)|, supy, ||Ve,a (92, J)|l and moment bounds in
Lemma[5.I(1). Moreover, Lemma[5.1)(2) gives sup; ; [|XZ ng |*]=0O(A2). Finally, b(6o,1, )

has a linear growth and the mean value theorem implies b(61,-) — b(6p1,-) = fol Vo, b(00,1 +
(61 — Op1)u,-)du - (61 — Op1) for all #; in ©1, where O; is convex, bounded and we recall
that supy, ||Vg,b(01,-)|| has polynomial growth. The moment bounds in Lemma [.I(1) imply
E[supg, \bf;r1 (61)]*] < C, completing the proof of (B3). O

6.1.1 Proof of Theorem [3.1]

Proof. Assumption[AB]implies that for every € > 0 there exists n > 0 such that J(62)—J(6p2) >
n for every 0y with ||f2 — 6p 2| > €. Thus {\|9,]X2 —bpal > e} C {J(G,]XQ) — J(6o2) > n}. The
probability of the latter event converges to 0 in view of

J(ON,) = J(002) = TNy + T

n,l»

where the definition of éfy and (I4) imply respectively

A,

JnO = (SN(G 0 ,2) - Srjy(éﬁheovz)) <0,

n,1»

X A,
Tt = J(erij) — J(6o2) — Iy <2 sup | =S (01,602) — J(62)] = op(1).
(61,02)€0

Consistency of 9 1 follows in a similar way. Assumption [A5] implies that for every € > 0 there
exists n > 0 such that I(61,62) > n for every (61, 62) with ||#; — 6o 1] > €. Thus {HG — 61| >
e} C {I1(6N 21,015) > n}. The probability of the latter event converges to 0 because

1(97];{1, 9n,2) = In,O + Irjz\,fl’
where the definition of Y and (IE) imply respectively

1Yy = (SN(e

n

n179 9) — T]LVO_OP(l)

n176 )_5711\[(60717é7]x2))§07
1Y) = 1(6
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6.2 Asymptotic normality

The proof of the asymptotic normality of our estimator is obtained following a classical route.
It consists in proving the asymptotic normality of the first derivative of the contrast function
) (see for example [30], Sectionbal). We introduce in particular the appropriate normalization

matrix
1 1 A A
N._ . n n
M, .—dlag(—\/_,...,—\/ﬁ,w—N,...,U—N )
——

p1 times p2 times

The proof of Theorem is based on the following proposition.
Proposition 6.2. Assume[ATHA(I) and (II),[A77. If NA, — 0 then as N,n — oo,

VoS, (90) MY =5 N (0, 25(60)),
where Y(6p) is a p X p matriz defined in[AG.

We observe that, as VoSN () = 0, by Taylor’s formula we obtain
1
(6~ 60) [ VESY 60+ (6 ~ 80))ds = ~V0SY (60). (34)
0

Multiplying the equation (34]) by M2, we obtain

1
(6 = 00) M) [ 2 60+ (B — 80))ds =~V ()M, (35)
0
where ) N,12)
Xn(0)  Ep(0)
SN (0) == MYVESY (0) MY =
n( ) n Vo n( ) n 27]:[’(21)((9) EnN,(Z)(a)
with

sNM(g) = (1/N)V2, SN (0), ERU2(0) = (VAL/N)Va, Ve, S (0),
SNC(0) = (VAR/N)Ve, Ve, SN (0),  SNP(0) = (A/N)VE,SY (0).

The analysis of the second derivatives of the contrast function is gathered in the following
proposition, which will be proven at the end of this section.

Proposition 6.3. Assume[AIHAS with both (I) and (II) in[A4] Then as N,n — oo,
1. Y (B0) = S(60),

2. supseo 1] 15N (0 + (6N — 6)) — =N () || 50, where || - || refers to the operator norm on
the space of p x p matrices induced by the Euclidean norm for vectors.

By Proposition [6.3] assumption [A6] implies that the probability that fol SN + (6N — 6y))ds
is invertible tends to 1. Applying its inverse to the equation (B&]), by Proposition and the
continuous mapping theorem, we get

(VN@BY, = 001), VN/AR(BY, — 002)) = (05 — 00) (M)~ 5 N(0,2(2(60)) ).
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6.3 Proof of Proposition

Proof. Asin the proof of CODSlstency, we omit the notation for dependence on N, n. In particular,
we write X} for X , g for pdY, ¢ for t;,,. Denote by ft ,(0) the Values of f(6, X o Ht_y). We

note that —Vy S (6) M consists of —agl’hSN( )/VN = Z] 1 5] 5 (0) and —+/ n/N(?g _ 5111V ) =:
Py 5;2;3(9), where

N aelh tj 1 91)

G0 = WZ ct“ea)

/ N (99 (92) . 4 . Op, .y, (62)
X XE AL (01))? — _72h o1
2 ) ( t] t]*l t]*l( 1)) ctj_l(az)

(Xi — Xi

ti—1

— Aub, L (0)),

forh=1,...,p1, h=1,... ,p2. To prove the asymptotic normality of —VgSéV(ao)MéV we want
to use a central limit theorem for martingale difference arrays, in accordance with Theorems 3.2
and 3.4 of [38]. Approximation of —V,SY (0g) M2 by a martingale array follows from

n n
1 P 2 P
D OELIGR00] 0, D B [€7(00)] =0 (36)
j=1 j=1
forh=1,...,p1, h=1,...,ps. Moreover, application of the central limit theorem requires that

for some r > 0 the following convergences hold:

/ /%M (00,1, @, fit) g, ,,, b(00,1, T, fir)
—)4

oo, it) f(dx)dt, (37)

ZEU 1 5] hl Jh2

0y, ; c(bo,2,2, 1¢)0e, ; (90,2,36,/?%)
ZEt]1 5@ (0)] = 2 / / 2y fi(dz)dt,  (38)

c2(6p2, z, Mt)

SE, €57 0062 (60)] 5 0, (30)
jfl

P ,
ZEtJ 1 \5] 0> =0, ZEtJ 1 ](B P = ] 0, (40)

where h,hl,hg = 1,...,])1, il,ill,i:LQ = 1,...,])2

e Proof of (36]).

Assumptions [A3] and [A4Y(I) imply that F;h = 2391’,16%],71(90,1)(0%].71(6’072))* satisfies |F h’ <
C(l—l—\Xtij_1 k1 —i—Wzll(utj_l ,90)). Hence, from Lemmal[5.T](1) it is easy to see that Fj7h = Rtj_l( ).
If NA, — 0 then Lemma [5.3((3) implies

N n
LRGSO D S RUL TSR
i=1 j=1
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and so the convergence in probability. In a similar way, using Lemma [5.3[(1), we obtain

n 00 2) . . 80 t (‘90 2)
E., 6?6 tf 1 nCi (Bp2) + BRI (A2)) — il 7
; t; 1[ ]7/7«( ( > ZZ 002))2( t]—l( 0,2) t]71( )) Ctj_1(6072)
- (5)* ZZ D) g
6702 )
- ( > ZZ tj— 1
i=1 j=1
which converges to 0 in L' and so in probability if NA,, — 0.
e Proof of (37)).
We have
1 X . . A A
By, €] (B)ESh, (60)] = N > By (A} + BY)(A? + BP)|F, FP2 L (41)
i1,ip=1
where 5 , o)
; 0,01, (B0 ;
J.h = 1? : 5 = Rtj,1(1)7
¢, (6o,2)
and
i b ; i by i
Bj = /t (65(9071) — btj_l((9071))d8, Aj = /t GS(H()’Q)dWS. (42)
j—1 j—1

We have Etjfl[(B;.)z] = Réj_l(Af’L) and Etjfl[(A;'.)Q] = Rij_l(An), whereas if iy # 42 then
Etj_l[Aél Aj?] = 0 because of the independence of Brownian motions. Hence, by the Cauchy-
Schwarz inequality,

Ey,_ [(A) + Bi')(A} + BP)) = By, [(A7)P]L(0 = i2) + Ry 2 (A7)

We get
Er, 1€ (60)€l) (6o) By, [(A)2IFE, Fip, + SON LIt
Z ti-1 Jhl( 0)£Jh2 0)] NZZ tjal Jh J}h2+ﬁz Z tjfl( n)
7j=1 7j=114i=1 7j=1141,i2=1

where the last sum converges to 0 in L' and so in probability if NA,, — 0. We can therefore
focus on the first sum. We decompose the term E;,_, [(A;)Z] into Ancf;jfl(ﬂog) and

) ) tj ) ) ) 3
Et; ,[(A5)?) = Anci,  (602) = / By, [c(0o,2) — ci,_, (Bo2)]ds = R, (AR).

ti—1

The result follows from A, — 0 and application of Lemma

e Proof of (@0), first convergence.
We want to show (@0 with » = 2. We use the same notation as in ([I]) and consider the terms

By, , (A% + Bi')(A? + B2)(A? + B) (A% + Bi)|Fi Fi3 P55 Fls,. (43)

We haveA Fy = R%J__l(l), moreover, By, [(A%)*] = Rt (A2, Etj_l[(B]i.)‘l] = Rij_l(Ag) and so
(A + B§)4] =i (AZ). Application of the Cauchy Schwarz inequality shows that the
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term in (43]) is also R;Jl_’_lf’“’”“(A%). In case where i1, 12, i3, 14 are pairwise distinct we decompose
Aj into

) t; ) ) ) ) t; )
iy i= / ( (B02) — af,_ (Bo2))dWE, Al = / a(Bo)dWi,  (44)

ti—1 ti—1

which satisfy Etj,l[(Aé,k)4] = Rféjfl(A%Lk), k = 1,2. In particular the independence of the
Brownian motions implies
Eoy o [AG AT A A F 5 B3 Fy = 0
for k = 1,2. The term converging to 0 at the slowest rate in ([43)) is then, up to a permutation
of the indices i1, 19, i3, i4,
By, [AG AT AT Al + Ajy AR AT B IET L3 F55 F7, = Ry (AG).
We get
a (1) 4 1 < ; 3 ; 2
7 7
D E €000 = w5 S0 (SR (AN + YR (AD)), (45)
j=1 j=1 el icle

where I denotes a set of all i = (i1, 42,i3,44) € {1,..., N}* such that i1, s, 3,44 are pairwise dis-
tinct. We note that card(I) = O(N*) and card(I¢) = O(N?). We conclude that (5] converges
to 0 in L' and so in probability if NA,, — 0.

e Proof of (38]).
We rewrite the left hand side of (B8] as
A n N
n —2 iy i i1 i
W2 2 A O R D (55
j=1i1i2=
where
, By, ¢t (002) . . 4 . , ,
Coi = ooy~ Roma(Ds Dji= (X4 = XE | = Aubi,, (000))" = Aucly_, (Bo2)
j=130

We consider the term Ey,_, [D;1 D;Q] in (46). By Lemma[5.3|(1) it equals
Be, (X0 = X0 = Anby (00,0))* (X2 = X2 = Anb2 (601))7)] (47)
— Anct (B02)Anc? | (Bo2) + R (AD).

If 43 = i9 then Lemma [5.3[2) implies

. . . . . 5
IE‘:tj—l [(thj - ij—l - Anb%j_l (0071))4] = 3AEL(C; (0072))2 + RZ' (A%)7

-1 tj—1
whence .
B, [(D5)%] = 280 (ci,, (002))* + Ry, (A7) (48)
If i1 # 19 then to deal with the term in (A7) we decompose
Xtij - ij_l - Anbij_l (0,1) = A%y + A%p + B;

as in (@2), [@4), where Etjfl[(A;i,k)‘l] = Rij_l(A%’“), k=1,2, and Etjil[(B;:)‘l] = R%j_l(Ag). We
note that ' ' ‘ '
B, [(A)?(A)%] = Anc (00.2) Anc? (00.2)-
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Moreover, we have

Ei, o [(A)° AT AR = ¢ (Bo)ag?_, (Bo2)V; ™,
where independence of Brownian motions together with It6 isometry implies

. ) ) tj ) tj ) . )
Vj“’22 = Etj,l {(ijl — WtZJ,II)Q/ dW 32 / (a§2(9072) — affjil(eog))aﬂ/lfs22

ti—1 ti—1

t; ) . ) )
— / By, (W — Wit )2(a?(802) — a2, (Bo2)))dt (49)

ti—1

Assumption allows us to apply Itd’s lemma to a? (Bo,2). We get that the conditional expec-
tation in (49]) equals

7 7 1
By, [(Wtj -Wi) / 1 kZ b (60,102,022 (Bo.2) + 3 ¢ (60,292, a2 (fo, 2))d8]
ti— 1

+Etj—1 {(th ngll / Za 002 @ S(HOZ)de}
ti—1 g=1

The first term is clearly a R;Jl_zf(A%) function. Regarding the second one, for k # i1, the
independence of the Brownian motions makes it directly equal to 0. For k = 41, instead, we have

t
By |03 - WP [ 60200, a2 G02)aw].

ti—1
where under [AT] we obtain

. 1 L
0y, a2 (Bo2) = D <X’2 ZK (X2, x1) ) 9, K (X2, X

with dya, 0y K having polynomial growth. Using the Cauchy-Schwarz inequality, it follows that
the above quantity is upper bounded by

(3A31Et171 K /tt ay! (00,2)0z,, ag (9072)dW§1>2} ) :
j—1

t ) ) 1 3
= (382 [ By (03 (), 02002 Plds) = R
ti—1
It implies
. . . . 5
B, (AP A A%] = R (A3) + CRE(AR) (50)

We conclude that
Eo (5 = X0 — Anbil | (60.))% (X2 - XZ‘? — A2 (601))?)
. 5
= Anczl (9072)Anc (Bo,2) + R?’ZQ(Ag) + — R“’ZQ(A ),

whence

Sl

E,_,[D}' D] = Ry (A7) + R“’”(A) (51)
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if iy # i9. Finally, we plug (@8]), (5I) back into (4Gl), where use of the conditions NA, — 0,
A, — 0 and Lemma completes the proof of the convergence in (38]).

e Proof of (@0), second convergence.
We prove it for r = 2. We use the same notation as in (46]) and rewrite the left hand side of

Q) as

—4 i % % % % % %, %

Z Z AtOh OO O Ry (D) DD DY, (52)
J=111,i2,13,i4=1

We have Etjfl[(D;i)‘l] = Rij_l(Afl) and card(I¢) = O(N3), where I denotes a set of all i =

(i1,149,13,74) € {1,...,N}* such that iy,is,i3,94 are pairwise distinct. In (5Z) the sum over

i € I¢ converges to 0 in L' and so in probability since NA,, — 0. In case i € I we use the

decomposition
= (A% + A%y + BH? — Apcy, (602)
= ( 22 + B;)(2A§,1 + Aé‘,z + BJZ) + ( },1)2 - Ancéj_l(eoz)-
We note that
Er,, [((451)° = Anci,_, (602))"] = Ry, (A7),
Ei, o [(A50° = Ry, (A%0), k=12, By [(B)*] = Ry _, (A7),
Moreover, because of the independence of Brownian motions, we have

4

Erp | TT0AT)? = Aucit, (602))] = 0

k=1

and in a similar manner as in (B0) under we have
|:A21 All H Alk — nc:;?_l (9072))]

A 4 tj 4 . 4
= ajl_, (6o2) [T cit_, (602) / Er, |(2 (B02) — ail_, (602)) [T(WS = Wit )? = A)]ds
k=2 J-1 =2
11,12,13,1 1 11,12,13,0
= R(AL) + CRE(A

Swlo

),

whence it follows

Swlo

Etj—l [D;l D;?D;?D;A] — Ri;f?ia,u(Ag) JbRE,Z?,m,M(A )

We recall that card(I) = O(N*). Since NA,, — 0, A, — 0, the sum over i € I in (52]) converges
to 0in L' and so in probability.

e Proof of (39).
We rewrite the left hand side of ([B9) as
Az XY . 4 o i
(2 3 (2 3 — (3 2
N D D Byl + A% + BHDPIA; Coiin (53)
j=11,i2=1

where

D} = (A§,2 + B;)(2A;',1 + A;‘,z + B;) +( ;‘,1)2 - Ancz@;j,l (6o,2)
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with the notations introduced above. We recall that F;h = Rf,;j_l (1), C]Z:,B = Rf,;j_l (1), Ey;_, [(B]i.)‘l] =
sz_l(A?L% Etj—l[(Az,k)4] = R%j_1 (Aglk)7 k = 1727 a‘nd S0 Etj—l[((A;,l)2 - Anc%j_1(6072))2]
R%j_l(A%). We note that

AT ((A2)? = Anc (802))] =0

for all 41,42. This is a consequence of the independence of the Brownian motions for i1 # is,
while for i1 = iy it derives from the fact that the odd moments are centered. Hence, in case
i1 =iz =i the term E¢, , [(A} 1)214;» o] makes the main contribution to

i, [(A51 + Ajo + B))Dj] = Ry (A7).

Now we can see that the sum over i; = i in (53] converges to 0 in L! and so in probability. In
case i1 # i3 we have

i,y [A75((A%)? = Anci? (002))] = 0.
Moreover,
o . tj . A ) )
By, ([AJ AR A% = apt (Bo2)a? (0o, 2)/t Be,  [(Weh = Wit )(ag (6o,2) — a;>_ (6o,2)]ds.
i1

The application of It6’s lemma to a®? (g 2) under similarly as in the proof of (B0) provides
E [Ail A2 Al2 ] _ Rilyi2(Ag) + iRi17i2(A2)
tj—1 145,143,143 5,20 — SY; W= N ti-i\Tnse
We conclude that

] i ] i 21,7 s 1 11,%
By, (A + AV, + BY)DE] = RES(AR) + LRI (A2).

tj_1 t] 1

in case i1 # iz. Hence, the sum over i; # i9 in (53]) converges to 0 in L' and so in probability when
NA, — 0, A, — 0. This concludes the proof of the asymptotic normality of —VSN (6o)M}N.
O

6.4 Proof of Proposition

Proof. The proof relies on the computation of the second derivatives of the contrast function.
We have that, for any k,l =1, ..., p1,

al - 8‘91 kb;; 1 (61)8‘91 lb%j_l (61)

N w0 ,
9o, .00, 5y, (0) = 22 Z {A" cﬁj71(92)

i=1 j=1

_ ael,kael,l béj—l (01)
¢, (62)

where the last factor can further be decomposed into An(b L (00,1)— b _,(01)) and XZ ng )
Anb§j71(0071) We can see that g, , Jp, ZSN( )/N converges to

(thj - ng,1 - Anbij71 (91))}’

(1
EIcl

_2/ / 591k (01,2, fir)Dp, ,b(01, , [ir) (54)

027 x ,ut)
_ 891,k691,lb(617 z, ,U't)
0(627 x, ﬁt)

(00,1, . fir) = b(Br, @, ) }i(de)dt

uniformly in 6 in probability. Indeed, the proof follows along the lines of the proof of (Id]). We
refer to Steps 3, 4 of the proof of Lemmal[G.1], where in (I8) in I (), pl¥ () it is enough to replace
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the functions h(6,-) and g(0,-) with the integrand of (54) and Jp, , Jp, ,b(61,-)/c(02,") respec-
tively, and to check them for the respective conditions. We note that both functions have poly-
nomial growth. Moreover, the integrand in (54]) is locally Lipschitz continuous, which allows us
to apply Lemma[5.21and yields the convergence in probability of the sequence 0y, , 9, ,SN(0)/N
for every 0. To get tightness in (C(0;R), |||l ), We use that uniformly in 6 the partial derivatives
with respect to 0 jr, 7' =1,...,py, i" = 1,2, of the two functions have polynomial growth.

In the same way as above we get that for any £k = 1,...,p1, [ = 1,..., p2, once multiplied by

VAL/N,

691 1 91)892 C 1(92)
861kaem _222 ktj 45t

i=1 j=1 ctj 1(02))

(ng - Xtij,1 - Anblifjfl(el))?

converges to 0 uniformly in 6 in probability.
Finally, we have that for any k,l =1,...,po,

392 k8‘92lct (62)01@-_1(9 ) — 8‘92k (92)692lct (‘92)
892ka€2l n ZZ{ ( 1(92))

=1 j=1
4 2892 k (92)692 Lct (92) - 892,1%892,10%]’,1 (92)621;];1 (92)
An(c%j_l (02))3
X (XZ ij 1 Anbij_l (01))2}7

where the last factor can further be decomposed into (X tj A bffj (61))*— Ancij_l (6o,2)
and Ancij,l(HO,Z)- We note that (A, /N)dq, O, ZSN(H) converges to

B /T/ Do, 0o, ,c(02, , [ir)c(02, 7, fir) — Dp, , (02, T, fi)Dp, ,c(02, T, fir)
N c(09, x, fiy)?
+ 2392,kc(927x?ﬂt)a%,lc(‘g?vxaﬂt) - 692,k8‘92,lc(927x?/j’t)c(627x7ﬁt)
c(09, x, it)?

c(bo,2, T, fir) }ﬁt(dw)dt

uniformly in € in probability. We will prove the uniform in 6 convergence to the second term of
El(j)(ﬁ) only:

n T )
;XnN,j(H) L S/(fl)(e) = /0 /Rf(027x7'ut)c(00727xhut),ut(dx)dt’ (55)

where
1 N . . . .
i0) = = D F L O2)(XE = X, — Aabi, (601))
=1

and function f : ©y x R x P — R is given by (2(D9,,,.¢)(Dp,,¢) — (Do, , Do, c)c) /. For every 0
the convergence in (B3] follows from

> P < > P
S B Doy 0] = S00), DB [069)7] =0
by [30, Lemma 9]. Indeed, the above relations hold, because by Lemma [5.3](1),
Ev;_, [xh (0 th] L (62)(Anci,_, (Bo2) + Ri, (AY?)),
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by Jensen’s inequality and Lemma [5.3)(2),

N

B, 00007 < S, 6 Ri,(82),

i=1

by polynomial growth of 832 Lc(62,-), 7 =0,1,2, ' =1,...,p,[A3l and Point 1. of Lemma [5.1]
»J

(fi,_.(62))* = R, (1).

The tightness in (C(O;R), || - [loo) follows from E[supy [V 7, XnNJ(H)H] = O(1). Indeed, we
have

velxn] - _2_ Z Vglbl (92)( ng—l - Anbij_l (91))?

1 £ 7 i 7
VGQXnN,J(H) = N Z v92ftj,1(92)(th - th,1 - Anbtjfl(el))Q?
i=1

where by polynomial growth of supy, ||V, b(01,-)||, supg, |ag2 Lc(Be,-)], i = 0,1,2,3, j =
»J
1,...,p2, and [A3]

sup V0,85, (61)f1,_, (82)I| = Ry, _, (1), sup IV, fi,_, (B2)] = Ry, _, (1)
2

and

sup X, = X, = Aabi,_, (00)] < X, = X+ A b, (6r)

t1
01 /

with supg, |bf;j71( )| = Rf;jfl(l). Finally, we have E[|th —th71| 1< CA% uniformly in ¢, j and
N,n by Lemma [5.1(2).

We conclude that the matrix X2 (0) converges to ¥(8) = diag(2(M(6), 22 (6)) uniformly in
0 and so at # = 0y in probability. Hence,

128 (60 + 500 — 00)) — SN (B0) || < op(1) + [|2(00 + s(6) — 6o)) — S(60)l,

where the uniform convergence in probability (in s) of the last term to 0 follows from continuity
of ¥(6) at = y and consistency of the estimator sequence 6. O

7 Proof of technical results

7.1 Proof of Lemma [5.1]
Proof. Proof of Lemma [5.1)(1).
We have, forany i =1,... N, 0<t<T, p>2,

t t
BIXP) < B[+ [ Boondu [ aGoa)aw?

]
C(ENXGP) + ¢ /OtEnbawo,l)wuuH’“ /OtEnaz(eo,znp]du),

where we have used the Burkholder-Davis-Gundy and Jensen inequalities. We observe that, as
a consequence of the lipschitzianity gathered in [A2] for the true value of the parameter both
coefficients are upper bounded by C(1+ | X% |+ Wa(jty, 6)). Due to Jensen’s inequality, we have

1 ’l
[Wz Mua(so NZ ‘X]‘p ’X ’p]
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The last identity follows from the fact that the particles are equally distributed. We obtain

t
E[|X;1) < C(EBIXa] + (¢! + 871 (¢ + 2/ E[|X{[]du) ). (56)
0
We infer by Gronwall’s lemma that
E[|X{[P] < C(E[|XGP] + T + T%) exp(C'(I7 + T*?)).

As the constants do not depend on ¢ < T and E[|X}|P] < oo by [ATl we have the wanted result
for p > 2. Then, by a Jensen argument and the boundedness of the moments for p > 2, it follows
the result also for p < 2.

Proof of Lemma [5.T2).
We have for any 0 < s <t <T,p> 2,

E[|X; — Xi["] = ‘/ bi,(60,1) du+/ al,(60.2) AW,

i

<ot [ BRG0P+ ¢~ 5 [ Bl 0nPs),

S S

where we have used the Jensen and Burkholder-Davis-Gundy inequalities. Because of () and
the just shown Lemma [5.1(1), the result follows letting ¢t — s < 1.

Proof of Lemma [(.1J(3).
According to the definition of R.(1), we want to evaluate the L norm of E[| X} — X|P]. For
any 0 <s<t<Tsuchthatt—s<landp>2 q>1,

Q[

. . q . . 1 P
E[[Es[|1X; - X"« <E[X; - X7 < C(t - 5)2

follows by conditional Jensen’s inequality and Lemma [5.1(2).

Proof of Lemma [5.1)(4).
This is a straightforward consequence of
1 & Pl
2 ] 1
WG ) < (5 217 = X47)" < D 1x7 - xdp (57)
j=1 j=1

by Jensen’s inequality for any 0 < s < ¢t < T such that t — s <1, p > 2 and Lemma [(5.1J(2).

Proof of Lemma [(.1(5).
It follows directly from (57]), where we use Minkowski’s inequality as follows:

1 . . 1
B[, 72 s 1] < Zwmw—ﬁww

and then Lemma [5.1](3). O

7.2 Proof of Lemma 5.2l
Proof. Step 1. We prove that

N
_ZZf tj 1,n’ tJ 1n Z/ XQN?MS )ds—>0

=1 j=1



Here we note A,, = t; , —t;_1,, and decompose the above integral into integrals over [t;_1 ,,t;n).
We can see that the above convergence follows from

tin )
Z/ |f J ln"ut] 1n) f(X?N’H’éV)”dS_}O? N,’I’L—)OO,

t] 1,n

for fixed ¢, which in turn follows using the condition (I3]), Cauchy-Schwarz inequality and mo-
ment bounds in Lemma [5.I(1), (2) and (4). In particular, E[|X§J’Jin - X2 < oA, for all
tj—l,n <s< t]}”? ] and n, N.

Step 2. Next, let us prove that

N T

1 .

NE /0 f(X;’N,,uS ds——g / f(X ,ﬂsd8—>0 N — oo,
=1

where each (X{)iejo7) satisfies @) with (Wi)ep,r) = (Wi)iepor) and X = XS’N. It suffices to
prove

T
/O EIF (XN, 1) — £(XE ) lds — 0,

where 7 is fixed and the integral is over a bounded interval. For this purpose, let us use again
the condition (I3) and the Cauchy-Schwarz inequality. Following the same arguments as in the
proof of Lemma [5.I(1) and Gronwall lemma, it is easy to show that for all p > 0 there exists
C, > 0 such that for all s,4, N it holds E[|X![P] < C,. Moreover we have

4 . C
B[l - i <

for all 0 < s < T and 4, N, thanks to Theorem 3.20 in [II], based on Theorem 1 of [28]. We

remark that, from the boundedness of the moments, the quantity ¢ appearing in the statement

of Theorem 3.20 in [I1] is larger than 4. Hence, the rate N—(@=2)/q ig negligible compared to

N~Y2. The propagation of chaos stated above implies

EW2 (Y, )] < %

Indeed, to get the last relation, we introduce the empirical measure Y = N~ Z@]\L 1 0x: of the
independent particle system at time s and use the triangle inequality for W5. Then

N
B 1 ‘ _
E[W3 (n, 1)) < 5 D BIXOY - X <

A

whereas Theorem 1 of [28] implies

E[WS (i)', iis)) <

o

Step 3. Finally, the law of large numbers gives

NZ/ fX ,Msd5—>E/ (X5, fis)ds|, N — .
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7.3 Proof of Lemma 5.3

Proof. We use the same notation as before.

Proof of Lemmal[5.3(2). We decompose Xtij - X} —Anbij_l (6p,1) into A;'-J and H;,z = A§,2+B§,

ti—1
where
. tj ) ) tj ) ) .
Ay = / a (Bo2)dWi, ALy = / (ak(602) — a,_, (90.2)) AW,
o ) g 4J71 (58)
Bi = / (b (00,1) — b, _, (60.1))ds,
ti—1

are the same as in (42]), (44).

Firstly, we will show that for any p > 2,
E[|H! "] < CAL. (59)

Using Jensen’s inequality and Lipschitz continuity of b(61,-) we get

) o )
BB <E[ar [ [bi(600) - b, , (o) Pds

ti—1
tj . .
<oapt [ (BIXE- X )+ BW ey,
ti—1
tj » 3,
< CAgl/ (s —tj_1)2ds = CAZ", (60)
ti—1

where the last inequality follows from Lemma [B.1)(2) and (4). Further use of the Burkholder-
Davis-Gundy and Jensen inequalities gives

. i A 5\ 5

Bl Ao < CE[( [ lai602) — i, , (002)ds) "]

Jj—1

P_q tj . .
<caf™ [7 Ella@o) - di,, @o)Plds
ti—1

< CAP, (61)

where the last inequality follows from Lipschitz continuity of a(6s,-) and Lemma [5.1(2) and (4)
as so does (60). Hence, we have shown (59)).
Next, we have

. D . b
E[|A51F] = CARE[|a;,_, (602)[] < CA; (62)

since we know the absolute moments of a centered normal distribution and have linear growth
of (.2, -), moment bounds in Lemma [B.I(1). In particular, we note

Er,[(451)" = 3A%(c*);,_, (Bo,2)-
Finally, we have
‘ . . ‘ 3./4 . .
By (X, =X, = A, (B0) '] = 383, G0+ 3 () B (45204 (5. (69
k=0
For any kK =0,1,2,3 and ¢ > 1, using Jensen’s inequality for conditional expectation, we get

1By, (45, (HE o)1) < B[|(45 )¢ (B [7] < cAl™8",
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where the last inequality follows from (61), (59) using Cauchy-Schwarz inequality. Hence, the
term converging to 0 in L? at the slowest rate is the one for which £ = 3. We therefore obtain

. 5
that the remaining sum on the right hand side of (63) is an R;,_ (A7) function.

Proof of Lemma [5:3(3). This follows directly from (60) by decomposing the dynamics of X*
as in (58)) and remarking that the stochastic integral is centered.

Proof of Lemma [5.3/(1). We decompose ij - ij_l — Anb%j_1 (0p,1) into
A . A o .
A= A+ A= [ a2
ti—1

and B; satisfying respectively E[|A}|2p] < CAL and E[|B§|2p] < CAY, whence E[|A§B§|p] <
CAY for any p > 1, see (@0)-([2). We conclude that

: 4 : tj : :
IE‘:tj—l [(XI%] - thj,1 - Anszfl(eoyl))2] = /t Etj—l [cls(eoyz)]ds + Rijfl(Agl)
j—1

We are left to show that we can replace Ey,_, [c}(0p2)] with cf;j_ (00,2) and that the remaining

integral is an Rt (AZ) function.
Under [AT] we have that for any 1,

(x1,...,ZN) — 6(9072,$2, Zém]) = <xl, % iV:K(xl,x]» =: gi(xl,...,xN)

J=1

is a twice continuously differentiable function from R¥ to R. Given a vector (X},..., X}V) s€[0,T]
of processes, we denote

(0z,0)4(002) = 0%, g"(Xs, .., X[T).
We apply the multidimensional Itd’s formula to ¢*(X},..., XY) = ¢! (02) as follows:

1 .
c,(002) — ¢, (Bo2) = Z/t 1 w (0 2)55(90,1)+5(5§k0)2(90,2)cg(90,2)>du

+Z/S (O c )u(0072)a§(00,2)dW5.

k=1"ti-1

Since the driving (W}, ..., Wziv)ue[tj_l,s} is independent of }'g]\,ll, it follows that
B [ch(002)] — . (00)

~E, Z / Vo (002 00.0) + 3 (32,01, (002)ch (602) ) . (64

To conclude, we need to bound each (almkc)g;(ew), [ = 1,2. To do that, we rely on the as-
sumption about the dependence of the diffusion coefficient on the convolution with a prob-
ability measure gathered in To compute the derivatives with respect to x; we need to

consider two different cases, depending on whether k #% 4 or k =i When k # i we have
(D1 ' (00.2) = 2ai,(00.2) (B 1) (B 2), where

N
(al‘k:a) (‘90 2) < %Z XZ X] > . 8@/K(X;7X1]j)7 (65)
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while for k& =i we have (9y,¢),(002) = 2a’,(0p.2)(dy,a)!, (00 2), where
1 & 1
~ (i L i i ~( i L i i
(axza) (90 2) ﬂﬁa(Xu? N Z_:K(Xquu)> + 8ya(Xu7 N ZK(Xquu)>
( Za K(XP, X9)+ aK(XZ XZ))

From polynomial growth of the [-th order partial derivatives of K, a for [ = 0,1, that of b(90 15°)s
moment bounds in Lemma[5.1(1) applying Jensen’s inequality it follows that S>r_, (8, )%, (6o, 2)bE (60.1)
is bounded in LP for any p > 1 uniformly in u,i. We proceed similarly to compute (92, )%, (6o2).

Then from polynomial growth of the [-th order partial derivatives of K, a for [ = 0,1, 2, moment
bounds in Lemma 5.1(1) applying Jensen’s inequality it follows that S5 (5?2 O ((90 2) *(00.2)

is bounded in LP for any p > 1 uniformly in u,i. For any p > 1, t;_1 < s § tj, repeatedly
applying Jensen’s inequality to (64]) we get

E[|E, [ (602)] = ci,_, (Bo2)|"] < Cls —t;-1)7,

whence

B [ (E )] - d, G)a] < ca%.
ti 1

which completes the proof. O
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